MIT
Libraries | D>pace@MIT

MIT Open Access Articles

Repeat-Free Codes

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: 2019. "Repeat-Free Codes.” IEEE International Symposium on Information Theory -
Proceedings, 2019-July.

As Published: 10.1109/ISIT.2019.8849483
Publisher: Institute of Electrical and Electronics Engineers (IEEE])
Persistent URL: https://hdl.handle.net/1721.1/137690

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher’s formatting or copy editing

Terms of use: Creative Commons Attribution-Noncommercial-Share Alike

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
https://hdl.handle.net/1721.1/137690
http://creativecommons.org/licenses/by-nc-sa/4.0/

arXiv:1909.05694v1 [csIT] 12 Sep 2019

Repeat-Free Codes

Ohad Elishco, Member, IEEE, Ryan Gabrys, Member, IEEE, Eitan Yaakobi, Senior Member, IEEE,
and Muriel Médard, Fellow, IEEE

Abstract

In this paper we consider the problem of encoding data into repeat-free sequences in which sequences are imposed to contain
any k-tuple at most once (for predefined k). First, the capacity and redundancy of the repeat-free constraint are calculated. Then,
an efficient algorithm, which uses a single bit of redundancy, is presented to encode length-n sequences for k = 2 + 2log(n).
This algorithm is then improved to support any value of k of the form k = alog(n), for 1 < a, while its redundancy is o(1n).
We also calculate the capacity of repeat-free sequences when combined with local constraints which are given by a constrained
system, and the capacity of multi-dimensional repeat-free codes.
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I. INTRODUCTION

Repeat-free sequences represent a generalization of the well-known De-Bruijn sequences in which every length-k substring
appears exactly once. De-Bruijn sequences have found applications in areas as diverse as cryptography, pseudo-randomness,
and information hiding in wireless communications [1l]. However, one potential drawback to adopting De-Bruijn sequences
for representing information is that De-Bruijn sequences have rate at most 1/2. In this work, we show that by relaxing the
condition in which every k-tuple appears exactly once to appear at most once, we can generate codes of asymptotic rate 1 with
efficient encoders and decoders for a variety of parameters.

One motivating application for this work is DNA storage, and, in particular, the reading process of a DNA string. The
reading process of a DNA string is as follows. At first, the long string is fragmented into substrings of a shorter length which
may be read properly. Then, a multiset of all the short strings is obtained in a form of their frequency. Then, the long DNA
string should be reconstructed using only the knowledge of the shorter length substrings.

There are two common lines of work on DNA storage systems. The first assumes that the data is stored in a living organism.
In this case, the major concern is to correct errors which are made by naturally occurring mutations. For analysis of the capacity
of mutation strings, see [2]-[6] and [[7]-[11] for coding and algorithms related works. The second line of work focuses on data
storage outside a living organism and is called coding for string reconstruction. The goal of coding for the string reconstruction
problem is to encode arbitrary strings into ones that are uniquely reconstructible. This problem is motivated by the reading
process of DNA-based data storage, where the stored strings are to be reconstructed from information about substrings appearing
in the stored string. This problem motivated a series of papers regarding decoding of sequences from partial information on
their substrings [12]-[20].

In order to ensure unique reconstruction, studies were made on reconstruction of encoded sequences [13], [21]], [22]. One
method that guarantees a unique reconstruction is to encode the information sequence to a codeword that does not contain
any k-tuple more than once. For two positive integers k < 1, we say that a length-n word w is a k-repeat free word if every
subword of w of length k appears at most once. It is already known that k-repeat free words are uniquely reconstructible
from their length-r substrings multiset if 7 > k + 1 [23]]. Furthermore, an encoding scheme that exploits this property has been
recently proposed in [20]; however, the encoded words are not strictly repeat free. Thus, studying the repeat-free constraint
and designing respective efficient encoding and decoding schemes is still an open research problem, which is the primary focus
of this paper.

Another important characteristic of the k-repeat free sequences is the growth rate of the number of sequences as a function of
the length of the sequence. Arguably, one of the most well known families of k-repeat free sequences are De-Bruijn sequences
of span k which play an important role in this paper. A De-Bruijn sequence of span k is a sequence over a finite alphabet, in
which every k-tuple appears exactly once. It is clear that every De-Bruijn sequence of span k over an alphabet of size g (which
implies that the sequence is of length qk +k —1) is k-repeat free [24]. For the case of De-Bruijn sequences, a closed formula
for the number of De-Bruijn sequences of length qk +k — 1 exists [1]], [24]. Unfortunately, there is no such formula for the
general set of k-repeat free sequences. It is clear that a sequence of length n over an alphabet of size g cannot be k-repeat
free if k < logq n. However, the size of k-repeat free sequences with k = a logq n with a > 1 has not been fully determined.

O. Elishco and M. Médard are with Massachusetts Institute of Technology, Cambridge, MA, 02139 (e-mail: {ohadeli, medard}@mit.edu).

R. Gabrys is with Spawar Systems Center, San Diego, San Diego, CA, 92115 (e-mail: ryan.gabrys@navy.mil).

E. Yaakobi is with the Department of Computer Science, Technion Israel Institute of Technology, Haifa 32000, Israel (e-mail:
yaakobi@cs.technion.ac.il).

This paper was presented in part at the IEEE International Symposium on Information Theory (ISIT 2019), Paris, France.


http://arxiv.org/abs/1909.05694v1

Using union bound arguments it is straightforward to show that the growth rate of the number of k-repeat free sequences
is g" when k = [a logq n| and a > 2. On the other hand, from the known enumeration results of De-Bruijn sequences [,

[24] it follows that the growth rate in the binary case is at least 2"/2 for g = 1. Therefore, it is left to find the growth rate
for 1 < a < 2. By carefully calculating the probability that a word has two identical length-k subsequences, we show in this
paper that the growth rate is 2" for all a > 1.

Motivated by several previous works [20], [23]], [26], we address the problem of calculating the capacity of k-repeat free
sequences of length n where k = alog(n) with 2 > 1. We provide an efficient encoding algorithm that encodes into k-repeat
free binary words for k = 2[log(n)] + 2 with only a single redundancy bit. We also extend this algorithm to the setup where
log(n) < k < 2log(n) with asymptotically rate-one algorithm. Both algorithms operate in two phases; in the first phase the
information sequence is compressed into some shorter sequence that satisfies the constraint and afterwards this compressed
sequence is expanded to ensure that the final output is of length 7 and yet satisfies the constraint. We also study the capacity of
k-repeat free sequences which satisfy local constraints as well. For example, a combination of the k-repeat free constraint and
the no-adjacent-zeros constraint (i.e., the (0, 1)-run-length-limited constraint). Perhaps surprisingly, we show that the k-repeat
free constraint does not impose a rate penalty in either case.

The capacity results are also generalized to the multidimensional case. While the number of binary De-Bruijn sequences of
span k is known, in the multidimensional case, the situation is much more complicated. The analog definition of a De-Bruijn
sequence to a multidimensional scenario is called a De-Bruijn torus. Not only that the number of De-Bruijn tori is not known,
it is not known for which sizes there exists a De-Bruijn torus [27]-[29].

The rest of the paper is organized as follows. In Section[[ll we present the notation and definitions which are used throughout
the paper together with the definition of k-repeat free sequences. In Section [[Il, we present our first result which asserts that
the capacity of k-repeat free sequences for k = alog(n) is 1 whenever a > 1. In Section [[V] we present an encoding algorithm
for binary sequences of length n with k = 2[log(n)] + 2 and a single bit of redundancy. Next, an encoding algorithm for
k = alog(n) with 1 < a < 2 is presented in Section [Vl In Section [VIl we calculate the capacity of k-repeat free sequences
which also satisfy local constraints. In Section [VII, we generalize the capacity result for d-dimensional k-repeat free arrays.
We conclude in Section [VITIL

II. PRELIMINARIES

Let IN denote the set of natural numbers. For n € IN, we denote by [n] the set [n] = {0,1,...,n — 1} and by [—n] the set
[-n] = {—1,-2,...,—n}. For a set A we use |A| to denote the size of A. If A is a subset of a group with a group operation
e, and if b is any group member, we define be A = {bea : ae A}

Example 1. Let A = {1,3,5,6} € Z and letb = —1. Then,
Atb={0245), Ab={-1-3-56).
(]

Throughout the paper, we use X to denote a finite alphabet. A word of length n over X, w = (wy, ..., w,—1) is a sequence
of n symbols from ¥ and is defined as a function from [n] to £. We denote by £" the set of all functions from [1] to ¥ and
by X* = [J,en Z". For a word w € £*, |w| denotes the length of w (i.e., the domain of the function w) and w; = w(i) is
simply the ith symbol in w.

Definition 2. Let A, B be two sets and let f : A — B be any function. For a subset A’ = A, we denote by fa : A" — B the
restriction of f to A’.

Since we consider words as functions, for a word w € X" and for a set A < [n], w4 denotes the restriction of w to the set
A. In other words, w,4 is a word created by taking the symbols from w that appear in the positions in A. We say that u is a
subword or subsequence of w if there exists 7 € IN such that w; ;] = (w;, . ..,wi+|u‘,1) = u. If w,u € £* we denote by

wu € LPIF1ul the concatenation of w and 1. We will also use the symbol w o u when we would like to emphasize the distinct
parts. For w € ~* we write w' for the concatenation of w with itself £ € IN times. Unless otherwise is mentioned, coordinates
of a word w € £* are considered modulo |w|. Thus, if w, u € £*, we have W[ = W and WUy = U.

The main object studied in this paper is a set of words which we call a system. Specifically, we focus on systems which are
defined using global constraints. One of the main characterizations of a system is given by the number of feasible words of
length n. To be more specific, we would like to estimate the rate at which the number of length-n words grows with 7. This
value is called the capacity of the system and is defined as follows.

Definition 3. Let £ < X* be a system. The capacity of L is denoted by cap(L) and is defined as
1
cap(£) = limsup —logs [£ N 1.
n—oo N

In case g = 2 we will sometime simply write log instead of log,.



The systems we consider will be defined mostly using constraints on the number of subword appearances. To this end, we
define the notion of empirical frequency.

Definition 4. Let w € 2" and k < n. The empirical frequency of k-tuples in w is denoted by fr]zi, and is defined as follows. For a
k-tuple, u € Yk,

1
i, (1) = k= 1) Z 1, (wm+[k]) ,

me[n—k+1]

where 1 denotes the indicator function defined by 1,(b) = 1 if b = a and 0 otherwise. We will sometimes consider frfu as a vector
of length |Z|¥ or as a probability distribution.

k
w>

Example 5. Let . be the binary alphabet and let w = (11001010), v = (00111010) € X8. For k = 2, the empirical frequency of
the pairs in w, v is given by fr2, fr2, respectively. We have that

The support of fr,,, denoted by Supp(fr]zi,), is the set of all k-tuples which appear in w.

fr2,(11) = fr2,(00) = E

fr2,(01) >

fr2,(10)

=§/ =§/

and
2 1
fr2(01) = fr2(10) = fr2(11) = = fr2(00) = 2
Both w, v have full support, i.e.,
Supp(fr,) = Supp(frg) = X7,

but Supp (fr3,) = {11001,10010,00101,01010} and Supp(fr) = {00111,01110,11101,11010}. ]

One of the most important sets of words related to this work is the set of (one-dimensional) De-Bruijn sequences [24]. We
follow the non-cyclic definition of De-Bruijn sequences and for a finite alphabet X, and for 1 < k € IN, we say that a word w
is a De-Bruijn word of span k if every k-tuple appears in w exactly once. Note that w must be of length |Z|k +k—1 (where
the (k — 1)-suffix equals to the (k — 1)-prefix), since there are exactly |Z[¥ different k-tuples. Using our notation, we define
the following system.

Definition 6. A word w € ¥* is called a De-Bruijn sequence of span k if every k-tuple appears exactly once, i.e., for every

ueZk,
1

T w—k+1

The De-Bruijn system over the alphabet ¥ with |X| = q is denoted by 3, and is defined as the set of all De-Bruijn sequences
(overX) of span k for some 1 < k € IN. In a notational form, a De-Bruijn system over % is the set

frf, ()

1
_ koock
Bq={wez* : dkeNs.t. YueXt, fl‘w(”)zm}'

Note that by definition, a De-Bruijn system contains all the De-Bruijn sequences of span k, for some k € IN. In fact, a De-Bruijn
system contains words of lengths [X|¥ +k — 1 for some k.

The number of binary De-Bruijn sequences of span k is known due to De-Bruijn himself who used the doubling process to
calculate the exact number [24]]. Later, his result was generalized to any alphabet [1]]. For a finite alphabet ¥ with [X| = g,
the number of De-Bruijn sequences of span k is given by

(RS I
Using this formula, the capacity of the De-Bruijn system can be calculated as follows.

cap(B;) = limsup % log, [B; N g

n—0o0

1 k—1 k—1
i - - —_ 1T g1 k
< limsup qk—i—k—llogq (((q 1 q )

k—00
- < (log, 4!

On the other hand, for lengths 1 # g% + k — 1 for some k, we have that |B; n Z"| = 0 which implies % log, |Bg n X' = —c0.
Hence, cap(B;) = %(logq (g")). Note that when q = 2, cap(3;) = 1/2 but using Stirling’s approximation we obtain that
limg o cap(By) = 1.



III. CAPACITY OF k-REPEAT FREE SYSTEMS

In this section we introduce the first system we will consider in this work and calculate the capacity of the system. One
may regard this system as a generalization of De-Bruijn systems. Throughout this section and unless stated otherwise, we let
2. be a fixed alphabet of size g.

Definition 7. A sequence w € ¥ is said to be k-repeat free (or, interchangeably, weak De-Bruijn of span k) if every k-tuple
appears at most once as a subword in w. The set of length-n k-repeat free sequences is denoted by

1
& > vuexk f —_—
Wi (n) {we ue k(1) < k+1}
For any k, we define the k-repeat free system (weak De-Bruijn system) as Wy, = |_J,,epy We(1).

Note that if 7 = g + k — 1 then Wj(n) is exactly the set of all De-Bruijn sequences of span k. On the other hand, if
n> qk +k —1 then Wy(n) = ¢J since there are more subwords than k-tuples. This implies that for any fixed k we have

cap(Wy) = limsup — logq We(n)| = —o0.
n—0o

Therefore, a more natural question to ask is how the size |W;(n)| behaves when k and n grow together. Namely, we are
interested in the set Wy (n) where k > log(n —k + 1) and is a function of n. We will calculate the capacity of a k-repeat free
system for k = la logq(n) with @ > 1. Under this scenario, we will also denote Wy (n) as W,(n) and Wy as W,. That is,
Wa(n) = W{alogq(n)J (n) and Wa = Uyen Wiatog(m)] (1)-

The size |W,(n)| will be estimated by a probabilistic approach. Consider the uniform distribution over all length-# sequences,
then |Wy(n)| = |Z|" - Pr(W,(n)). Then, the capacity in this case is given by

cap(W,) =1 +hmsup logq (Pr(Wa(n))) . (1
n—0o0

Using simple union bound arguments, it is possible to show that for a = 2, cap(WV,) = 1. However, in the following theorem
we apply a different method which assures that this capacity result holds for all a > 1.

Theorem 8. Let . be a finite alphabet of size q then for alla > 1, cap(W,) = 1.

Proof: First note that the capacity is upper bounded by 1 and hence we only need to lower bound the capacity. Let w
be an infinite sequence such that the symbol in each coordinate is chosen uniformly at random over . Note that in order to
estimate [W,(n)|, we may estimate the probability Pr(wp,) € Wa(n)) since Pr(wy,; € Wa(n)) = ‘W"(”)‘ .For0 < /e,

define the following random variable
145

j—1
Xy = Z 2 oo, iy (Wi i),

j=(t—1)k+1 i=0

where k = [a logq nJ. For a fixed j, Z Ilw i (Wi g [k]) counts the number of times the jth k-tuple appears in w. We have
that
n
Pr (w[(nH)k] € Wﬂ) =Pr (Z X, < 1) = 1Pr< Xy = 1) .
1

Pr (w[(é-i-l)k] € Wg ‘ w[ék] € Wg) =1-—Pr (Xg = 1) . (2)

1=

4

Moreover, for every 0 < £ € IN we have that

We will now bound the probability Pr(X, > 1) as follows.

IE[X/] = Z 2 Pr ( = ler[k])

j=((= 1)k+1 ielj]
-y il
] k1 i T4 j:(Zf Yt

0k + —
SF ( k) < qk



. Hence, using @), we get that

2
Using Markov inequality we obtain that Pr(X, > 1) < %

{4+ 1)k?
Pr (w[(8+1)k] € Wa ‘ w[(k] € Wa> >1- %

This implies that

ln/kJ Ekz
Pr(Wi(n) = [ | (1 - —k) :
=0 q

Since a > 1, we get that for n large enough, ( — %) is positive for every ¢. Taking logarithm and exponent from both sides
of the inequality we have that

L#] 100 (102
Pr(Wk(n))>qZé:0 gq<l qk).

Using the fact that for every x € (0,1), logq(l —x) = _7(1_;(() Ty we deduce
_ l%J k2 _(n ik
Pr(Wk(Vl)) > q Z[,:O (qkfl:‘kz)]nq > q (k+l)(qk7nk)]nq, (3)

where the last inequality follows by taking the largest argument in the sum % +1 times. Using k = |a logq n| and writing
a =1+ € we obtain

a logq n

_(% +1) (n€7alogq n)lng .

Pr(We(n)) = q

Taking logarithm and dividing by n we receive the following inequality

Liog, (Pr(W,(n))) . 7108, "

=log, (PrOWV(n))) = — - , “)
n o8 (n€ —alog,n)Ing  n(n®—1)Ing

which clearly goes to 0 as n — c0. Thus, plugging it in (), we obtain that cap(W/,;) =1 for a > 1. [ |

Remark 9. Note that using (@), if we write a = 1 + €, we can also obtain that the redundancy is of order O(nlfe). This implies
that fork = 2 logq n, the redundancy is some constant number.

IV. ALGORITHM FOR k = 2log(n) +2

In this section, we provide a coding algorithm for the binary weak De-Bruijn system with k = 2log(n) + 2, where for
simplicity we assume that n is a power of 2. This will be the basic step towards an algorithm for the case k = alog(n) with
a > 1 that will be presented in Section [Vl First note that according to Remark Ol # > 2 implies that the redundancy is a
constant. The input is a binary sequence w € X" !, where in this section £ = {0, 1}. The output is a k-repeat-free sequence
w € Wy (n). We first give a short overview of the algorithm, which is divided into two procedures: elimination and expansion.
Given a sequence w € £"~ !, append 1011198(") (o its end. Then, search for identical subsequences of length 2log(n) +2 .
For every such an occurrence, remove one of them (the first one) and encode at the beginning of the sequence the indices of
these two subsequences followed by the bit 0. Note that such an operation reduces the length of the sequence by one, and
therefore this procedure is guaranteed to terminate. The second procedure takes this compressed sequence and decompresses
it into a longer sequence such that the constraint is not violated. At the end, the output is the first n bits of the decompressed
sequence.

Before presenting the algorithm, we need a few more notations. For an integer i € [n], we let b(i) be its binary representation
using log(n) bits. Let w € X" be any word. Recall that for i € N, i < [w], wj_; is the length-7 suffix of w, i.e., w_; =
W|qp|—i4[i]- Moreover, the support of fr]zi,, Supp(frlzi,), is the set of all k-tuples that appear in w. For a word w € X" and for
m € IN we denote by Cry,(w) the word of length m created by repeatedly concatenating w to itself and taking the length-m
prefix, i.e., Cry(w) = (w]N)[m]. We say that a sequence w € X* is (-zero-constrained if there are no all-zeros substrings of
length £. We say that (i, j) (where i < j) is a k-identical window in w if w; 1] = wj[)- If (i,]) is such that for any other
k-identical window at (i’,j') in w, we have j < j/, we say that (i, ]) is a primal k-identical window. The full details appear in
Algorithm [I

We now show the correctness of Algorithm [Il Notice that the first while loop ends since after every iteration either the
length of the word W decreases by one (case 1) or its Hamming weight increases (case 2). Moreover, in Step 12, the word
W has no identical length-k windows and has no 0'°8()*1_window besides the one at its end, i.e., the word W[| 1] 18
(log(n))-zero-constrained. We start with the following lemma.



Algorithm 1 No-Identical Windows Encoding

Input: Sequence w € X"~!

Output: Sequence W € Wy(n) with k = 2log(n) + 2
First procedure (elimination):

. Set W = wo 1o 0lgm)+1 ¢ yntlog(n)+1

1

2: while (i, j) is a k-identical windows in @ or Wy||_q] is not a log(1)-zero-constrained (check the 1st condition first) do
3: Case 1: (there are identical length-k windows in w)

4: Let (i,j) be a primal k-identical window in @

5: Set W = W[;) © W gy [||—k—i] (remove the first length-k repeated window from )
6: Set w =00b(i)o b(]E ow (append 00 b(i) o b(j) to the left of W)

7: Case 2: (W(||_1] is not a log(n)-zero-constrained)

8: Let i be the index of the 01°8(")*1 window in @

9: Set W = W) 0 Wy k14 [jg|—i—k] (remove the 018(")+1_window from 7)

10: Set W = 1ob(i) ow (append 10b(i) to the left of W)

11: end while

12: if || > n then

13: Return y,;;

14: end if

Second procedure (expansion):
15: while |@| < n do
16: Set log(n)
og(n —
B = Supp (frwg ) U U Cry(W[_)-

1<i<log(n)—1

17: Set S = xl°8("\B and find u € S

18: Set w = wou (append u to the right of w)
19: end while

20: Return @y,

Lemma 10. In Step 12, the vector w ends with the sequence 1 o olog(m)+1,

Proof: For any iteration of the first while loop for which there are two identical windows of length k in w, let 7 and j be
their indices, where i < j. We claim that the value of i satisfies i < |w| — 3log(n) — 2 and thus the last log(n) + 1 bits of
the vector W are not removed. Assume in the contrary that [w| — 3log(n) —2 < i < j. Then, the length-k window starting at
position 7 has a 1 in its (|| — log(n) — i)-th position while the length-k window starting at position j has a 0 in this position,
which is a contradiction. It is also readily verified that the sequence 1o 0'8(")+1 cannot be removed as part of a removal of
a 01981 +1_window. ]

Lemma 11. If the condition in Step 12 holds, then the returned vector is of length n and has no identical windows of length k.
Proof: This lemma follows directly from Lemma [10l and Step 13. [ ]
Lemma 12. For every iteration of the second while loop, the set S in Step 17 is not empty.
Proof: Note that the size of the set B is at most (|@| — log(n) + 1) + (log(n) — 1) = |[@| < n and hence B # Zl°¢("), m

Lemma 13. For every iteration of the second while loop, in Step 18 the new vector W' = T o u contains the sequence u exactly
once at its end.

Proof: According to the construction of the set B, the sequence u can appear in W = o u only as a subsequence
starting at positing j, where || —log(n) +1 < j < |w| — 1. Assume in contrary that there exists a value j such that
(w/)ﬁﬂog.(n)] = (Wo u)jJr[lqg(n)] = u. But .this implies that u € Cry(w_;) for some 1 < i < log(n) —1 which is a
contradiction to the construction of the set B in Step 16. [ ]

Let Wy be the value of the vector W after Step 14 and ng = [Wy| is its length. Assume that there are ¢ iterations of the
second while loop, so the value of the vector w after Step 19 is given by

W =TWyoULOUyO---0Uy,
where 11, Uy, ..., uy are the vectors which were appended to the right of the vector u at each iteration of the while loop.

Lemma 14. For 1 < i < /, the vector W; = W o 11 © Uy © - - - o U; has no identical length-k windows.



Proof: We prove the lemma’s statement by induction on the values of i. For the base case, we start with i = 1 and show
that the vector W7 = Wy o 11 has no identical length-k windows.
Assume in the contrary that (7,]) is a k-identical window. We only need to consider the cases where at least one of these
two windows overlaps with u1. This implies that the length-k window starting at position j overlaps with w1, that is,

np—k+1<j<ng+log(n) —k.

In particular, the window (w1 ) 41K contains the 0'°8()+1_window at the end of Wo. If i < ng — k, then according to Lemma[TQ

(W1);4[x) does not contain a 0'°8(")+1_window, which is a contradiction. Thus we only need to consider the case 19 —k < i <
j < n+log(n) — k. However, this implies that (@); ] is periodic with period 0 < j—i < log(n) — 1 which is impossible
since it contains the pattern 1o 0log(n) 41,

Next we prove the statement for Wy = Wy o 1y o Up. According to the induction assumption we only need to consider values
of i and j such that there is an overlap with u,. Hence,

j<mng+2log(n)—k=ny—2,
j=np+log(n) —k+1=ny—log(n)—1.

In particular, the window (@); 4] contains u; as a subsequence. However, since (W2);y[x] = (W2);4[x) we get that the
sequence /1 appears one more time in W o u1, which is a contradiction to Lemma [13]

Next we assume that the lemma’s statement holds for w; and prove that it holds for w; 1, where 1 < i < £. According to
the induction assumption we only need to consider values of i and j such that there is an overlap with ;1. Hence,

ng+ilog(n) —k+1<j<mng+ (i+1)log(n) —k.

In particular, the window (W;1);, 4] starting at index j contains the sequence u;. However, since (Wit1)j4[x] = (Wit1)i4[x]
we get that the sequence u; appears one more time in w;, which is a contradiction to Lemma [13] ]

Theorem 15. Algorithm [l successfully returns a k-repeat free sequence.

Proof: In case the condition in Step 12 holds then according to Lemma [[1 Algorithm [ returns a sequence with no
identical length-k windows. Otherwise, this claim holds from Lemma T4l [ |
Note that there may be two identical length-k windows which intersect, i.e., (i,) is a k-identical window with j —i < k.
In this case, Step 5 in the algorithm suggests to remove the first length-k repeated window. This will not cause any problem
since if (i,7) is such a k-identical window, then it implies that w; +[] is a periodic sequence with period j—1 and as such can
be obtained from the remaining bits. Nevertheless, this should be taken into account in the decoding process that is described
next.

The decoding procedure is relatively simple. Look first for the left most sequence of 1o olog(m)+1, According to Algorithm[1]
everything to the right of this sequence was added during the expansion procedure and hence it can be removed. If there is
no such 10 098" window, look for the right-most 1. Since the algorithm returns a sequence which is longer by 1 than the
input sequence, the right-most 1 (and the zeros following that 1) is a part of the initial set-up of the algorithm. Next, if the
first symbol is 1, let i be the position indicated by the (W) 4 [10g(n)]> i-€-» b(I) = (W)1 1 [10g(n)]- Delete the first log(n) + 1 bits

and enter 0°8()+1 in the ith position. If the first symbol is 0, let i and j be the positions indicated by ()1 [10g(x)] and by
(w)l +log(n)-+[log(n)]’ r.es'pectively. Let u = (W);_14[x) delete the first 2log(n) + 1 bits, and put u in the ith position. Repeat
this process until obtaining a sequence of length 7.

Example 16. Letn = 32 (k = 21og(32) +2 = 12) and
w = 0100100110110010010011011100110 € Z3".
The first step of the algorithm appends 1000000 to the end of w and we obtain
w = (0100100110110010010011011100110 1000000.

We now look for identical windows of length 12. We see that (W)[1] = (W)131[12]. i-€. (0,13) is a k-identical window. We
eliminate the first 12 bits and we append 0 o b(0)b(13) = 00000001101 to the Ieft of w. Hence,

w = 00000001101 0010010011011100110 1000000.

There are no more identical length-k windows in w, but the pattern 000000 appears in W in the Oth position. Thus, we eliminate
the pattern and append 1b(0) = 100000 to the left, which yields the sequence

w = 100000 01101 0010010011011100110 1000000.

Again, there is a sequence of 6 zeros starting in position 1 so we delete this pattern and append 1b(1) = 100001 to the left, so we
get that
w = 100001 1 1101 0010010011011100110 1000000.



Now W has no identical windows of length k and no Olog()+1 except the one at the end. Moreover, || > 32 hence the algorithm
output is
w = 100001 1 1101 0010010011011100110 10.

We now start the decoding process in order to retrieve w from w. First, we look for the left most 1000000 subword in w. Since
there is no such sequence, we look for the right-most 1 and we know that this bit with all the following zeros were added in the
set-up. That is, the last 10 are not part of w. We eliminate those bits and we obtain

@ = 100001 1 1101 0010010011011100110 € .

Since @ € 30 we know that there was only one identical pair of length-k windows. The first bit in @ is 1. Thus, we have
i = b(00001) = 1. We eliminate the first 6 bits and insert 6 zeros in the first position,

w = 1000000 1101 0010010011011100110.

Again, the first bit is 1 so the next 5 bits indicate the position of the 0. We eliminate the first 6 bits and enter 000000 in the Oth
position to get the word
w = 000000 0 1101 0010010011011100110.

We are now having O for the first bit and the next 10 bits indicate two positions, i = 0, j = 13. We denote
X = (@)12+[12] = 010010011011.
We now eliminate the first 11 bits and put x in the ith position and obtain
w = 010010011011 0010010011011100110.

Since @ € 231 we are done. 0

V. ALGORITHM FOR k = alog(n) WITH1 <a <2

In this section, we consider the case of k = alog(n) where 1 < a < 2. Similarly to Section [V] our coding scheme consists
of two basic procedures: elimination and expansion. For the elimination phase, we compress an input sequence into an output
sequence of length at most n. At every step of the compression, we remove identical windows so that at the end of this step,
the output sequence does not contain any identical windows. For the elimination phase, we rely on an encoding procedure
which is very similar to [20]. The process ensures that the sequence output from our encoder does not contain any all-zeros
substrings of length greater than 2loglog(n). Throughout this section we assume for simplicity that log(n) and loglog(n)
are integers. Taking |log(n)|, [loglog(n)| will not affect the results.

The expansion phase is the primary difference between the approach outlined here and [20]]. The idea behind the expansion
phase is to concatenate a zero-constrained De-Bruijn sequence, which we refer to as v € Z*, with our compressed sequence,
and then insert within v, all-zeros markers of length 4loglog(rn). These markers will be used to distinguish (or to make
different) the length-k windows between v and the compressed sequence. We will explain these ideas in more detail in what
follows.

For m € N, let S;;(n) denote the set of all sequences of length n which are (21loglog(m))-zero constrained, i.e.,

S (n) = {u exr gl g gy = 0}.

Note that Sy, = |, Sm(n) is the (0,21loglog(m))-RLL constrained system. It is well known (see, for example, [30]) that
limy;,— o0 cap(Sy) = 1. Moreover, the function log |S;, ()] is subadditive in n which implies, by Fekete’s lemma, that the capac-

ity of Sy, is obtained by inf,en % log Sy (n)|. Therefore, there exists a large enough n such that ’52 loglog(n) (10g (1) +1)| = n

(choose 2 such that cap(Sy 1o¢ 10g(n)) 18 Close to 1). Let f : [n] — 310g(")+1 be g bijection from [1] to S, loglog(n) (10g (1) + 1),
i.e., the image of f lies in the set of all (21loglog(n))-zero-constrained sequences.

The elimination encoder &,;, described in Algorithm [2] below, takes as input a sequence w € yn—(4loglog(n)+3) - ywhere
w is (2loglog|w]|)-zero-constrained. The output of &, is a sequence W of length at most n — (4loglog(n) + 3) that is
(2loglog |w|)-zero-constrained and does not contain any repeated windows of length k' = log(n) + 21loglog(n) + 5.



Algorithm 2 Elimination Encoder, &,
1 Setw =w
2: while there are identical length-k’ windows in @ do
3: Suppose (i, ) is a primal k’-identical window in @
4: Remove the substring of length k’ starting at position j and replace it with the sequence (1, 02loglog(n) 1, f(i),1), so
that

W =Wj; 0 (1,02198108(0, 1, £(i),1) 0440 i g1, -1}

5: end while
6: Return w

Note that since at Step 4 we replace substrings of length k" with substrings of length k' — 1 = log(n) + 2loglog(n) + 4, so
that each time Step 4 is executed, the length of W is decremented by one. We have the following result, which follows from

[20].
Lemma 17. (c.f., Claim10, [20]) The sequence W has no repeated k’-windows and W can be recovered from w.

In the following, let kK = log(n) + 21loglog(n) + 5. For simplicity of calculations, we assume that k’ is a prime number,
and we later show that we can relax this assumption since the result may be generalized to non prime numbers using similar
techniques. For our construction, we require the use of Lyndon words and necklaces. For a word w, we say that w is a Lyndon
word if w is (strictly) smaller (with respect to the lexicographic order) than all of its rotations. A necklace of length k is an
equivalence class of sequences of length k. Two sequences w, u are equivalent (or, in the same necklace) if and only if they
are equivalent under rotation, i.e., there exists ¢ such that (wo, w1, ..., wx_1) = (Ug, Upy1, ..., Ug_1,Ug, ..., Ug_1). The next
lemma follows from a well-known result on generating De-Bruijn sequences from Lyndon words [31]], [32].

Lemma 18. The lexicographic concatenation of Lyndon words of length k which are greater (with respect to the lexicographic
order) than or equal to the string
((02 loglog(n)—1 1)k’)

(¥]
generates a sequence of length greater than n which does not contain any repeated windows of length k" and also is (4 log log(n))-
zero-constrained.

Before proving the previous lemma, we provide an example, which illustrates the idea behind the construction.
Example 19. Suppose k' = 5. Then the Lyndon words of length k" are:
(0,0,0,0,0),(0,0,0,0,1),(0,0,0,1,1),(0,0,1,0,1),
(0,0,1,1,1),(0,1,0,1,1),(0,1,1,1,1),(1,1,1,1,1).

Concatenating these words together produces the De-Bruijn sequence
(0,0,0,0,0,1,0,0,0,1,1,0,0,1,0,1,0,0,1,1,1,0,1,0,1,1,0,1,1,1,1, 1)

of length 32. The key property to notice here is that the length of the runs of zeros is smaller towards the end of the sequence than
at the beginning. For example, the longest run of zeros (of length 5) appears in the first position and the last 8 bits of the sequence
contains only a single zero. |

We now turn to the proof of Lemma [18]
Proof: It was established that the lexicographic concatenation of Lyndon words generates a De-Bruijn sequence [31]], [32],
and so it follows that our approach does not have any repeated windows of length k’. Let w be the string which results by

concatenating Lyndon words greater than or equal to ((02 loglog(n)—1 1)k’) ] as stated in the lemma. We now show w is
(4loglog(n))-zero-constrained, which implies the statement in the lemma.

First, we recall a simple procedure from [33] which generates all Lyndon words of length k’. Let -y : {0,1}¥ — {0,1}* be
such that given x € ¥, q(x) = v = (Yo, Y2, ..., Yw—_1) Where y = ((x[j] o 1)N)[k’] where j is the largest index such that

x{j,j+1,...,(k’*l)} = (011 v 1) Let
(0,0,...,0),7(0,0,...,0),7v(v(0,0,...,0)),...

be a sequence of sequences, and let V' denote the result of removing non-necklaces from this sequence. It is known that V
is a lexicographic (increasing) sequence of necklaces [33]]. The string w (mentioned two paragraphs above) is the result of
concatenating the sequences (in order) from V.

We show that if any x € V' is (21loglog(n))-zero-constrained, then the longest run of zeros in y(x) is 2loglog(n) — 1, which
implies that w does not have any runs of length 4 loglog(). Assume in the contrary that it does not hold, so that y(x) contains
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an all-zero substring of length 2loglog(n). Let j be the largest index that X(j 41, (K1)} = (011...1) . Then according to
the procedure from the previous paragraph, the all-zero substring of length 2loglog(n) occurs after index j in y(x), since
xpj] = v(x)[;] and 7y(x); = 1. However, this is also not possible since 7 (x) [ comprises of repeated concatenations of x[; o1,
and so we arrive at a contradiction to the assumption that x does not contain the all-zeros substring of length 2loglog(n).
We have left to show that |w| > n. To see this, note that since k’ is a prime, we can bound the length of the |w]| as follows.

a K ,
|w| (2) (2 o 2 _ ok 210g10g(n)> K
o) ( n-(log(m)?-2° =2 n(log(n)? -25> »
log(n) + 2loglog(n) + 5 (log(n))?
=n2° ((log(n))2 —log(n) —2loglog(n) — 5) -2

= n,

. K _ .
where (a) follows since there are exactly 2 % 2 necklaces of length k’ and there are at most 2K =2loglog(n) \ords which are

smaller than ((02 loglog(n)—1 4 1)k’) o (b) follows by plugging in the value of k' and the last inequality holds for large

enough 7. |

Remark 20. Note that the assumption that k' is prime affects only the calculation of Jw| For a non prime k', the calculation of

k
|w| is more involved (the expression for the number of necklaces is % Zd| o M(d)2'@ where p is the mébius function and the
summation is over all divisors of k” ). This results in the desired inequality for larger values of n.

Let ¢’ be the string of length at least # generated from Lemma [I8] Let v be the result of inserting the all-zeros substring
of length 4 loglog(n) periodically into v’ as follows:

0 = (ofy 1019818001 of, 1 104108108001 ey )

-(k’71)+[k’])‘
We have the following lemma.

Lemma 21. Let
D= (w’ 1[ 0410g10g(l’l)+1[ 1’ U)
1]
be the substring of length n which results by concatenating W and v. Then @ does not contain any repeated windows of length
k =log(n) + 10loglog(n) + 10 = k’ + 8loglog(n) + 5.

Proof: Suppose, on the contrary, that there is a repeated k-window at (i, j). The proof is done on a case-by-case basis and
we show that for all options of j >, @; | i # Wiy [x-
If [@| +4loglog(n) +2—k < i < [w[+1 or [w[+4loglog(n) +2—k < j < [@[ + 1, then ;) # D[4 since the
all-zeros substring of length 4loglog(n) + 1 appears only once in .
If j < @] 4+ 4loglog(n) + 3 — k, then the result follows immediately from Lemma [[7]
If i > |w| + 1, then we know that both @; +[x] and W; ;) each contain the substring (1, 04loglog(n), 1). Suppose for now

that there is only one occurrence of (1,0%1°8108(1) 1) in ;.. From (B), we know we can write:

If |@(2)| > 4loglog(n) + 3, then from (3), we can recover a substring of o’ of length k — 4loglog (1) —2 by deleting the
substring (1,0* 1°g1°g(”%,1) from @; , ). Otherwise if |02 =t < 4loglog(n) + 3, then we can recover a substring of v’/
of length k — 4loglog(n) — 2 — (4loglog(n) + 3 — t) = k' + t by first deleting the substring (1,041°81°8(") 1) from i k]
followed by deleting the first 4loglog(n) + 3 —t bits of the resulting string. The only case left to consider is where @; K]
contains two occurrences of the substring (1,04°81°8(") 1), Suppose the first occurrence of the substring (1,0*108108(7) 1)
appears in position ¢ where it is clear from () that £ € {0,1}. If £ = 1, then we remove the first 4loglog(n) + 3 bits from
®(2) followed by the last 4loglog(n) + 2 bits. Otherwise, if £ = 0 we remove the first 4loglog(n) + 2 bits from @(?)
followed by the last 4loglog(n) + 3 bits to obtain a substring of v’ of length k" from @; K-

From the previous paragraph, we know we can recover distinct substrings of length at least kK’ from v’ in @; K] and ZiJ]- K]
provided i > |@| + 1. Since these substrings are unique from Lemma [I8] it follows that @; K 7 Wik

We have left to consider the case where j > |w| + 1 and i < |[w| + 4loglog(n) + 2 — k. In this case, there are three
possibilities for @; , 1: a) W; [x) ends with the substring 0tloglog(m)+1 ) 7, +[x] ends with the substring 04loglog(n) or ¢)
W; 4 [x) does not contain the substring 0*loglog() 1f a) holds, then clearly Wiy [k] # Wj4[x]> since by assumption j > [W] + 1
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and 04108108(")+1 only appears once in @. If b) holds, then from (@), Wj 4 [x] contains two occurrences 0%loglog(n) and K]

onlyAhas One OCCUrrence So that Ziil- K] ;é w; +[K]- Finally, if c) holds, then @; ;) does not contain the substring 4loglog(n)
but @; , ;) does and so Wiy [k] # Wj4[x) in this case as well. . . . [ ]
We now present our main result, which follows from the previous discussion.

Theorem 22. There exists a rate-1 polynomial-time encoder which generates sequences with no-identical k-windows for any
k > alog(n) wherea > 1.

Proof: The fact that our algorithm has polynomial-time encode complexity follows from the observation that &,; runs in
polynomial time along with the fact that generating a lexicographic ordering of Lyndon words can be accomplished in time
at most O(Zkl) which is polynomial in 7. Suppose @ = (@, 1,0418108(M+1 1 3), is a codeword from Lemma 211 Then to
recover w from @, we simply remove the suffix (1, 0*log 1°g(”)+1, 1,v) from @, which is the first suffix of @ that begins with
the substring (1,0408108(")+1 1) (o recover @. The result then follows immediately from Lemmal[I7]since w can be recovered
from w.

Next, we verify the statement on the rate. From Claim 7 in [20], we have that there are at least

Ln7(4l?glog(n)+3)J
CNTENC R
4 (log(n))? '
possible input sequences for Algorithm 2 since we can divide up the input sequence of length n — (4loglog(n) + 3) into
blocks of length log(n) that begin and end with the symbol 1, and then constrain each block to have runs of zeros of length
at most 2loglog(n) — 1. Then,

ln7(4log log(1)+43) J
log(n)

1 n log(n) -
A log (z(lm) =1

which completes the proof. [ ]

VI. k-REPEAT FREE SEQUENCES WITH COMBINATORIAL CONSTRAINTS

In this section we study the combination of k-repeat free sequences and combinatorial constraints. As mentioned previously,
the number of De-Bruijn sequences of span k can be calculated using several combinatorial methods such as the doubling
process, the BEST theorem, and using shift registers. Unfortunately, calculating the exact number of De-Bruijn sequences
which also satisfy other constraints is not an easy problem [34]. Here, we calculate the capacity of k-repeat free systems with
local constraints. For convenience, throughout this section we restrict 2 to the binary alphabet but the same method can be
used for larger alphabets.

Before stating the main result of this section, we remind the reader some known definitions and basic results on constrained
systems. We follow the lines of [30]. Let G = (V,E,L) be a labeled (directed) graph where V is the set of vertices, E is
the set of edges and L : E — X is a labeling of the edges. We say that a graph G is deterministic if from every vertex, the
outgoing edges have different labels. For each graph G, we denote by Ag the adjacency matrix of G. The adjacency matrix
is a |[V| x |V| matrix such that the u, v entry of Ag is the number of edges which start at the vertex u and end at v.

A constrained system S < XN is the set of all words obtained by reading the labels of paths in a labeled directed graph. If
S is obtained by a graph G, we say that G presents the system S (or G is a presentation of S). A constrained system which is
presented by a graph G is said to be irreducible if G is strongly connected. For a system S, we denote by 3, (S) the set of all
length-n blocks that appear in words in S. The language of S is denoted by B(S) = |J,,epy Br(S). It is well known that every
constrained system can be presented by a deterministic graph [30, Prop. 2.2]. Therefore, we will assume that all presentations
are deterministic. The capacity of a constrained system S is defined as cap(S) = limsup,,_, %log2 |B,,(S)|. The adjacency
matrix is highly related to the capacity of the system. If S is irreducible, the Perron-Frobenius theorem states that Ag has a
largest, real, simple eigenvalue A, with strictly positive left and right eigenvectors. If S is irreducible, it is well known that
cap(S) = log, A Th. 3.4].

In this section we are interested in constrained systems which are also repeat free. In other words, if S is a constrained
system, we are interested in the following set of words.

Definition 23. Let S be an irreducible deterministic constrained system with language B(S) and let Wy.(n) denote the k-repeat
free sequences. The (S, k)-repeat free system with is defined by the following sets,

Xgp(n) ={weX" : weWi(n)n Bu(S)}.
We define the system X = | ,epy Xs k(7).

We are interested in the capacity of the system cap(Xsy), where k = k(1) grows with 7. In order to estimate this capacity
we need the following useful characterization of the capacity of a constrained system given by Markov chains. For a graph
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G = (V, E), a Markov chain is given by a transition probability matrix P € [0,1]!V1*IV| such that P- 1 = 1, where 1 is the all
ones vector. For an edge e € E, we denote by el the starting vertex of e and by e the terminal vertex, i.e., if e = (1,0) € E
then e’ =  and ¢! = v. Thus, from a vertex u, the (u,v) entry of P corresponds to the transition probability from vertex u to
vertex v. If for every u, v € V there exists n € IN such that (P"),, > 0 then we say that P is irreducible. For an irreducible
Markov chain P, there is a unique positive stationary vector yT such that yTP = yT. For a Markov chain P on a graph
G = (V,E) with stationary distribution y, the entropy of the Markov chain is defined as

H(P) = - Z Hu Z Pu,v10g2 Py .
ueV  (u,v)eE
We may now state the known relation between the capacity and Markov chains [30, Th. 3.23].
Theorem 24. [30, Th. 3.23] Let S be an irreducible constrained system presented by G with Perron eigenvalue A. Then

sup H(P) = log, A = cap(S),
P

where the supremum is taken over all Markov chains on G.

In order to use Theorem 24} we need to find the entries of P that maximize the entropy. Note that although in Theorem 24]
we take supremum over all Markov chains, the set on which we take the supremum is a compact set, which means that the
supremum is in fact a maximum. Moreover, a closer look on the proof of Theorem 24] (as in [30, Th. 3.23]), reveals exactly the
maximizing transition probabilities and the corresponding stationary vector. Indeed, let Ag be the adjacency matrix of G and
denote by 17T,1/ the normalized left and right eigenvectors of the Perron eigenvalue A such that 17T1/ = 1. Then, the Markov
chain which maximizes the entropy is given by

and the corresponding stationary vector is given by yy, = 175 vy,. This means that all the edges from u to v are prescribed with

the same probability which is @ . A)"” In the next lemma we show that in a constrained system, the probability of two k-tuples

to be identical is upper bounded by a constant times A~ k,

Lemma 25. Let S be an irreducible constrained system presented by G = (V, E) with an entropy maximizing Markov chain P.
Let x € XN be a sequence obtained by reading the labels of a path evolving according to P with the initial state chosen according
to the stationary distribution yt = (171, )ey. Then for everyi e IN and k € N,

V|d?
Pr (JC[k] =xi+[k]) < /\k s

where d = max,, ueV and A is the Perron eigenvalue of the adjacency matrix Ag.

Proof: Recall that a path 7y is a sequence of edges v = (e, . .., ex_1) such that for every i € [k — 1], ef = ehLl First we
note that the probability of a specific path over the graph depends only on the start vertex, end vertex, and the length of the
path. Indeed,

Puo  Pau Py
Pr((eg, - .-, ex—1)) = tyb 0% 4 §—1C%—1 ©)
A A A
0( G) ( G)bt ( G)eklek1
Ve ‘”’ Yo @ V1
‘u%/\vf )u/t ’ /\yef = et U, Ak
k—1 k—1
where (a) f0110WS since ef = e? ;. Since the system is irreducible, 1, v, are all positive. If we denote by d the value

d = maxy, ueV >1 we obtam

d
Pr((eg, ..., ex_1)) < ‘Z/legﬁ.

For a sequence of edges v = (eq,...,ex_1) we denote L(y) = L(eg)L(e1)---L(ex_1) and denote by 7 the vertex e(b). We
denote by T the set of all paths and for i € N we denote by I the set of all paths of length i. Note that for a specific w € Xk,

Pr(m(x) = w) = Z Lo(L(7)) P Z Lo (L(7)) P )‘jk

yel yel
Since the graph is deterministic, if v = (eg,...,ex_1) is a path with L(y) = w then it is the only path with this labeling
which starts at the vertex eg. Thus,

d d
PI'(X[k] = ZU) < Z ﬂvﬂ < F

veV
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Since y is the stationary probability vector, it is shift invariant, i.e., for w € Yk andie N

Pr(xiJr[k] = w) = PI‘(X[k] = w)

Assume i € IN and write

Pr (x[k] = Xit[k ) Z Ly (g x)) Pr(x[py) = w) 7
wexitk
d d
S A 2 Ty (i) < wx [BiS)l
wexitk

We now need to estimate the value |3;(S)|. Note that |B;(S)| < |T/|. Since #”,v are left and right eigenvectors of Ag,

respectively, for i € IN we may write ' ‘ '
2 Z (AG)upvo =1- Ag v = Av]s.

ueVveV

Since ||[v||; < |V|maxyey {vy} and since Vv € V, v, = mingey {v,} we obtain

17 AL 1= Y (AL)uo < [VIdAL

ueVoeV

Since || = lAicl, plugging it in [@) concludes the proof. [ ]
We now state and prove the main result of this section.

Theorem 26. Let S be an irreducible constrained system presented by the graph G with Perron eigenvalue A. For every n € IN let
k = |alog,(n)] witha > 1. Then
cap(Xs ) = cap(S).
Proof: We again use probability to calculate the capacity. First, let IP(-) denote the uniform probability over the length-n
sequences and note that lXS'Z’;(n)l = P(Xs(n)). Thus, cap(Xsy) = 1+ limsup,_, % log, P(Xs k(n)).

First note that Xs(n) < B,,(S) which means that cap(&Xs (1)) < cap(S). So we only need to show that cap(Xs (1)) =
cap(S). Assume that S is presented by a graph G = (V, E, L) with Perron eigenvalue A and an entropy maximizing transition
probability P with left Perron eigenvector 17T and right Perron eigenvector v normalized such that 17T -v = 1. Every sequence
obtained according to P belongs to 3(S). Denote by y the stationary distribution of P. Let v = (eg,e1,...) be a path on G
evolving according to P with initial vertex chosen according to u. Denote by w the sequence obtained by reading the labels
of the path v, i.e., w = L(-y). For ¢ > 0, define the random variable

Xy = Z lew [)-

j=(=1)k+1 =0

Taking expectation we obtain

E[X,] =E Z Zﬂw o @is )

j=(— 1k+110

@ & LIVI2 VIR (L + 1)K
< Z Z Ak < Ak 4

j=(l—1)k+1 =0

where (a) follows since g{ is stationary, P is shift invariant and by Lemma Thus, by the Markov inequality we obtain
2
Pr(X,>1) < W Plugging in this result yields

Yx 2 1.2
PrWe(n) = [ | (1 - M) .

k
(=0 A

|V |d20K?
Ak

For n large enough, (1 - ) is positive for every £. This holds since |V|d? is a constant, k = O(log(n)), £ is upper

bounded by (% + 1) and A = n? where a > 1. Taking logarithm and exponent we obtain

"k |V]d2ek?
! (1——>
Pr(Wy(n)) = A~ 20 0F )
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For every x € (0,1), log, (1 —x) > —m and thus

Z’f/k |V|d2ek2 (2 41) |V|d?nk
Pr(Wk(n)) > ATE0 k- vii2a) iy > ) K ()\kf\V\dznk)]n)\,

where the last inequality follows by taking the largest argument in the sum "/; + 1 times. Substituting k = |alog, (n)] and
writing a = 1 4+ € we obtain
|V|d?log, A
(n€ — |V|d?2alog, n)In A
|V|d?alog, nlog, A
n(n€ — |V|d2alog, n)In A’

" log, Pr (Wy(n) > -

Taking n — o0 we obtain
limsup — log2 Pr(Wk(n)) = 0. (3)
n—00

Next, let IP denote the uniform distribution over X". Note that in order to use the probability argument in order to estimate
[Wk(n)|, we need to use the uniform distribution (indeed, |X5,k(n)| = [X|" - P(Xs x(n)) since IP is the uniform distribution).
We have

- log2 |Xsi(n)| =14 = log2 (Xsx(n)).

Now note that the probability denoted by Pr(~) in () is not the unlform distribution but a distribution obtained by the Markov
chain P with stationary initial distribution y. To finish the proof we need to show that for n large enough, Pr(-) is almost
uniform on the set B,,(S). By the definition of X (1) we have that IP (X5 x(n)) = P (B,(S)) P (W(n) | Bu(S)). Hence,
we obtain

1 1 1
- log, | Xs k()| =1+ ElogZ]P (Bn(S)) + - log, P Wk (n) | Bu(S)) -
Note that
cap(S) =log, A =1 +hmsup log2 (Bn(S)) .

n—0o0

Therefore, we have

lim sup 1 log, | Xs x(n)| = log, A )
n—oo N

+hmsup log2 Wx(n) | Bau(S)).

n—0o0

We claim now that

lim sup 1 log2 Wk(n) | By(S)) = limsup % log, Pr W(n)) . (10)

n—0o0 n—0o0

Showing this will finish the proof since plugging (IQ) to @), together with (8) yields

cap(Xs ) = log, A = cap(B(S)).
Note that (IQ) follows directly from Lemma 23] Indeed,

V|d?
POV = Y Pr(fw)) < [Whin) 0 B(8)] 1A
weWy(n)
On the other hand, denoting d’ = min,, ey x—z we obtain from (&) that
. d
Pr(Wi(n)) = [Wi(n) 0 B (S)| min iy <.
veV A
Thus,
lim sup — log2 Pr Wi(n)) = hmsup log2 [Wi(n) 0 Bu(S)| —log, A. (11)
n—o0 n—00
Since IP is the uniform probability, we have that P (W (n) | B,(S)) W which means that
hmsup log2 Wx(n) | By(S)) = hmsup log2 (Wi (n) n By(S)| — log, A. (12)

n—0o0
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Combining (1) with (I2) we obtain the wanted equality which concludes the proof. [ |

Example 27. In this example we consider the (inverted) (0,1)-RLL constrained k-repeat free sequences (the constrained system
is denoted by S). Hence, we are interested in sequences for which every k-tuple appears at most once and also there are no
consecutive ones. We define accordingly the set

Xg(n) = {w ex" : fra(11) =0andw Wk(n)} .

We start by considering the adjacency matrix of the (0, 1)-RLL system which is given by

11
ac=1 of
. . _ l+\/5 . . _ 1 _ 1 A
The Perron eigenvalue is A = =5 and the corresponding eigenvectors are 1] = oS [/\ 1] V= [1] (note that
A% = A + 1). The transition probabilities that maximize the entropy are given by
Lok
P=|r A,
HE
with stationary distribution y = [% %ﬂ] By Lemma 23] we obtain that for every word w € S of length n, Pr(w) < 2)%,12 B
Theorem 24 the capacity cap(Xs k(1)) = log,(A) whenk = |alog), (n)| witha > 1. O

VII. MULTIDIMENSIONAL k-REPEAT FREE PATTERNS

In this section we generalize the capacity results of Section [[I] to the multidimensional case. First, we generalize the relevant
notations. Let IN? be the d-dimensional grid. For a vector v = (vy, . ..,v4_1) € N9, we define [v] = [0vg] x [01] X - - - X [v4_1].
We also use e; the unit vector of direction i. For n € IN, we denote by [n]d the d-dimensional cube of length n, i.e.,
[n]? = ®?;01 [n]. Let w € 21 and let v € [1n]?, we denote by w, the symbol located in the v location. We also denote by
4 = en 1" the set of all d-dimensional finite cubes.

We now define the d-dimensional capacity and the empirical frequency.

Definition 28. Let £ < X*? be a system. The capacity of L is denoted by cap(L) and is defined as
g € [}
cap(£) = lim sup — logy L~ XU
n—oo N

d

d . ..
For a pattern w € »[1° and for a set of coordinates A [n]%, we denote by w4 the restriction of w to the set A. We also

denote by |w| the side-length 1 of w.

Definition 29. Let w € X" and k < n. The empirical frequency of k-patterns in w is denoted by frfu and is defined as follows.
For a k-pattern u € Z[k]d,

1
Bhs— T b (ugy).
(n—k+1) ve[n—k+1]4 ( )

For the measure fr* | the support of frk, Supp(frlgu), is the set of all k-patterns that appear in w.

Example 30. Let X be the binary alphabet and let
0

w1 =

_ O O -
_ = O
_ o oo

S

N

Il
=R
_ O O -
_ O Rk O
__ OO

1
1
1

Letk = 2 and let

-2

Note that fr%,1 is the empirical frequency of 2 x 2 matrices in wy. We have that
S ko 0 1f (1 1| (1 Of (1 Of (O O
UPPHwr =911 0]7{o of’|o o]’[1 o]’ [0 1)’
0 0| (1 0] |0 1
1 0”1 1({"(1 1§ ("
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Also, frfl,1 (u) = 0 and fl‘lz(uz(”) = %' -

A d-dimensional De-Bruijn system over the alphabet ¥ with |X| = g is denoted by B,‘; and is defined as the set of all
De-Bruijn patterns (over X) of span [k]d for all k € IN. In a notational form, a d-dimensional De-Bruijn system is the set

d_ wd . K ek oy 1

Bq—{wez .HkE]NS.t.VMEZ[],frw(u)—m}.

In a similar fashion, we define the d-dimensional k-repeat free patterns.

Definition 31. A pattern w € 21" is said to be length-n k-repeat free if every [k]d—tuple appears at most once. The set of length
n-length k-repeat free patterns is denoted by

1
Wi (n) = wezM . VueZ[k]d, frf (u) < 7}
o = { ) < o
1
Note that ng(|2|k +k —1) is exactly the set of all De-Bruijn sequences of span k. Moreover, if k < (d log|2| (n—k+ 1)) e

Y
then it holds that ng(l’l) = (J. Therefore, we are interested in studying the size of the set W,‘Z (n) where k > (d logs, (n—k+ 1)) a
Consider the uniform distribution over all d-dimensional patterns of length 7, then

WEm)| = =" e (W) .

1
/
For a > 1, we define the d-dimensional k-repeat free system as W9 = Unen Wf(n), where k = {a ((Zd -1) logy, n) dJ.
The capacity, in this case, is given by
1
capW?) =1 +limsupﬁlog‘Z‘Pr(W,‘j(n)). (13)
n—0o0
Our main result in this section is stated in the following theorem, which is a generalization of Theorem ]l for the d-dimensional
case.

Theorem 32. Let . be a finite alphabet of size q then for alla > 1, cap(W9) = 1.

Proof: Let w € YN be a random word in which each coordinate is chosen uniformly and independently over X. Let
nelNand k =a logq n (we assume for simplicity that a logq n is an integer). For a number 1 < ¢ € IN we denote by Fy, the
d-dimensional cube of length k/,

j {v eN? : [0 <kl — 1}.
We denote by 0F, the following set of coordinates

OFke = Fro1\Fr(r—1)41-
We will use the set 0F,_1). One may think of dFy,_qy as k-thick boundary which is defined as a union of boundaries

OF o1y = Ule Fk(@—2)+1+j\Pk(Z—2)+j)- Assume also that the set 0F;,_1) is ordered according to the lexicographic order

and that every summation is in accordance with that order. For a coordinate v € 0Fk(£71)’ we denote by [v] the set

OF(0—1)
[v]apk(zil) = {u € 0Fk(g71) cu< v} where 1 < v is with respect to the lexicographic order on 0Fk(571). Define the random

variable
XZ - 2 2 ﬂwar[k]d (wu+[k]d)'

‘()Gapk(gfl) ue[(ZfZ)qul]du [‘U] ‘7Fk(£71)

Note that since 0F,_1y is a k-thick boundary,

|0Fe—1y| = (= D) — (¢ —2)k)* < dk? (¢ - 1)

Moreover, we have that

< (Y,

[ =2k + 11" U [o]an,,

and for every o, u,

1
E [ﬂwvﬂk]d (w”+[k]d)] T
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Thus
dkdfdfl(fk)d dk2d£2d71
. . . . di2d p2d—1 . . .
Applying Markov inequality we obtain Pr(X, > 1) < “—a— Wwhich implies that
q
dic2d p2d—1
Following similar steps as in the proof of Theorem[§] we obtain
"kl 2d p2d—1
dk=*¢
Pr(w,) € Wa) > ]‘[ g

This, in turn, 1mp11es that
d—
(% 1) L

Pr(w[n] eW,) = q (qkdfdknzdfl)lnm
Taking k = a,¢/(2d — 1)logq n with a = 1+ €, € > 0 implies that cap (Wg) — 1 as n — 0. Note that if d is large enough
so that (1 + €)% = 2d — 1, it is enough to take k = alogq n with a > 1 and obtain cap (Wg) —1asn— . [ |

VIII. CONCLUSION

In this paper we consider k-repeat free sequences over a general alphabet, which generalize the well-known De-Buijn
sequences. We calculate the capacity of the sequences for k which is a function of the sequence’s length. We also study the
capacity of k-repeat free sequences with local constraints, imposed by a given irreducible constrained system, and the capacity
of d-dimensional k-repeat free patterns. For the binary case, we also provide an efficient encoding and decoding scheme that
achieves the capacity.

As a future work, it will be interesting to find an efficient encoding and decoding scheme for k-repeat free sequences with
local constraints. We believe that it is possible to modify our coding technique and to adjust it to this case. It is also interesting
to find an efficient coding algorithm for the d-dimensional k-repeat free patterns.
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