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2D-DEFOCUSING NONLINEAR SCHRODINGER EQUATION WITH
RANDOM DATA ON ITRRATIONAL TORI

CHENJIE FAN!, YUMENG OU?, GIGLIOLA STAFFILANI3, AND HONG WANG*

ABsTRACT. We revisit the work of Bourgain on the invariance of the Gibbs measure for the cubic, defocusing
nonlinear Schrédinger equation in 2D on a square torus, and we prove the equivalent result on any tori.

1. INTRODUCTION

The purpose of this work is to revisit the famous work of Bourgain on the invariance of the Gibbs measure
for the 2D defocusing cubic nonlinear Schrédinger equation (NLS) on a square torus T2, [4], and extend his
proof to any torus. Since later we often use the definition of rational or irrational torus, we readily give it
here. Assume that a 2D torus T2 has periods Ty and Ty. If T} /15 is rational we call T2 a rational torus,
otherwise irrational. As one can see from the proof for Strichartz estimates on rational tori [2], Bourgain
uses a fundamental property of the linear solution of the Schrédinger equation defined on a rational torus,
the fact that the solution is also periodic in time. In the proof this fact is used in reducing the Strichartz
inequality to estimating the cardinality of a set of lattice points (x,y) € Z2 that satisfy a quadratic equation
22 + ay®> = R2, where a, R are natural numbers. Then an well known theorem from number theory is
invoked to give a sharp bound in terms of R, see [1], see also (2.43), page 117 in [2]. If one wants to repeat
Bourgain’s proof for generic tori one has to obtain the same sharp bound when counting the lattice points
in a region such as {(z,y) / 2* + ay® < R? + O(1)}, where now v, R? > 0. In general, this number of
lattice points is larger than the sharp bound above. Intuitively though the same type of Strichartz estimates
available for rational tori should be available for irrational one. In fact one expects even better ones since the
irrationality of the torus should translate into fewer interactions among linear Schrédinger solutions. After
almost two decades the full range of Strichartz estimates on any torus were proved by Bourgain and Demeter
[5], who obtained them as a corollary of their proof of the I2 decoupling conjecture, hence without invoking
any number theory. Shortly later Deng, Germain and Guth [7] proved that indeed Strichartz estimates on a
generic irrational torus are better, in the sense that they live for a longer interval of time.

Let us now go back to Bourgain’s work on the invariance of the Gibbs measure in [4]. If one considers
the nonlinear Schrodinger equation with solution v and Hamiltonian H(u) in the frequency space instead
of the physical space, then it can be recast as an infinite dimensional Hamiltonian system with variables
(gn(t),pn(t)) such that (t,n) = ¢, (t) + ip,(t) for frequencies n € Z2. For this infinite dimensional system
one can define a Gibbs measure that formally can be written as du = 1/Zef (") du, where Z is a normalizing
factor to make it a probability measure, and its support lives in H*(T?), s < 0, see [10, 9]. Bourgain had
already proved [3] that for the 1D quintic NLS, where a similar measure can be defined with support in
H*5(T), s < 1/2 [10], the Schrédinger flow indeed leaves the measure invariant, meaning for any set A in
the support of the measure, its evolution with respect to the Schrédinger flow at any later times has the
same measure as A itself. Moreover using this invariance he proved that the flow can be defined globally
almost surely. Clearly such a question could have been asked in 2D for the cubic defocusing NLS' as well.
The issue that Bourgain faced was that while in the 1D case the flow was (deterministically) defined, at
least locally, for any data in H*(T), s > 0, and hence on the whole support of the Gibbs measure, which
as recalled is in H®, s < 1/2, for the cubic 2D case also the flow was only known to be defined for data in
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It is known that while for the 1D quintic focusing NLS the Gibbs measure can be defined as long as the L2 norm is smaller
than a certain absolute constant, in 2D no Gibbs measure can be defined for the focusing case [10].
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H*(T?), s > 0, hence missing the support of the Gibbs measure, which is in H*®, s < 0. To overcome this,
and other serious analytic obstacles along the way, Bourgain used probabilistic tools, such as Wick ordering
and large deviation estimates, combined with more deterministic ones, such as Strichartz type estimates and
counting lemmata similar to the ones recalled above. This brings us to the motivation of our paper. Indeed
here we prove new counting lemmata, see Section 4, that hold more generally for any torus, and we rework
the local almost sure well-posedness in details? to show that the bounds obtained in the counting lemmata,
although weaker than the ones in [4] still are enough to conclude the proof. Although our paper follows the
scheme of Bourgain’s proof, we decided to add full details for the convenience of the reader and because
along the way we could point out with remarks where special care needed to be put in place in order to treat
the general case and rationality cannot be invoked.

Finally, we recently learned that Deng, Nahmod and Yue [8] have extended Bourgain’s result in [4] for
any nonlinearity 2r + 1, where » € N. This is a remarkable feat since the high order of nonlinear interactions
was previously considered an almost insurmountable obstacle in obtaining an almost sure local flow in the
support of the Gibbs measure.

1.1. Statement of main result. In this paper, we study the 2D cubic Wick ordered NLS equation on
irrational or rational tori. We will pose the NLS on a rectangular torus and rescale the A. Let v € (1,2) be
any real number (possibly irrational) that determines on T2 = [0, 27]2 the operator

1
A’Y = 8% + ;85
The free solution to the linear Schrédinger initial value problem

{iut—AvuZO, ‘ (1.1)
U = ezs e
is of the form
S(t)ug = e*Prug = Z ctnem'wei"2t7
nez?
where we let
n?:=n-n=(n,n), =ni+yn3.

Following the set up of Bourgain [4] we revisit the Wick ordered truncated NLS with random initial data

{i%’v ~Auy = Peyl(unl? - My)un]

- gn (W) in-x 2
Uo,N = Z\n\ﬁN [n] e y T € T ;

(1.2)

where {g,(w) : n € Z?} are independent L?normalized complex Gaussians and

My = 2/ lun (t, z)|? dz = 2/ luo, N |2
T2 T2

The operator P<y here denotes the projection onto frequencies |n| < N. By definition of My, one may
rewrite (1.2) as

iatuN — AWUN = —PSN./V.(’UJN),
— gn (W) Jin-x 2 (13)
UON =D <y T €T
by defining the Wick ordered nonlinearity
N(fg@) = > F)ga)h(ng)elmmetres =% 7 fn)g)h(n)e™
n;€Z2, na#n1,n3 neZ? (14)
= Nl(fvgvh) +N2(fvgvh)7
and we write N(f) :=N(f, f, f), similarly for N, i = 1,2.
One may also study the formal limit equation of (1.3)
10ru — Ayu = —N(u),
— ’an(w) in-T 2 (15)
ug = n WC S T=.

2Here we will not repeat the argument that upgrades the local well-posedness to the global since the rationality or not of
the torus plays no role.
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For every w and every N fixed, equation (1.3) is finite dimensional and thus an ODE. It hence has a local
solution, and in fact also a global solution due to the mass conservation law. Therefore, one is mainly
interested in a local theory for (1.3) that is independent of N. More precisely, the main result of the paper
is the following

Theorem 1.1. Let uy, be the solution to (1.3),

t
u (t,z) = e rug N —i/ =2 Py N(uy)ds, YO <t<t,. (1.6)
0
There exists sg > 0,e9 > 0, so that for almost every w € €, there exists a t,, independent of N, such that
itA
”uu]{'](t’ I) _ ezt ’YuO7NHX307%+FO 11 (17)

Moreover, for any 0 < s’ < sg, W% = y?’v(t, z)—eth ug,N converges strongly in X' zteo [0,t,] to some limit
w. Furthermore, the limit u® = w + e*“tuq (called the solution to the Wick ordered NLS (1.5)) satisfies the
Duhamel formula
¢
u®(t, ) = ePrug — z/ I N () ds, VO <t <t (1.8)
0
We refer the reader to Subsection 3.1 for the definition of the X*? space and its related properties. In
the following, when the dependence on the parameter w € €2 is clear from the context, we sometimes will
drop the superscript in 4 and write u for short.
Theorem 1.1 follows from the following quantitative version (independent of N) of the main result.

Theorem 1.2. Let u%; be as in Theorem 1.1, there exists sog > 0, ¢€g, g, to > 0 so that for every t < to, up

to a set of probability measure et "°, one has that wx = un — e*Pug n satisfies HwN||X

0300,

. ® . /1 X
Furthermore, for all 0 < s' < sg, wy converges to some limit w in X 27 gnd u = w + etPrug solves the

wick ordered NLS in the sense that Duhamel formula (1.8) is satisfied.

1.2. Duhamel formula, Picard iteration and main propositions. The proof follows from a Picard
iteration scheme. One would like to write (1.3) into its Duhamel form, (1.6). It is convenient to introduce
an extra time cut off ¢s(t) = ¢(¢/8), where ¢ € C5°(R) is equal to 1 on [-1/2,1/2] and 0 outside [—1,1],
and consider instead the following slightly modified version of (1.6):

t
Uy (t,x) = ps(t)e™  ug n — igs(t) / =) (P v N ((t)uly ) ds. (1.9)
0

Note that when ¢ < §/2, u/y is no different from uy. In what follows, for convenience we will not distinguish
uy and u)y. Let

t
Dy su = —igs(t) / =98 Py N (5 (t)u) ds, (1.10)
0
and consider its formal limit as N — oo:
t
Tsu = ids(t) / G959 N (s () ds. (1.11)
0
From the perturbative viewpoint, let
un = ¢s(t)eug N + wn (2,1t). (1.12)
Then (1.9) is equivalent to
wy (2,t) = Dn.s(ds (1) ug n + wi (2, 1)), (1.13)

which reduces Theorem 1.2 to the following three propositions,
Proposition 1.3. There exists a sufficiently small 6o > 0 and so > €9 > 0, and some ag > 0, such that for
every 0 < 6 < &y, up to a set of measure e "° for some g depending on ey, the map

w — FN75(¢>5(t)eitA7u0,N + w(zx,t)) (1.14)

s a contraction map on the space
{w: ||w||xs0.b0 <1} for all N. (1.15)

where bg = 1/2 4+ €.
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Proposition 1.4. There ezists a sufficiently small 69 > 0 and sg > €y > 0, and g > 0 s.t. for every

0 < 6 < g, up to a set of measure =07 for some ag depending on €g, the map
w i Ts (s (t)e ™ ug + w(z, t)) (1.16)
s a contraction map on the space
{w: wllxsow <1}, (1.17)

where by = 1/2 + €.

Proposition 1.5. Let 6y, so, €9 be as in Proposition 1.8 and 1.4. Let wy be the unique function (fized
point) in {w : ||w|| xs0.00 < 1} such that

wN = FN75(¢5(t)6itA7U0,N + ’LUN(JI, t)), (1.18)
and let w* be the unique function (fixed point) in {w : ||w| xso.bo < 1} such that
w* = Ts(¢s(t)e™ ™ ug n +w*(2,1)). (1.19)

Then one has for all s' < sg and as N — oo that
wy — w* in X¥ T (1.20)

Remark 1.6. Note that Proposition 1.3 is stated uniformly over all N > 0. In particular, it can be seen
from the proof that, the exceptional set, does not depend on N. We are following [4] here, see also discussions
in [8],[13]. Thus to prove Proposition 1.3 is equivalent to prove Proposition 1.4. For those who are familiar
with the Picard iteration scheme, Proposition 1.5 is a stability argument that is essentially equivalent to the
local existence argument giving Proposition 1.3 and 1.4. However, to take into account the difference between
PonN(un) and N(uy), one will need to use extra derivative, which is the reason why the convergence in
Proposition 1.5 only holds for s’ < sg. One may also see [8],

We will focus on the proof of Proposition 1.4, which is the same as the one for Proposition 1.3, then
Proposition 1.5 follows by using the same argument as in Section 5 of [4]. One may also use the invariance
of the Gibbs measure to upgrade the local well-posedness to a global one as in [4].

2. PROOF OF PROPOSITION 1.4: INITIAL REDUCTION AND STRUCTURE OF THE PROOF

In this section, we outline the proof of Proposition 1.4. To begin with, fix w, one has by definition that

t
Ts(s(£)e" ug + w) = iy (1) / BN (G(t)e" ™ ug + d(t)w) ds =: A+ B, (2.1)
0

where, according with (1.4), A corresponds to N7 and B to N respectively. We also use ¢(¢)o(t/8) = ¢(t).
The estimate for part B follows from standard X space estimates, which we present in the end of Section
3.2 for the sake of completeness. In order to study part A, we consider the Wick ordered nonlinearity A7 as
a trilinear expression, replacing the w above by three functions wi, wa, ws.

Using X *° smoothing (3.8) and duality, Proposition 1.4 will follow from

Proposition 2.1. There exist 0, 6p, o, €0,b as in Proposition 1.4 satisfying €9 < €1 <K So, so that for any
h(z,t) with ||h|| xo.1-v0 <1, ho(x,t) := ¢(t/6)h(z,t), one has estimate

/ < D >*%° (Nl(ul,uQ,u?,))h_odxdt‘ o%, (2.2)
RxT?2

/ < D >*° (Ng(ul,UQ,U3))h_od.Z‘dt‘ 5, (23)
RxT2
where u; is either ¢s(t)e™ v ug or w;.

Here < - > is the Japanese bracket, < D >:= /1 — A.

Remark 2.2. We will neglect any loss of 6~ throughout the proof, since eventually all such loss will be
compensated by the gain of 6. In particular, one should not be concerned about the loss in X localization

by multiplying ¢(t/6).
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In the two estimates above, (2.3) follows easily from deterministic estimates, whose proof will be given at
the end of Section 3.2. The majority of the rest of the paper is devoted to proving (2.2).

More precisely, the proof of (2.2) splits into eight different cases depending on whether the input functions
u; are of the regular (in the space X*0:%) or probabilisitic forms. In addition, we further decompose each
u; into pieces corresponding to different spatial Fourier frequencies (i.e. replacing u; with Py, u; for some
dyadic numbers N;), then the desired result follows from a case by case study depending on the relative sizes
of the spatial frequencies N1, N, N3. Note that the roles of N1 and N3 are completely symmetric as shown
in the definition of N, so without loss of generality we may assume N; > N3 throughout. There are thus
two main cases: No > Ny > N3 and N; > No.

The first case No > N7 > N3 turns out to be easier, which we treat in Section 5. The second case needs
to be further decomposed depending on the relative sizes of N2, N3 and where the random terms appear.
Following Bourgain’s notation, we will use 11 to denote the regular case (i.e. u; = w;) and I to denote the
probabilistic case (i.e. u; is the cutoff of the free solution with random initial data ug): In Section 6 and 7,
we will first estimate two typical cases: Ny([I) > No(I) > N5(II) (corresponding to “case (a)” of [4]) and
Ny(I) > No(II) > N3(II) (corresponding to “case (c)” of [4]). These two cases are typical in the sense that
all essential elements of the proof and ideas will be displayed in the study of these two cases. Essentially
this is because in the two cases, the random term appears in relatively higher frequencies hence there is less
decay in terms of N7 that one would expect; there is also no additional random term present which prevents
one to fully exploit the cancellation brought by randomization. Note that these two sections are the main
part of our proof. We will discuss the treatment of other cases in Section 8.

2.1. A list of cases. Following Bourgain, we need to study

e Case (0): N2 > Ny;

e Case (a): Ni(II) > No(I) > N3(II);
e Case (b): Ny(II) > N3(I) > No(II);
e Case (c): Ni(I) > No(II) > N5(II);
o Case (d): Ni(I) > N3(II) > No(I);
o Case (e): N1(II) > No(I) > N3(I);
o Case (f): Ny(II) > N3( ) > No(I);
o Case (g): Ni(I) > Na(I) > Ny(IT);
e Case (h): Ni(I) > N3(I) > Na(I1);
e Case (i): Ni(I) > No(II) > N3(I);
o Case (j): Ni(1) > Ny(I) = Na(I1);
e Case (k): N1(I) > Nao(I) > Ns(I);
e Case (1): Ny(I) > Ns(I) > No(I).

Remark 2.3. Strictly speaking, one will need to study, for example in case (a), No [Ny, Ny > Ns3. The
analysis will be the same as for N1 > Ny > N3, we neglect this issue.

2.2. Notation. For the sake of notational convenience, we will denote (, )~ by (,) in short. We use Py, P<ny
to denote Littlewood Paley projections in the physical space (z variable), as mentioned above. We will use
P < as Littlewood Paley projections in the time space (¢ variable). We will also use P,_,2|<)s to denote
space time Littlewood Paley projections with respect to paraboloids.

For the sake of convenience, we sometimes abuse notation by identifying P% = Py, ¢(t)? = ¢(t). Through-
out the paper, we use several parameters, and we always require

1>50> 51 >€ > ¢ > 0. (2.4)

3. PRELIMINARIES

3.1. The X*" space. In this subsection, we recall the definition of the X*° space and summarize some
classical estimates that will be used in the proof. One may refer to [2], [6], [5] for more details.
Let v(t, z) be a function on R x T2. Let o be the Fourier transform of v, i.e.

u(t, ) /Zv(nT mm”tdr

nez?

© 2020 Springer Science+Business Media, LLC, part of Springer Nature.
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and the X*® norm can be defined as

0]/ 500 = / > <n>¥<r—n?>% [G(n, 1) dr, (3.1)
R

nez?

where < n >:= /1 + n? is the Japanese bracket.
Note that another convenient way to define the X *® norm is via the ansatz

v(t, ) :/ Z a(n,)\)em'xemzte“‘t dA, (3.2)
R nez?
which gives
v]|5e0 = / Z la(n, \)|> < n >25< XA >20 a)\. (3.3)
R ez2

The X*° space is very useful in dispersive PDE for at least two reasons: first, it inherits the Strichartz
estimates enjoyed by free solutions of the Schrodinger equation; second, it exploits the smoothing effect of
the Duhamel formula.

We now recall the Strichartz estimates on tori, rational or irrational, [2],[5],

[et4 (P f)llLs, oayx72)y LVl fllpz, (3.4)

where Pp is the Littlewood-Paley projection onto the spatial frequency ball B of radius N (not necessarily
centered at the origin).
By the Minkowski inequality and Cauchy-Schwarz, this implies that

Lemma 3.1. For any u € X%2¢ | there holds
I1PsullLs (0,1x72) Fed Nlull o140 (3.5)
Via an interpolation with the Hausdorff-Young inequality, the estimate above can be upgraded to

IPBulls, 0.1)x72) LeVlull (3.6)

1_e.
x%2-1

We also record another estimate, which follows immediately by interpolating (3.5) with the trivial bound
||u||L§,m([o,1]xT2) | xo.0.
Lemma 3.2. For any u € X3 there holds

IPpullzz (0,1x72) CeV|lull (3.7)

1.
X%3

As mentioned earlier, the X space also exploits the smoothing effect of the Duhamel formula, which
can be made precise by the following estimate.

Lemma 3.3. For all s > 0,b > % and time cut-off function ¢ as above, there holds

|

Before ending this subsection, we also record the following localization properties of the X space:

t
6(t) /O G026y dsl| T e (3.8)

X s:b

Lemma 3.4. Let u € X*°, then

ul| xs.n, 0<b< i,
I0s(0yullxen lz{';_'if b : (39

[ul xer, 3 <b<1.

Moreover, for all 0 <V < b < 1/2, there holds

165 (8)ull o LB ull e (3.10)
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3.2. Deterministic Estimates. In this subsection, we collect several by now standard deterministic esti-
mates. All of them were introduced when studying standard local theory of deterministic NLS on tori. We
start with an estimate that exploits the time localization. One may refer to [2], [6] for proof. We provide a
brief sketch of proof of the lemma in Appendix A for the convenience of the reader.

Lemma 3.5. Let Pg be the Littlewood-Paley projection onto the spatial frequency ball B of radius N and
0 < s< 1. Then one has for all e < s that

lo(t) Pl gy, CeV|ull xo./2-, (3.11)

l¢s (&) (Ppu)llns, CeN*F|lull o385 (3.12)

The number 1/8 is not meant to be sharp, one can for example upgrade it to 1/4—.
Throughout the rest of the section, we write

filwt) =Y filn,t)e™™, i=1,2,3, (3.13)
neZz?

i.e. fi(n,t) is the space Fourier transform of f;. For the sake of brevity, we abbreviate f;(n,t) as f;(n).
We summarize below several standard estimates that will be frequently used in the proofs that will come
later. One may refer to [4, 2, 6]. We will also sketch them in Appendix B for the convenience of the reader.

Lemma 3.6. Let Ny ['Nb, N3, 1> 51> €, and ¥(t) be a Schwartz function. Decompose Pn, =3 ;c 7 Py,
where J € J are finitely overlapping balls in the region |n| ~ N1 with radius ~ max(N2, N3). then one has

‘/¢(t)7LPN1f1PN2f2PN3f3 Chax(Na, Na)) O |2l o100 [ [ 1P fill 0.0, (3.14)
‘/¢(t)hN1(PN1f1,PszmPNgfs) Chax(Ny, N3))“ |2 xo.a-u0 [ [ I1Pw: fill xo.r0. (3.15)
‘/w(t/f‘/‘)hPlelPszQPNgfs 5% /8 (max(Na, N3))* 79| |h|| o100 [ [ 1P, fill xco.m0, (3.16)

‘/w(t/é)th(PN1f17Psz2vPN3.f3)

L& /® (max(Na, N3))**9C bl xoa-vo [ TI1Px fill oo, (3:17)

‘ / G(ORN (Py, f1, Py, for P, f)

Cladax( Nz, N3))“ | hll xo.ss ||| f2ll xo./a | f3ll x0.1/2 sup 1Py fillLgs,

F1N o, [P f1l xo00 [Py ol xo.073 ]| Povg f3 | 0.1/ | Prvg bl 0.1/ (3.18)
FINo N [P f1ll xo0 1P, foll xo.178 ]| P, fall o078 1P B 0.0/

LN~ Np NG T HPNlhllxm—boHfillxowbo‘ﬁup [L15()e™ | xom0 |,
n|~Ny . .
J#i

‘/Zﬁ(t)hf\ﬁ(Plel, Py, f2, Pn, f3)

Dﬁﬂ) HhHXo,1/3 HPlel ||L;>1oa: ||f2||Xu,1/3 Hf3||X0,1/3
+1N1~N2HPN1f1”X‘LbO HPJ\Hf?”XU’l/?'”131\/'3103||X0»1/3”PNah”XOfl/3 (319)
FLNom N [| Py f1 | 000 [| P, f2 | 0.1/ (| PN f3]] 0,078 | Py Bl 0,175

LN o N ([P Al o1 [ fill o0 ‘ S‘up [T1£im)e™ x|,
n|~Ny . .
J#i

© 2020 Springer Science+Business Media, LLC, part of Springer Nature.



RANDOM DATA 8

‘/w(t)th(PlelaPN2f27PN3f3)

[dax (N2, N3)) || Al xo.1/s | Py foll oo, [| Pay fill xo.1/5 | Py fall 0.1/
1N, N, | PNy Sl x0.08]|[ Pry f2l xo.00 (| PNg f3]] x0.1/3 | Pag Rl x0.1/5 (3.20)

FINy N | Py £l x0.073 | Py f2ll x0.00 | Py f3]] x0.0/5 | Py Bl 0.1/

LN~ No N ([P Al oo [ fill oo ‘ S‘up | | £ (n)e™ || xom0 |
n|~Ny
J#i

‘/?ﬁ(t)th(PlelaPszzaPNgfs)

Clmlax(Na, N3 )|kl xo.1/3 (| P, foll xo0.13 | P, fill xo.08 ]| P 3]l s,
1N, N, | Py f1ll xo0.08 ]| Py f2l xo.1/8 | P f3]] x0.00 | P Bl x0.1/8 (3.21)

1N, | Py £l x0.178 ]| Py f2l x0.1/3 | P, f3]] x0.00 ([ Py B x0.1/3
+1N1~N2~N3 ml.in HPNlh”X‘“—bO Hfi”XU’bO | S‘up | | Hfj(n)einw”XO,bo ,
n|~Ny
JFi

where with 1n,~N; we denote the indicator 1n,~n, =1 if Ny ~ N;, 0 otherwise. Moreover, estimate (3.18),
(3.19), (3.20), (3.21) are also valid if one replaces N1(Pny f1, PNy f2y P, f3) by P, f1 P, f2Pn, f3-

Similarly, one also has

Lemma 3.7. If Ny [N} > N3, one has

‘/ ¢(t/8)h Py, fLPn, f2Pn, f3

CEWENT Nl o100 [ 1P fill xo0, (3.22)

N || xo.1/s | P, fill o, T 1PN fill xoss, i =1,2,3. (3.23)
J#i
We also record the following deterministic estimate which will (almost directly) handle the N> part in the
Wick ordered nonlinearity.

’ [ oonpy PP

Lemma 3.8. Let by = % + €o, then

‘ / 6(t/8) NPy, fu, Pas fo, P, f3)

Iﬁiln 51/4“PN1hHX0«1*”0 Hfi”XU% ‘ s‘up | | ||fj(n)ein-x||xoyb0
n NNl - .
J#i

(3.24)

We sketch the proofs of Lemma 3.6, 3.7 and 3.8 in Appendix B for the convenience of the reader. In the
following, we provide a proof of the easier estimate in our main result Proposition 2.1.

Proof of (2.8) of Proposition 2.1. We choose Ny large, up to dropping a set of probability e=No™ | we have
n(w)| < Ng', [n| < No,
st s = (3.25)
lgn ()| < [n]**, [n] > No.
And in particular, no matter whether u; = w; such that ||w;|| xs0.00 TLbr u; = ¢(t) ZMNM g’l"T(T)ei"Zte"’m,
we always have
||PNui|X0,b0 Iﬂﬁl,N < N, (3 26)
| Pyl oo CNF, |N| > Ny, .
Observe that
/ $(t/8)hNo(ur, uz,ug) =y / ¢(t/6) PxhNo(Pyuy, Pyuz, Pyus) (3.27)
N

Let 6 = N0—1007 applying estimate (3.24), we have
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RANDOM DATA 9

e N <Ny
/¢(t/6)PNﬁNQ(PNu17PNuQ,PNu;;) CaY4NCor, (3.28)
o« N> N,,
/¢(t/5)PNBN2(PNu1,PNu2,PNu3) [N N2, (3.29)
Sum all N, (when sp small enough), and desired estimate follow. 1

3.3. Probabilistic estimates. We collect the elementary but crucial probabilistic estimates here.

Lemma 3.9. Let {gn(w)} be i.i.d complex Gaussian on the probability space Q, and {cn,,...np} be a sequence
of complex numbers for some integer k > 1. Define

Fk(td) = Z Cny,oong9ni9ns = Gny, -

Ny eeey N
Then one has for all 1 < p < oo

[Pkl Tk + 1(p — 1)*?|| Fel| 120 (3.30)
Moreover, there holds the associated large deviation type estimate

—_CO\2/k

2/k J
[FaNAns

P{|Fi| > A\} <exp YA > 0. (3.31)

In the lemma above, it is very important that {cp, .} are numbers instead of random variables. One
may refer to [11], [12].
The following lemma will also be frequently used.

Lemma 3.10. Let {g,(w)} be i.i.d complex Gaussian on the probability space 2, and assume that

Z |an‘2 L1]

nez?

Then, for any integer N > 0, up to a set of probability measure e~ N" for some o > 0 depending on €, there

holds

Z angn(w)e™™ CAF, Ve>o0. (3.32)

n€zZ?|n|<N L (T2)

Proof. Tt is easy to see that for any fixed z, the function is bounded as desired outside a small exceptional
set, so the key point is to show that the exceptional set can be made independent of x. To do this, given
€ > 0, first note that T2 can be covered by a mesh of size 1/NY x 1/NM centered at ~ N2M lattice points
for a large number M to be determined later. We first bound the function at the lattice points, which is easy
as the function at each lattice point has size [_NIF° (for some ey < €) up to probability e~V (o) according to
Lemma 3.9, and there are only N2¥ many points. Therefore, one has that the function satisfies the desired
bound outside an exceptional set of measure up to ~ e~ N

To pass from here to the bound of the function on the entire T2, it suffices to obtain a uniform control of
the derivative of the function (independent of x):

N Y lanllga(w)| ngp\gn(w)\- (3.33)

In|<N

The probability of the derivative being larger than N* is smaller than e~V N2, as the probability of |g,(w)| >

N? for each n is controlled by e~ ’ Hence, by removing this additional exceptional set and recalling that
every point x lies within the distance of 1/N* from some lattice point, one has that the function at z is
bounded by N¢ + N*.1/NM [CNF as long as M is chosen sufficiently large. —
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4. COUNTING LEMMA

One of the key ingredients in the proof of our main theorem is an extension of the lattice counting
argument of Bourgain, [4] to the irrational setting. We present them in this section. We start with two
auxiliary lemmata. The first has a geometric flavor, while the second is an elementary number theoretical
result.

Lemma 4.1. Let A be the O(%)-neighborhood of a circle of radius ~ N, and A = Z x vZ for some real
number v € (1,2). Suppose Ay C A is the O(%) neighborhood of an arc of the circle of length No < N.
Then, Ay contains at most max (%, 1) points of A.

Proof. Let C' C A be the O(%)—neighborhood of any arc of the circle of angular size 6 = ﬁN‘Qﬂg, then it
suffices to show that C' contains at most O(1) points from A. Indeed, if Ny > N'/3, A; corresponds to an
arc of angular size %, which can be decomposed into ~ % smaller arcs each of which containing at most
O(1) points from A.

Denote B; the circular sector bounded by the outer arc of C, and By the triangle with vertices being
the center of the circle and the two endpoints of the inner arc of C. Observe that any triangle P; P, P3 with
P; € AN C must be contained in the region B; — Bs. Moreover, it is easy to see that annulus A can contain
straight line of length at most O(1). Therefore, suppose C' contains more than O(1) points from A, then
there must exist three points P;, P», P3 € A N C that formulate a non-degenerate triangle. By definition of
A, the area of the triangle is at least %, hence the area of By — Bs needs to be at least % as well.

On the other hand, via Taylor expansion, the area of By — By is bounded by %N2(0 —sind) + O(%)N@ 1
N20% + 6 < -5, which is a contradiction. Therefore, C' must contain at most O(1) points from A and the

10
proof is complete. L1

Lemma 4.2. Given an integer M # 0, then
#{(a,b) €ZxZ: ab=M} < C|M|°, Ve>O0.

Proof. Without loss of generality we assume that M > 0. As an integer, M has an unique representation by
its prime factors:

M =p'p3?---pyt, D1 <p2<---<pg 1;>0,Vi
Then, the total number of pairs of integers whose product is M is bounded by Hle(ri + 1). For any fixed

€ > 0, there exists a smallest integer /N such that N > 2. Let p; be the first factor that is larger than IV,

then there holds
0 0 Vi

[+ <[[27 < [[pyc < M.

i=j i=j i=j
On the other hand, there are only O.(1) many p; that are smaller than N. Therefore, write M = e™, one
has

Jj—1
[0 + 1) < (log M)V = D),
=1

There exists a large number My = Mpy(e) so that mP(1) < e“™ whenever M = €™ > My, hence the desired
estimate follows if M > My. If M < My, one can simply take C. = M¢. The proof is complete. L1

We now fix p and Ny, No, N3 > 0, and we let
S :={(n1,na,n3) : |n;| ~ Ni, na #n1,n3, and (ng —n1,ne —ng) = p+ O(1)}.

We observe here that in the rational case S is a curve while in the general case, since +0(1) appears the set
is thick.

Define

S(n1) = {(n2,n3) : (n1,n2,n3) € S},

and similarly for other S(n;), if n; is fixed and S(n;, n;), if n;,n; are fixed. We have the following counting
lemmata regarding the size of these sets. In the following, we sometimes use N, N2, N3 to denote Ny, No, N3
rearranged in the non-increasing order and assume p = O(N?').

Lemma 4.3. #S(n1,n2) TNk and #S(n2,ng) CN.
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Compared to the rational case studied by Bourgain, this estimate is equally good, since ultimately it is a
linear estimate.

Proof. We will only prove the first estimate, as the second one follows from the same argument. Fixing
ny1 # ne, one has from
<n2 —Nni,N2 — 7’L3> =K + 0(1)
that ng lies in an O(m) < O(1) neighborhood of a straight line. Since |ng| ~ N3, there are at most
~ N3 choices of ns. 1

It is in the next lemmata that one sees a difference with respect to the estimates of Bourgain that are
generated by the possible irrationality of the torus.

Lemma 4.4. Assume Ny > Ny, N3. Then,
N3/, if Ny~ N3 > N,

max((ﬁvﬁ, 1), otherwise.

#S(n1,n3)

Proof. From the definition of the set S, with n,ngs fixed, ny must lie in an annulus given by the formula

2 2
ny+n ny — ns
- :‘14‘” +p+O(1).

Denote the inner and outer radius of the annulus by R;, Ry respectively and recall that p [N .

Therefore, when Ny > N3, both the inner and outer radius are roughly ~ 1/(N1)? + g ~ Ni. In order
to determine the thickness of the annulus, one observes from R? — R2 = O(1) and Ry, Ry ~ N; that there
holds Ry — Ry < O(N%)v hence the thickness is bounded by O( J\} ). Then, the desired estimate max( ]\17 25, 1)

follows immediately from |na| ~ N2 < N7 and Lemma 4.1 above.

When N; ~ Ns, assume that the inner and outer radius are roughly ~ R > 1 (if R < O(1), the estimate
is trivial). Note that R [CN}. Then nq lies inside an annulus of radius ~ R and thickness bounded by O(%)
Suppose N7 ~ No ~ N3, then again by Lemma 4.1 above, the total number of ns is bounded by

R 2/3 N2_
max (W, 1) = max(R2/3, 1) Ijhx(Nl/ ;1) ~ max <N1/3 ’ 1) ’
1

On the other hand, if N3 ~ N3 > IN,, still denoting R as roughly the inner and outer radius of the

annulus, one has
min(Na, R
#S(n1,n3) Cmhx (W)’ ) |ﬂ§/3

1

Lemma 4.4 above can be extended to estimate other sets of similar type. For example, let n := ny —ngo+ns
and suppose that Ny = N'. Then for any fixed ny and n, via a similar argument, one has the following
estimate:

#{n1 : |n;| ~ Nj, na #n1,ns3, and (n1 —n,na —n1) =p+ O(1)} Ijﬂlz/s.
Indeed, suppose N1 > N, then nj in the above lies in an annulus of radius ~ N; and thickness ~ O(N%)
Hence by Lemma 4.1, the total number is at most max( ]\f/s,l) = N2/3. Otherwise, if N1 ~ Ns, one

has R, the radius of the annulus, is bounded by Nj. Hence the total possible number of n; is at most
CRE3 P/

Similarly, when N7 > Nj, one also has the following counting
N3
#{n3: <TL3—’I”LQ,TL3—7’L>:‘LL+O( )} Iﬁhx( 1/3,1).

Moreover, from the two lemmata above, one can already obtain some estimate for sets S(n;). For instance,
by first fixing ns and applying Lemma 4.3, one can show that #S(n;) [_NEN3. Depending on the relative
sizes the N;, sometimes such estimates are already good enough. However, in some other cases one needs to
use a more sophisticated argument, and this is the contents of the following counting lemma.

Lemma 4.5. #S(nl) ml)ENQNg, #S(ng) ml)ENlNg, and #S(ng) mﬂ)eNlNg.
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Proof. We only prove the estimate of #S5(n1) as the other two can be treated very similarly. Write no —n; =
r(a,vb), where r € N, a,b € Z and (a,b) = 1. Decompose all choices of ny into dyadic scales. In other
words, at each scale, we have dyadic number A, B € Z fixed such that |a| ~ A, [b] ~ B, and there holds
A, B [mhx (N1, N2). We also write ny —n3 = (z,vy), ©,y € Z.

Assume a,b # 0 and fix A, B,r. We want to count the number of (a, b, z,y) satisfying

r(az +v%by) = p+ O(1), and |a| ~ A, |b] ~ B.
Note that r # 0 because ni # ns, and x,y cannot both be zero as ny # ns. Without loss of generality,
suppose y # 0, then the equality above can be rewritten as
ax 2 _ M 1

by T byr+0(|byr|

)
Since a, b, x,y € Z, for any fixed value H = by, the value of az is inside an O(1)-neighborhood of an integer
G =G(H).

Moreover, observe that the number of possible values of H is bounded by ~ BNj, as for each fixed b
(hence the second coordinate of ng is fixed) there are ~ N3 many choices of y. Then, by a simple number
theory observation (Lemma 4.2 below) one has for any € > 0 that
#(a,b,x,y) TFHHY-|H|*-|G|* TBWN3(B max(Na, N3))¢(Amax(Na, N3))¢ Cmhx(A, B) T N3 max (N, N3)©.

It is thus left to sum over r and then A, B. Note that for fixed A, B,

No
#r max(A, B)’

therefore, one has in this case that

#5(ny) %ﬁmax(A,B)HeNgmax(Ng,Ng)f CIok(NY)?(N1)NyNg V') NyNs.

s

Assume now that @ = 0 (then b # 0 as ng # ny). This means n1, ny have the same first coordinate, hence
the total number of choices of ns is bounded by Ns. Moreover, one has that the first coordinate of ng is free
and its second coordinate is determined by

(na —ni,ng —ng) = pu+ O(1),
hence is inside an O(1)-neighborhood of a determined value. Indeed, the formula above can be written as

by = p+ 0(1)

_ K 1
v= o O (m%) '

Therefore, in this case one has #5(n1) [ NLN3. The b = 0 case can be treated in the same way which we
omit. 1

which implies

5. PROOF OF PROPOSITION 2.1: CASE BY CASE STUDY, CASE 0

In this section, we treat the case: Ny > N; > N3. We will prove

> NQSO/N1(PN1u1,PN2U2,PN3U3)71¢(75/5) L&%, for some €1 > eo, (5-1)
N2>N1>Ns

where u; is either w; with ||w;|| xs.0 <1 or

w; = d)(t)eitA,y up = (ﬁ(t)eitA”’ gT|L (T) einm7 = T2,
n
n

and ||h|‘XO,1—bO S 1.
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First observe that, in this case, the Wick ordered nonlinearity is the same as the usual cubic nonlinearity,
i.e. N'=N; and M3 = 0. We only need to prove (up to an exceptional set of probability e=®"") that

Z Négo/ Py, uy Py, ug Py,ushg(t/6)| C&F for some e > . (5-2)
N2>N1>N3 RxT?

There are several subcases. We start with subcase 1 : u; = w;,i = 1,2,3. Let s; be chosen such that
€0 < $1 < sp. Via (3.22) and observing that one has h = Py, h in the integral in this case, we obtain

/ PNIU1PN2’U,2PNBU3;L¢(25/5)
RxT?

N | Py, | o | Pz o | Py usl| oo || Pyl o008
N ™2 | s vo.v0 | xco0.50 | Py | 0.0 | Pz bl xouvo-

Sum over Ny > N7 > N3, and the desired estimate follows.

Next we discuss subcase 2: at least one wu; is ¢(t)zln1;|~Ni In; ing

einiz ginit
[

We only study the case

up = ¢(t) Z\nllel |9;L"11| eimizeinit as other cases can be treated similarly.
Let N2 be a large parameter such that Ngl%o = %. Note that up to an exceptional set of probability

!
—c e
e 07" ~ e N20 we have

(5.4)

lgn(w)| < N3%,  |n| < Nap,
lgn(w)| < N3*,  [n| ~ Na = Na.

In particular, one always has for all u; that
| Pnuil xo.00 CNBY, N < Nao, (5.5)
| Pyl xo.00 CNFY, N > Najg. ’

e
4" if necessary, one has

and, dropping another exceptional set of probability e~
||PN1’U,1||LtoYom S Nfl, N1 S Ng, NQ,O S NQ. (56)

Now we split the subcase 2 further into the following subsubcases.
In subsubcase 2.1, we restrict ourselves to the regime Ny < N, and use estimate (3.22) to derive

/ 2PNIU1PN2U2u3h¢(t/6)‘ /8N1251||u1“X0,b0||UQ||X0‘170||U3||X0,b0||h,HXo.,17b0 mllesl. (57)
RXT

Summing over Ny, N3 < Ny < Nj o, one obtains IZEFNZS”%1 and the desired estimate follows.
We are left with subsubcase 2.2, where Ny > N . We will prove

| PNl¢<t>u1_PN2¢><t>u‘2¢<t)PN3u3¢>(t>h] Cop 0, (5.8)

which will then imply the desired estimate by summing (5.8) over Ny, Na, Ns.
As remarked above, we only prove estimate (5.8) for the case that u; is random. Using (3.23) and Lemma
3.10, one derives

[ Pt Prat@uaoto) Py, uas

EN™ |6 (t) Py ua| xo./5 116 (8) Py sl o1/ [ 6(2) Povy o o175

Let F;(7;,n;) be the space-time Fourier transform of ¢(t)u,;, i = 1,2,3, and Fy(r4,n4) be the Fourier
transform of ¢(t)h, the integral being estimated is non-zero only if

(5.9)

(5.10)

ny—nz+ng—ng =0,
T1—Te+73—14=0,
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which implies
Z(—l)i(n —n?) =n? —ni+n3—n2=—-2(ny —ny,ny —n3) ~ N2, since Ny > Ny, Ns. (5.11)
i

Observe that the Fourier transform of ¢(t)u; is essentially supported on |7 — n?| CL]thus, at least for
one i € {2,3,4}, one has N3 [Jz] — n?|, hence one can upgrade estimate (5.9) to

| Pt P a@uao (0 Py uso (0O
Rx T2
CO3 NG 07 90 Py oo [ 6(8) Povy sl oo [|6(8) Py bl o0
mj‘slNglm Ijzgl/lo.
To make the above argument rigorous, one may decompose ¢(t)u; into
(HT\§N2¢(t))u1 + (ID\T\>N2¢(t))u13 (513)

where the first term corresponds to frequency localization at |7 — n?| < Ny < N2, and hence the above
argument can be applied. For the second term, one simply observes that

[ Prysny @ ()| e I 10, (5.14)

(5.12)

This concludes the proof.

6. PROOF OF PROPOSITION 2.1: CASE BY CASE STUDY, CASE (a)

In this section, we consider case (a): No(I) LN (I1), Ny(I) > N3(II). We aim to prove for all
w1, V2, w3 satisfying

Jrllxconso CT fwslyinse CII va = g(t)e <Z e )
ng

n2|

and ||h|| xo.1-so [Tkhat, up to an exceptional set

Z Ny° /Nl(Plel,PMvg,PN3w3)7L¢>(t/6) &%, for some €1 > €. (6.1)
N2 [NJ,N2> N3

Fix N3% = # and recall that any loss of §~“ will be irrelevant in the analysis. The values of the

parameters €y < 1 K so will be determined later.

By dropping a set of probability e=07""  we will assume the following throughout the whole section:

|gn(w)| < Nayo, [|n| < Nap, (6.2)
lgn ()] < [n]**,  [n| > Nap.
And one has in particular
(| P, @ (t)v2 | x0.00 mglm Nz < Nz,
g (6.3)
| P,y d(t)v2] xo.00 CNB',  Na > Nap.

6.1. Standard reduction. The goal in this subsection is to reduce the estimates of this case to Lemma 6.4
and Lemma 6.5, which will be stated at the end of this subsection.

Note that in the discussion of all the cases (b)—(1), there will be a similar reduction argument. We will
present the full details of the reduction in this case, and only sketch it in other cases.

We first split the summation ZNz N3, N»> N into two parts No < Ny ¢ and No > Na .

© 2020 Springer Science+Business Media, LLC, part of Springer Nature.
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6.1.1. The low frequency part: No < Nao. We aim to prove

>

N2<N2z,0,N2 [LNJ,N2> N3

/Nl(Plel,Psz%PN:;wg)h¢(t/6)‘ 5%, for some €1 > €. (6.4)

Observe that, when N; >> Na, one can replace the h in (6.4) by Py, h, and when N; ~ Na, h can be
replaced by Pcp, h.
Thus, via estimate (3.17) and (6.3), one has

o If Ny ~ Ny (in particular, Ny [N o),

Nyo /Nl(PNl’LUhPN2U27PN3w3)FL¢(t/é)‘
. 6.5
[EV SN2 | Py, w1 -0 0 | Py o0 | Povg s oo 1] o2 (5)
I:’E/BJ\G{%||PN1w1||X-"‘0=’30]\71_31'
e If Ny > Ns,
N;° /N](PlelaPN2U27PN3w3)h¢(t/6)’
(6.6)

&S NG* | Py wi || xso00 [| Py v2 | x0.00 w3 | x0.00 PN Pl x0.1-v0
I])El/8N§SI ||PN1U)1 ||Xso,b0 HPNthXml—bO.

The desired estimate will follow if one sums over the associated N1, Ny, N3 and apply Cauchy inequality in
the sum on Nj.

Remark 6.1. We point out that the low frequency case ts always the easier part in random data problems,
and essentially follows from deterministic estimates usually used in the local well-posedness argument, we
will not repeat this part in the rest of the article.

6.1.2. Reduction to resonant part. Now we are left with the case Ny > N3, we aim to prove

s0
Nl
N12>N3>N3,N2>N2 o

/¢(t/5)7lN1(PN1¢(t/5)w1, Py, ¢(t)va, Pr;¢(t/6)ws) ddt X (6.7)

for some €1 > ¢g.

We will not explore the time localization ¢(¢/6) in this part. Observe that ¢(t)h = ¢(t)d(t/6)h, we may
hence define h as ¢(t/8)h and use ¢(t)h in the following estimate. Note that we still have ||A|| xo1-v, [T
For the sake of brevity, we still denote h as h.

Our aim is to prove for fixed Ny, Na, N3 satisfying No [N, No > N3, No > Nj o that

o If Ny > N,

S0
Nl

/sb(t)ﬁNl(PNlcb(t)whPN2¢>(15)U2,PN3¢(t)w3)d$dt‘ CNL | Py wi ] x o000 [|[ Py Al 0100, (6.8)
e if Ny ~ No,

50
Ny

/¢(f)7lN1(PN1¢(t)@U1,szz(ﬁ(f)vz,PNM(t)wz) dwdt‘ LN | Py wi || 000 | P<ny ol xo1 00 (6.9)
We will focus on the proof of (6.8), and it will be easy to see that (6.9) follows similarly (almost line by
line).

Observe that, since N7 > Ny > N3, one has

50
Ny

[ HORN P 00n, Pty Prsottyus) da:dt\
(6.10)
— N

/ ¢(ﬁ)PN1 th (PN1 <z§(t)w1, PN2¢(t)U2, PN3¢(t)w3) d.%'dt’ .
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To carry on the proof of (6.8), we introduce another parameter M = Ny°**'. One may split w;, i = 1,3,
and vy as

P w; = Ppr, _n2j<p (Wi + Py _p2 s d(Q)wi,  o(D)v2(t) = Prj<card()v2 + P> mo(t)va, (6.11)

and the same for h.

Remark 6.2. with such a splitting one may lose the time localization. This can be overcome by writing
for example P<pp(t) as gzNS(t)P<Mq~S, such that ¢, ¢ are Schwarz uniform in M. Or, one may further require
o(t) = »(t)*, and indeed split as ¢(t) = ¢1(t) + ¢2(t) where ¢1(t) = |Prj<m0()[*. To make the proof
clean, we leave further details to the interested reader, and allow ourselves to freely multiplying an extra time
localization ¥(t) in the proof.

Via (6.11), one can naturally split the left hand side of (6.8) into 2 parts. Each part is of the form
N3 | [ Nu(P, f1, P, fo, Py f3) P, fa], where fi = P _p2icar@(Bwi, or P2 ispé(tw; for i = 1,3,

f2 = ‘P|T|<M¢(t)1}2 or ‘P|T|>M¢(t)v27 and f4 = —P|~r7712|<M¢(t)h or *P\77n2\>M¢(t)h'
Then, applying (3.20), one has for some Schwartz function (t) that

e / N (Py, f1, Py fos Pr o) P aoo(2)

CNI | Py frll xso.78 1P f2lmge, 1PN f3 | x0.175 || fall x0.1/8
+[| Pw, f1

S0
Nl

/Nl(PlelaPszvaNng)Plezl

x30:1/3 | PNy fall x0.00 || P f3 | x0.1/3 (| Prvy fall x0.1/3-
(6.12)
(In the second line, we add a time localization (), following Remark 6.2. Also recall we have s1 > €g.)
Unless fi = P _p2jcp@(t)wiy @ = 1,3, fa = Peu@(t)h, and fo = Pr<p¢(t)v2, at least one of the
following estimates will be true (after dropping an extra set of probability e V2 if necessary):

hd ||PN1f1HX50=1/3 IIElOSIHPlelnst,bO,
i HPNQfQHLtO,Oz+||Psz2HX0*bO |jZ510517
o [Py fsll xoars TN || Puy fal| xo.00,

o [1Px, fallxonrs TG 'O Py fal|xo. -0,
and we always have

[1Pn, foll xo.v0 + |1 PN, fol g, TNE (6.13)
The desired estimate follows by inserting the above ones into (6.12).

Remark 6.3. The numerology in the above calculation is in fact very simple modulo lower order terms. The
term [ N1 (Pn,u1, Py, 2, Pnyus)hip(t) can essentially be thought as [ Py, u1 Py, usPy,uship(t), and will only
miss the desired estimate by at most a factor N210$1 via (3.14). On the other hand, when there is some u; = v;,
which is hence already essentially localized at |7 — n?| L) then for all the rest of the functions h, uj, one
can gain at least 1/2 — €9 — 1/3 derivative. Therefore, unless all the other terms have space-time frequency
localization in |1 — n?| < N210051, the desired estimate will automatically follow.

Now, we are left with the case where f; = P‘Ti_nkogb(t)wi, i=1,3, fa = Pr_n2<m@(t)h, and fo =
P)|T|<M¢(t)v2'

Let di(n,t),72(n,t),ds(n,t), H(n,t) be the space Fourier transform of P, 2\ <prd(t)wi, Prj<n@(t)ve,
Plry—nzj«m®B)ws, Plr_p2j<nm@(t) Py h. We abbreviate di(n,t), r2(n,t), d3(n,t), H(n,t) as di(n), r2(n),
ds(n), H(n) respectively. Observe that

NZ-QS0 Y oneN, Hdi(n)e_i""%tHHfo I:u:PleiHi(sg‘bov
ro(ng,t) = ¥(t) iquzl’ for some Schwartz function 1, (6.14)

a2
Doy H )™ | rmvg TIPN, 5010 -

(One may observe, for example, that ||di(n,t)€7in2t||HbU ~ |ldi(n,t)e™®| xs0.00. We also point out that

we have estimated P;|<p¢(t) just as some Schwartz function ¥ (t). Furthermore, one may observe that
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di(n, t)e= " Lo = ||di(n, t)|| r.) We will show that

50
N 1

/ RN (P, d(t)wn, Py d(t)vs, Pry(t)ws) didt

=Ny° > / dy (n1)ra(ng)ds(ns)H (n) dt (6.15)

|ni|~Ni,ni—na+nz=n

EN;EI ||PN1w1 HXSOvbO HPNIhHXO,l—bO ||PN3w3||Xso,b0, for some €1 > €g.

Observe further that dy(ny,t), r2(n2,t), d3(ns,t), and H(n,t) are Fourier supported in |r; =n?| [M,i =
1,2,3 and |n — 72| [CM. Thus for the integral [ dq(n1)r2(n2)ds(ns)H (n)dt to be non-zero, one necessarily
has

n? —n2 +n2 —n? = O(N,2). (6.16)

We thus have

Np° > di(n1)ra(n2)ds(ns)H (n) dt

[ni|~Ni,ni—n2+nz=n

(6.17)
<Njo > / dy(n1)r2(n2)ds(ns)H (n) dt| .
[ni|~N;,n1—na2+ng—nas=0,
nf—ng+n§—n2=O(N2mosl)
To summarize, to prove (6.8), we are left with showing the following:
Lemma 6.4. Let Ny > No > N3, then one has for some €1 > €y that
Nyo Z ‘/dl(nl)’l’g(ng)d;;(ng)]{(n) dt
\n¢|~N,:,n17n2+n37n4:07 (6.18)

2_ 2,2 2 1005y
ni—n;+n;—n"=0(N, )

CNT || Pnywi | x o000 | Py ll o100 [| Py ws]| o000 -
We also write down the corresponding lemma that will imply (6.9).
Lemma 6.5. Let Ny ~ Ny > N3, then the same estimate (6.18) holds if one replaces the Py, h by P<n, h.

One can easily check that the proof of Lemma 6.4 also works for Lemma 6.5 (almost line by line).

6.2. Random data type estimate: Proof of Lemma 6.4. Recall that we always assume (6.2) and that
we are in the regime N7 > Ny > N3.
First note that for all ng ~ N3, we have

Ids(ns)llse = llds(ns)e™"" || L= s (na)e™ || oo ~ llds(ns)e™ |l xomn < | Pyws|xo.0-
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Now, for all |n3| ~ N3 fixed, we have

>

|ni|~N;,i=1,2, n1 —nz+nz—n=0,
2.2, 2 2_ 1005
ni—n3+n;—n“=0(N, )

LM A, ws | xo.00 > [di(n1)ll 222 (n2)l| Lee [ H (n) || 2

[ni|~N;,1=1,2, n1 —n2+nz—n=0,
2 2., 2 2 10057
ni—n3+n;—n"=0(N, )

/ d1 (n1 )’I"Q (nQ)dg (ng)m dt

1/2
1/2
2
v wslxone | S0 IHOIZ | x| S0 { > I () 2 2 ()
[n|~N1 [n|]~N1  |ni|~N;,i=1,2,n1 —n2+n3—n=0,
nf—ng-‘rng—nZ:O(Nzloosl)
1/2
B, w3 [ xo.00 || Py | o0 % [ Ny 100 > {lldi(mu)llpz lIr2(n2)l| 2 }2
|n;|~N;,i=1,2, n1 —n2+nz—n=0,
n§7n§+n§7n2:O(N210051)
1/2
B, ws [ xo.vo || Py | o0 x| Ny 100 > ld1 (n) |7 Ny 272
|n,,;\~N¢,i:l,2,(n27n1,ngfng):O(szosl)
(6.19)

In the second step above, we used Cauchy inequality in 7, while in the second to last step, we used Lemma
4.3. Observe as well that ||H(n)| 2 < HH(TL)G_lntHH;—bO7 [ra(n2)|lLee CJ¥2|**~* up to an exceptional set,

.2
and [|dy(n1)|| 2 < ||di(n1)e™""| 2.
Furthermore, by the counting lemma (Lemma 4.4), one has for ny,n3 fixed that

S S N
#{Ina| ~ Nz : (ny —n1,ny — ng) = O(N,"*")} CNE*" max (NT%’ 1) : (6.20)
1

To summarize, we derived that

Ny Z

[ni|~Ni,n1—na+ng—ns=0,
2 2, 2 2 100s1
ni—n;+nz;—n-=0(N, )

/dl(nl)rg(ng)dg(ng)H(n) dt'

1/2

_ Ny 6.21
OO N P oo | P Bl oo | N 020 57 )3 N3 max(—75.1) (6:21)
1

[n1|~Ny

1/2

| Py w1 || xs0.00 | Py Pl 0.0 [| Pvgws | xs0.50 -

s1ar—1/2 No
@Ng 1]\]2 / |f’na,X (W,1>

1

It is easy to see that the desired estimate will follow if there holds N21 /100 > Ns.
When N3 > NS, we may directly go back to (6.8). Applying (3.15) and using (6.3), we have

S0
Ny

/ RN (P, d(t)wn, Py d(t)vs, Pry 6 (t)ws) didt

CI ™ || Py wi || xso.00 [| Py 6(t)v2 | 0.0 N3 || Pyws | 0,00 | Pavy hl| 0.3
O™ Ny || Py wi || xo0.00 || Py Pl 0,150 -

(6.22)

Estimate (6.8) then follows since N3 > N21/100 and s1 < sg.
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7. PROOF OF PROPOSITION 2.1: CASE BY CASE STUDY, CASE (c)

In this case, we have Ny(I) CNL(II) > N3(I1), and we aim to prove for all v, we, w3 satisfying

In,\W)
v =(ﬁ@>253'ﬁ%§T2@“”f, sl x 000 CT1 [Jwsxos, CT
n1

and ||hlx,,_,, CLlthat (up to an exceptional set)

50
Ny

/qﬁ(t/é)ﬁ/\/’l (Pn,v1, Pnywe, Pyyws) dedt| 83, for some €1 > e. (7.1)

7.1. Standard reduction: a (detailed) sketch. We first sketch a reduction, with an argument similar
to the one in Subsection 6.1. There is indeed some difference between the reduction process in case (a) and
case (¢), mainly due to the difference of the form of the first term (with the highest frequency). Hence, we
will still provide a rather detailed sketch. In all the remaining cases, we only briefly sketch the reduction.

We may fix Ny o large satisfying % = N11’%0. By dropping a set of probability up to e~V ot , we have
|gn(w)‘ < Nil(h |7’L| < N1,07 (7 2)
lgn(w)| < N7', |n| ~ N1 > Nig.

By further dropping a set of probability e ™" T necessary, one has
| Pny d(t)v1 || xo.00 KT, N1 < Ny, (73)
[ Prvy@(t)vr] xo00 + || Pay @01 [l pge, TNEY, N1 > Nig.

We will assume (7.2) and (7.3) thoughout this section. Now, split into two parts Ny > Nj o and Ny < Ny .
For the low frequency part Ny < Np, we may use (7.3) and apply the deterministic estimate (3.17), one
thus derives the analogues of (6.5) and (6.6) below

S0
Ny

/N1(PN101,PN2UI2,PN3w3)B¢(t/5)

7.4
LEW/S N 30595 N3O | b(£)n | oo [[03]] x -t0 1223 | 0.0 12 0,10 (7.4)

W5 Ny F OO NSO N,
ote that nere we only need one estimate rather than two estimates as 1 (0.9), .0).
Note that h ly need timate rather than two estimates as in (6.5), (6.6
100

Summing over Ni < Nj o and the associated N3, V3, and using the fact that 61 = 1,0 » we derive the
desired estimate

> o

N1<Nio,N1 CNI>N3

/Nl(Pval,PN2w2,PN3w3)7L¢(t/6)’ 5%, for some €1 > €. (7.5)

For the remaining part Ni > Nj o, we will write ¢(t/6)h as ¢(t)¢(t/6)h and note that one still has
llo(t/6)h]| xo0,1-5, L1 For notational convenience, we will still denote ¢(t/6)h by h, and will prove for all
Ny lﬂb > N3 with Ny > Nl,O that

50
Ny

/N1 (P, v1, Pnywa, Pstwg)h¢(t)’ N, for some €1 >> €. (7.6)

Then (7.1) will follow from summing (7.6) over Ny, Na, N3.
To see (7.6), we first introduce a parameter M = N; %%,

Remark 7.1. If one wants to get a rather large sy < 1, one may need to choose M more carefully. The

following argument should still be fine if one chooses M = O(N1(6+)s°), where 6+ denotes any number larger
than 6. However, it is unclear to us whether further improvement is possible. We don’t further discuss this
issue here.
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As in Subsubsection 6.1.2, we may split the functions ¢(t)v1 = Prj<p@(t)v1 + P> nmo(t)v1, ¢(t)w; =

P)|'rl—nl2|<M¢(t)wi + F,\n—nfl>M¢(t)wi7 1= 2,3, and ¢(t)h‘ = Hrfn2\<M¢(t)h + P)\Tfn2|>M¢(t)h' Applylng
the deterministic estimate (3.19), we reduce the proof of (7.6) to the following estimate

50
Ny

/Nl (Ple(t)Uh PN2 P\Tz—n§|§M¢(t)w25 PN;P\T3—n§\§M¢(t)w3)P\Tfn2\§M¢(t)h m_q? (77)

for some €; > €p. Here ¢(t) = P+|<pré(t) is a Schwartz function.
Write

PY(t)vy = Zrl(nl,t)eml Y Pl _p219(t)w; = Zd ni, t)e™ i =2,3, Pr_p2j<pd(t)h = ZH(n, t)e™ e,

ni
(7.8)
and abbreviate the coefficients as r1(n1), d;(n;) and H(n) as before, one has

Nfo /Nl (Ple(t)vlv PN2P|Tz—n§|§M¢(t)w2a PN3PT3—TL§<M¢(t)w3)PT—n2I<M¢(t)h’

§N180 Z /Tl(nl)dQ(nz)d;;(ng)H(n) dt
ni~Ni,n1—nz+nz=n, na#ni,n3

n%—ng+n§—n2=O(M)=O(N11()USO)

Observe that one has in this case the following estimates:

NQSOE ||d (n) I:u])N wZHX*U bo I:]_—TIZ—23
ri(ny,t) = (t) 9m (@) gins: ”"*‘ml , where 1) Schwartz, (7.10)

7y

anle ||H _Zn t”iltlfbo EH:PNthigo,l—bo-

We also point out that ||f(t)ei9t||Lf = [|f|lzr. Thus, it remains to prove the following lemma:

Lemma 7.2. Assuming (7.10), for Ny > Ny o, one has (up to an extra exceptional set of probability e_Nlc)
that

Np° Z r1(n1)da(ne)ds(ns)H(n) dt| CNE S, for some €1 > €. (7.11)
TLiNNi,TLl—TL2+YL3=7L,7L2757L1,7L3
nf—n%-{-ngfnz:O(M):O(Nllooso)

7.2. Random data type estimate: Proof of Lemma 7.2. We derive three different estimates, which,

combined together, will imply the desired bound.
First, one can directly go back to (7.6), and use estimate (3.15) and (7.3) to derive

50
Ny

/./\f1 (Pnyv1, Pnywa, Pyyws)ho(t)

moNflJrceu||PN1U1||X0,2>0N2_SUHPNQUJQHXSU,E;U N:;SOHPNSU):;”XSOJm

CE NG Ny )™ N,

(7.12)

One can see easily that the same bound works for the left hand side of (7.11) as well. When Ny ~ Ny, one
can directly use (7.12) to derive the desire estimate unless In N3 < In N;. In particular, There is no need to
consider the subcase N1 ~ Ny ~ N3.
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Next, by applying Cauchy inequality in n, one obtains

leo Z /m (n1)dz(n2)ds(ns)H(n) dt
ni~Nj,ni—na+ng=n,na#ni,ng
n}—n3+n3—n?=0(M)=0(N;"**°)
1/2

1/2
2
[y (Z |H<n>||i;> > > ri(nn)da(na)ds(ng)| (7.13)
n n ni~N;,ni—nas+ns=n,na7#ni,n3 t
nf—ng-ﬁ-ng—nz:O(Nllooso)

1/2

Ny (Y H > Tl("l)dz(nz)ds(%)H;

ni~N;,n1—na+ng=n, na#ni,n3

2 2 2 2_ 100sq
ni—ns+n;—n“=0(N; )

In all the summations below, we always have |n;| ~ N;, ny—na+n3 = n, n?—n3+ni—n? = O(M), na # n1,ns,
and we sometimes omit them for notational convenience.
One also observes that n; — ng +ng = n and n? —n3 +n3 — n? = O(M) imply

(ng —ni,na —ng) = 0(M), (ng—n,ng—mne)=0(M). (7.14)
We have the following further estimate:
2
Z H Z T1 (nl)dz(ng)dg(ng)HLz
n%—n§+n,§—n2=O(N1mOSU)
=) (Z ldanz)lzz= || S ralma)dans)|
lds(m) 3 ) 3| > I it 1)y )|
! 1] Ly’
no n,m2 ni,nz#ns,(ne—ni,na—ng)=0(M)
where we used Cauchy inequality in ny in the last line. Since ||d2(n2)||zee [Cla(n2)e™2* || xo.0,, when
N7 > Ny, the above is further bounded by
; _ [na
n,n2 n1,ng;ﬁng,(ng—nl,ng—ng)_O(M)

[N 2 sup #{ns : (n3 — ng,ng —n) = O(N;°0%)} > Ir1(n1)ds(ns)l|72
n,nz

n;~N;,n1—na+nzg=n, no#ni,n3
2
) (7.15)
n no ni,n3 L%
g2 3 H 3 gﬂei"ftw(t)dg(ns)‘

2
L?

ni:naF#ni,ng, 100
(n3g—mnz2,n3—n)=0(N;" °°)

s s N3 — s
m2 0N1100 (] maX(W, ].) Z Nl 242 1||d3(n3)H%,2

1 ngi:NaFni,ns,
100
(n3—ma,nz—n)y=0(N; 0)

S — N S
[V N 2maX(N1?;37 1) sup £{(n1,n2) : (ng —n1,ns —ng) = O(N{"), ny # ni,nz} »  |lds(ns)l[7
1 "3

n3
N:
g N2 max(NTg;g, 1) N, No.
1

(7.16)
In the above sequence of estimates, we used Hdélder’s inequality in the second line, and a variant of the
counting Lemma 4.4 in the third line (note that we assume Ny >> Ny, thus one necessarily has |n| ~ Np). In
the last line we applied the counting Lemma 4.5. Moreover, note that the ¢(t) in r1(n1) gives enough decay

Lo Ol (ng)e "

in ¢, hence one has ||d;(n;)| Ly = | d; (ni)e=mit

| oo
Ht
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To summarize, when N7 > N, one has the second estimate

NL/2 NL/2
Nyo Z ‘/rl(m)dg(ng)dg(ng)H(n) dt’ I:/XZ]FSO N21/2 max (ﬁ, 1) . (7.17)
1 1

n;~N;,n1—na+n3=n, na#ni,ng
ni=ni+ni—n?=0(M)=0(N;"*")
One may also make use of the Frobenius norm that is more suitable when one deals with random data
since it exploits better the independence of the random variables involved. The Frobenius norm together a
version of the Cauchy-Schwarz inequality recalled in (C.7) will give the third estimate. We start from (7.13)
again. By the same argument in (7.15), one has

> S Tl(nl)dg(nz)dg(ng)H;

ni~N;,n1—nz+nz=n, na#ni,n3
W3 a2 O I0) (7.18)

o> | > 9o ity 1)y ()|

|1 L}
nn3  ny,n3FEng,(n2—ni,n2—nz)=0(M)

)

and by applying the recalled Cauchy-Schwarz inequality (C.7), we can further bound this expression by
2
Aln,nz)da (o)
Iﬂ?sr?gp; H nZQ (n,n2)dz2(ns2) L2

, 1/2 (7.19)
Z H ZA(n, ng)A(n’,ng)HL?c )

n#n' n2

o sup | ma (ZIIA(n,m)%,oo) N
ns n na )

where we defined

4 f _ _ _ O NlOOsO
A(n,ng) = A(n,na, t) = ri(ntmn =mg), it (n _n3’n2 n3) (V) (7.20)
0, otherwise.
In the last line we also used Y, ||ld2(n2)||3, LI For the sake of convenience, we also define
In+ng—ng if . ) = O NlOOSU
o(mmg) = { - dar o1 {7 name = na) = O(NTE), (7.21)
0, otherwise

for later use.

Remark 7.3. By dropping an extra set of probability e N1, one can in fact estimate
1/2
TP
2
max (Z A, n2>||Lgo> S D3N DIZCERCEs
no n#n’  n2
as
1/2

max (Z |U(n,n2)|2> + Z ’ZO’(H,TLQ)O’(R’,NZ)‘Q
n2 n#n’  ma

To see this, observe that N1 ~ |n1| = (n2 —n3 + n|, and for any fixed ¢ € [0,1], the estimate of

1/2
max <Z|A(n7nz)(t)|2> + > ‘ZA(mnz)(t)A(n’»nQ)(t)

n#n’  naz

‘2
15 just the same as

1/2
o (Z|‘7(”,n2)|2> +| D2 ’ZU(”»W)W‘Z '

n#n’ n2
Now one can simply mimic the argument in the proof of Lemma 3.10 to go from a single t to a collection of
{t} in [0,1] so that |t; —t;| < N 3. and then go to L°[0,1]. Then, finally, one can use the fact that there
is a Schwartz function (t) multiplied inside each ri to go from L$°[0,1] to LE°(R). We omit the details.
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In the following and throughout the rest of the article, we will estimate instead the term
1/2

mEX(ZIU(Mz)I2>+ > [ otmmetrm]| |

na n#n’  n2

and we don’t repeat the similar reduction in the rest of the article.
We fix n3. Note that for each n, there are at most ~ Ngleos" choices of ng so that |na| ~ Ny and
(ng —n,n3 —ng) = O(N;*%). Hence,

max (Z |o(n,n2)|2> CNLNE* N2, (7.22)
n
no
For the non-diagonal term, we first observe that for all n # n’ fixed, up to an exceptional set of probability
e~™, one can apply Lemma 3.9 to derive

Za(n, na)o(n’,ng)

n2

N\ /2
/2g (’ Za(n,ng)o(n’,ng)‘ ) : (7.23)

This implies that
2

Z o(n,n2)o(n’,na)

n2

IZNfE‘ Z o(n,n2)o(n/,ne) ‘2

(7.24)

~ N{ *{no: (ng —na,nz —n) = O(N{*), (ng— na, ng —n') = O(N7°%%), ny # ny,ns}.

N.

Therefore, dropping an exceptional set of probability Nie=V 1° ~ e N, we have

Z ‘ Z O'(TL, ’I’LQ)O'(’/LI, nQ)
n#n’ N2
[N *#{(n,n',n2) : n#n', (n3—mng,nz —n) = O(N), (n3 —ng,nz —n') = O(N;°%), ny # ny,ns}.
(7.25)
Counting first all the possible pairs of (n, n2) by N11+CS° N3 (Lemma 4.5), and by the Wick ordered condition
ng # ng, which further gives at most ~ NlH'CS0 possible n/, we derive

‘ 2

1/2

_ 2
S [ S oot | Cmpeeeny, (7.26)

n#n’ N2

which obviously dominates the bound (7.22) for the diagonal term.
To summarize, we can go back to (7.18) and derive our third estimate

Ny > [ o T o B | NN e r20)

ni~Ni,n1—na+nz=n, na#ni,ns
22, 2 2_ _ 100sq
ny—n3+n;—n"=0(M)=0(N; )

To complete the argument, note that the case N3 ~ Ny will follow from estimates (7.12) and (7.27).
Indeed, consider two subcases. In the case N1 > Ni% we use estimate (7.27), and when Ny < N1% we
use estimate (7.12). When N7 > Ny (hence estimate (7.17) also holds), we also consider several subcases.

In subcase NoN3 > N111/107 we use estimate (7.12). In the case NoN3 < N111/1o and N3 > ]Vll/?’7 we use
estimate (7.17). In the case NoN3 < N111/10 and N3 < N11/3, if Ny < ng/lo, we use estimate (7.17). Finally,
if NoN3 < N111/10’ N3 < Nll/3 but Ny > Nf/lo, there must hold N3 < Nll/s, hence one can use estimate
(7.27).

© 2020 Springer Science+Business Media, LLC, part of Springer Nature.



RANDOM DATA 24

8. PROOF OF PROPOSITION 2.1: REMAINING CASES

We present the proof of the remaining cases. Note that in each case, the desired estimate will be reduced
to the resonant part similarly as in the previous two sections, and we will only briefly sketch the reduction.
Tt is unclear whether Case (a) and Case (c) are the hardest two cases, however, all the essential arguments
required to treat the rest of the cases have already appeared in the previous two sections.

We will use the following notations throughout the section. Let ||w;| xsobe [ i = 1,2,3, v; =

00 S o, B2, an ]y T
Let M be a parameter that will be specified in each of the cases, r;(n;,t) be the space Fourier transform
of (Prj<pm¢(t))vi, and d;(n;,t) be the space Fourier transform of P|Ti,nqg|<M¢(t)wi, 1=1,2,3, and H(n,t)
be the space Fourier transform?® of Pir_p21<pm@(t)h. We will sometimes abbreviate r;(n;,t), d;(n;, t), H(n,t)
as r;(n;),d;(n;), H(n) respectively.
Similarly to (6.14) and (7.10), one always has the following estimates:

—n?
NS ldi(ng et ‘3{50 CPy, wil 3 e, CL
ri(ng,t) = 1/J(t)g7"';—§“r)ei"i'x+i"?t, where 1) is a Schwartz function, (8.1)
Y
5 L) 2,y Bl .

8.1. Case (b): Ni(II) > N3(I) > No(II). This part is similar to Case (a). After handling the low-
frequency part using deterministic estimates and localization in time, we aim to prove for all N3 > N3g
(where N§%0 = 6~1), one has up to an exceptional set of probability e N5 that

e when Ny ~ N3,

Nfo /Nl(Plelv PN2w27 PN3U3)B¢(t)’ ml;q ||PN1w1||X50=b0 HP<N1hHX"71—bO (8 2)
> ‘7\[1_El ||PN1w1||X50=b0 HP<N1hHX"71—bO§
e when N7 > Ng,
Nfo /Nl(Plel, PN2w27 PNS’U3)h¢(t)‘ m;“ ||PN1w1 HXso,bo ||PN1h||X0,1fb0 . (83)
Note that up to an exceptional set of probability e=5 | we can assume that
|9ns (W)] + (| Py @(E)vsl| xo.00 < N3 (8.4)
for all N3 Z Ngyo, |n3| ~ Ng
It also suffices to assume
N3 > Nj99 (8.5)
Indeed, if N3 < N3%%, from the deterministic estimate (3.15) and the bound (8.4), one obtains
leo /Nl(Plelv PNzw% PN3U3)fT¢(t)‘ m§51N2_3() HPlelnXSOvbO ”f”X"vl—bOv (86)

where f = Py, h or P<pn,h, hence (8.2) and (8.3) follow.

In the following, we will only prove (8.2), as estimate (8.3) follows similarly (almost line by line). Note
that in all the summations below we always have |n;| ~ N;, which we sometimes omit from the notation.
Let M = N3, similarly as in Case (a), one can reduce (8.2) to the following estimate:

Np° > / dy (n1)da(na)rs(nz)H(n) dt

ni—ng+nz3=n,na#ni,ng
2_"2, "2 2
ni—ny+n;—n;=0(M)

[P Py w1 ]| xs0.50 (| P< vy Bl x0.1-00 [| PNy wal| xs0.00 -

(8.7)

3As one sees in the previous two sections, the function h here is actually ¢(t/6)h, whose X01~b0 norm is also bounded
uniformly in 6.
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To see this, note that one automatically has |n| M, and recall that ) |[|da(n2)[|7- 11 By first
applying Cauchy-Schwarz in n and then in ng, one has

Ny? Z /dl (n1)dz(n2)rs(ns)H(n) dt
ni—nz+nz=n,na#ni,na
ni—n3+n3—ni=0(M)

1/2
2
LR D] D SR ICh AR ©8)
n n1—n2+n3=n, na#ni,ng '
nlfng%»n%*ni:O(M)
1/2

[NI° || P< v, h| x0.1-10 Z H Z dl(m)?"s(ns)H;

n,n2  ni—n2tnz=n,na#ni,ng,
ni—nZ+ni—n3i=0(M)

Recall also n? — n3 +n% — n = O(M) together with n; — ny + n3 = n imply that

(ng —ng,ng —n) = O(M). (8.9)

By applying Cauchy-Schwarz in n3 (note that the inner sum can be viewed as over ngz only) and recalling
r3(n3)||Lse °* (outside an exceptional set), the above can be further bounded as
- *51 (outsid tional set), the ab be further bounded

1/2 1/2
CNI° || P< v, B|| x0.1—00 ( Z ||d1(n1)||%?> N?)—l-&-sl (sup #{nz: (n3 —ng,n3 —n) = O(M)})

n,mn
n,n2,ng &)

1/2
CIA v, A 010 | P, wi || xce000 NS5 Ny 2/ (Sup #{ns,n3: (ng —ny,ng —ng) = O(M), ny # nl,n;;}> ,
ni
where in the second step above, we have applied a variant of Lemma 4.4 to conclude

sup #{ns : (n3 = na,ng —n) = O(M)} CNE/>T100,

n,n

Indeed, since N7 ~ N3, after dividing into I:/ﬂlo.wo‘91 parts, all the ng lie in an annulus of radius ~ R [Nk

with thickness ~ O(%). By Lemma 4.1, there are at most ~ R*/? II/EE/B such points.
Furthermore, we apply Lemma 4.3 to count

sup #{na;ns3 : (n2 —n1,n2 —ng) = O(M), na # n1,ns} IIEN;HOO‘“,
ny

which implies that

Ny Z /dl (n1)da(n2)rs(ns)H(n) dt
n1—n2+n3=n, naF#ni,ng
nffnngngfni:O(M)

I v, 1| x01 o0 [| Prvy wr || o000 NS5 N Ny /6.

Recall that we have reduced to the case N3 > NQIOOO, hence the desired estimate is obtained.

8.2. Case (d): Nyi(I) > N3(II) > No(II). This case is almost identical to Case (c¢). By the deterministic
estimates, it suffices to show for all Ny > Nj o (where Ny = 6‘1)7 one has up to an exceptional set of
probability e~ N1 that

Ny° Z /rl(m)dQ(m)d?’(W)H(”) dt| CNL ', for some €1 > €. (8.10)
ni~Ni,n1—nz+nz=n, na#ni,ns
n2—n24n2—n?=0(M)=0(N,%0)
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Note that by removing an exceptional set of probability e~ Lo

subsection that
|gns (W)| + [ Pny @()vi [l x000 + | Pny@(B)vi]lge, TARY,  V|na| ~ Ny > Ni. (8.11)

There still holds the same bound (7.12) as in Case (c). Moreover, one still has (7.15), as it has nothing
to do with the relative sizes of No, N3, and when N > N3, the bound (7.17) still holds true as well (with
the choice M = N°%°). Indeed, the only step that one needs to check here is that

if necessary, we will assume in this

N.
sup #{nz : (n3 —na,n3 —n) = O(M)} [N} max (NT%, 1) )
1

n,n2

which follows from the same proof of Lemma 4.4 and the assumption that Ny > Nj.
We claim that the desired bound follows from (7.12) and (7.17). To see this, when Ny ~ N, if one further

has Ny > Né/g ~ N11/9’ one can apply (7.12). Otherwise, No < N;/97 (7.17) suffices. When N7 > Nj,

we address two difference subcases. If we are in the subcase that Nl1 /3 > N3, then one automatically has

Ny Iﬂlll/3 hence (7.17) implies the desired estimate. In the subcase that Nll/3 < N3, suppose in addition
10

one has NoN3 > N,°, then we apply (7.12), otherwise the desired decay in N; follows from (7.17). The
proof of Case (d) is complete.

8.3. Case (e): Ni(II) > Ny(I) > N3(I). By a similar reduction process as in Case (a), let N3 be a large

parameter satisfying N3’ = 6!, we will focusing on proving for all Ny > Ny o that, up to an exceptional set

N.

of probability of e~V and a common exceptional set independent of Ny, with probability e~ 20, we have

e when N; ~ N,

Ny [N ~ N9, (8.12)

/(ﬁ(t)?l./\[l (Pn, w14 Pnyva, P, vs)

e when N; > No,

an DEL_ElnleleXSU’bO||PN1hHX071_b0' (813)

/¢(t)BN1(PN1w17 Pn,vz, Pn,v3)

As usual, the part Ny < Ny o will be handled by the purely deterministic estimate (3.15), and by localizing
s —100
in time ~ N; 3.

One may assume, by dropping a set of probability e V2.0, that

l9n] < N3G, [n| < Nap, (8.14)
lgn| < N3, |n| ~ Ny > Nap.

Remark 8.1. In the original paper of Bourgain [4], Case (e) is not the hardest case, however, one should
be particularly careful in our irrational setting. This is because our counting lemma in the irrational case
is weaker compared to the ones in [4], hence any loss of Nf will be unfavorable. Since the random data
argument can gain at most a (negative) power of Na, our counting Lemma 4.5 becomes useless in Case (e).

Remark 8.2. One should also be very careful about dropping exceptional sets of small probability when the
highest frequency is of type (II). For example, in our current Case (e), all large deviation type arguments
require one to drop a set of probability e~ Nz, thus one cannot apply random data type argument for too many
times. For instance, if one drops N7 different sets with probability e=N2 , one immediately loses control of
the total probability. Moreover, in Case (e), one also needs to sum in Nq. Therefore, it is crucial that, for a
fized No and for all Ny, one can apply at most NS times essentially different random data type arguments.
This is an issue existing even in the rational tori case. We will add some more details along the proof for
the convenience of the reader.

From the remark above, one observes that the potentially most troublesome situation will be when In N7 >
In N3. Hence, in the following we will only focus on proving (8.13), and only briefly comment on necessary
changes needed for proving (8.12).
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Let M = Ny%%' | we may further reduce (8.13) to the following estimate:

N 3 / dy (n) 72 () s (ng )Y dt| T | Pryws || xcoo.00 | Py Bl o v0- (8:15)

|ni|~Ni, n1—no+n3z—n=0
ni—n3+ni—n?=0(M)

By applying Cauchy-Schwarz in n, we have

N;o > / dy (n1)r2(n2)rs(ns ) H (n) dt
[ni|~N;, ni—na+ng—n=0
n?—nZ4nZ-—n?=0(M) 8.16
\a (8.16)

O3 | Pl oo | 3| > s (n)r2(n)s (ng)
n ni—nz+nz=n,n2#ni,ng
ni-nZ+ni—ni=0(M)

2
L?

For the sake of brevity, in the following we oftentimes omit the condition |n;| ~ N; in the summation.

Dividing {n1 : |ni| ~ N1} into finitely overlapping balls {J} of radius ~ N3, we are left with showing for

each J that, up to some exceptional set of small probability e~ V2,

Z H Z d1 (”l)m%(n?’)‘

neJ ni—ngtnz=n,nsFni,ng
2,2, 2 _2_
ni—ns+n;—ni=0(M)

2
12 IEES”PJ’UH”%(UJHN (817)
t

where we have observed that n; € J implies n € J (a doubling of J) and we still denote .J as J for the sake
of notational convenience. Moreover, we will prove the above estimate for some s > s;. In particular, any
loss of NQC 1 in the estimate will be irrelevant.

Note that for each fixed Ny, there are ~ N2/N2 such J, hence one should be careful when applying
random data type argument to avoid dropping too many exceptional sets. Observe, every time one applies
large deviation type argument to estimate sums of Gaussians and multiple Gausssians, one needs to drop an
exceptional set of probability e=V2, and such set, a priori may depend on J. If one naively drops all such
N3

2
sets, a priori one may need to drop in total a set of probability ~ %e* , which could be enormous when

N1 > Ns. Also recall we also need to sum for all Ny > N,. This pr20b1em will even arise when one studies
the problem on rational tori. We will explain how to address this issue in detail in Subsubsection 8.3.1, and
other cases will follow similarly.

Note that for the case N7 ~ Nj, the decomposition into {J} is unnecessary.

To prove (8.17), we first define

Zn1*n2+n3:n,n2¢n1,n3 Tg(ng)rg(’ng), if ny,n e J,

A(n, nl) = A(n, nl)(t) = n?—nZ4nZ-ni=0(M)
0, otherwise,
and
Gng (W)gng (W) .
Zn17n2+n3:n,n2;ﬁn1,n3 Wa if ny,n e J,
O'(Tl, 711) = nf—n§+n§—ni:O(M)
0, otherwise.

Then, similarly as in Remark 7.3, one has the left hand side of (8.17) bounded by

1/2

- 2
CFR w1 3o, [max > fonn) 2+ [ 32| D2 aln ny)al ) : (8.18)

nieJ n#n' ni€J

where we have applied (C.7) and recalled that -, ., [[di(n1)]|3. CJPrw: |3 In the following, it suffices

XO,bO .
to bound the two terms in the brackets by Nj *.

© 2020 Springer Science+Business Media, LLC, part of Springer Nature.



RANDOM DATA 28

The diagonal term is easier. Note that if no # ng, for n € J fixed, one has

Y lon,n)f?

ni€J
I:m2N3)72NQCS1 sup #{(n2,n3) : n =mn; —na + ng, ny # ni,ng, (ng —na,n —nz) = O(M)} (8.19)

(M, N3) "2NEI N2ZNy = Ny o,

In the first step above, we applied Lemma 3.9 to get | >~ gn,Gns |2 IIES1 > 1, by dropping an exceptional
set if necessary, and in the second step, we counted ng naively and then ng using Lemma 4.3.
We are thus left with the non-diagonal term. Expanding o(n,n1) and o(n’,n1), our goal is to show that

1/2 1/2

> ‘ > a(n,n)o(n/,n) ’ = (NaNs) 2 | Y ‘Z%gnggnfzﬂ i

n#En’ ni1€J n#n’ (%)

N, (8.20)

for some number s >> s;. Here we have simplified the notation by using (x) to denote the set of (n, ng, n3, nh, nj)
satisfying
ny € J,
n =mni —n2 +ns, ng # ni,ng, (n —ni,n—ng) = O(M), (8.21)
n' =ny —nb +nh, nh # ny,ns, (0 —ny,n’ =nk) = O(M).

In the following, we will prove (8.20) case by case.

8.3.1. Case I: na,n3,nbh,nh are distinct. Denoting the corresponding summation in Z(*) by Z(*)J and

applying again Lemma 3.9 up to dropping a set of measure e~ N2, one has

et S

(%),1

> T gnaguiT
(%),1

Hence, denoting the corresponding contribution of Case I in the left hand side of (8.20) by (8.20)1, one
obtains

(8.20)1 LW, N3) “2NS™ (#{n1,na,ng, nh,ny : (=) })'/?, (8.22)
where (xx) denotes the conditions

ny € J,

ng # ni,n3, n'z # nlanéa (8~23)

(ng —ni,ng —nz) = O(M), (nh —ny,ny —nf) = O(M).

By first counting naively n; € J, one has

2
N:

#{n1,m2,n3,n5,n% : (xx)} CNE <N§max (NT%J)) ;
1

where we have then counted ng naively, and applied Lemma 4.4 (recalling that N1 > N3). Therefore,
(8.20); [CNE™ max(N, /% Ny 1y < Ny /30,

Note that in the case N7 ~ Na, the same estimate remains true, as the counting Lemma 4.4 still implies
the same bound. Similarly, in Case II, III, IV, V below, Lemma 4.4 always provides the same counting result.
Before we go to the next case, we explain the issue about not dropping too many exceptional sets. This
needs to be taken care of since the relation
ny € J,
n=ni —ng +ng, ng # ni,n3, (n —ni,n—ng) = O(M), (8.24)
n' =ny —nb +nf, nh #ny,ng, (0’ —ng,n —nf) = O(M).
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a priori depends on J. Note that we need only to worry about the case N1 > N», N3. Without loss of
generality, we may assume also n € J. We write J = ay + Bn,, n = ay+m,n’ =ay+m/,n1 = ay+ ma,
and relation (8.24) as

mi EBNZ,
m=my — ng + ng, na # n1,ng, (m—my,m —ng) = —(m—ma,ay) + O(M), (8.25)
m’ =my —nb +nk, nh #ny,nh, (M —my,m' —nb) = —(m' —my,a;5) + O(M).

The point is, though, there are potentially many choice of a;, the above relation is empty unless

—(m —mq,a;) +O(M)=O(N3), —(m' —mi,a;)+O(M)=O0(N3).
Thus, we can always write relation (8.25) into O(M) many union of the following,
my € BN27
m =my — na + ng, N2 # n1,ns, (m—my,m —nz) =a+ O(1), (8.26)
m' =my —nb +nh, nh #ni,ng, (m' —my,m —nb) =b+0(1),
where a,b € Z and |a|,|b|] [_NE. Thus, the total exceptional set one needs to drop, for all Ny and J, will be

at most Ne~ N2, which is allowed.
We don’t repeat this discussion of the exceptional set in the later part of the article.

8.3.2. Case II: ny = nj (n3 # nj). Denote the corresponding summation in }°,) as >, ,, one has from
ny = nh, (8.14) and Lemma 3.9 that, up to dropping an exceptional set

2
| > Trgnagn | CE™ S0 (#S (0,0 ng, ), (8.27)

(%),2 Nz

where by Lemma 4.3
#S(n,n',n3,ny) = #{ny,na: (n1,na,n3,n2,ny) satisfies ()} IEIZHC‘”.
Hence, remember the definition of (%) in (8:23), one further has
(8.20)2 I:(Ingg,)_QNQC‘“N21/2 (#{n1,n2,n3,n5 : (n1,n2,ns, n2, ny) satisfies (**)})1/2. (8.28)

By counting ny € J naively first; then counting (n2,n3) using Lemma 4.4, lastly counting n% via Lemma
4.3, one obtains

. N: s
#{n1,n9,n3,n% : (n1,n2,n3,n9,n4) satisfies (x+)} [NENZ max (NT%’ 1) NyNE*,
1
which implies that
(8.20), CNE* Ny /2 max(N; /6, Ny 12y < Ny V/6TOs (8.29)

8.3.3. Case III: n3 = nj (n2 # nj). Denoting the corresponding summation in »_ ) as >, 5, similarly as
in Case II, one has

2
‘ Z 9n2GnsInyGny IIEM Z (#S(n,n/7n2,n/2))2, (8.30)

(%),3 na,nh

where by trivially counting ng,

#S(n,n' ng,nb) = #{n1,nz : (n1,n2,n3,n%,n3) satisfies (x)} CNE.

Hence, remember the definition of (**) in (8.23)
(8.20)3 {2 N3) 2N Ny (#{n1,n2,nh,n3 : (n1,n2,n3,n%,n3) satisfies (**)})1/2. (8.31)

By trivially counting nq € J, ns, and applying Lemma 4.4 to ns and n}, one obtains

N2
#{n1,na,nb,n3 1 (n1,n9,n3,Mn%,n3) satisfies (++)} CNE ' NZNZ max (Tz/sa 1) )
M
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Therefore,

(8.20); CNEC® max (Nfl/37N2_1) < Ny /3O (8.32)

8.3.4. Case IV: ng = nj, ns # nb. Denoting the corresponding summation in Z(*) as Z(*)A’ similarly as
above, one has

2
’ Z GnaJnsGny Iny II§51 Z (#S(n’n/vn?)vn;))Qv (8.33)

(%),4 ng,nh

where by Lemma 4.3,

#S(n,n',n3,ny) = #{ny,na : (n1,na,n3,n5, ny) satisfies ()} I:NLHC‘”.
Plugging into the above, one obtains, again remember the definition of (xx) in (8.23)

1/2

(8.20)4 m2N3)72N531N§/2 (#{n1,n2,n3,n% : (n1,n2,n3,n5,ny) satisfies (xx)}) (8.34)

Same as in Case 111, by trivially counting ny € J, ng, and applying Lemma 4.4 to ny and nb, one obtains

N2
#{n1,n9,n3,nh : (n1,n2,n3,n},n9) satisfies ()} [NE* NZNZ max (TQ/?), 1) .
N

Therefore, observing that in this case one must have Ny ~ N3,

_ N _ s - - s1
(8.20), CNE* N 'N; /% max (NT%, 1) CE V2405 ma(NTV3, N1y < Ny /6O (8.35)
1

8.3.5. Case V:n3 =nh, na # nj. This case can be treated in the exact same way as Case IV.

8.3.6. Case VI:ng = nh, na = n4. In this case we again have Ny ~ N5. Denoting as Z(*),e the corresponding
sum in ), ), one has

" CNC (#S(n,n)’, (8.36)

(%),6

where
S(n,n') := {n1,n2,n3 : (n1,n2,n3,n3,n2) satisfies (x)},

and in this case means that ni, ng, n3 are distinct, n = n; — ng +n3, ' =ny — n3 + no, and
(n—n1,n—mn3) =0(M), (n'—ni,n —n2)=0(M).

The above implies that n + n’ = 2ny, hence #S(n,n’) IEIZHCS1 by Lemma 4.3.
As a result, again remember the definition of (xx) in (8.23)

(8.20)¢ Ijﬂngg)_QNQCSlNzl/2 (#{n1,n2,n3 : (n1,n2,n3, n3, ny) satisfies (xx)})"/2. (8.37)
From (*x), one has
(ng —ny1,ne —ng) = O(M), (ng—ni,ng—ne)=O0(M),
hence |ny — n3|? = O(M). Trivially counting ns,n3, and applying Lemma 4.3 to count n; € J, one has
#{n1,n92,n3 : (n1,n2,n3,ng, ne) satisfies (xx)} IjYIZCSlNQQN??NQ7
thus

(8.20)s CNE* Nyt [N 101, (8.38)
This concludes the proof of Case (e).
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8.4. Case (f): Ni(II) > Ns(I) > Ny(I). By the same reduction as in Case (e), let N3}’ = 6~' and
M = N3100sl. It suffices to consider the high frequency part N3 > N3 . Our goal is to show that, up to

an exceptional set of probability ~ e~™3 and a common exceptional set (independent of N3) of probability
e Nso0 there hold

e when Ny ~ N3,

Ny LN, ~ Ny, (8.39)

/¢(t)BN1(PN1w17PN2U27PN3'U3)

e when N7 > Ng,

S0
Nl

/ (t)hN1 (P, w1, Pn,va, Py, vs)

melnpj\fl'l,Uleso,bo||PN11’LHXO,1—I¢0. (840)

We will also assume, by dropping a set of probability e~ 5.0 that

nl < N3, < N3,
lgn| < 3;,0 In] < N3o (8.41)
|gn| < N3*, |n| ~ N3 > No.
Again, we will focus on proving (8.40). By a similar reduction as for Case (c), it suffices to show
Ny° > / dy (n1)ra(na)rs(na)H(n) dt| TN | Py, wi || o000 | Pry hll o100, (8:42)

|ni|~Ni, n1—no+n3z—n=0
ni—n3+ni—n?=0(M)

which, by the same argument as in Case (e), will follow from showing for each J (of size ~ N3) that, up to

some exceptional set of small probability e=Vs

> H > dl("l)W%(”s)) i

neJ ni—nstnz=n,nz#ni,ng
2 2, 2 b
ni—ni+ni—ni=0(M)

o II!;SHPJUH”%(O,% (8.43)

for some constance s > s;. We will derive two different bounds, each of which works better in different
regimes of Ny, Ny, N3.

First, by applying Holder’s inequality to the inner sum, one obtains that the left hand side of (8.43) is
bounded by

@ sup #{ne,n3 : n =ny —n2 +nz, (ng —na2,n—n3z) = O(M)} Z ||d1(n1)7‘2(n2)7"3(n3)\|2L§

n
neJ ni,n2,n3

S1 NS E - .
M N22 max (W, 1) N2 2N3 2||d1(n1)||i% (844)
1

n,m1,Mm2,Nn3
N: _
e <NT?;3’ 1) N3 2||PJW1H§(0-&0 sup #{nmns D g # Ny, na, (Ng —ni,ng —ng) = O(M)}-
1 m

In the second line above, we applied (8.41) and Lemma 4.4 (the estimate holds true in both cases Ny > N3
and N1 ~ N3). One can then trivially count ny and apply Lemma 4.3 to count n3 to further bound the
above by

N _ s _ _
51 max (NT%, 1) N3 2||ij1||§(0,b0N22N3 < NBC 1N22 InaX(]\/'1 1/3’ ]\/'3 1)||ij1|‘§(o,b0. (845)
1

We now turn to a different estimate of the left hand side of (8.43). In fact, we claim that by the same
argument as in Case (e), one also obtains in our current case that

- 2
Z H Z dy (n1)7“2(n2)7“3(n3)HL2 IﬂﬁslN;l/GHPleHﬁ(o,bo. (8.46)

neJ ni—ng+nz=n,nzF#ni,na
2 3, 5 b
ni—ni+n;—ni=0(M)
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We first explam how to complete the proof of (8.43) using the two estimates (8.45) and (8.46) above. In
the case Ny > N6 0 , the desired estimate follows from (8.46). Now suppose N2 < N6 T N3 < Nl/3
the bound in (8.45) becomes NcslN2 N; . Hence, in the subcase when Ny < N2 ™0 , this is good enough. If
Ny > NZ o , one can again apply (8.46) to obtain the desired bound. It is left to check the case N3 > Nl/3
where (8.45) becomes NcslN2 N_l/3 Observe that this does imply the desired result, since we are already

in the regime Ny < N6 ~100

It thus suffices to Verlfy (8.46). Note that most of the estimates in Case (e) still hold, as they do not
depend on the relative sizes of No, N3. More precisely, the estimate (8.19) for the diagonal term, and the
final bounds obtained in Case VI, V, VI for the non-diagonal term still hold true (with an extra factor N5 **).
We are now left to examine Case I, II, III.

8.4.1. Case I: na,ng,nh,nfs are distinct. We start with estimate (8.22), which still holds true in Case (f).
Note that

#{nl’n%n?’vn?vn:& (**)} = #{n n27n37n27n3 (***)}

where () is in Case (e), given in (8.23), and (x * *) denotes the conditions

n e J,
ns 7é n,na, né’, 7é TL,’I’le, (847)
(n3g —ng2,n—nz =0(M), (ny—nb,n—nk)=0(M).

We first count n € J naively (recalling that |J| ~ N3), we then count ny naively and ns using Lemma 4.4,
and repeat for (nh, n%). This leads to

2
s N.
#{n,ng,nz,nh,nfy : (x* %)} CNE* N2 <N22 max (NT?;B’1>> .

1

Note that this bound holds true in both cases N1 > N3 and N; ~ N3. Hence, one obtains
(8:20)1 [(IhNg) 72N (#{n1, na, ng, n,mf = (+4)})'/?

‘ N:
L(I%, N3)~2NE*' N2 Ny max (NT?/)S 1) (8.48)

1
[NE* max(N; /3 Ny 1) < Ny V3O s Ny YR

8.4.2. Case II: ng = nf, (n3 # n%). In our current case, after dropping an exceptional set, one still has

estimate (8.22), where
#S(n,n',n3,ny) :=#{n1,ng : (nl,ng,ng,ng,ng) satisfies (*)}
CHns : (ng —na,n —ng3) M)} I:/EfslNg
Hence, remembering the definition of (*) in (8.23), one has
(8.20)2 [C(V3N3)~ 2N3cs1 Nzl/2 (#{n1,n2,n3,n5 : (n1,n2,ns,n2,ny) satisfies (**)})1/2. (8.49)

By counting no first naively, then ns naively, then ny by Lemma 4.3, and lastly ns by Lemma 4.3 as well,
one obtains

#{n1,n2,n3,n5 : (n1,n9,n3,n9,n4) satisfies ()} IIf“NQZNB?NgNg,

which implies

(8.20), CNE* N, /2, (8.50)
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8.4.3. Case III: ng = n} (ne # nb). Note that after dropping an exceptional set, estimate (8.30) still holds
true in Case (f). But this time, we count #S(n,n’, n2, nh) more carefully. It suffices to count nz satisfying
(n3 —ng,n —ng) = O(M). By Lemma 4.4, one has

NE N2/, if Ny ~ N,

S I’ !
# (TL,’I’L 7’2,2,’112) N3081 max <%7 1) , if Ny > Ns.
1

In the second estimate above, we used the fact that |[n| ~ Ni when N; > N3. Same as before, where
remembering the definition of (xx) in (8.23),

(8.20)3 IZWQN3)_2N3051 (#S(m71’,712,71/2))1/2 (#{n1,n2,n5,n3 : (n1,n2,ns3,nh, n3) satisfies (**)})1/2.

By counting n1, ng, nj trivially, and then ns using Lemma 4.3, one has (8.51)
#{n1,na,nh,ns : (n1,n2,n3, 1, n3) satisfies (+x)} CNE* NZNSN;.
Combining the above bounds together, one obtains
(8:20)3 L N3) > N§™* (#5 (. ', ma,mg)) "% Ny N3
DSLfSlN?,_l/Q . N?)l/gy if Ny ~ N, 5.52)

N1/2 .
max (ﬁ, 1) , if Ny > N3
1
CNE* N; /¢ < NSsNg Ve,

The proof of Case (f) is thus complete.

8.5. Case (g): N1(I) > No(I) > N3(II). By deterministic estimates, it suffices to show for all Ny > Ny
(where N1 o = 671), one has up to an exceptional set of probability e N7 that

Ny Z /T1(n1)r2(n2)d3(n3)H(n) dt| TN, for some €1 > e, (8.53)
ni~N;,ni—nz2+ng=n,na2#n1,n3
n2—n2+4n2-n?=0(M)=0(N, °0)

where M = O(N;%%0).
By dropping an exceptional set of probability e 10, one may assume that

|gn(w)‘ ljﬂflv V|n‘ ~ Nl > Nl,O- (8.54)

Our goal is to show that, up to an exceptional set of probability e~ N1, there holds

50
Ny

/@(t)iLNl(PNl’UhPNZUQ,PNSwg) IjSZIf“. (855)

Apparently, (8.55) can be reduced to the following estimate:

Ny* > / ri(n1)ra(ng)ds(ng)H(n) dt| CNF . (8.56)

[n;i|~Ni, n1—n2+nz—n=0
nffn;kngfnz:O(M)
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1
We first derive an estimate that will handle the regime N3 < Nl1 100 To see this, applying Cauchy-
Schwarz in n, one obtains

Ny Z /Tl(nl)f‘z(nz)ds(ng)H(n) dt
[ni|~N;,n1—na+n3—n=0
n%—n3+4ni-n’=0(M)

1/2

2

(8.57)

1/2
S (Z ||H(”)||2Lg> > > () raGna)ds )|

ni—no+n3=n,na#ni,ng
2 5, 2 2
ni—ns+n3—ni;=0(M)

1/2

2
o |S] X e,
n ni—nz+nz=n, noF£ni,ng '

n? 7n§+n§ 7ni:O(M)

Then, applying Cauchy-Schwarz again to the inner sum above, one has, after dropping an exceptional set
of probability e =M,

1/2

2
NN | S > Ids (ns)ll3

n mp—ng+nz=n,nsFEni,ng
ni—nZ+ni-nI=0(M)

1/2 1/2 (858)
[NI°N;'Ny ! <Z Z ||d3(n3)||2Lg> (sgp #{no,n3: (n3 —na,n —ns) = O(M)})

n o ni,n2,n3

1/2
Lf* Ny Ny N, PN, (Sup #{n1,n2 2 na # n1,n3, (N3 —ny,ng —ng) = O(M)}> )
n3
where in the last step above, we have applied Lemma 4.5. Another application of Lemma 4.5 implies that
CNC*NT Ny NS 2NY AN 2 NG/? ENEo N YN 2 (8.59)

_ 1
Hence, the desired estimate follows if N3 < N11 100

N 3

The other case N3 > Nl1 190 in fact follows directly from the estimates in Case (e). Note that the relative
sizes of Ny, N2, N3 in these two cases are the same, so all the counting in Case (e) remain true here. We
briefly sketch the argument here. It suffices to show, up to an exceptional set of small probability e~ Vi, that

2. H > Tl("l)mds(nz’))‘ ; LA (8.60)

n 7L1—'IL2+7L3=7L,7L2757L1,7L3
n?—nZ4nZ-—n2=0(M)

We would like to apply again version of the Cauchy-Schwarz inequality in (C.7), but this time with

= Y bl
ny—ng+nz=n, noF#ni,n3 1
ni—n3+n3—ni=0(M)

For the diagonal term, the exact same counting as in (8.19) gives, for any fixed n,

> lo(n,na)> TV Na) >N NG Ny ENEN; Y, (8.61)

ng
1

which is good enough since No > N3 > Nl1 R

The six cases for the non-diagonal term work similarly. In particular, Case I (all ny,n],na,n, distinct),

Case III (ny = n}, ng # nj), and Case VI (n; = nf, ny = n}) can be carried out in the exact same way.
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In Case II (ng = nj, ny # nf), one has up to an exceptional set that

2 -
> G Gna g Ty | CNE* Y (#S(n, 0/ n1, 1)) (8.62)

(%),2 ni,nj

Here, by Lemma 4.3,
#S(n,n' n1,n}) = #{ng,n3 : n1,ng,n3,n}, ny satisfies (')} LN N3,
with (+") denotes conditions
ny e J,
n =n; — Ny + N3, N2 # N1, N3, (n —ni,n— 713) = O(M)a (8~63)
n' =nf —nb +ns, nh £ nl,ns, (W —nlf,n —ns) =0O(M).
The rest of the argument proceeds in the exact same way as Case II in Case (e).

Since Case IV and V can be dealt with in the same way, we only briefly discuss Case IV (ny = n, ny # nj)
here. By dropping an exceptional set, one has the following analogue of (8.33):

2
> gm0 S (#S (0,0 naynh))?, (8.64)

(%),4 n1,n

where by Lemma 4.3,
#S(n,n',n1,ny) == #{n2,n3 : (n1,na,ng,n2,ny) satisfies (+')} IjYIlCS"Ng.

The rest of the argument again proceeds in the same way as in Case IV of Case (e), which is left to the
reader. The proof of Case (g) is complete.

8.6. Case (h): Ny(I) > N3(II) > No(I). This case can be estimated in the same way as Case (g), where

I
again if N3 > Nl1 190 " the bounds in Case (f) apply. Note that, compared to Case (f), one can think about
Ni(I), in Case (h), as Ny (IT), except one suffers a loss N2*°. The computation in Case (f) gives a gain of
. 1
N3 ° , where s* can be computed explicitly. Thus, when sy is small enough and N3 > N{°°, the extra loss
of N7* can be neglected. We omit the details.

8.7. Case (i), (j): Ni(I) > No(II) > N3(I) or Ni(I) > N3(I) > N2(II). As before, we focus on showing
for all Ny > Ny o (where Ny g = 6~1), up to an exceptional set of probability e~ N1, there holds

Ny° Z /r1(n1)d2(n2)r3(n3)H(n) dt| NI, for some €1 > €, (8.65)
ni~N;i,n1—nz2+nz=n,n2#ni,n3
ni=n3+ng—n®=0(M)=0(N;""")

where M = O(Nlloos”).
We may assume dropping an exceptional set of probability e~ Nio that

|gn(w)| TN, V|| ~ Ny > Ni. (8.66)

We aim to show that, up to an exceptional set of probability e=¥7, there holds

S0
Ny

/qb(t)iL./\/l(PNlUl,PN2w27PN3U3) qu. (8.67)

Similarly as before, (8.67) will follow from the following estimate:

Ny© > / r1(n)da(na)rs (ns) H (n) dt| CNE . (8.68)
[n;i|~Ni, n1—n2+nz—n=0
ni—n3+n3—n’=0(M)
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1
We will first introduce an estimate that allows one to reduce to the regime Ny > Nl1 199 To see this,

following the same Cauchy-Schwarz argument as in (8.57), (8.58), one obtains, after dropping a set of

probability e N1,

Nio 3 / 1 (o () () ()

|n;|~N;, n1—n2+ns—n=0

n?—n3+n3—n’=0(M) (8.69)

1/2
mfsoNleglNzl/QNyf/z (Sup#{nhns D g # Ny, N, (N3 —ni,ng — nNg) = O(M)}>

no

CNE* Ny N Ny 2 NG AN A NG? ENC Ny VAN,

1
where in the last two steps we have applied Lemma 4.5. Hence, if Ny < N11 100 " the desired estimate follows.

Next, we may apply the same estimate as in Case (¢) to deal with the case N3 < N11/5. Indeed, introducing
an extra factor of N3° (since the third input function in the current case is random) to (7.27), one has

Npe > / P (m)da(na)rs(ns) H(n) dt| TN Ny V2N, /NG, (8.70)

[ni|~N;i, n1—n2+n3—n=0
n?—n3+ni—n?=0(M)

which is enough to handle the case N3 < N11/5.

1
To summarize, we have reduced the desired estimate to the regime Ny > Nl1 1% and N3 > N11/5. The
rest of the argument is essentially repeating that of Case (e). Define

w w
a(n,ng) = > 79"1(]\])%3( ).
ni—ng+ng=n, noFni,nz 1443
n? —nZ4nZ-—n2=0(M)

Then, one has

Ny S [ ra(m) stz (na Hw)

\ni\NNi, ni1—ngs+ns—n=0
n3—n3+'n2—n2=0(M) (8.71)

1727 1/2
2

LY <0 mra?xz lo(n,n2)|? + Z ‘Zo(n,ng)a(n’,ng)

no n#n’  nz

Again, the diagonal term is easier to deal with. After dropping a set of small probability and applying
Lemma 4.5, one has

max a(n,ns)|? S0 N2 N2 Ny Ns ~1+Cso, 8.72
> lo(n,ns)]* CNF* N, °N;

For the non-diagonal term, rewrite
’2 2

3 ‘Zo(n,ng)a(n_lynz) — (V)2 [ S ’nggmm , (8.73)

n#n’  na n#n’ (%)

1/2 1/2

where (+") denotes the set of (n1,ng, n3, n}, ns) satisfying

{n—m —ng +n3, na # ni,ng, (n—ni,n —nz) = O(M), (8.74)

n' =n) —na +nk, ng £nl,nk, (0 —nlj,n —nf) =0O(M).

We discuss three subcases in the following, and omit the symmetric ones. Note that they proceed very
similarly as the corresponding cases in Case (e).
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8.7.1. Case I: n1,ng,ny,ns are distinct. By dropping an exceptional set, one obtains

(8.73); NP0 (N, N3)~2(#5)'/2, (8.75)

where S denotes the set (n1, ng, ng, nf,n4) satisfying

{ng7vénl7ng,n’1,ng7 (8.76)
(ng —n1,ne —ng) = O(M), (ng—nj,ne —nk)=0(M).
Counting no trivially first, then applying Lemma 4.5 twice, one has
#S CNE*0 N3 (N1N3)?,
which implies
(8.73)1 CNC N7 N, Ny b g /2%, (8.77)

8.7.2. Case II: ny = n} (n3 # n%). Similarly as in Case II of Case (e), one obtains

(8.73)y CNE™ (N1 N3)~2 (#S(n, ', n3, nj)) " (#£5)Y2, (8.78)

where remembering the definition of (") in (8.74)

#S(n,n',n3,ny) = #{n1,na : (n1,n2,ns,n1,ny) satisfies (x")} IjﬂlcsoNl

by Lemma 4.3, and S denotes the set of (n1,ng,ns,n%) satisfying (8.76). Hence, by counting no trivially,
then counting ni,ngz via Lemma 4.5, and finally counting n% according to Lemma 4.3, one obtains

#S5 [N NyN; N3 N3.

Combining together, one has
(8.73)y CNE™ (NyN3) 2N,/>N}/> N3P Ny N> Ny NS/ 2N g /20, (8.79)

8.7.3. Case III: n; = nf (ng # n}). Following the same calculation as in Case IIT of Case (e), one has, up
to a small exceptional set,

(8.73)y LI (N, N3) ™2 (#£S(n, n', nz, n))) ' ? (#5)"/2, (8.80)
where
#S(n,n' nz,n}) =#{n1,ng : (n1,n9,n3,n,,n) satisfies (+")} TN N,

according to Lemma 4.3. In the above, S consists of (n1, ne, n3, n}) so that (n1,na, n3, nf, n1) satisfies (8.76).
One thus has

#S CNE(NTOTINy)N,

by Lemma 4.5 and 4.3 similarly as before. Therefore,
(8.73)y LNIZ*® (N, N3) 2N/ Ny Ny/* Ny CNC N, 2N/ 2Nt g /o0, (8.81)
This concludes the proof of Case (i) and (j).

8.8. Case (k), (1): Ny(I) > N2(I) > N3(I) or Ni(I) > N3(I) > Ny(I). Considering only the case
N1 > Ni,0, where Ni%o =61, Our goal is to show that

50
Ny

/Nl(PNl’()17PN2’()27 Pn,v3)ho(t)| TN, for some €; > € (8.82)

up to an exceptional set of probability e~ Ni.

Let M = O(N;{%%°), by a similar reduction argument as in Case (c), it suffices to prove that

Np° Z r1(n1)re(ne)rs(ns)H(n) dt| N, for some €1 > €. (8.83)
ni~Ni,n1—na+nz=n, na#ni,n3
nffnngngfnz:O(]\l)
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Following the same argument in (8.57), one has

Ny Z /7"1(”1)7”2(”2)7“3(113).7{(71) dt
nq:~N7:,n17n2+n37n,)n27énl,n3
n2—n24n2-—n?=0(M
1/2 (8.84)

> H > Tl(nl)mrfﬂ(”s)H;

ni—ns+n3=n,na#ni,ng
2 3, 2 b
ni—ns+n;—ni=0(M)

Suppose n1, ng, ng are all distinct, then by dropping a set of probability e~ i and recalling the presence
of Schwartz function (¢) in each r; (ni, t), one can bound the above by

[0 (Ny NoNg) ™ (#{ny # ny #ns : (ng —ny,ng — ng) = O(M)})*?
[T * (N, NaNg) ~  (N2N2N,)V2 g /0%,

where in the second line above we trivially counted ng,n3 and applied Lemma 4.3 to count n;.

Now, suppose n; = n3. For fixed n, one thus has n = 2n3 — ns and |n3z — ns|?> = O(M), hence |nz —n|* =
O(M). By losing a factor of NF*° we can assume that |nz — n|? = p + O(1), where p [_NME*, in other
words, ng lies in an annulus of radius ~ R and thickness ~ O(%), with R mfso, Applying Lemma 4.1,
one sees that the total number of such ns is at most [RE/3 Iﬂllcso.

Therefore, by Cauchy-Schwarz, outside an exceptional set of probability e

(8.84) CINF™ (#{ns : fixing n})"/? (N NaN3) ! (#{na,n3})"/?
[CV§*0 (N1 NoNsg) ~L Ny Ny g 1 ¢

by trivially counting ne, ns.
The proof of Case (k) and (1) is hence complete, so is the proof of Proposition 2.1.

(8.85)

c
—Ni . one has

(8.86)

APPENDIX A. TIME LOCALIZATION OF X5?

In this section, we summarize several standard time localization facts for the X space, and also briefly
recall the proof of Lemma 3.5. The presentation mainly follows that from [6]. Here ¢ is a fixed time cut off
function. There are several basic facts about the X*? space that we can recall below. We have

1
le(t/8)ullxse Leflullxen, 0<b<g (A1)

l6(t/8)ulx-o Lo S<b<l (A.2)

Also, Hausdorff-Young inequality gives the following estimate which is useful in the interpolation

loullrs . Colall oo (A.3)

which can be compared to estimates (95), (96) on page 26 of [6].
In what follows, one should think 1> s, > € > 0. We will only do proof for (3.12) in Lemma 3.5.
Via Strichartz estimate and interpolation of Hausdorff Young inequality, one can obtain

lo(®)ullps, Celull oy (A.4)
(One may change the 3 in the above to any number larger than 2.) Similarly, for p > 4, one can obtain
[¢()ullry, Cellul] xsptioe.e (A.5)
There are the following two Hélder inequalities,
o 0 1-6
o0/l < oty ool (A6)
1 Op 9 1
where one has 7 = 3 41 L0, = 1+sp > 55
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(2)
lp(t/8)ul s, < 8" o(t)ul s (A7)
One derives

lét/8)ulls,
<llosyull lo@yull,"

0y —0, A8
<llo(syull % 6%/ o(tyully;” .
6, ' op
EHELHX?’ 1_ Xsp+1os,%—e6 *
Note that
5p > 1 (A.9)

9 =
PT 145, 27
Thus, to summarize, when s < 1, and € < s, one has
lo(t/8)ullps, Tl osroe 367, (A.10)

which, for convenience, can be written as

(¢ /6)ull s, Cfhull oy-.6°. (A.11)

Localizing at frequency N, this gives Lemma 3.5 for balls B of radius N, which are centered at origin
point. To prove general B centered at ng, one simply observes

Z aneinxein2tei>\t _ Z anei(n—no)(m+2n0)ei(n—no)2tei)\t€ingxe—in(2]t (Al?)
neB [n—no|<N
and the L} ¢, norm of a function is invariant under multiplying einoTe=ingt and doing space translation in x
variable by ng. This ends the proof.
APPENDIX B. PROOF OoF LEMMA 3.6, 3.7, 3.8

We briefly sketch the proof of those three Lemmata here.
We start with Lemma 3.8. Let h(n,t), fi(n,t) be space Fourier transform of h, f;, and we will also short
handedly write them as h(n), f;(n). We only prove

C@ /[ Py bl xo o | fillxom0 sup Tzl f5(n)e™ |xy,,)- (B.1)

[n|~Ny

/¢>(t/5 hN2(Pn, f1, Pn, fa, Pny f3)

To see this, observe

‘ / 6(L/6)hNo(Pr, f1. Py, fo, Pr f)

¢(t/6)h(n) f1(n) f2(n) f3(n)
|n§\fl/ (B.2)

L@t/ 6)|| Lz llo(Oh() 2 [¢() fill g sup T || f oo

[n|~Ny

Now we have, (note that one only has one mode in all the estimates below)

[e)h(n)llzz THR(R)™ || x01-00, [ fi(n)|| g TIH(n)e™ (| x0.00 (B.3)
then, (B.1) will follow from (B.2) by Cauchy Schwarz.

We turn to Lemma 3.6. We start with (3.14) to (3.17). Estimates (3.14), (3.16) follows from (3.11), (3.12)
via Holder inequality. We point out that the naive loss will be NC¢ rather than max (N2, N3)¢, but this
can be handled by a standard L? orthogonality argument, See, for example,[6], [2] for more details. Now we
show how to derive (3.17) from (3.16). We shall see that (3.15) can be derived similarly form (3.14).

Recall that we used the notation

t)=>_filn,t)e™, i=1,2.3 (B.4)

ie. fi(n,t) is the space Fourier transform. For the sake of convenience, we denote f;(n,t) with fi(n).
Similarly, we wrtie h = Y h(n, t)e™®.
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Given (3.16), in order to derive (3.17), we need to further prove
[ ] If N1 ~ N2

S| fetessnennon fm )

n1~|N1|,nz~N3

L&Y (max(Nz, N3)) | Al o1 [ T I1P. fill xo0

(B.5)
Ld IngNNg

S| ot/ elna) fa(na)

ni~N1,na~Na

EEY10 (max(Na, Na)) (|| xo-o0 [ T 1P, fill xo0
i

(B.6)
o If Ny ~ Ny ~ N3,

/|¢(t/5)hN2(PN1f1,PN1f2,PN1f3)| L8 (max(Na, N3)) 0| hllxq, o | ] 1P Fill 000 (B.7)

Estimate (B.7) follows from Lemma 3.8. The proof of estimates (B.5) and (B.6) are similar, and we only
work on (B.5). Note that the integration on the left side is only in ¢. One has, (by Sobolev embedding in
the ¢ variable if necessary), that

[R(n1)llzz TI(n1)e™ ]| xo.1-t, ,
1f (1)l e TEIF(n1)e™ || xo s, (B.8)
1 fi(ns)ll L Ti(ns)e™™ || xom.

Then the desired estimates follow from a Holder inequality in ¢ and Cauchy Schwarz inequality in nq,ns.
Estimates (3.18), (3.20), (3.21) are of similar flavor. We prove (3.18) and leave the rest to the interested
readers. Estimate (3.18) follows from the following four estimates.

[ ]
‘/w(t)BPN1f1PN2f2PN3f3
[ ] If N1 NNQ,
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Again estimate (B.12) follows from Lemma 3.8. We will only prove estimate (B.9), (B.10). The proof of
(B.11) is similar to that for (B.10).

We start with (B.9). We may only consider the case No > Nj, as the case No < N3 can be proved
similarly.

We may further only consider the case N; > Na, otherwise one may replace Py by P<n,. Observe that
(using L? orthogonality),
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For each J, we may estimate as follows,
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where without loss of generality assumed 1 (t) = ¢(t)* for some well localized ¢(t).

est

Using Estimate (3.7) to control the L3 norm in (B.14) and applying a Cauchy Schwarz in J, the desired
imate then follows.
Lemma 3.7 can be proved similarly as Lemma 3.6.

APPENDIX C. A CAUCHY-SCHWARZ TYPE INEQUALITY

We summarize a (deterministic) Cauchy-Schwarz type inequality, that is often used in random data type

problems. For simplicity, let a;;,b; be real numbers, assume that
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Then, we have
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and, by Cauchy inequality,
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summarize, and by simple generalization to the complex case, one has
mma C.1. Assume ), |b;|* CL)then
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One can also easily write down, via the dual estimate,
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