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§1. INTRODUCTION

This study is directed at solving some of the problems
which arise in the attempt to extend existing results on the
stablility of two-dimensional parallel flows to cases of
unsymmetric velocity distribution, especially jet flow from
a narrow slit, The value of a minimum critical Reynolds
number at which instability or turbulence begins is of great
interest in such problems, and its calculation for unsymmetric
velocity profiles requires the use of certain asyﬁptotic
expansions having complicated behavior in the neighborhood of
two points in the complex plane. The principal theorem of
this study is on the determination of a path around these
“two points along which the asymptotic expansions of certain
solutions of the stability equation do not change; i.e., we
can avoid the so-called Stokes phenomenon. Applying this
conclusion to jet flow (symmetric or unsymmetric), it will
be shown that the effect of viscosity cannot be brought in
through the "viscous solutions", as was done in stability

problems previously investigated.



3.

There exists an extensive literature* on the stability
of essentially parallel flows, i.e., on the eigenvalue

problem associated with the linearized stability equation:
v 4
(w=c) (q"-&”ce)—w"fz-;% (?' — 24 "+4¢), (1.1)

which is an equation forte(y) with suitable boundary
conditions. The derivation of (1.1) can be found in [1],

and here we merely define the necessary symbols, In the
derivation the stream function )é(x,y,t) has been represented
as the sum of a steady main flow tp{x,y) and a disturbance
function ’éix,y,t). The main flow is taken as w(y), an
eanalytiec function assumed to be given, and the small two=-
dimensional periodic disturbance superposed ontc the main

flow is represented by

/ ' Lo (x-ck)
%(x,y,tﬁ e(y) € . (1.2)

The disturbance veloclty components are
] {
5 3y .
u:‘k,v=-a 2 (1.3)
e 2 X
We can take o as alwaeys real and pceltive, while in general

=c,+ 1c, . Finally R=U1/1J is the Reynolds number in

* See [;]. Numbers in brackets refer to References at the

end of this paper .



terms of a characteristic velocity U and characteristic
length 1, and ¥ 1is the kinematical viscosity. All
velocities and lengths are customarily referred to these,
making (1.1) non-dimensional,

The eligenvalue problem has been substantially solved
[l] for certain cases of flow by the determination of the

neutral curve
c;_(d,R) = 0

in the  -R plane. Such a curve separates the region of

stability from the region of instability. Thus, existence

of a real ¢ implies existence of a neutral disturbance.

We note [;] that only two-dimensional disturbances are con-

sidered since Squire and Hollingdale proved that such dis-

turbances are less stable than three-dimensional disturbances.
We shall see that one pair'of solutions in a fundamental

system for (1.1) has exponentisl asymptotic character.

Therefore in the jet profile we must eliminate both of these

solutions whether or not we have very large Reynolds number

in the flow since one solution will diverge for positive y

and the other for negative y when y becomes infinite.

This is an important distinction of the jet problem from the

channel flow problem and means that the only way to bring in



the effect of viscosity is to use higher order terms 1In the
expansions of the other palr of solutions of (1.1).

Further we shall see that when the Reynolds number 1is
infinite the other pair of solutions for (l.1l) gives a

fundamental system for the inviscid equation:
' " %
(w—c) (¢ -« '()-W”{’ = 0, (1.4)

which could be obtained from (l,1) by formally passing to

the limit for infinitely large Reynolds number. Because of
this, the equation (l.l4) plays an important part in dis-
covering certaln properties of the flows under consideration.
‘The theorems of §2 and §3 will refer directly to (1l.4) and
its solutions, but because of both this limit relationship
and the mein theorem proved in §li, we also refer indirectly
to solutions of (1.1) which can be used in the associated

eigenvalue problem.



§2. THE INVISCID EQUATION

This section concerns both symmetric and unsymmetric jet
flow; these types of real w(y) are illustrated in Fig. 1,

Fig.2 respectively for real y., In these flows the x-axis is in

b
Fig, 1.
urba)
i
Flg. 2.

the direction of the main flow., We note both cases have
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exactly two points of inflection, and each has zero slope at
Yy =40 and y=0. In each case w—c¢ 1s assumed to have
exactly two simple zeros in the complex plane. For symmetric
flows only one side of the profile, and one zero, need be
considered.

Suppose w(y.)— ¢ =0 and write (1.l4) in the normal form

"

il
(y =ve) te' ~(y-7v¢ )z(-f"+w“'_c)‘f>=0. (241}
But on using (2.3), (2.4) we have
" “ i = H
(y-7ye ) ez Xe Lﬂ"ﬁ%)""’c (y=—Fe) ¥ = o= (F=Je )+ o -
Wt =% (y-J¢)+ --- ¢

Hence the coefficients in (2.1) are analytic so that y. 1s a

regular singuylarity of (1l.4). The general indicial equation is
A

where p,= Q, =0 are the first terms of the coefficients of

t.g',‘{ respectively. Hence
L
o —ef =0, (2.2)

and the roots of (2.2) differ by an integer, so that y, 1s a
logarithmic branch point of solutions of (1.l4).
The explicit form of the general solution will now be

derived [3]. The series solution is of the form

?lzao'i' ai(y_yg,)"‘ UL



The coefficients of (l.l) may be expanded:

Il

W—2C

W
we (7-3e )+ B-(y-ye )+ (2.3)

"

w' = owlFwl (y-y)+ o . (2.4)
Substitution into (1.l) gives

wcffao-[- [ZW;'Q_’._WC” B.' -—W:-// ao] (y_yc)_'_ ae 3 0 3

so that we may take a, =0, a, =1, since the latter is

arbltrary. Hence

Yix) = (y=g¢) Lo . (2.5)
Another solution has the form

(&-:bo-l-b,(y—y&)-!--"+C?|ln(y-y,_) .
Substitution into (1l.l4) gives
Cwe —Wg b, + =+ =0

"
so that taking b,=1 gives C:“c/, . Hence

Vg

i
Cuby)=1 g 4 E‘E ¢ n(y—-ye) . (2.6)
Therefore the general solution of (1l.l) is

te{y)zmﬁ+Bf,_=Aﬂ+Br,+B%;¢ﬁln(y-&) »  (2s7)
<

where ‘ea is the power series part of t&_. In general A and B

are complex.



In the following Theorem 1. we suppose the velocity
profile is symmetric and that ¢ is real, so that y. 1is real,
The boundary conditions [1] are:

11 e s s 3t "
Ll {%1 A P e VT =

NG Jyr=—co (2.8)

2a) 'f’(O):O s I (f(y) is even.
2b) tf(o)---o g iff(y] is odd.

By (1.2) and (1.3) the physical significance of an even (f(y)
is that thefisturbance is antisymmetric, while an odd (‘a(y)
Implies a symmetric disturbance. In Fig. 3 we have assumed

that the flex, at Vg » and the

wriv)
gty
'“Z";‘o
—k
U
Fig. 3.

branch point, at y,, do not coincide, and Js > Ye+ But the

following argument does not depend on thelr relative positions.
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THEOREM 1. .If there exists a neutral disturbance
with wave velocity ¢ for the symmetric jet profile, then
either

1) The point ye must coincide with the point yg , or

2) The inviscid equation has the trivial solution
f:w—cwﬁm &= 0,

PROOF: %:ltiply (1.4) by —f¥ and integrate:

[_"?‘f”"' "1\‘”;‘* :jcl‘f’r] dy=0 . (2.9)

- 0o

The first term can be integrated by parts, and using (2.8) we

have

— "rj‘(’"dy = —q"f’] + j ]?Il"'dy = I,?f r’dy ‘
Then (2.%) become s g

[\?"Lﬂr ol 2 Je ) ] & wis . (2,300

~ 60
In (2,10) we may use a path in the complex plane given by the

three lines:

a) — e <y % y -—-¢€
b) y-y.=e¢e? — T £ 0 (2a11)
c) y+€<y =<0

On each of these three lines the integrand of (2.10) is

analytic, so the integral exists, is analytic, and is finite

for each €>0. In particular the imaginary part of (2.10) has
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these properties. But (2.10) is real on each of (2.lla),
(2,11¢c), so that on path (2.11lb) we have

j[\q'l o

Bach of these three terms is evaluated individually. Now

" lay=o0 . (2.12)

&f(y), (Fl(y), and ?_.,(y] have known forms in (2.5), (2.6),
(2.7). Using (2.11b) in these with small € we obtain

K] K
P =ee yo(e*) , §=1+b¢ce + 0(¢e”)

"= 140(¢) ‘ =b, + 0(€) ot
. ( - 5 Ta"'

And then

" )
Lp(y)"A-t-Bb P Ble, |1+ 2s,€6€" 4 .- 4
K i
+1in(€ee )4+ a,ee ln(&e“a) + -
= c,+ c lne+4c, & +|elc; +celne+cgd) + - ] (2.-14.)
In the last equation the omitted terms are of higher order
in €

From (2,12), for fixed €:

Im\‘Llf’(y)rdy‘ < J’l'{"(?)l

Hence to show that this term vanishes with € we need only a

< {Max [?’(y)[jn (2.15)

2
form of the Max |(t'(y)l on the designated path thet will
behave well when multiplied by the € of (2.15). It is clear
from (2.14) that no term, for example --lné, can appear in

Max \T (y)\ which might destroy the convergence desired in
(2.15).
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Therefore we conclude that

Imj lq'(y)l"dy-.: 0 .
)

It is evident that '{’(y)lpcan be treated in the same
way, and we obtain the form:
t{'(y)=’B+(c,é +c‘e1ne+cze9+---)e“'&, (2.16)
where f(y°)==B. Again it is clear that no term of ]?(y))‘_
can diverge as € approaches zero; here the aid of the € in
(2.15) is not needed.
Therefore
B
ImJ d")‘?(y)] dy=0 . (2,17)
Finally, on combin\i-.,ng (2.3) and (2.4) with the third
term of (2.10):

w' l"’ we. Ew:‘ﬂ:ﬂ - (W 8
e w-c\?ty) G = w"(y—yc)"' e(wl)* *
v, % g

+ O(Y-YGJ}\Q(y)rdy =0 .

The second term of this expression yields zero in the same

way as discussed above for (2.,17). The third term 1s also
B

zero since the function (y-—yg)lf(y)j is of higher order in

€ than the terms for (2.17). Hente there remains:
mj‘ﬁ;lq(y)} e TP
e ¥=Te
Then (2.11b) yields

. = 14l
IT=Te



and from (2.16):

\Q(y) lﬁf(yc)\ +0(e)= ]Blt-{— o(€) .

Therefore, as € approaches zero:

@ Ll 1
ImJ%T\Bridﬁ =-_j !;'T]Brde-.-!%,-\]slwr:o o
u < w % (S

Hence we have either w,:' = 0, which yields ys = y., or we have
B= 0. In the latter case (2.7) gives lf:'-m{l so that (2.5)
gives 'f(y;)'—'—' 0. Thus we may write
&E Af‘ A(w—c) g(y) .

Using this in (1l.4) we can determine g(y) [2]. The equation
(1.4) becomes

[(w—c)"g'],—- ﬂ(t(w—c)."g:O -
On multiplying this by —c'é, and integrating this equation we
can reduce the first term as in the step preceding (2.10) and
obtain o
j (W-c)’"[\g'lﬁ-l-d"lgl‘]d?-'-'-o .
Since ¢ is take.r-lvhere as real, all terms in this integrand are
positive so that if 0{'7‘0 then g=g’/=0, whence (f(y)z 0. That
is, there is no solution with 47"0. If { =0, then g!=0 or
g =const.= k, whence '-((y)=Ak(w—c), and f—:w-—c is a
solution. This completes the proof of the theorem, The
Case 2 of the theorem is a rather trivial cese of a dis-
turbance since A =0 prevents a periodic disturbance in
either x or t.

The situation for unsymmetric jet flow is quite different



and we proceed with several lemmas to that result. In the
following we assume the situation of Fig. L, i.e., an

unsymmetric profile.

w(y)
“E: 'W;_"=O
w=c w=C
‘aﬁ 3‘ ‘a’t 3‘0 a’
Fig. L.

The x-average of the product of the disturbance velocity
components in a flow is proportional to the Reynolds shear
stress and is always an important physical quantity in the
study of turbulence. In the present case these components
are the real parts of the complex velocities (1.3). If we
put for the general solution

ply)= ﬁ(y)-l-if;,(y)
then we can prove a lemma known to Tollmien [4] for channel
flow, but extended to the case c=c,+1ic; and to jet flow,
LEMMA 1. For jet flow the x-average of (u'v’),
denoted by Wv , is proportional to the Wronskian of f;,q&
when c=co+icy

A ®

PROOF: We have

u'= Re(¢3') =Re| ¢'(y)e

.‘.-t[x-ct)-]
= Re {(T,:-l' 11&;:) cosd(x —c,t)+1 Sin“(x—c,‘t)]e‘it} 1



or wl = [ﬁfcos.{(x—cmt)—cezsin o{(x—cnt)“] ec"-r
Similearly
= Re( -5//,; ) = [a{ (lq.‘cosa((x—cnt)-f-a(?usina((x-cnt)J ec“—b

Hence

X
;—‘f_i_i_ 5 ['f;:cos"f(x—cnt)" tf;sinn((x—cnt)l X
o

[tﬂ.’cosd(x-—cnt) + L{Jnsina((x—c,‘_t)] dx .

On multiplying and integrating we obtaln

o v = ex = CP“‘P,, [sino{(x—-cnt) cosa{(x-—c,,_t)-l-o((x_c t) 4+

4+ sinee,t coseg c, t + a{c"_t:] -+
¥ (?{(Pn—tpitp;) 5 [sin"a((x-cnt)—sin*a( cnt]']'
_({) [—sinq’(x—c t)cos (x—c,t) 4

+o{(¢_q‘t)-—sinq’cnt. cosegf c,t -[-a{c,‘,t] }

On combining terms by various trigonometric formulae we have

¢, T
' v :-3-2-—3‘— {‘Pﬂ.‘?‘- [e.in ®x cosa(x—2¢, t)+ax| 4

+ ('{’r:‘[’n"?:ff;.) [sim{(x—.?cuﬂ Sirh’x:] o

e Le:- an [_sim(x cose(x —2¢,t) +o(x-] }
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- C;'t'

= X2 {( ?J?.:"‘P.:!?u)dx +
+ [( ‘P':?i'l'{):.lfn Jcose(x— 2¢, t)+ (!P’:LP't"‘P&/?i ) sine(x — ZCmt)] sing x}

Hence for the limit of infinitely large x we have

> a2t - 1;1'
T =X (gl — /00 = O w(g:, ) . (2.18)

This lemma gives a form of the average which can be
calculated since (f(y) is known in the form (2.7). The next
lemma also was known to Tollmien [L;.J for the case of channel
flow.

LEMMA 2, If there exists a neutral disturbance
the jump along the real axis in the value of W(?‘ "fn) across

the singular point ye is

Lt -ete] = e

PROOF: Since y, and the path along which the jump 1s
taken are real, so are all the symbols on the right side of

(2,7) with the possible exception of the constants A, B .

Hence

‘f - “Pn"' 1‘{3;' = (4, + iAL)tfl-I-(B,.-I-iBi)‘fs =

4 (2.19)
+ LP‘ _‘.%_'.(Bm-}-iB;_)ln(Y" Te ) »
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For y> yc_- s (2419) holds unchanged and the Wronskian is

‘f’..’cP; = «P,f = {[A,‘f’,’-l- B + Bk!{,- Pin(y—ve) +
[ Buw—“”r‘{’. y_lyc_ ] x
[ 20+ Bl ¥ B inty - yc_)}}
3 {[Am‘f- t Bt Bu%f.ln(y-yc_)] X
X [ AL‘P./'I' B,L‘P;+ B»-”—';;- An(y-ye) +

+ B *'-'7 .ylyc_]} |

For y<y, » to evaluate ln(y-—yc) we must go below ¥ in the

(2,20)

complex plane for reasons stated in§l. Thus
In(y=yel=lnlg ~y)~17
is to be used in (2.19) and the Wronskian in this case is
/ J / i W” /
O e == Eate1+Bntg,+B,.4w7e,1nty¢.-y> +
We g
[ .,‘P + B} (.P +:3~—%,-(&1n(y¢ y)=- B —-‘L,—‘Tllbl]}
' (2.21)
= {E‘n‘ﬁ + Bq‘ﬁ;'}‘ B,t-ﬁz't{’, In(ye = y)+B; 'Ir'*r{’,
/ / Wt
X | A + B;?, t B,;,—wz-tf, n(y, -vy) +
LN ! ’
v "_%"TP']

w
.. LE';.Z' ?l ¥
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Now subtract (2.20) from (2.21) and let y approach y. as a
limit. In this process we suppose that the y on the left and
the y on the right to be always at the same distance from jy, .

This gives for the jump

[[‘fr: ‘P;. = n ‘?: ]] o+
e { @;*T‘Pﬁ—l(-—b‘-& + Bif;+B, % (fln\y y;]] +

Sre [ +B~‘CJ+B*~-“T&°:1“‘¥=-F)] +
+ B 'rr(—*'-;-) ‘fﬂ_—')' +
$ry! :
"
+ 2B ¥er ?F—yr[w +5-.*f’3+5u%?11“|5'-h|] +
+olgry] [atrag B«-%r?uln‘%"”] -
— B J7'-1"1(? [ b?l + Bb?3+ BA. |"n(yc-y)
(/4 "
—B5r9 (ycl—yi "Bugfi{ﬂ?"_-l :
On expanding this it 1s found that all terms involving

T=¥ Or Jo—y will cancel. The remaining terms are

[[‘P;ce,;-‘(’u Le;f:ﬂ Hy{(s + BT )T—'-—,-(f, -0 +

(2.22)

+ 1r‘-'§ir( B+ B ) @
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But inspection of (2.5), (2.6) and their derivatives shows

1im IR L (R
1im e A o - =
Y_,y"(-&;(y)-l 3 yqyg(&(y)'con“" b,
so that
1im , ¢ lim / lim ¢
=1; = - =0 ,.
vrve 1" ‘[’-‘- y—rm-_"P' €3 vy 7
and from (2.7)

whence

S =
Bot B, = I(P‘l
Therefore (2.22) gives the desired result:

e e.met]] = Jodv

THEOREM 2., If there exists a neutral disturbance,
a jet flow with symmetric velocity profile has u’v/ =0
throughout the flow,

PROOF: Since the wave velocity ¢ is real, Lemmas 1

and 2 yield

2 z ]
F¥])= % g7
[
Now Theorem 1., allows (&'—"f(yc) = 0 ; clearly in this case no

change in the value of the average can occur at any finite y,
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since at y = +p0 we have u{-=- v‘-—'-O, then Wvf 20 . The other
case of Theorem l. is yg=17y, , so that wélz-o, and again
u’v/ 20 , proving the theorem,

For the unsymmetric profile we refer to Fig. l of
page 1l for definiteness. Because of the asymmetry, if
w(ys)=C, then w(yt)fé C, and vice versa, so thaf Theorem 1
does not hold for this case. We still have uw'v =0 for
y=+e , and this with Lemmas 1, 2 show that there must be a
jump in the value of W'V’ at each of yq, % » and that these
must be equal in magnitude. There is no loss in generalilty
in assuming wg >w,.. For definiteness we take w,= w < Wy o
At y. we already have for the jump

=% Q)| W 5
() )
where (( (y) 1s”the (((y) of (2.7)-
But since all the preceding work holds for every singular
point, at y, the jump is
> 2 "
(2)
[[u"‘v’] = 3| ¢ |7 e
where

(y) = A’ B, Bl 3 In(y .)
Cf( = ltl + 1& + ...D....r" (Pl -3 :
Thus

(2)

-1l - e
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From Fig. li the derivatives in (2.23) have the behavior:

> 0, -po<y<0 > 0,-®< y< ¥,
w! (y) s w/(3){< 0, wey<y, -
<0, o<y<w 70, %R<V<ew
Thus (2.23) shows the assumed positions of 7y, , Yo 2are impossible
i o
since w;’ ’ F—?i-r are of opposite sign.
[ (-]

Similarly if w,= w,>wg , these ratios are again of opposite

sign. Therefore we conclude with
THEOREM 3. If there exists a neutral disturbance,
a jet flow with unsymmetric velocity profile can only have

W > W >We , OF W< W, < Wy
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§ 3, THE BOUNDARY VALUE PROBLEM

We shall see in &l that there exists a fundamental
system of (1.1) containing two solutions ?5,%; with expo-

nential asymptotic behavior:

¢ = Pl ["l(y)ﬁ-O(%)]
¢, = Fhany [_q(ymot%)]’

+
where \=¢oR 1is a large and positive parameter, and when y

(3.1)

is real, yQ(y)>0 ; and Q/(y)= W—ec) . PFrom (3.1) it is

clear that even when A is not infinite we must have Cy= C 0

4=
in the general solution

Q =c,f + caf+ ey Patoy o (3.2)
if we take the velocity profile as a whole to get boundary
conditions., This holds for both the symmetric and the
unsymme tric profile. However, the boundary conditions (2.8)
are for the symmetric profile and use only the part of the
profile where Tb does not diverge, and it sppears we need
not take cy=0, If this were true we could conveniently
bring in the effect of viscosity through lfs » rather than
through the higher order terms in the expansions of the

other pailr of solutions:



23.

¢= u(y)+0(-)%,—_) y fo=viy)+ 0(:%?.) ’ (3.3)

where u, v form a fundamental system of (l.4). We proceed to
show that even when the boundary conditions are taken as in
(2.8) the solution f& does not contribute to the viscosity
effect,

The boundary condition et yy=-00 can be written
/
(fu ""’(‘fll =

Q;l- L "P’ul =0
’
where ‘-f“ ':lf:(y, L ?“ = @(y,) , etc. For case 2a) of

(3.4)

(2.8) we have also "'(0):-0, and using this case with
g

P =c¢ + c..‘{-._'l‘ c3 s

at y, =0 we obtain

| [ /
ct'-Pn. + c;"fm.+ Cs l{sx" 0
" " "ni
c‘lﬂ‘_ + c,_.{)“-i-—c; "Ps:-":O .
Treating (3.4) similarly to get a third condition on the
coefficients, the only way these three relations for )

i=1,2,3, can hold is that
/]
Pu =Lt Pn o —Ag O
/ ]
Q::. ‘fu. ‘Pz:. = 0. (3.5)
ni i i
‘PI"- ‘f‘t‘!- (rr.l-

It is understood that the fundamental system has dependence
on all the parameters &, c, f R appearing in (1.1), so that
(3.5) is a relation

F, (%, c, R) =0

for the eigenvalue problem,
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In the same manner for Case 2b) of (2.8) we obtain

Ph—d9u @l —<¢gs o

F, (®,c,&R) = Pn Prn Poa\a o . (3:6)
" I V]
i 'ven. (P-z.'n- ‘P“'

Suppose ?‘:ﬂﬂpl + ’-"P’* is a solution of (1l.4.) satisfying
the boundary condition at y,=-—a ., In (3.6) if we take
this linear combination of the first two columns and replace
the first column with the result we obtain

Y { I

é’- ‘fm- (?31.. =0,
" " o

= ‘Pz.':. ?31.

where f,_: #(y,_). From this we have the elgenvalue condition

d, = ;ﬂ”-g; (3.7)

Using (3.1), (3.3), (1.4) we have respectively

jeL—i(w cl 4R [1 +O(‘é§‘ﬂ (3.6)

as

" )

,=}5f, ;,é‘ﬁ + 0GR (3.9)
(-] !I

£ =X 4 (3.10)

Substitution into (3.7) gives

(9

Pol .

o)’l (‘)” . [ ]
[ R i I(w—cl «R l+0(qz-R-) . (3:311)
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@®

© (=)
neglected we approximate (3.7) with.FL}:: @y Aami s #,

74
is of order O(—-) Then (3.10) shows that ﬂ') is of order

From (3.11) we see that if terms of order (Q(g=) are

0(z%). Thus, if in (3,11} we include fy° we SELT1 hewe mo
effect from ?3 since the lowest order term on the right is

O(;lﬁ):'. This puts (3.7), the case of symmetric disturbance,

ﬁr)+-€é;;-=CJ. {3:12)

If we wish to carry the process further we can say

in the form

B
(3.12) is of order 0( ) and substitute (3.12) into the
recursion formula [l for higher approximations to (3.3)

(»y
2

and find that fy *___ is also of order O(-k)
» —+- v 8 also of order “,K,so
that teking §,” on the left of (3.11) does not allow (g
to Introduce viscosity at this order of terms, since the
3
right side now has order O(—=) .
&R
Finally we note that we cen perform the same steps with

(3.5), the case of antisymmetric disturbance, since the

condition corresponding to (3.7) is
#ﬁ‘L"

and we find

£ (e 1
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But w” and w—c are even functions of y, 8o that their

ratio is even and its first derivative i1s odd and hence zero

©) 1l - " (°) /

and the calculztions go through in exactly the same way.

at y,=0. Thus

Therefore we have:

THEOREM 4. The solutions of the stability equation
having exponential asymptotic behavior cannot be used in the
eigenvalue problem for either symmetric or unsymmetric jet

flow.
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4. AN EXISTENCE THEOREM

If the velocity distribution w(y) is an analytic
function of y, the stability equation (1.1l) has a fundamental
system of four solutions analytic in y and in the parameters
«, c,e/R= A*. These solutions can be found as power series
of some suitable small parasmeter, but for most numerical
purposes their asymptotic expansions in inverse powers of A
or of A?'are found more useful. A set of formal asymptotic
expansions have been calculated.[l] and the sector of thelir
validity found near a zero of w(y)—c . It was mentioned in
§1 that a fundemental system for (1l.4) forms a first approxi-
mation to the asymptotic expansion of two solutions of (1.1).
We noted in §2 that a zero of first order is a logarithmic
brench point of solutions of the inviscid equation (1.4).

Recently [SJ the validity of the formal expansions was
established and further insight was given into the behavior
of the asymptotic representations in certain sectors of the
y-plene with boundaries starting from the zero of w—c .
However, all the results heretofore mentioned are found with
only one singular point of (1l.4) considered. This is satis-

factory for those hydrodynamics problems in which the velocity
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profile is either symmetric or monotonic, since in the first
case the boundary values may be taken at one end and at the
center of the profile, while the second case can have only
one point where w—c¢c =0 for each value of c. But an
unsymmetric profile leads to two singular points of (1l.4),
each of which must be considered. For this case the central
problem 1s the determination of a method for going around the
two points by means of the asymptotic expansions proper to
the neighborhood of each point. The main theorem of this
section is on this question and is proved with an equation
more general than (1.1) and for two zeros of w—c in the
complex plane. We retain the notation yg, yo for the zeros.
In the interest of generality we allow A to take on complex
values, although &R is a real and positive number in the
hydrodynamics problem, and write )s-:pz\, where A, is a com-
plex constant different from zero, and p) Ly

Following the notation of Wasow [5], for this theorem
we consider the somewhat more general equation

N(§g) + A M(g) =0 (L.1)

where Qz?(y), and N(¢@), M(@) are linear differential ex-
pressions of order four and two respectively. The leading
coefficient of M(p) may be taken as the function-i(w-—c)
without loss of generality. (Wasow uses bg(x) ). The

leading coefficient of N((P) does not vanish at the zeros
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of w—c¢. We define

¥

R (y) = S\]i(w—c) dy (4.2)
9

Q. (7) = j:\l__i(w-c) dy (4.3)

and now intrcduce results we need from [5] Due to the zero

of first order at y, there are three curves Cy » ¥ =1 2, 3,

meeting at y., along which Re[)\Qc(y)]-_-O. These curves in

general are not straight lines. Each curve, near y, , makes

an angle of 2¥ with the other two curves. They divide the

3
doubly connected domain S, defined by

Q< \Q‘_(y)ltK

into three curvilinear sectors S;,j=1, 2, 3. The subscripts

)

are so chosen that Ss is bounded by the two arcs G, ia‘j ’

and these arcs are considered to be part of S; . Similarly

3

~t

at yo, there are three curves Ci

domein Sy defined by

0<}Q.(y), <K

~
into three sectors S‘j’ j 1, 2, 3. The constant K is so
chosen that nelther domain contains a zero of w—c¢, so that

we can take

K=\Q.(yg)\ = \_gmm dy\ . (4oly)
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If we put E(T) as a symbol denoting any function of
y and A which, along with all its y-derivatives, is bounded,
uniformly inA, in every closed subdomain of T, then from [51

at y. we have four theorems:

A. There exist solutions Ai(y,A), =15 25 2 et (i)

with asymptotic representations

_ AQ[w) E(S —c-)]
As(y,A)-e 4 [‘l(y)+—5A—+— ’ (4.5)

where AQ.(y) 1s taken with the determination that gives a

negative real part in Si .

B. There exist solutions Ui(y,h), =1, 2, 3, ofi (i)
such that

Ui(y,h)su(y)-}-%)‘:—si—) ] (4.6)

where u(y) is a solution of M(‘f) =0 ,

C. If u(y) is multivalued near y. then the corresponding
Ui(y,AJ tending to u(y) in Sc—S‘- will diverge at every

interior point of S"g .

D. If v(y) is a solution of MN(g)= 0 regular at yo and
if not all solutions of M(tf)=0 are singlevalued at y., then
there exists a solution V(y,A\) of (4.l) such that

v(y,M”(ynF-(f;-’- : (4. 7)
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The function ’?(y) has an explicit form in terms of the
coefficients of (4.1) and is regular in Se~C, o The
solutions A;(y,A) are termed dominant or subdominant according

¢

as their corresponding exponent )chfy) has a positive or nega-

tive real part respectively. From Theorem A., clearly Ai is
subdominant in S.i and dominant in the other two sectors since
the curves 01- are where Re [A Qf_(y)] = 0, Nothing 1s stated
about the asymptotic character of A‘i on Cé, and crossing C,}
will cause the asymptotic form of Aa- to change abruptly since
we have to change from one branch of AQ.(y) to the other.
It is well to state explicitly that the Ui’ by Theorems B.
and C., are of known asymptotic form in just two sectors each
and that such a relation as U,~ u is meant to hold only in
S, and S3z .

We have similar theorems and conditions at y, . These

solutions are Ki(y,'\), ﬁa-(y', )s =1, 2, 3, and n‘j'(y’")-
Using (4.2) and (L.3):

¥ ?
Qe(y) =J Vi(w—c) dy +J\]i(w—c) dy = Q(yo) +Qo(y) . (4.8)
9 2o

When Re [)Q-,_(y, )] = 0, then for each y Re [)t Qg(y)l = Rer_.\ Q,(y)] v
In particular, when y travels a C& it also is traveling a 63
so that the configuration is topologically like that of Fig. 5.
We have the same configuration if only a single intersection

point is known, and Re |AQ.(y,)|=0 is necessary as well as
< °
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sufficient for the situation of Fig. 5; for when y travels a

C;‘ we have Re [;\Q,_(y)l: 0, and

Cs
G,
o
5; Sy
Sa = {, Ss
S AS',_
¢, €,

Pig. 5.
(4..8) shows Re [)\ Q.(y)] is a constant, which must be zero

since at the point of intersection y=y, we have

L

Re [)« Q(7, )1-: 0=Re [AQ,(y.)-l « Hence Ci is also some Ca- .

On the other hand, the necessary and sufficient condi-

tion that no Cé

if the inequality holds then (L4.8) shows that Re[)s Q‘_(y)J

intersects any Ei is Re [A Qe (o )]:,éo. For

and Re[,\ Q.(y)_] cannot be zero simultaneously, and con-

versely. This is the situation of Fig. 6.

Fig. 6.
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This is the general case and holds in the hydrodynamics
problem when yo and yo are real, or when they have small
imagingry parts. This will be taken up in more detail fol-
lowing proof of the mailn theorem.,

In the general case we note from (l4.8) that the curve
Re [,\ Qc_(y)]r- constant includes as a special case the curve
Re [,\ Q.(y)]= Re [ Qelve )J , which is just one or more of the
Ei; also the Ci belong to the family Re [A Q,(y)]= constant.

Hence the general configuration for these curves is as is

given in Fig. 7.

Fig. 7.
We cean also make use of (4.8) in determining the nature
of the Ia, j=1, 2, 3, if we take a path crossing the
C;y j=1, 2, 3. For example, consider i:. on a path in E,.

?
approaching C, « In ?1:,. we know Re[);Q.(y)] <0 since ?{,, is

subdominant there, and this real part will decrease mono-

tonically, in crossing the contours of Fig. 7, from zero at
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E, to -Re[_k Qel¥o )]<0 at C,, because on C, Re[/\ Q,,,(y)]:O.
Thus Rell). Qc(yo)] >0 and (4..8) shows Ret), Qc(y)]*ao for y

as

in 8, or in S; . Whether Re[%Q,(y)] continues to decrease
on crossing C, depends on the way Re [_»\ Qg(y)J behaves
across C, , since the variable real parts differ by the
constant Re [A Q‘(y,)] o« For y=y, on C, we shall see in
(4.23) that for y, near yo we shall have
ol Bt S

where ﬂl is a constant and 6,= ang(y,—yc). Thus we have

Re [,\Qt(y,)]-- cos(fg'+%el )=0 .
Now if

8 = ang(y —y.) —ang(y, —ye)
takes on both positive and negative values then for y
crossing C, the sign of Re [AQ‘(y)J is governed by

cos(ﬁ‘-t- %6,-\- %S): - sin(ﬁ-} %Sl )sin %6,

which changes sign with & so that in S, we have Re[’ch(y)]rO,
which proves that Re [A Q,(Y)J continues to decrease on
crossing C,. Exactly the same procedure proves Re [A Q.(y)]
continues to decrease on crossing C; into S, . In the
latter case Re [o\ngy)] changes from positive to negative on

crossing C, , so that (4.8) gives

e 2@z %

s (4.9)

where Re [)LQ,_(Y, ).l >0,
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For the general case we now determine the directions
near ye which the boundary of S, must have. First some

definitions:

l"’élem . W.f':l"f..’] % (4.10)
Q’"(YO )= Ke‘“PG = ""’Qo(yc ) =K9k(?¢+r) S

/
W.:

(.21
whence ‘P‘ =T + ‘-?o
Expanding w—c¢ near yo, we have
w—c:-w;(y—ye).y AR
Near yo , on taking
i
Y"Yo=Fe ’ (L}..lg)
and using (4.10) and (4.12):
.. ) ‘
(w—c)’i“é lw:l et (y-—y.)/". (4.13)

We can put

¢
AQ.(y)=Qc(y) —Qc(y,s) _-.J;\li(w—c'i dy =Qoly) o (4.14)
Then using (4.12) and (4.13) with (L4.1l)) gives:

: [ NS
AQ.ly)E e"EJ;_\w:\ e“'f(y-y.)y’“ dy

= ei'cf ""2{-—4-%-0) l""': \Ya- _g_ FSI-; (4..15)

Hence

angdQe(y)% -'Li—r+-5-e,+%e‘5 angQq(y) (L.16)

The problem is to determine the angle © at which y can

leave y, so that, referring to Fig. 8, AQ. does not leave
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Q. - plane

AQ. Ke=te

Figo 80
the circle, for this will mean y is not outside the boundary

of S¢ « It is clear from Fig. 8 that we should have

Q- % >eanghac>q- I . (4.17)

On inserting (4.16) into (4.17) the result may be written

From (4.18) we conclude that Se near y, is like a sector of

angle~§§: and thet the two lines tangent to the boundary at

Yo 8re symmetric with respect to the line having angle
2?g— ‘6',__5'1]"
3 o

. In general this sector will not coincide at

Jo With a pair of the Ej » and this general case is illustrated
in Fig. 9 with 54 and 55 as the two new lines including a

part of E, . It is easy to see that (4 .18) gives the shape

of S, near y, if we interchange subscripts.,
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c,

Fig. 9.
We dispose of the special case where, for example, 83
and 55 colncide, and 5' ’ E+ coincide by determining a
necessary and sufficient condition for this teo happen. This,
however, is done under the assumption that the two singu-
larities of Mﬁf)==0 are of the logarithmic type. It has been

~ "
established [ 1] that a pair of the G; , say C, and G,, have

1
angles ne&ar y, given by
T—_6 _2 ( T G 2 ) 2T
= -2 - g\ =(-—=— =2 — zan o
St o s e el e

From this we have

o

¢,

&
|
|
q:t
uﬁ?
o
5
(i8]
Pt

~
Hence for sector S, near yo :

—%-%—%Mg)\(ang(y—y.)(——f,—-? —g-anga\ (4.20)
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If this is to coincide with the sector of (4.18), we must
have
L = —ang A . (4.21)

The condition (L .21) is also sufficient to make the sectors
coincide, for if it is put into (4.20), the result is (L4.18),
In a similar manner we find that the sector (l4.18) coincides
with gs near yo when

%: angA + T ,

~
and that it colncides with S

: when

= —angd +2T,
The last equation becomes
@cy_— —ang A —T
1f we go around y, in the other direction, since 1& changes
by 31r when y changes by 2T . (See (4.22) below). Hence=-
forth we ignore these special cases.
The special case of Fig. 5 now can be treated in more

detall to find the orientation of the boundaries of S, near
Yo + The result will be that these boundaries are symmetric

with respect to the common curve C between y. and y, .

Referring to Fig. 10, suppose C enters y. at angle &,

Fig. 10
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and y, at angle €, . For y, near y. and on C, corresponding

to (4.12) and (4.13) we have
w -t \
(W—Cf"-f-']w;l/h Sb-i’-(y‘ *yc)/‘t-
Yy =Te= ﬁe'

Then

o _j ]-_———w_c) ) ]/“'%- (—- =+ 3 3)

)..2,“, r"a’z a.(—-l-ﬁ-.,._.a,) (4 22)

QolTa

But for all y on C: Re[z\ Qc(y)‘]z Re[AQu(y)]-:O, so that
angQe (y) and angQ,(y) are constant along C. Hence, using

(4.11) and (4.22) we have

‘r; = % +%+ %el

T_'_ﬁ'g '|'%e1.

2l

Subtracting equations (4.23) and using (l4.11)

(4.23)

G —6= 20 —3(8; =9;) ,
so that
ET-e __7+(e- e')+3e—5'£',"-+3e,_ .
and using this in (4.18) yields

-

Hrgrera—o o

which shows that the sector S, near yo 1s symmetric with
respect to C. Similar computation shows S, near y. 1is

symmetric to C.



We now proceed with the more general configuration, a
combination of Fig. 7 and Fig., 9. This corresponds to the
flows of §2. The lines 54 and Es-appear to limit the region
of validity of the asymptotic expansions of the solutions
Ai’
actually the case. All the solutions of (4.l) are analytic

Ui, j=1, 2, 3, V. However, we can prove this is not

functions of y and of A so that any one solution 1s a linear
combination of a fundamental system. We recall the assump-

: ~
tion that S, near y, includes part of Cy in its interior and

for convenlence select the fundamental system

~

o ~ e
A‘l. ] A_g ’ Ug s Vo, “—l—ole.)
Lo o
where we choose U, , V so that the following asymptotic
relationships hold for each sultable y:
~ ~t a
Ul""'ﬁ s VW (4.25)
where u(y) 1s the solution of the reduced equation
M(¢)=0 (4.26)
multivalued at y, , and v(y) is the solution of (l.26)
regular at y, . Each solution from the fundesmental system,
Ag ’ Aa s Uy » V, (J_;_.Z?)
can be written as a linear combination of the solutions
(4.2); for example,
o/ at ~ ~
Uy= kU, + k, A, +k A, +Kk, V o (L.28)
This is an analytic function and (4.28) holds anywhere. The
coefficients k; , i=1, 2, 3, L4, are functions of A , and

something of their asymptotic behavior can be inferred from
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the known behavior of the solutions in the reglon common to
Se and S, . We may choose U, so that U,~% by (L4.6) since
the solutions of (4.26) are analytic in any simply connected
region not containing ye or yo . Using this and (4.25) in
the region common to S, and Sg gives
Kol , kg0 , (kA,)~0 , (kghAg)~0 . (4.29)

Now if we take & point y, in the sector E‘, E¢ it 1s clear
that (4.29) and the expansions of the functions in (4.28)
will continue to be valid on the curve Re [,\Q,(y)] =
Re [A Qoly, )J, wherever y is in S, and on the same segment of
the curve as y,. The curve Re [A Q,(y)lr Re [,\Q,(y, )J is
like the curves of Fig. 7. This extends the asymptotic ex-
pansion of U; into a certain subset of 53 with 5; as one
boundary. The solution V extends into a subset of 53 in
exactly the same way. Using equation (4.9) we can identify
Ay with &, 1n 5; and clearly a similar equation will identify
Az with Ei in 53 e The exact shape and extent of the subset
of 53 into which the expansions of the solutions (l.27) may
be extended is not important and we shall identify it with
the symbol %’3,'

Similarly the expansions of the solutions (l4.27) can be
extended across ES to points arbitrarily near Ea s and we
shall use the symbol S, to identify the subset of S in which

the expansions are valid. This gives
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~

LEMMA 3. When the domaln Sy includes a part of C,,
the asymptotic expansions of the fundamental system (l.27)
for equation (l4.1) are valid in the four sectors S,, S,

Al A,

-
Sy s 53s where the last two sectors are certaln subsets of S,
Ll

and g_, partly bounded by ?:'3 and C, respectively.

It 1s clear that an analogy of this lemma also holds for
the special case of Fig. 5 since 8¢ near yo is symmetric with
respect to the common curve.,

Independently of the particular notation selected here
we can assert that there 1s a fundamental system of solutions
for (L.1l) with asymptotic expansions valid on a path through
two sectors at yo &and through two sectors at yg , when
Re[A QelYo )]#o. The particular palr of sectors at y, will
have as a common boundary the ‘5’ which is partly included in
Se¢ « This lemma indicates that the boundaries of Sq and of
S 8re not necessarily bars to the asymptotic expansions and
reference to the proofs in [5] indicate that the main require-
ment in establishing a domain of validity of the expansions
is to have monotonicity of Re [') Q(y)] .

Finally we shaell prove the
THEOREM 5. There exlsts a solution Qa(y,)\) of
(L..1) having an unchanging asymptotic expression valid in

"‘

sectors Sa’ Saiy 1D

b
2 ? S, when the domain S, includes a part

ofC,.
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~t
The effect of this 1s to state that we can cross Cs S

We shall find Q_,'...ﬁ; it is then clear from the theorems of
page 30 that Q, must diverge in 5, .
~ el ~ ~
Choose a new fundamental system 4,, A,, Uy, V, where
'ﬁ; ~% and V~¥. For the proof we shall use & fixed arbitrary
path C passing through the sectors of the Theorem and crossing
~
C, and Cy . Define a solution Q,(y,») of (4.1) in terms of
(4.27):
Qi=n,U, + n, A, +nsV [
~, (L4.30)
Q,~U in S, end S, .
~ ! 4
Then by Lemma 3, Q,~ W holds also in ¥, and 5; , and this
carries the expansion of Q, up to 'Es salong path C. Now
Ql-TJ. is a solution so that
~ ~ ~ ~ ~
QU= U, = ¢y A cgh+ec; Uy +c,V
g i (4.31)
(Q—TU,)~0 in ¥ ana §; .
Thus as we traverse C the asymptotic relation in (L4.31) begins
~/ ~
to hold when C enters S5, and then extends to C3 . In ‘S',. the
~
expansion of A, diverges so that (L4.4), (4.5) and (4.31) give
cy~ e-m and c3~ 0, ce~ 0. The relations for the c;, i= 3N
then hold throughout So . For 4, we note the three properties:
~
1) c,‘.‘XL diverges in g, to reflect the divergence of U; there,
~ ~
by (4.31); 2) X, is subdominant in 5, ; 3) Both Us and A,
diverge in gs and in (4.31) cancel each other there. These
properties indicate no definite asymptotic form for c,, but
it shall be sufficient to note that ¢, does not dominate ?L,_

where the latter is subdominant.
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Again, U,—TUy is a solution of (4.1) so that

T,-Y R+ ma A, +m U+ m, V
- U= m m m m
' 3 | Y | == 33 & (} 2)
~ ~ ~r J '-l-'3
In particular, the asymptotic relation in (L4.32) holds on

~ / ~r ~-KA
path C after C enters S, , and holds up to C; . Then mmwe A

~ a~

in S; since otherwise m A, might diverge there. Again, m,
does not docminate K; in AS',_ » and we have my~ 0, m ~ O, The
relations concerning m;, i= 1, 3, 4, hold throughout Sg .

wf
The right side of (4.32) again reflects the divergence of U,

-~/

or of AI'I'S in the sectors ’é' and Sg respectively.

Now we add (4.31) and (L4.32) to obtain
Q- Ty= (e, + m K+ (ca ¥ m) K+ (cgb mp ) Ug+ (4 my) V. (4.33)
In this expression all the coefficients have known asymptotic
behavior in ‘é.: except (cy+ m,), and this cannot dominate 'E,_
for large A in ';'3':, i.e., in Sy, since the discussion pre-
ceding (4.9) has established this for Ay. The functions A,,
?Js, % are well behaved in both “S'_: and gl and they do not
change asymptotic representation on crossing '53.
Hence we define a solution of (L.1l):

Qy(7sA) E Q (758 = (e my ) K (7,3) (L. 3)
and we observe that in “E")z (and S,) Qs-vﬂ, since Q‘ac'ﬁ there
and [(c,-; ma)i,_]«-o. From (L.33) we have Qauﬁ in 'S:,.
Finally, in S, we have Q,-v'ﬁ since Q‘~'ﬁ, and it was noted
in (4.9) that K,. retains its subdominant behavior in S,.

This makes Q,zu'ﬁ at all points of such a path as C and proves

the theorem.
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Using (4.9) we can write Qg as a linear combiﬁation of
the fundamental system (.27), although we may not be able
to determine explicitly all the coefficients.

We can be somewhat more definite about the orientation
of the sectors S;, gﬁ y J=1, 2, 3, if we return to the hydro-
dynamics situation of1§2, i.e., assume an unsymmetric profile
with real y, and y,. However, if y. and y, have small
imaginary parts the sectors are rotated only slighﬁly, since
w(y) in general will not be changing rapidly near the real
axis, and the configuration remains basically the same. By
[;] at ye we can find solutions corresponding to (L.27) valid

in

- -7—?<ang(a7) < %ﬂ s
where aa.ﬂl=(1wsr¢")‘)'3 and 7-: (4R)"3 (y=3e). In this, w‘:?O so
that we may take ang we =0. This is also the form of the
sector at yo, but we must determine ang(wJ )'/3 prbperly,
where w{<:0. By examining three power series expansions of
w'(y) near 1) a negative y, , 2) the origin, 3) a positive
Y3 » We can find ang(wg ),A.:—- —.’Tr , 1.6., we go into the lower
half of the complex plane on chenging from positive to

negative slope of the velocity profile., This gives

- %(arg(y—y.) <"%

as a sector for validity of the asymptotic expansions of

solutions in a fundamental system at y,.
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By examining power series for we—c we find:
O Vo< ¥7<¥s -
ang(w—c)=4 ©= ang(y~-y.), near ye .
~w + © , near y,, where ©=ang(y-yo)-
These relations make 1t possible to find QQ and fq so that
we can obtain the directions of S, and S5, near yg and y_

respectively. These appear as dashed lines in Fig. 11. The

Y- plane
/ \
/ \
\
\
g
N £ 72
'3'\\
/
/
/
/
Fig. 1.

solld lines are for the above sectors. The diagram explains
the necessity of taking a path below yo , &8s we did in the
proof of Lemma 2.

In conclusion we mention some of the problems yet to be
solved in connection with the jet problem. First, the
existence of a neutral disturbance might be demonstrated,
and for this one might extend existing results concerning
channel flow. Then the calculations for the eigenvalue
problem of §3 should be carried out to the extent that the

curve cy(e,R)=0 is found; in this connection one might use
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the methods already used for the monotonic profile extending
to Infinity in both directions. In such a calculation the
theorem of §J.|. would be assumed to hold along the real axis
to infinity. There is indication that a theorem might be
found justifying the use of the asymptotic expansions along
such a path, since it appears that the essential requirement
is the monotonicity of Re [LQ(y)J +» Finally one might cor-
relate the present hydrodynamics theory with existing theory
to help complete the classification of unsymmetric velocity

profiles for channel flow.
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ABSTRACT

The results contained in this paper form the mathe-
matical basis for the investigation of the stability of two-
dimensional parallel (symmetric or unsymmetric) jet flow
from a narrow slit and releted problems. An investigation
of the asymptotic properties of the solutions of the sta-
bility equation for large Reynolds numbers leads to a
complete formulation of the eigenvalue problem in a.form
suitable for detailed calculations. As usual, only periodic
disturbances are studied. It is shown that the effect of
viscosity enters the problem in a manner completely different
from the stability problems of boundary layer_flow and
channel flow. Certain general conclusions are reached for
the "inviscid case."

The velocity profile representing a jet flow extends to
infinity in both directions and has two points of inflection.
These properties make the problem differ greatly from sta-
bility problems previously investigated. The fourth order
stability equation has two solutions with exponential
asymptotic behavior which cannot be used in the boundary
value problem whether or not we have very large Reynolds

number in the flow., The other pair of solutions tend in the
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1imit of infinitely large Reynolds number to a fundamental
system of the second order equation of inviscid flow. Te
bring in the effect of viscosity we can only take higher
order terms in the asymptotic expansions of this pair.
FPurther, the stabllity problem tends for large Reynolds
number to that of the inviscid case. For these reasons &
study is made of the inviscid equation. As is well known,
the complete stability equation has no singularity, while
the inviscid equation has a leading coefficient with one or
more simple zeros, which become logarithmic branch points of
the solutions of the inviscid equation.

In the case of the symmetric velocity profile it is
proved that for a neutral disturbance (if one exists) the
wave velocity must be equal to the flow velocity at the
points of inflection of the velocity profile. The only
exceptional case is the trivial case of a steady deviation.
For more general velocity distributions, a form of the x-
average of the disturbance velocity product u’ v/ 1s found in
terms of the Wronskian of a certain peir of functions related
to the general solution of the inviscid equation. In the
case of a neutral disturbance these functions are also solu-
tions of the inviscid equation and the discontinuity in the
value of the Wronskien across a singular point of the in-
viscid equation is calculated, with the result that a
symmetric profile has W w =0 throughout the flow, and that



for an unsymmetric profile the value of the wave veloclty
lies between the values of the two ordinates to the profile
at the two points of inflection.

For the purpose of investigating the analytical pro-
perties of the solutions, the stability equation is replaced
by a somewhat more general equation, N[Q1+,\"M[(tl= 0. Wasow
has proved four theorems concerning the asymptotic expansions
of a fundamental system for this equation., The domain of
validity of these expansions 1s a sector in a certain annulus
around and excluding a first order zero of the leading co-
efficient of,M[q1=(h which corresponds to the inviscid
equation. ©Several choices of a fundamental system exist,
each differing from another only in location of sector of
validity around the annulus. The expansions can change form
abruptly in crossing three curves which divide the annulus
into three sectors. These are the curves corresponding to
the usual Stokes phenomenon., Using two such simple zeros, a
criterion is found which allows determination of the general
relative orientation of the three curves originating at each
zero. The special case wherein one curve from one zero
coincides with a curve from the second zero is noted and the
directions of the outer boundary of the annulus around the
first zero are determined near the second zero. It is shown
that this boundary near the second zero is not actuaslly a

bar to the asymptotic expensions. For the more general
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orientation of the six curves, a criterion is found for the
colncidence of the outer boundery eround the first zero with
a pair of curves originating at the second zero. The
general case is taken as the case where this coincidence
does not occur and where there 1s nc intersection of a curve
from one zero with a curve from the other zero. Again 1t 1is
found that for the general case the outer boundary near the
second zero is not a bar to the asymptotic expansions.,
Further it is proved that there exists a solution of the
complete equation having an unchanging asymptotic expression
valid in two sectors at each zero; i.e., the Stokes phe-
nomenon can be avolded, and this with a solution of the
re;iuced equation M[tf]:O.

The general case is illustrated by the hydrodynamics
problem of the unsymmetric jet profile with a real value of

the wave velocity assumed.
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