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Binary black hole spins are among the key observables for gravitational wave astronomy. Among the spin
parameters, their orientationswithin the orbital plane,ϕ1,ϕ2 andΔϕ ¼ ϕ1 − ϕ2, are critical for understanding
the prevalence of the spin-orbit resonances and merger recoils in binary black holes. Unfortunately, these
angles are particularly hard to measure using current detectors, LIGO and Virgo. Because the spin directions
are not constant for precessing binaries, the traditional approach is to measure the spin components at some
reference stage in the waveform evolution, typically the point at which the frequency of the detected signal
reaches 20 Hz. However, we find that this is a poor choice for the orbital-plane spin angle measurements.
Instead, we proposemeasuring the spins at a fixed dimensionless time or frequency near themerger. This leads
to significantly improved measurements for ϕ1 and ϕ2 for several gravitational wave events. Furthermore,
using numerical relativity injections, we demonstrate thatΔϕwill also be better measured near the merger for
louder signals expected in the future. Finally, we show that numerical relativity surrogate models are key for
reliably measuring the orbital-plane spin orientations, even at moderate signal-to-noise ratios like ∼30–45.

DOI: 10.1103/PhysRevD.105.024045

I. INTRODUCTION

Binary black hole (BH) spins leave characteristic imprints
on the gravitational-wave (GW) signals observed by LIGO
[1] and Virgo [2]. Measuring the spin parameters (illustrated
in Fig. 1) from these signals will allow us to identify which
astrophysical processes play a role in the binary evolution.
For example, if the spins are tilted with respect to the orbital
angular momentum, spin-orbit and spin-spin coupling cause
both the spins and the orbital plane to precess [3,4]. On the
other hand, the orbital-plane spin orientations, ϕ1, ϕ2 and
Δϕ ¼ ϕ1 − ϕ2, can be used to identify spin-orbit resonances
[5] and infer merger kick velocities [6].
Unfortunately, measuring the individual spin degrees of

freedom from GW events is challenging at current detector
sensitivities. This is particularly true for theorbital-plane spin
angles ϕ1, ϕ2 andΔϕ [10–12] (although see Refs. [13–15]).

For instance, these measurements are typically not shown in
LIGO-Virgo Collaboration (LVC) publications (e.g.,
Ref. [16]) as they are very poorly constrained. In this paper,
we show that this can be significantly improved by a simple
change in the reference point atwhich the spins aremeasured.
Because the spin directions are not constant for precessing

binaries, spin measurements are inherently tied to a specific
moment in the binary’s evolution. In practice, the spins are
measured by varying the spin parameters of a GWmodel at a
given reference point in the inspiral and matching the
predicted signal to the observed data (cf. Sec. II). The
traditional approach is to measure the spins at the point
where the frequency of the GW signal at the detector reaches
a prespecified reference value, typically fref ¼ 20 Hz [16].
This is mainly motivated by the fact that the sensitivity band
of current detectors begins near this value [1,2].
We propose a different approach: instead of measuring

the spins at a given signal frequency, we can measure them
at a reference point near the merger. This can be achieved
for all binaries by measuring spins at either (i) the point
where the GW frequency reaches a fixed dimensionless
frequency, Mfref ¼ MfISCO ¼ 6−3=2=π, or (ii) a fixed
dimensionless time, tref=M ¼ −100 before the GW ampli-
tude reaches its peak, as defined in Eq. (5) of Ref. [8].
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Throughout this paper, we use geometric units with
G ¼ c ¼ 1, and masses refer to the redshifted, detector-
frame values. Also, here M ¼ m1 þm2 is the total mass of
the binary with component masses m1 ≥ m2, and ISCO
stands for the Schwarzschild innermost stable circular orbit
[17]. Although the ISCO is only well-defined in the point-
particle limit, we follow previous literature (e.g., Ref. [18])
in defining the binary’s ISCO frequency to be that of an
isolated Schwarzschild BH with mass equal to the total
binary massM. This reference point typically occurs within
∼1–4 GW cycles before the peak amplitude. Similarly, the
reference point of tref=M ¼ −100 typically falls within
∼2–4 GW cycles before the peak amplitude. Therefore,
independent of the binary parameters, both of these choices
allow us to measure the spins near the merger.
Because the spins evolve deterministically, all choices of

reference point lead to the same waveform prediction if
correctly specified (i.e., the GW model is also evaluated
using spins evolved to that reference point). Nevertheless,
not all reference points are equivalent for spin measure-
ments in practice. There are two considerations to take into
account when choosing a reference point: (1) if the
reference point falls well outside the sensitive window of
the detector, parameter inference can become inefficient
[19]; additionally, (2) the waveform itself can be more
(less) sensitive to variations in the spin parameters at some
reference point, leading to more (less) precise constraints
on the spins at those reference points. In particular, the key
finding of this paper is that choosing a reference point near
the merger leads to improved constraints on the orbital-
plane spin angles. We show that this is due to the waveform
being more sensitive to parameter space variations in these
angles near the merger (cf. Sec. III B).
While the traditional choice of fref ¼ 20 Hz accounts for

consideration (1) above, it is not optimal when it comes to

consideration (2)—we find that this makes it a poor choice
for measuring the orbital-plane spin angles. On the other
hand, the reference points that we propose, tref=M ¼ −100
and Mfref ¼ 6−3=2=π, satisfy both criteria, and so they
provide improved spin measurements. Furthermore, since
binary BHs observed by LIGO-Virgo are expected to
always merge within the instruments’ sensitivity band,
tref=M ¼ −100 and Mfref ¼ 6−3=2=π tend to fall within
the detector bandwidth and are just as straightforward to
interpret as spins measured at fref ¼ 20 Hz.
An executive summary of this paper is as follows. We

find that measuring spins near the merger (at eitherMfref ¼
6−3=2=π or tref=M ¼ −100) leads to a marked improvement
in the constraints of ϕ1 and ϕ2 (but not Δϕ) for several GW
signals in the latest GWTC-2 catalog of events [16,20–23]
released by the LVC. Furthermore, we use numerical
relativity (NR) injections to demonstrate that all three
angles, including Δϕ, will be better measured near the
merger for louder signals expected in the future. Finally, we
study how well different waveform models are able to
recover the orbital-plane spin angles from NR injections,
and show that NR surrogate models alone are accurate
enough to reliably measure these angles, even for moderate
signal-to-noise ratios (SNRs) like ∼30–45.
The improvement in the constraints obtained by meas-

uring the spins near merger does not reflect a gain of new
information about the source, but rather that the waveform
is more sensitive to variations in the orbital-plane spin
angles at this point. For instance, we find that evolving the
spins measured at fref ¼ 20 Hz to the reference point
tref=M ¼ −100 (Mfref ¼ 6−3=2=π) gives results consistent
with measuring the spins directly at tref=M ¼ −100
(Mfref ¼ 6−3=2=π). This also means that our method can
be applied entirely in post-processing. Even though no new
information is extracted from the data, our improved
constraints can have important implications, providing a
better representation of the measurement. For example, in a
companion paper [24], we use the GWTC-2 spin measure-
ments form this work to constrain the astrophysical distri-
butions of the orbital-plane spin angles at tref=M ¼ −100.
Some of the features found in Ref. [24], such as an
unexpected peak in the ϕ1 distribution, are only resolvable
when the spins are measured near the merger.
The rest of the paper is organized as follows. We describe

our parameter estimation setup in Sec. II. In Sec. III, we
discuss the orbital-plane spin angle measurements for
GWTC-2 events. In Sec. IV, we describe our NR injection
study for louder signals as well as comparison of different
waveform models. Finally, in Sec. V, we provide conclud-
ing remarks.

II. PARAMETER ESTIMATION SETUP

We obtain measurements of binary parameters from GW
signals using Bayes’ theorem (see Ref. [25] for a review):

FIG. 1. The binary BH spin parameters. The spins are repre-
sented by 3-vectors χ 1 and χ 2, with index 1 (2) denoting the
heavier (lighter) BH. It is convenient to parametrize the spins by
their dimensionless magnitudes χ1, χ2 ≤ 1, tilts θ1, θ2 w.r.t the
orbital angular momentum L [7], and orbital-plane spin angles
ϕ1, ϕ2 with respect to the line of separation l from the lighter to
the heavier BH. Finally, Δϕ ¼ ϕ1 − ϕ2.
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pðλjdÞ ∝ LðdjλÞπðλÞ; ð1Þ

where pðλjdÞ is the posterior probability distribution of the
binary parameters λ given the observed data d,LðdjλÞ is the
likelihood of the data given λ, and πðλÞ is the prior
probability distribution for λ. For quasicircular binary
BHs, the full set of binary parameters λ is 15 dimensional
[16], and includes the masses and spins of the component
BHs as well as extrinsic properties such as the distance and
sky location. Under the assumption of Gaussian detector
noise, the likelihood LðdjλÞ can be evaluated for any λ
using a gravitational waveform model and the observed
data stream d [25]. A stochastic sampling algorithm is then
used to draw posterior samples for λ from pðλjdÞ.
Our main results are obtained using the time-domain NR

surrogate waveform model NRSur7dq4 [8]. This model
accurately reproduces precessing NR simulations and is
currently the most accurate model in its regime of validity
[8]. NRSur7dq4 is trained on generically precessing NR
simulations with mass ratios q ≤ 4 and spin magnitudes χ1,
χ2 ≤ 0.8, but can be extrapolated to q ¼ 6 and χ1, χ2 ≤ 1
[8]. Wherever comparison with NR is possible in the
extrapolated region, NRSur7dq4 performs better than
alternate models [8,26].
We use the Parallel Bilby [27] parameter estima-

tion package with the dynesty [28] sampler. Following
Ref. [16], we choose a prior that is uniform in spin
magnitudes (with 0 ≤ χ1, χ2 ≤ 0.99) and component
masses, and isotropic in spin orientations, sky location
and binary orientation. Our distance prior is flat-in-comov-
ing-volume [16,29]. In addition, we place the following
constraints: 12 ≤ M ≤ 400, q ≤ 6, and 60 ≤ M ≤ 400,

whereM ¼ ðm1m2Þ3=5
ðm1þm2Þ1=5 is the chirp mass, and q ¼ m1=m2 ≥

1 is the mass ratio. These choices are motivated by the
regime of validity of NRSur7dq4.
In addition to predicting the waveform, NRSur7dq4

also predicts the spin and orbital dynamics by numerically
solving a set of ordinary differential equations (ODEs) [8].
The ODE integration can be initialized at any reference
point in the inspiral. The model then evolves the component
spins (and orbital dynamics) both forwards and backwards
in time, and uses the evolved spins for its internal fits.
During the inspiral, the ODE is informed by NR spins and

dynamics. However, once the two BHs merge, the indi-
vidual BH spins are no longer available in NR [30].
Therefore, starting at a time t=M ¼ −100 before the peak
amplitude, NRSur7dq4 switches to post-Newtonian-
inspired equations to evolve the individual BH spins past
the merger-ringdown stage [8,31]. Here, the choice of
t=M ¼ −100 is arbitrary, but once again, designed to be
near the merger. The spins extended past t=M ¼ −100 are
not meant to be physical, but rather a convenient parameter-
ization for the NRSur7dq4 internal fits in the merger-
ringdown [8]. For this reason, we choose to measure the
spins at tref=M ¼ −100, the closest point to the merger
where the spins are still guaranteed to be physical.
Besides tref=M ¼ −100, we measure the spins at

Mfref ¼ MfISCO ¼ 6−3=2=π and fref ¼ 20 Hz for compari-
son. Measuring the spins at Mfref ¼ 6−3=2=π also has the
same benefits as tref=M ¼ −100, but Mfref ¼ 6−3=2=π is
more convenient for frequency-domain models. While
NRSur7dq4 also allows this, we find that for some
GW events, the ISCO is reached at a time after
tref=M ¼ −100, which can result in unphysical spins.
Therefore, while we provide some results at Mfref ¼
6−3=2=π to demonstrate its efficacy, we will use spin
measurements at tref=M ¼ −100 for our main results.

III. ORBITAL-PLANE SPIN ANGLE
MEASUREMENTS

The GWTC-2 catalog [16,20] includes a total of 46
binary BH events. However, because NRSur7dq4 only
includes ∼20 orbits before merger, it can only be applied to
events with M ≳ 60 M⊙ [8] (for a detector start frequency
of 20 Hz). This reduces the set of events to 31; these are
listed in Table I. All results in this section are obtained
using NRSur7dq4 for these events, which we will refer to
as the “NRSur7dq4 events” for convenience. We provide
some results for all 46 events using the IMRPhenomTPHM
model [32] in the Appendix B.

A. Spin measurements for GW events

We first consider GW170818 [20], the event for which
we see the greatest improvement when the spins are
measured near the merger. Figure 2 shows the ϕ1, ϕ2

and Δϕ measurements for GW170818 at the three different

TABLE I. The 31 GW events for which we use the NRSur7dq4 model.

GW events with M ≳ 60 M⊙

GW150914 GW170729 GW170809 GW170818 GW170823
GW190413_052954 GW190413_134308 GW190421_213856 GW190424_180648 GW190503_185404
GW190513_205428 GW190514_065416 GW190517_055101 GW190519_153544 GW190521
GW190521_074359 GW190527_092055 GW190602_175927 GW190620_030421 GW190630_185205
GW190701_203306 GW190706_222641 GW190719_215514 GW190727_060333 GW190731_140936
GW190803_022701 GW190828_063405 GW190909_114149 GW190910_112807 GW190915_235702
GW190929_012149
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reference points, tref=M ¼ −100, Mfref ¼ 6−3=2=π and
fref ¼ 20 Hz. Here, for the joint 2D posteriors, we show
70% contours instead of the more commonly used 90% and
50% contours [16], as we find the 70% contours represent
the bulk of the probability mass while being more instruc-
tive to discuss the correlations below.
First considering the marginalized 1D distributions in

Fig. 2, we find that ϕ1 and ϕ2 measured at tref=M ¼ −100
and Mfref ¼ 6−3=2=π are significantly better constrained
than those at fref ¼ 20 Hz. Note that ϕ1 and ϕ2 peak in
different regions for the three different reference points,
while Δϕ is consistent for each of them. This is because ϕ1

and ϕ2 change on the orbital timescale, as they are defined
with respect to the line-of-separation (cf. Fig. 1). On the
other hand, Δϕ changes only on the precession time-
scale, which is longer. Furthermore, while the peaks of ϕ1

and ϕ2 are approximately π apart, this does not result in a
Δϕ peak near �π. Instead, the Δϕ posterior is much
broader, with a mild peak near 0. This suggests that even
for spins measured near the merger (tref=M ¼ −100 or

Mfref ¼ 6−3=2=π), the data is only informative about ϕ1 or
ϕ2, but not necessarily both at the same time. In fact, we do
not see any significant improvement in the 1DΔϕ posterior
near the merger for this event.
However, examining the 2D distributions in Fig. 2, we

find that the posteriors for all three combinations of ϕ1,
ϕ2 and Δϕ are generally better constrained at tref=M ¼
−100 or Mfref ¼ 6−3=2=π compared to fref ¼ 20 Hz. The
2D posteriors also show a significant amount of corre-
lation between the three angles. The main feature here is
that ϕ1 and ϕ2 are better measured than Δϕ, as noted
above. Therefore, the correlations are along vertical and
horizontal directions in the ϕ1 − ϕ2 posterior, while they
are along diagonal directions for the ϕ1 − Δϕ posterior
(and to a lesser extent for the ϕ2 − Δϕ posterior). We
note that similar correlations are absent for the higher
SNR injections shown in Sec. IV. This suggests that the
degeneracies we see in the 2D posteriors of Fig. 2 are a
function of the SNR, and can be broken for louder
signals.

FIG. 2. Spin angles ϕ1, ϕ2 and Δϕ for GW170818 using NRSur7dq4 at the three different reference points. The lower-triangle
subplots show central 70% credible regions of joint 2D posteriors, while the diagonal subplots show marginalized 1D posteriors. The 1D
ϕ1 and ϕ2 posteriors are more sharply peaked when measured at tref=M ¼ −100 or Mfref ¼ 6−3=2=π. Similarly, the 2D posteriors are
generally better constrained at tref=M ¼ −100 or Mfref ¼ 6−3=2=π, compared to fref ¼ 20 Hz.
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In the rest of this section, we will focus on 1D
marginalized posteriors at tref=M ¼ −100 and fref ¼
20 Hz for simplicity. While GW170818 shows the
biggest improvement in ϕ1 and ϕ2 when measured at
tref=M ¼ −100, we find that several other events in
GWTC-2 also show significant improvements. Figure 3
compares marginalized 1D posteriors for ϕ1 and ϕ2

measured at fref ¼ 20 Hz and tref=M ¼ −100 for all 31
NRSur7dq4 events. While the measurements at fref ¼
20 Hz are mostly uninformative and consistent with a
uniform distribution, the measurements at tref=M ¼ −100
show clear deviations from uniformity for several events.
Interestingly, GW190521 [33] is the only event with a good
measurement at fref ¼ 20 Hz. This is explained by the fact
that this binary merges at a low frequency due to its high
mass (M ∼ 270 M⊙), therefore its fISCO ∼ 16 Hz happens
to be close to 20 Hz.
Figure 4 compares 1D Δϕ posteriors measured at fref ¼

20 Hz and tref=M ¼ −100. Similar to Fig. 2, Δϕ is less
well-measured than ϕ1 and ϕ2, and there is no significant
improvement when measuring the spins at tref=M ¼ −100.
However, as we will show in Sec. IV, we expect this to
change with louder signals.
An unambiguous measurement of the orbital-plane spin

angles relies on being able to constrain the spin magnitudes
away from zero, and the tilt angles to be neither 0 nor π.
For the NRSur7dq4 events, our measurements of the
spin magnitudes and tilts are consistent with Refs. [16,20],
and are shown in Appendix A. Most of these events are
consistent with having zero spin magnitudes for both BHs
[16], but there is evidence for nonzero spin magnitude in at
least some of the events [34]. Second, even though there is
evidence of precession in the astrophysical binary BH
population [35], the individual events are not loud enough
to show clear evidence of precession on their own [16].
Finally, the posteriors for the tilt angles do not change
significantly between fref ¼ 20 Hz and tref=M ¼ −100 for
these events. As a result, even with the improvements at
tref=M ¼ −100, the 1D posteriors for ϕ1, ϕ2 and Δϕ are
still relatively broad (cf. Figs. 3 and 4), and do not exclude
any of the allowed region between ð−π; πÞ. Nevertheless,
these measurements still allow us to place interesting con-
straints on the astrophysical distributions of the orbital-
plane spin angles. This is explored in a companion
paper, Ref. [24].

B. Varying the reference point

Next, we systematically study the impact of the reference
point at which the spins are measured. Figure 5 shows ϕ1

measurements at various different reference times for the
31 NRSur7dq4 events. Rather than repeat the parameter
estimation at each tref , we use the NRSur7dq4 spin
dynamics [8] to evolve the spins backwards from tref=M ¼
−100 to the earlier times. As noted in the introduction, we
find that this leads to results consistent with measuring

spins directly at the new reference time. The earliest
reference time we consider is tref=M ¼ −4000, which is
near the start of the NRSur7dq4 waveform’s validity [8].
In Fig. 5, as we move the reference point from tref=M ¼

−4000 to tref=M ¼ −100, we see a clear improvement in
the ϕ1 constraint for several events. A possible explanation
for this improvement is that the precession (and orbital)
timescale decreases as the merger approaches, making the
waveform more sensitive to the orbital-plane spin angles
near the merger as a result. We provide further justification
for this with a Fisher matrix analysis in the following.

1. Fisher matrix analysis

As a proxy for the sensitivity of the waveform to the
orbital-plane spin angles, we can look to the Fisher infor-
mation matrix. The Fisher matrix provides a simple way to
estimate the statistical uncertainty in measuring binary BH
parameters in the high-SNR limit [36,37]; it is defined as

Γij ¼
�∂h
∂λi

���� ∂h∂λj
�
; ð2Þ

where hðtÞ is the gravitational waveform with binary
parameters λ ¼ fλig (cf. Sec II), and the inner product
ðhjgÞ is defined as

ðhjgÞ ¼ 4Re
Z

h̃�ðfÞg̃ðfÞ
SnðfÞ

df; ð3Þ

where h̃ðfÞ indicates the Fourier transform of hðtÞ, � stands
for complex conjugation, and SnðfÞ is the one-sided power
spectral density forwhichweuse the LIGOdesign sensitivity
noise curve [38]. We use the NRSur7dq4 waveform model
for hðtÞ and compute the derivatives in Eq. (2) numerically
[39]. Then, using the Cramer-Rao inequality [40,41], the
measurement covariance matrix Varðλi; λjÞ satisfies

Varðλi; λjÞ ≥ ðΓ−1Þij: ð4Þ

Finally, taking the lower bound of the inequality, the
statistical uncertainty in λj can be estimated as

δλi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þii

q
: ð5Þ

and the correlation coefficient between λi and λj can be
estimated as,

Corrðλi; λjÞ ¼ ðΓ−1Þijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1ÞiiðΓ−1Þjj

q : ð6Þ

The Fisher matrix method reliably estimates the stat-
istical uncertainty only in the limit of high SNR (see,
e.g., Ref. [42] for caveats). Regardless, here we are not
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FIG. 3. ϕ1 and ϕ2 posteriors at tref=M ¼ −100 (solid) and fref ¼ 20 Hz (dashed) for NRSur7dq4. The distributions at fref ¼ 20 Hz
are mostly flat (with the exception of GW190521, which is explained in Sec. III A). By contrast, at tref=M ¼ −100, several cases show a
clear deviation from a flat distribution.
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FIG. 4. Δϕ posteriors at tref=M ¼ −100 (solid) and fref ¼ 20 Hz (dashed) for NRSur7dq4. Even at tref=M ¼ −100, Δϕ is less well-
measured than ϕ1 or ϕ2 (cf. Fig. 3). In fact, Δϕ measurements are comparable at tref=M ¼ −100 and fref ¼ 20 Hz.
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FIG. 5. ϕ1 posteriors when measured at various different tref for NRSur7dq4. Going from tref=M ¼ −4000 to tref=M ¼ −100, we see
a clear improvement in the ϕ1 measurement for several events.
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FIG. 6. Estimated statistical uncertainty in ϕ1 and ϕ2 measurements for NRSur7dq4 at the maximum likelihood parameters for the
NRSur7dq4 events. The uncertainties are estimated using the Fisher matrix by varying the spins at various different tref . In almost all
cases, the expected uncertainty decreases noticeably as one approaches tref=M ¼ −100, indicating that the waveform is more sensitive to
changes in ϕ1 and ϕ2 near merger. Note that the Fisher matrix method does not place prior bounds on ϕ1 and ϕ2 to be within ð−π; πÞ,
therefore the statistical biases are not bound to be ≤ 2π.
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interested in the statistical uncertainty itself but in quanti-
fying the sensitivity of the waveform to variations in the
binary parameters. The Fisher matrix method is well-suited
for this purpose, as we use its bound on statistical
uncertainties merely as a proxy for waveform sensitivity:
smaller δλj indicates that the waveform is more sensitive
to λj.
In particular, we are interested in how sensitive the

waveform is to changes in the orbital-plane spin angles at
various values of tref . For this purpose, we generate the
waveform corresponding to the maximum likelihood
parameters for each of the 31 NRSur7dq4 events.
Then, we compute Corrðϕ1;ϕ2Þ by varying the spins for
the same waveform at different tref . We initially compute
the statistical uncertainties at a fixed distance of 100 Mpc,
but then rescale them following δλj ∝ 1=SNR to corre-
spond to an SNR (defined as

ffiffiffiffiffiffiffiffiffiffiffiðhjhÞp
) matching that of the

observed event.
Figure 6 shows the statistical uncertainties in ϕ1 and ϕ2

as we move from tref=M ¼ −4000 to tref=M ¼ −100. In
almost all cases, we see that the statistical uncertainty
decreases as we approach the merger, meaning that the
waveform is generally more sensitive to variations in ϕ1

and ϕ2 near the merger. This explains the improved
measurement at tref=M ¼ −100 in Figs. 2 and 3, as well
as the systematic improvement as we approach tref=M ¼
−100 in Fig. 5.
To summarize, since the observed waveform is most

sensitive to the orbital-plane spin angles near merger, the
data can successfully constrain these angles at that point.
However, the precision of that measurement is not pre-
served as we extrapolate the spins back in time because,
even though the dynamics are deterministic, this detail gets
smeared out during the inspiral cycles.
Finally, we note that the direction of the δϕ1 − δϕ2

correlations in Fig. 6 depend on where in the evolution they
are evaluated. This is in agreement with Ref. [39], which
found that the inspiral and ringdown regions of the wave-
form carry complimentary information.

IV. NR INJECTION STUDY

To further investigate the measurability of the orbital-
plane spin angles, we consider four NR waveforms, SXS:
BBH:0139, SXS:BBH:0143, SXS:BBH:0632, and SXS:
BBH:0633, from the public SXS catalog [30,43,44]. These
waveforms correspond to systems with mass ratios q < 2
and substantial orbital-plane spins. Note that none of these
waveforms were used to train NRSur7dq4. We choose a
total mass M ¼ 70 M⊙, an inclination angle ι ¼ π=3
between L and the line-of-sight, and a reference orbital
phase ϕref ¼ π=3. Note that ι and ϕref are defined at
fref ¼ 20 Hz. The luminosity distance is chosen such that
the network matched-filter SNR is either 30 or 45. The rest
of the binary parameters will be shown in figure insets

below. We inject these NR waveforms (in zero-noise) into a
simulated LIGO-Virgo network operating at design sensi-
tivity [38], and recover them using different waveform
models. The injection and parameter inference are done
using the Parallel Bilby [27] package.

A. tref=M = − 100 vs f ref = 20 Hz for NRSur7dq4

In Sec. III, we showed that the constraints on the orbital-
plane spin angles become tighter when measured near the
merger. It is important to verify that this tighter constraint
does not lead to biased estimates for these angles. We verify
this in Fig. 7, where we show ϕ1, ϕ2 and Δϕ measured at
fref ¼ 20 Hz and tref=M ¼ −100, using NRSur7dq4
against NR injections at SNR ¼ 30. We first note that
the NRSur7dq4 model indeed recovers the true values at
both fref ¼ 20 Hz and tref=M ¼ −100. Next, all orbital-
plane angles, including Δϕ, are significantly better mea-
sured at tref=M ¼ −100. While this is not always clear from
the 1D marginalized distributions for Δϕ, note that the 2D
joint posteriors for all three combinations of ϕ1, ϕ2 and Δϕ
are always better constrained at tref=M ¼ −100.
In Fig. 7, for SXS:BBH:0633 (top-right panel), the true

value falls near the edge of the 2D 90% credible region for
tref=M ¼ −100. To check whether this is indicative of a
systematic bias in NRSur7dq4when spins are measured at
tref=M ¼ −100, we repeat our injections at SNR ¼ 45 in
Fig. 8. As expected, increasing the SNR leads to better
constraints on the orbital-plane spins angles for both fref ¼
20 Hz and tref=M ¼ −100. For SXS:BBH:0633, the 2D
90% credible regions in Fig. 8 still include the true value at
tref=M ¼ −100, suggesting that there are no significant
biases. Once again, we find that some 1D posteriors can be
more sharply peaked at fref ¼ 20 Hz (e.g., Δϕ in the top-
right panel of Fig. 8), but the 2D posteriors are always
better constrained at tref=M ¼ −100 for all three combi-
nations of ϕ1, ϕ2 and Δϕ.
In Figs. 3 and 4, we noted that while ϕ1 and ϕ2

measurements are improved at tref=M ¼ −100 for current
GW events, Δϕ measurements are not significantly
impacted. Figures 7 and 8 show that as detector sensitivity
improves and GW signals are observed at higher SNR, our
method will generally lead to improved measurements in
Δϕ as well. Even when the 1D posterior for Δϕ is more
sharply peaked at fref ¼ 20 Hz, the overall constraints on
the orbital-plane spin angles are better at tref=M ¼ −100.
Measuring the full orbital-plane spin degrees of freedom is
necessary to constrain the kick population as done
in Ref. [24].

B. Waveform model comparison

In this section, we study the performance of different
waveform models in recovering the orbital-plane spins
angles. Apart from NRSur7dq4, we also consider the
phenomenological models IMRPhenomTPHM [32] and
IMRPhenomXPHM [45], as well as the effective-one-body
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model SEOBNRv4PHM [46]. While these models also
include some effects of precession, they are not cali-
brated on precessing NR simulations. Note that
IMRPhenomTPHM and SEOBNRv4PHM are time-domain
models, while IMRPhenomXPHM is a frequency-domain
model. We only consider spin measurements at fref ¼

20 Hz for these models as specifying spins at a dimension-
less time/frequency would require careful modifications to
how these models are implemented. However, because
binary BH spin evolution is deterministic, any biases seen
at fref ¼ 20 Hz should translate to biases at tref=M ¼ −100
as well. We repeat our NR injections at SNRs of 30 and 45,

FIG. 7. NRSur7dq4 posteriors for ϕ1, ϕ2 and Δϕ when measured at tref=M ¼ −100 and fref ¼ 20 Hz for NR injections at
SNR ¼ 30. In each panel, the inset text shows the binary parameters for the injections, with the spins, inclination angle and orbital phase
defined at fref ¼ 20 Hz. The shaded regions in the lower-triangle subplots show the central 90% credible regions for joint 2D posteriors,
with the true value indicated by star markers (maroon for tref=M ¼ −100 and blue for fref ¼ 20 Hz). The diagonal subplots show
marginalized 1D posteriors, with the true values indicated by vertical dashed lines. The width of the central 90% credible interval (CI90)
for the 1D distributions are shown in text above the diagonal subplots. All orbital-plane angles, including Δϕ, are significantly better
measured at tref=M ¼ −100.
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but because SEOBNRv4PHM is significantly more expen-
sive than the other models, we only apply it to the injections
at SNR ¼ 45.
Figure 9 shows ϕ1, ϕ2 and Δϕ posteriors obtained using

NRSur7dq4, IMRPhenomTPHM and IMRPhenomXPHM
for our NR injections at SNR ¼ 30. For two out of the
four cases (SXS:BBH:0633 and SXS:BBH:0139), the
true value falls on the edge of the 90% credible region
of the 2D posteriors for IMRPhenomXPHM. The 1D
marginalized posteriors are also biased in several cases
for IMRPhenomXPHM; in particular, there are cases (e.g.,
ϕ1 in top-right panel and Δϕ in the bottom-left panel of

Fig. 9) where this model has the strongest peaks in the 1D
distributions, but prefers the wrong value. By contrast, for
both NRSur7dq4 and IMRPhenomTPHM, the true value
is always within the 90% credible region of the 2D
posteriors.
However, for SXS:BBH:0139 (bottom-left of Fig. 9),

the 1D Δϕ posterior for IMRPhenomTPHM is peaked
away from the true value, even though the true value is
included in the 90% credible region of the 2D posteriors.
For NRSur7dq4, the peak in the 1D Δϕ posterior is
much broader in this case and includes the true value. To
check whether this is indicative of a systematic bias in

FIG. 8. Same as Fig. 7, but now the SNR is increased to 45.
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IMRPhenomTPHM, we consider the 50% credible region
of the 2D posteriors for this case, which is shown only for
IMRPhenomTPHM for simplicity. The 50% credible region
clearly excludes the true value for IMRPhenomTPHM,
meaning that the bulk of the probability density for
IMRPhenomTPHM is concentrated in a region away from
the true value. This suggests that the deviation in the 1DΔϕ
posterior for IMRPhenomTPHM is indeed due to a sys-
tematic bias. This serves as an another example where a

waveform model has a stronger peak than NRSur7dq4 in
the 1D posterior, but is peaked at the wrong value.
Similarly, for SXS:BBH:0143 (bottom-right of Fig. 9),

the true value is included in the 2D posteriors but the 1D ϕ1

posteriors appear biased for both IMRPhenomTPHM and
NRSur7dq4. However, in this case the primary BH has
negligible spin in the orbital-plane, therefore ϕ1 is not a
meaningful parameter and hence the offset from the true
value is not of concern.

FIG. 9. Same NR injections as Fig. 7, but we show posteriors at fref ¼ 20 Hz for IMRPhenomXPHM and IMRPhenomTPHM along
with NRSur7dq4. The lower-triangle subplots show joint 2D posteriors for ϕ1, ϕ2 and Δϕ, with the true value indicated by a black star.
The central 90% credible regions are shown as dashed contours. Only for the bottom-left panel and IMRPhenomTPHM, we also show
the 50% credible regions as solid contours to demonstrate the systematic bias. The diagonal subplots show marginalized 1D posteriors,
with the true value indicated by a black vertical dashed line. All injections are done at an SNR of 30.
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We repeat these NR injections at SNR ¼ 45 in Fig. 10,
now also including the SEOBNRv4PHM model. We
now find that the true value is fully excluded from
the 90% credible region of the 2D posteriors for
IMRPhenomXPHM for three out of our four injections.
While IMRPhenomTPHM still performs better than
IMRPhenomXPHM, IMRPhenomTPHM also excludes the
true value from the 90% credible region of the 2D
posteriors for SXS:BBH:0143 (bottom-right of Fig. 10).
For SXS:BBH:0139 (bottom-left of Fig. 10), the 1D Δϕ
posterior is still biased for IMRPhenomTPHM, while
NRSur7dq4 now has a clear peak around the true value.
This suggests that NRSur7dq4 is not prone to the

systematic biases present in IMRPhenomTPHM (and
IMRPhenomXPHM) as noted above.
In Fig. 10, SEOBNRv4PHM is comparable to

IMRPhenomTPHM, including the true value in the 90%
region of the 2D posteriors for three out of four cases, with
the exception being SXS:BBH:0139 (bottom-left of
Fig. 10). For this case, SEOBNRv4PHM also shows similar
biases in the Δϕ 1D posterior as IMRPhenomTPHM (and
IMRPhenomXPHM), meaning that this model is also prone
to the systematic biases noted above. Furthermore, for
SXS:BBH:0632 (top-left of Fig. 10), the 1D posteriors for
ϕ1 and ϕ2 for SEOBNRv4PHM are biased (although they
are somewhat included in the smaller secondary modes).

FIG. 10. Same as Fig. 9, but now the SNR is increased to 45, and only 90% contours are shown for all joint posteriors.
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Finally, we note that NRSur7dq4 generally leads
to the best constraints in Figs. 9 and 10, which is expected
as this is the only model trained on precessing NR
simulations (but not the ones injected here). Instead, the
IMRPhenomTPHM, IMRPhenomXPHM and SEOBNRv4-
PHM models approximate orbital precession by “twisting”
[32,45,46] a corresponding nonprecessing waveform.
While this captures the leading effect of precession, it
does not account for effects such as asymmetries between
pairs of ðl; mÞ and ðl;−mÞ spin-weighted spherical
harmonic waveform modes [8]. Missing physics like this
can lead to the systematic biases we see in Figs. 9 and 10.
Among the phenomenological models, IMRPhenomXPHM
is known to have a less accurate precession treatment than
IMRPhenomTPHM [32], which could be responsible for
IMRPhenomXPHM having the largest biases in our tests.

V. CONCLUSIONS

We propose that binary BH spins be measured at a
reference point close to the merger, at either a dimensionless
GW frequencyMfref ¼ MfISCO ¼ 6−3=2=π or a dimension-
less time tref=M ¼ −100 before the peak of the GW amp-
litude.We demonstrate that this leads to significant improve-
ments in the measurement of orbital-plane spin orientations
ϕ1 and ϕ2 for various events in the GWTC-2 catalog, while
Δϕ is not significantly impacted. However, using NR
injections, we show that Δϕ will also be better measured
near the merger for louder signals expected in the future.
Using the same NR injections, we compare the perfor-

mance of the waveform models NRSur7dq4, IMR-
PhenomXPHM, IMRPhenomTPHM, and SEOBNRv4PHM,
in recovering ϕ1, ϕ2 and Δϕ at fref ¼ 20 Hz. As expected,
NRSur7dq4 provides the most accurate constraints for
these angles, as this is the only model informed by
precessing NR simulations. Among the other models, in
general, we find that IMRPhenomTPHM and SEOBNR-
v4PHM perform better than IMRPhenomXPHM. However,
even at moderate SNRs (∼30–45), we find examples where
these models have biased estimates. This highlights the need
to train waveform models on precessing NR simulations in
order to reliably extract the full spin information from
binary BH signals. IMRPhenomXPHM, IMRPhenom-
TPHM, and SEOBNRv4PHM do not currently allow speci-
fying the spins at tref=M ¼ −100 or Mfref ¼ 6−3=2=π, but
we expect these biases will persist at those reference points.
In a companion paper, Ref. [24], we use the improved

spin measurements obtained here to constrain the astro-
physical distribution of the orbital-plane spin angles as well
as merger kicks for the binary BH population. Notably, we
find a preference for Δϕ ∼�π in the population, which can
be a signature of spin-orbit resonances [5].
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APPENDIX A: FULL SPIN POSTERIORS FOR
NRSur7dq4

For completeness, in Figs. 11–16 we show the full spin
posteriors for the 31 events listed in Table I, generated
using the NRSur7dq4 model at tref=M ¼ −100 and
fref ¼ 20 Hz. We show the spin magnitudes χ1;2, cosines
of the tilt angles cos θ1;2, and orbital-plane spin angles ϕ1,
ϕ2, and Δϕ. The priors on all of these parameters are flat in
their respective ranges (cf. Sec. II). The spin magnitude and
tilt posteriors are consistent between the two reference
points, and are consistent with Ref. [16].
In the following, we refer exclusively to the spin

measurements at tref=M ¼ −100, and check whether mea-
surements of the orbital-plane spin angles can be tied to a
measurement of χ1;2 and cos θ1;2. As noted in Sec. III A, an
unambiguous measurement of the orbital-plane spin angles
relies on being able to constrain χ1;2 away from zero, and
cos θ1;2 away from �1. GW190521 (Fig. 13) is a good
example of this: there is a clear preference for large χ1;2
and cos θ1;2 ∼ 0, which likely enables the ϕ1 and ϕ2

measurement for this event. On the other hand, for
GW190517_055101 (Fig. 13), there is a preference for
large χ1;2, but with cos θ1;2 ∼ 1. However, we still see peaks
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FIG. 11. Full spin posteriors at tref=M ¼ −100 and fref ¼ 20 Hz using NRSur7dq4 for the events listed in Table I. Set 1 out of 6. The
lower-triangle subplots show central 90% and 50% credible regions of joint 2D posteriors, while the diagonal subplots show
marginalized 1D posteriors.
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FIG. 12. Full spin posteriors at tref=M ¼ −100 and fref ¼ 20 Hz using NRSur7dq4 for the events listed in Table I. Set 2 out of 6. The
lower-triangle subplots show central 90% and 50% credible regions of joint 2D posteriors, while the diagonal subplots show
marginalized 1D posteriors.
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FIG. 13. Full spin posteriors at tref=M ¼ −100 and fref ¼ 20 Hz using NRSur7dq4 for the events listed in Table I. Set 3 out of 6. The
lower-triangle subplots show central 90% and 50% credible regions of joint 2D posteriors, while the diagonal subplots show
marginalized 1D posteriors.
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FIG. 14. Full spin posteriors at tref=M ¼ −100 and fref ¼ 20 Hz using NRSur7dq4 for the events listed in Table I. Set 4 out of 6. The
lower-triangle subplots show central 90% and 50% credible regions of joint 2D posteriors, while the diagonal subplots show
marginalized 1D posteriors.
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FIG. 15. Full spin posteriors at tref=M ¼ −100 and fref ¼ 20 Hz using NRSur7dq4 for the events listed in Table I. Set 5 out of 6. The
lower-triangle subplots show central 90% and 50% credible regions of joint 2D posteriors, while the diagonal subplots show
marginalized 1D posteriors.
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in the ϕ1 and ϕ2 distributions. Finally, for GW170818
(Fig. 11), there is a mild preference for small χ1 and a
similarly mild preference for large χ2, but this is the event
with the best ϕ1 and ϕ2 measurement (cf. Fig. 3). We
conclude that current constraints on the spin magnitudes
and tilts are too broad to look for such correlations with the
orbital-plane spin angles: even for the cases where we see a
preference for small χ1;2 and/or cos θ1;2 ∼�1, there is
enough support for large χ1;2 and cos θ1;2 ∼ 0, that there can
be peaks in the posteriors of the orbital-plane spin angles.

APPENDIX B: RESULTS FOR ALL GWTC-2
EVENTS USING IMRPhenomTPHM

The results in Sec. III were restricted to the 31 GWTC-2
with M ≳ 60 M⊙ due to the length restrictions of
NRSur7dq4. The remaining 15 events with M ≲ 60 M⊙
are listed in Table II. For completeness, we now analyze all
46 GWTC-2 binary BH events using IMRPhenomTPHM.
We choose IMRPhenomTPHM as this model performed
better than IMRPhenomXPHM in Sec. IV. Once again,
for simplicity, we only consider fref ¼ 20 Hz for
IMRPhenomTPHM. For the 15 events with M ≲ 60 M⊙,
we relax the prior constraints described in Sec. II to:
5 ≤ M ≤ 400, q ≤ 20, and 10 ≤ M ≤ 400.
Figure 17 shows Δϕ posteriors for IMRPhenomTPHM

at fref ¼ 20 Hz for all 46 events. We show the corres-
ponding NRSur7dq4 posteriors for the applicable events.
For most events, there are no strong peaks in Δϕ for
IMRPhenomTPHM, in agreement with Fig. 4. Interestingly,
for GW190521, IMRPhenomTPHM has a clear peak at
Δϕ ∼ 0 which is absent for NRSur7dq4. This shows that
waveform systematics are already important to consider for
current GW events when measuring the orbital-plane spin
angles. While further investigation is necessary to

FIG. 16. Full spin posteriors at tref=M ¼ −100 and fref ¼
20 Hz using NRSur7dq4 for the events listed in Table I. Set 6
out of 6. The lower-triangle subplots show central 90% and 50%
credible regions of joint 2D posteriors, while the diagonal
subplots show marginalized 1D posteriors.

TABLE II. The remaining 15 binary BH events from GWTC-2
that are not included in Table I.

GW events with M ≲ 60 M⊙

GW151012 GW151226
GW170104 GW170608
GW170814 GW190408_181802
GW190412 GW190512_180714
GW190707_093326 GW190708_232457
GW190720_000836 GW190728_064510
GW190828_065509 GW190924_021846
GW190930_133541
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FIG. 17. Δϕ posteriors at fref ¼ 20 Hz for all 46 GWTC-2 binary BH events, obtained using the IMRPhenomTPHM model. We also
show the corresponding NRSur7dq4 posterior for the 31 NRSur7dq4 events for comparison.
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understand the nature of this peak, we note once again that
IMRPhenomTPHM can have biases in 1D Δϕ distributions
as shown in the bottom-left panels of Fig. 9 and Fig. 10. In

these cases, the IMRPhenomTPHM Δϕ posterior is more
sharply peaked (compared to NRSur7dq4) but is also
biased.

[1] J. Aasi et al. (LIGO Scientific Collaboration), Advanced
LIGO, Classical Quantum Gravity 32, 074001 (2015).

[2] F. Acernese et al. (Virgo Collaboration), Advanced Virgo: A
second-generation interferometric gravitational wave detec-
tor, Classical Quantum Gravity 32, 024001 (2015).

[3] T. A. Apostolatos, C. Cutler, G. J. Sussman, and K. S.
Thorne, Spin-induced orbital precession and its modulation
of the gravitational waveforms from merging binaries, Phys.
Rev. D 49, 6274 (1994).

[4] L. E. Kidder, Coalescing binary systems of compact objects
to post-Newtonian 5=2 order. 5. Spin effects, Phys. Rev. D
52, 821 (1995).

[5] J. D. Schnittman, Spin-orbit resonance and the evolution of
compact binary systems, Phys. Rev. D 70, 124020 (2004).

[6] V. Varma, M. Isi, and S. Biscoveanu, Extracting the
Gravitational Recoil from Black Hole Merger Signals, Phys.
Rev. Lett. 124, 101104 (2020).

[7] More precisely, we use the coorbital frame defined in
Ref. [8]. In this frame, the z-axis is along the direction that
maximises the power in the (2,2) mode, which is taken to be
the direction of the orbital angular momentum [9]. The x-
axis is along the line of separation from the lighter to the
heavier BH, and the y-axis completes the right-handed triad.
Note that this frame is defined using the gauge-invariant
waveform at future null infinity, rather than the gauge-
dependent BH trajectories.

[8] V. Varma, S. E. Field, M. A. Scheel, J. Blackman, D.
Gerosa, L. C. Stein, L. E. Kidder, andH. P. Pfeiffer, Surrogate
models for precessing binary black hole simulations with
unequal masses, Phys. Rev. Research 1, 033015 (2019).

[9] M. Boyle, R. Owen, and H. P. Pfeiffer, A geometric
approach to the precession of compact binaries, Phys.
Rev. D 84, 124011 (2011).

[10] S. Vitale, R. Lynch, J. Veitch, V. Raymond, and R. Sturani,
Measuring the Spin of Black Holes in Binary Systems using
Gravitational Waves, Phys. Rev. Lett. 112, 251101 (2014).

[11] P. Schmidt, F. Ohme, and M. Hannam, Towards models of
gravitational waveforms from generic binaries II: Modelling
precession effects with a single effective precession param-
eter, Phys. Rev. D 91, 024043 (2015).

[12] S. Biscoveanu, M. Isi, V. Varma, and S. Vitale, Measuring
the spins of heavy binary black holes, Phys. Rev. D 104,
103018 (2021).

[13] D. Gerosa, R. O’Shaughnessy, M. Kesden, E. Berti, and U.
Sperhake, Distinguishing black-hole spin-orbit resonances
by their gravitational-wave signatures, Phys. Rev. D 89,
124025 (2014).

[14] D. Trifirò, R. O’Shaughnessy, D. Gerosa, E. Berti, M.
Kesden, T. Littenberg, and U. Sperhake, Distinguishing

black-hole spin-orbit resonances by their gravitational wave
signatures. II: Full parameter estimation, Phys. Rev. D 93,
044071 (2016).

[15] C. Afle et al., Detection and characterization of spin-orbit
resonances in the advanced gravitational wave detectors era,
Phys. Rev. D 98, 083014 (2018).

[16] R. Abbott et al. (LIGO Scientific, Virgo Collaborations),
GWTC-2: Compact Binary Coalescences Observed by
LIGO and Virgo During the First Half of the Third
Observing Run, Phys. Rev. X 11, 021053 (2021).

[17] S. A. Kaplan, On circular orbits in Einsteinian gravitation
theory, ZhETF Pisma Redaktsiiu 19, 951 (1949), https://ui
.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract.

[18] A. Buonanno, B. Iyer, E. Ochsner, Y. Pan, and B. S.
Sathyaprakash, Comparison of post-Newtonian templates
for compact binary inspiral signals in gravitational-wave
detectors, Phys. Rev. D 80, 084043 (2009).

[19] B. Farr, E. Ochsner, W.M. Farr, and R. O’Shaughnessy, A
more effective coordinate system for parameter estimation
of precessing compact binaries from gravitational waves,
Phys. Rev. D 90, 024018 (2014).

[20] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
GWTC-1: A Gravitational-Wave Transient Catalog of
Compact Binary Mergers Observed by LIGO and Virgo
during the First and Second Observing Runs, Phys. Rev. X
9, 031040 (2019).

[21] R. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Open data from the first and second observing runs of
Advanced LIGO and Advanced Virgo, SoftwareX 13,
100658 (2021).

[22] LIGO Scientific Collaboration and Virgo Collaboration,
GWTC-1, 10.7935/82H3-HH23 (2018).

[23] LIGO Scientific Collaboration and Virgo Collaboration,
GWTC-2, 10.7935/99gf-ax93 (2020).

[24] V. Varma, S. Biscoveanu, M. Isi, W. M. Farr, and S. Vitale,
companion Letter, Hints of Spin-Orbit Resonances in the
Binary Black Hole Population, Phys. Rev. Lett. 128, 031101
(2022).

[25] E. Thrane and C. Talbot, An introduction to Bayesian
inference in gravitational-wave astronomy: Parameter esti-
mation, model selection, and hierarchical models, Pub.
Astron. Soc. Aust. 36, e010 (2019).

[26] M. Walker, V. Varma, and G. Lovelace, Extending numeri-
cal relativity surrogate models to near extremal spins (to be
published).

[27] R. J. E. Smith, G. Ashton, A. Vajpeyi, and C. Talbot,
Massively parallel Bayesian inference for transient gravi-
tational-wave astronomy, Mon. Not. R. Astron. Soc. 498,
4492 (2020).

MEASURING BINARY BLACK HOLE ORBITAL-PLANE SPIN … PHYS. REV. D 105, 024045 (2022)

024045-23

https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1088/0264-9381/32/2/024001
https://doi.org/10.1103/PhysRevD.49.6274
https://doi.org/10.1103/PhysRevD.49.6274
https://doi.org/10.1103/PhysRevD.52.821
https://doi.org/10.1103/PhysRevD.52.821
https://doi.org/10.1103/PhysRevD.70.124020
https://doi.org/10.1103/PhysRevLett.124.101104
https://doi.org/10.1103/PhysRevLett.124.101104
https://doi.org/10.1103/PhysRevResearch.1.033015
https://doi.org/10.1103/PhysRevD.84.124011
https://doi.org/10.1103/PhysRevD.84.124011
https://doi.org/10.1103/PhysRevLett.112.251101
https://doi.org/10.1103/PhysRevD.91.024043
https://doi.org/10.1103/PhysRevD.104.103018
https://doi.org/10.1103/PhysRevD.104.103018
https://doi.org/10.1103/PhysRevD.89.124025
https://doi.org/10.1103/PhysRevD.89.124025
https://doi.org/10.1103/PhysRevD.93.044071
https://doi.org/10.1103/PhysRevD.93.044071
https://doi.org/10.1103/PhysRevD.98.083014
https://doi.org/10.1103/PhysRevX.11.021053
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://ui.adsabs.harvard.edu/abs/1949ZhPmR..19..951K/abstract
https://doi.org/10.1103/PhysRevD.80.084043
https://doi.org/10.1103/PhysRevD.90.024018
https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1016/j.softx.2021.100658
https://doi.org/10.1016/j.softx.2021.100658
https://doi.org/10.7935/82H3-HH23
https://doi.org/10.7935/99gf-ax93
https://doi.org/10.1103/PhysRevLett.128.031101
https://doi.org/10.1103/PhysRevLett.128.031101
https://doi.org/10.1017/pasa.2019.2
https://doi.org/10.1017/pasa.2019.2
https://doi.org/10.1093/mnras/staa2483
https://doi.org/10.1093/mnras/staa2483


[28] J. S. Speagle, DYNESTY: A dynamic nested sampling
package for estimating Bayesian posteriors and evidences,
Mon. Not. R. Astron. Soc. 493, 3132 (2020).

[29] I. M. Romero-Shaw et al., Bayesian inference for
compact binary coalescences with bilby: validation and
application to the first LIGO–Virgo gravitational-wave
transient catalogue, Mon. Not. R. Astron. Soc. 499, 3295
(2020).

[30] M. Boyle et al., The SXS Collaboration catalog of binary
black hole simulations, Classical Quantum Gravity 36,
195006 (2019).

[31] J. Blackman, S. E. Field, M. A. Scheel, C. R. Galley,
C. D. Ott, M. Boyle, L. E. Kidder, H. P. Pfeiffer, and B.
Szilágyi, Numerical relativity waveform surrogate model
for generically precessing binary black hole mergers, Phys.
Rev. D 96, 024058 (2017).

[32] H. Estellés, M. Colleoni, C. García-Quirós, S. Husa, D.
Keitel, M. Mateu-Lucena, M. de Lluc Planas, and A.
Ramos-Buades, New twists in compact binary waveform
modelling: a fast time domain model for precession,
arXiv:2105.05872.

[33] R. Abbott et al. (LIGO Scientific, Virgo Collaborations),
GW190521: A Binary Black Hole Merger with a Total Mass
of 150 M⊙, Phys. Rev. Lett. 125, 101102 (2020).

[34] S. Biscoveanu, M. Isi, S. Vitale, and V. Varma, New Spin on
LIGO-Virgo Binary Black Holes, Phys. Rev. Lett. 126,
171103 (2021).

[35] R. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Population properties of compact objects from the second
LIGO-Virgo gravitational-wave transient catalog, Astro-
phys. J. Lett. 913, L7 (2021).

[36] L. S. Finn, Detection, measurement and gravitational radi-
ation, Phys. Rev. D 46, 5236 (1992).

[37] C. Cutler and E. E. Flanagan, Gravitational waves from
merging compact binaries: How accurately can one extract
the binary’s parameters from the inspiral wave form?, Phys.
Rev. D 49, 2658 (1994).

[38] LIGO Scientific Collaboration, Updated Advanced LIGO
sensitivity design curve, Technical Report No. T1800044-
v5, 2018, https://dcc.ligo.org/LIGO-T1800044/public.

[39] S. Ma, M. Giesler, V. Varma, M. A. Scheel, and Y. Chen,
Universal features of gravitational waves emitted by super-
kick binary black hole systems, Phys. Rev. D 104, 084003
(2021).

[40] H. Cramér, Mathematical Methods of Statistics, Princeton
Mathematical Series (Princeton University Press, Princeton,
NJ, 1999).

[41] C. R. Rao, Information and the accuracy attainable in the
estimation of statistical parameters, Bull. Calcutta Math.
Soc. 37, 81 (1945).

[42] M. Vallisneri, Use and abuse of the Fisher information
matrix in the assessment of gravitational-wave parameter-
estimation prospects, Phys. Rev. D 77, 042001 (2008).

[43] SXS Collaboration, The SXS collaboration catalog of gravi-
tational waveforms, http://www.black-holes.org/waveforms.

[44] A. H. Mroue et al., Catalog of 174 Binary Black Hole
Simulations for Gravitational Wave Astronomy, Phys. Rev.
Lett. 111, 241104 (2013).

[45] G. Pratten et al., Computationally efficient models for the
dominant and subdominant harmonic modes of precessing
binary black holes, Phys. Rev. D 103, 104056 (2021).

[46] S. Ossokine et al., Multipolar effective-one-body wave-
forms for precessing binary black holes: Construction and
validation, Phys. Rev. D 102, 044055 (2020).

[47] LIGO Scientific and Virgo Collaborations, Gravitational
Wave Open Science Center, https://www.gw-openscience
.org.

VARMA, ISI, BISCOVEANU, FARR, and VITALE PHYS. REV. D 105, 024045 (2022)

024045-24

https://doi.org/10.1093/mnras/staa278
https://doi.org/10.1093/mnras/staa2850
https://doi.org/10.1093/mnras/staa2850
https://doi.org/10.1088/1361-6382/ab34e2
https://doi.org/10.1088/1361-6382/ab34e2
https://doi.org/10.1103/PhysRevD.96.024058
https://doi.org/10.1103/PhysRevD.96.024058
https://arXiv.org/abs/2105.05872
https://doi.org/10.1103/PhysRevLett.125.101102
https://doi.org/10.1103/PhysRevLett.126.171103
https://doi.org/10.1103/PhysRevLett.126.171103
https://doi.org/10.3847/2041-8213/abe949
https://doi.org/10.3847/2041-8213/abe949
https://doi.org/10.1103/PhysRevD.46.5236
https://doi.org/10.1103/PhysRevD.49.2658
https://doi.org/10.1103/PhysRevD.49.2658
https://dcc.ligo.org/LIGO-T1800044/public
https://dcc.ligo.org/LIGO-T1800044/public
https://dcc.ligo.org/LIGO-T1800044/public
https://doi.org/10.1103/PhysRevD.104.084003
https://doi.org/10.1103/PhysRevD.104.084003
https://doi.org/10.1103/PhysRevD.77.042001
http://www.black-holes.org/waveforms
http://www.black-holes.org/waveforms
http://www.black-holes.org/waveforms
https://doi.org/10.1103/PhysRevLett.111.241104
https://doi.org/10.1103/PhysRevLett.111.241104
https://doi.org/10.1103/PhysRevD.103.104056
https://doi.org/10.1103/PhysRevD.102.044055
https://www.gw-openscience.org
https://www.gw-openscience.org
https://www.gw-openscience.org

