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ABSTRACT

POROUS BOUNDARY EFFECTS IN TURBULENT SHEAR FLOW

A technique of measuring seepage velocities is developed in order
to investigate the velocity distribution in a porous boundary exposed
to a turbulent shear flow. Measurements are performed in a 1.2 in.
thick polyurethane foam lining of 12 in. inside diameter pipe using hot
wire anemometer and a helium tracer technique involving the determination
of the travel time of the peak concentration. In the shear zone,
seepage velocities are determined directly from shielded hot wire
anemometer data. In the pressure gradient flow zone, the helium
tracer technique is used to measure the seepage velocities. Results
of the velocity measurements indicate that the shear effect penetrates
a relatively small distance into the porous boundary (approximately

0.25 to 0.30 in.). Measurements of the permeability and longitudinal
dispersion coefficient are also made.

Three analytical models based upon the eddy viscosity concept are
developed in an effort to gain some insight into the mechanism relating
the turbulent shear flow and the porous boundary flow through the veloc-
ity distribution in the boundary. The models are extended to relate
the core and boundary flow regions and an attempt is made to predict
the friction factor for the pipe. The models provide a reasonable
agreement with the observed velocity profile but indicate a decreasing
friction factor with increasing Reynolds number whereas theé observed
friction factor increases.

Development of the helium tracer technique for velocity measure-
ments requires additional information concerning the concentration
distribution of a tracer in a shear flow. Perturbation methods are
used to develop analytical solutions of the convective dispersion
equation with an instantaneous point source in a shear flow for both
constant and variable dispersion coefficients and the limitations of
the solutions are defined. The analysis indicated shear effects caused
no distortion on the longitudinal axis and the distortion due to disper-
sion was insignificant for the dimensions used in the experiments.
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I. INTRODUCTION

Flow in alluvial channels involves a complex interaction between
the turbulent fluid motion of the stream, the particulate material being
transported and possibly the flow in the porous bed. The fluid turbulence
is the main feature of the interaction and it contributes to the entrain-
ment and motion of the particles along the bed of the channel. The flo%
in the porous bed can cause uplift forces which may influence the sedi-
ment motion. Furthermore, the turbulence structure of the external flow
can be modified by the flow in the porous boundary.

There are two specific mechanisms which can be involved in the
porous boundary that are not possible with solid boundaries. A finite
slip velocity can exist at the surface of the porous boundary. Also,
it is possible to have lateral turbulent motion at the boundary which
may increase the momentum transfer between the shear flow and the bound-
ary. These mechanisms have opposite effects on the friction factor.

The slip velocity tends to decrease the friction and the increased
momentum transfer causes an increase.

Little information is available concerning these mechanisms for flow
in a porous medium exposed to a turbulent shear flow, the primary reason
being that direct measurements of velocities in a porous medium are
difficult to achieve. Instruments and techniques necessary to provide
satisfactory results have not been perfecteh. Without adequate measure-
ments in the porous medium, the assumptions regarding the interaction of

the mechanisms can be checked only through measurements of gross flow

features such as the head loss.



In order to provide some basic information about the porous medium
flow, the present investigation is oriented towards a determination of
the velocity distribution in the porous meaium.' The study is concerned
primarily with the flow in a porous boundary when the boundary is exposed
to an external turbulent shear flow. Through the determination of the
Velocity distribution it is hoped that a better understanding of the
interacting mechanisms can be achieved. The primary focus of the in-
vestigation is the development of a method of measuring seepage velocities
in the porous boundary. It was felt that the measurements of porous
boundary effects in mobile sand beds would be extremely complicated and
that the actual effects of boundary permeability would be difficult to
isolate. Therefore, a rigid porous medium was selected for this initial
work. The problem is approached as one of fundamental fluid mechanics
and although it may have relevance to sediment transport, no further
attempt will be made to develop that aspect.

The contents of this report are outlined as follows. In Chapter 2
experimental technqiues for observing velocity distributions in the
porous boundary are described. Supplemental to the velocity measurements
are in situ determination of intrinsic permeability and longitudinal dis-
persion coefficients for the porous foam boundary.

In Chapter 3 mathematical models based on different eddy viscosity
assumptions are developed in an effort to describe the mean velocity
distribution in the porous boundary of the pipe. The predicted velocity
distributions are compared with those observed. An analysis is developed

linking the pipe core and the boundary flow fields together through
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the surface velocity and the eddy viscosity at the boundary surfaces.
The model provides a prediction of the porous pipe friction factor thus
permitting a comparison of predicted and observed friction factors.

Development of the helium tracer technique of making velocity
measurements required additional information concerning the concentra-
tion distribution of a tracer in shear flow. Therefore, a perturbation
solution for dispersipn of a tracer from an instantaneous point source
in a shear flow is developed. The limitations of the solutions are
identified and application to the experiments is considered. Before
proceeding with the experimental investigation some information con-
cerning similar flow situations and investigations is presented.

An unusual problem involving porous boundary effects is the
determination of sediment deposition in gravel beds used by spawning
salmon. Einstein (1968) has investigated this problem and presented
experimental results of deposition of silt-sized particles in a gravel
bed of a recirculating laboratory flume.

Metecrologists have long been concerned with the flow patterns with-
in crop or forest canopies. These so-called canopy flows closely re-
semble the flow situation expected in the porous pipe boundary. Inoue
(1963), applying a mixing length concept developed a description of the
wind velocity profile within the canopy of exponential form. Plate
and Quraishi (1965) presented velocity distributions measured in various
field crops and in their model canopies. Takeda (1966), applied dif-
ferent eddy viscosity assumptions to find various distributions of
velocity within the canopy. The distributions take the form of power

law or exponential equations depend%?g upon the eddy viscosity assumption



used. The flow in the canopy develops entirely from a shearing action of
the overlying fluid.

Generally, the flow in a porous medium is considered to be the
direct result only of a pressure gradient. The driving force in the
porous pipe boundary is expected to result from both the shear and
pressure gradient. Beavers and Joseph (1967) studied a condition
involving both a pressure gradient flow and a shear flow in a channel
with an impermeable upper wall and a permeable lower wall. The
equation for the velocity distribution within the channel was developed
for the laminar flow case using a slip velocity at the permeable wall
as a boundary condition. The velocity in the permeable block of the
lower wall was assumed to follow Darcy's law and no attempt was made to
determine a velocity distribution in the transition zone between the
core and Darcy-type flow. Their model predicted the increase in mass
flow rate in the channel reasonably well using one experimentally
determined parameter. They also found that the friction factor in the
channel decreased with increasing Reynolds number.

Eckert, et.al., (1955), Yuan and Brogen (1961) and Olsen and Eckert
(1966) have studied turbulent flows over porous boundaries with suction
or injection through the boundaries. Eckert, et.al., reported that
increasing injection through one wall of a rectangular channel caused
the average friction factor to decrease. Olsen and Eckert also observed
a decrease in the friction factor with an increased injection through

the walls of a circular porous tube. They also noted that at a Reynolds



number of 80000 without suction or injection, the friction factor for
the porous tube was about 30% greater than what it would have been had
the tube been smooth walled. 1In both cases, the characteristics of only
the core flow were measured or modeled.

Munoz and Gelhar (1968) have shown that the velocity distribution
in the core of the porous pipe corresponds closely to that observed in
pipes with rough walls. In the range of Reynolds numbers which was
studied, the friction factor always increased with increasing Reynolds
number. A mathematical model for the flow in the porous medium was
developed with the motion being generated by a turbulent pressure field
at the boundary. Because of the linearization of the equations of
motion the momentum transfer term relating to the Reynolds stress vanished
everywhere in the porous medium.

It is with this meager information on porous medium boundaries ex-
posed to shear flows that the research project began. Although a
number of studies have investigated related phenomena, other than in
canopy flows, no velocity measurements have been made in a porous bound-

ary exposed to a shear flow. The development of the measurement technique

is described in the following chapter.
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II. EXPERIMENTAL EQUIPMENT, PROCEDURES AND TECHNIQUES

2.1 Experimental Objectives and Approach

The principal objectives of the experimental portion of the study
were to investigate the mechanism 6f shear flow in the porous boundary
of a pipe and to investigate the interaction between the core flow and
boundary flow. The shear flow mechanism is related to the velocity
distribution within the porous boundary. The interaction of the two
flow fields will be shown in Chapter 3 to be related through the
friction factor. Thus, the experimental program was directed toward
determining the depth to which the shearing effect of the core flow
penetrates the porous boundary and affects the porous boundary flow.

The penetration depth was determined by directly measuring the
seepage velocity within the porous foam boundary. Measuring the see-
page velocity directly presented a unique challenge in itself. Direct
ﬁeasurements in an unconfined porous boundary with a turbulent shear
flow superposedon it have not been attempted previously. Generally,
in porous media, the seepage velocity is determined indirectly from
discharge measurements. In permeameters and under special conditions,
it has been determined by tracer techniques, i.e., releasing a tracer in
the flow and measuring the travel time of the tracer between two points
downs tream.

Several methods of measuring the seepage velocity were attempted.
Measurements were performed using hot wire anemometers, later referred
to as unshieldedprobes, located in holes punched in the porous foam
boundary. Attempts were made to use pitot tubes. Then, a tracer

technique using helium was devised. The tracer technique required the
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development of miniature hot wire anemometer probes. The probes were
protected with a shield and are referred to as the shielded probes. The
probes were used both as helium detectors and as anemometers.

The measurement of the porous foam properties were also a part of
the experimental program. The determination of in situ permeability
and the dispersion coefficients of the porous foam boundary were
necessary to support the development of the velocity measurement
technique.

2.2 General Description of Equipment

The basic air flow system used in this study has been described
by Mufioz (1968). The system is shown schematically in Fig. 2-1 and
includes an inlet box, the test pipe, a blower-motor unit with a vari—
able speed drive and a damper for discharge control.

The test pipe, referred to as the porous pipe, consisted of about
40 ft of polyvinyl chloride (PVC) pipe of 12.75 in. OD with 0.406 in.
wall thickness. The PVC pipe was lined with a commercially available
- polyurethane material, Scott Industrial Foam, which has a very open
skeletal structure with a porosity of 97%. A sample of the foam is
shown in Fig. 2-2. The foam used for the lining had a texture of 30
pores per inch and the in situ thickness was 1.20 in. The test section
was located approximétely 34 ft (43 diameters) from the beginning of
the porous lining.

The instrumentation used to measure seepage velocities included
hot wire anemometers and pitot tubes. Various recorders were used to
collect the data. The descriptions, characteristics and operations of

these instruments are given in the section detailing their use.
12
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(Sample is 1/4 in. thick)

Fig. 2-2 Sample of porous foam
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The anemometer was mounted on a United Sensor traversing unit
Model 1108-18. Positions of the probe could be established with an ac-
curacy of 0.0l in. using a vernier scale on the unit.

2.3 Hot Wire Anemometry

The method followed for determining velocities using the anemometer
is the same as that described by Mufioz (1968). The essential features
of that description are provided here for continuity of thought.

Basically, the means of determining the velocity of a fluid flowing
past a hot wire anemometer involves relating the power required to
keep the wire at a constant temperature to the heat transferred from
the wire to the fluid. The theory of operation of hot wire anemometers
is presented in books such as Hinze (1959) and in most anemometer
manufacterers' literature, such as Flow Corporation Bulletin 94B (1964).

The empirical heat transfer relationship for a wire of infinite

length is

2

IR = (A + BV™) (T, - T) (2-1)

where:
I = electric current in the wire
R = wire resistance
T = absolute wire temperature
V = fluid velocity normal to wire
Ta = fluid temperature
and A, B and n are constants depending upon the wire characteristics and

are usually found by calibration. The expressions given by Collis and

Williams (1959) are
15



0.17

f

A= CﬂSZ,Kf T (2-2)
a

0.17 n

g d

B = D‘ITQKf T 5o (2-3)
a f

where:
Kf = thermal conductivity of the fluid

Ve = kinematic viscosity
2 = wire length
d = wire diameter

C and D = constants

and the subscript, f, refers to the film temperature defined as the
average temperature of the wire and fluid. Collis and Williams and Mufioz
found a value of n = 0.45 gave the best correlation between the empirical
relationship and calibration results. The value of n = 0.45 was also
used in this study.

Using air properties represented by

T 0.73
L. (T_) (2-4)
R R

0.85

“- (2)
R R

T
e . [R
op (T )%R (2-6)

where u = dynamic viscosity

density

©
L]
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p = pressure

and the subscript, R, refers to any reference value, the equation for

the heat transfer relationship becomes

1.02
T -T T 2r 0.17
I2 \ ao ao -1 2
- T T o
W a a
2 n
- Io PV
a Tfl.73
where:
Tfo
r = ——
ao
n
ioC RPR
D 1.73
dTR

(2-7)

and the additional subscript, o, indicates the conditions when there is

no flow past the wire.

A computer program was written to assist in the data reduction.

the program, Eq. (2—-7) was represented in the form

2
2 I
F(I) - I =7 F(V)
with
1.02
2 Tw - Tao Tao 2r 0.1
F(I) = 1 T =T T
a a
n
PV
F(V) =
T 1.73

17

(2-8)
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The constant temperature anemometer system used in this experiment
consisted of two channels of the model 900 series anemometers manufactured
by Flow Corporation (Fig. 2-3). Mean voltages were measured with either
two DC voltmeters, Digiter model 201 or the model 900-2D DC voltmeter
which was one module of the model 900 series anemometer. RMS voltage
were measured with another module of the 900 series, the model 900-5
RMS voltmeter which is a modified version of the Hewlett-Packard model
3400A true RMS meter. The modification extends the low frequency range
to 2 Hz and provides an averaging time of 20 sec.

Two different types of probe configurations were used in the
experiments. One configuration shown in Fig. 2-4 was a straight,
single wire probe, 1/4 in. diameter, with the last 1 1/4 in. reduced
to a diameter of 1/ 8in. A polyurethane foam cylinder was glued to
the reduced diameter portion of the probe to make the diameter 1/4
in. This was done to fill the 1/4 in. diameter hole punched out of
the test section boundary in order to accept the probe. This probe
will be referred to hereinafter as the unshielded probe.

The second probe configuration was a specially designed shielded
probe. It will be described in detail in section 2.5.

The calibration apparatus is shown in Fig., 2-5. It consists of
a bell-mouthed intake, approximately &4 ft of 2 in. ID plexiglass tubing,
nozzles, and a blower controlled with a Variac transformer. The hot wire
probes were calibrated in the core region near the bell-mouthed intake.
The velocity in the 2 in. plexiglass tubing was determined from the pre-

sure drop measured across different diameter nozzles depending upon the

18



Fig. 2-3 Hot wire anemometry system and recording instruments

Fig. 2-4 Unshielded hot wire anemometer probe
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Fig. 2-5 Calibration unit
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range of velocities required calibrated. The velocity at the nozzle

throat, Vn’ was computed using

v -c /Zg (e, /p,) (Ar;w/lz) | 29,
N 1- (Dn/Dp)
where
g = gravitational acceleration
Py = density of water
Py = density of air
Dn = nozzle diameter
Dp = pipe diameter
Ahw = differential pressure across the nozzle measured in inches
of water
Cn = nozzle coefficient

The coefficient, Cn’ varied only slightly from nozzle to nozzle. An
average value of Cn = 1.01 was used for all nozzles.

A typical calibration curve for the unshielded probe is shown in
Fig. 2-6. The velocities for this calibration curve range from about
0.25 ft/sec to 12.5 ft/sec.

Velocity measurements in the porous foam were first carried out in
the calibration unit. A polyurethane foam plug (30 pores per inch) ap-
proximately 10 in. long was placed inside the plexiglass tubing. The
anemometer was inserted through a hole drilled in the wall of the
tubing and into a 1/4 in. hole punched in the foam transverse to the
flow. Velocities measured at the centerline of the tube are shown in
Fig. 2-7. For seepage velocities below about 2 ft/sec, the anemometer

21
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indicated velocities within the hole approximately double the seepage
velocity. This corresponds to the relationship that is predicted from
potential flow analysis. Above 2 ft/sec, the correlation is not as good
with the deviagion from a 2:1 prediction increasing with increasing
velocity.

By traversing the porous plug, considerable scatter in the velocity
distribution was found. This scatter is evident in the two velocity
profiles of Fig. 2-8. For both traverses the centerline velocity in-
dicated by the unshielded probe is about 12 ft/sec even though the two
profiles are for different seepage velocities of 5.85 ft/sec and 7.56
ft/sec.

A 1/4 in. diameter hole was punched in the polyurethane foam and
aligned with a 1/4 in. hole in the wall of the PVC pipe to accept the
hot wire probe. The probe was then traversed through the porous boundary.
The probe position was referenced to the boundary of the porous medium
near the clear core of the pipe. Positioning of the probe relative to
this boundary was accomplished only by eye. The probe first was pushed
through the hole until the probe needles extended beyond the surface of
the porous material. Then, a straight edge was positiéned parallel to
the pipe centerline and as close to the p;ébe as possible so that the
straight edge indicated the nominal boundary of the porous medium. The
probe then was drawn back into the porous medium until the hot wire was
aligned with the straight edge.

Traversing the porous boundary was accomplished with the hole com-

pletely open between the probe and the core flow and with plugs of
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different lengths inserted into the holes as shown in Fig. 2-9. The

plugs were installed by inserting a solid 1/4 in. diameter rod into the
hole to a specified distance from the nominal porous boundary. The rod
was referenced to the boundary in the same manner as the hot wire probe.
The plug then was pushed into the hole and compressed against the rod.

A tweezers was used to grasp the plug fibers and pull them slowly out of
the hole until they were flush with the boundary. Porous plugs of

lengths 0.15 in., 0.25 in., 0.55 in., and 0.75 in. were used in the tests.
After the plug was installed, traversing of the probe bé&gan at a point
0.05 in. from the base of the plug and went to the impermeable boundary.

The velocities relative to the shear velocity, U,, measured with
the unshielded anemometer are shown in Fig. 2-10 for two Reynolds numbers.
For these tests, there was no plug in the hole and the anemometer was
traversed into the core flow. These tests indicated that the velocity
decreased very rapidly in the first 10% of the porous foam (0.12 in.)
and then had a gradual decrease throughout the rest of the depth.

Tests then were performed with a cylindrical porous plug inserted
in the hole between the core flow and the unshielded probe.: Results of
these tests are shown in Fig. 2-11, These tests indicate the same trend
of decreasing velocity with depth as was observed in the previous tests.
Generally, the tests with the porous plug inserted gave velocities in the
boundary which were slightly lower than those observed at the same loca-
tion for runs with the plug removed. This reduction is most likely the
result of the plugy however, the difference is well within the range of
scatter observed in the 2 in. plexiglass tubing. Therefore, a

26
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quantitative judgment of the porous plug effect could not be made.
Similar measurements of velocities and turbulence intensities in

a porous medium with a superposedshear flow are not available. There-

fore, any disturbing effect caused by the hole cannot be satisfactorily

evaluated. Thus, an alternative method of making the measurements was

sought. The following sections describe the methods attempted.

2.4 Pitot Tube Measurements

Measurements within a porous foam plug installed in the 2 in.
diameter plexiglass calibration unit were performed using a pitot tube.
The pitot tube used was 0.065 in. OD wiﬁh a 0,030 in. -diameter impact
opening and four static openings of approximately 0.010 in. diameter.
No attempt was made to install the pitot tube in the porous pipe be-
cause of the limitations and difficulties encountered while testing it
in the calibration unit.

The pitot tube was inserted into a slit in the foam. Even with
the slit, the pitot tube would become entangled in the foam and the foam
would be pulled out of position whenever the pitot tube was moved. The
resolution of the system was inadequate for the low velocities. For
these reasons, the pitot tube was discarded as a means of making

measurements in the porous foam.

2.5 Tracer Techniques

It is not known when tracers were first used to make velocity mea-
surements. Lt may have been when man first watched a leaf floating
down a small stream and noted how long it took for the leaf to travel
from one rock to the next. Basically, this example illustrates the

30



tracer concept of making velocity measurements. The leaf acts as a
tracer and the rocks as observation points. Generally, the tracer tech-
nique involves injecting a substance (tracer) with different properties
than the fluid in which the measurements are desired. The travel time
of the tracer between two points at a known distance apart is recorded.
The velocity is determined by dividing the distance between the points
by the travel time. Since tracer measurements have been made success-
fully in porous media, this measurement technique seemed to offer a
reasonable chance of success and was pursued.

Most experiments using tracers in porous media have involved
salt solution. tracers in water such as the experiments performed by
‘Hoopes and Harleman (1965). In water, the tracer is sensed by measur-
ing the changes of the electrical conductivity of the salt solution as
it passes a probe.

Different gases such as carbon dioxide and helium have been used
as tracers in air. The procedure has been to draw a sample from the
test section into a gas analyser té determine the tracer concentration.
Various principles are used in gas analyzers, one of which is related
to the change in thermal conductivity of gases. Rush and Forstall (1947)
and Forstall and Shapiro (1950) used this type of gas analyser in experi-
ments involving mixing of gases within a pipe and a jet, respectively.
Although, a gas sample was not used in this experiment, the principle
and apparatus involved are of primary importance in the measurement

technique developed hereinafter.
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Briefly, the thermal conductivity method of determining gas con-
centrations involves measuring the transfer of heat from a long thin
electrically heated wire. Two conductivity cells form two sides of a
Wheatsone bridge circuit. One cell contains a reference gas and the
other the gas-tracer sample. The heat released from the wire is con-
ducted through the gases to a heat sink. Unbalance of the bridge
occurs because the greater rate of heat conduction in the gas-tracer
sample cools the wire and changes its resistance, thus producing a
bridge unbalance. The point of interest is that the hot wire anemometer
reacts in a manner similar to the wire used in the conductivity cell.
Therefore, by placing two hot wire anemometers in the flow, one down-
stream of the other, the probes would act as small thermal conductivity
cells to sense the passage of a tracer gas injected in the flow upstream.

Consider the heat transfer relationship for a wire of infinite

length, Eq. (2-1), with Eq. (2-2) and Eq. (2-3) substituted for A and B.

y 0.17

2 (Tf> D (d \" .n

IR = Cﬂle T; 1+ T (-——) v (T - Ta (2-10)
This equation relates the output voltage of the hot wire to the air
velocity and the properties of the air and wire. As the tracer gas
passes, the anemometer output changes due to the change of fluid pro-
perties. Using the subscript, h, to indicate the quantities affected

by the tracer, Eq. (2-10) becomes
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The assumptions implied in Eq. (2-11) are that the flow is steady and
that injection of the tracer does not change the temperature or velocity.

Dividing Eq. (2-11) by Eq. (2-10) and rearranging gives:

n
IZR K 9+<E)
2 = th D \vf ’ (2-12)
IR Of C vd \ ©
5+(T)—
f

Using previous hot wire calibrations, C/D was found to range from about
3000 to 10000 with an average of about 5000. The Reynolds number range

- for these experiments is 0.0025 < YQ_< 2.5. Therefore, it can be seen

v
that even with a two or three-fold ihange of viscosity the influence on
the voltage output of the anemometer will be negligible.
Since the hot wire output is generally read in terms of volts,
E = IR, instead of power units, P = IZR, Eq. (2-12) can be converted to
voltage output by multiplying it by R and taking the square root.

Subtracting one from both sides of the resulting equation and rearrang-

ing gives

-1 (2-13)

This expression relates the relative difference in the output voltage of

the hot wire to the thermal conductivity of the fluid and tracer.

33



Bird, Stewart and Lightfoot (1960) give the relationship between

the thermal conductivity of a mixture of gases and their mole fractions

as:
n % K.
Ko oo = Z —ii (2-14)
mixture n
=13 it
where Ki = thermal conductivities of the pure components
X, = the mole fractions
and
-1/2 1/2 1/4 7 2
1 M. My M,
b, = A1+ 1+ |-t - (2-15)
+J V8 i uj i

where Mi = molecular weights of the gases

P viscosities

1

In a binary system, the mole fractions of two species, A and B, are

related to their concentrations, CA and CB, by
% = __Eéiﬁé__ = __Egigﬁ__ (2-16)
AT C c. > *B c C
My My My My

Considering equations (2-14) through (2-16) it can be deduced that
the concentration of a tracer in the flow can be determined from the out-
put of the hot wire anemometer. Since equation (2-14) is independent of
the veloéity of the air, the hot wire anemometer does not have to be

calibrated but only properly balanced if just the concentration of
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tracer is desired. This can be highly desirable, since changes in the
velocity calibrations can be quite large over long operating times.

Helium was selected as the tracer gas for these experiments. Its
thermal conductivity is an order of magnitude higher than that of air
and its principal constitutes, nitrogen and oxygen.

The relative voltage difference related to specific values of
helium concentration in air was evaluated using Egqs. (2-14) through
(2-16). The properties of helium and air used in the program are

given in Table 2-1 and were obtained from Weast (1968).

Table 2-1

Properties of Helium and Air

Species n M U X lO7 K x lO7
dimensionless (g cm_l sec_l) (cal sec_lcm_l K—l)

Air 1 28.966 1789 60.5

Helium 2 4.003 1941 355.0

The relationship between the anemometer output voltage difference
and the concentration of helium in air is given graphically in Fig. 2-12.
The relationship is practically linear over the range shown. Therefore,
when using the hot wire as a helium sensor where absolute concentrations
are not essential, the change in output voltage gives a direct measure
of the relative concentration.

To test the tracer technique, an injection system was devised and

constructed and special miniature probes were developed. The injection
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system is shown in Fig. 2-13 installed in the porous pipe. It con-
sisted of a tank of compressed helium, a pressure regulator, polyvinyl
tubing, a solenoid operated valve, and a modified hypodermic needle.
The pressure regulator reduced the pressure in the tank to working
pressures in the range of about 3 psi to 50 psi.

The solenoid operated valve, Automatic Switch Co. (ASCO) catalog
no. 8262B1 with 3/64 in. orifice, was controlled by an electric switch-
ing unit which could provide a 10 millisecond pulse for "instantaneous'
injections. Continuous injections could be achieved by bypassing the -
switching unit. The circuit diagram for the switching unit is shown
in Fig. 2-14. 1Initially, the switching unit was used only for manually
controlled instantaneous injections. In later stages of the test pro-
gram, a periodic instantaneous injection was required. This was
accomplished by using a rotary switch driven by a motor with a vari-
able speed control which replaced switch, S2.

A no. 20 hypodermic needle was modified for use as the injector
and is shown in Fig. 2-15. The injector was made by bending the needle
to form a right angle near the tip. Epoxy cement then was daubed
around the needle in the vicinity of the tip. The epoxy cement and
right angleprotusion of the needle then were filed down to approximately
0.05 in. The needle then could be inserted through the pores of the
polyurethane foam. The foam did cling to the injector slightly during
changes in position. But, by moving slightly past the desired position

and then back to it, no distortion of the foam was evident.
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Fig. 2-13 Helium injection unit installed on porous pipe
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Fig. 2-16 Shielded hot wire anemometer probe
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One of the main objectives of the tracer measurements was to
evaluate the measurements made with the 1/4 in. diameter unshielded
probe. Therefore, it was decided that a small tracer-sensing probe
which could be inserted through the pores of the foam was required.
Commercial probes were not available which could be used directly for
measurements in the porous foam. Therefore, miniature shielded probes
were developed especially for these experiments. The probes themselves
are modified versions of Flow Corporation F-1-E02 probes as shown in
Fig. 2-15 and 2-16. The overall length of the probes is about 18 in.,
12 in. of which is 0.134 in. diameter and 6 in. of 0.035 in. diameter.
A pointed shield of 0.058 in. 0D tubing fitted with two openings, 0.060
in. in the axial direction by 0.030 in., covered the 0.035 in. diameter
portion of the probe. When the shield was touching the shoulder of the
larger diameter portion of the probe the hot wire of the probe was
aligned with the center of the openings. With this configuration the
probe could be inserted directly into the polyurethane foam. The foam
adhered slightly more to the probes than to the injector needle. This
partly was due to the larger diameter stem and the slight indentation
caused by the openings. Any observable deformation of the foam was
eliminated by following the same positioning procedure as used for
the injector. If the probe was pushed through the porous pipe boundary
and the positioning procedure was not used, the foam formed a mound
around the probe. This mound was épproximately 0.03 in. to 0.05 in.

with an estimated diameter of about 3/8 in. If the probe was pulled
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back into the foam, an indentation of about the same magnitude as the
mound was observed.

The tracer technique involves measuring the travel time between
two points in space. The velocity can be determined by dividing the
distance between the two points by the time of travel between the peak
concentrations observed at the two points. Therefore, the two probes
Were mounted on the traversing unit so that they were moved in unison
to any location. The solenoid valve and injector needle were mounted
in a sliding bracket which could be attached to the porous pipe up-
stream of the shielded probes. The shielded probes and injector
needle were refereﬁced to the nominal boundary of the porous foam in
the same manner as the unshielded probe.

The equipment used to record the concentrations sensed by the two
hot wire probes is shown in Fig. 2-17. A schematic diagram of the
system is shown in Fig. 2-18. The equipment includes the hot wire
anemometer units, Flow Corporation series 900, a strip chart recorder,
Sanborn model 296 recorder, and a magnetic tape recorder, Precision
Instrument model PS-207A portable FM tape recorder. The frequency
response of the system was limited to 125 cps by the Sanborn recorder.
This was more than sufficient for recording the passing of a helium
pulse. In fact, when the probes were inserted into the porous pipe,

a R-C filter circuit was installed between the hot wire anemometer out-
put and the Sanborn recorder to eliminate the higher frequency voltage

fluctuations caused by turbulence in the flow. The RC circuit reduced
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Fig. 2-17 Equipment for sensing and recording

helium concentrations in a porous medium
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Fig. 2-18 Schematic diagram of tracer sensing and recording equipment
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the signal at 50 Hz by 3 db.

The output of the Sanborn recorder was played into the FM tape
recorder operating at 7 1/2 in./sec. This was done to utilize the sup-
pression voltage and amplification capabilities of the Sanborn recorder.
The frequency response of the FM recorder operating at 7 1/2 in./sec
was 2500 Hz which was sufficiently above the limits of the Sanborn
recorder to insure reproducibility of the signal.

Operation of the system began after the anemometers were adjusted.
This amounted to balancing of the bridge circuit and checking the
frequency response of the wires according to the manufacturer's in-
structions, Flow Corporation Bulletin No. 900A (1967). The frequency
response of the shielded probes was about 12 kHz which was determined
using a square wave calibration signal built into the unit. Having
performed this operation the shielded probes could be operated directly
as anemometers if desired or used as the helium detectors.

The peak concentration of the helium tracer travels with the mean
velocity along a line parallel to the flow. Therefore, the shielded
probes and injector were positioned in the porous pipe along a line
parallel to the centerline of the pipe for all runs in which the velocity
was required.

The tracer technique was first checked on the calibration unit.

A typical recording of the helium passing the shielded probes is
shown in Fig. 2-19. In Fig. 2-20 the seepage velocity in the porous

foam plug determined by dividing discharge by the area and porosity
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(0.97) is compared to the seepage velocity determined by the tracer
technique and the velocities indicated using the shielded probes directly
as anemometers. It is interesting to note that the measurements by the
tracer technique show close agreement with the actual specific discharge
and that the velocities sensed through the openings of the shield show
a close agreement with the average velocity (twice the seepage velocity)
predicted from potential flow analysis for a clear circular opening in
a homogeneous porous medium. To determine what effect the jet issuing
from the injector needle had on the velocity measurements, tests were
performed in the calibration unit using several injection pressures.
The pressure indicated at the pressure regulator was used as a re-
ference. Pressures of 4, 10, 14, and 18 psi were tried. The seepage
velocities determined at two of the pressures, 4 and 18, are shown in
Fig. 2-21. The velocities in these tests were determined from an
‘average of these separate pulse travel times.

The effects of helium buoyancy in the flow field were evaluated
by measuring the vertical concentration distribution in the porous pipe.
Helium was continuously injected at several positions in the porous
boundgry. The shielded probes were then traversed vertically through
the boundary at two positions downstream. Results of these traverses
are shown in Fig. 2-22. The continuous injection gives a better in-
dication of the buoyancy effects. Since more mass is injected into the
system than with a pulse, buoyancy effects should be more obvious if they
exist. These results indicated that buoyancy effects are negligible
in the distance covered in these tests.
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A significant difference in the anemometer output wave form was
evident when the equipment was moved from the calibration unit to the
porous pipe. A sample of the output wave form recorded in the cali-
bration unit was shown in Fig. 2-19.

Samples of the recorded signal for different positions in the
porous boundary are shown in Figs. 2-23 and 2-24. The difference is
due primarily to the turbulent fluctuations of velocity present in
the porous pipe. The signals at positions Y/H = -0.1, -0.2 and -0.3
are typical of the signals recorded at these positions and show the
difficulties of determining accurate travel times from them. The
signals recorded in the rest of the boundary, -0.4 > Y/H > -1.0, are
similar to those shown for Y/H = -0.6 and the time between peaks is
easily measured. Tests were performed by traversing the injector
and the shielded probes through the boundary. Manually controlled
pulses were used in the tests. Where the peaks in the concentration
curves were identifiable, the velocities were calculated using average
travel times established from two to five pulses. Results of these
tests are shown in Fig. 2-25 where the velocity is normalized with
the shear velocity, u,, and the depth is normalized with the total
thickness of the porous foam, H. These velocityprofiles indicate that
a relatively uniform velocity exists over most of the porous foam
boundary. Apparently, the shearing effect of the core flow does not
penetrate beyond about Y/H = -0.3 or -0.4. Comparison of the profiles
of Fig. 2-25 with those of Figs. 2-10 and 2~11 indicates that the hole

punched in the foam affects the velocities measured by the anemometer
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since it indicated that the shearing action took place over the entire
depth of the boundary. To verify this, different approaches for the
data analysis were tried for the measurements in the vicinity of the
interface boundary. These approaches are presented in the following
sections.

2.6 Tracer Detection in a Turbulent Flow Field

The difficulty of interpreting the data obtained in the vicinity
of the interface boundary has already been pointed out. The dif-
ficulty arises from the turbulent fluctuations of velocity present in
the porous pipe. The fluctuations, considered as noise in this case,
make the location of the peak concentration and the travel time be-
tween the probes difficult to evaluate. In some cases, the change in
voltage due to the helium is on the same order of magnitude as that
due to the noise.

Communications engineers have been faced with the same type of
detection problem. Through correlation theory and techniques they
have developed analytical tools for detecting periodic signals in
noise. Lee (1960) presents a thorough development of the theory and
technique and only a rudimentary discussion of the method will be
given here as it pertains to the determination of the travel time of
the peak concentration between the probes.

The crosscorrelation function of two periodic signals fl(t) and

fz(t) having the same fundamental period, T, is defined as
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T/2
R, (D) =-% ‘Jh £1(8) £5(t - 1) dr (2-17)
-T/2

To describe the crosscorrelation function in terms of Fourier coefficients

the periodic signals are expanded as:

a o0
£(8) = 52 + 112;1.(a1n cos AUt + by sin v t) (2-18)
220 9
, fz(t) =—5 * nZ ) (a2n cos n'wlt + b2n sin nwlt) (2-19)
T/2
a =2 £(t) cos 2L d¢ (2-20)
n T T
-T/2
T/2
b -2 £(t) sin 2 g¢ (2-21)
n T T
-T/2

The crosscorrelation upon appropriate substitutions and reductions is

~ given by Lee in the form

a a -
_P10%20 , 1 Z _ _
Rlz(‘t) e % + 5 4 Cin Cpp COS (nwlr + 92n eln) (2-22)

where ¢. = f a “ +b (2-23)
n n n
b
_ -1 n
en = tan (—'a—) (2-24)
n
_ 2m
wy = SF (2-25)
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The discrete form is shown here only because it is easier to see that
the crosscorrelation retains the phase differences of the harmonics
which are present in both signals. This phase difference is a constant
for a given fundamental period, T. The crosscorrelation function has

a maximum or minimum whenever

T = — n=1, 2, 3 .... (2-26)

Relating the crosscorrelation concept to the periodic signals
caused by the helium tracer passing the hot wire probes, it will be-
come apparent that one value of the time displacement, T, given in
equation (2-26) is the time of travel of the peak concentration. This
is visualized more easily by considering the following simple example.

Assume that two periodic signals shown in Fig. 2-26(a) represent
the signals from the hot wire as the helium tracer passes and that
the time of travel of the peak concentration between the probes is
three units of time. Basically, taking the crosscorrelation of two
signals involves three operations, a time shift of one signal re-
lative to the other, multiplication of the ordinates of the two
signals, and integration or averaging of the cross products. Fig.
2-26(b) shows one signal being shifted in time with respect to the
other. Performing these operations continuously gives the crosscor-
relation function, Rlz(r), for the two signals which is shown in
Fig. 2-26(c). A maximum in the correlation function occurs at a

value of time delay, 1, equal to three time units, which corresponds

55



fl(t)

£,(t)

Q 2 4 6 g t
(a) Two periodic signals, fl(t) and fz(t), before crosscorrelation
fl(t)h
L4 T v T T L T |  N
fz(t—T)J\
A A
/N / N\
\ /N
: At - f——p——t >
0 2 4 6 8 t
(b) Displacing one signal with respect to the other in time
Ri2(m)
'r 0 lf T $ $ : + 4. } -
2 4 6 g T

(c) Crosscorrelation function of signals in (a)

Fig. 2-26 Crosscorrelation of two periodic signals
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to the travel time of the peak concentration.

Tests were performed using a train of periodic helium pulses.
The period of the pulses was varied, and generally two different
periods were used at each traverse location. The output signals of
the shielded probes were recorded on the FM tape recorder. Cross-
correlations of the signals were performed using a correlation
function computer, Princeton Applied Research Corporation PAR model
101. The instruction manual provided by Princeton Applied Research
Corp. (1967) gives the characteristics of the computer of which the
following is a cursory explanation.

The computer utilizes both analog and digital techniques to
solve the integrals required for the crosscorrelation function. This
is accomplished at 100 incremental subdivisions of the time delay, T.
Time delays from 100 microseconds to 10 seconds in a 1,2,5 sequence
can be selected. The useful frequency range specified by the manu-
facturer is DC to approximately 250 kHz. |

To provide an "infinite' length of signal for the correlator to
sample, the recorded signals to be analysed were re-recorded on another
Precision Instruments FM tape recorder model 6208 which had provisions
for a tape loop. The signal was then input from the loop to the cor-
relation function computer. Crosscorrelation and autocorrelation of
the two anemometer signals were performed. Plotting of the correlations
functions was accomplished with an X - Y recorder, Mosely model 2D2.
Typical correlations for two different positions in the porous medium

boundary are shown in Figs. 2-27 and 2-28.
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Even though crosscorrelation of the signals eliminates the noise,
interpretation of the travel time is still difficult. This is be-
cause the travel time is still a random variable. It varies slightly
from pulse to pulse due to the turbulent fluctuations in the velocity,
the path which the helium follows through the porous matrix, and
slight irregularities in the response time of the valve. These
effects plus the fact that correlation is an averaging process tend
to make the peak in the crosscorrelation curve relatively flat and
difficult to interpret as is shown in Fig. 2-27. 1If the time of
travel is relatively long in comparison to the time over which the
peak occurs as is the case for Fig. 2-28, good results can be ééhieved
with crosscorrelation. Seepage velocities calculated from the cross-
correlation functions are shown in Fig. 2-29.

In the vicinity of the interface boundary, the velocities are the
highest, turbulence intensities are nearly maximum, and these effects
all combine to make determination of the travel time difficult even
with crosscorrelation. It was in this region good results were desired.
Unfortunately, crosscorrelation of the signals met with only limited
success because of the '"flat" peaks in the crosscorrelation function
which allowed a wide interpretation of the travel time.

Over the rest of the foam boundary, from about Y/H = -0.3 to the
impermeable wall, crosscorrelation worked well. The travel times are
a better representation of the mean travel time since they are deter-
mined from a minimum of 40 pulses. The results found by correlation

verify those already found using the visual determination of the peak
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~oncentrations for the two higher Reynolds number flows, thus, re-
inforcing the evidence that the shear effects from the core flow

penetrate to a relatively shallow depth. At the lower Reynolds number,
the velocities determined from crosscorrelation functions are higher

than those determined from the visual determination of travel times.

This apparent discrepancy may have been the result of the jet issuing

from the injector and the injector probe locations. For the visual runs
the probes were generally spaced at distances greater than 1 in. and the
distance from the first probe to the injector was initially 1l.44 in. and
later 0.70 in. For the correlation runs, the distance between the shield-
ed probes was reduced to 0.70 in. and the distance between the injector
and the first probe was 0.66 in. At the low Reynolds number, actual see-
page velocities for the visual determinations were on the order of 0.05
ft/sec and for the correlation determinations on the order of 0.08 ft/sec.
The velocity of the jet entering the porous foam is not known, but it ap-
parently produces some effect for close spacing of the injector and
shielded probes.

2.7 Shielded Probes Used as Anemometers

The shielded probes when used directly as anemometer indicated
velocities that correlated well with double the seepage velocity. The
correlation shown in Fig. 2-20 is limited to velocities greater than
about 1.5 to 2.0 ft/sec because of the characteristics of the shielded
probes.

A typical calibration for one of the shielded hot wire probes is
given in Fig. 2-30. The data points deviate from a straight line, at

a value of F(V) of approximately 1.4 which corresponds roughly to an
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63



air speed of about 1.5 ft/sec. Collis and Williams (1959) observed a
similar phenomenon due to the interaction of free and forced convection.
They gave a rough criterion for the effects of buoyancy (free convection)
for wires with large aspect ratios (length of wire, &, divided by its
diameter, d) in terms of the wire Reynolds number and the Grashof number.
They cautioned that for sufficiently small aspect ratios three-dimensional
heat transfer could modify the heat flux at higher Reynolds numbers than
that given by their criterion. The wires they used has aspect ratios
greater than 2000 and the deviations due to free convection occurred at
Reynolds numbers of about 0.03. The shielded probes used in this study
have aspect ratios on the order of 125 and the deviation observed in
Fig. 2-30 occurs at a Reynolds number of about 0.16, where the Reynolds
number was determined in the same manner as Collis and Williams. The
effect of the shield on the heat transfer is not known, but probably
also adds to the effects causing the deviations.

Mean velocities measured with the shielded probe anemometer in and
near the porous foam boundary are shown in Fig. 2-31. All seepage
velocities in the boundary were interpreted as being one half the
velocity indicated by the anemometer. The point at the surface, Y/H =
0.0, was included in this interpretation even though one half of the
shield opening was exposed to the core flow and, therefore, the inter-
pretation may be incorrect. Velocities in the core are actual velocities
determined with the anemometers. Velocities less than 1.5 ft/sec
are included to aid in visualizing the shear zone even though they

are somewhat ambiguous as to their actual magnitude. Also plotted
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on Fig. 2-31 are velocities measured by Mufioz in the core near the
interface. The dashed curves in Fig. 2-31 were fitted by eye and are
drawn only in the range of validity of the shielded probe anemometers.
Longitudinal intensities of turbulence measured with the shielded
probes are shown in Fig. 2-32 along with those measured by Muiioz (1968)
in the core flow near the porous boundary.
Both the mean velocity profiles and the turbulent intensity pro-
files indicate the shearing effect penetrates only to a depth of
Y/H = -0.25 or -0.30. Beyond this depth, the shearing effect is
negligible and the flow is governed by the pressure gradient in the
pipe. These results are in agreementwith the penetration depth and
uniform velocity distribution indicated by the tracer technique.

2.8 In Situ Intrinsic Permeability

The specific discharge, q, within the porous medium boundary is
related directly to the intrinsic permeability of the medium. When
there is no shear, Eq. (3-17) describing the velocity distribution in
the boundary is nearly that presented by Ward (1964).

-1 iR:V
p dx

1 g2 (2-27)
c/ k

15

-+

P

The difference is that Eq. (2-27) uses the specific discharge and Eq.
(3-17) uses the seepage velocity.

Tests were performed in the porous pipe to determine the valués
of C and k using the above equation. The pressure drop along the pipe
was measured using a U-tube manometer. The specific discharge, q,
within the porous medium boundary was determined using the tracer
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technique with manually controlled pulses. The probes were located in

a plane 0.72 in. from the interface boundary at a distance of 0.70 in.

apart.

Equation (2-27) was rearranged to provide a relation of the form

Y=mX+b
where
-1 dp
Y= 2 dx
pq
X =<
q
m= -
k
b L
cv/k

(2-28)

(2-29)

(2-30)

(2-31)

(2-32)

In this form, the permeability and the constant, c, can be determined

directly from the slope and intercept of the linear equation.

Fig. 2-33 shows data points plotted for a range of pipe Reynolds

5 5

numbers from about R = 1.7 x 107 to R = 4 x 10°. The line, labeled

¥ = 52.1 + 390.9%, is the best fitting straight line found by the

method of least squares. The permeability, k, and the constant, c,

determined from this linear equation are:

K = 0.409 x 107° sq ft

]

]

c 30.0

These values of k and c were used to develop the theoretical curves of

velocity distribution in the porous boundary presented in Chapter
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2.9 Longitudinal Dispersion Coefficient

The concentration distribution of the helium tracer injected in-
stantaneously into an infinite flow field will be developed in Chapter 4

and the dimensional form of Eq. (4-56) can be written as

(g, z,t) = M/p exp | - 1 | (x- ut)'2 . yz + za
22 e 1,.3/2 3/2 4t E E
8m ‘)Elo Epg t 10 20

2 2 2
1- 2%y Ix-uelyslo o ys Jxoub) Ly T2 ) (g

4LE10 8Lt ElO E20

where ElO and E,, are the longitudinal and lateral dispersion coefficients

on the x-axis.

Letting
M/p
c = (2-34)
o 3/2
8= " By By

and considering the case along the x-axis, the concentration distribution,
which is now only a function of x and t, can be written as

c

2
c(x’t) = %/2 exp { - .].‘__ LX_.:__tﬂ:_)__
t

(2-35)
4t ElO

From this relationship, the dispersion coefficient, ElO’ can be deter-
mined if either the concentration distribution is known for all values
of x at a given time or for all values of time at a given distance, x,

from the source of the injection.
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The velocity distribution in the porous foam boundary has been
shown to be relatively uniform at distances from the interface boundary
of Y/H = - 0.3 to the pipe wall. Therefore, over this region, the
variation in the velocity in the angular direction should be negligible
and the flow field can be represented in a Cartesian coordinate'system,
thus making Eq. (2-35) applicable.

The helium tracer system was set up initially to determine the
travel time between the two hot wire probes. The timing marker on
the strip chart recorder was energized every time the switch was
tripped to open the solenoid valve. The time indicated between this
mark and the hot wire responses recorded on the strip chart is not
the exact time from the instant the helium is released. This is due
to the time required for the helium to travel from the valve through
approximately 3 in. of 1/8 in. pipe and about 4 in. of the hypodermic
needle shaft to the point of injection. The purging of the air from
the needle and the subsequent mixing of air and helium in this piping
section was thought to cause the elongated tail observed on the strip
chart records of the concentration curves.

Since there are two probes, the time of travel from the injection
point to the probes can be estimated in the following manner. If the
dispersion coefficient is assumed to be small, the travel time of the
peak concentration is the same as the mean velocity. When the maximum
concentration occurs, x = ut and the value of the exponential term is 1.
Call t and t the times at which the maximum concentrations, Cpl’

pl p2

and c¢ are observed at probe 1 and 2, respectively. Then

p2’
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t

=t . + At (2-36)
p2

pl

where At is the travel time of the peak between the two probes.

Using equation (2-35)

pl _ 1 -
S, R 3/2 (2-37)
pl
c
P2 _ 1 _
c 3/2 (2-38)
0 t
pl

Dividing (2-37) by (2-38) and substituting equation (2-36) for tp2

gives
c (t + At)3/2
pl _ ~pl
c - 3/2 (2-39)
P2 t

pl

The voltage difference of the anemometer output between that observed at
the maximum concentration and that when no tracer was present was used
to calculate cpl and cpz. The travel time, At, can be measured directly
from the strip chart and thus the time, tpl’ can be calculated.

Dividing equation (2-35) by either (2-37) or (2-38) the con-
centration observed at the probe, c, related to the peak concentration
cp, and time to the peak, tp, is

3/2

t 2
c _ _p (x - ut)
= exp - (2_40)
cP t3/2 4Elot
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Knowing the distance between the probes, the value of x can be determined
from
x=u -+ t (2-41)

Thus, the longitudinal dispersion coefficient, El’ can be determined if
curves of concentration versus time are known at two points along the
x—axis. This is the type of information presented on the strip chart
records.

Several methods are available for evaluating ElO' The method used
here was to find the best fit curve from the time the anemometer
first sensed the helium to the time when the peak concentration was
observed. The points beyond the peak were disregarded because the
injection was not instantaneous and its exact form was not known.

If the form of the injection pulse were known exactly, it could
be described by superposition of a number of the instantaneous pulses
and the concentration observed at the probes would be the superposition
of the solutions of this pulse train. However, since the objective of
finding the dispersion coefficient was only to determine its order of
magnitude and to see if the assumption used for the dispersion coef-
ficients in Chapter 3 seemed justified, further refinement of its
determination did not seem justified. The assumption made was that
El was directly proportional to the velocity.

Values of El were determined from the data at the two probes. A
curve was fitted through the rising limb of the ¢ vs t curve using dif-
ferent values of E. The value of El was found from a least squares

fitting of the data to the rising limb of Eq. (2-35). The values of
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ElO determined in this manner are given in Fig. 2-34 in terms of the

relationship between El and the seepage velocity, u. This relationship

can be characterized roughly by the equation.

T (2-42)

where a; = 0.00167 ft.

2.10 Discussion of Experimental Techniques and Results

The objective of the experimental work described was to develop
a method of making direct measurements of the seepage velocity within
a porous foam. Several techniques were used in the course of the
experimental phase of the study.

The unshielded anemometer probe when used in a hole punched in
the foam gave results that now appear to be biased due to the physical
configuration of the hole and probe combination. It is not known exactly
what the flow patterns in a shear flow is in the vicinity of the
cylindrical hole. However, when the hole was completely open above the
probe, there could be considerable interaction between the core flow and
the flow within the hole. Adding the plug above the probe should produce
this interaction somewhat but still a three dimensional pattern occurs
and some complex averaging takes place within the cylindrical disc
surrounding the probe. The size of the hole causing the disturbance is
probably the most significant factor of all. Its minimum size was that
of a disc approximately 1/8 in. high by 1/4 in. diameter. This size was
necessary to provide clearance for the hot wire. This method could not

be counted on to give an accurate indication of the seepage velocities.
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Attempts at making measurements in the porous foam using the pitot
tube were completely unsuccessful. This was primarily due to the dif-
ficulty encountered in traversing the pitot tube through the foam and
the inadequate resolution of the system at low velocities.

The tracer techniques provided good results in the region where
the flow was driven primarily by the pressure gradient as was shown
in Figs. 2-25 and 2-29. Near the interface boundary where the tur-
bulent intensities and the shearing effect predominate, the method
met with only limited success. In this region it was difficult first
of all to observe the helium patch passing both probes, and when it
did pass both probes, to be able to distinguish the peaks. The probes
were moved closer together in order to observe the patch passing both
probes. The reduction in the probe spacing reduced the accuracy in
the determination of travel times. Velocities determined in the shear
zone were unreliable and erratic at best even with crosscorrelation of
the signals.

Crosscorrelation of the signals provided a good method of deter-
mining travel times where the travel times were of sufficient duration
not be lost in the peak of the crosscorrelation function. Seepage
velocities of magnitudes much below what the hot wire anemometer can
measure directly were determined using the tracer technique.

Velocities were measured in the shear zone using the shielded
probes directly as anemometers. The arguments concerning flow patterns
presented against the unshielded probe pertain to the shielded probe

only to a limited extent. The shield eliminates effects from the core
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flow impinging directly on the hot wire. The area over which the
shielded probe samples the velocity is approximately the size of two
pores, 0.03 in. by 0.06 in. Therefore, the flow pattern in the

vicinity of the opening should approach that predicted by the potential
flow solution which indicates a correlation between the velocity

sensed by the probe and two times the actual seepage velocity. This
correlation was evident in the calibration experiments in the 2 in.
diameter plexiglass tubing. Velocities measured with the shielded probe
are limited to those greater than about 1.5 ft/sec.

The results of this study showed that velocities over the entire
depth of foam can be measured only by using a combination of the
techniques. The tracer technique works well in the pressure gradient
flow region. The shielded probe anemometer works best in the shearing
zone and the velocities determined with it can be interpreted to give
the seepage velocities, thus, completing the velocity profile. A
composite picture of the velocity distributions at different pipe
Reynolds numbers is given in Fig. 2-35. The distributions were deter-
mined from the anemometer velocities (Fig. 2-31) and the tracer veloc-
ities (Figs. 2-25 and 2-29). The lines representing the velocities
were established in the following manner. In the shear zone, the
seepage velocities were obtained from the dashed curves of Fig. 2-31.
Points in the zone of pressure gradient flow were taken from the helium
tracer data. A best fit line was determined by eye in each zone and
the two were faired together at the intersection. The lines shown in

Fig. 2-35 arethe culmination of the experimental phase of the study. They
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represent what is the best known estimate of the velocity distributions
within a porous boundary exposed to turbulent shear flow. The penetra-’
tion depths indicated in Fig. 2-35 should be used only as a guide since
the data in the region are not sufficient to specify the penetration
depths exactly.

The longitudinal turbulence intensities were presented in Fig.
2-32. 1t is uncertain as to their exact meaning. This is partially
because the mean velocity is correlated with twice the seepage velocity
and what effect this correlation has on the fluctuating component of
velocity is unknown. Also, the effect of the shield is unknown. It
should be noted that in the core flow, the shielded probe indicates
intensities comparable to those measured by Mufioz. They are presented
because it is felt, they give at least a relative indication of the
penetration depth of the turbulence and thus an indication of the

shearing zone in the porous medium.
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III. ANALYSIS OF FLOW IN A POROUS BOUNDARY

3.1 Introduction

There are numerous studies which have investigated flow charac-
teristics in flow fields over porous boundaries. However, despite these,
there is no information regarding the flow characteristics within the
boundary. In some studies, such as those by Eckert, et. al., (1955) and
Olsen and Eckert (1966), the boundary only provides a means of applying
suction or injection to the system. In other studies, such as those
conducted in sand bed channels and porous pipes, it is known that the
boundary exerts a considerable effect on the mean flow characteristics
in the overriding fluid. This effect usually is attributed to the
boundary geometry since the effect due to the flow in the boundary is
unknown.

It is possible that there is some interaction between the porous
medium flow and the channel or core flow. Each flow tends to modify the
other and in turn be modified. But, the mechanism of this interaction
is not understood. It is felt that the interaction is related to the
fluid turbulence.

The purpose of this chapter is to develop a description of the flow
in a porous boundary exposed to an external superposed shear flow. The
porous boundary in this study is a lining attached to an impervious pipe.
The configuration is referred to as the porous pipe herein. Although,
there are overtones to sand bed channels, it was not the intent to model
them, but merely to give some insight into what can be qualitatively

expected in flows over porous boundaries.
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This chapter presents the general equation of motion for flow in a
porous boundary and then through a phenomenological approach presents
velocity distributions based on three different eddy viscosity assump-—
tions. Comparison of the models on the basis of the surface velocity
indicates the different penetration depths resulting from the assumptions.
The core velocity distribution is related to the boundary velocity and
the eddy viscosity in an attempt to develop a general model for the
entire pipe. Since an explicit expression relating the friction factor
to the Reynolds number cannot be achieved, an analysis was made which
provided a means of extrapolating the curve of friction factor versus
Reynolds number from a known point.

3.2 Flow in a Porous Medium Boundary

The problem posed in this study involves a porous medium exposed to
a shear flow. This problem is unusual in that it combines a shear flow
and a porous medium flow. Therefore, before attempting to deVelop
the model, consideration will be givern to the forces involved.

In the usual connotation of porous medium flow, shear forces do
not explicitly enter the problem. A balance of forces is achieved
between the pressure and drag forces. Darcy's law for flow in a porous
medium 1S one example of this balance of forces, applying in this case
to laminar flows. For flows in the turbulent range the square law drag
force has been found to be appropriate. Ward (1964) determined the drag
coefficients in terms of physical properties of the fluid and medium
appropriate for all flow regimes in porous media. The balance of forces

as Ward presented is given by
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2
dp _ M . pv_ (3-1)
k ek

; %%'= pressure drop per unit length

B = viscosity of fluid

p = density

k = permeability

¢ = a dimensionless constant

v = gpecific discharge

Although flow in crop canopies is not considered as porous medium

flow, a striking similarity of flow conditions exists. The crop canopy
can be thought of as an anisotropic porous medium. Iowever, in canopy
flow a pressure gradient does‘not enter into the balance of forces.
Therefore, the canopy is thought of as a drag on the external flow and
in the canopy the drag force is balanced by a shearing force. Cionco
(1965) and Takeda (1966) have developed canopy models by balancing the
shear force and a drag force proportional to the square of the velocity.

Their force balance takes the form
R (3-2)

where 1 = shear or frictional stress

ey = a drag coefficient dependent upon the vegetation density
= velocity
z = vertical coordinate
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It appears that the boundary flow of the porous pipe should ex-
hibit characteristics of both porous medium flow and canopy flow. If
the boundary were of sufficient thickness, shear forces would become
negligible with depth, and the usual porous medium flow driven by the
pressure gradient would exist. Near the interface boundary, i.e.,
the nominal porous boundary adjacent to the core flow, a shear flow
exists in addition to the porous medium flow. The flow in this region
would be similar to the canopy type of flow. If this condition exists,
a shear force should be included in the balance of forces for the porous
boundary.

Brinkman (1947) was probably the first to include both drag forces
and shear forces in a porous medium model. His model attempted to
correct for nonlinearity observed in a permeameter containing densely
packed porous particles.

The general equation of motion for flow in a porous medium has

been developed by Buyevich, et.al., (1969) and is given by

9T
é— a 3 — —BB -— i. — —
n"( . * "a‘x".) Y n( o, pgi) T a1 Sty
i i 3
ou, ou. ou
where Ti. = M (5—3- + S—J- - Z.U _k
Tis T shear stress components
J
L
fdi = G(n) {u uy;
m m
fdi = drag force components
n = porosity
p = density
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P = pressure
g, = components of the body forces associated with the gravita-

tional acceleration

ui = seepage velocity components

t = time

xi = coordinate directions

6ij = Kronecher delta: if i = j, ‘Sij =1; if i # j, <sij =0

i, j and k = subscripts which can have the values 1,2, or 3

Gm(n) function of n assumed to be known

m integer value of 0,1,2....

Assuming the fluid to be incompressible, the equation for the conservation

of mass is

—— =0 (3-4)

The equations of motion for flow in the boundary of a porous pipe can
now be developed by starting with the general equations (3-3) and
(3-4).

The flow in the porous boundary is regarded as turbulent and the

instantaneous quantities can be represented by mean and fluctuating

components
u, = u, + ui (3-5)
p =p+rp' (3-6)

The drag forces are assumed to be functions only of the mean velocity,

G;. Substituting Egs. (3-5) and (3-6) into Eq. (3-3) and time averaging
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gives a resulting equation which can be rearranged and written as

- — du, £,

ou, ou, d i di

i — i op - T, |- 41 -

o 3 t oo Y _§3. = o + ij U axj puy uj - (3-7)

The gravitational body forces, g;» are now included in the pressure, p.
Note that Eq. (3-7) is the same as Reynolds equation except for the
drag term and represents the gemeral equation of turbulent flow in the
porous boundary. In its present form Eq. (3-7) cannot be solved
analytically, but by making some gross aésumptions concerning the flow
field, the equation may be reduced to a more tractable form.

The coordinate system used in the porous pipe is shown in Fig. 3-1.
A steady, uniform flow is assumed to exist in the porous pipe. In
general the shear stress ;;j is

du,

- _ i _ — 3-8
Ty <M 5;;— P ug'u, (3-8)

For turbulent flows, the Reynolds stresses are considered to dominate,

ice., Tij = =p uiuj. For laminar flows, the viscous stresses dominate,
_ du,

. T., = U 5

i.e., ij H dxj

Using the above assumptions, Eq. (3-7) becomes

— 3T, . £..
S i1 di_ (3-9)
axi ij n

This is the general equation of motion for flow in the boundary of the

porous pipe. For the specific flow with
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= u (3-10)

Y1
let
X = x (3-11)
= f -

£41 = fq (3-12)
X, =y (3-13)

T,, =1 (3-14)
1]

Eq. (2-10) reduces to

£
_%l;— +g—;-—§=0 (3-15)

where the over bars are dropped as a matter of convenience. Equation
(3-15) only can be solved by making assumptions regarding the shear
stress, T, and the drag force, £y

The shear stress to be used in the development of the velocity
profiles follows from phenomenological theories of turbulence and is
assumed proportional to a kinematic eddy viscosity, €, and the velocity

gradient, v’ such that
— cu 3-16
p € dy (3-16)

Different functional forms of the eddy viscosity, €, have been used to
determine mean velocities in turbulent flows. Some simple forms the
functions can take are

£ = u*L
(3-17)

€ = ul

89



where L = some characteristic length
u, = shear velocity
u = seepage velocity

Forms of eddy viscosity given in Eq. (3-17) are used to develop
the mean velocity profiles for the porous boundary, later in this
éhapter.

The drag force considered to be the most general for porous
media is that presented by Ward. The form of the drag force used in
canopy flows is implied in Ward's equation. Therefore, no additional
terms need be included to account for drag for ‘the canopy type flows.
The drag force used to develop the velocity profiles later in this

chapter takes the form of Ward's equation and is

, fd oy u2
— = u + (3-16)
n k vk
Replacing fd in Eq. (3-15) with Eq. (3-16) gives
9 3 2
-gE 4 LY, o (3-17)

R e

If the shear stress term is zero, Eq. (3-17) reduces to a form of
Ward's equation for flow in a porous medium. If a pressure gradient
does not exist and the linear drag term can be neglected, Eq. (2-17)
approaches the form of the equations used in canopy flows. For the
development of the velocity profiles in the following sections, Eq.

(3-17) represents the governing equation of motion in the porous

boundary.
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3.3 Mathematical Models Assuming Eddy Viscosity Constant

The nature of the flow in the boundary of the porous pipe will be
considered before developing the velocity distribution. The nature of
the flow in the porous pipe can be characterized by visualizing two small
packets of fluid such as thoserepresented schematically in Fig. 3-2.
The two packets at different levels try to move into different regions
with higher or lower momentum. It can be seen readily that it may not
be possible for these packets always to move from one level to another.
They may be intercepted by a porous medium particle and give up their
momentum to it. Thus, small scale turbulence in the porous boundary
would be quickly damped out or be relatively insignificant.

If the large scale eddies from the core flow that impinge on the
surface are considered, it appears that the porous medium would offer
some resistance to its passage but would not significantly hinder its
movement. Therefore, it is assumed that the large scale eddies are the
generating mechanism of the turbulence in the porous boundary. Further-
more, since the eddy scale is relatively large compared with the pore
scale of the boundary, the mixing process should be constant over a
large area. Therefore, it seems appropriate that the eddy viscosity
be assumed a constant as a first approximation. Two different forms
of the eddy viscosity were used to develop velocity profiles in the
porous boundary. The first assumption was that the eddy viscosity
was a function of the velocity at the interface between core flow and
the boundary, i.e., the surface velocity. It is given by

e = BL (u, - up) = BLu (3-19)
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where B = constant of proportionality
L = a length characteristic of the boundary
o YT M (3-19)
u, = surface velocity
u; = porous medium pressure gradient flow which can be determined
from
1/2
22
_ _ Ve 1 v 8cvk 2 _
=gkt T TR (3-20)
which is the solution of Eq. (3-1) when dp/df is replaced by
pu,
2R
R = porous pipe radius

The second assumption was that the eddy viscosity was a function

of this shear velocity, u,. It is given by
€ = BL u, (3-24)

The velocity distribution using thé first eddy viscosity, Eq.
(3-18), will be completely developed and documented. Since the velocity
profile development using the second eddy viscosity assumption parallels
the first, only an outline of the differences in principal equations is
noted before presenting the final solution.

The coordinate system used in the models was shown in Fig. 3-1.

The boundary conditions appropriate for all models are

- — g‘_‘i -
T= T T oee &y aty =0 (3-22)
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= DE _u. at y > - 0O (3_23)

where T, = shear stress at the surface of the boundary.
The first boundary copdition, Eq. (3-22), implies the shear stress
across the interface boundary is continuous. The second condition
indicates that no stress exists to great depths in the boundary, and
at that depth the flow is sustained by the pressure gradient, there-
fore, u = ug.

Using the constant eddy viscosity assumption, Eq. (3-18), the
equation of motion in the porous boundary, Eq. (5—17), can be rear-
ranged and written as

- 2

poBL u, du = (u - ul) +
dy ok

(u” - u ) (3-24)

Total derivatives replace the partial derivatives since u is only a
function of y. The equation of motion and the boundary conditions can
be made nondimensional by normalizing with the shear velocity, u,, and

a characteristic length, L, such that

u = Uu*, u = Ul Uys U= UO u, (3-25)
y = Lg (3-26)
Substituting Eqs. (3-25) and (3-26) into Eq. (3-24) and rearranging
gives

~ 2 (u - uy)
d vL 1 L 2 2
Bu 5 == +— W - u") (3-27)
Ccvk
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Letting U =U - Ul

du _ du

and noting that ik aE

Eq. (3-27) can be written as

BU 2

__9__‘.i.£ =é U+U2
8 _ sz 8
where B = L
evk
vL
A=, T2

(3-28)

(3-29)

(3-30)

(3-31)

(3-32)

The boundary conditions, Eqs. (3-22) and (3-23), can be written in

nondimensional form as

%%- = -%;— at £ =0
BU
(o]
du
E—E_ 0 at g » - o

(3-33)

(3-34)

which from Eq. (3-23) implies U= 0 at § » — «

To find the solution of Eq.

let
@
S 3
d d dﬁ d
and =% £ =5 &
¢ 4y 948 du

Substituting Eq. (3-35) and (3-36) into Eq.
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(3-35)

(3-36)

(3-30) gives



BU 2 .
T o & | %U + 12 (3-37)
B 4u

The result of integrating Eq. (3-37) and using the boundary condition
Eq. (3-34) is
BU 2 A

— g° =

28 28 3 (3-38)

The surface velocity, U, , can be determined by substituting the

value S = (BUO)-_l from Eq. (3-33) into Eq. (3-38) giving

1 . AUOZ + 3% U03 (3-39)
BU_

The solution is not straight forward and is best found using an iteration

procedure in a digital computer.

By taking the square root of Eq. (3-38), it can be written as

BU S . 1/2
o A _ (AT _
78 d_a‘U<2B+3) (3-40)

This equation can be separated and integrated to give

(g +A_)”2_ A

2 a2 2o 2 yp- [, (3-41)
v, a) L BU
3 T 28 28 ©

The value of the constant of integration, D, can be determined from the

fact thatat £ = 0, U = UO and the solution for the velocity distribution

in the porous boundary then becomes
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fi+A)1/2_A (U_°+é_)l/2_é_
1nd A3 26 28 L _ qp ‘328 28 L o [A ¢ (3-42)
172 172
U, A A U BU
3t 2% t % o4 A ) F o °
B 8 3 728 28

Since the value of A depends upon the Reynolds number through the
shear velocity, u,, the solution for Eq. (3-42) also depends on the
Reynolds number. Furthermore, the proportionality comnstant, B, has
not been specified. It is assumed to be a universal constant, but its
value will depend on the characteristic length scale chosen, and at this
point B must be determined empirically. However, the velocity distri-
bution can be determined by assuming different valuesvof B if the value
of u, is known. The values of u, are known for several values of pipe
Reynolds numbers from the experiments performed by Mufioz. The velocity
profiles shown in Figs. 3-3, 3~4 and 3-5 were determined for different
values of B at Reynolds numbers of 1 x 105, 2 x lO5 and 4 x 105. The
values of the eddy viscosity at the surface corresponding to the dif-
ferent values of B also are given in the figures. The velocity distri-
butions shown in Fig. 3-6 are exactly the same as those in Fig. 3-5
except they are plotted using a linear scale instead of a semi-log
scale. The linear scale eliminates the distortion and is presented
here to aid in visualizing how rapidly the velocity decreases.

If the eddy viscosity assumption, Eq. (3-21), is used, the solu-
tion for the velocity distribution is the same as Eq. (3-42) except
for the coefficient on the right hand side of Eq. (3-42). In that

equation the surface velocity does not appear and the coefficient is
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The boundary conditions become

m

Q@ - 1 = (3-43)
& " 3B at § 0

and
a _ > — ® (3-44)
dac 0 at &

The velocity distribution for the assumption, € = BLu, can be written

) (204 é_i/z _

28 .
172 172 “j; £ (3-45)

o A A
(T*?B') T

The surface velocity can be determined by using Eq. (3-43) for S in

as

+
5

> h1>
™

=
o}

[an} >w|OC5 >

+

S

w|EHwla >
+

3|

™m

S~————

the following equation evaluated at £ = 0

B 2 _
2g > <

wl|a»
w

u? + (3-46)

&[>

This completes the solution for the velocity distribution in the
porous boundary using the assumption for eddy viscosity, e = BLu,.
Velocity profiles at the different pipe Reynolds numbers and for dif-
ferent values of B are given in Figs. 3-7, 3-8 and 3-9.

Eqs. (3-42) and (3-45) give identical profiles when ﬁo = 1. For
values of 60 > 1, the eddy viscosity, € = BLﬂo, is larger for a given

~

value of B. TFor values of UO < 1, the inverse is true.
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3.4 Mathematical Model Assuming Eddy Viscosity Proportional to Velocity

To investigate the effects of a variable eddy viscosity, the as-
sumption was made that the eddy viscosity was proportional to the veloc-
ity in the boundary. This can be written as

A (3-47)
€ = BLU
where U is defined by Eq. (3-28). The physical significance of this
assumption is that the lateral turbulent motion may decrease with in-

creased depth into the porous boundary and thus the eddy viscosity

should also decrease. Velocity profiles using this assumption were

developed for later comparison with the constant eddy viscosity profiles.
The general equations of motion for this model, after substitution
of Eq. (3-47) into Eq. (3-17), can be made nondimensional by using

Eqs. (3-25) and (3-26) and becomes

B d2U2

2 v®
28 dg

= A
U o+
B

(3-48)

where B and A are defined by Eqs. (3-31) and 3-32), respectively.

The boundary conditions appropriate for this problem are

dt = 1 atg=20

dg B

dU = 0 at & > - = _

ac (3-49)
or U = 0 at g > - o

To find the solution of Eq. (3-48) subject to Eq.(3-49), let
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1 dU dUu
= = 4o _ £ 3-50
5,3 & U g ( )
then
~ S
4 _d 4 _ 71 d (3-51)

Substituting Eqs. (3-50) and (3-51) into (3-48) gives

g ~ 4 . %U+U2 (3-52)
au

which can be separated and integrated to give

+ G (3-53)

w
NG
S

The boundary condition, Eq. (3-49), at £ > - » is used to find
G=0 (3-54)

The surface velocity can be found using Eq. (3-53) and the boundary

condition at & = 0. The equation from which UO can be evaluated is

[an gy

4
L - 2 53 L o -
BR 38 Uo + 2 (3-55)

After taking the square root of Eq. (3-53), it can be separated and

integrated to yield

n ~2
/B_ U A /U A ° -
28 ln( 2 + 38 + A + 38 U )+ D=2¢ (3-56)

~

The value of D can be found by using the fact that U = U0 at £ = 0.
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Evaluating D and substituting it into Eq. (3-56) gives the velocity

distribution in the porous boundary as

6 A 62 A ~\1/2
[ . |2 T3*\s " . (3-57)
—ZE lnA - 1/2
U U N
fo) A
T+ ’E+(T 33“)

The above solution also depends upon the Reynolds number and the
value of B as did those found for the constant eddy viscosity assumptions.
Therefore, the velocity distribution given in Figs. (3-10), (3-11) and
(3-12) were determined for different values of B at values of u, corre-
sponding to the Reynolds numbers at which Mufioz performed his experiments.

3.5 Comparison of Mathematical Models

The three mathematical models differ in the initial assumption con-
cerning the eddy viscosity. The different assumptions produce different
solutions for the velocity distributions in the porous boundary. Since
all of the profiles extend in theory to - «, the cfiterion used for com-
parison was the depth at which the velocity, 6, was one percent of the
surface velocity, 60. This depth is herein referred to as the penetra-
tion depth. Where possible the profiles start at the same surface
velocity.

The constant eddy viscosities in general produce flatter velocity
profiles since they provide a source which allows a larger momentum
transfer to exist at greater depths in the boundary. The assumption of

eddy viscosity proportional to the velocity, on the other hand, de-

creases the amount of momentum transfer at a rate proportional to both
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the velocity and the velocity gradient. Therefore, the velocity de-
creases more rapidly with depth in the porous boundary. The differences
are evident in Fig. 3-13 which is typical of the profiles for all
Reynolds numbers.

When the surface velocity, 60, is equal to one, the two constant
viscosity assumptions are identical and produce the same profile. For
values of ﬁo greater than one the assumption of ¢ = BLLAI0 allows greater
momentum at greater depths; thus the velocity profile penetrates the
boundary more as is seen in comparing curves 3, 4, and 5 of Fig. (3-14).
At values of 60 less than one the reverse is true and the assumption
of ¢ = BLU, indicates the velocity penetrates the boundary more than
that of € = BLIAJ'0 or € = BLﬂ. In all cases, the penetration depth was
a minimum for the assumption, € = BLG, for any given value of 60.

Curves representing the velocity distributions predicted from the
models for a value of B = 0.025 are shown in Figs. 3-14, 3-15 and
3-16. Also indicated on the figures are the range of velocities
measured at the different positions which were given in Figs. 2-25,
2-29 and 2-31 of Chapter 2. The velocity distributions tend to be
within the range of measured velocities at the lower Reynolds number
flows. At the highest Reynolds number, R = 4 x 105, none of the dis-
tributions matched the measured velocities in the region of the large
velocity gradient of the curve. This may be due to the interpretation
of the anemometer data in this region. The correlation of one half the

anemometer velocity reading representing the seepage velocity was based

upon measurements made under uniform flow conditions which were relative-
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ly free of turbulence. Thus, it is uncertain if this correlation exists
when the anemometer is exposed to a flow exhibiting a velocity gradient
and a high degree of turbulence which characterizes the flow near the
surface at the high Reynolds number.

Until the velocity correlation can be resolved, possibly by per-
fecting the helium tracer technique, the velocity distribution predicted
by the models can be considered to provide a reasonable representation
of the actual seepage velocity in the porous foam boundary. The choice
of the mathematical model to use is somewhat arbitrary. All three models
give distributions which are reasonably close to those measured. The
exact location of the penetration depth cannot be specified from the
velocity measurements, but if the turbulent intensities shown in Fig.
2-32 of Chapter 2 are considered it appears that the penetration depth
is somewhat between - 0.2 > Y/H > - 0.3. If this is true, then the
constant eddy viscosity models would be preferred since they indicate
comparable penetration depths.

3.6 Analysis of Core Flow

In this section the relationship between the core flow and the
boundary flow is developed. The linking of the two flow fields is
through the slip velocity and the eddy viscosity at the boundary.
After establishing the velocity distribution in the core, it is pos-
sible to find an expression relating the friction factor, £, to the
permeability Reynolds number, Rk. Then, given a value of f at some
Rk’ an approximation is used to provide a method of estimating the

change in friction factor with Reynolds number. It was hoped that the
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friction factor relationship would provide some insight into the inter-
action of the two flow fields.

In the porous pipe, it is assumed that fully-developed steady flow
exists. The shear stress in the core, T, varies linearly with the

radical distance from the pipe centerline, r, and can be given by

T r
T - R (3-58)
o
where
R = radius to porous boundary
T, = shear stress at r = R

Using the eddy viscosity concept the shear stress is expressed as

tTPE gy (3-59) .
Phenomenological theories give various functional relationships for the
form of the eddy viscosity. Generally, these have assumed that the
wall or boundary was impermeable and the eddy viscosity approached
zero at the wall. Mufioz found that by assuming an origin below the
surface of tﬁe porous boundary, he could arrive at an eddy viscosity
that could be used over the entire pipe core. This is similar to the
approach Rotta (1950) used in his analysis of effects of roughness on
velocity distributions in turbulent flow.

Using Mufioz's findings that the velocity defect could be inter-
preted with the shifted coordinate system, the following form for the
eddy viscosity was assumed to completely specify Eq. (3-59)

e = xkyy' (- D) | (3-60)
where

k = 0.4 (Karman's constant) and the coordinates y' and y are defined in the
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sketch of Fig. 3-17 . Combining Eqs. (3-58), (3-59) and (3-60)
gives
du _ -
Pruy ' gy T T (3-61)

Noting that dy = dy' and using the definition

2
= pu, (3-62)

Eq. (3-61) can be written as

pdu % (3-
y &y’ =% (3-63)
Integrating Eq. (3-63) gives
Uy
u=— In y' + ¢’ (3-64)

The constant, c¢', can be evaluated using a boundary condition based on
the surface velocity.

Murray (1965) developed a boundary condition when analyzing waves
over a permeable bed similar to that of the porous pipe. His boundary
condition would imply that the core velocity is equal to the seepage
velocity at the boundary. This condition is used in the analysis of
the core flow. It is assumed here that the velocity distribution in
the porous boundary is known and, thus, the value of the surface velocity
can be determined. For the core the surface velocity is designated by
u,- The boundary condition necessary to evaluate c¢' can now be written
as

u=u_ at y' =39 (3-65)
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Evaluating c' and substituting for it in Eq. (3-64) results in the

equation for the velocity distribution in the core, which is

- _ 1 ' 3-66

U-U, == In (y'/8) ( )
where

U = u/u, (3-67)

U, = u/u, (3-68

The above equation can be evaluated if the § can be determined. This
is accomplished through the eddy viscosity as will be shown.
Corresponding to Uo in the core is the velocity determined by the

porous medium models which is

U =U -0 (3-69)

o o 1 4
Using the relationship for the velocities, Eq. (3-69), the value of §
can now be found by equating the eddy viscosities of the core and
porous medium models, evaluated at the interface.
The eddy viscosity at the interface is not the same for the three

porous medium models. For the two models, € = BLU and € = BLUO, the

interface eddy viscosity can be designated as

-%; = BLU_ (3-70)

Equating Eq. (3-70) to the value of the core eddy viscosity, Eq. (3-60),

evaluated at y' = § gives

Uo (3-71)

Kig
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If the model using € = BLU, is considered, the equation correspond-

ing to Eq. (3-70) would be

§ = 2k (3-73)

By equating the eddy viscosities an additional restriction is imposed
on the problem. This condition is that the slope of the velocity
profiles at the boundary must be continuous in order to keep the
shear stress across the boundary continuous.

The average normalized velocity, E; in the pipe can be determined
if the discharge in the boundary can be neglected. Muiloz found the
boundary flow to be insignificant compared with the core flow when he
compared the measured total discharge with that found by integrating
his experimentally determined core velocity profile. Therefore, the
assumption seems warranted. Integrating the velocity over the pipe

core and dividing by the area gives

2
= _ 1) 3 & [R+3 R + 6 B
U - UO = = 5 R +( 2 ) In ( 3 ) (3-74)

The definition of friction factor for a pipe can be written as
7 - u./8 )
U ” £ (3-75)

Substituting Eq. (3-75) and this expression for U0 given by Eq. (3-69)
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into Eq. (3-74), the friction factor for the porous pipe can be re-

lated to characteristics of the boundary velocity distribution by

2
[8 = 1 3 6 <R+6 R+<5)1 _
"i;' = UO+U1+I< - 5 R + ——'—"R ) ln(————s J (3 76)

The relationship between the friction factor, f, and Reynolds number can-
not be seen easily from Eq. (3-76). That is because the surface veloc-
ity, Uo’ depends upon the Reynolds number and the value of B as was
pointed out in Sections 3.3 and 3.4. The surface velocity also de-
pends upon the model used to evaluate it. The value of § is dependent
upon the surface velocity for two of the porous medium models as in-
dicated by Eq. (3-71). For the other case, § ié a constant given by
Eq. (3-73). The pressure gradient flow, Ul, was given by Eq. (3-20).
The appearance of u, in Eq. (3-20) makes Ul also dependent upon the
Reynolds number. Because of the complex interaction of these terms

it is difficult to anticipate if the friction factor will increase or
decrease with increasing Reynolds number.

The friction factor was observed by Mufioz to increase with in-
creasing Reynolds number in his porous pipe experiments. The range of
Reynolds numbers covered in his experiments was the same as covered in
this study. Lovera and Kennedy (1969) have shown that the friction
factor increases with Reynolds number for flow in sand bed channels.
This indicates that some similarity may exist between the flow in the

porous pipe and sand bed channels.
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Beavers and Joseph (1967) reported a decrease in the friction
factor with increasing Reynolds number for the laminar case of a
Poiseuille flow over a naturally permeable block. Their experiments
covered a range of Reynolds numbers, based on the channel height,
from about 20 to 2000. Review of their results indicated that the
friction factor reached a minimum value at a Reynolds number of about
1500. It is difficult to determine if the friction factor would
have increased or become constant with increasing Reynolds numbers
greater than 2000.

It is obvious from the above examples that knowledge of the
friction factor - Reynolds number relationship is pertinent. Through
it greater insight into the mechanism relating the core and boundary
flows may be achieved.

Before proceeding, the order of magnitude of § is estimated in
order to reduce Eq. (3-76) to a more tractable form. From the experi-
mental results of Chapter 2 the value of the normalized surface veloc-
ity can be estimated to be of order one for all the models. Likewise,
the value of BL = 0.0025 ft. gave a reasonable fit for the velocity
profile. Using these wvalues,

§ = 0.00625 ft.
and

%= 0.0159 << 1

Therefore, neglecting § in comparison with R, Eq. (3-76) can be reduced

to
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rh|oo

> 1 3 R
= |- =4+ 1n = 3-77
U + U:| + ” ( 2 n (S> ( )

In Eq. (3-77), both ﬂo and Ul are normalized with respect to the
shear velocity u,. Since the friction factor is a function of the
average velocity, U, it would seem appropriate that the characteristic
velocity be u instead of u,. Only the model assuming € = BLGO is
developed here. This discussion applies to the other models also,

but the equations for UO and § would be different.

Letting

~ u
° ¥
u

v, == (3-79)
u

R, = “;/E (3-80)

where the permeability Reynolds number, Rk, implies the characteristic

length, L = Vi s Eq. (3-77) can be written as

fg 1-v -V = 1 - é-‘+ In 55— - 1InV - 1n fg ~ In B)(3—81)
£ o 1 K 2 S o) f

The surface velocity given by Eq. (3-38) can be rewritten using Eqgs.

(3-78), (3-79) and (3-80) as

o4
-4 2V 2V
1( /8 -1 11.3
E( £ ) - (Rk * c ) Vo F 3co (3-82)

The pressure gradient flow, Eq. (3-20), can be transformed in a similar

manner and written as
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, 1/2
8¢k /_5_)'_% (3-83)
Vl=—2IRk+—IIRk2 tTRA\JE

The last three equations can, in principle, be solved to find the
friction factor versus Reynolds number relationship for a porous
pipe if the quantities c, Yk and R are given and B is viewed as a
fitting parameter. Likewise, if values of f and Rk are known along
with c, Yk and R a value of B is implied.

Another method of estimating the change in friction factor with
Reynolds number involves assuming the functional form of the relation-
ship. The method also assumes that one point on the curve relating f
and Rk’ designated the reference value, is known. A description of the
method is presented in the following paragraphs. Mathematical details
of the method are presented in Appendix C for the constant eddy vis-
cosity model, € = BL&O.

Knowing that the velocity is given by a logarithmic function, it
can be expected that the Reynolds number also enters as a logarithmic
function. Thus, an estimation of the change in friction factor can be

made by taking some reference value, say<J/%-) o’ and adding to it the

change, interpreted as the slope of the curve of %- versus 1n Rk
multiplied by the incremental change in the ln Rk. Mathematically,

this can be written as

/% —(/%):%k- In R, - 1n<le>0] (3-84)
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where

o /—%- OG-8

and the subscript o indicates the known reference values. n}he de—-

rivative —dF_
> d 1In Rk

In Rk. For convenience, a dot over the variable is used to indicate

, represents the slope of the curve of‘j%- versus

the derivative with respect to (ln Rk), i.e., é = E—%%——— . If the
B

change in (1n Rk) is considered to be positive, the slope must be

negative in order for the friction factor to increase with increasing

Reynolds number.

Evaluation of the derivative requires differentiating Eqs. (3-81),
(3-82) and (3-83) with respect to (In Rk). The resulting three eﬂgations
are sufficient to evaluate ﬁ in terms Of the reference values, (}%—)0
and (1n Rk) o’ and the quantities 60’ Vl’ and B. The friction factor
at another Rk now can be estimated by"using Eq. (3-84).

The slope, ﬁ, was evaluated for the three eddy viscosity models by
taking a value from the curve of f versus R presented by Mufoz. An
intermediate value of f = 0.06 at Rk = 160 was chosen. Table 3-1
gives the values F, B and the value of 60 corresponding to B determined
at Rk = 160. The value of é was then used to determine values of f at

Rk = 80 and Rk = 320, The resulting values of f for the three models

are compared with observed values of f in Fig. 3-18.
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Table 3-1

Values of the slope, ﬁ, Uo’ and B determined athk = 160

Eddy Viscosity ~ ~
Model € = BLUO e = BLU, e = BLU
BJr 0.00387 0.00169 0.00380
F 0.0201 0.5168 0.0489
ﬁo 2.42 4.59 2.68

T A value of L = H = 0.1 ft. corresponds to this value of B.

In all cases, the value of ﬁ was found to be positive. Cor-
responding to this, the three models predicted a friction factor that
decreased with increasing values of Reynolds number. All of the values
of B given in Table 3-1 are lower than the value of B = 0.025 found
to give the best-fitting velocity profile in Chapter 2. Corresponding

to B, the value of UO given in Table 3-1 is higher than observed.

The two factors involved in determining the friction factor are
60 and 6 according to Eq. (3-77). For the model, ¢ = BLU,, § is a
constant and does not change with Reynolds number. For the other two
models, § depends on 60. The slip velocity, ﬂo, and § have opposite

effects on the friction factor. The direct effect of Uo is to decrease

the friction factor with increasing Reynolds number. The effect of §
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is to increase the friction factor with increasing Reynolds number.

In the range of values of Uo considered in this analysis, the effect of
§ is small compared with the effect of U0 because the friction factor
increase due to S is logarithmic whereas the decrease due directly to

S

Uo is linear. It can be seen from Fig. 3-18 that model, & = BLGO, has

the least decrease in the friction factor with Reynolds number. This is

the model which also predicts the greatest penetration depth. All of

the models predict an increase in 60 with increasing Reynolds number for

a given value of B, but the € = BL{]o model has the smallest increase.
Apparently, in the core flow model, the shear effects reflected

in § are relatiQely insignificant compared with the slip velocity

effect. It is also possible that the shear effects modeled here are
not the primary factor determining the interaction between the core
and boundary flows.

Obviously, the core flow model does not provide an adequate
prediction of the friction factor. However, the boundary flow models
do provide a reasonable representation of the experimental velocity

profiles using one empirically determined parameter, B.
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IV. DISPERSION IN A SHEAR FLOW

4,1 Introduction

This analysis of dispersion in a shear flow was developed in an
effort to assessthe limitations of the helium tracer technique of
velocity measurements in a shear flow. A perturbation technique is
used to solve the dispersion equation describing the distribution of
helium in the porous medium shear flow. Solutions are developed for
constant and velocity dependent dispersion coefficients.

The solution with the variable coefficients is thought to reflect
more correctly the conditions within the porous medium, but the range
of application is difficult to define specifically. However, the so-
lution for the constant coefficients case can be compared with a
known exact solution for diffusion in a shear flow. Thus, comparison
of these two solutions gives an indirect method of defining the limita-
tions of the variable coefficient solution.

The mathematical model describing the dispersion process is pre-
sented first., Then, the perturbation solution for constant coefficients
of dispersion will be derived, followed by the solution for variable
coefficients. The perturbation solution and the exact solution are
compared. The comparison is extended to the variable coefficient solu-
tion and its apparent limitations are defined. Characteristics of the

solutions are discussed along with application of the results to others

environments.

4.2 'Mathematical Model

In a binary system, application of the conservation of mass

principle results in the classical Cfgfective—diffusion equation. The



analysis of dispersion in a shear flow is based on the convective-
diffusion equation. Crank (1956) and Daily and Harleman (1966) give a
detailed development of the equation. Since the process of transporting
the tracer is one due to variations of the velocity, the term dispersion
will replace diffusion throughout the rest of this discussion as sug-
gested by Hoopes (1969) and Harleman (1970).

The general equation for turbulent convective dispersion for a

mass flux in the x-direction is given by Daily and Harleman as

9 ) 3 9 d )
ot U % V 3y Y 3z z\ x 9x 3y \ 'y 9y
- 2— 2— 2—
dc 37¢c 3%c 3%c
3 A A A A
+ ——(E —>+ D ( + + ) - (4-1)
z \ z 9z AB\, 2 3y2 522
where:
EA = concentration of component A in a mixture of species A and

mass of A
mass of mixture of A and B

B and is defined as

t = time
U, v and w = mean velocities in the coordinate directions Xy Y,

and z, respectively.

D
AB = molecular-diffusion coefficient

Ex, E _, Ez = turbulent-dispersion coefficients defined as

y
dc, - ac
p(c'u") = - PE_ =~ » p(c'v') = - pEy -gé, and
39
p(c'w') = - pE —Cé‘- (4-2
z By =2)

where the prime denotes the fluctuating component of the quantity

and the bar reflects the time average of the fluctuating components.
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The proposed mathematical model considers dispersion in a shear

flow. A sketch of the model is given in Fig. 4-1. The characteristics

of the system are described as follows

a) The porous medium is homogeneous and extends to infinity in

all directions.

b) The mean velority is steady and uniform and is taken in the

x~direction.

Effects of curvature of the pipe are neglected.

c) The dispersion coefficients are assumed to be directly pro-

portional to the velocity.

source

AY

tracer cloud
at t = tl

Molecular diffusion is neglected.

tracer cloud
at t = tz

P .‘._1-..

‘d//] velocity profile

Fig. 4.1 Sketch of Dispersion in a Shear Flow
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Harleman, Mehlhorn, and Rumer (1962) have shown that for laminar
flow, the longitudinal dispersion coefficient was approximately pro-
portional to the velocity. Hoopes and Harleman (1965) showed that the
lateral dispersion, E2’ was proportional to the permeability Reynolds
number, Rk’ raised to a power, n, E2 a Rkn for Rk < 0.4, For Rk >
0.4, E2 tends to become directly proportional to Rk. Although their
experimental results covered only a range of velocities for Rk < 10,
the trend in the data seems to indicate a linear dependence of the
dispersion coefficients on the velocity for values of Rk > 10. Further-
more, for mathematical convenience they introduced dispersion coef-
ficients into their mathematical model which were directly proportional
to the velocity.

Permeability Reynolds numbers are expected to be very much greater
§han 10 in the porous pipe. Therefore, following the trend shown, the
dispersion coefficients were assumed to be directly related to the veloc-
ity. The lateral dispersion coefficients were assumed to be equal. These

assumptions can be written as
E =E = o.u (4-3)

E=E=E2=E=a

3= o, u (4=4)

where oy and a, are dispersivity coefficients with dimensions of
length.
Substituting Eqs. (4-3) and (4-4) into Eq. (4-1) gives the fol-

lowing equation. (The subscript A and the bar denoting the time average
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concentration are dropped as a matter of convenience).

% +u%§ = —g—;(alug—:;-) +g—y(a2u-g—;)+—g-;(a2ug—;-) (4-5)
Equation (4-5) is the basic equation for the mathematical model in which
the dispersion coefficients are proportional to the velocity.

Later in this chapter the solution of this equation is compared
with the exact solution for a diffusion process when the coefficients
are assumed to be constants. Therefore, as an intermediate step in
the éomparison, the perturbation solution for the case where the dis-
persion coefficients are assumed constant was found. Following

equations (4-3) and (4-4), the form of the dispersion coefficients was

taken as
Ejg = % Y, (4-6)
Epg = 8y U, (4-7)
where u, = a characteristic velocity.

The terms oy and a, are the same as previously defined. The equation
resulting from the substitution of Eqs. (4-6) and (4-7) into Eq. (4-1)

is

2 2 2
dc dc 9 ¢ 93 ¢ 9 ¢
— 4+ u+—=0,u — + 00U —+ g.u —— (4-8)
0
t 9x 170 8x2 20 ay2 370 az2

Equation (4-8) is the basic equation describing the dispersion process
where the dispersion coefficients are assumed to be constants.
Equation (4-5) and (4-8) can be made non-dimensional by intro-

ducing a characteristic length, L, and a characteristic velocity, u ,
o
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such that

x =1x', y = Ly', z = Lz’ (4-9)
u=u_u' (4-10)
o
=l ¢ (4-11)
Yo

where the prime in this case denotes the dimensionless quantity. Upon
substitution of the above equations into (4-5), (dropping the primes
as a matter of convenience and noting that the quantities are dimension-—

less), the result is

ac ac 1l 09 Jc 1 9 3c 1 3 dc
—_— — T . — —_— —_— —— —_— + = — —_— -
5t T Y3k P 8x<u ax) *3P 5y (u ay) P, 3z (“ ay) (4-12)
1 2 2
where P, = L—, p, =L (4-13)
1 aq 2 oy

This is the non-dimensional equation for the mathematical model with

the assumption of dispersion coefficients proportional to velocity.
Substituting Eqs. (4-9), (4-10), and (4-11) into Eq. (4-8) gives

the nondimensional equation for the mathematical model with constant

coefficients of dispersion. Upon substitution, it becomes

a2 ¢ _1 3¢ 1 3c 1 ¢ _
st T Uk — Yty T3 t3 2 (4-14)

The solutions of Egqs. (4-12) and (4-14) depend upon the initial
and boundary conditions imposed on the system. In this model, the
initial condition imposed was that of an instantaneous point source
introduced into the system at time, t = 0. It was located at the

originof the coordinate system. Mathematically, this can be represented
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by:
¢ = c(x,y,2,0) =(M/p)8(x) 8(y) 8(z) (4-15)

o
where M = jt[[gp dydxdz is the mass of tracer introduced at x = 0,
y=0,z=0and t = 0.
p = the density of the tracer
6(y) = the Dirac delta function of the variable ¥.
The boundary condition appropriate for an instantaneous point

source is

¢+ o as x° + y2 + 2% > @, for all t (4-16)

Using the initial and boundary conditions above, solutions to
Eqs. (4-12) and (4-14) can be found using a perturbation technique.
The technique and solutions are given in the following sections.

4.3 Perturbation Solution of the Dispersion Equation with Constant

Coefficients

In order to find the solution to Eq. (4-14) subject to the initial
and boundary conditions, Eqs. (4-15) and (4-16), the following trans-
formation is introduced:

£ =x - ut (4-17)

With this change of variable, Eq. (4-14) becomes

2 2
8¢ _ 1 37¢c Lo _ 3w 3) (8ec_ _ 3u 3 .1 3% (4-18
ot~ ee2 T OB, (By £ 3y ag) (ay € 3y g) TR, 2 (418
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If the concentration and velocity are assumed to be continuous functions,

Eq. (4-18) can be written as
s _ 1 9% 1 d% 1 3% ¢
ot P 9E2 P, Sy-z Py 5,2 P,

2 Bzc

t Ju
£
P2 Ay 3&2

dc
13

2 2

(-5
[

N
et

By 2

(4-19)

Another transformation is introduced which scales the coordinates

relative to their respective dispersion coefficients.

transformations are:

X = g/ﬁl

Y = y/fé

zZ = 2/52

Substituting these into Eq. (4-19)
2 2 2

9c 9 ¢ d ¢ 2 ¢ ac
L = + + -t /P, ==
ot 3X2 3Y2A 922 1 38X

The coordinate

(4-20)
(4-21)
(4-22)

2 2

9 u du 9 ¢

-2t RS o

Y~

(4-23)

A solution for Eq. (4-23) based on a perturbation procedure can

be found by expanding the solution and the defining equation in terms

of a small parameter, €.
centration, c, are expanded as follows:

2

u=1+¢ fl + €

f2 + ..

138

To do this, the velocity, u, and the con-

(4-24)



where fl, f2"" are functions of y, and

2 (4-25)
- + e
c c0+scl+ec2

The resulting equation upon substitution of Egs. (4-24) and (4-25) into

Eq. (4-23) and rearranging is

2 2
af, 97 ¢
2 1 2 o 1 —— e
N A ek 3¢ - +20%) 55 axy
2 22f
2 2220 L uE % % Ca’h
5t 2 1 3x 4,2 + X g2
2
P2 azco ’f | Bzcl , of) 2, 4 oc = 0
+ 2tVP + - tP 37 +0(e) =
1 3Y 3XeY T 3Y  9%aY 109 G (4-26)
2 2 2
where v2 _ 97 | 3_2.+ é_f (4-27)
5x2 9Y<  3Z

and 0(83) means order of 33.

Some assumptions concerning the velocity and the initial condition
are introduced here before expanding Eq. (4-26) and grouping the coeffi-
cients of the powers of €. Any velocity profile can be represented by a
linear profile for a limited distance within the neighborhood of the
point of interest. This distance will depend upon the curvature of the
velocity profile. In this model the velocity in the region of interest

is assumed to have a linear profile which can be represented by

(4-28)

where s = the slope of the nondimensional velocity profile and £, =v.
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If the series expansion of the concentration is introduced in the
initial condition of equation (4-15), the mass of tracer, M, must be

expanded as

- 2 -
M= M o+ eMy +e™M, + ..., (4-29)

1

To solve the zero order equations, the initial condition is taken as

M=M (4-30)
O
This condition implies that in order to conserve the mass, no addi-

tional mass can be injected. Therefore, the initial conditions for

the higher order equations become
M. =M =M,=...=0att=0 (4-31)

Grouping the coefficient equations for the orders of € from
Eqs. (4-15), (4-16) and (4-26) with the substitution of Eq. (4-28)
gives for the zero, first and second orders:

o . .
e coefficients

ac
0 2 _ B
3t " v ¢, = 0
M _/p)
PlPZL
where (4-32)
cop L3
Mo = ——— dX dy dz
JJJ e,
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c 50 as X2+ Y2+ 7225 @ for all t (4-32)

(¢]

1 ..
g coefficients:

) P Bzc ‘1
1 _y2, = -9 — o
3 ¢ P, aXoy
1C’L
dXx dY dz = 0 at £t = 0 5 (4-33)
/_PZ
>~ 0 as X2 + Y2 + 22 -+ o for all t
1 -
2 .
€~ coefficients:
2 2
8c2 _ Vzc e El 0 1 N t2 E;- 3 <, h
ot 2 P, XaY Py 5 y2
2pL L
dX dY dZ = 0 at t = 0 (4-34)
¢y, >0 at X2 + Y2+ 22 + o for all t : _J

The solution of an equation of the form of Eq. (4-32) has been

given by Carslaw and Jaeger (1959) and in terms of the variables used

here it is
° 375 ©XP —-%E ( %% + Y5+ Zz) (4-35)

where
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M /0) VP, Py
8 1T3/2 L3 (4-36)

A=

Substituting Eq. (4-35) into the first order equation gives the

result
9cy v 2. = i AXYY ool x? 4y 4 22) (4-37)
5t T AT ¥, 5577 TP e

In theory, the solution of Eq. (4-37) can be found by taking the
Fourier transform of the equafion, or since the unit impulse response
solution, Eq. (4-35), is known, by using the convolution integral.
These methods sometimes involve integral solutions that are difficult
to determine. When this happens other less formal methods may be
used such as in this case.

The solution of Eq. (4-37) was found by following a procedure
outlined by Wylie (1951) for linear ordinary differential equations
known as the method of undetermined coefficients. The method involves
assuming trial functions and substituting them into the differential
equation. Proper values of one or more unknown coefficients which are
included in the trial functions are finally determined so that the
trial function or functions are actually a solution to the equation.
The solution to the first order, Eq. (4-33) determined in this manner
is

c, =-5 /35 ¢ (4-38)

This solution provides a correction to the zero order equation and the
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concentration now becomes
P
- X—Y_ ~l— 4_39
c=co+e:c:l—col—sz‘\/P2 ( )

Substituting Eqs. (4-35) and (4-38) into Eq. (4-34) gives the

second order differential equation

e R S D G Gl & (4-40)
ot 2 P2 o 8t 4
The solution of Eq. (4-40) is
RS e vt 2t (4=t1)
27 % P, 48 86 ~ 12 21

This solution gives a second order correction term for the mass which

is

i 2t
24 12

t 2t
+ A +§-i- (4-42)

Although the initial condition M2 =0 at t = 0 is satisfied, a re-
duction in the amount of mass injected is indicated by Eq. (4-46)

since t is always a positive quantity. However, this condition may be

necessary in order for the perturbation solution to converge to the

exact solution. That this is indeed the case will be evident in the com-

parison of the perturbation solution and the exact solution presented

later in this chapter.

The total concentration is given by

P P 2,2 2 2
_ _sxy /f1 2 F1fx%y Xt Yt |, 2t
€= % 4 P, s P, ( st gz t 13t 21) (4-43)
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This equation is correct to the second order in €. Higher order terms
would require considerably more algebraic endeavor but could be found
by the same technique.

4.4 Perturbation Solution of the Dispersion with Variable Coefficients

The same transformationsas those made in solving the dispersion
equation with constant coefficients are used in developing this solu-
tion. Therefore, the development will start with the substitution of
Eq. (4-17) into Eq. (4-12) resulting in
dc 1 9 dc 1/( 3 du 9 dc du dc¢ 1 3[ 3u
3t TP ’53(“'55)+F§<537't?§ 35)(“5'&""“5??5)+§§3_z( '&)

(4-44)
Introducing the stretched coordinates, Eqs. (4-20), (4-21) and (4-22),

into Eq. (4-44) gives

oc _ 3 dc _9 ac 9 Jc d du Jdc
5t - 8% <“ ax) MY (“ SY)V+ 37 (“ 52)‘ R vy
Y el O G T Bu 3 3du de
Prtoyax | “ay) TP tay ax (Ut oy ax (4=45)
The expansions of the velocity, Eq. (4-24), and the concentration,

Eq. (4-25), are substituted into Eq. (4-44) and upon rearranging gives

plel c oc ¢ oC
0 2 1 o _ [
_5t_ -V CO + € —“t—‘ - Vzcl - fl _a—t_ fl BY
| ac 3¢ ' ac ac ac
22 _ 2, _ ¢ 1 Zl_ ¢ _90_¢g1_0
oeyee TV hiwe TR oW TR T Rw
P. - azc ac P 3¢ 3¢
1 \ N o)_ 1., ( 1 1)
+ s " (£1£," + £)) (aan 3% P, "1 \ar T
2 .
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where the prime denotes differentiation with respect to y, i.e., —

Py

F1

32c

2
¢2 (fl') ~+ 0 (3) = 0 (4-46)
oX

dy *

The same initial and boundary conditions as those used for the

solution involving constant coefficients are considered in developing

this solution.

Therefore, grouping the coefficient equations for the

orders of ¢ from Eqs. (4-15), (4-16), and (4-44) with the substitution

of Eq.

o . .
e coefficients

(4-28) gives for the zero, first, and second orders:

3c
O—Vzc =0 j
ot o
M /p
c = —————————— §(X) 68(@(Y) 8(zZ) at t =0
© /—PL
2
where (4-47)
c p L
M = d/;j. dX dy dz
fo)
c0 >~ 0 as X2 + Y2 + 22 - « for all t »
1 . .
€ coefficients
ac ac oc ET' Bzc
Loyl oo ey, /L 9o o
ot 1 P ot oY p oXaY
2 2
J[I]EIDL3
M,=||J——— dX dY dZ =0 at t =0 (4-48)
L YP. P
. 12
cl - 0 as X2 + Y2 + 22 > o for all t =0 j
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82 coefficients

2 A
9 0
2 g2, _ X e Wt SO A6 ( S . Co)
at 2 /E; ot oY P2 Vf; XY - 38X
2 2
P 3¢ dc P 9a7¢
] 1 1 i 2 o)
——;t(——-—- +——)———t =0 (4-49)
J/;; 0X9Y 90X P2 3 x2 }
° c2pL3
M2=jj ————dXx dY dZ =0 at t =0 *
J J?I P, t
¢y -+ 0 as X2 + Y2 + 22 -+ « for all t J

The zero order coefficients in Eq. (4-45) are the same as those
found for the constant dispersion coefficients, Eq. (4-32). Therefore,

the solution is the same and is given by Eqs. (4-35) and (4-36) which are

- 1 2, .2
Co = 372 exp - 7t ()g + Y5 4+ 2°) (4-35)

(Mo/m Pl P2
where A = ——gm=y—= (4-36)
8 L
Therefore, Eqs. (4-35) and (4-36) also represent the zero order approx-
imation to the solution for variable dispersion coefficients. Thus,
to zero order the solutions for constant and variable coefficients are

identical.

Substituting Eq. (4-35) into Eq. (4-47) and rearranging gives

ac1_‘72 _ v [® +v?+ 2% oy F1
ot 17 ¢

© /Iz 42 t/I? P,

e

(4-50)

146



The solution was found by the method of undetermined coefficients and
is

-3y _x [l Y (x + Y2 + zz)

c, = C -
1 o 4/52 4 P2 2/;;

(4-51)

This is the correction to the zero order term. The concentration

correct to first order is given by

— 1
P 2 2 2
= +ec; = c, _ S%%//Pl _ 3sY  _sY (X + zt + 7 ) (4-52)
-2 4VP2 2VP2

The first order concentration distribution for constant dispersion

coefficients is given by the first two terms in the above equation.

The other two terms reflect the correction to the constant coefficient
due to the variation of the disperison coefficient.

The governing differential equation for the second order correction
would be found by substituting Eqs. (4-51) and (4-35) into Eq. (4-49).
In theory, a solution to the resulting equation could be found, but the
process would require considerable algebraic endeavor. The solution was
terminated at the first order because the comparison between the exact
solution and the constant dispersivity coefficient solution indicated
good agreement to first order for slopes and distances found in the
porous pipe.

4.5 Limitations of the Perturbation Solutions

Perturbation techniques are used generally to provide solutions
to problems which cannot be solved exactly. The solution is given in

terms of a series expansion which is assumed to converge to the exact
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solution. Since oniy the first two or three terms of the series are
solved, the solution is an approximation and, therefore, is limited in
its application. Some criterion must be given to indicate where the
solution can be expected to be valid. Generally, the criterion is
based on the parameter ¢ associated with the problem.

The limitations of the solution for variable dispersivity coef-
ficients, Eq. (4-52), were sought by the usual method of a specification
on the parameter €. A criterion based on ¢ is really a specification
on the slope, s. The slope is the ratio of the travel time to the shear

time as can be seen by looking at the definition of s

_du L du

S =& 4w T =¥ 7=
dy u, dy

t (4-53)

By this definition, s is not a constant but depends upon the point
of observation and the travel time. Therefore, the specification based
upon it is difficult to interpret and determination of the specification
was unsuccessful from a purely mathematical standpoint. Therefore, an
alternate method of specifying the limitations of the solution was
pursued. This involved the comparison of a perturbation solution using
constant dispersion coefficients with an exact solution for the same
conditions. The constant dispersion perturbation solution is a special
case of the variable dispersion case and when it no longer could be
considered valid, neither could the variable solution.

Carter and Okubo (1965) obtained the solution to the dispersion
equation with constant coefficients for an instantaneous source in a

shear flow. Their solution was for both horizontal and vertical shears.
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By equating the horizontal shear to zero, their solution is the exact

solution to the dispersion equation, Eq. (4-8), and in terms of the

nondimensional variables previously defined is

P
;{fl} 2 2 2
R T ey AL ki (4-54)
321+ 027y s 1+ ¢2t%)
where
P 2
2 __1 s” -

It is difficult to see the similarity between Eq. (4-54) in its
present form and Eq. (4-43). But, by using the expansion

1

s = 1- 822 + ( o2eDH2 ... (4-56)
1+ 47t

2
with ¢2t2 < 1 completing the square of the first exponent term, and
using the series expressionsfor the exponential terms extrinsic to these
in Eq. (4-43), Eq. (4-54) can be approximately represented by

P P 2.2 2 2 2
_ _ _l sXY _ 2 _l_ _ XY Yt _ Xt t _
c = <, 1 /PZ 7 s P2 ( 1 + 16 8 + 12) + ... (4-57)

By comparing Eqs. (4-39) and (4-43), the first and second order
perturbation solutions, with Eq. (4-57), it appears that the basic
structure of the equations is similar. However, a criterion based on
€ still cannot be established. Therefore, a numerical comparison was
made upon which to establish the limitations of the perturbation solu-

tion.
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The numerical comparison was based upon relative concentration

contours. The concentrations were normalized by dividing them by
At_3/2. This normalization makes the concentrations relative to the
concentration of a point moving in a uniform velocity field equal to

the mean velocity along thé X-axis. The contours at the 50% level of
the normalized concentration were used as the basis of comparison.

The 50% contours for s = 1.0 and s = 1.5 are shown in Figs. 4-2
and 4-3. For s = 1.0, a slight deviation of the perturbation solutions
from the exact solution is noticeable. The first and second order
perturbation solutions bracket the exact solution with the first falling
outside and the second inside of the exact solution.

For s = 1.5, greater deviations are noticeable. The first order
solution approximately matches the exact solution over a portion of the
contours but deviates more in the vertical (Y) direction than for s =
1.0. The second order solution falls noticeably inside the exact solu-
tion.

After examining the concentration contours for numerous values of
s, the following criterion was established. The perturbation solutions
for both first and second order for the constant dispersion coefficients
were considered to be valid for values of s £ 1.0. Since the constant
coefficient solution is a special case of the variable dispersion solu-
tion, the criterion is assumed to apply for Eq. (4-52) also.

A comparison between the exact solution, Eq. (4-54), and the per-

turbation solution for variable dispersion coefficients Eq. (4-52), is

given in Figs. 4-4 and 4-5. The contours at the 507% level are given in
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Y+2.0

+-2.0

Exact solution Eq. (4-58)

————————— First order perturbation solution Eq. (4-43)

- Second order perturbation solution Eq. (4-47)

Fig. 4-2 Relative concentration contours at 50% level for exact and

perturbation solutions, s = 1.0
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--2.0

Exact solution Eq. (4-58)

________ First order perturbation solution Eq. (4-43)

- Second order perturbation solution Eq. (4-47)

Fig. 4-3 Relative concentration contours at 50% level for exact and

perturbation solutions, s = 1.5
L]
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-2.0

4 -2.0

Exact solution for constant dispersion
coefficient Eq. (4-58)

__Perturbation solution, variable dispersion
coefficients Eq. (4-56)

Fig. 4-4 Relative concentration contours at 50% level for the exact

solution and variable dispersion perturbation solution, s =
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Exact solution
Eq. (4-56)
Perturbation

solution
+0.4
Eq. (4-58)

Fig. 4-5 Relative concentrations along the vertical axis
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-1 0

Normalized vertical distance, Y
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Fig. 4-4 and cross sections along the Y axis of the concentration dis-
tributions are given in Fig. 4-5. It is apparent from Fig. 4-4 that the
shearing effect is more pronounced for the variable coefficient solution
than for the exact constant coefficient solution. The distribution is
drawn into the zone of lower velocity and Fig. 4-5 indicates that the
maximum concentration no longer is located on the X axis but has shifted
slightly below the axis. This shift, when related to the porous pipe
problem, is negligible.

Application of Eq. (4-52) to the porous pipe case is considered by
using the velocity profiles given in Chapter 2. The criterion based on
the slope, s £ 1.0, is more likely to be exceeded at the lower Reynolds
numbers. For the lower Reynolds number case, a value of U = O.ZS‘and a
gradient of %$-= 2 could be expected in the shearing zone. Using these
values the maximum distance to the point of observation according to
Eq. (4-53) is 0.125 ft for s = 1.0. ' The maximum distance from the in-
jector to the probes varied from 0.115 ft. to about 0.25 ft. during the
experiments. However, observatiéns in the shearing zone were achieved
only at the minimum distance, 0.115 ft. 6 and these could be considered
only as partially successful. In the region of pressure gradient flow
and in the transition to the shearing zone, the tracer method worked
successfully and Eq. (4-52) is applicable.

Since Eq. (4-52) is the result of a perturbation about a uniform
velocity, its application is limited to velocity fields approaching a
uniform distribution. The flow conditions approaching those required

for application of Eq. (4-52) are found in the ocean, large rivers and
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channels, and the atmosphere. The distinguishing feature of the solution
is the relationship of the dispersion coefficients to the shear velocity.
The perturbation method can be used for velocity profiles other than
linear by including more terms in the expansion. Obviously, for cases
involving a linear shear and constant coefficients of dispersion, Carter
and Okubo's solution, Eq. (4-57), is the one to use.

4.6 Velocity of Peak Concentration

It is obvious from Fig. 4-3 that distortion of the concentration
distribution occurs in a shear flow. Both dispersion and convection
tend to spread and distort the tracer cloud.In the higher velocity regions
the cloud moves ahead at a greater rate than would be evident in a uni-
form field due to a higher convection velocity and due to the result of
a greater dispersion rate. In the lower velocity region the reverse is
true since both the convective velocity and the dispersion rate are less
than for a uniform velocity. Since the shear was the most significant
contributor to the patch distortion, it was expected that it would also
have an effect on the longitudinal velocity of the peak concentration.
This effect was evaluated by considering the concentration distribution
given by Eq. (4-52).

By locating the shielded probes and injector always on a line paral-
lel to the pipe center line and by using this fact, the concentration,
Eq. (4-52), can be reduced to a simple expression by setting Y = 0 and
Z = 0. The reduced equation after transformation back to dimensional

form becomes
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M/p —up)2
c = exp{ - é%z%gl—‘l (4-58)

8ﬂ3/2 /EI E2t3/2

. , de
The location of the maximum concentration can be found by setting el

0 which reduces to

u.2t2 + 6 Elt - iz =0 (4-59)

Solving Eq. (4-59) for t gives the time required for the maximum con-

centration to arrive at the point, x, which is

3E \/éE + u x

I
t = 5 ——

(4-60)

The velocity of the peak concentration, Up’ can be found by considering

the time required to move between two points on the axis, % and X)s

such that

R°A
Uy =T, e (4-61)

Using the subscripts 1 and 2 to distinguish the two points and times
and substituting Eq. (4-60) into (4-61) gives

ul - x)
P g, 2 \1/2 9E

¥ " i S el
u u

\1/2 (4-62)

It is apparent from Eq. (4-62) that the peak concentration travels at

a velocity different than the mean stream velocity, u. The difference
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is independent of the shearing effect, therefore, indicating that along
the longitudinal axis the shear does not affect the velocity of the peak
concentration. The difference is due to the effect of the dispersion as

indicated by the term

2
9El
&Zéf
9K, 2 9E, 2
. However, as in most studies, if 5 5 << 1, and 5 5 << 1, then
UXl . U'Xz
U = u,
P

The value of the dispersion coefficient found in the porous foam
was Elo = 0.00167 u,- During the experiments, the minimum distance
from the injector to the first probe was 0.055 ft. and for this distance,
Eq. (4-62) indicates a peak velocity which deviates less than one per-
cent from the mean velocity. Thus, within the experimental accuracy,
it was assumed that there was no distortion on the longitudinal axis

due to either the shearing effect or the dispersion effect.
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V. SUMMARY AND CONCLUSIONS

5.1 Flow in a Porous Foam Boundary

Velocity distributions in the porous boundary of a pipe were
investigated in this study. Measurements were performed in the 1.2
in. thick polyurethane foam lining of a 12 in. ID pipe which was
part of an open circuit air flow system. Several methods of making
velocity measurements were attempted which involved hot wire
anemometers and a helium tracer technique. An unshielded hot wire
anemometer was unsatisfactory due to the disturbance caused by the
hole required in the boundary. A helium tracer technique was devised
and miniature hot wire anemometer probes were developed for use as
sensors. Travel time of the peak concentration between two
shiélded probes provided the data for determining the seepage
velocities. The data was reduced manually and by crosscorrelation
of the anemometer output signals. In the shearing zone, seepage
velocities were determined directly from the shielded hot wire
anemometer data. Measurements performed by both the tracer
technique and with the shielded probes are required to provide the
velocity distribution over the‘entire porous foam boundary.
Measurements of the longitudinal turbulent intensities were also
made and they provide some indication of the penetration depth of
the shear effects but are difficult to interpret in an absolute
sense.

Mathematical models based on an eddy viscosity concept were

developed to provide a theoretical velocity profile which could be
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compared with the measured results. Three models were developed,
two assuming constant eddy viscosity and the third using an eddy
viscosity proportional to the velocity. The resulting profiles were
all of exponential form with the penetration depth providing the
major indication of their differences. Within the scatter of the
experimental results, any of the theories could be considered to
give a satisfactory representation of the velocity distribution.
An attempt was made to relate the core flow in the pipe with
the boundary flow through the surface velocity and the eddy
viscosities at the surface of the porous boundary. It was hoped
that this relationship would provide a basis for predicting fric-
tion factors for the pipe which increased with increasing
Reynolds number as was observed. However, this model predicted
friction factors which decreased with increasing Reynolds numbers.
Development of the tracer technique for velocity measurements
required additional knowledge of the concentration distribution of
a tracer in a shear flow. Perturbation methods were used to
develop analytical solutions for dispersion from an instantaneous
point source in a shear flow with both constant and variable
dispersion coefficients. The constant coefficient solution was
compared with a known exact solution to determine the limitations
of the method. The solutions were applicable provided that the
product of shear rate and travel time to the point of interest is
less than 1. The shear effect caused no distortion in the peak

concentration velocity along the longitudinal axis. Distortion
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due to dispersion effects was less than one percent and was considered
to be insignificant in comparison with the experimental accuracy
presently possible.

5.2 Conclusions

The velocity profiles measured in the porous foam boundary of
a pipe indicate that shear effects penetrate to a relatively small
distance (about 0.25 to 0.30 in.) into the boundary. A finite
velocity exists at the surface of the porous boundary and its
magnitude when normalized with the shear velocity is about 1 to 3.
The velocity decreases approximately exponentially over the pene-
tration depth and a pressure gradient flow exists over the remain-
der of the porous boundary.

New experimental techniques and instruments were developed to
provide satisfactory velocity measurements in a porous foam
boundary. By combining the results of two measurement techniques,
it is possible to determine the velocity distribution throughout
the entire porous boundary. 1In the shearing zone of the boundary,
the shielded hot wire anemometer gave satisfactory results. In
the pressure/gradient zone, the tracer technique provides a direct
method of measuring the seepage velocities.

An analysis which was based on the eddy viscosity concept gave
reasonable agreement between the observed and predicted velocity
profiles in the porous boundary. However, predictions of pipe
friction factor based on the surface slip velocity and eddy

viscosity from this analysis do not agree with observations. This
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eddy viscosity model of shear flow in a porous boundary does not
explain the interaction between the boundary and core flows.

A perturbation analysis of the concentration disbribution in
a shear flow due to an instantaneous point source was developed.
Along the longitudinal axis, shear effects cause no distortion in

the velocity of the peak concentration. The solution is applicable

to diffusion and dispersion from an instantaneous point source
provided that the product of shear rate and travel time to the point
is less than 1.

5.3 Recommendations

The present study should provide the background for additional
research into porous boundary effects in turbulent shear flow. It
presents the first experimental data for flow in the boundary.
Further refinement of the tracer technique should be attempted. With
the design of a more sophisticated injector, it may be possible to
achieve direct measurements of the seepage velocity in the shear zone.

From the theoretical point of view, different models should be
devised in an attempt to describe the interacting mechanism between
the core and boundary flow. If this coupling could be found, gross
flow features such as the friction factor could be predicted.
Perhaps, such a model would provide a greater understanding of
resistance to flow in alluvial channels since they have been shown
by Lovera and Kennedy (1969) to exhibit an increase in resistance
with increasing Reynolds number. The determination of the proper

model may not be easily accomplished, but additional knowledge may
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be gained through additional experiments since a method is now

available for making measurements in the boundary.
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APPENDIX A

LIST OF SYMBOLS

Only the commonly used symbols are defined here. Some repetition

of symbols is unavoidable; in such cases it is obvious from the context

in which they appear which definition applies. Dimensions of symbols,

if any, are enclosed in parentheses.

Fourier coefficient

Constant depending on wire characteristics
Instantaneous point source strength

Fourier coefficient

Constant of proportionality in eddy viscosity

Mass concentration, mass of trécer per mass of solution
Constant characteristic of porous medium

Constant characteristic of hot wire

wire diameter (ft)

Molecular diffusion coefficient (sq ft/sec)

Turbulent dispersion coefficient (sq ft/sec)

Dispersion coefficient on longitudinal axis (sq ft/sec).
Friction factor

Drag force per unit volume (1lb/cu ft)

Gravitational acceleration (ft/secz)’

Electric current in the hot wire (amperes)

Intrinsic permeability (sq ft/sec)
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K Thermal conductivity (Btu/sec-ft-°R)

3 Wire length (ft)
L Characteristic length (ft)
M Mass of tracer (slugs)
n Constant exponent depending on hot wire characteristics
n porosity
P pressure (lb/sq ft)
P Constant, ratio of characteristic length and dispersivity
coefficient
q Specific discharge (ft/sec)
R Wire resistance (ohms)
R Radius to porous boundary (ft)
R Pipe Reynolds number
Rk Permeability Reynolds number
s Slope of nondimensional velocity profile
t Time (sec)
T Absolute temperature (°K)
T Fundamental period of periodic signal (sec)
u Mean velocity in x direction (ft/sec)
u Normalized seepage velocity in longitudinal direction
ug Characteristic velocity (ft/sec)
u, Shear velocity (ft/sec)
1) Seepage velocity normalized with shear velocity
Ul Seepage velocity due to pressure gradient normalized with shear
velocity
60 Surface velocity normalized with shear velocity
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>

Seepage velocity less pressure gradient flow normalized with
shear velocity

Mean velocity in y direction (ft/sec)
Fluid velocity normal to hot wire (ft/sec)
Seepage velocity normalized with average velocity

Pressure gradient seepage velocity normalized by average
velocity

Mean velocity in z direction (ft/sec)
Longitudinal coordinate

Transformed coordinate

Vertical coordinate

Transformed coordinate

Transverse horizontal coordinate

Transformed coordinate

Dispersivity coefficient (ft)

Constant dependent on porous medium
Dirac delta function of the wvariable y
Eddy viscosity (sq ft/sec)

Parameter in perturbation solutions
Karman's constant (0.4)

Dynamic viscosity of fluid (lb—sec/ftz)
Kinematic viscosity (sq ft/sec)

Transformed coordinate moving relative to the mean velocity

Density (slugs/cu ft)
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T Shear stress (lb/sq ft)
T Shear stress at surface of porous boundary (lb/sq ft)

¢ Constant

Subscripts

More than one subscript can be used with one symbol.

i,jsk Can take any value of 1,2,3 which represent the three
coordinate directions

o Value at surface of porous boundary or at a known reference
value

R Any reference value

1 Pressure gradient direction
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APPENDIX C
APPROXIMATE ANALYSIS OF THE FRICTION FACTOR-REYNOLDS

NUMBER RELATIONSHIP

Analysis of the change in friction factor, f, with the per-
meability Reynolds number, Bk, is presented for the eddy viscosity
model, & = BLﬁo' Analysis of the other model proceeds in the same
manner with the differences arising from equations for ﬂo and §.

The method is described in Section 3.7 and, therefore, only the
mathematical details are included here.

The goal of the analysis is to determine the sign and magnitude
of the slope, é, where

8 8
v f dlf

TdlaRr Ry IR

F (c-1)

It is assumed that the quantities c, JE, and R, and the reference

8
Values,(;/;:)o and (1n Rk)o are known.

The solution is developed by first determining the pressure
gradient flow, Vl’ from Eq. (3-83). Note that all velocities are
normalized with the average pipe velocity, G; in this Appendix.

The value of B and the surface velocity, Go are determined simul-
taneously from Eqs. (3-81) and (3-82). Denoting the differentiation
with respect to the (ln Rk) by a dot over the variable, the Egs.

(3-83), (3-81) and (3-82) are differentiated respectively to give the

following three equations.

alF + blVl-+ dl =0 (€c-2)
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where

[
[

sl [ B3
- e [ fB)

b. =¢_C + 8cvk { /8 2| 12

1R 2 R \Jf

k
c2 c

d, = - b

1 2 sz 2R, 1
F+b, vy te, Vot d2 =0 (c-3)

where

~

3
. BVo B 5
2 2c f

0
£ 4 c 3¢
i - ~BV ( §_) 5
2 4 Rk f
a3F + b3 Vl + cq Vo =0 (c-4)
where
-1
a, =1-V -V, + |« 2
3 1 f

The value of F can be found by solving Eqs. (C-2), (C-3) and (C-4)
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simultaneously. The resulting equation becomes

c b b c b b, ¢

- 2 2 b3 2) ( 2 P3 2)_
Fl1-a =2 -—a 2 +a, =2 =2]+d,-d,(=-—===)=0 (c-5)
( 3T, 1 b 15, <o 2 - 4\%. 7B, ¢

Thus, it is possible to determine F at the point of interest on the curve

by evaluating the coefficients of Egqs. (C-2), (C-3) and (C-4). The

coefficients are functions only of B, Vl’ and Vo' The friction factor

at another Rk now can be estimated by using Eq. (3-84).

0161994
121996

177





