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ABSTRACT

This study is concerned with standing waves gen-
erated by a two-dimensional wave maker in a rectangular
tank. The theoretical investigation was first based on
the well-known linear theory of surface waves. The
linearized version of the problem is basically two-di-
mensional and the solution of forced two-dimensional stand-
ing waves of small amplitude was obtained. Then, a system
of equations, based on the exact free surface conditions,
was derived for solutions of forced two-dimensional stand-
ing waves of finite amplitude. A non-linear solution
corresponding to any mode of oscillation can in general be
obtained by the method of iteration from the system of
equations. However, only the fundamental mode was solved
here for the velocity potential, free surface elevation
and frequency-amplitude relation with the computation
carried to the third order of approximation. The frequency-
amplitude curves for two constant amplitudes of wave
maker were found to consist of two non-intersecting
branches of oscillation; the range of significant non-
linear effects was also determined for the particular mode.
Two profiles of standing waves were computed for the fre-
quencies on each branch of the oscillation.

The stability of non-linear forced two-dimensional
standing waves was studied by investigating the possibility
of excitation of the fundamental mode of cross waves. A
system of equations was again derived for solutions of



cross waves by extending the method used in the two-dimen-
sional case. The solution corresponding to the first mode
of the longitudinal component and the first mode of cross
waves was solved by the method of iteration to the second
order of approximation, and yields the following results:

(1) The half-frequency relation between the cross waves
and wave maker,

(2) The frequency for excitation of the cross waves,

(3) The length/width ratios of the tank at which the
cross waves can be excited by an infinitesimal
amplitude of wave maker, and

(4) The phase relation between the cross waves and the
wave maker.

The experimental investigation comprises essentially
two parts: forced two-dimensional standing waves and cross
waves. The experiment of two-dimensional standing waves
serves as a verification of the theoretical solutions for
both the frequency-amp.tude relation and the profile of
the standing waves. A satisfactory agreement was indi-
cated in the comparison of the theoretical prediction and
of the experimental results. For cross waves, the fre-
quency-amplitude curve was obtained from the experiment in
addition to confirming the results of the theoretical
analysis above mentioned.
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I. INTRODUCTION

In the past decades the mathematical theory of water
waves has been extensively developed. Experimental woPk be-
comes increasingly important to examine the theoretical
analysis and to explore more facts for the development of
more sophisticated problems in the field. In experimental
investigations wave makers are generally used to generate
different types of waves on the free surface of liquid for
the study of wave motions under certain boundary conditions
or of the interaction of waves with bodies in the liquid.
Most frequently, there arise two-dimensional problems and
two-dimensional progressive or standing waves are required
for experimental investigations. It was observed that the
two-dimensionality of the motion produced by a two-di-
mensional wave maker could not be preserved under certain
circumstances due to lateral instability. This instability
occurs in the form of standing waves with their crest lines
normal to the wave maker [1, 2, 15](1). For a long chan-
nel with dissipation at the far end the standing waves ap-
pear only near the wave maker and their amplitudes decay
rapidly along the channel; while for a finite-length chan-
nel with a vertical wall at the far end finite-amplitude
standing waves of this type can be generated [3, 4]. The
frequency of the standing waves was found to be only half
that of wave maker as a subharmonic mode of forced oscil-
lation. Hereafter, this type of standing waves is called
cross waves.

As a general approach to the study of three-dimensional
surface waves generated by two-dimensional wave maker, a
rectangular channel of finite width and length is desirable
for the energy in the system is finite and thus the assumption
of a radiation condition at infinity can be avoided. Further-
more, in a slightly dissipative system, the effect of vis-
cosity on three-dimensional waves in a long channel becomes
significant. Ursell [31 showed that the amplitude of waves
is exponentially damped along a semi-infinite channel of
constant width and depth. A slightly dissipative system
will be considered here; hence, a rectangular tank with a
pair of wave makers parallel to each other and normal to the
side walls is taken to be a methematical model in this in-
vestigation. Here, we mean by a slightly dissipative system
that the effect of viscosity can be neglected but there does
exist slight dissipation to decay all modes of free oscil-
lation and thus to ensure a periodic motion due to forced
oscillation. For forced oscillation the motion in general
consists of free modes of oscillation and a forced periodic
motion due to forcing agency. The term, forced oscillation,

-1-
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used in this study refers only to the forced periodic motion
in a restricted sense as a result of slight dissipation in
the system.

The objective of the present investigation is to study,
both theoretically and experimentally, the stability of forced
two-dimensional standing waves and the mechanics of excitation
of cross waves by two-dimensional wave makers in a rectangular
tank. A complete investigation of the problem of forced three-
dimensional standing waves in a rectangular tank is not pos-
sible due to the fact that it is non-linear with infinitely-
many degrees of freedom for oscillation. However, some par-
ticular solutions of practical significance can be investi-
gated in a restricted manner. The problem of forced two-
dimensional standing waves of finite amplitude will be solved
as a family of particular solutions to the problem as a whole,
and then the cross waves will be investigated. Therefore, the
stability referred to here is in the sense that two-dimensional
standing waves can be preserved without exciting the funda-
mental mode of cross waves.

1. Linear System

It is natural to begin the study by investigating the
linearized version of the problem. The classical process of
linearization will lead the problem to a linear two-dimen-
sional one, the general solution of which is to be found as
a system of forced two-dimensional standing waves of small
amplitude. A spectrum of resonance frequencies of the two-
dimensional system can then be obtained. As is known in the
linear theory of oscillation, the linear solution is not valid
when the system is in resonance, which is defined by the
phenomenon that the amplitude predicted by the linear solution
approaches infinity as the forcing frequency approaches a
resonance frequency of the spectrum. However, the non-linear-
ity and viscosity prevent the amplitude of standing waves from
becoming infinite. Since the linear system is basically two-
dimensional, the two-dimensional standing waves of small
amplitude are always stable except in the neighborhood of each
resonance frequency of the system. In order to investigate
the range of stability in the system as a whole, non-linear
solutions have to be investigated in each neighborhood of a
resonance frequency. A non-linear solution of two-dimensional
standing waves will first be obtained and then the non-linear
solution of cross waves of the fundamental mode for the purpose
of investigating stability.

2. Non-linear Two-dimensional System

Finite--amplitude progressive waves have been subject,
to. numerous investigations since Russell's experiments [5].
The problem was first solved by Stokes in 1847 [6] and sub-
sequently extended and refined by other authors [7-13] by
the method of successive approximation based on the exact free
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surface conditions. The existence theory was finally estab-
lished by a proof of Levi-Civita [10] for the infinite-depth
case and later extended to finite-depth case by Struik [11].
No analysis of similar kind was available for finite-ampli-
tude standing waves until in 1952 Penney and Price [14]
treated the problem of free two-dimensional standing waves
of finite amplitude. The difficulty involved here is that
for progressive waves of permanent form a uniform velocity
can be superposed on the system and then the problem is re-
duced to a steady two-dimensional motion. This mathematical
simplicity does not exist in standing waves. However, they
solved it by expressing the velocity potential and free sur-
face elevation as two Fourier series in x with coefficients
which are functions of t and then approximating to these
coefficients as Fourier series in t by the method of per-
turbation. The resulting solution is in the form of a
double Fourier series in x and t with coefficients which
are power series in a constant A (A/v is a pproximately
equal to the wave-height/wave-length ratio). In order to
investigate the highest standing waves, their solution for
the deep water case was carried to the fifth order. The
same problem was later investigated experimentally by
Taylor [1], who made a series of experiments to produce the
highest two-dimensional standing waves. The free standing
waves were produced approximately by a pair of wave makers
executing small-amplitude oscillatory motion in a rectangu-
lar tank near the resonance frequency of the fundamental
mode. The experimental results were in good agreement with
the profile predicted by Penney and Price; in particular,
the 900 angle at the crest of the highest standing waves
was verified. The frequency-amplitude curve of forced stand-
ing waves was found to consist of two non-intersecting
branches which are similar to those occurring in the theory
of non-linear mechanical oscillators. In his experiment,
lateral instability was observed to set in at the moment
when the standing waves reached a sufficiently high amplitude.

The approach adopted here to solve the problem of forced
two-dimensional standing waves of finite amplitude is similar
to Penney and Price's approach. Of course, the existence and
stability of two-dimensional waves has to be assumed for the
moment. A theoretical investigation of the two-dimensional
system will be carried out here. The non-linear solutions
in the forms of the velocity potential, free surface elevation
and frequency-amplitude relation will be obtained for small
amplitudes of the wave maker. The solution will also provide
quantitatively the range in which significant non-linear
effects occur. The experimental investigation in this case
will serve essentially as a verification of the theoretical
results. Due to the possibility of exciting cross waves in
the three-dimensional system, forced two-dimensional standing

-3-



waves may become unstable under certain circumstances; hence,
the experiment would be difficult to carry out without a
further understanding of possible non-linear solutions in the
three-dimensional system.

3. Non-linear Three-dimensional System

A free surface of liquid under forced oscillation has
long been the subject of investigation. Three-dimensional
standing waves may be excited as a result of forced oscil-
lation on the boundary of vessel which contains the liquid or
by wave maker oscillating in the liquid. The half-frequency
standing waves as a subharmonic mode of forced oscillation
were most frequently observed. Faraday in 1831 [15] made a
series of experiments concerning a layer of liquid on the sur-
face of a vibrating plate. It was first found that the fre-
quency of the minute standing waves was only half that of the
plate. The problem was next investigated by Mathiessen [16],
17], but a synchronous vibration was found. In order to
check the discrepancy Rayleigh in 1883 [18, 19] made another
series of experiments similar to Faraday's and confirmed
Faraday's results. Benjamin and Ursell [20] recently worked
out a stability theory for a free surface under vertical
vibration based on the solution of Mathieu's equation. Their
theory, partly verified by experiments, can explain the above
phenomena and shows that both half-frequency and full-fre-
quency standing waves can be excited. All of the above in-
vestigations are limited to standing waves of small amplitude
and the direction of oscillation more or less normal to the
free surface. Nevertheless, these results should suggest
that the half-frequency cross waves can be excited under cer-
tain circumstances.

Indeed, cross waves generated by a wave maker were first
observed by Faraday in his experiment [15] and later by Schuler
in 1933 [2], which again confirmed the half-frequency mode of
oscillation. In the experiment for the study of the highest
two-dimensional standing waves, Taylor [1] observed a type of
instability which was formed by half-frequency standing waves
in the transverse direction superposed on the two-dimensional
standing waves. The crest of the three-dimensional waves be-
came conical and so high that the free surface splashed violent-
ly. Finite-amplitude cross waves were generated on purpose
in a towing tank by McKernan [4] and used to similate short
crested seas for ship model experiments. Recently, Howard [21]
worked out a theory, based on the second-order free surface
conditions, that the excitation of half-frequency cross waves
in a rectangular tank depends upon certain length/width ratio
of the tank and a critical amplitude of the wave maker.

-4-



It is believed that three-dimensional standing waves
can be excited in the system under consideration only due
to the non-linearity in the free surface conditions since
the linearized version of the system is basically two-
dimensional. A non-linear solution for the fundamental mode
of cross waves will be investigated based on the exact free
surface conditions. The method used to solve the non-linear
two-dimensional standing waves will be generalized for this
purpose. The experimental part of the investigation for
excitation of cross waves is expected to verify as well as
to supplement the theoretical analysis since only the second-
order solution will be carried out here.

As mentioned at the beginning the complexity involved
in the theoretical and experimental investigations is due
to the fact that it is a non-linear system with infinitely-
many degrees of freedom for oscillation. The present in-
vestigation, however, will provide the linear solution of
the system (forced two-dimensional standing waves of small
amplitude); the non-linear solutions of the two-dimensional
system (forced two-dimensional standing waves of finite
amplitude); the range of significant non-linear effects in
the two-dimensional system; and the general characteristics
of cross waves.
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II. FORMULATION OF THE PROBLEM

2.1. Dimensional Equations and Boundary Conditions

Finite-amplitude standing waves are generated in a
rectangular tank by a pair of two-dimensional wave makers.
The tank is taken to be of infinite depth. The x-y plane
of the rectangular coordinates coincides with the un-
disturbed free surface and the z-axis is vertically up-
wards. The wav'e makers have a width W and are a distance
2L apart. (See Fig. 2.1)

(

- - - -
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Figure 2.1
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The fluid is assumed to be homogeneous, incompressible,
inviscid and moving irfotationally, hence there exists a
velocity potential, * l),which describes a velocity field
[22] as

= -
(2.1)

and satisfies the Laplace equation

2 = (2.2)

for O* X*E 2L ,o: y*,<W and Z2*>-oo

The free surface conditions,

-2 (2) (2.3)

and

+ (2.4)

have to be satisfied on the free surface,

Z*= * ** t-) ,(2.5)

where a zero atmospheric pressure is assumed and

The boundary conditions are

for infinite depth case,

-> function of f* as Z*-> - oo ; (2.6)

on the walls,

Y at Y*= 0 and W ; (2.7)

and on the wave makers,

-a__ (2.8)
a' -=F (Z) 5 in C-*t* 28

(1) The asterisk on the upper right indicates a dimensional
quantity.

(2) The subscript of an independent variable on the lower
right indicates partial differentiation.

-7-



In his study of forced progressive waves of small
amplitude, Havelock in 1929 [24] obtained, by means of an
integral theorem, a general expression of the velocity po-
tential for the function F (*). The motion in general
consists of a system of progressive waves far away from
the wave maker and a local disturbance in the vicinity of
the wave maker. However, he could simplify the expression
of the velocity potential by an approximation that the
motion of the wave maker is an exponential function with
respect to the depth, i.e.

F(Z) = Ae (2.9)

The motion of a plunger-type wave maker corresponds to
'6& 0, but Havelock found that as Tr*-O, the local dis-
turbance becomes infinite in the deep water case while
the system of wave motion away from wave maker remains un-
changed. The oscillatory motion of a flap-type wave
maker can be approximated by the exponential function
Eq. (2.9) by a proper choice of T* without the difficulty
involved in the plunger type. A flap-type wave maker is
adopted with its motion approximately described by an
exponential function and then the boundary conditions on
the wave makers become

= o*e0* S i n t* at X* =O (2.10)

and

0(*0-'e S 10 YVat %X= 2 L (2.11)

In Eqs. (2.10) and (2.11), the amplitude of a wave maker
at the undisturbed free surface, 0 *, is assumed to be
small and then the motion is limited at ,=Q and 2L.
Therefore, the motion of the wave maker is, in a sense,
linearized and the non-linear waves are excited essen-
tially due to resonance.

2.2 Dimensionless Equations and Boundary Conditions
L 1/2

By a choice of length unit L/T and time unit ( gy ) , the
following dimensionless quantities are defined:

L ~ ~ ~ L'

A set of dimensionless equations and boundary conditions
can be derived from Eqs.(2.1) to (2.11) as follows;

V2) = 0 for O * X <2T,0< ys and 2> -c0 (2.12)
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with

-,

~'~function of t

at y=O

and -l/2

= -cx.-sirnute/2

on

as Z--oo

and TT/,t 3

at X = 0

at X- = 2-rt.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

The coefficient of z in the argument of the exponential
function is chosen to be 1/2.

2.3 Transformation of Homogeneous Boundary Conditions

In order to have homogeneous boundary conditions for
later Fourier series expressions of the velocity potential
and free surface elevation, it is desirable to introduce
a transformation

2= 2CXO~ in S I-n 2/2 + (2.18)

in which q is the new velocity potential;
fies the Laplace equation

N72 = 0
for 0. X<2Tr O/(and

hence p sati-

(2.19)

and the homogeneous boundary conditions,

-- function of -

and

Substituting Eq. (2.18)
we have two transformed

as Z -+ - oc ,9

at X=0 and 2T,

(2

(

at y= and 'T/J (

for in Eqs. (2.13) and
free surface conditions,

.20)

2.21)

2.22)

(2.14),

'G=~cy (5- (Pf -5~io I'mf C25-p )(2.23)
+ 2ota6Vn x Coscyte/2 -,L V 2. 54 )' 2C7

2 =2

oy qz +(y~-P ua, ie1 xCOIS ( 2.24)

on the free

where

surface,

I 2

and

-9-
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Now, the problem is to look for the possibility of a
velocity potential,P, and free surface elevation, , as
solutions of Eqs. (2.19), (2.23) and (2.24) and satisfying
the homogeneous boundary conditions, Eqs. (2.20), (2.21) and
(2.22).
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III. LINEAR THEORY OF FORCED STANDING WAVES
IN A RECTANGULAR TANK

3.1 Brief Review of Linear Theory

Since there is no general solution possible for the
non-linear partial differential equation formulated in the
previous section, approximate physical picture can be
obtained, with the least mathematical effort, by solving
the linearized equations. The additional assumption in-
volved is that the amplitude of standing waves should be
small in comparison with the wave length. The problem is
then reduced to finding a velocity potential, ( , as
solution of the Laplace equation [22],

721=0 for .1X52TfQ3Z3-oo (3.1)

and satisfying the following linearized boundary
conditions,

5t +1 = 0 on. Z = 0 (3.2)

n- functions of t as 7 -o, (3.3)

and a 0(7 t, / Ct X = 0 and 2T. (3.4)

After the solution of Q is found, the free surface
elevation can be obtained from

(3.5)

The normal modes of free standing waves of small
amplitude satisfying the above system are given by the
velocity potentials [23]

T(my+ )ne.rmyVt + (3.6)
-Cn Cos Mly Cos nXe

where m, n are integers, Cmn is a complex constant,

M ntIM.23 + 2(3.7)

and the real part on the right-hand-side of Eq. (3.6) is
taken. The frequencies 6Cmn/ 2T given by Eq. (3.7) form
the spectrum of natural frequencies of the three dimen-
sional system, and it can be proved that

0 < CT< -) 2 r (3.8)
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independent of the width /), which would reduce to the
two dimensional system, + - n = 1, if m.=,O.
Then, the free motion is of the form

and a frequency analysis leads to the spectral frequencies
Eq. (3.7) [3].

For forced oscillation, in general the motion consists
of free modes of oscillation, Eq. (3.9), and a forced period-
ic motion having a frequency G2 TT equal to the forcing
frequency. The amplitude of forced motion approaches in-
finity as (/2Ti approaches a resonance frequency, while the
other properties of the forcing agency are kept constant
as generally recognized in the linear theory of oscillation.
A measurement of resonance frequency provides the spectrum
of the resonance frequencies. However, in the sense of
forced motion defined in Sec. I for the dynamical system
under investigation, the free modes are only transient and
do not exist in the steady periodic motion due to slight
dissipation. Hereafter, the solution of free modes of
standing waves will be neglected and only the steady period-
ic solutions are to be investigated.

3.2 The Linear Solution of Forced Motion

The linearized version of the problem of forced oscil-
lation is basically a two-dimensional one, since the linear-
ized free surface condition, Eq. (3.2) and the motion of
the wave maker, Eq. (3.4), are independent of y. Let the
solution of two-dimensional standing waves of small ampli-
tude be

'o@=2cxrn-L4 56imat + 5_ a., 6Cos n X Si n (Crt + G.) (3..10 )

satisfying all conditions except those on the free surface.
The phase angle E has to be 0 or -M in order to have a
solution. Substituting Eq. (3.10) for 1 in Eq. (3.2), leads
to

o 00-2a)Siyi+ 51a +~ ('r-a-) Cos Y1%XSirn (a + 6) 0

01 T ~ (~cl (Yar-)C2L. Cos yv (3.11)

in which the negative sign is for 6 =:Q and the positive
for&=it . In order to determine the coefficients An.
Sin X / 2 is expanded into a Fourier cosine series for
0 ES21t, then

00Cor
Sin 2 4 (3.12)

I 
T TE 4Y)..- .

-12-



By comparing the coefficients of cosnx on the right-hand
sides of Eq,.(3.ll) and (3.12), it is found that:

a = 20((1- 2Cz)

and

- 40( ') , for Y)= K 2,..>- (3.13)

in which the positive sign is forE==Oand the negative for
E=RT; but as we substitute both An and F into Eq. (3.6),
the sign becomes positive in front of the summation sign
for either case.

It follows from Eq. (3.5) that the free surface
elevation is

-272 (2n (n 02-) 2oso - (3.14)
IT ~n=1 1( .4

3.3 Numerical Computation

A numerical computation was carried out for the total
amplitude of the linear standing waves at the point of sym-
metry in the tank, x = T. Since this is a simple harmonic
motion, the total amplitude is

2| = 2 ( at X= TC (3.15)

The frequency-amplitude relation based on Eq. (3.14) is
shown in Fig. 3.1 for the wave maker amplitudes,
c= 0.0194 and 0.0388 and for the first mode of oscil-
lation only, i.e. nears= 1.

The spectrum of resonance fre uencies can now be
determined from the solution, Eq. 3.14) or Eq. (3.15)
as the amplitude IS:I approaches infinity at c=f- , where
n is an integer, hence, 2 = yj .

3.4 Behavior of the Linear Solution

The spectrum of discrete resonance frequencies
- n for the two-dimensional system is obtained Oen

the amplitude of standing waves becomes infinite atO4-*n.
The spacing of these resonance frequencies decreases as
the mode of oscillation becomes higher and tends to zero
at the highest mode. The spectra of resonance frequencies
for both free and forced motions are identical. If the
forcing frequency of the wave maker is away from the re-
sonance frequency, the periodic solution obtained in

-13-



Sec. 3.2 is always stable since this is the only possible
solution based on the linear theory. In this case the fre-
quency of standing waves is equal to that of the wave maker
and the amplitude of standing waves is a function of frequency
at any location and linearly.proportional to the amplitude
of the wave maker (see Eq. (3.14)). If the forcing frequency
is in the neighborhood of a resonance frequency, the linear
solution would contradict physical sense and thus is no
longer valid. Then, the non-linear solution for standing
waves of finite amplitude should be investigated in each
neighborhood of a resonance frequency of the spectrum of
the three-dimensional system. Although the two-dimensional
standing waves of finite amplitude are only a family of
particular solutions among the non-linear solutions of the
three dimensional system, an investigation of the transi-
tion from the two-dimensional linear to non-linear solu-
tion will lead to determine approximately the range of sig-
nificant non-linear effects in the neighborhood of a reson-
ance frequency. In this range the two-dimensional stand-
ing waves may be unstable for there is a possibility of ex-
citation of cross waves under certain circumstances.

In the case of free oscillation, the solution of
higher modes can be generalized from the fundamental one
by considering the higher mode as composed by a number of
fundamental ones, i.e. by using a wave-amplitude/wave-
length ratio based on the solution of the fundamental mode.
Physically, this is possible by putting a partition or false
wall vertically along the crest-trough line. This kind of
simple procedure does not exist in the forced motion and
each mode has to be solved individually. A simple demon-
stration for this is .to compute approximately the wave-amp-
litude/wave-length ratio near the resonance frequency based
on Eq. (3.14), e.g.

142 1 '31
and or 1 7 at Y

Z31 3 1
in which \ 2. 3X3. For free waves the ratios
should be 1 instead of 5/6 and 7/9. In addition, it
indicates that jn \ increases as n does.

- 14-
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IV. NON-LINEAR FORCED TWO-DIMENSIONAL
STANDING WAVES IN A RECTANGULAR TANK

4.1 General Remarks

Forced standing waves of finite amplitude will be
obtained as a non-linear solution of the two-dimensional
problem as well as by investigation of the range of signi-
ficant non-linear effects. In this range infinitely many
solutions may possibly exist. Among them, two families of
solutions are of significance, i.e. the non-linear two-
dimensional standing waves and the fundamental mode of
cross waves. The former will be treated in this section
and together with the linear solution inSect III a complete
solution is presented to the two-dimensional problem in
the system as a whole provided that the stability criteria
for two-dimensionality in the non-linear range can be es-
tablished. At this moment, this problem is treated just as
a two-dimensional one for the purpose mentioned above.
An approach similar to Penney and Price's [14] is used
here to find an approximate solution which is, in its
final form, a double Fourier series in x and t. The vel-
ocity potential c: and free surface elevation ; are ex-
pressed as two Fourier series in x with coefficients
which are functions of t. Two sets of non-linear ordi-
nary differential equations are derived from the free sur-
face conditions for these coefficients. Then, a periodic
solution is found by the method of iteration, which is
generally applied to find the response curve (the fre-
quency-amplitude relation) in non-linear mechanics [25,
26,27].

There are indeed two branches on the frequency-
amplitude curve for forced standing waves of finite am-
plitude as found by Taylor [1]. They are on each side of
the resonance curve (the frequency-amplitude curve of free
oscillation) and disconnected due to neglecting of Vis-
cosity. It is found that the non-linear and linear fre-
quency-amplitude curve are in good agreement in a wide
overlapping range. The frequency-amplitude curves are
computed to the third order for two different amplitudes
of the wave maker. The coefficients are computed only to
the second order. Finally, two profiles of standing waves
with the frequencies on each branch of the frequency-ampli-
tude curve are computed.

4.2 Fourier Series Expressions for V. and r

Assume the velocity potential to be expressible in
a Fourier series in x with coefficients which are functions
of t

0= de Cos71X (4.1)

This series satisfies Eqs. (2.1) to 2.22) except the free
surface conditions, Eqs. (2.23) and 2.24). If { is



eliminated in Eqs. (2.23) and (2.24), a partial differential
equation is obtained with only one dependent variable, 9 .
But this would increase the order. twice, and the multiplica-
tion of the series becomes very difficult to handle. Sup-
pose that Eqs. (2.23) and (2.24) could be solved for ; in
terms of ' , then r would also be a Fourier series. Hence,
assume

= *t> + C (i)Cos VX * (4.2)

These two series are considered as solutions of the free
surface conditions, Eqs. (2.23) and (2.24). Substituting
Eqs. (4.1) and (4.2) into Eqs. (2.23) and (2.24) and com-
paring the coefficients of Cosnx, two sets of non-linear
ordinary differential equations are obtained with the de-
pendent variables, a and bn, and the independent variable,
t. As seen in Eqs. C2.20) and (2.21), this process in-
volves the multiplication of two Fourier series and an
exponential function with its argument as a Fourier
series. After two Fourier series have been multiplied,

ed Cospux has to be expanded into another Fourier series.
A special function was developed to handle this expan-
sion (see Appendix A for details) [14] as follows:

CosA= E (Cos sx LE (O\S)+ E ( O\,- (4.3)
S5 1

in which

= .K-) oxW~ (4.4)

5N(S)

The function Sn(s) is a series of an, and both E (\ ,s)
and Sn(s) were computed up to third order in Appendix A.
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4.3 Two Sets of Non-Linear Ordinary Differential Equations
for the Coefficients a and b of the Fourier Series

Substituting Eqs. (4.1)
(2.24) and by the use of the expansions,
obtains:

+ 7 AsCosSY-

,b0(~nn+

and (4.2) in Eqs
Eq. ( 4

(2.23) and
.3), one

(i)os
~1CosSX%

m a y nE (Y-+n, ym)+

-- Isinai 0 E ( )+

2Il~ {(n+b ,rvwn)+ 2Cos SX [Ec~i+1 a-ii)+E&1+i, 5+-~.-a00 
10-)

VK-i La52

-- __206 E( ,nI~

t+2

) + ACos5)C E()5-i)+E1, n)
sC.

-)

-22 (f. )COS X-

I

0000

mn-I vYI 4

r~ 1)~ rVI-rIj- C; C r ) j w itr

+ ,Sinct E2i 3) ]o ' Ei5n+ tss

0,0 00

.j422l~

- Ai nGa t j) + e (. , 5)Cos5X3 ,

=

042 osS
SI Coss.%(E~ym~n,5-m+vi)+E(mens,1-4)I

C05 5X (E n6a+ E(I +m~)]

and

+ sCos SX

~.

(1) The dot on top indicates a differentiation with respect
to time, t.

(4.6)

[Em~ns-m)+ E (i2 stn))

(4.5)

ao
T

0c0 xEc,-e)-t -
2COS- S
;=. In -

A

E(y),n)+2
4 .Inans

E(,- )E( I+ M)+2'C05:5X[Ei.m+~ 2 m
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Comparing the coefficients of Cossx, then

a0 ~ .n :) 4&&20rQ05(t [E( 1 O)-2020 2~-{T

-.oOa.'i 2-o't E 1 )) (4.7)

for S >I

as = _ E(ns- )+E1 sii)]-- j 00

YS S

'' z,1Jo~2~4cs (4.8)
and

00 00

'~m :I v1:
Y1 bME(Y'i))

.4. __ __ __

(4.9)

for 5>I
.o00

OLi 21~

(4.10)

ly"' A (EC1 Sc4i~s)
itc

4.4 Solution by the Method of Iteration

The equation obtained in the previous section will
be solved by the method of iteration. A consideration of
the order of magnitude of the coefficients, as and b5 ,is
essential for the solution. Penney and Price, in their
treatment of non-linear free standing waves L14], had
successfully shown that as is of the order A and bs of
the same order or higher, where A is the amplitude of

-19-
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linear free standing waves. For this problem, there does
exist a small parameter, i.e. the amplitude of the wave
maker v. It is necessary to use caution in taking a simi-
lar approach, because in free standing waves one may solve
for a fundamental mode of oscillation and the solution of
higher modes can be obtained by considering the motion with-
in each wave length as a fundamental mode. By contrast,
in forced standing waves the wave maker can be operated at
a frequency of any mode, and higher modes cannot be obtained
in this way as discussed in Sec. 3.4 and have to be solved
individually. Therefore, the order of magnitude of as and
bs depends on the mode of the desired solution. From
Sec. 3.4, it was shown that the non-linear effect is con-
fined to the neighborhood of a resonance frequency of
the spectrum, (-5f for n 1,2,3,... in the dimension-
less form, which corresponds to a natural frequency of
free standing waves. Examining the sets of Eqs. (4.7) to
(4.10) for linear free oscillation by neglecting those non-
linear and forcing terms, it is found that

as = bs and as = -sbs

or bs + sbs = o (4.11)

with the solutions

S s n (TSf+t Es )for - = 1,2, 3.---. (4.12)

For a periodic solution, not all of these components can
be present since their frequencies in general, are not
exact multiples. The frequency, c =,W, is also the reson-
ance frequency of the system as s is an integer. There-
fore, one has to confine himself in finding a solution
which belongs to one of these modes. When the wave maker
is operated in the neighborhood of one of these modes, a
solution exists with the frequency of the wave maker as a
fundamental frequency.
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However, for forced oscillation there are some forcing
terms on the right of Eq. (4.11) with the linear term
of the order of Q(; then, there do exist the particular
integrals for those values of bs in which,.~ is not
a multiple of the forcing frequency a-. The set of
equations for linear forced oscillation is obtained
from Eqs. (4.7) to (4.10) as follows:

LX0 2 0 1'~cA-Cos ort
iT

= - i(~i) o~at(4.13)

b, 4-03' for YI

by assuming that 0 is of the same order as all co-
efficients.. The solution of Eq. (4.13) yields
exactly the same results obtained in Sec. III based
on the linear theory.

For the moment, a solution is to be found for the
fundamental mode of forced two-dimensional standing
waves, i.e. a solution with the fundamental frequency
in the neighborhood of o-= 1. Then, the iteration
process may be started from an approximate solution

b i(C+ 6)

where is more or less the ratio of wave amplitude
7wave-length of the standing waves corresponding to
Penney and Price's A, which is proportional to C(
as the frequency is far away from a- = 1 and becomes
much larger than (X near C- = 1; hence, 0( is of the
order of P or higher. In-the light of the linear
solution obtained in Sec. III, 50 and bo are always
of 0(c ); al and b1 of 0 ( O - -1)); an and bn

(n >- 2) of O(o/(2-n)). Now considering the order
of magnitude of the coefficients separately with re-
spect to Cx and 3

CQo bo 01> b aQ, 2, a b7.''

0 ot) 0(g) 0 Ok-f --

where CZ 1 because of the first mode of oscil-
lation. The order of magnitude of the coefficients
with respect to ov cannot be expressed in integral
powers similar to ,but the magnitude of O I

decreases rapidly as n ,3 2 in comparison with
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for a2 X 1. Therefore, for the sake of simplifying the
computation, it is assumed that

ao_,bo al, bl a2, b 2  a3,b3  ...

0 (( ) o ( ) (2) 0 ( 3) ...

and o( is of o( (3) or higher; during the process of itera-
tion the contribution of a _n to an and bn will be re-

covered in the nth order of approximat on while those in-
volved in the terms higher than the ntA* are neglected.

If solutions corresponding to any higher mode, say,
the nth mode, are desired, it can be assumed that a0 , bo,
an, b are of 0 ( 0 ); an-l, bn-1, an+l, bn+l are of
o and so forth.

Now, the problem will be solved for the first mode
of oscillation, i.e. in the neighborhood of a- = 1. Sn(s)
and E (X ,A) required in the computation are listed in
Appendix A. As a result of expanding Eqs. (4.7) to (4.10)
by keeping terms to the third order, eight equations are
obtained for as and bs (s = 0,1,2 and 3) as follows:

ao=2b00+dI+ o) -+0.)b, f- PI+!uo-ajl)b,+2)

+ 2 oso (Ci+$a +g2|)(140.)Q |6az Q, )- o2s 2 i#4

=+ a+4'Qc)+ ? -260 + +2 aJ) 5ja- a (4.15)

44 2- ,ga3

=- 401a ai [0ioca*) 30fae), fg a #+ ?- (4 oS t .18 )

+ + ) -0a acn0D )")b+ z a ,"a a a

-+ 
- a0 120 2
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Oz =- 2 ba-2c b -ob(i4a)a, b,

a=3b 3- 3ca,b2 -
3 aLb, - 3ctzb,

13 &'4(.# +da 0.a 451 23 7a4

(4.21)

4.4.1 First-order Solution

By taking only the first-order terms in Eqs. (4.14),
(4.15)3 (4.18) and (4.19), and eliminating ao and a1 , one
has

cr (4.22)

and

biL22 +sb, 37" (4.23)

Then, the integration of Eq. (4.22) leads to a periodic
solution,

bo = -2o(/ 2- S 7
* Trcr (4.24)

and

= C (4.25)

from Eq. (4.14). It can easily be computed that the
coefficient, a 0., is the variation of the undisturbed
free surface due to the volume of fluid displaced by the
wave maker in motion.

Eq. (4.23) can be rewritten as the following [26]:

b~JL1 (~h,4 ITSr~ (4.26)

Since the interest is centered on a periodic solution with
the frequency 0 of the forcing function, one starts with
an approximation solution

= Si Cat +E) (4.27)
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where the amplitude P will serve as a parameter in higher
order of approximation and the phase angle 6 indicates that
the standing waves do not necessarily have the same phase
as the wave maker. Substituting E. (4.27) iito the' iight-
hand-side of Eq. (4.26), one has

I+a b a-I1) ifS/l _T~
6  4c111rCYI) (4.28)

where E has to be 0 or Tc in order to have a solution. Then,

b,+ a _ ~ + 4OkC (I- 2G?) j (4.29)

For a periodic solution, the secular term [25], which is
the particular integral due to the term on the right-hand-
side of Eq. (4.29), must vanish. Hence, the first-order
solution is

b,= P Sin cai + G) (4.30)

with + ) + 40Yi/26z (4-31)

and a,= (7- )c 5oscat (4.32)

where the positive sign is for F =0 and the negative for
S Tt.

The phase relationship between the wave maker and
two-dimensional forced standing waves was found experi-
mentally by Taylor [1] as shown in Fig. 4.1. A theoreti-
cal interpretation is that the motion of a fluid particle
in the neighborhood of the wave maker has to be the same
as that of the wave maker in the direction normal to it,
and thus the wave maker must always be in phase with the
motion of a fluid particle. Comparing the direction of
streamlines with the motion of the wave maker sketched in
Fig. 4.1, the phase relationship is evident. This can also
be applied to any higher mode of oscillation.
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The first-order amplitude of standing waves at x = -
is

- /V F + ) Cos C7 (4.33)

Hence, the negative sign should be used for & = 0 and
07 > 1, while the positive sign for 6 = 1. -and c-< 1.
For convenience in the later computation, the sign is
absorbed in p such that 0 is positive for (5 > 1 and
negative for 6<1 and F is always equal to zero. Then,
only the upper sign is used in Eqs. (4.29) to (4.33) from
here on.

4.4.2 Second-order Solution

By taking the terms up to second order and elim-
inating the linear term of ao in Eqs. (4.14) and (4.18),
one has

=- t _ )jai,+ bI b b,+#-2c>+(3+)a,3

- 2OsZ t (b,+ 1L3-1)+O( 3 2t2 3~ 4 (.4

- 27-
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The solution of Eq. (4.34) is obtained by substituting the
first-order solution from the previous section on the right-
hand-side and integrating twice:

bo = 2 C/-2 2) 5at (4.35)

with the integration constants equal to zero for the periodic
solution. Also,

2 Ir 9 IT

* + 2o L3-402) 2a

(4.36)

by using Eq. (4.35) for the linear term of bo and the first
order solutions on the right-hand-side of Eq. (4.18).

With a similar procedure to that used in obtaining
Eq. (4.34),

S+ b, = 4cxic-2 7  t - ab,- j 4 + %S510 ft [,+#o-2oua- 0 1- i4aiu

+- -(4.37)

or

+ ( 4 (2804+ 3&'10) k (hI2C 4+t.2- 15)J,5i1 20t (4.38)

Again, the secular term must vanish for a periodic solution.
Then one obtains

bi = Smot - b~(?(_80 4+3q 15)- i 2+ba-)pAl

with

(4.40)
37C

and

a/ =(157 (5,'4a2 ) 4_0(r2  + 2g')J + ( -- )ZCosct

+ 5 A~a (3o -3a7_ ia 4-) - 40 (15 +2q07-- 280 +)j Cc,5 2 (-34in 7(y 1f572r (4.41)

Finally, it follows from Eqs. (4.16) and (4.20) that
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?+2b2 t- - , -a, (4.42)

0-259'Q+/4(7/-38G")a7 -0 469CO,+0 I+ j)

-. 4m(I- 2O9/4 %-S Ct

r ~ D~ Io5)rF' Z/ 0a~]i

with the solutions,

b2  = 4 (-2Crz / t (4.43)/57(2-0)

+ 4(I-21) &" r1 2- 2 /b)j+ (2/-3 'J'+34+!4Vj?.

and
a ,.=.Zo-_ 8oq3 y7*542) - (,6p2 C ZI- 7L) cs aZ

4 /05TT 315 T7 _t -t)05

4 44g06 4+/0302) . 01Z(21+3231) 3 C54(-1' 05 Tr 315 Tr 2 Cs23

(4.44)

Only the particular integral due to the forcing terms is
taken since the solution with 0=,f2-will disappear for the
steady periodic motion. Note that Eq. (4.40) is identical
with Eq. (4.31) of the first-order solution, i.e. the
frequency-amplitude relation near =1 remains the same
as for the linear theory in Sec. 3.2. Therefore, in order
to get the non-linear characterisitc of the frequency-
amplitude curve, the third-order solution has to be in-
vestigated.

4.4.3 Third-order Solution for the frequency-amplitude
relation

As mentioned in Sec. 4.1, the third-order solution
only deals with the non-linear characteristic of the
frequency-amplitude relation, which is then used for the
computation of the second-order solution in the previous
section. To do this, only the secular term of the follow-
ing equation has to be computed from Eqs. (4.15) and
(4.19) by elimination of al.

+b =~ ~~~~~~~12 +o Ia2+2 a,? )-j ", ado+|s& )-ba'k

-2 - -2+ + 7 20 i,:2 + 4

+ e t f/ a (o-2ct)a * bao) - -(i / -14)(+-4jac)a, - - (157 + 3 3C ) C-2

-- 29 + ++ -.. (-Q )b
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+ Cos at [2(1 o- "a,)b -"1 6 + (/+ - , ),

- 2+ - )

+ /(Oz[06,

The second-order solutions of an and bn are put into the
right-hand-side of Eq. (4.45), and the coefficient of Sino-t
provides the third-order frequency-amplitude relation as
follows:

4hecr-2a ) + 3 )

where

o-4-

K (~j~

32(i-oz(34) -27)
3 2 ( 2C;- )

(4.46)

(4.47)

GC/a5/-13270c-2413c0)
840

( -i+ 8420- 92sa4

4-20 ( 2 - )

K2 =(3,082,88 O64+1,376 28004 - s2 3oW 4-743 o4G433I5O +rr?+ / 2

.(;6 +45054-61a+15 d -(5,1310?,l /47C + 2,(-2)

- (45-77C)2-/2&-368T'O+2800 8)675(2-Cr.) (4.49)

K3 =- -(2,4/6 OOO'+2,ss3, 88 j 4-/q3, 45s TF*-2dI4, 3stz s 35s o2,sv)

-+(3o - q2C-166Oa 4-44980) I351_ ( 444.o44q 2-20

(4.50)

30-

(4.45)

K, - (4.48)

, j<,3



4.5 Numerical Computation

4.5.1 The Frequency-amplitude Curves

Eq. (4.46) is rewritten as the following:

3Tr o P <I( z )-l" (4.51)

Here the frequency of non-linear two-dimensional standing
waves is considered as a function of P with x as a para-
meter on the a--@ plane. Since it is non-linear in both 0-
and(3, Eq. (4.51) is again solved numerically by the
method of iteration. Only two wave maker amplitudes,
Oc = 0.0194' and 0.0388, were computed. For the range of
magnitude of o(, the last term is small in comparison with
the second term on the right-hand-side of Eq. (4.51). For
0( = 0.0388 andOY=l,

2
K3 = -5.1631 and ( O(/rT ) = 0.00003813

while 4c (12 ) = -1.3333 ;
3

hence, 4cYCI20)

and the last term was neglected in the computation.
With a small variation of 0 in the neighborhood of - = 1,
Eq. (4.51) consists essentially of two parts: one is a
hyperbola with the asymptotes,;2= 1 and 3=o and the
other *s a parabola with its vertex at 2 =- K2 (-)12 in
the a -f3 plane. In Sec. 4.4.1, it was assumed tha't
takes a positive value for 07 >1 and a negative for 0 < 1
to take account of the phase relation between the wave
maker and standing waves. For non-linear standing waves,
a-c 1 should imply that the oscillation:' is on the branch
on the left of the resonance curve and 5y 1 on the right
branch for the first mode. The resonance curve (the
frequency-amplitude curve for free oscillation) of the
third order can be obtained by lettingo( =o in Eq. (4.51);
then,

-K (4.52)

where K is given by Eq. (4.47). The procedure of
computa~ion is to break Eq. (4.51) into two parts:

and -- 2e) (4.53)
and 3TP.3
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in which the upper positive sign is for T< 1 and the lower
negative for 0> 1 and (3 is an absolute value again for both
cases. The iteration was started withOG= 1 for different

's and = 0.0194 and 0.0388 until the final % and X2
were in agreement with their previous trials witiin the
fourth place after the decimal, i.e. less than 0.1% in error.
Then, a = 2 was plotted against as shown in
Fig. 4.2. P

Based on the solution of bo, bl and b2 in Sec. 4.4.4,
the free surface is at rest at Sin nat =' , orc t = n rT/ -
The free surface elevation to the second order can be ob-
tained from Eq. (4.2) by using ao, al and a2 of Eqs. (4.36),
(4.41) and (4.44). Then, the total amplitude, tAl, at X-7=Tr
as a function of y it-

JAI = 14 + - / 7 -
' C )

T 1T (2a - (4.55)
in which the negative sign in front of is for 5<l and
the positive for a- : 1. The computed (Y - IAl curves are
shown in Fig. 4.3 for o(=0.0194 and Ck=:0.0388.

4.5.2 The Profiles of Forced Standing Waves

The profiles of the free surface at rest were computed
for 0= 0.965 and 1.000 with Oc 0.0194. The free surface
elevation, Eq. (4.2), to the second order leads to

-- 4- Cos + .o2% (4.56)

in which ao, al and a2 are given by Eqs. (4.36), (4.41)
and (4.44). The parameter,, in the coefficients may be
obtained from Fig. 4. 2

as 2= 0.21'7 for =0.965

and 2 = 0.694 for G 1.000

The computed profiles are shown in Fig. 4.4
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(b) O'= 1.000

FIG. h.h Profiles of Forced Two-dimensional Standing Waves
for c = 0.0194
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4.6 Higher Modes of Forced Two-Dimensional Standing Waves

The procedure to find a solution for any 4igher mode
is exactly the same as for the fundamental mode presented
in previous sections. The assumption of the order of magni-
tude of the coefficient made in Sec. 4.3 provides a start-
ing point to compute Sn(s) and E(/,#) and then a set of
equations can be obtained from Eqs. (4.7) to (4.10) to any
desired order of magnitude. The non-linear frequency-
amplitude relation will appear in the secular term of the
solution belonging to the equation with the frequency
near the wave maker frequency at the third order of ap-
proximation. The final forms of the coefficients will
be a Fourier series in t with its fundamental frequency the
same as the one of the wave maker and the coefficient as
a function of *, Pand 0. The Pis determined explicitly from
thea-(f curve for a particular(3. It will also be noted
that the resonance curve of free oscillation (o. = 0)' shbiild
remain the same for all modes of oscillation.

4.7 Comparison of the Linear and Non-linear Solutions

A comparison of the non-linear frequency-amplitude
curves obtained in Sec. 4.5.1 with those of the linear
theory in Sec. 3.3 is made in Fig. 4.5. The agreement is
surprisingly good for the region with the frequency far
away fromo-= 1. These results indicate that the non-linear
effect is essentially confined to the neighborhood of the
resonance frequency, the range depends on the amplitude of
the wave maker and also provides the range of significant
non-linear effects as far as these two values of o( are con-
cerned. These ranges determined from Fig. 4.5 are

0.93 K a/c 1 / < 1.05 for cx = 0.0194

0.92 < 0/u- 1 < 1.08 for o( = 0.0388

A comparison of the resonance curve with Penney and
Price's indicates good agreement for IAI< 0.75. The dis-
crepancy at high amplitude may be on account of the follow-
ing two reasons: (1) The present solution is based on the
third-order a-(3 curves and second-order Eq. (4.55), while
their result is of the fifth order; (2) In Penney and Price's
computation the second term of Eq. (4.47) for KO is missing
as a result of approximating alla values on the right of
the equation for the frequency-amplitude curve which is
equivalent to letting 9 = 1 in Eqs. (4.47) to (4.50) and
(4.55).
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V. NON-LINEAR FORCED THREE-DIMENSIONAL
STANDING WAVES IN A RECTANGULAR TANK

5.1 General Remarks

The preliminary investigation based on the linear
theory in Section III shows that the linearized version of
the problem under consideration is basically two-dimension-
al. The forced two-dimensional standing waves of small
amplitude are from the linear solution of the system and
are always stable except in the neighborhood of a reson-
ance frequency. This result leads to the general con-
viction that three-dimensional standing waves in the
system can be generated only due to the non-linearity in
the exact free surface conditions (See Eqs. (2.23) and
(2.24))in the range of non-linear effects and hence the
forced standing waves must be of finite amplitude. The
non-linear solution of forced two-dimensional standing
waves obtained in the previous section provides the range
of stability for the linear solution and also represents
a family of particular solutions to the problem as a whole.
The present section is to investigate the underlying
mechanics of exciting the fundamental mode of cross waves
based on the exact free surface conditions. In addition
to generalizing the expansion of the product of an ex-
ponential of a Fourier series and another Fourier series
into the three-dimensional case, the approach is essential-
ly similar to Sec. IV, but the degrees of freedom for the
solutions are doubled. A system of non-linear ordinary
differential equations will be derived for the coefficients
of the double Fourier series in x and y of (0 and Z. These
equations can be solved by the method of iteration to any
desired order of approximation. Only the second-order
solution is found here and thus the result will be qualita-
tive. However, a quantitative result can be obtained if
the elaborate computation is to be carried on to a higher
order of approximation. With the second order solution,
it is found that the half-frequency mode of subharmonic
oscillations is indeed the fundamental mode of cross waves
and the favorable condition to excite cross waves depends
on the length/width ratio of the tank and the amplitude of
motion of the wave maker. It is expected that some quanti-
tative description of cross waves is to be obtained from
the experimental investigation in the later part of the
investigation.
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5.2 Fourier Series Expressions for_! and

Assume

,OO .1 CC

which satisfies the Laplace equation,
homogeneous boundary conditions, Eqs.
and also assume

Am(t) CosYnly Cosv1- forYiso Ar-O

Eq. (2.19), and the
(2.20) to (2.22);

(5.2)

which together with (0 , Eq. (5.1), satisfies
surface conditions, Eqs. (2.23) and (2.24).
neglecting all harmonics higher than Cos ky,
approximately

8Io)Cosrx&04 Cos xA Cos /
v-O

b3 ~cos Yrxe + Zdn Cosr% Coly
0v0

where bn =,Bond dn = Bnand Va = QJ12 +:

S A,,ConYoX + .A iCos 1X Cosa%
w-oVISO

+ dyCos X + C*'Viz

the free
Then,

(5.3)

; and

4.0CiiCos rx) Cos
(5.4)

where a0 = 2.Aoo, Cdo = Zklo and an = Aon, Cn Aln for n>l.

Therefore, the solution of three-dimensional waves is
desired with only the fundamental mode of cross waves.
Let

(5.5)

with

and

*+ CCos'o1X)Ce i IJ

c(Il: c1-n~* 00 N

4. 2 a e*~19

~Cvrecodj
~v~-e~O

CVL Cz-VL.
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5.3 The System of Non-Linear Ordinary Equations for the
Coefficients, an, bh , Cn and dn.

The general procedure of solution is to substitute
(p and above into the free surface conditions, Eqs. (2.23)
and (2.24); first to obtain four equations inn;terms of
cos nx by comparing the coefficients of Cos mQy for m = 0
and 1; and then to obtain four sets of ordinary differential
equations in an, bn, cn and dn for n =0,1,2,.... by compar-
ing the coefficients of cos nx for n = 0,1,2,-- . These
equations can be solved by the method of iteration to any
desired order of approximation, as in the previous section.
The present problem differs from the two-dimensional one
by containing two parameters, one of which is for cross
waves and the other for the longitudinal component. There
exist two frequency-amplitude relations in the fundamental
modes of the two components to determine these two para-
meters. Prior to the above-mentioned procedure, e452CospuLy
is to be expanded in addition to e>i Cos/Ax which ap-
pears in the free surface conditions, Eqs. (2.23) and
(2.24). The expansion e ' Cos/A.Ax developed in Appendix A
is again used in this section. The expansion

eX\2C otty F (\.L)- Cos 5ky ( ,5-")t F(, St +-)

where ~ ~X))oS 5.8)

and the related functions are developed in Appendices B
and C and computed to the third order.

The system of equations in terms of the functions
(,U) and fs(X ,, ) are given in Appendix D.

5.4 Solution by the Method of Iteration

The system of Eqs. (D.1) to (D.8) in Appendix D is
based on the dimensionless equations formulated in Sec. II.
An examination of the mode of oscillation in the three-
dimensional system is necessary before any assumption of
the order of magnitude of the coefficients an, bn, cn and
dn can be made. Since the interest is only in the funda-
mental mode of cross waves, the component mode in the
transverse direction is fixed-....The resonance frequency
corresponding to this mode, ( depends only on the
width of the tank for the infinite-depth case, and

*2 2Tr = -rrL\WI W L) (5.9)
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where the cross wave length is =22v for the fundamentaornode
of cross waves. In dimensionless form,

C0 = w (5.10)

Hence, we are looking for a solution of cross waves with
a frequency w in the neighborhood of W,= f7 but the
corresponding longitudinal mode of oscillation still re-
mains to be determined, for there are infi itely many
discrete resonance frequencies. The unit /Ar used in the
derivation of the dimensionless system in Sec. II implies
in this case that Z= 2L for the assumed Cp and ' in
Eqs. (5.1) and (5.2) because the cos nx in the summation
should in general be Cos 3 g, where >* is the wave length
of the longitudinal component. This means that the funda-
mental mode in the longitudinal component has been chosen
and the frequency relation between these components and
the length/width ratio remains to be determined. The
resonance frequency of the longitudinal mode 071 =- 1can
easily be verified. The generalization to higher longi-
tudinal modes will be treated later. It is natural to
consider that (3 and 8 are of the same order, which leads
to the assumption that a0 , b0 , c, do, a1 and bi are of
o ( orS) while ci, dl , a2 , b2 of o ( s or 2 ) and so
forth. In general the order of magnitude of cs and ds
is fixed relative to as and bs which depend on the longi-
tudinal mode of oscillation to be solved for in a manner
similar to the two-dimensional case.

The next step is to compute the function fs(X)/L)
to the third order as given in Appendix B and also to
use E(NA) in Appendix A for the expansion of the system
of Eqs. (D.1) to (D.8) in Appendix D to the third order.
The system of second-order equations is given as follows.

C + 8(vco .aie os~t + d '- b (5.11)

+1~ (5.12)

+ L ,1 bj 5 0+ -Ld ia, )Cos& (5.13)

Cc= 2do -d(0 d -44Y1S~ (5.14)

QC 1 bC + fL6 id, + 4N1od 1Y a Oa (5.15)
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o-0 TT- 4- 2t (+j+ a, )(5.16)

0 - - +((5.17)

d=-b -a, b, + 4 Si 1+ (-Lao+a ),1 (5.18)
i~~rt 414

Co = - 2Mo - co do - .T-Co SI t (5.19)

S=-- d(5.20)

First~the pair of Eqs. (5.14) and (5.19) is solved
again by Duffing's method of iteration. By eliminating-co,
then

+ = aGct0+Y40)- X6.o d+~ [4-o -Co(1-20 )1]5i'o-t

+ (21 do -C oCS cy'IT (5.21)

The equation of the linear free oscillation as the first-
order approximation is

LO + dO = o (5.22)

which yields the solution,

do =6 Sn C(W + G-) (5.23)

and CO 2Sw Cos ( * C) (5.24)

where 6 is a parameter, E is the phase difference with the
wave maker and Wk. Then, substituting Eqs. (5.23) and
(5.24) and also aQ= -4 /Tr Sin at, which is the first-
order ao from Eq.(5.16), into the right-hand-side of Eq.
(5.21), there results:

+ (W(41-1+2a9+2aU+4] 5 (at+Wt + C) (5.25)

Note that the lowest frequency of the forcing function on
the right-hand-side of Eq. (5.25) is equal to -- , which
has to be the fundamental frequency of cross waves for the
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existence of a steady periodic solution. Therefore, it has
been proved that

(.)= C/2 (5.26)

and the phase difference E has to be zero or T1/2 .
As far as the analysis up to this stage is concerned, the
phase angle either zero or IT/2 will satisfy the conditions
required to yield a periodic solution. However, the re-
sult of experimehtalmeasurements in Sec. VII.indibated that
the phase angle should be Tr/ 2 ; and the following computa-
tion will be based on F= Tr/2

Eq. (5.25) becomes

co+ WZtO,= 9[oz L(4-i)]Cos ot

(CA- 2w ) Cos 3 (5.27)

which gives

d|o = S Cos -ot -- (- 112 os3005 3LO (5.28)

with the secular term
S''1.__ Wz (5.29)

For wn-:: , w 1/2 and 0 C 1 which is the frequency
of the wave maker or the corresponding longitudinal mode
in agreement with what has been chosen. Furthermore,
the ratio of length/width of the tank for exciting this
three-dimensional mode witho(-->O as a limit is

(5.30)

From Eq. (5.14), one has

C - 2 _) -(4 - t. )S t (5.31)

by use of Eqs. (5.28) (5.23) and (5.24) together with
the solution of a0 = L Cos t t.

it

For the fundamental mode of the longitudinal compon-
ent, the pair of Eqs. (5.12) and (5.17) lead to

3T (5.32)

independent of cn and d1n, and identical with Eq. (4.37) in
the two-dimensional case. Hence, the solutionsiare



3Snt~3U1 (28a4 3<I5)- 1N & 0 126*.riI 5 - 22t (5.33)

with the secular term

(5.34)
and

6L, 5r4-t7

+ [U3 (30 - Ba%-.,4a 4) -40 +4*26)]C 0 (5.35)

from Eqs. (4.39), (4.40) and (4.41). Note that there are
two parameters 6 and P in this problem for the determination
of the frequency-amplitude relations of cross waves and of
the longitudinal component of standing waves. For the
second-order solutions obtained here, appears in Eq.
(5.34) which is still linear in characteristic and independ-
ent of 6 ; while the absence of 8 in Eq. (5.29) means that
there are no cross waves in the linear relation of fre-
quency and amplitude. Therefore, the quantitative results
of the non-linear solution cannot be obtained unless a
higher order of approximation is carried out for the fre-
quency-amplitude relation similar to the two-dimensional
case presented in Sec. IV.

The rest of the coefficients are also solved to the
second order and given in the following:

2 C'- 2 4.

+T-c + + ]cos 2ct (5.36)

bo 7.00-01 - ao/-(s4s- (9-+-01-4604)rTT (5.37)
+id%-JS ( 1ca+4J)/1] ~ngT~

0z- 4LI~81 OC(7+ 540~ ~~1zib)-*a
CL2 IO 5Tr 61(2-0)

e 4107r4+IO3o) l32ki2' Cos 2a (5.38)

b o'Ir2& s1lat + 4Li-+() ' (5.39)
'i49(2I-3#34)] Sin zct
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Wa2e

C1 ={2Ct),-WL) (j)+2co .4W)-4.W S t)

J ('2 S(Zt) 2LL-)2- S3rtA (41 Sir'+wt7

5.5 Higher Modes in the longitudinal Component Stanin

half-frequency relation between the wave maker and cross
waves remains the same, while the length/width ratio of the
tank Q. found in Sec. 5.4 is different for having cross
waves with of -+o. The ratio for any longitudinal mode can
be obtained by the following consideration. Write the
velocity potential in dimensional form as

in which -~~~-corresponds to m-y in the dim nsionless
form used in the last section. Now, instead of '/i-t let
the unit be chosen as */2rc , and

[p = z t3W Co( 41' Cosi we 1 3 z (5.43)

where ' = .a By using the new unit, Eqs. (5.21) to
(5.31) i unchanged, then Eq. (5.30 gives

. = 1/4

therefore, _2Lr-L _I

or A 2W - w 4i

where nwis th (5.44)
5h5 nis Minteger corresponding to the nt mode of the
longitudinal component .
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With only the second-order solution, the results are sum-
marized in the following:

(1) The fundamental mode of cross waves has a frequency
which is half that of the wave maker (Eq. 5.26).

(2) The frequency which can excite the cross waves is r1t
in the nei hborhood of Q)2 = I only. Note that
(Eq. (5.29) differs from Eq. (5.34) which is identi-
cal to the two-dimensional case of the same order of
approximation. In Eq. (5.34), the term 406 (1- 20'-
gives essentially the two-dimensional standing waveV
of small amplitude as the frequency is away from the
resonance frequency (See Sec. 4.5). The absence of
the corresponding term in Eq. (5.29) indicates that
there are no linear cross waves and the cross waves
exist only in the neighborhood of W 2 - L.

(3) The most favorable condition to excite cross wavesn
exists for the length/width ratio of the tank )_ = t,
when the amplitude of the wave maker is very small.
However, as L 1=#., the excitation depends on a critical
value of 0( (See Eq. (5.29)),, where n is the mode of the
longitudinal component of standing waves.

(4) The phase angle between the cross waves is 0 or -
By using the experimental result obtained in Sdd.-IIII

= T/ 2 -

Since the non-linear characteristic does not appear
in Eqs. (5.29) and (5.34) at the second order, similar to
the two-dimensional case in Sec.IV, the quantitative re-
sult cannot be obtained. The relationbetween the frequency
and the two parameters (P and S) remains yet to be determined.
A higher order of approximation has to be carried out for
this purpose. As mentioned in the Introduction, the
interest is centered only on the mechanics of the excitation
of cross waves, an elaborate process would be involved in
the computation of a higher-order solution. It is expected
that the experiment will provide some information of the
frequency-amplitude relation of the cross waves.
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VI. EXPERIMENTAL EQUIPMENT

6.1 General Description

The experimental investigation was carried out in
the Hydrodynamics Laboratory of Massachusetts Institute
of Technology. A rectangular tank, 3 feet 6 1/4 inches
long, 2 feet 3/16 inches wide and 3 feet deep with glass
sides and ends was built for this purpose. Due to the
symmetry of the problem, only one wave maker was used.
The flap-type wave maker is located inside the tank on
the rails, which are parallel to the side walls, and
hence the distance between the wave maker and the end is
adjustable. An adjustable connecting rod is used to
transmit the circular motion of the eccentric cam to
oscillatory motion of the wave maker. An AMES dial gage
and a displacement gage (Linearsyn Model S2) are located
at the top of wave maker to measure the amplitude of the
wave maker and to record the motion of the wave maker for
the determination of the phase relation. The amplitude
of standing waves is measured by a resistance-type wave
gage, which is fixed into a point-gage staff mounted on
a cross beam. The whole unit can be slid along the cross
beam. The output of the wave gage and of the displace-
ment gage is recorded on a four-channel Sanborn Model 150
Oscillograph. The frequency of the wave maker is measured
by an electronic counter system. An aluminum circular
plate is mounted on the fly wheel with 400 holes on its
periphery with a light source on one side and a photo-
electric tube on the other. The tube is connected with
an electronic counter. When one side of the wave maker
is in use, aluminum wool is put in the other side to absorb
the waves generated. The overall arrangement is shown
in a schematic diagram and a photograph (Figs. 6.1 and 6.2).

6.2 The Driving Unit and Wave Maker

The driving unit consists of the following parts:

(1) A 3-h.p. U.S. Motor Varidrive with a continuous speed
range of 44.5 to 310 rpm, i.e. 0.742 to 5.167 c.p.s.
The speed was roughly calibrated with the counter on
the motor, which was used as a guide to the range of
frequency needed for an experiment. After the motor
is warmed up, the variation of speed is usually less
than 0.05% near 2 c.p.s. and even less for lower
speed. (Fig. 6.3).

(2) A fly wheel, 2 feet in diameter and 1 inch thick,
on which an eccentric sliding block and its guiding
frame are bolted. The eccentric sliding block is
driven by a motor and thus its position can be
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varied during a run. The eccentricity is recorded
on a counter on the wheel. Owing to an error in
construction, there exists a minimum eccentricity
or minimum wave maker amplitude of about 0.14 degree.
A circular aluminum plate with holes on its periphery
is bolted on the fly wheel and used as a light-beam
cutting device for the electronic counter system
(Fig. 6.4).

(3) An adjustable connecting rod, made of a brass rod
of 3/4-inch diameter and steel tubing of 3/4-inch
I.D. The rod runs inside the tubing and is fixed by
four setscrews to suit the neutral position of wave
maker. A ball joint connects the rod at the center
to the top of wave maker. Two adjustable steel
wires run from the middle of the rod to each end on
the top of wave maker to adjust the wave maker and
to keep it parallel to the end of the tank.

The Wave Maker

The wave maker is made of a plexiglass plate of 3/4-
inch thickness and of 3-foot height. At its lower edge,
a brass hinge of the same width is screwed on and rests
on a movable cross beam. The center of the hinge is
1 37/64 inches above the floor. The top and two sides of
the wave maker are reinforced by three aluminum angles.
There is a clearance between the wave maker and the side
wall of about 3/32 inch. A spring-loaded hard rubber
seal is used for the wave maker (Fig. 6.5). The upper
part of the seal was usually lubricated with water
brought up by high-amplitude waves; but when the amplitude
of waves was small, water was injected periodically into
the seal.

6.3 Wave Gage

A resistance wave gage is made of two platinum wires,
0.008.inch in diameter, spaced 1/4 inch apart. The wires,
insulated from each other, are stretched on a bow-shaped
frame, which is fixed into the point gage staff (Fig. 6.6a).
During measurements, about one half of the length of wires
was submerged vertically in water. The wires were con-
nected to one branch of the bridge circuit (Fig. 6.6b).
The output of the gage depends on the amount of submer-
gence (nearly a linear function) and was recorded by a
Sanborn Recorder. Before each run, the wires were wiped
with a damp cloth and foreign matter was removed from
the water surface. Static calibrations were made before
and after each run by moving the gage up and down.
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FIG. 6.3 Photograph of Motor

FIG. 6.h Photograph of Fly Wheel
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During a run, the gage gave continuous recording of total
wave amplitude with respect to time at a point. The over-
all error for the gage recording system was found to be
less than 3-5% [281.

6.4 Dial Gage and Displacement Gage

An AMES dial gage with 0.001" graduation was used to
measure the amplitude of the wave maker at the top of the
wave maker, 3 feet from the hinge. The measurement was
made for each run when the wave maker was oscillating at
a low speed (Fig. 6.7a).

The motion of the wave maker was also measured with
a displacement gage, a linear variable differential trans-
former (Linearsyn Model 32), the output of which is
directly proportional to the displacement. In order to
investigate the phase relation between the wave maker and
the standing waves, the motion was recorded simultaneously
with the wave amplitude on two-channel Permapaper in a
Sanborn Recorder. This device has two parts: a coil
assiembly, 11-1/8 inches long, 0.312 inch I.D. and 3/4-inch
O.D., and a magnetic assembly. The transformer has a full
range of 4-inch stroke and an excitation voltage of 6 volts.
(Fig. 6.7 a,b). The gage was located at the top of the
wave maker.

6.5 Electronic Counter System

The electronic counter system consists of four parts:
1. an electronic counter, 2. a photo-electric tube, 3. light
source and 4. a light-beam cutting device. (Fig. 6.8)

A Hewlett-Packard Model 521C electronic counter and
a RCA 1P41 photo-electric tube were used. The light source
was supplied by a 200-watt projector lamp of two-parallel-
filament type which was focussed on the photo-electric tube
through a light-beam cutting device. A circular aluminum
disk of 26-inch diameter was provided with 400 holes of
3/32-inch diameter equally spaced at 19/64 inch near its
periphery and was mounted concentrically on the fly wheel
with the light source on one side and the photo-electric
tube on the other. The light beam, the holes and the
photo-electric tube were properly lined up. The focus of
the light source was adjusted in such a way that the tube
could receive maximum intensity and area of the light
through the holes.
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VII. METHODS OF MEASUREMENT

7.1 Depth of Water

The depth of water was measured directly by a scale
submerged in the tank. All runs were made at a depth of
two feet except two runs which were used to study the
depth effect on the finite-amplitude standing waves. The
depth was used as a check of the deep-water assumption;
hence a correction of resonance frequency was made for
runs with insufficient depth of water. The error involved
in measurement is negligible since the value of the hyper-
bolic tangent, nearly equal to one, is not sensitive to
this error.

7.2 Frequency of Wave Maker

There are 400 holes on the rim of the circular disk
mounted on the fly wheel. The light beam was cut 400 times
in a revolution and a counting period of 10 seconds was
usually used. The total number of electric pulses sensed
by the tube due to the cutting of the light beam was
automatically recorded by the counter in a period of 10
seconds and can be read off directly. The error of the
counter is tl count. Hence, for a frequency of,say,
2 c.p.s., the system may have an error t0.0125%, which is
smaller than the variation of speed due to the motor.
The total error involved in frequency measurement was esti-
mated at less than 0.05% (including the speed variation of
the motor).

7.3 Wave Height

Wave height was measured in centimeters by a resistance
wave gage. Before and after each run the gage was calibrated
to check the error in the recording system. The calibration
was made by moving the gage up or down. The direction and
amount of displacement were recorded on the permapaper in
the Sanborn recorder and the corresponding value was taken
from the scale on the point gage staff. Usually more than
one attenuation was used to measure high amplitude stand-
ing waves. For the measurement of the frequency-ampli-
tude relation of two-dimensional standing waves, the wires
were located at the middle of the tank about 3/8 inch from
the end wall, which is the point of symmetry for all modes
of oscillation (Fig. 7.1). For cross waves, the wires
were set about 3/8 inch from the side wall at the point
where the crest of bngitudinal waves was located and the
composite waves were later analyzed (Fig. 7.2). The 3/8
inch distance between the wires and the wall are necessary
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to avoid the capillary effect as well as to keep the part
of the wires above the free surface well insulated from
each other. The error due to the wire not being exactly
located at the crest can be estimated, for example, from
the computed profiles of the two-dimensional standing
waves given in Fig. 4.4. If L = 18 inches (the smallest
length used), it is about 2% off the exact location of
crest. The error of the amplitude is negligible as shown
in Fig. 4.4, since the slopes are small both at the crest
and trough in this case. When the standing waves are at
the greatest height, the error can be approximately computed
as follows. Let the angle made bg the free surface with
the vertical near the crest be 45 and the free surface
near the trough be horizontal, then the amplitude IA] is
0.063 too small for IAI max.= 1.367, hence the error is
always less than 5%.

The wave gage and point gage staff were fixed on a
sliding block on a traversing beam for the measurement of
the profile of two-dimensional standing waves. The beam
was carefully leveled and the position of the gage could
be read on the scale of the beam the relative position of
which was determined before and after each run.

7.4 Amplitude of Wave Maker

An AMES dial gage was clamped on the angle at the
top of the side wall and its sliding shaft touched the
wave maker at a distance of 3 feet from the hinge. All
measurements were made visually as the wave maker oscil-
lated at a low frequency. The graduation on the gage
is 0.001 inch.

The linear variable differential transformer was
sometimes used to measure the amplitude of the wave
maker in addition to its phase relative to that of the
standing waves. A calibration is required by means of
the dial gage.

7.5 Phase Relation

The phase relation between the wave maker and the
standing waves at the location of the wave gage could
be obtained from the two-channel Permapaper in the San-
born recorder by recording the outputs from the wave
gage and linear variable differential transformer
simultaneously. The directions of oscillation for the
standing waves and wave maker had to be calibrated. For
two-dimensional standing waves, the relation could be
directly determined from the graph, but an analysis is
necessary to get the cross wave components from the
composite waves recorded by the system. (See Figs. 7.3
and 7.4)
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7.6 Analysis of Composite Standing Waves for the Components

Since the wave gage measures the oscillation of the
free surface at a point on the horizontal plane with respect
to time, the record 8hows the composite standing waves with
components of different frequencies. It is assumed here
that the composite standing waves are composed of only two
modes, the full-frequency mode and the half-frequency mode
with all of their higher harmonics neglected. The former
is essentially that of the longitudinal standing waves
and the latter that of the cross waves. A graphical method
was adoptedfor decomposition. With and T as the fre-
quency and period of the cross waves, the composite stand-
ing waves are given by

Z- = ASinowt + aS;Y,(2Wt+ E)

where A and B are amplitudes of cross and longitudinal
standing waves respectively, and r is the phase difference.
Shifting the profile in either direction by a quarter of
a period of cross waves,

Za A 5in o(t+ 'r) + 135im [2ot+ T+-)+ re]

=ACosw - BSi'v2ot+ 6)

Hence

)=, Svi(W+ --)
or 1A1 + Zjzj I

If we shift the profile by a half period of cross waves,
then

22= AS, W ( + B:.)+. 61(2Wt+ W17 +& )

= -A 5N wt +5i (2Wi + 6)

Hence

or B I = -2 + 21

Note that the component of the cross waves can be obtained
by Eq. (8.4) with a shift of its phase, T/4, and the total
amplitude can then be computed by Eq. (8.5). A similar
procedure can be applied to obtain the longitudinal
component by a phase shift of T/2.
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VIII. EXPERIMENTAL RESULTS AND DISCUSSION

The experimental program of the investigation
consists mainly of two parts:

(1) Two-dimensional standing waves for the study
of the finite-depth effect and the verification
of the theoretical solution obtained in Sied. IV,
(See Table 8.1 for the summary of experiments);
and

(2) Cross waves for study of their excitation at
different length/width ratios of the tank as
well as frequency-amplitude curves. (See
Table 8.2)

8.1 Limitations of Experimental Equipment

Due to the symmetry of the problem, only one wave
maker was used in the experiment and this has no limita-
tion in general except for the highest two-dimensional
standing waves due to the significant wall effect as
the angle between the free surface and end wall tends to
450 near the crest. The depth of water was kept at 2- feet,
which is very close to the infinite-depth case; however,
the high accuracy of frequency required for the study of
non-linear waves still demands a frequency correction
which will be discussed in detail in the next section.
There are no limitations on the frequency of the wave
maker for the range under investigation but the lower
limit of the eccentricity on the fly wheel as mentioned
in Sec. 6.2 gives the smallest amplitude of the wave
maker at about 0.140. For the study of exditation of
cross waves a smaller amplitude of the wave maker is
desired for the small value of length/width ratio. The
range of length/width ratio available is O<9.<1.5
which is satisfactory both for two-dimensional waves
and cross waves. For cross waves, the effect of vis-
cosity becomes significant for large values of k.
The viscosity was neglected in the analysis, hence
the investigation is limited to small values of 1.



8.2 The Effect of Finite Depth

The analysis is based on the assumption of infinite
depth. For free waves of finite amplitude, Penney and
Price [14] concluded that the difference between infinite-
depth and finite-depth cases could be neglected if the
depth is greater than one quarter of the wave length, i.e.
h/ > -/4 corresponding to ITh/L > 1/2 for the first two-
dimensional mode. The smallest value of iT b/L in the ex-
periment is 2.443, which is 63% greater than Penney and
Price's value. The discrepency is still shown in the
correlation of the frequency-amplitude curve for most
cases; perhaps the high accuracy of frequency required in
non-linear waves was overlooked by them. A finite-depth
analysis has not been attempted here, however, it was found
that a frequency correction based on the linear theory
yields good correlation of the data. As is well known in
the classical theory of small amplitude water waves, the
frequencyc C)a can be predicted by the formula:

CY*=Sk*+iihk*h where k* 2T/ (8.1)

for the finite-depth case. Hence, a frequency correction
factor is defined as

t m = -~h 2Th+h nTill (8.2)

where 2L = nX* and :ft ,2;3,,.. for lat, 2nd, -3rd-,. .hormal
mode of oscillation. Due to the height of the tank being
insufficient to provide a depth which gives w-al within
the accuracy required, a series of experiments (Runs 1 to 3)
was made to test the correction factor used in the non-
linear case. The results (Fig. 8.1) indicate that the cor-
rection yields good correlation for the three depth/length
ratios and the data are also in good agreement with the
computed curve based on the theoretical solution of the
infinite-depth case. The remaining runs have a depth of
2 feet and the frequency correction factors are listed in
Tables 8.1 and 8.2. Therefore, the correction factor
tanh (-rh/L) based on the linear thepry was used throughout
the analysis and Penney and Price's y/ > 1/4 is not suf-
ficient as far as the frequency of s'tanding waves of
finite amplitude is concerned.
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8.3 Forced Two-Dimensional Standing Waves

1. Frequency-Amplitude Curves of the First Mode

A series of experiments was carried out for the
frequency-amplitude relation of forced two-dimensional
standing waves. Two different amplitudes of the wave maker
were used to investigate the non-linear effect and several
depth/length ratios were tested (Runs 1 to 9 in Table 8.1).
The frequency of the wave maker, equal to that of the stand-
ing waves, was measured against the amplitude of standing
waves near the point of symmetry (about 3/8" from the end
wall). The experimental results in dimensionless quanti-
ties, shown in Fig. 8.2, indicate satisfactory agreement
with the theoretical prediction. A careful choice of the
length/width ratio is required to ensure the stability of
the standing waves. As a result of the analysis in Sec. V,
no cross waves can be excited if the half-frequency of
the wave maker is smaller than the resonance frequency of
cross waves of the fundamental mode. If the half-fre-
quency of the wave maker is nearly equal to the resonance
frequency, the fundamental mode of cross waves can always
be excited with .= n/4,but for Q/ n/4 it can only be
excited with a critical amplitude of wave maker depending
on . In this light the length/width ratio was deliberate-
ly kept away from n/4 and the half-frequency of wave
maker was smaller than the resonance frequency for all
runs in the experiment.

The test was started at a frequency much smaller
than the resonance frequency of the first mode and then
the frequency of the wave maker was slowly increased to-
ward the resonance frequency. The phase relation between
the wave maker and standing waves is shown in Fig. 7.3(a),
which confirms the prediction in Fig. 4.1. The ampli-
tude of standing waves increases rapidly as the frequency
approaches close to the resonance frequency; then the jump
of amplitude from the left to the right branch of the fre-
quency-amplitude curve occurred at a critical frequency
near the vertical tangent accompanied by a change of phase.
The critical frequency for the jump depends on the ampli-
tude of the wave maker. This phenomenon is very well
demonstrated by Fig. 8.2. Again, the phase relation
agrees with Fig. 4.1 as shown in Fig. 7.3(b). A further
increase of frequency led to a decrease of amplitude
until it reached the point of transition to the second
mode.

The test was continued by decreasing the fre-
quency back to the path just passed and building up the
amplitude of standing waves as high as possible. During
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the test, each adjustment of the frequency of the wave
maker caused some disturbance on the free surface due to
the difference in frequency and a period of time was re-
quired to reach a steady state. The experimental points
shown in Fig. 8.2 are steady two-dimensional standing
waves and so are the rest in Figs. 8.1, 8.4. A measure-
ment was not attempted for the highest standing waves
possible due to the fact that the disburbance caused by
the wave maker would not decay even for a longer period
of time and the wall effect became significant at such
a high amplitude. It is believed that this disturbance
causes the instability of the free surface in the form
of small breaking wavelets. The whole system remained
essentially two-dimensional in that no cross waves of
appreciable amplitude would develop even for a long
period of time, however, this instability makes the
measurement of amplitude at a particular point meaning-
less. Taylor [1] had the same kind of difficulties in
his experiment and the profile of the highest standing
waves was taken within a very short period of time be-
fore the instability developed. The three-dimensional
or conical type standing waves observed in Taylor's
experiment did not appear in the experiment because of
the particular length/width ratio chosen. A run with
the length/width ratio equal to 0.97 (L=23.5 inches)
was tried. It was found that the two-dimensional
standing waves of small amplitude was stable, but the
system became unstable as the frequency reached the
region of non-linear effects and three-dimensional
waves of finite amplitude with full frequency were
observed. The oscillation was along one of the di-
agonals with half wave length and full frequency of the
wave maker. Its nature is similar to that of the cross
wave case which will be described in detail in the next
section.
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2. Profiles of Two-dimensional Standing Waves of
the First Mode

Two profiles of two-dimensional standing waves
on each branch of the frequency-amplitude curves for o=0.0194
were made to test the error involved in the second order
computation presented in Sec. 4.5. (Runs 10 and 11). The
comparison shown in Fig. 8.3 indicates a better agreement
for o=0.965 thancr=1.000 and the error which appeared in
the amplitudes near x=O anditis about 5% for the latter
and less than 1% for the former. The disagreement near

0 0 for 0- =1.000 is due to the fact that the measurement
is actually the envelope of standing waves rather than the
instantaneous profile as computed, while the good agreement
for r =0.965 indicates that its profile is not far from the
simple harmonic oscillation. The experimental difficulty
involved in obtaining a profile of higher amplitude is
that the amplitude becomes very sensitive to the variation
of the frequency which could not be kept within the limit
required for the duration of a run due to the characteristics
of the motor. The crest-height/trough-depth ratio for
Cr=1.000 is equal to 1.43 as compared with the maximum value
1.84 found by Penney and Price. The photograph of the two-
dimensional standing wave is shown in Fig. 8.5 for the
first and second modes.

3. Frequency-amplitude Curve for the Second Mode

Since the solution for the second mode has not
been carried out, it would be instructive to see how the
amplitude of the wave maker affects the second mode of oscil-
lation as well as the frequency-amplitude curve in a
dimensionless plot to compare with the first mode. Runs 8
and 9 with two different lengths of the tank but the same
dimensionless amplitude of wave maker o were made for the
purpose. The result indicates (See Fig. 8.4) that the
second mode differs slightly from the first mode at large
amplitude in the neighborhood of the resonance frequency;
while for small amplitude it agrees with the rough esti-
mation based on the linear theory in Sec. 3.6, i.e. the
amplitude of the second mode is about 20% higher. The
important implication of the result is that the amplitude
increases with increase of the mode of oscillation at the
same value of J'/Un and the range of frequency of higher
modes becomes narrower. The non-linear frequency range
for the second mode is approximately 0.88 <cy/-2 < 1.10 as
compared with the non-linear range for the first mode
0.93<C/qj<1.05 for the particular O. Therefore, the
high mode of oscillation in the system is essentially non-
linear in characteristic for a sufficiently large c.
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Table 8.1

Summary of Experiments on Two-Dimensional Standing Waves

nLh
Run L h /L [tanh 1T h]/

L 2 4rr L 1
inf. depth

18 3.142 0.9982

14 2.443 0.9932

24 3.867 0.9996

5 19.5 24 3.867 0.9996

6 29.5 24 2.556 0.9940

7 29.5 24 2.556 0.9940

*8 29.5 24 5.112

*9 35.5 24 4.248

10 27.5 24 2.742

11 27.5 24 2.742

1.0000

0.9998

0.9955

0.9955

0.5660 0.0387

0.7750 0.0388

1.0240 0.0387

1.2330 0.0778

1.0220 0.0388

0.9350 0.0389

1.9620 0.0778

0.9350 0.0390

1.1270 0.0389

0.8680 0.0388

0.8680 0.0388

* The second mode.
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(a) The First Mode

(b) The Second Mode

FIG. 8.5 Photographs of Two-dimensional Standing Waves
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8.4 Cross Waves

The experimental program on cross waves is aimed at
investigating the possibility of exciting the fundamental
mode of cross waves under the conditions predicted by the
theoretical analysis in Sec. V as well as obtaining the
frequency-amplitude curve of cross waves. Two series of
experiments were made: first, at the length/width ratio
.=-9-with the smallest amplitude of the wave maker avail-
able and second, at Q -' with a-critical amplitude %f
wave maker for excitation. The experimental conditions
are summarized in Table 8.2. Two photographs of cross
waves are shown in Fig. 8.8.

(1) The experiment for P = n/4

With the smallest amplitude of wave maker available
it was possible to excite the cross waves at the fre-
quency W/2 TT as w 2- . The frequency-amplitude curves
plott6din Fig. 8.6 are in agreement with the resonance
curve of free oscillation. The absence of the data
near 0)/> = 1 is due to the fact that near this fre-
quency the amplitude of cross waves became smaller than
that of the longitudinal mode, both of which are very
sensitive to the variation of the driving frequency of
the wave maker; therefore, the dystem of waves is very
unstable. The cross waves were always started at the
frequency nearly equal to but smaller than COb/w = 1
and were not visible until the amplitude of cross waves
is comparable with that of the longitudinal component
of standing waves. The amplitude increased rapidly with
a small decrease in the frequency of wave maker. The
amplitude of the longitudinal component of the standing
waves decreased as the amplitude of cross waves increased,
the surface approaching a two-dimensional form at high
amplitude. The violent type of instability due to splashy
wavelets similar to the two-dimensional case mentioned in
the previous section was also observed. This disturbance
which appeared at .JAI > 1.0 depended on the amplitude
of the wave maker and made it difficult to obtain ac-
curate measurements.

For I= 1 several trials were made to generate cross
waves, but without success; instead of the type observed
above, three-dimensional standing waves with half wave
length and half frequency of the wave maker oscillating
along one of the diagonals of the tank were observed.
The oscillation appeared to be stable; but, byt;a sligIt'
adjustment of the adjusting string at the top of the
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wave maker (which changes the effective leng th of the tank
on two sides near the top of the wave maker) the amplitude
of the standing waves may change or the oscillation may
shift to the other one of the diagonals. As the tank was
not square, the oscillation was along the longer diagonal,
since the oscillation for the first mode of cross waves is
associated with the fourth mode of the longitudinal compon-
ent of the standing waves at I = 1. The possibility of the
half-frequency mode of the longitudinal component in oscil-
lation has to be considered. A run with J / 1 was made
with the frequency of the wave maker operated near 0-= 2
which is not in the range of the resonance frequency for
cross waves; but no half-frequency mode was observed.
Together with the similar standing waves of full-frequency
mentioned in the previous section, it suggests that this
peculiar type of oscillation might be caused by the fact
that the wave maker is not perfectly parallel to the end
wall.

(2) The experiment for n /4

Three different length/width ratios with several
amplitudes of wave maker were tested. For L= 0.289
and 0.362, the cross waves could be excited with the
smallest wave maker amplitude; however, for J= 0.562 a
critical amplitude was found to be x = 0.0121. The fre-
quency-amplitude curves are shown in Fig. 8.7. These
curves are in the form of a parabola similar to the reson-
ance curve and their vertices lie on the right of the
resonance curve. In this case, it was possible to have
the cross waves of small amplitude and to determine the
onset frequency, which depends on the am litude of wave
maker. The result of Howard's analysis L21], based on
the quadratic theory and 1 . 1/4, indicates that the
critical amplitude of the wave maker has the following
relation with the frequency:

2~ _ 0, ) (I_-

By approximating this relation to correlate the data, then
for2 n/4 and c2 / 1. 0 is essentially proportional
to WI- C2/ as plotted in Fig. 8.9.

(3) The Phase Relation

The phase angle between the cross waves and the wave
maker is measured by a wave gage at y = 0 and the displace-
ment gage at the top of the wave maker. A sample of measure-
ment is shown in Fig. 7.4, which gives the phase angle E
in Eq. (5.31) equal toIT/2-
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Summary of Experiments on Cross Waves

L 209

6

12

12

18

1814

8

8

8

14

14

14

7

7

7

.75

.75

.75

.5.

.5

.5

120 14.5

0.2790

0.9900

0.4430

0.8350

0.2790

.2870

.3660

.4470

.2790

.4480

.6040

.2860

.3640

.4430

0.6090

Run

101

102

103

104

105

h [tanh 1Th ]1/2W

24

20

24

24

24

2 X

0.0571

0.0832

0.0454

0.0571

0.0203

0.05o4

0.0642

0.0785

0.0392

0.0630

0.0848

0.0242

0.0308

0.0376

24

24

24

24

24

24

24

24

24

0.0515 24
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0.9981

0.9945

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

0.9981

1/4

1/2

1/2

3/4

3/4

111

112

113

114

115

116

117

118

119

.289

.289

.289

.362

.362

.362

.560

.560

.560

0.560

Table 8.2
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8.5 The Stability of Two-Dimensional Standing Waves and
Excitation of the Fundamental Mode of Cross Waves

The linearized version of the problem is basically
two-dimensional and thus the two-dimensional standing waves
of small amplitude are always stable. Since the linear
solution does not apply in the neighborhood of a resonance
frequency, a non-linear solution has to be solved in each
neighborhood. By means of comparing the linear and non-
linear solutions in Fig. 4.5 for the first mode of two-
dimensional standing waves, the range of significant non-
linear effects can be approximately determined; it depends
on the amplitude of the wave maker. For the particular
values of V in the experiment, they were found as:

0.93 < C/rn < 1.05 for N = 0.0194
0.92 < y/0y1 < 1.08 for 0( = 0.0388

The exact range of non-linear effects cannot be determined
by the comparison; however, the limiting case for o--0
is of interest. For cX-+O (Free oscillation), the non-
linear range can be determined as 0.93 < or/0-n <1.00
where the frequency 0.93 is determined by the highest
possible free standing waves based on the results of
Penney and Price [14]. The spacing of the discrete reson-
ance frequencies becomes closer as the mode of oscillation
increases; therefore, higher modes of standing waves are
essentially non-linear in their characteristics. Both
non-linear two-dimensional and three-dimensional standing
waves may exist in this range and the stability of two-
dimensional standing waves in general is extremely dif-
ficult to investigate for there are infinitely-many modes
of three-dimensional oscillation. However, the interest
centers only on the stability of two-dimensional standing
waves in relation to the excitation of the fundamental mode
of cross waves. The result of Sec. V indicates that the
cross waves can be excited at the half-frequency of the
wave maker nearly equal to the resonance frequency of the
first mode in the transverse direction by an infinitbsimal
amplitude of wave maker with L=n /4(n is an inte er).
The experimental result indicates that for k / /4,
there exists a critical amplitude of wave maker for ex-
citation depending on I. In the light of these results,
a stability diagram is constructed in Fig. 8.10 for the
half-frequency of wave maker near or smaller than the
fundamental mode of cross waves as 0 0. In the dark
area, the cross waves exist with N -~ 0 and in the shaded
area the cross waves can be excited with a critical value
of o. The extent of the shaded area depends on the magni-
tude of cN. The region above W/C) al is unexplored. The ray
through the origin has a slope, W, (i/) =( 4W :W-
hence,it represents a particular value of L. L 4L
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IX. CONCLUSIONS

From these theoretical and experimental investigations,
the following conclusions can be drawn:

(1) The linearized version of the problem of forced stand-
ing waves generated in a rectangular tank by a two-dimension-
al wave maker is basically two-dimensional and the solution
for forced two-dimensional standing waves of small ampli-
tude is always stable. The linear solution is not valid
in a neighborhood of a resonance frequency of the system;
therefore, a non-linear solution has to be obtained, in
each of these neighborhoods. By means of comparing the
linear and non-linear solutions, the range of significant
non-linear effects can be approximately determined for a
particular x. In this range, infinitely many non-linear
solutions may exist. Since the non-linear range depends
on a and since the spacing of the resonance frequency be-
comes closer at higher modes, standing waves of higher-
modes with sufficiently large amplitudes of the wave maker
are essentially non-linear in character.

(2) Forced two-dimensional standing waves of finite
amplitude were obtained as a family of particular solutions
in the non-linear range in the three-dimensional system.
Two non-intersecting branches of oscillation were found
theoretically and experimentally for the frequency-ampli-
tude curve relation. The third-order solution obtained by
the method of iteration used in Sec. IV is in good agree-
ment with the experimental result. In the experiment,
stable two-dimensional standing waves could be generated
if the half-frequency of the wave maker is smaller than
the resonance frequency in the transverse direction and
the length/width ratio of the tank is not equal to a
multiple of 1/4.

(3) The stability of two-dimensional standing waves of
finite amplitude in the sense of avoiding the excitation
of the fundamental mode of cross waves was investigated
by means of finding the possible solution of the cross
waves. The analysis shows that the cross waves have a
frequency equal to half that of the wave maker and can be
excited near the resonance frequency in the transverse
direction with infinitsimaa amplitude ( cx ~~ o) at'P = n/4
and with a critical amplitude as I n 4.
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(4) The frequency-amplitude curve of cross waves for in-
finit-is-ID amplitude of wave maker at. =n/ 4 was found
experimentally in agreement with the non-linear resonance
curve of free oscillation for the two-dimensional case.
For a finite amplitude of the wave maker at I / n/4 , it
is essentially parabolic in shape with its vertex on the
right of the former and similar to the resonance curve.
Hence, the frequency-amplitude curve for cross waves can
in general can be described approximately by the resonance
curve for the two-dimensional case.
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Expansions of the Product of
Fourier Series
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Appendix D. The System of Ordinary Differential Enuations
for Cross Waves
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