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Abstract

Magnetized shocks are of interest in many astrophysical environments, in which high
Mach number flows interact with ambient media, planetary obstacles, and/or space-
craft to generate strongly radiating shocks. Some examples include extrastellar jets from
radio galaxies, relativistic jets from quasars and blazars, Herbig-Haro jets from Young
Stellar Objects, and shocks in core-collapse supernovae and supernova remnants. In this
study, we mimic these extreme astrophysical environments using pulsed-power driven
high-energy-density-plasma laboratory experiments, by generating hypersonic, magne-
tized large-Reynolds’ number plasma flows, using exploding z-pinch wire arrays on the
MAGPIE facility (1.4 MA peak current, 250 ns rise time). Plasma flows from adjacent
wire cores expand and generate oblique shock structures, resulting in modulation of the
plasma flow. These flows collide with inductive probes placed in the flow, which serve
both as the obstacles that generate the magnetized bow shocks, and as diagnostics of the
advected magnetic field. The oblique shocks, which are represented by oblique discon-
tinuities in electron density, are observed to exhibit hollow density profiles. A detached
bow shock forms ahead of the probe and exhibits a fully 3D structure, with a larger open-
ing angle in the plane parallel to the magnetic field, than in the plane normal to it. We
use the shock Mach angle to determine the upstream Mach number (5 — 8) of the flow.
We also introduce a novel technique to estimate the flow velocity and temperature of
pulsed-power driven plasmas, via simultaneous imaging of inductive probes and mea-
surement of the inductive probe signal. The velocity and temperature estimated using
this method are consistent with values reported in literature. Experimental results are
compared with full 3D simulations performed using the resistive MHD code GORGON,
and synthetic Thompson scattering spectra are generated, which form the basis of fu-
ture experiments.
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Chapter 1

Introduction

The vast majority of matter in the visible universe is composed of plasma — a quasi-
neutral gas of ions, free electrons, and/or neutrals. Astrophysical plasmas span an im-
pressive range of densities and temperatures, from the relatively cold low-density plasma
of planetary ionospheres (~ 10!! particles m™3, ~ 100 K or 1072 eV) and interstellar me-
dia (~ 108 particles m~3, ~ 100 K or 1072 eV) , to the hot dense plasma of stellar cores
(~ 1032 particles m~3, ~ 100,000,000 K or 103 eV) (Chen [1974]; Drake [2013]). An im-
portant mechanism of mass and energy transfer in astrophysical environments is via
hypersonic directed flows of magnetized plasmas (Smith [2012]). The interaction of
such high-velocity plasma flows with ambient media or planetary obstacles results in
the abrupt dissipation of kinetic energy via shock waves. Due to the ubiquity of high
Mach number astrophysical flows, shocks represent a fundamental process in most as-
trophysical plasmas.

Shocks are defined as internal surfaces of discontinuity in a fluid. Across a shock front,
thermodynamic properties (density, temperature, and pressure) and flow properties (ve-
locity) change discontinuously (Anderson [2001]). In a magnetized plasma, the mag-
netic field advected by the flow may also change discontinuously across the shock front
(Goedbloed et al. [2010]). In general, shocks form when a disturbance travels faster than
the speed at which compressive perturbations can travel in a medium. In a hydrody-
namic fluid, the sound speed determines the speed of propagation of linear perturba-
tions. As such, shocks form when an object travels faster than the sound speed in a given
medium (or equivalently, when a supersonic flow collides with a stationary obstacle).
For example, Figure 1 shows the bow shock around a bullet travelling supersonically
through air (Davidhazy [2015]). When the object travels sub-sonically, sound waves can
propagate through the fluid ahead of the object, providing information of the distur-
bance, and cause adiabatic changes to the fluid. However, when the object travels su-
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Bow Shock

Supersonic
Bullet

Figure 1-1: Shadowgraph of a bullet travelling supersonically through air (Davidhazy [2015]). A detached
curved shock front is visible ahead of the obstacle. Adapted from Davidhazy [2015], An Overview of High
Speed Photographic Imaging.

personically, trailing wavefronts can catch up with and overtake the leading wavefronts.
Since the fluid cannot receive information of the disturbance before the arrival of the
disturbance itself, the fluid will experience a discontinuous non-isentropic change in its
thermodynamic properties. In a magnetohydrodynamic (MHD) fluid such as a plasma,
linear perturbations can travel at three distinct speeds associated with the three linear
MHD waves - the shear Alfvén wave, the fast magnetosonic wave, and the slow magne-
tosonic wave. These waves are closely associated with the three kinds of shocks possible
in an ideal MHD fluid - intermediate, fast, and slow shocks (Goedbloed et al. [2010]).

The wave-steepening picture of shock waves provides an intuitive description of shock
formation. A non-linear pressure pulse traveling in a medium will steepen because the
local sound speed C; o« p7~Y/7 is higher at peak of the pulse. Here, p is the pressure and
Y represents the polytropic index. However, the rate of dissipation typically increases
with gradients in fluid properties, i.e. Eqis/T ~ D(1/8)?, where Eg;, is the energy dissi-
pated over time 7 and length scale 6, D is the diffusion coefficient and u is the dissi-
pated fluid quantity. Therefore, pulse steepening results in large gradients which fur-
ther increase dissipation. The pulse will continue to steepen until dissipative effects are
strong enough to balance the convective steepening, resulting in a steady shock front.
Therefore, shock formation and the width of the shock are determined by a competi-
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Figure 1-2: Convective steepening of a pressure pulse.

time

tion between convective steepening and dissipation, and the shock thickness is set by
the relevant dissipative length scale. In the fluid framework, dissipative processes which
facilitate the shock transition are resistivity 7, viscosity v and thermal conductivity x,
which smooth out gradients in the magnetic field, momentum and temperature respec-
tively. Therefore, we can estimate the width of the shock front by determining the length
scale over which dissipated energy becomes comparable to kinetic energy. This is ac-
complished by setting the Reynolds number Re = U6 /v (for viscous dissipation) or the
magnetic Reynolds’ number Re,, = Ud/1 (for resistive dissipation) to order unity.

The dissipative length scale (6 ~ v/U) is typically comparable a few ion-ion collisional
mean free paths Ay ;. We typically consider the ion-ion mean free path Ay ;; be-
cause ions, which are much more massive than the electrons, carry most of the momen-
tum in the plasma. The shocks in which dissipative processes are responsible for the
transition between the upstream and downstream states are called collisional shocks
(Boyd and Sanderson [2003]). Since the shock thickness is comparable to the mean free
path, the fluid model is not applicable within the shock (a fluid model is applicable when
Amfp/ a << 1); a kinetic description is required to determine the full evolution of param-
eters within the shock. Nevertheless, the fluid model can be used to determine the equi-
librium states asymptotically upstream and downstream of the shock, where temporal
and spatial scales of collision are small enough, such that the velocity distribution is
Maxwellian (Goedbloed et al. [2010]).
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Figure 1-3: (a) Twin jets from a young stellar object HH111 [Nasini, 2021]. The hypsersonic outflows from
the young star are characterized by a string of radiating "knots", which are conical or oblique internal
shocks generated due to the collision of material moving at different speeds. Image courtesy of ESA/Hub-
ble NASA. (b) Artist’s illustration of relativistic jets from a supermassive blackhole [Chiaberge, 2015]. Ex-
tragalactic jets typically terminate in a bow shock, where the hypersonic outflows impinge on the ambient
media. Image courtesy of NASA,ESA STScl.

1.1 Shocks in Astrophysical Plasmas

Large astrophysical objects can generate high Mach number flows which interact with
ambient media, planetary obstacles, and/or spacecraft to generate strongly radiating
shocks. Some examples include extrastellar jets from radio galaxies, relativistic jets from
Active Galactic Nuclei (AGN) like quasars and blazars, Herbig-Haro (HH) jets from Young
Stellar Objects (YSOs), and shocks in core-collapse supernovae and supernova rem-
nants. Such flows can often exhibit dynamically significant magnetic fields, and shock
formation in such systems is often accompanied by strong radiative cooling, both hydro-
dynamic and magnetohydrodynamic (MHD) instabilities, and turbulence, which can
significantly modify the shock dynamics (Remington et al. [2006]).

Astrophysical jets, such as those from radio galaxies, AGN or YSOs, often exhibit a string
of compact knots (Hartigan et al. [1990]; Smith [2012]). These knots represent regions
of intense radiation where the kinetic energy of the jet is abruptly dissipated as heat
via shock waves. In HH objects, these knots are called "internal working surfaces",
and are thought to be internal oblique or conical shocks generated due to the inter-
action of flows moving at different velocities within the jet. HH objects also terminate in
strongly radiating bow shocks generated due to the interaction of the hypersonic jet with
the circumstellar medium (Smith et al. [2003]). Protostellar and HH jets exhibit speeds
~100kms™!, with typical Mach numbers in the range M ~ 10—100 (Smith [2012]). Sim-
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ilarly, twin jets from radio sources like FRI/FRII galaxies terminate in two distinct lobes,
characterized by shocked regions of enhanced radio emission (called ‘hot spots’), where
the jet impinges on the extragalactic medium (Smith [2012]). Bends have also been ob-
served in the structure of extrastellar jets (Miley [1980]). The bending of such jets is
thought to be facilitated by oblique shocks generated during the interaction of the flow
with dense molecular clouds (Smith and Norman [1981];Choi et al. [2007]). Extragalac-
tic jets typically exhibit speeds between ~ 0.01¢ — 1¢, with Mach numbers M; ~1-10
(Duncan and Hughes [1994]; Choi et al. [2007]).

Many hypersonic astrophysical flows, such as flows from YSOs or flows generated by su-
pernovae explosions, represent highly collisional flows, where the collisional mean free
path A;; is small compared to the characteristic length of the plasma (Lebedev et al.
[2019]). The flows can be described well using an MHD fluid model, and shocks in
such flows can be defined as collisional. In contrast, astrophysical shocks can also be
collisionless, i.e. the shock thickness is much smaller than the dissipative length scale.
In collisionless shocks, diffusion cannot provide the dissipation required for the transi-
tion between the upstream and downstream states, and dispersive effects facilitate this
transition (Goldstein et al. [1984]). Examples of collisionless shocks include planetary
bow shocks generated due to the interaction of solar wind with the ionospheres, mag-
netospheres, or atmospheres of planetary obstacles (Russel [1985]; Petrinec and Russell
[1997]). Although MHD theory cannot accurately capture the complete physics of colli-
sionless shocks, MHD and hydrodynamic theories have been successfully used to deter-
mine the shape and Mach angles of planetary bow shocks in our solar system (Spreiter
and Alksne [1969]; Spreiter and Stahara [1985]). Collisionless shocks represent an active
area of research in plasma physics. The focus of this thesis, however, is on shocks in col-
lisional laboratory plasmas.

1.2 Laboratory Astrophysics Shock Experiments

The only way to study distant astrophysical shocks is via the radiation that reaches the
Earth. Although astronomical observations have provided us with a wealth of informa-
tion, local direct measurements of relevant quantities like the magnetic field or current
are not possible. Moreover, astrophysical plasmas typically exhibit a range of interact-
ing physics, which evolve on extremely large length and time scales. Dynamically sim-
ilar laboratory experiments allow us to isolate and probe the physics of astrophysical
plasmas on comparatively manageable length and time scales. Furthermore, laboratory
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Figure 1-4: 3D representation of an exploding wire array, which is commonly used as a plasma source in
pulsed-power plasma experiments.

experiments provide important benchmarks for numerical and theoretical models of as-
trophysical systems.

Laboratory experiments of shock dynamics are typically performed at high-energy-density
(HED) facilities with pulsed-power Z-pinch devices or laser plasmas. High-energy lasers,
such as those at the National Ignition Facility (1.8 M]J, Lawrence Livermore National Lab-
oratory) (Miller et al. [2004]) and the OMEGA facility (30 kJ, University of Rochester)
(Boehly et al. [1995]), generate HED plasmas (~ 102> m~3, ~ 100eV) by depositing large
amounts of energy onto small targets. Laser plasmas have been used extensively to study
astrophysical shock dynamics, such as the evolution of hydrodynamic instabilities in
shocks relevant to supernova explosions (Remington et al. [1997]; Kane et al. [1999]), in-
teraction of shocks with low-density media or clumps relevant to supernova remnants
(Drake et al. [1998]; Robey et al. [2002]), and bow shock formation and turbulent interac-
tion of jets with ambient media relevant to YSO jets (Foster et al. [2005]). Laser plasmas,
however, typically do not exhibit dynamically significant magnetic fields.

Pulsed-power driven Z-pinch wire arrays provide an excellent platform to study magne-
tized shocks. Pulsed-power machines generate plasma by applying a large current to a
load, typically an array of thin wires, as illustrated in Figure 1-4, over a short period of
time. Pulsed-power driven plasmas (102*m~3,10eV) have been used to study physics
relevant to YSO jets, such as the interaction of plasma jets with neutral gases (Suzuki-
Vidal et al. [2012]; Suzuki-Vidal et al. [2013]), the fragmentation of radiatively-cooled
bow shocks in counter-propagating jets (Suzuki-Vidal et al. [2015]), and radiatively-cooled
shocks in nested wire arrays (Ampleford et al. [2010]). The ablation of plasma from wire
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arrays produces highly collisional (1;;/a << 1), upstream flows with frozen-in magnetic
flux (Re;; >> 1) (Suttle et al. [2019]). In a cylindrical wire array, current flows in a thin
skin region along the surface of the stationary wire cores, and the global magnetic field
acts only in the azimuthal direction. Plasma ablated from the wires is accelerated by the
radial j x B force; creating radially converging, or radially diverging (for an inverse wire
array) plasma flows, which advect magnetic field and current with them. The plasma
flows produced during the ablation phase are typically supersonic, super-Alfvénic, high
Reynolds number plasma flows, and their interaction with obstacles of varying geom-
etry have been used to study the behavior of quasi-1D planar shocks (Lebedev et al.
[2014]) and quasi-2D bow shocks (Burdiak et al. [2017]; Suttle et al. [2019]; Bott-Suzuki
et al. [2015]). In addition, imploding wire arrays have also been used to study oblique
shocks generated from the collision of adjacent azimuthally-expanding jets (Swadling
etal. [2013]).

Lebedev et al. [2014] studied the formation of a planar magnetized shock due to the in-
teraction of pulsed-power driven (MAGPIE generator peak current = 1.4 MA, rise time
= 250 ns) super-fast (My ~ 4.5), high Reynolds number (Rey, ~ 50) Aluminum plasma
flows with a planar conducting obstacle. In addition to a thin primary post-shock layer
of high density, high temperature stagnated plasma at the obstacle surface, a detached
sub-shock was observed to form ahead of the obstacle at a distance comparable to ion
inertial length ~ c/wp; (Lebedev et al. [2014]). The detached sub-shock is thought to
be a consequence of magnetic flux pile-up in front of the conducting obstacle, and the
transition facilitated by two-fluid effects. In the precursor, the ions are unmagnetized
(rzi >> 0 ,,) and the electrons are magnetized (rz, << 6,). Furthermore, the precursor
thickness is comparable to the ion inertial length ~ ¢/wp,;. The ion and electron fluids
decouple over this length, because the electrons, being less massive, can respond to the
electric field, but the ions, due to their inertia, cannot. The magnetic pressure deceler-
ates the electrons preferentially. Over time, the ion-electron separation creates a cross-
shock electric field, which decelerates the ions at the sub-shock. Similar modification of
shock morphology due to magnetic flux accumulation, where two-fluid effects facilitate
the shock transition, has been observed in quasi-2D magnetized bow shocks formed
from super-fast flows around conducting cylindrical obstacles (Suttle et al. [2019]; Bur-
diak et al. [2017]).

The orientation of the advected magnetic field relative to the obstacle axis affects bow
shock structure (Burdiak et al. [2017]). When the obstacle axis is perpendicular to the ad-
vected magnetic field, magnetic draping occurs, i.e. magnetic field lines accumulate and
bend near the obstacle. The shape of the resulting bow shock is, thus, modified by the
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accumulated magnetic flux, and is determined by a competition between the upstream
ram pressure and the magnetic tension of the bent field lines. This results in wide bow
shocks with large stand-off distance and opening angles, and a relatively small compres-
sion ratio of p»/p; ~ 2.

In contrast, when the obstacle axis is parallel to the advected magnetic field, magnetic
field lines slip past the obstacle and do not accumulate ahead of the obstacle. The re-
sult is a sharp bow shock with a smaller stand-off distance and larger compression ratio
p2/p1 ~ 5, consistent with an MHD description of shock formation. For dielectric obsta-
cles, the bow shock structure resembles that of the parallel orientation, suggesting that
magnetic field diffuses through the resistive obstacle faster than it can accumulate. In
addition, no magnetic precursor is observed for conducting obstacles of smaller diame-
ter.

We can predict whether the magnetic field will pile-up from the resistive diffusion time
through the obstacle, which is tp ~ R?/7, where R is the obstacle length scale, and
71 = 1/ Ko is the resistive diffusion coefficient. Therefore, we can see that increasing the
obstacle resistivity n or decreasing the obstacle size R will result in a smaller diffusion
time and prevent magnetic flux accumulation. Suttle et al. [2019] also investigated bow
shock formation around magnetized obstacles with private magnetic fields parallel to
the advected field. Bow shocks around the magnetized obstacles were observed to have
a higher stand-off distance. Additionally, the magnetic pressure near the obstacle was
observed to hold off the incoming plasma flow, resulting in low plasma density near the
obstacle surface. Although quasi-1D and quasi-2D shocks in magnetized plasmas have
been examined extensively, full 3D shocks in magnetized pulsed-power plasmas have
received less attention as they require careful diagnosis for proper interpretation.

In this thesis, we investigate oblique shocks and 3D bow shocks in a highly collisional
magnetized Aluminum plasma, generated during the ablation phase of an inverse Z-
pinch wire array, on the MAGPIE facility (1.4MA peak current, 250 ns rise time, Imperial
College London). Ablation of plasma from the wire array generates radially diverging,
supersonic, super-Alfvénic flows with frozen-in magnetic flux (Re;;, >> 1). Plasma flows
from adjacent wire cores expand azimuthally and generate oblique shock strictures, re-
sulting in azimuthal modulation of the flow in the end-on plane. These flows collide
with inductive probes placed in the flow, which serve both as the obstacles that generate
the magnetized bow shocks, and as diagnostics of the advected magnetic field. Plasma
interferometry is used to diagnose the line-integrated electron density. The oblique
shocks, which are represented by abrupt discontinuities in electron density, exhibit hol-
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low density profiles. A detached bow shock forms ahead of the probe and exhibits a fully
3D structure, with a larger opening angle in the end-on plane than in the side-on plane.
The shock Mach angle is used to determine the upstream Mach number (3 < M; < 8) of
the flow. Experimental results are compared with full 3D simulations performed using
the resistive MHD code GORGON. Synthetic optical Thompson scattering spectra are
generated, which form the basis of future experiments.

The laboratory experiments presented here provide insight into the fundamental physics
of radiatively cooled oblique shocks and 3D bow shocks in magnetized collisional plas-
mas, relevant to internal shocks in astrophysical flows, and external shocks around ob-
stacles such as planetary bodies and spacecraft. The results provide a benchmark for
theoretical models and numerical codes of astrophysical plasma shocks. Furthermore,
even though inductive probes are widely used in HED experiments, their perturbative
nature leads to questions about how reliably they can reconstruct the magnetic field in
plasma flows. These experiments additionally aim to resolve this question by careful
comparison between numerical simulations and experimental data.
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1.3 Outline of Thesis

The rest of the thesis is organized as follows:

In Chapter 2, we introduce preliminary equations and present the fundamental theory
of shocks in a magnetohydrodynamic fluid.

In Chapter 3, we provide a review of pulsed-power devices and Z-pinch wire arrays. The
experimental results presented in this thesis are supported by, and interpreted using
resistive MHD simulations in GORGON. The use of GORGON for simulation of shock
experiments is discussed in §3.3. The diagnostics employed and proposed here include
inductive probes, plasma interferometry, and optical Thompson scattering. These are
summarized in §3.4.

Chapter 4 presents the experimental results and analysis of bow shocks generated due to
the collision of magnetized upstream plasma flows with inductive probes. We report ex-
perimental results of electron density measured using plasma interferometry, and mag-
netic field measured using inductive probes. Experimental results are compared with
full 3D resistive MHD simulations of bow shocks in exploding wire arrays.

Chapter 5 presents the experimental results and analysis of oblique shocks generated
due to the collision of plasma flows from adjacent wire cores of the exploding Z-pinch
array. Experimental results are compared with 2D resistive MHD simulations of oblique
shocks in exploding wire arrays.

Finally, we summarize our primary findings and present conclusions in Chapter 6.
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Chapter 2

Magnetohydrodynamic Shocks

2.1 Preliminary Equations

The governing equations in a collision-dominated plasma with sufficiently large tem-
poral and spatial scales are the magnetohydrodynamic (MHD) equations. The MHD
model provides a single-fluid description of the macroscopic behavior of a plasma. We
can write the resistive MHD equations as:

dp
__y.
ot (V)
(57 9)e=mvrs 1
pl—+v-V|v=-Vp+jxB=-Vp+ —(VxB)xB
ot Ho
0 + _ n 2 2.1)
— +Vv-V|p==ypV-v+(y-1)—(VxB) :
ot s
B
9B 9« wxB)+-Ly2B
ot Ho

V-B=0

Here, p is the density, v is the velocity, p is the pressure, j is the current density, B is the
magnetic field, n is the resistivity, and y is the adiabatic index of the fluid, defined as the
ratio of specific heat at constant pressure to that at constant volume, i.e. y = ¢,/cy. In
a typical plasma, the ion mass far exceeds the electron mass m;/m, << 1, so the mo-
mentum is carried primarily by the electrons. We assume that m, — 0, so the density
described in Equation(s) 2.1 refers to the density of the ions. The velocity v describes the
mass-averaged velocity, which in this case becomes identical to the ion velocity in the
limit m;/m, << 1.
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The first equation in Equation 2.1 is a statement of mass conservation. It equates the
time rate of change of mass in a given system to the mass flux entering the boundaries
of the system. It is true for all plasmas which do not have additional source/sink terms.
The second equation is a statement of conservation of momentum. It says that the total
time rate of change of momentum in an MHD fluid is due to the pressure gradient force
Vp and the Lorentz force j x B. The third equation is a statement of conservation of en-
ergy. The internal energy of an MHD fluid may change due to compression —ypV -v, or
due to resistive heating nj?. Finally, the last two equations describe the evolution of the
magnetic field. The fourth equation is called the induction equation, and is derived from
combining Maxwell’s equations with Ohm’s law. It shows that the magnetic field can be
advected by the plasma due to the V x (v x B) term, and can also diffuse resistively due
to the (/) V2B term. The final equation V-B says that there can be no sources or sinks
of magnetic field.

We can define a dimensionless quantity called the magnetic Reynolds’ number Re,, =
UL/(n/uy) by taking the ratio of the convective and diffusive terms in the induction
equation. Here, U and L represent the characteristic velocity and length scale of the
fluid. The magnetic Reynolds’ number describes the relative importance of convection
to resistive diffusion. When the magnetic Reynolds’ number is large, i.e. Re,, > 1, re-
sistive diffusion is negligible and the magnetic field is primarily advected by the flow.
The magnetic field is then said to be ‘frozen into’ the flow. This effect is mathematically
identical to the Helmholtz vorticity freezing theorem for inviscid flows.

The resitive MHD equations are derived from the single-fluid equations under a strict
set of assumptions, which are, in turn, derived from moments of the Boltzmann equa-
tion. In general, the resistive MHD equations are valid when (1) the plasma is colli-
sionally dominated, i.e. (mi/me)l/zﬂtii/a << 1, and (2) the ion gyro-radius ry; is small
compared to the length scale of the plasma r;;/a << 1 (Freidberg [2014]). Here, A;; is the
ion-ion mean free path and a is the characteristic length scale of the plasma. Further-
more, when (m./m;)"/?(ry;/a)?(alAi;) << 1, we can assume that the resistivity is small
n — 0 (Freidberg [2014]). This limit is known as the ideal MHD limit, and it allows us
to drop the resistive terms in the energy and magnetic field equations. However, even
when the resistivity is small, its contribution may not be negligible. This is because the
resistive contribution in Equation(s) 2.1 is a combination of resistivity and gradients of
the magnetic field. Therefore, in plasmas with large gradients of the magnetic field, such
as within a shock layer, the resistive contribution can become significant even when the
resistivity is small. In collisional shocks, resistive dissipation facilitates the transition
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between upstream and downstream states.

2.2 Linear MHD Waves

We can derive the dispersion relations for linear MHD waves from the linearized ideal
MHD equations. Consider an infinite homogeneous medium defined by equilibrium
quantities — vy, jo = 0, po, po and By = By€,, and subject to linear perturbations of the
form Q(r, ) = Qe *®?e*T such that 8, — —iw and V — ik. Here, Q represents a small
perturbation Q/Qy << 1 to the background quantity Qy. We assume, for simplicity, a co-
ordinate frame where &, is parallel to the background magnetic field, and the wavevector
k = k&, + k) &y lies in the z-y plane. Linearizing the MHD equations, and keeping only
the first-order terms, we get (Freidberg [2014]):

wp1 = po (k-vy)
powvy = iji x Bo +kp

wpy =ypo (k-vy)

(2.2)
wB; = —k x (v1 x Bp)
wpoj1 = —ik x [k x (v1 x By)]
k- Bl =0
These equations can be combined and expressed as an eigenvalue problem:
w? — ki V3 0 0 Uy
0 W = (K{C5+K°VY) —kjkiCS | [vy| =0 (2.3)
0 —k||]€J_C§ wz—kﬁcg Ve,

Here, V4 = Bg/‘/uopo is the Alfvén speed, and Cs = \/ypo/po is the sound speed. Set-
ting the determinant to 0 gives us the dispersion relations for the shear Alfvén, the slow
magnetosonic wave, and the fast magnetosonic wave:

w* = kﬁ Vi  (Shear Alfvén Wave)

w? = %kz (Vi+C?) [1 +(1- az)“z]

(Magnetosonic Wave)
2.4)

2172
CS VA

Where 052 = 4C082 Hﬁ
(Cs+V3)
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Here, 6 is the angle between the direction of propagation of the wave and the back-
ground magnetic field.

The phase speed w/ k of the shear Alfvén wave is:

(/k)% = Vicos*0 (2.5)

The shear Alfvén wave is a transverse wave that propagates along magnetic field lines
at the Alfvén speed, and results in field line bending, but no magnetic compression. It
represents a competition between inertial effects and magnetic tension.

Similarly, for the magnetosonic wave, the phase velocity is:

Vi+CE ViCs
(/K% = —2=—2|1%[1-4cos?0—2—— (2.6)
: 2 (Cs+ V)2

The slow and fast magnetosonic waves are compressional waves which represent a com-
petition between inertial effects, and plasma and magnetic field compression. Their
speed of propagation depends on the angle between the magnetic field and the direc-
tion of propagation.

We can visualize the anisotropy of MHD waves via a Friedrichs I diagram, as shown in
Figure 2-1. The Friedrichs I diagram represents the phase velocity of the principal MHD
modes in velocity space as a function of the direction of propagation. The fast wave
phase velocity varies from a maximum of Vg = 4/ Cg + Vj perpendicular to the mag-
netic field, to a minimum velocity, equal to the higher of the sound and Alfvén speeds,
along the magnetic field. The slow wave does not propagate perpendicular to the mag-
netic field, and has a maximum velocity, equal to the lower of the sound and Alfvén
speeds, along the magnetic field. The shear Alfvén wave propagates at the Alfvén speed
along the magnetic field, and does not propagate perpendicular to the field.

The sound speed Cs and the Alfvén speed V4 can be related using the plasma f, which
represents the ratio of thermal to magnetic pressure in a plasma:

S__aple__14 07
V2~ B2/(ppy) 2 '
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Figure 2-1: Friedrichs I diagrams representing the normalized phase velocity of fast (black line), slow (blue
line), and Shear Alfvén (red line) waves as a function of the angle of propagation relative to the magnetic
field. Note that the phase velocity is normalized using the magnetosonic wave speed Vjys. (a) Friedrichs I
diagram for Cs/ V4 = 1. The fast wave phase velocity varies from a maximum of V)5 perpendicular to the
magnetic field, to a minimum velocity, equal to the higher of the sound and Alfvén speeds, along the mag-
netic field. The slow wave does not propagate perpendicular to the magnetic field, and has a maximum
velocity, equal to the lower of the sound and Alfvén speeds, along the magnetic field. The shear Alfvén
wave propagates at the Alfvén speed along the magnetic field, and does not propagate perpendicular to
the field. (b) Friedrichs I diagram for Cs/V4 = 0.25. The fast wave speed is approximately isotropic and
approaches the Alfvén speed. (c) (b) Friedrichs I diagram for Cs/V4 = 4. The fast wave speed is approxi-
mately isotropic and approaches the sound speed.

For small f << 1, the sound speed is much smaller than the Alfvén speed, and the
fast magnetosonic wave becomes the compressional Alfvén wave, which propagates
isotropically at the Alfvén speed. This is illustrated in Figure 2-1b. For large f >> 1,
the sound speed is much larger than the Alfvén speed, and the fast magnetosonic wave
becomes the ion sound wave i.e. V¢ = Cs. This situation is illustrated in Figure 2-1c.

2.3 MHD Shock Jump Conditions

Within the shock, the evolution of thermodynamic properties, magnetic field, and the
flow velocity constitute a non-linear problem, and must be solved accounting for col-
lisional dissipative effects which convert the upstream state to the downstream state.
Since ideal MHD does not account for dissipation, these equations cannot be used to
describe plasma evolution within the shock. However, asymptotically upstream and
downstream of the shock, ideal MHD accurately describes the equilibrium fluid states,
and we can use the conservation of mass, momentum, and energy to relate the upstream
and downstream states.

To derive the jump conditions, we first express the ideal MHD equations in conservative
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form (Goedbloed et al. [2010]):

dtf pdV:—fpv-dA
1% S

B* _ BB
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v S
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We transition to a frame moving with the shock front u = v— usn. Here, v is the fluid
velocity in the laboratory frame, u; is the shock velocity, and 1 is the unit vector normal
to the shock front. Carrying out the integral over across a control volume surrounding
the shock, and setting the shock thickness 6 — 0, we get (Boyd and Sanderson [2003]):

lpunl =0 (2.9)
[ou(uy) + (p + B*/20) i — (B,)B/ ol =0 (2.10)
2 2 .
l’(p_u+ﬂ+3_)un_m11:0 (2.11)
2 y=1 po Ho
[fix (uxB)] =0 (2.12)
[Bn]=0 (2.13)

Furthermore, entropy must increase across the shock. So, entropically permitted shocks
satisfy (Goedbloed et al. [2010]):

[’p—pyﬂ <0 (2.14)

Here, the double square brackets represent [¢] = ¢ — P2, where ¢; is the upstream state
and ¢- is the downstream state. Equations 2.9 - 2.14 relate the upstream and down-
stream equilibrium states once all dissipative effects are accounted for. They are called

38



Chapter 2. Magnetohydrodynamic Shocks

the Rankene-Hughniot relations.

2.4 Hydrodynamic Shocks

We can obtain the hydrodynamic jump conditions by taking the limit B — 0. The jump
conditions Equations 2.9 - 2.13 then become:

lou;, +pl =0
[pue(u,)] =0 (2.15)
2
2 v—1

Since the mass flux across the boundaries of the shock is constant pyu;, , = p2uy, ,, the
tangential velocity is also continuous across the shock front, i.e. pyuy,,1[ud = 0= [u] =
0. Therefore, in a hydrodynamic shock, the tangential velocity remains unaltered while
the normal velocity, pressure, and density are discontinuous.

2.4.1 Normal Shock

Consider a shock where the upstream flow u; = u;1i is normal to the shock front. Since
the tangential velocity remains continuous across the shock [u¢] = 0, the tangential
component of the downstream velocity is also zero u;2 = 0. We can combine the mass,
momentum, and energy jump conditions to express the downstream Mach number
M = up2/Cs2 = paun 2/ (yp2) in terms of the upstream Mach number M; = pyu,1/(yp1)
(Kundu et al. [2012]):

_(y-DMi+2

M;=—s——
2yMi+1-y

2 (2.16)

The entropy jump condition Equation 2.14 implies that for permitted jumps, M; = 1, i.e.
the upstream flow is supersonic. Given the upstream parameters, we can also determine
the downstream parameters as a function of the upstream Mach number M; (Kundu
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etal. [2012]):

p2_tia_ (r+DM

- - > 2.17)
p1 Uzn (y—-1)Mp+2

2
P2 v 2 2oy (2.18)
p1 (y+1)

In the strong shock limit M; >> 1, the compression ratio approaches p»/p; — (y+1)/(y—
1). For the ideal gas value of y = 5/3, the maximum compression ratio is 4.

2.4.2 Oblique Shock

Consider a shock where the shock front forms at some angle o to the upstream velocity,
as shown in Figure 2-2. Relative to the shock, the incoming flow has a component paral-
lel and a component orthogonal to the shock front, i.e. u; = u; ,n+uy . From Equations
2.15, we see again that the tangential component of velocity remains continuous, while
the normal component is discontinuous, such that the downstream flow will now form
atan angle to the upstream flow. The effect is that the flow vector is rotated by an angle ¢
across the shock front. The angle o = tan~! (un,1/us1) at which the shock forms relative
to the shock front is called the shock angle, while the angle ¢ by which the flow vector is
rotated is called the deflection angle.

Since the jump conditions 2.15 remain unchanged, we can determine the upstream
and downstream states across the oblique shock simply by expressing the normal Mach
number in terms of the total Mach number and the shock angle, i.e. M; , = u;sino/Cs =
M; sino. Replacing M; — M sino into the normal shock relations, we get:

2
P2 1+ 2L (M2sinto-1) (2.19)

p1 rY+1

p2  (r+ l)Mf sin®g

= 2.20
p1 (y—DM?sin*o +2 (220

(y - 1)M12 sing +2
2yMisin*o +1-y

Mzsin?(o — ¢) = (2.21)

The deflection angle ¢ can also be expressed as a function of the upstream Mach num-
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Figure 2-2: (a) Hydrodynamic oblique shock geometry. The upstream velocity vector is defected by an
angle ¢ across the shock front. The shock front forms at an angle o to the upstream velocity vector. (b)
Shock angle as a function of defection angle for different upstream Mach number M;. The shock angle
canvary between /2 (normal shock) and the Mach angle (Mach shock). For a given defection angle, there
are two possible solutions - weak shock and strong shock - for the shock angle. (c) Detached bow shock
ahead of a blunt obstacle. The bow shock represents an oblique shock with varying shock and deflection
angles. The shock is strongest at the nose, where the shock angle is 90°; this constitutes a normal shock.
Far away from the obstacle, the shock becomes an infinitesimally weak Mach shock.

ber M; and the shock angle o (Kundu et al. [2012]):

M?sin?o -1

M2 (y +cos20) +2

tan¢ =2coto (2.22)

Note that for entropically permitted shocks, the upstream normal Mach number M; sino

should still exceed unity.

From the solution of 2.22, as shown in Figure 2-2b, we can summarize key aspects of

oblique shocks:
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e Setting ¢ = 0, in Equation 2.22, we get two possible solutions for which there is
no deflection — o = sin"!(1/M;) = p and o = 7/2. The first case corresponds to
the Mach wave, which represents an oblique shock of infinitesimal strength. Sub-
stituting o — u = sin~!(1/My,), it can be shown that p2/p1 — 1, i.e. (no compres-
sion). The second case (o0 = 7/2) represents normal shocks, for which the velocity
is perpendicular to the shock front. This case represents the maximum possible
compression ratio.

* For constant My, and u < 0 < 7/2, a straight oblique shock solution only exists for
¢ < Ppmax. The maximum deflection angle ¢y ax increases with M;.

* For ¢ < ¢pmax and constant M, there are two possible solutions for o. If the solu-
tion lies above the ¢ = ¢nax line, the shock is said to be strong, otherwise it is said
to be weak. For a strong shock, the downstream flow is always subsonic, while for
a weak shock, the downstream flow is usually supersonic, except for in a narrow
range where ¢ is close to ¢pax. In reality, most oblique shocks are weak shocks,
such that the post-shock flow remains supersonic (Anderson [2001]).

» For a weak shock, increasing the deflection angle ¢ increases the shock angle o,
while for a strong shock, increasing the deflection angle ¢ decreases the shock
angle o.

* When the deflection angle is increased beyond the maximum deflection angle
¢ > ¢max, a straight oblique shock solution is not possible. In this case, we get
a detached curved shock front at some distance from the nose of the obstacle.
Therefore, an attached oblique shock becomes a detached bow shock for large de-
flection angles ¢ > ¢max. For a blunt obstacle, we always get a detached bow shock
instead of an attached oblique shock (Anderson [2001]).

2.4.3 Bow Shocks

Bow shocks are detached shocks characterized by curved shock fronts. They appear
when a supersonic flow collides with a blunt object, or with a sharp object for which the
deflection angle is greater than the maximum permissible deflection angle. Figure 2-2c
illustrates a detached bow shock ahead of a blunt obstacle. The distance from the nose
of the obstacle at which the detached bow shock forms is called the shock stand-off dis-
tance.

The bow shock represents an oblique shock with varying shock and deflection angles. At
the nose of the obstacle (Point A), the shock angle o = /2, i.e. the shock front is perpen-
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dicular to the upstream velocity. This constitutes a normal shock with deflection angle
¢ =0, and the normal shock relations 2.16 - 2.18 apply. Moving away from the nose, the
shock angle o decreases, and the deflection angle ¢ increases (Point B). This constitutes
astrong oblique shock. In this regime, the post-shock plasma is subsonic. At some point
C, the deflection angle ¢ increases to its maximum permissible value ¢, for the given
upstream Mach number M;. Beyond this point, both the shock angle o and the deflec-
tion angle ¢ decrease; this constitutes a weak oblique shock (Point D). In this regime,
the post-shock plasma is supersonic. Finally, far away from the obstacle (Point E), the
shock angle reaches the Mach angle o — p = sin"!(1/M;). Here, the deflection angle is
zero, i.e. (o =) =0.

The stand-off distance and the shape of the shock front depend on the upstream Mach
number M, as well as the shape and size of the obstacle. Analytical solutions are typ-
ically inadequate, and the shock structure must be calculated numerically (Van Dyke
[1958]; Anderson [2001]). In general, increasing the upstream Mach number M; will de-
crease the stand-off distance (Van Dyke [1958]; Anderson [2001]).

2.5 MHD Shocks

Equations 2.9 - 2.13 describe the equilibrium states upstream and downstream of a fully
MHD shock. Unlike in a hydrodynamic shock, the tangential velocity u; can now be
discontinuous, and depends on the jump in the tangential magnetic field By:

puplud = B, [Bil (2.23)

Therefore, the angle 9 = tan™'(B,/|B,|) between the shock normal and the magnetic
field can modify shock properties. Figure 2-3 shows the different types of permissible
MHD shocks. We first examine the simple parallel (9 = 0) and perpendicular (9 = 7/2)
shock limits.

2.5.1 Parallel Shocks

When ;5 = 0, the upstream and downstream magnetic field only have components
normal to the shocki.e. B2 =0, B, # 0. This situation in depicted in Figure 2-3a. The
jump conditions 2.9 - 2.13 reduce to the hydrodynamic jump conditions 2.15. Therefore,
parallel shocks are hydrodynamic in nature and the magnetic field does not participate
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Figure 2-3: Types of MHD shocks (a) Parallel shock. The upstream magnetic field is parallel to the shock
normal. The magnetic field remains continuous, and the shock is hydrodynamic. (b) Switch on shock.
There is no tangential upstream magnetic field, but the downstream magnetic field has a non-zero tan-
gential component. (c) Perpendicular shock. The upstream magnetic field is perpendicular to the shock
normal. The downstream magnetic field is compressed. Perpendicular shocks represent super-fast to
sub-fast transitions. (d) Slow shock. Slow shocks represent super-slow to sub-slow transitions in which
the post-shock magnetic field is deflected towards the shock normal. (e) Intermediate shock. These rep-
resent super-Alfvénic to sub-Alfvénic or sub-slow transitions. The magnetic field changes direction across
the shock. (f) Fast shock. These represent super-fast to sub-fast transitions. The magnetic field is com-
pressed and deflected away from the shock normal.

in the shock dynamics.

In some cases, when 9; = 0 but 9, # 0, i.e. there is a non-zero downstream tangen-
tial magnetic field B¢z # 0. This is depicted in Figure 2-3b, and the shock is called a
switch-on shock. A switch-on shock is an fast/intermediate MHD shock for which the
downstream Alfvén Mach number is 1. (Goedbloed et al. [2010]).

2.5.2 Perpendicular Shocks

Consider a flow u; = u; i = u; & with a magnetic field By = B &y, such that the upstream
magnetic field is perpendicular to the shock normal B,, =0, 9 = n/2. This is illustrated in
2-3c. The downstream velocity is also parallel to the shock normal, since [u¢] = 0 when
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B, =0. The jump conditions 2.9 - 2.13 become (Boyd and Sanderson [2003]):

B? B?
2 1 2 2
+p1+—= +p2+ —=
p1uy + p1 240 P2Uy + P2 240
B2 B2
24 L s W 2+ Yp2 | % (2.24)
pily—=1)  pito p20y—1)  p2io
B _p2_u
By p1 w

Introducing 1 = 2uop:1 /Bf and the sound Mach number M; = puf/()fpl), we combine
the jump conditions to get:

r=D{2Q-yr*+[2y(B+ D+ By(y - DME] r— By(y + )M5} =0

(2.25)
Or  (r—1[ar?+bMZ B1)r +c(M2,B1)] =0

Where r = p,/p; is the density compression ratio and R = p»/p; is the pressure ratio.
Note that in a perpendicular shock, both the density and the magnetic field are com-
pressed by the same ratio.

The solutions of Equation 2.25 are r = 1 (no compression), and r = (1/2a) (—b +Vb>- 4ac).
Entropically permitted shocks are compressive (r = 1), so the entropically permitted
shock satisfies:

vVb2—-4ac>2a+b

By(y + DMZ >22—y) +2y(B+1) + fy(y - DM? (2.26)
2
M?>1+—=>u?>C2+Vi=V2

Therefore, entropically permitted perpendicular shocks represent super-fast (M > 1) to
sub-fast transitions (My < 1).

We can determine the downstream sound Mach number M, and plasma beta f, from:

1
M; = M —
2 'R

(2.27)
R
B2 = ﬁlﬁ
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Where R is the pressure ratio:

1-r2 yM{(r-1)
rR=P2 o 2 T

P P r

(2.28)

We plot the solution of the Equation 2.25 as a function of the upstream fast Mach num-
ber My, in Figure 2-4a. The solution lies in the entropically permissible region only for
super-fast My = 1 to sub-fast transitions My; < 1. The compression ratio increases
with increasing upstream fast Mach number. In the strong shock limit, the compression
ratio approches r — 4 for y = 5/3. The solution is a weak function of the upstream g .

2.5.3 Oblique MHD Shocks

We express the jump conditions 2.9 - 2.14 in non-dimensional (Goedbloed et al. [2010]):

[a ] = HBt]] (2.29)
[(M*-1)Bd =0 (2.30)
2, - Llao
[M® +p+ 5 B{1=0 (2.31)
[[LﬁM2+1(1+BZ)M4]] =0 (2.32)
y—1 2 ! '
[pM*']1 <0 (2.33)

Where iy, = pioplunl/Bauy = —M?, @ = poplunl/ BAuy, By = B, /|Byl = -1, B, = By/|B,| =
tand, and p = pop/B? = B/2. Note that M? = ugpu?/B? is the square of the normal
Alfvén Mach number and is only defined for B,, # 0.

Combining the jump conditions, we can determine the downstream normal Alfvén Mach
number M, as a function of Mj, 9; and ;. This is called the distilled MHD energy jump
condition:

(M2 -1)*{(y + DM = (y = DMZ —y 1}

1
2 (2.34)
+

1
> tan® 0,y — 1) (M3 — 1) (M3~ M3) - M3 (M + M3 ~2)} = 0
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Figure 2-4: (a) Perpendicular shock solution for the compression ratio r and downstream fast Mach num-
ber My, as a function of the upstream fast Mach number. Entropically permitted shocks are compressive
(r = 1) shocks, which represent super-fast to sub-fast transitions. The compression ratio represents the ra-
tio of the post-shock density and magnetic field to the upstream density and magnetic field. In the strong
shock limit (Mf; — oo), the compression ratio approaches 4 for y = 5/3. The solution is a weak func-
tion of the plasma . (b) Solution of the distilled MHD energy jump condition for § = 0.5 and 9, = /4.
The M4, = M4 line separates entropically permitted solution from the entropically forbidden solutions
(red). There are three types of permissible MHD shocks. For Mach numbers larger than point A, we get
fast shocks, where the upstream velocity is super-fast and the downstream velocity is sub-fast. Between
B and C, we get intermediate shocks, where the upstream velocity is super-Alfvénic and the downstream
velocity is sub-Aflvéic or sub-slow. Between C and D, we get slow shocks, where the upstream velocity is
super-slow and the downstream velocity is sub-slow.

The downstream parameters can be determined from:
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u M?
o _PL_2 (2.35)
un P2 My
2 _ 2 _
Bio=—— B> 9 =tan ' | ———tand (2.36)
t,2 M22 1 t,1 2 (Mg 1 1
p2 2 2
_ ﬁz ,61 2 2 Btl M1 +M2 -2
=—=—4(Ms- M. 1- : 237
pr=ry = M M) 2 | (MZ-1)2 237

Finally, from the entropy jump condition, it can be shown that entropically permitted
jumps satisfy M22/M12 <1.

Figure 2-4b shows the solution to Equation 2.34. The Mi L= Mi , line separates entrop-

ically permitted solutions from the entropically forbidden solutions. The three types of

permissible MHD shocks are:

* Slow shocks (1 = Mf > Mg). These are super-slow to sub-slow transitions. In Fig-
ure 2-4, slow shocks are represented by the part of the solution that lies between
points C and D, where the upstream velocity is super-slow. From Equation 2.36,
IB¢ 2| < IB1l, so the magnetic field vector is deflected towards the shock normal.
This shock is illustrated in Figure 2-3d.

Intermediate shocks (Mf >1= Mg). These are super-Alfvénic to sub-Alfvénic or
sub-slow transitions. In Figure 2-4, intermediate shocks are represented by the
part of the solution that lies between points B and C, where the upstream velocity
is super-Alfvénic, and the solution is multi-valued. B;»/B; <0, so the post-shock
and the pre-shock magnetic fields have opposite directions. This is depicted in
Figure 2-3e.

Fast shocks (Mf > M22 > 1). These are super-fast to sub-fast transitions. In Figure
2-4, fast shocks are represented by the part of the solution that lies to the right of
point A, where the upstream velocity is super-fast. From Equation 2.36, |Bya| >
IB¢.11, so the magnetic field vector is deflected away from the shock normal. This
shock is depicted in Figure 2-3f.
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Figure 2-5: (a) Fast bow shock ahead of a cylindrical obstacle (De Sterck et al. [1998]). The upstream
magnetic field is aligned with the flow and points from the left to the right. The shock front is concave
to the cylinder everywhere ahead of the obstacle. (b) Shock front with a dimpled shape. At the nose,
the shock is a switch-on shock, which is followed by an intermediate shock. The upper part of the shock
represents a fast shock. (c) Bow shock with 2 interacting shock fronts. The leading shock front exhibits
fast, intermediate and hydrodynamic parts, while the secondary shock front exhibits intermediate shock
transitions. Reprinted from De Sterck et al. [1998] - "Complex magnetohydrodynamic bow shock topology
in field-aligned low- flow around a perfectly conducting cylinder. Physics of Plasmas, 5(11), 4015-4027,"
with permission of AIP Publishing. (d) Optical self-emission images of bow shocks ahead of a conducting
cylindrical obstacle (top), and a non-conducting cylindrical obstacle (bottom) (Burdiak et al. [2017]). Flux
pile-up ahead of the conducting obstacle creates a bow shock with a larger opening angle and stand-off
distance compared to the non-conducting case. Reprinted from Burdiak et al. [2017] - "The structure of
bow shocks formed by the interaction of pulsed-power driven magnetised plasma flows with conducting
obstacles. Physics of Plasmas, 24(7)," with permission of AIP Publishing

2.5.4 MHD Bow Shocks

In an MHD bow shock, the shock morphology depends not only on the upstream Mach
number, but also on the plasma § and the angle 9 between the shock front and the
magnetic field. Simulations of bow shocks in the switch-on regime show complex shock
structures with multiple interacting fronts, where a leading shock front is followed by a
secondary shock front (De Sterck et al. [1998];De Sterck and Poedts [2000]). The lead-
ing shock front is a super-fast to sub-fast transition; it then splits into two shock fronts
— one super-fast to sub-fast transition while the other is an intermediate super-fast to
sub-Alfvénic transition, which then evolves into a slow shock. Similarly, 2D simulations,
around perfectly conducting cylinders with field-aligned flow in the switch-on regime,
exhibit complex shock structures with 2 interacting shock fronts (De Sterck et al. [1998]).
The leading shock front exhibits fast, intermediate, and hydrodynamic parts, while the
secondary shock front exhibits intermediate shock transitions, as illustrated in Figure
2-5a.
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Figure 2-6: Mach cone in a hydrodynamic fluid. The disturbance, initially at position A, moves with a
supersonic velocity u form the left to the right. The disturbance emits spherical sound waves which travel
outwards at the sound speed Cs. At some time ¢ = 2At, the disturbance is at position C and has traveled
a distance 2uAt from its initial position. The tangential surface which connects the spherical wavefronts
forms the surface of the Mach cone.

Furthermore, in magnetized shocks, the accumulation of magnetic flux at the obstacle
and field line bending can further modify the bow shock structure, such that the bow
shock shape is determined by a competition between the magnetic tension of the bent
field lines and the incoming ram pressure. In such shocks, where flux accumulation
modifies shock morphology and two-fluid effects facilitate the shock transition, have
been experimentally observed in magnetized bow shocks formed from super-fast flows
around conducting cylindrical obstacles (Suttle et al. [2019]; Burdiak et al. [2017]).

2.6 Mach Wave

Consider a point source traveling with some velocity u in the negative x-direction in
a stationary hydrodynamic fluid, as shown in Figure 2-6 (or equivalently, a stationary
obstacle in a fluid moving in the positive x-direction with velocity u). The source emits
spherical sound waves which propagate radially outwards isotropically at the local sound
speed Cs. If u = 0, the wavefronts form concentric spherical surfaces which radiate out-
wards in time. If the source is non-stationary and travels with a velocity u < Cs, the
center of each successive wavefront will be shifted to the left by a distance uAt; how-
ever, trailing wavefronts cannot catch up with the leading wavefront, and information
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Figure 2-7: (a) Determination of the Fast Mach angle using Friedrichs I diagram. The velocity circle
(dashed line) is centered at (0, v/2). The magnetic field vector makes an angle of #/4 with the velocity
vector. The fast magnetosonic phase-speed (solid black line) has a minimum value along the magnetic
field and a maximum value perpendicular to the field. The Mach lines (sold grey lines) are determined
by connecting the origin to the points of intersection of the velocity circle and the Friedrichs I diagram.
Here, the sound Mach number and the Alfvén Mach number are equal to 3.3. (b) Determination of the
Fast Mach angle using Friedrichs II diagram.

propagates both upstream and downstream of the disturbance.

If u > Cg, trailing wavefronts now catch up with and overtake the leading wavefront,
such that information cannot travel downstream before the disturbance arrives. In Fig-
ure 2-6, the disturbance, initially at point A, travels to point C after some time ¢ = 2A¢.
Points A and C are separated by a distance 2uAt, and the original wavefront generated
at ¢t = 0 has now traveled a distance 2C;A¢. The tangential surface which connects the
spherical wavefronts forms the surface of the Mach cone, and represents a discontinuity
between upstream and downstream states. The half-angle of the Mach cone is called the
Mach angle p. We can determine the Mach angle p from the ratio of the radial extent of
each wavefront to the distance traveled by the point source, and show that it is related
to the Mach number (Kundu et al. [2012]):

-1 CSAt_._l
U =-sin AL =sin" (1/Msy) (2.38)

The Mach wave represents an oblique shock of infinitesimal strength. The shock an-
gle o here is equal to the Mach angle p, for which the deflection of the velocity vector is
zero. For an MHD shock, we can have three possible Mach cones associated with each of
the three linear MHD waves. Of these, the fast Mach cone is typically the most relevant,
since the fast velocity represents the maximum velocity with which alinear MHD pertur-
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bation can propagate in a plasma. However, unlike a sound wave whose phase speed is
independent of direction, the slow, fast, and Alfvén phase speeds are anisotropic and de-
pend on the angle 0 between the wave vector k and the magnetic field B. The fast wave
phase speed varies from a maximum of M;,s = 1/ vi + Cé perpendicular to the magnetic
field (Opr = 7/2) to a minimum of max(v4, Cs) parallel to the magnetic field (0, = 0).
Therefore, the Mach angle can also vary between 1/ M,,; < sinu < 1/ M, s depending on
the value of 0. In the limiting case f << 1, C§ << vi, so the fast magnetosonic speed
becomes V;,s(f << 1) = V4. Similarly, when  >> 1, Cﬁ >> vi, so the fast magnetosonic
wave becomes a sound wave V,,;; = Cs. In both limiting cases, the fast wave phase speed
can be approximated to be isotropic.

For other cases, we can determine the Mach angle from the phase speed representation
in velocity space (Friedrichs I diagram) (Spreiter and Stahara [1985]; Spreiter and Alk-
sne [1969]; Petrinec and Russell [1997]). This method is illustrated in Figure 2-7a. We
assume a coordinate system where the upstream velocity V is along the x-axis. In the
plane that contains B and V, we draw a sphere of diameter V centered at (V'/2,0). Next,
we draw the phase velocity curve of the fast wave phase speed for the given direction of
the magnetic field B. We can now determine the point(s) of intersection of the velocity
sphere with the phase diagram, and connect the origin to the points of intersection to
get the Mach lines which delineate the surface of the Mach cone. This method, however,
is only applicable for certain symmetric cases, and does not account for the difference
in direction between the central wave vector and the velocity vector of a propagating
point disturbance (Verigin et al. [2003]). For the symmetric cases O, =0 and O = 7/2,
the analytical solutions for the Mach angle are (Spreiter and Stahara [1985]):

2 2
VME+ M2 -1

MM

sinp = Opy=0)

(2.39)

2
M+ M4 +1+ \/(M§+M§+ 1)” — 4 Mg M 42
2 A 12
2M2MA

sinu = Opy =7/2)

The velocity of propagation of a point disturbance is the group velocity. We can deter-
mine the group velocity from the envelope of all plane waves at unit time emitted from
the origin at £ = 0. We can also use a group velocity representation to determine the
Mach angle (Friedrichs II diagram) (Spreiter and Alksne [1969]). This method is illus-
trated in Figure 2-7b. We draw the group velocity diagram centered at (0, V), and de-
termine the tangent to the curve that crosses through the origin. This is equivalent to
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the velocity-space representation of the MHD version of the Mach cone depicted in the
hydrodynamic case.

Verigin et al. [2003] describe a third method of determining the Mach angle directly from
the MHD Rankene-Hughniot relations. We assume that far from the obstacle, the shock
surface assumes a simple conic shape given by x + a(p)p = 0. Here, ¢ is the azimuthal
angle, p is the radial length and x is the axial length of the cylindrical coordinate system
whose axis is aligned with the shock axis. The Mach angle can then be determined from
the gradient of the curve at a given ¢ at x — oo, i.e. tanu(¢p) = —0,p = 1/a(¢p). By setting
the density ratio to unity r — 1 in the Rankene-Hughniot conditions, the 3D asymptotic
shape of the MHD shock can be determined from the solution of a non-linear ordinary
differential equation (Verigin et al. [2003]):

2212
MA MS

— 2.40
1+ a?+a” (2.40)

[(a'sing — acosg)sinfy, + cost9b,,]2 = M4+ M5 -

Here, 0, is the angle between the upstream magnetic field and velocity vectors, and
a =dalde.

2.7 Adiabatic index of a plasma

It is clear from the analysis above that the adiabatic index of the plasma y plays an im-
portant role in shock physics. The adiabatic index y, which is defined as the ratio of
specific heats, is closely related to the polytropic index {, which relates the pressure to
the density in a polytropic process (Moran et al. [2010]):

r = const. (2.41)
o€
By combining the first law of Thermodynamics dq = de + pd(1/p), and ideal gas law
p = nkp T, we can show that for a polytropic ideal gas, the polytropic index ( is a function

of the specific heats:
_ Cp—¢C

= (2.42)

Cy—¢C
Here, ¢, = dh/dT represents the change in specific enthalpy & per unit temperature,
cv = (del/dT)y represents the change in specific internal energy € per unit change in
temperature at constant volume, and c represents the heat transferred per unit mass
per unit temperature, i.e. ¢ = dq/dT. For an isentropic process, no heat is transferred,
so ¢ = 0. The polytropic index reduces to the ratio of specific heats, which is defined as
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Y =cplcy.

We can also show that for an isentropic process, the internal energy and the pressure
can be related as:

pE€ P (2.43)

We can use Equation 2.43 to define an effective adiabatic index:

y=1+L2 (2.44)

p€

The pressure and internal energy density in an ideal plasma with T, = T; are:

p=(Z+1n;ikgT
_3(Z+DniksT (2.45)

pe 5

These equations represent the standard statistical thermodynamics result for an ideal
gas. We can derive them by calculating the Helmholtz free energy F and canonical par-
tition function Zy of a dilute gas with NN indistinguishable non-interacting particles,
which are defined as (Chen [2005]):

F:—kBTanN
N oo Eij
Zn= -
v=Yew kBT]
B (6F) (2.46)
P="\ov TN

—E;/'kgT
fpedV:ZEieXp( il kpT)
ZN

Here, E;, j represents the i-th energy level of particle j, typically represented using the
particle-in-box quantum mechanical solution, and we are summing over N particles to
find the total canonical partition coefficient of the N-particle ensemble. The pressure is
defined as the volume derivative of the Helmholtz free energy at constant temperature
and constant N, and the total internal energy is the summation of the expected energy
level of all particles.

The first equation in 2.45 is the familiar ideal gas relation, and the second equation is the
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statement that the total internal energy is equal to the summation of the kinetic energy
of all particles in the gas. Alternatively, we could have also derived the ideal gas internal
energy relationship by integrating the kinetic energy of each particle over a Maxwellian
distribution function. From Equation(s) 2.45 and 2.44, we can conclude that y = 5/3 for
an ideal gas.

Most plasmas can be treated as ideal gases with a y = 5/3. However, for HED plasmas,
the contribution of Coulomb interactions (potential energy of the electrons in the elec-
tric field of the ions), ionization energy, and excitation energy may become significant
(Drake [2013]). Consequently, the total internal energy of the ionized plasma is larger
than that of the ideal gas, and from Equation 2.44, we can expect the effective adia-
batic index to be smaller than the ideal value of 5/3. In particular, for an ionized high-Z
plasma, the pressure and internal energy density can be estimated using (Drake [2013]):

p=16x10"2n;T,(1+0.63/T,~2.76 x 10~ n{

pe=1.6x10"2p; [1.43\/Te +4.2T, (2.47)

n.
+T§”2(1.3—0.315ln(102—;T))
e

Where all quantities are in CGS units, and temperature is in eV. For our plasmas of inter-
est with n; ~ 10'® cm™3 and T, ~ 10 eV, the value of the adiabatic index is Y = 1.13.

Similarly, strong radiative losses from a plasma can also modify the balance of pressure
and internal energy. In radiation-dominated plasmas, the value of the adiabatic index is
Y =4/3 (Drake [2013]).

2.8 Summary of MHD Shocks

The theoretical discussion presented in this chapter will form the basis of our analy-
sis in subsequent chapters. The MHD equations describe the macroscopic behavior
of a collisionally-dominated (vm;/mgA;;/a << 1) plasma with small ion Larmor ra-
dius (rzj/a << 1). We can use the conservation of mass, momentum, and energy to
relate the upstream and downstream states of a shock; these jump conditions are called
the Rankene-Hughniot jump conditions. Taking the hydrodynamic limit B — 0, we can
determine the relationships between upstream and downstream states for normal and
oblique hydrodynamic shocks. A detached bow shock always forms ahead of a blunt ob-
stacle in a supersonic flow, and represents an oblique shock with varying deflection and
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shock angles. At the nose of the obstacle, the shock is strongest and constitutes a normal
shock. Far away from the obstacle, the shock is infinitesimally weak and constitutes a
Mach shock. In the ideal MHD limit, we can derive three types of MHD shocks — fast
shocks, which are super-fast to sub-fast transitions, slow shocks which are super-slow to
sub-slow transitions, and intermediate shocks which are super-Alfvénic to sub-Alfvénic
or sub-slow shocks. MHD shock solutions not only depend on the upstream Mach num-
ber, but also the plasma § and the orientation of the magnetic field.
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Pulsed Power and Z-pinch Wire Arrays

3.1 Pulsed Power Generators

Pulsed-power machines are HEDP facilities used to apply a fast-rising high-amplitude
current pulse to an inductive load. Pulsed-power machines achieve this by discharg-
ing large capacitors and compressing the generated current pulse over a short period of
time. The largest existing pulsed-power machine is the Z HEDP facility at Sandia Na-
tional Labs. Itis a high-impedance system capable of generating a peak current of 20MA
with a rise time of 300 ns (Sinars et al. [2020]). Other examples of pulsed-power gener-
ators include MAGPIE (~ 1MA, 240ns; Imperial College London) (Mitchell et al. [1996]),
COBRA (~1MA, 100ns; Cornell University) (Smith et al. [1995]), MAIZE (~1MA, 100ns;
University of Michigan) (McBride et al. [2018]), and ZEBRA (~1MA, 100ns; University of
Nevada Reno) (Bauer et al. [1999]).

There are two commonly used pulsed-power technologies — Marx Generator / Pulse
Forming Lines, and Linear Transformer Drivers (LTDs). Compared to the former, LTDs
are modular and self-contained devices capable of achieving low inductance and high
capacitance (McBride et al. [2018]). An example of a LTD-based pulsed-power system is
the MAIZE generator at the University of Michigan. Another LTD-based pulsed-power
machine called PUFFIN is under development at MIT (Hare et al. [2020]). An exhaustive
review of LTDs can be found in McBride et al. [2018].

Marx generators and Pulse Forming Lines (PFLs) are used in the majority of existing
pulsed-power machines, including the Z, MAGPIE and COBRA generators (Sinars et al.
[2020]; Mitchell et al. [1996]; Smith et al. [1995]). The MAGPIE generator at Imperial Col-
lege London, which was used to generate the plasma in the experiments presents here,
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Figure 3-1: Schematic of a pulsed-power machine Magnetically Insulated Transmission Line (MITL) and
load setup. The MITL is a coaxial line with a tapering cross-section which delivers the signal from the
large-diameter OTL to the load, that sits in a vacuum chamber on top of the MITL.

comprises 4 Marx banks (with 24 1.3 uF capacitors) with 4 PFLs (Mitchell et al. [1996]).
A Marx generator is a collection of capacitors and spark-gap switches. We charge the ca-
pacitors in parallel and discharge them in series, so that the output voltage is amplified
by a factor equal to the number of capacitors.

Marx banks generate a low-amplitude slow-rising signal. PFLs, which consist of inter-
mediate capacitances with successively smaller discharge times, are needed to com-
press this signal to create a fast-rising high-amplitude pulse. The signal then travels
via the Output Transmission Line (OTL) (on MAGPIE, this is called the Vertical Trans-
mission Line) to the Magnetically Insulated Transmission Line (MITL). The OTL is typi-
cally alarge-diameter coaxial cable insulated with deionized water (Mitchell et al. [1996];
McBride et al. [2018]).

The MITL is a coaxial line with a tapering cross-section, as illustrated in Figure 3-1a.
It delivers the signal from the large-diameter OTL to the load, which sits in a vacuum
chamber on top of the MITL. The MITL is said to be magnetically insulated; this is be-
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Figure 3-2: (a) 3D representation of of an imploding wire array. The global magnetic pressure acts on the
outside edge of the wires and causes radially converging flows of plasma. (b) 3D representation of of an
exploding wire array. The wires are arranged around a central conductor. The global magnetic pressure

acts on the inside edge of the wires and causes radially diverging outflows of plasma.

cause the large current in the MITL generates strong azimuthal magnetic fields. Any

charge carrier which leaves the MITL experiences a strong radial v x B force which re-
turns it to the MITL (Mendel et al. [1983]). Magnetic insulation typically deteriorates
later in time (typically after peak current). When the magnetic field becomes small

enough, charge carriers can escape the MITL and breakdown occurs.
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3.2 Wire Array Z-Pinches

A z-pinch refers to any cylindrical column of plasma, through which current propa-
gates in the axial (or the ‘Z’) direction. Wire array z-pinches refer to cylindrical, conical
or planar arrays of wires, which have been historically used as loads in pulsed-power
machines to generate intense bursts of x-ray and XUV radiation (Deeney et al. [1997];
Haines et al. [2005]; Giuliani and Commisso [2015]). It was later discovered that wire
arrays could also be used as sources of highly collisional magnetized plasmas for lab-
oratory astrophysics applications (Lebedev et al. [2019]; Lebedev et al. [2002]; Haines
et al. [2002]). A commonly used configuration is a cylindrical array, which can be of two
types — imploding arrays (Lebedev et al. [1999]; Lebedev et al. [2001]; Lebedev et al.
[2005] Ampleford et al. [2010];), and exploding arrays (also called inverse z-pinch arrays)
(Harvey-Thompson et al. [2009]; Hare et al. [2018]). An imploding wire array is a cylin-
drical cage of wires, as shown in Figure 3-2a. The magnetic pressure acts on the outside
edge of the wires and pushes the plasma radially inwards towards the array center. Im-
ploding wire arrays have been traditionally used to generate and study highly energetic
XUV and X-ray radiation (Ryutov [2000]; Lebedev et al. [2005]; Giuliani and Commisso
[2015]). In an exploding array, as illustrated in Figure 3-2b, the wires are arranged around
a central conductor. The global magnetic pressure acts on the inside edge of the wires
and causes radially diverging outflows of plasma.

We use exploding wire arrays in the experiments presented in this thesis. Exploding

wire arrays offer several advantages over other geometric configurations that make them

ideal for these experiments. Exploding wire arrays generate azimuthally symmetric flows;
which means that we can expect the properties of the flow to vary predominately in the

radial direction. Note that exploding wire arrays exhibit modulations in the axial and az-

imuthal directions, but these modulations are generally periodic (Chittenden and Jen-

nings [2008]; Harvey-Thompson et al. [2009]; Swadling et al. [2013]). Moreover, the radi-

ally diverging nature of the flows means that the plasma can flow uninterrupted into the

relatively large vacuum region, which allows for better diagnostic access to the plasma.

When a strong current pulse is applied to the wire array, the material in the wires heats
Ohmically, and vaporizes and ionizes to form a ring of hot low-density coronal plasma
around the relatively dense cold wire cores (Lebedev et al. [2001]). The initial explosion
of the wires is not well understood and typically results in an inhomogeneous column of
vapor and liquid states, which comprises the stationary wire cores. The total magnetic
field in the array is the superposition of the local magnetic fields around each wire. In
an exploding array, the magnetic field By points in the azimuthal direction, and decays
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Figure 3-3: Current-carrying coronal plasma around the central wire core.

as Bg ~ I/r inside the array(Harvey-Thompson et al. [2009]). Here, [ is the current and r
is the radial distance from the array center. The total current enclosed by an Amperian
loop is zero outside the array for an exploding array, so that the azimuthal magnetic field
$B-ds = 0 goes to zero here. This is illustrated in Figure 3-4b. Because of the large mag-
netic pressure inside the array compared to the outside, the coronal plasma experiences
a net outwards magnetic force.

Most of the current density is concentrated within a thin skin region at the surface of
the wire cores (Lebedev et al. [2005]; Lebedev et al. [2001]). The current flows prefer-
entially through the conducting coronal plasma in the skin region, and the wire cores,
which experience little magnetic pressure, expand at the sound speed, while the coro-
nal plasma accelerates radially outwards under the action of the global j x B force (Lebe-
dev et al. [2001]). The plasma ablates into a force-free region initially devoid of a mag-
netic field. The ablating plasma advects some magnetic field and current with it, such
that the magnetic field is redistributed into the initially force-free flow region (Burdiak
et al. [2017]). The initial phase of the wire array is marked by the continuous ablation
of plasma from the wire cores — this is called the ablation phase. Characteristic pa-
rameters for a pulsed-power driven Aluminum plasma on a ~ 1 MA facility during the
ablation phase are shown in Table 3.1.
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Table 3.1: Characteristic parameters for a pulsed-power driven Aluminum plasma on a
~ 1 MA facility during the ablation phase

Measurable Quantities Electron density 7, (cm™3) 10'8
Magnetic Field B (T) 10
Velocity v (cm s™1) 107
Ion temperature T; (eV) 10
Electron temperature T, (eV) 10
Effective Ionization, n,/n; = Z 3.5
Derived Quantities Alfvén Speed V4 (cms™1) 810°
TIon Sound Speed Cg(cm s™1) 2 x108
Fast Magnetosonic Speed Vy(cms™) 8 x10°
Ion Larmor Radius r;; (cm) 7 x1073
Electron Larmor Radius 7, (cm) 1x107%
Ion Inertial Length 6; (cm) 6 x1072
Ion-Ion Mean Free Path A;; (cm) 1x107°
Electron Plasma Frequency w,,, (rad s™') 6 x1013
Non-dimensional Quantities Sonic Mach Number M = v/Cg 7
Alfven Mach Number M4 = v/ Vy 2
Fast Mach Number M4 = v/ Vy 2
Reynolds’ Number Re = va/v 10°
Magnetic Reynolds’ Number Re,, = poval/n 10
Plasma Beta 3 0.1
Adiabatic Index y 1.13
Ion Magnetization ry;/a 1072
Electron Magnetization r./a 1074
Collisionality (m;/me)''? (A;;/ a) 1073
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—

Figure 3-4: (a) Side-on (1-z plane) view of an exploding wire array. In the derivation of the rocket model, we
assume that the wire cores remain stationary and the magnetic pressure accelerates the coronal plasma
to a constant velocity V in a thin skin region of width 6r. (b) Top (r-0) view of an exploding wire array.
At t= 0s, the total current enclosed within the Amperian loop outside the array is zero, while the current
enclosed within the Amperian loop inside the array is non-zero. The net magnetic pressure thus pushes
the plasma radially outwards.

Experiments and simulations of wire arrays have shown an axial non-uniformity in the
ablation rate. The axial non-uniformity corresponds a m = 0-like instability, and ex-
hibits a quasi-periodic structure with a time-independent wavelength comparable to
the wire core size (Lebedev et al. [1999]; Harvey-Thompson et al. [2009]; Chittenden and
Jennings [2008]). The wavelength of the modulation typically grows with the growth of
the radius of the coronal plasma, and then becomes constant later in time, when the
coronal plasma stops expanding. This point typically corresponds to the time at which
the global magnetic field becomes large enough to switch the topology of the magnetic
field around the wire core. The non-uniform ablation rate eventually leads to breaks in
the wires, which signifies the end of the ablation phase, and the beginning of the ex-
plosion/implosion phase Lebedev et al. [2005]; Lebedev et al. [2001]. The current path
through the wires is disrupted, and the current switches to the plasma, which experi-
ences an abrupt and rapid acceleration (Lebedev et al. [2005]); Lebedev et al. [2001]).
The trailing mass is left behind and does not participate in the explosion. In our ex-
periments, we ‘over-mass’ the wires, such that the wires ablate continuously and do not
experience the explosion phase.
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3.2.1 Rocket Model of Mass Ablation

We can approximate the rate of mass ablation and radial density distribution from a wire
array using the a simplified phenomenological model called the rocket model (Lebedev
et al. [2005]). We use the following simplifying assumptions in the model:

(1) We neglect the discrete wires and model the wire array as a thin cylindrical plasma
shell of radius Ry, height /, and thickness 6 r, with Ry > dr.

(2) The wire cores remain stationary d Ry/d t = 0; all current density is concentrated in an
infinitesimally thin skin layer at the surface. No current flows through ablated plasma,
and the wire cores.

(3) The j x B force only acts on coronal plasma in the skin region.

(3) Plasma ablates outwards continuously from the surface of the shell with characteris-
tic radial velocity V that is constant in time

The global magnetic field B in the exploding wire array is given by Ampere’s law — the
integral of the magnetic field along a closed contour s is proportional to the enclosed
current I. For an Amperian loop inside the exploding array:

ng~ds:f toj-dA
A
Hol

27
Bgrdf = ugl = Bg = —
fo 0 Ho 0 Py

(3.1

The magnetic field thus decays with radial distance from the array center. Outside the
array, the total current in the Amperian loop is zero, so there is no magnetic field outside
the wire array. Current flows in the coronal plasma on the inside of the wires, so the
current density in the cylindrical shell is I/47Ry6r, and the j x B force density at the
array radius r = Ry is:
2
. Hol®
xB=——-—¢ 3.2)

J 8m2R25r
A mass balance on the control volume (CV) containing the coronal plasma (see Figure
3-4) shows us that the time rate of change of mass of the shell is equal to the area integral
of the mass flux at the surface:

m=—ps AV (3.3)
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A momentum balance on the CV gives us:

fiXBdV:Otf pvdV+f pvv-dA
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(3.4)
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B 872R36

Substituting m = —p AV , we can get an expression for the mass ablation rate from the
wire array:
l
=B pp (3.5)
471'R0 \%4
The mass ablation rate is thus proportional to the square of the current I(¢) through the
wires. We integrate Equation 3.5 to determine the total mass ablated at time ¢:

l t

Am = m(0) - m(f) = —= f (thdt (3.6)
471'R()V 0

If we require the remaining mass m(r) = amy to be some fraction a of the initial mass

my after a current pulse of duration 7, we can determine the required initial mass per

unit length as:

moll = I?(thdt (3.7)

Ho fT
4ntRyV(1—-a) Jo
Mass injected at r = R at time ¢ is spread over a larger area at r = r at some later time
t'=t+(r—Ro)V:

poV2rD Ryl =p(r)V2alr|y =—m (3.8)

Substituting for the ablation rate 71, we can determine the radial mass density distribu-
tion at time ¢’ as:

’ T'—R() 2
[I(t - )] (3.9)
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3.3 Resitive MHD Simulations of Wire Arrays

We use GORGON to simulate the dynamics of the plasma generated in a wire array.
GORGON is a 3D resistive MHD two-temperature code developed by Chittenden et al.
[2004]. GORGON solves the resistive magnetohydrodynamic equations explicitly using
a forward Eulerian method in time. It uses a two-temperature model, which means that
the ion and electrons have separate temperatures which equilibriate over some colli-
sional time scale 7.,. The electrons are heated resistively and undergo radiative cooling,
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while the ions are heated by compression and viscous heating. The electrons and ions
exchange energy via collisons. GORGON has been used to successfully reproduce and
study the dynamics of MHD shocks and wire array ablation (Chittenden et al. [2004];
Chittenden et al. [2004]; Harvey-Thompson et al. [2009]; Lebedev et al. [2014]; Burdiak
etal. [2017]).

An important feature of plasma shocks is the intense emission of radiation associated
with the post-shock plasma. The transition in energy states of electrons is accompanied
by the emission or absorption of radiation. A plasma can emit radiation due to free-free
electron transitions (Bremsstrahlung radiation), free-bound transitions (recombination
radiation), and bound-bound transitions (line radiation). A magnetized plasma may
also emit cyclotron emission associated with the gyro-motion of electrons around mag-
netic field lines. To accurately account for the change in internal energy due to radiative
losses, we must solve the radiative transport equation and account for the spatially and
temporally varying emissivities and absorbtivities of the plasma. However, solving the
full radiative transport can be computationally restrictive, so GORGON uses a simple
volumetric radiation loss model, which estimates the volumetric radiative power from
each cell to be equal to the sum of the Bremsstrahlung and recombination loss from the
plasma (Huba [2013]):

AEZ_I
) (3.10)

e

Grad :KZZneniTel/z(l+

Here, n, and n; are the ion and electron densities respectively, T, is the electron temper-
ature, AE is the ionization energy, and K is a constant of proportionality. In GORGON,
we use a value of K =3 x 1.69 x 10738,

We also require a model for the equation-of-state (EOS) to relate the ionization state Z
to the temperature and density of the plasma. In a plasma, collisions between electrons
and ions can excite bound electrons to higher energy states, or even excite a bound elec-
tron into the continuum, making it a free electron. Similarly, ions and electrons can
collide and recombine into an ion with a reduced charge — a process called collisional
recombination. When the rates of collisional ionization and recombination are in de-
tailed balance, the system is said to be in LTE (Drake [2013]). GORGON uses a numer-
ical approximation to the LTE Thomas-Fermi model to predict the ionization state of
the plasma. The Thomas-Fermi model solves for the potential field in each ion sphere
(the region in space around the ion where the electrostatic influence of the ion is non-
negligible) using the Poisson equation, which relates the Laplacian of the electric po-
tential to the spatially-varying charge density in the ion sphere (Drake [2013]). Thomas-
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Figure 3-5: Comparison of LTE Thomas-Fermi (TF) and Saha ionziation models with a non-LTE tabulated
ionization model for an Aluminum plasma. Darker colors represent increasing ion density. Thomas-
Fermi tends to overpredict the ionization state, while the Saha model tends to underpredict the ionization
state compared to the nL.TE model

Fermi self-consistently solves for the spatially-varying electron density in the ion sphere.

Another commonly used LTE model is the Saha model. The Saha equation describes the
equilibrium densities of ions in adjacent ionization states. We can estimate the degree of
ionization of the plasma from the ionization state at which the rates of recombination
and ionization are balanced. The Saha model predicts an average ionization level of

(Drake [2013]):
T,
Z~q—%,|In
\/ Ey

Here, T, is the electron temperature, n, is the electron density, g;, ; represent the degen-

1 (3.11)
2 .

18 (Te )3’2

ne 4gras \nEy

eracies of adjacent states, and Ey = 13.6 keV is the energy require to ionize an electron
from a hydrogen atom. The Saha model is typically limited because it does not include
the effect of multiple ions (which can lower the ionization energy — a phenomenon
called continuum lowering) (Drake [2013]).
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Figure 3-6: Schematic of a simple inductive probe with two oppositely-wound loops of conducting wire.
A time-varying magnetic field induces a voltage in a wire loop equal to the time rate of change of the
magnetic flux through the loop, which is read by the oscilloscope.

Both Saha and the Thomas-Fermi models compute the ionization state at LTE. How-
ever, plasmas can deviate from LTE. In non-LTE plasmas, using a LTE equation-of-state
will add an additional uncertainty in the ionization state. In Figure 3-5, we compare the
Thomas-Fermi and Saha models with a tabulated non-LTE ionization model (Chitten-
den et al. [2016]). For our temperatures of interest, Thomas-Fermi tends to overpredict
the ionization state, while the Saha model tends to underpredict the ionization state
compared to the nLTE model.

3.4 Diagnostics

We present three diagnostic techniques — (1) Inductive probes, (2) Laser Interferometry,
and (3) Optical Thompson Scattering. We use inductive probes and laser interferometry
to measure the magnetic field and plasma density respectively. We do not use Optical
Thompson Scattering in the experiments presented in this thesis, but we introduce it
here, because we hope to implement it in future experiments to determine the ion and
electron temperatures, ionization, and velocity of the plasma.

3.4.1 Inductive Probes

An inductive probe is simply a loop of conducting wire, as illustrated in Figure 3-6. In-
ductive probes function due to Faraday’s law of electromagnetic induction — a time-
varying magnetic field induces a voltage in a wire loop equal to the time rate of change
of the magnetic flux through the loop. The voltage response of the probe can have two
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contributions — one due to the time-varying magnetic flux through the loop, and an-
other electrostatic component due to the coupling of stray voltages or the voltage from
the pulsed-power generator. One method to isolate the magnetic component is to have
two oppositely-wound loops in the inductive probe, which allows us to combine the sig-
nals from each loop and eliminate the contribution of the electrostatic component:

Vi :d)l +fEdl

Vo = —<i>2+fE-d1 (3.12)
Vi—-Vs .

V= = NBA,

Here, ® is the magnetic flux, E is the electric field, N is the number of turns in the wire,
B is the magnetic field , and A, =b-n Aj,p is the projection of the cross-sectional area
of the loop along the magnetic field. The oppositely wound loops are placed next to
one another, so that they experience approximately the same magnetic and electrostatic
components.

The area of the probe A, can differ from the geometric area of the loop because of skin
effects. One way to determine the effective area is to calibrate the probe by placing it
in a known magnetic field. We get localized measurements of the magnetic field from
inductive probes. For effective measurements, the length scale of variation of the mag-
netic field must be small compared to the size of the probe.

3.4.2 Laser Interferometry

Laser interferometry is an imaging technique used to measure the line-integrated elec-
tron density. It has been used in pulsed-power plasmas to visualize the plasma flow
(Swadling et al. [2013];Lebedev et al. [2014]; Burdiak et al. [2017]). Laser interferome-
try is based on the principle of interference of two electromagnetic waves with different
phases. In a typical interferometry setup like the Mach-Zehnder interferometer shown
in Figure 3-7, a monochromatic beam is split into a reference and a probe beam using a
beamsplitter. The probe beam then propagates through the plasma, while the reference
beam propagates via air or vacuum. Since the refractive index of the plasma is different
from that of vacuum, the probing beam accumulates a different phase compared to the
reference beam as it propagates through the plasma. The reference and probe beams,
which now have a relative phase difference between them, interfere at the target. The
phase difference between the two beams can be determined from the intensity at the
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Figure 3-7: Schematic of a simple Mach-Zehnder interferometer.

detector, and the phase difference can then be related to the electron density.

Consider two monochromatic plane electromagnetic waves:

E, = Er’Oe—lwtezk,-x

Ep =Epoe et 319

The reference wave E; and probe wave E; interfere at the detector. The total field be-
comes:
E,=E,+E,= (E,,Oe"kr'x + Ep,oe"kp"‘) et (3.14)

The total intensity is:

II = Et E::
(3.15)

I = |Er,0|2 + |Ep,0|2 +Epo- Ep,O el(kl—k2)~x 4 o ila-ka)x

Using the Euler expression e + e=¢ = 2cos 8, we get:

I; = Erol* + |Epol* + 2By - Ep g cos [(k; —kz) - X] (3.16)
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Or:
2Er,0 * Epyo

It = (|Erol® + |Ep o) |1 + ————
roo P |Ey0l2 + [Ep,ol?

cosA¢ (3.17)

Where A¢ = (k; —ky) -xis the phase difference between the reference and probe beams.

In general, the phase accumulated by an electromagnetic wave for a slowly-varying medium
is (Hutchinson [2002]):

cp:fN-dl (3.18)

Here, N = k?c?/w is the refractive index.

In the absence of the plasma, the probe and reference beams have the same refractive
index N = 1, and accumulate the same phase, so that the phase difference is zero, i.e.
A¢ = (k; — ko) -x = 0. In this case, the detector reads a constant intensity. In the presence
of the plasma, k; # kg, so a phase difference is introduced between the probe and refer-
ence beams, and the detector reads a modulated intensity I;/ Iy ~ (1+cos A¢) depending
on whether the probe and reference beams interfere constructively or destructively.

The variation in the detected intensity varies as cos A¢. Therefore, phases that are sepa-
rated by 2 have the same intensity, which makes it difficult to uniquely determine the
density and direction of change of the phase. To overcome this issue, we introduce a
deliberate misalignment between the probe and reference beams (Hutchinson [2002];
Swadling et al. [2013]). The misalignment introduces a spatially varying phase differ-
ence between the probe and reference beams (even when there is no plasma), such that
an interference pattern of bright and dark fringes forms at the detector, as shown in Fig-
ure 3-8c. Consider an interferometer where the wavevectors of the probe and reference
beams are misaligned with an angle 2a between them. The intensity at the detector is
given by 3.16. If we assume that E, o = E;o = Ey, then we can write the intensity at the
detector as:

I;
—=1+cos[(k; —ks) -x 3.19
2E§ [(k1 —k2) -x] ( )
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Figure 3-8: (a) Synthetic electron density map. The plasma electron density is modeled as a radially vary-
ing Gaussian function with a standard deviation of 50 1. We have normalized the spatial axis with the
probing laser wavelength. (b) Synthetic interferogram in a spatially homodyned system, where there is no
misalignment between the probing and reference beams. (c) Background interferogram in the absence
of plasma in a spatially heterodyned system. A slight misalignment between the probe and laser beams
produces an interference pattern of dark and bright fringes. (d) Synthetic interferogram in the presence of
the plasma. The phase introduced by the plasma distorts the pattern of bright and dark fringes. We have
ignored any shadowgraphy effects due to density gradients, and any emission and absorption of radiation
by the plasma in generating the synthetic interferograms.

For the configuration shown in Figure, we can write the phase difference as:
kcosa kcosa
—

) ) =2ksinay (3.20)
ksina

—ksina
Combining this result with Equation 3.19, we observe that in the absence of any plasma,
the intensity at the detector is modulated in the y-direction with a wavenumber kp,oq =
2ksina. For small ¢ «< 1, we can approximate the intensity as:

1
—L = 1+cos(2kay) (3.21)

2
2F?
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Here, k is the wavenumber of the probe and reference beams, and « is half the angle
between them. Therefore, we can see that the interferogram comprises a linear pattern
of dark 2kay = nn,n =+1,3,5,...) and bright fringes 2kay = mn, m = £0,2,4,...), with
a fringe separation (between successive bright or dark fringes) of AA = n/ka. This is
shown in Figure 3-7c, where we have generated a synthetic interferogram from the in-
terference of two electromagnetic waves with a slight misalignment between them.

The presence of the plasma adds an additional phase ¢, to the probe beam. Using the
ansatz ¢, = V¢, - X, we can express the intensity as:

I;
Z_E(Z) =1+ cos|[(k; —kz + Vpp) -x] (3.22)

The phase introduced by the plasma now changes the wavenumber of the modulation,
and allows us to determine both the magnitude and the direction of change of phase. In
regions where the phase in increasing with distance along the direction of propagation,
i.e V¢, >0, the fringes are closer. Similarly, where the phase decreases with distance, i.e
V¢, <0, the fringes are spaced further apart.

The introduction of a phase ¢, distorts the spatially uniform fringe pattern in a spatially
heterodyned interferometry system, as shown in Figure 3-8d. All that remains is to re-
late the phase to the electron density n, of the plasma. In order to do so, we need to
determine the refractive index of the plasma, which requires solving for the dispersion
relation of electromagnetic waves in a plasma.

We present the full derivation of the EM wave dispersion relation in Appendix A for the

interested reader. Here, we shall only consider the case where the gyration frequency of

electrons is much smaller than the frequency of the EM wave, i.e. Q, = % K Wpe K 0.

Here, B is the magnetic field strength, e is the electron charge, and m is the electron

mass. For our plasmas with typical values of B ~ 10 T, n, ~ 10'® cm™3, the electron gyro

frequency is Q. ~ 2 x 10'? rads™!

1

, which is much smaller than the typical laser frequen-

cies w = c/k ~ 10" rads™! used for laser plasma diagnostics. In this limit, the principal

mode of propagation is the ordinary wave (or O-wave), which has the dispersion relation
(Hutchinson [2002]):

2
NP==—=1--2 (3.23)
Here, w, = ne.e’/ me is the electron plasma frequency.

73



Chapter 3. Pulsed Power and Z-pinch Wire Arrays

When the wave frequency equals the electron plasma frequency w = wj, the wave is
cut-off. When w < w), the wave vector k becomes imaginary and oscillatory solutions
are not possible. The wave is said to be evanescent and is damped exponentially. The
cut-off or critical plasma density n, is:

w?>meg

ne = > (3.24)
e
And the refractive index can be written as:
N?>=1-n,/n, (3.25)

The phase difference A¢ between the reference beam and the probing beam is:

w
AP = - . =— | 1=1/1=w?/w? 2
[0) f(kl kp)-dl cf \/ wp/w dl (3.26)

In the limit where w%/ w? << 1, we can write Equation 3.26:

1 2.4, O
A¢p = 2waa)pdl— 2cncfnedl 3.27)

Thus, the phase difference between the reference and probe beams is proportional to
the line integrated plasma density.

3.4.3 Optical Thompson Scattering

Optical Thompson Scattering (OTS) is a powerful diagnostic technique that can provide
information about the density, temperature, ionization, and velocity of a plasma. It is
another commonly used diagnostic technique in pulsed-power driven plasmas (Harvey-
Thompson et al. [2012]; Burdiak et al. [2017]; Hare et al. [2018]; Suttle et al. [2021]). In
OTS, we illuminate a small volume of the plasma with a monochromatic laser beam. The
electrons in the plasma accelerate in response to the electromagnetic field of the inci-
dent radiation. The accelerating charges in the scattering volume emit radiation in all
directions (except along the electric field) — this is called the scattered radiation which
typically exhibits a power spectrum different from the incident light. We collect the scat-
tered radiation at some angle 6 to the direction of propagation of the incident beam, and
by measuring the scattered spectrum with a spectrometer, we can determine several im-
portant properties of the plasma. Scattering from a plasma in the non-relativistic regime
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Figure 3-9: (a) Schematic of a simple Optical Thompson Scattering setup. An electromagnetic wave with
the wave vector k; illuminates the scattering volume. We collect the scattered radiation (which has some
wave vector kg) at an angle 0 to the incident wave. The spectrum of the scattered radiation is measured
with a spectrometer. (b) A synthetic spectral density function showing well separated ion acoustic peaks.
The spectral density function is convolved with the spectrometer response function (a Gaussian function
with o = 2A to generate the expected signal. The spectral density function is Doppler shifted due to the
velocity of the moving plasma.

is called Thompson scattering. Similarly, scattering from relativistic plasmas is called
Compton scattering. The plasmas of interest in this thesis are non-relativistic plasmas,
so their scattered radiation can be described well with the theory of Thomson scattering
(Sheffield et al. [2010]).

We do not provide the full theory of Thompson scattering here, but only summarize
the key results. The full derivation based on the treatment by Sheffield et al. [2010] and
Hutchinson [2002] is provided in Appendix B for the interested reader. Consider an elec-
tromagnetic wave with the wave vector k; and angular frequency w; which illuminates
a small scattering volume within the plasma, as shown in Figure. We collect the scat-
tered radiation (which has some frequency w; and wave vector k) at a distance R along
the direction 8. We define the scattering wave vector and the scattering frequency as
k =k -k; and w = w; — w; respectively. The total scattered electric field will have con-
tributions from all electrons in the scattering volume, so we integrate the power over
the electron distribution function and represent the average power as the ensemble-
averaged power. We calculate the time-averaged power per unit solid angle per unit
frequency interval from the Fourier transform of the total energy flux along the scatter-
ing direction 8. The ensemble-averaged scattered power spectrum for non-relativistic
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scattering is (Sheffield et al. [2010]):

dp qinTs 5 12 ikR

= §x (§ xE;jo)| "™ " NSk, w) (3.28)
<dQsdws> 21 [ 1o ]

Where g;, = CE?O/ (4m) is the magnitude of the incident energy flux, r, = e’/ mec? is the

classic electron radius, Ejg is the incident electric field, § is the scattering direction, k; is

the wave number of the scattered radiation, w; is the frequency of the scattered radia-

tion, Q is the solid angle, and N is the total number of electrons in the scattering volume.

S(k, w) is called the spectral density function. It determines the shape of the power spec-
trum in frequency space, and is a function of the scattering wave vector k and the scat-
tering frequency w. The spectral density function is defined as (Sheffield et al. [2010]):

1 k,w)|?
Skw = lim —<'”E(—“’)'> (3.29)
T—’OO,V—’OO TV neo

Here, n.(k, ) is the Fourier transform of the electron density n.(r, t), and n, is the aver-
age electron density of the scattering volume. For a non-relativistic, unmagnetized col-
issionless plasma, we can show that the spectral density function has the form (Sheffield
etal. [2010]):

‘2 (%) (3.30)

eo E k
Here, Z is the ionization, f; is the 1D normalized Maxwellian distribution, and y; and ¥,

are the electric susceptibilities of the ions and electrons respectively, which are related
to the plasma dielectric constant:

e=1+ye+yi (3.31)

We can show that for an unmagnetized collisionless plasma, the electric susceptibilities
are (Sheffield et al. [2010]):

1 (ZS Te) ( w ) (3.32)
= w .
As Apk)?\ T; kvip,s

Here, Ap is the Debye length, T, and T; are electron and ion temperatures, and vy, s is
the thermal velocity of species s. w is the derivative of the plasma dispersion function,
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which we can write in terms of the Dawson integral:

w(zg) = 1+ iv/Tz0e % — 220D (2)
Y 2
D+(x):exf el dt
0

The 1D normalized Maxwellian distribution is:

1 1/2
fs= (7[1/2 ) eXp(—UZ/vfh’S)

th,s
Zkb TS
Uth,s =
m
The scattering wave vector is:
k=ks—kj

k= \/k2+ k? — 2ksk; cos

The scattering frequency is:

W=W;—Ww;

272 2
wsi=1/C ki,s"'wpe

1/2

4nnee2)

Wy =
pe(me

Here, w, is the electron plasma frequency.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

When the electron fluid is non-stationary and moves with a velocity V, the scattered

frequency is Doppler shifted by V- k. The scattered frequency is then:

ws =1/ ki + w5 +V-k

(3.39)

The spectral density of the scattered radiation (Equation 3.30) has contributions from

both the ion and electron fluids. The scattered radiation also exhibits resonances at the

electron plasma wave and ion acoustic wave frequencies (Sheffield et al. [2010]). These

appear as peaks in the spectral density function, which are typically damped by Lan-
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dau and collisional damping. The ion acoustic feature, which are low frequency peaks
that appear at the ion acoustic frequency, is of particular interest. Figure 3-9b shows
a sythentic OTS spectrum with well-defined ion acoustic peaks. The peak separation,
peak width, and the Doppler shift allow us to discern information about the ion and
electron temperatures, ionisation, and velocity of the plasma (Sheffield et al. [2010]). We
provide more discussion on the application of the OTS ion feature to plasmas of interest
in Chapter 5.

The spectral density function (Equation 3.30) and the electric susceptibilities (Equa-
tion 3.32) are derived for non-relativistic unmagnetized collisionless plasmas. These
assumptions require further elaboration. The first, that of a non-relativistic plasma, is
satisfied when the characteristic velocity V of the plasma is small compared to the light
speed c, i.e. V/c < 1. The laboratory plasmas presented in this thesis exhibit velocities
~ 100 km s~ so this criterion is easily satisfied. Next, we assume that the plasma is colli-
sionless and unmagnetized, which at first glance, does not seem to apply to our system.
Typically, a plasma is collisionless if the mean free path of collisions A, is comparable
to the length scale L of the plasma. Similarly, the plasma is said to be magnetized is the
gyro-frequency ). is small compared to the characteristic frequency of the plasma 1/7.
From Table 3.1, Aup/L < 1 and Q.7 > 1 for our plasmas of interest, so the plasma is
highly collisional and magnetized (Suttle et al. [2019]; Burdiak et al. [2017]). Therefore,
it seems paradoxical to assume a collisional unmagnetized plasma in our derivation.

This apparent paradox is resolved if we consider that the plasma can still be collision-
less and unmagnetized with respect to the oscillating EM fields of the propagating laser
beams, i.e. v/w;s < 1and Q./w; s < 1 (Sheffield et al. [2010]). Here, v is the frequency
of collision between the ions and electrons, and Q. is the ion or electron gyro-frequency.
The EM fields of the propagating laser beams oscillate at a much smaller time scale
compared to the time scales at which the electron and ions collide and gyrate, and the
plasma appears effectively collisionless and unmagnetized to the incident and scattered
waves.

3.5 Summary of Pulsed-Power Machines and Z-Pinch Wire
Arrays

We use pulsed-power machines to drive a fast-rising high-amplitude current pulse through
an inductive load. Pulsed-power machines, like the MAGPIE generator at Imperial Col-
lege London, achieve this by discharging the capacitors in the Marx banks, and com-
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pressing the resulting current pulse using the Pulse Forming Lines. The Output Trans-
mission Line and the Magnetically Insulated Transmission Line (MITL) deliver the cur-
rent pulse to the load which sits in a vacuum chamber. We use an exploding wire ar-
ray as the load in our pulsed-power experiments to generate a highly-collisional ra-
dially diverging magnetized plasma. An exploding wire array consists of a cylindrical
set of wires arranged around a central conductor. When the current flows through the
wires, the mass in the wires vaporizes and ionizes to form a ring of coronal plasma,
which is pushed radially outwards by the strong magnetic pressure inside the array. We
can estimate the rate of ablation in a wire array using the Rocket model, which esti-
mates the mass ablation rate to be proportional to the square of the total current in the
wires. We present three diagnostic techniques — inductive probes, plasma interferom-
etry, and Optical Thompson Scattering (OTS). Inductive probes, which work based on
Faraday’s law of electromagnetic induction, measure the time rate of change of mag-
netic flux through the probe. Laser interferometry, which allows us to determine the
line-integrated electron density, is a refractive index measurement based on the inter-
ference of two electromagnetic waves with a relative phase between them. Finally, OTS
is based on the scattering of light by the plasma, and can help us determine the ion and
electron temperatures, ionization, and velocity of the plasma.
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Chapter 4

Bow Shocks in Supersonic
Super-Alfvénic aluminum Plasma

In this chapter, we investigate 3D bow shocks in a highly collisional magnetized alu-
minum plasma, generated during the ablation phase of an exploding wire array on the
MAGPIE facility (1.4 MA, 250 ns) 1. Ablation of plasma from the wire array generates radi-
ally diverging, supersonic (5 < M; < 8), super-Alfvénic magnetized flows with frozen-in
magnetic flux (Re;, >> 1). These flows collide with inductive probes placed in the flow,
which serve both as the obstacles that generate the magnetized bow shocks, and as diag-
nostics of the advected magnetic field and flow velocity. Laser interferometry is used to
diagnose the line-integrated electron density. A detached bow shock forms ahead of the
probe and exhibits a fully 3D structure. The shock opening-angle is larger in the plane
parallel to the magnetic field than in the plane perpendicular to the field. We calculate
the the shock Mach angle from the shock geometry to determine the Mach number of
the upstream flow. The Mach angles are ~11° and ~7° in the parallel and perpendicular
planes respectively. Inductive probe measurements show that the peak post-shock mag-
netic field is ~ 14 T. We determine the velocity of the flow from the time of flight of the
plasma to the probe, and by combining this information with the observed shock geom-
etry, we estimate the temperature of the plasma. The velocity and electron temperature
are in good agreement with values reported from Thompson scattering measurements
in similar flows. Finally, we compare the experimental results with fully 3D simulations
performed using the resistive MHD code GORGON.

IThe experimental data reported here were collected by personnel at the MAGPIE facility, Imperial
College London, in 2016. The author is responsible for the analysis and interpretation of the collected
data.
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(a) End-on View (b) Side-on View
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Figure 4-1: Experimental setup showing the exploding wire array and obstacle configuration. (a) End-on
(xy-plane) view of the experimental geometry, showing a cylindrical array of 16 equally-spaced 30 pm Al
wires around a central cathode. The array diameter is 16 mm and the array height is 16 mm. An inductive
probe serves as the obstacle and is placed ~ 5.5 mm from the array surface. The magnetic field lines lie
parallel to the end-on plane, and point in the azimuthal direction with respect to the center of the array.
(b) Side-on (xz-plane) view of the experimental geometry. In the side-on plane, the magnetic field lines
ahead of the obstacle lie perpendicular to the plane, and point out of the page.

4.1 Experimental and Diagnostic Setup

The experimental setup is illustrated in Figure 4-1. The load consists of a cylindrical
array of 16 equally-spaced 30 um diameter aluminum wires around a central stainless
steel cathode. The array diameter and the array height are both 16 mm. The load is
placed within a vacuum chamber that sits atop the MITL of the pulsed-power generator.
The current pulse (1.4 MA peak current, 250 ns rise time) is generated using the MAGPIE
generator at Imperial College London.

When current flows through the wires, the wires heat up resistively. The wire material va-
porizes and ionizes to create a ring of low-density coronal plasma around the dense wire
cores. Current density is mostly concentrated within a thin skin region containing the
coronal plasma immediately around the stationary wire cores. The global j x B Lorentz
force accelerates the coronal plasma radially outwards, and the ablating plasma streams
supersonically into the flow region around the array. The ion-ion mean free path of the
ablating plasma is typically small (1;;/a < 1), and the magnetic Reynolds number is
typically large Re;;, ~ 10— 100 (Suttle et al. [2019]). The ablating plasma advects some
of the current density and the magnetic field at the array surface radially outwards, re-
sulting in outflows of highly collisional magnetized plasma. The velocity of the ablating
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plasma in similar setups is typically supersonic Mg ~ 5 and super-fast My ~ 2 (Burdiak
etal. [2017]; Suttle et al. [2019]). When these hypersonic outflows collide with the obsta-
cles, they generate detached bow shocks.

In contrast to previous experimental work, an inductive probe serves as the obstacle,
and is placed 5.5 mm from the array surface. The probe consists of two strands of
enamel-coated wire, threaded through a ~ 1 mm diameter thin steel tube. In addition to
generating bow shocks, the probe also measures the post-shock magnetic field. We use
a laser interferometry imaging system to visualize the plasma flow and the bow shock.
The interferometry system provides line-integrated side-on (x-z plane) and end-on (x-
y plane) views of the experimental setup. Note that throughout this chapter, we use a
coordinate system positioned at the intersection of the obstacle axis and the wire array
surface.

4.1.1 Inductive Probes

In addition to the inductive probe placed in the flow, a second inductive probe is placed
in a recess inside the MITL (magnetically insulated transmission line) of the pulsed-
power machine, and is used to monitor the current in the load. The signal from the
probes is recorded using an oscilloscope with a 1 ns digitization rate.

The probe placed in the flow consists of two oppositely-wound single-turn loops of con-
ducting wire in a thin steel tube, as illustrated in Figure 3-6. Having two oppositely-
wound loops in the inductive probe allows us to combine the signals from each loop
and isolate the contribution of the time-varying magnetic flux.

Vi = Ci)l + Vg

Vg = —d)g + VE 4.1)
Vi-V, .

V= = NBA,

Here, ® is the magnetic flux, E is the electric field, N is the number of turns in the wire,
B is the magnetic field , and A, =b-n Aj,p is the projection of the cross-sectional area
of the loop along the magnetic field.

We position the inductive probe to measure the azimuthal magnetic field (with respect
to the array center); the normals to the surfaces of the loops lie along the magnetic field.
The inductive probe was calibrated before use in the experiment to determine the effec-
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Figure 4-2: (a) Raw end-on interferogram of the experimental set-up the the absence of plasma. This view
is illuminated using a 532 nm pulsed Nd-YAG laser. (b) Raw side-on interferogram of the experimental
set-up the the absence of plasma. This view is illuminated using a 1053 nm Nd:Glass laser. The probe
and reference beams are slightly misaligned to generate a spatially heterodyned system. In the absence of
plasma, this creates a linear pattern of bright and dark interference fringes.

tive area Ay, of the probe. This was done by placing the probe within the known magnetic
field generated by a ~ 1 kA time-varying current. The effective areas of the probe deter-
mined from the calibration is Aeg = 0.295 +0.01 mm?.

The voltage signal from the probe is proportional to the time-rate of change of the mag-
netic field. To determine the magnetic field strength at the probe, we integrate the signal
in time with the initial condition B(t = 0) = 0.

In pulsed-power systems, inductive probes are a good diagnostic of the magnetic field
only until the time of peak current. After peak current, magnetic insulation in the MITL
becomes weaker and breakdown can occur. The current can take complicated paths
through the system, and the measurement of the current in the MITL using the inductive
probe is no longer a good proxy for the behaviour of the current in the load itself.

4.1.2 Laser Interferometry

We use a Mach-Zehnder interferometry system to visualize the plasma flow and to deter-
mine the line-integrated electron density. Our interferometry system is set up to provide
both end-on and side-on views of the experimental setup. The end-on (x-y plane) view
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provides an axially integrated view of the experimental setup. This view is shown in Fig-
ure 4-2a. This line-of-sight is illuminated using a 532 nm pulsed Nd-YAG laser with a
pulse width of 150 ps. The pulse width sets the coherence length and the temporal res-
olution of the interferometry system. The side-on view provides a line-integrated (along
the y-direction) view of the x-z plane. This view is shown in Figure 4-2b. Itis illuminated
using a 1053 nm Nd:Glass laser.

We combine the probe beam (which passes through the plasma) and the reference beam
(which passes through air/vacuum) at the CCD of a DSLR camera. The probe and ref-
erence beams are slightly misaligned to generate a spatially heterodyned system. In the
absence of plasma, this creates a linear pattern of bright and dark interference fringes.
When the probe beam propagates through the laser, the resulting phase accumulated
by the beam distorts the fringe pattern and introduces a spatially-varying fringe shift.
We use the observed fringe shift to determine the phase difference between the probe
and reference beams, and to calculate the line-integrated electron density (Hare et al.
[(2019]).

4.2 Electron Density Measurements
and Shock Morphology

Figure 4-3 shows the end-on and side-on raw interferograms and the processed line-
integrated electron density maps captured at 300 ns after current start. The phase accu-
mulated by the probing beam distorts the linear fringe pattern in the raw interferograms.
A detached bow shock, characterized by a curved discontinuity in electron density, is
visible in both end-on and side-on images. Note that the bow shock is more distinct
on the top of the probe in both end-on and side-on images. This is because the shock
front is almost parallel to the fringes under the probe, so the fringes remain relatively
undisturbed. The shock front appears distinct on the other side of the probe, where the
fringes are at an angle to the shock.

The upstream electron density is not constant ahead of the obstacle. In both end-on
and side-on images, the electron density is high near the surface of the wire array and
decreases with distance from the array. In the end-on plane, the upstream flow exhibits
significant modulation in the azimuthal direction. The azimuthal modulation in elec-
tron density results from the supersonic collision of adjacent jets emanating from the
wire cores, which forms hot dense standing oblique shocks. We discuss oblique shocks
in more detail in Chapter 5. Due to the oblique shocks, we expect the Mach number of
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Figure 4-3: (a) End-on spatially heterodyned raw interferogram captured at 300 ns after current start using
a Mach-Zehnder interferometry system with a 532 nm laser. The red shaded region is the shadow of the
inductive probe, measured by blocking the reference beam and therefore backlighting the inductive probe
using the probing laser beam. (b) End-on line-integrated electron density map determined using laser
plasma interferometry. (c) Side-on raw interferogram captured at 300 ns after current start using a 1053
nm laser. (d) Side-on line-integrated electron density map determined using laser plasma interferometry.
A detached bow shock is visible ahead of the probe in both side-on and end-on views. The shock opening
half-angle is larger in the end-on view than in the side-on view. Note that regions in black near the obstacle
and the wire array surface represent locations where the probing beam is lost.

the upstream flow in the end-on plane to also be modulated. In comparison, the up-
stream flow in the side-on plane is relatively more uniform.

We define the shock opening half-angle a/2 as the angle between the obstacle axis and
the shock front (See Figure 4-4). The opening half-angle decreases continuously with
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Figure 4-4: Schematic overlay showing bow shock geometry observed ahead of the inductive probe in the
end-on view. The shock front is represented by the dashed green line. The opening half-angle is the angle
between the obstacle axis and the shock front. The shock angle is the angle between the upstream velocity
and the shock front.

distance from the nose of the obstacle. We observe the shock opening angle to be larger
in the end-on plane than in the side-on plane.

The upstream velocity u; makes an angle 6,,; with respect to the horizontal. We define
the shock angle o as the angle between the upstream velocity vector and the shock front
(Figure 4-4). We can determine the shock angle from the opening half-angle and the
velocity angle as 0 = /2 — 0. To determine the opening-half angle from the observed
bow shock geometry, we trace the shock front and fit a curve s(xs, y;) to it. The opening
half-angle then becomes a/2 = tan™! (dy,/d x;).

In the side-on view, the upstream velocity only has a component in the x-direction, i.e.
0.1 = 0. So the opening half-angle and the shock angle are equal in the side-on view. In
the end-on view, the velocity vector makes a non-zero angle with the horizontal. There-
fore, we must account for the direction of the upstream velocity when calculating the
shock angle. We assume that the upstream velocity propagates radially outwards with
respect to the array center. The upstream velocity then makes an angle 8,,; = tan™! (y/x)
to the horizontal.

In a bow shock, the shock angle varies continuously from 90° at the nose of the obstacle
to the Mach angle u asymptotically far away from the obstacle, where the bow shock
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constitutes an infinitesimally weak Mach wave. From our interferometry images (Fig-
ure 4-3), we observe that the shock opening half-angle approaches /2 —30°and a/2 —
7° in the end-on and side-on views respectively. The Mach angles are p = 11+ 0.5° and
i1 = 7+ 0.5° in the end-on and side-on planes respectively. We discuss the discrepancy
between the end-on and side-on Mach angles in §4.4.

If we assume that the linear wave phase velocity in the plasma is isotropic, we can use the
simple relation sin u = 1/ M to obtain the upstream Mach number. In the end-on plane,
the observed Mach angle corresponds to an upstream Mach number of Mg = 5.2 +0.3.
In the side-on plane, the upstream Mach number is Mg = 8.2 +0.6.

The assumption of an isotropic linear phase velocity requires further elaboration. If
the shock is hydrodynamic, then the sound wave, which propagates isotropically at the
ion sound speed Cj, sets the Mach angle. In a fast magnetohydrodynamic shock, the
fast magnetosonic wave which determines the shock dynamics exhibits an anisotropic
phase velocity — the fast wave propagates at the magnetosonic velocity 4/ Vj + C§ per-
pendicular to the magnetic field, and at the higher of the sound speed and Alfvén speed
V, parallel to the magnetic field. Experimental results from pulsed-power aluminum
plasmas in exploding wire arrays have shown that the magnetic pressure dominates, so
that the Alfvén speed V4 exceeds the sound speed Cs. Secondly, similar experiments
with 2D cylindrical obstacles show that the fast and Alfvén Mach numbers are expected
to be roughly ~ 2 (while the sound Mach number Mg > 5) (Burdiak et al. [2017]; Suttle
et al. [2019]). Thus, we can expect the anisotropy in the fast wave speed to be small.

4.3 Magnetic Field Measurements

Figure 4-5a shows the voltage signal from the inductive probes placed near the MITL
and in the flow. The signal from the inductive probe near the MITL is proportional to
the time rate of change of the current in the load. The current rate I in the load is ini-
tially positive for 0 < ¢ < 250 ns, then becomes negative for ¢ > 250 ns, before returning
back to 0 at ¢ = 400 ns. The voltage signal at the load exhibits a characteristic ‘double-
bumped’ structure with a larger peak at ~ 85 ns and a smaller peak at ~ 180 ns, caused
by reflections from impedance mismatches within the transmission lines (Mitchell et al.
[1996]). We observe that the rise time of the load current is ~ 250 ns.

The probe placed in the flow measures the time-rate of change of the post-shock mag-
netic field. The probe in the flow approximately reproduces the shape and characteristic
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features of signal at the MITL, including the characteristic ‘double bump’, showing that
the magnetic field is frozen into the flow, and that the magnetic field from the inside of
the array is advected to the outside by the ablating plasma. The black and blue circles in
Figure 4-5a represent these features on the load and probe 1 signals respectively.

Figure 4-5b shows the normalized load current and the advected post-shock magnetic
field. The normalized load current is determined by integrating the MITL inductive
probe signal. The advected magnetic field is determined by integrating the voltage sig-
nals from the probe in the flow. The load current initially rises, reaches a maximum at
~ 250 ns, and then falls. The load current and the advected magnetic field have similar
shapes, again confirming that the magnetic flux is frozen into the flow. We observe the
post-shock peak magnetic field to be ~ 14 T. Due to a lack of calibration information we
only show the shape of the current waveform rather than its magnitude. Other exper-
iments show that MAGPIE consistently delivers a 1.4 MA peak current, which what we
used in the later simulations of this experiment.

Figure 4-5c shows the velocity of the plasma at the inductive probe determined from
the ratio of the distance from the array to the probe and the time of flight of the plasma
to the probe. The time of flight is determined from the time interval between the cor-
responding features on the load and the probe signals respectively, as shown in Figure
4-5(a). The distance to the probe (L = 5.55 + 0.25 mm) is determined from the interfer-
ometry images. The velocity at the probe is ~ 100 km s™! early in time and decreases to
~ 60 km s™! at £ = 350 ns. We can compare flow velocity with the flow speed determined
in similar exploding arrays using Thompson scattering. Burdiak et al. [2017] report a
flow velocity of = 75 km s™! at t = 250 ns from Thompson scattering measurements at
a position ~ 6 mm from the array. This is consistent with the calculated flow velocity of
71+12km s~! from our inductive probe measurements.

At 300 ns, the velocity at the probe is V = 62+12 km s™!. From the interferometry images,
we know that the expected upstream Mach numbers are 5.2+0.3 and 8.2+0.6 in the end-
on and side-on planes respectively. If we assume that the shock is hydrodynamic, then
we can determine the sound speed Cs and the electron temperature Z T, of the plasma.
The sound speed is Cs = 11.8 +2.4 km s™! in the end-on plane, and Cs = 7.6+ 1.6 km s~}
in the side-on plane. This corresponds to ZT, =35+ 14 eVand ZT, = 14 £6 eV in the
end-on and side-on planes respectively. For comparison, the value of Z T, determined
using Thomson scattering in a similar pulsed-power driven aluminum plasma is ~ 42 eV
(Burdiak et al. [2017]). Assuming an average ionization of 3.5 for the aluminum plasma,
the expected electron temperature is T, = 10 eV (end-on) and T, = 4 eV (side-on).
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Figure 4-5: Load current and magnetic field measurements from inductive probes. (a) Voltage signal from
inductive probes. The grey line represents the signal from the probe located near the magnetically in-
sulated transmission line (MITL). The black line represents the voltage signal from the inductive probe
placed in the flow. (b) Normalized load current and the advected post-shock magnetic field. The ad-
vected magnetic field is determined from integration of the voltage signal from the probe. (c) Velocity of
the plasma at the probe determined from the time of flight of the plasma to the position of the probe.
The time of flight is determined from the time interval between the corresponding features on the load
and the probe signals respectively, as shown in (a). The blue solid curve is a linear fit through the velocity
measurements, and the blue shaded region is the +1 standard deviation bounds of the fit.
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Figure 4-6: GORGON resistive MHD simulation with an electron density slice of the ablating plasma at
300 ns. A detached bow shock is seen ahead of the obstacle. Note that the left half of the electron density
slice is clipped for clarity.

4.4 Comparison with Simulation

We perform full 3D simulations of a 16 mm diameter 16 mm tall exploding wire array
with 16 equally-spaced 30 u aluminum wires. A sine-squared current profile (I = 1.4
MA, tise = 240 ns) was applied to the load. The simulation domain is a cuboid with di-
mensions 60 x 60 x 45 m3, and a resolution of ~180 pm. The wire core diameter is set
to =540 um. We place a perfectly resistive cylindrical obstacle of radius ~ 1 mm at 5.5
mm from the array surface. The cylindrical obstacle mimics the inductive B-dot probes
in the experiment, and is aligned parallel to the x-axis. The leading edge of the cylinder
is a non-conducting sphere of radius ~ 1 mm, such that the leading edge is located at
x = 12.6 mm. The obstacle is positioned such that the oblique shock centerline is paral-
lel to the obstacle axis. The simulation geometry, together with a slice of the simulated
electron density at 300 ns, are shown in Figure 4-6.

Figure 4-7a and Figure 4-8a show the end-on and side-on slices of the simulated elec-
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tron density through the obstacle mid-plane at 300 ns. Figure 4-7b and 4-8b show the
end-on and side-on line-integrated electron density at 300 ns. A detached bow shock is
visible ahead of the obstacle in both the electron density slices and the line-integrated
maps. In the line-integrated electron density maps, the shock front appears "muted",
similar to what we observe in the experimental image. This is because line-integrating
obfuscates the intensity of the 3D shock front.

The simulated upstream flow is qualitatively similar to the experimentally observed flow.
The electron density is higher closer to the array surface and decreases with distance
from the array in both the simulation and experiment. In the end-on plane, the up-
stream flow in both the simulated and experimentally observed electron density maps
are modulated in the azimuthal direction due to the formation of oblique shocks be-
tween adjacent plasma jets, while in the side-on plane, the upstream flow is relatively
more uniform. The opening half-angle in the end-on plane is larger than in the side-on
plane, similar to what is observed in the experiment. Far from the obstacle, the opening
half-angle in the side-on plane approaches =~ 7° in both the simulation and experiment.
In the end-on plane, however, the opening half-angle in the end-on plane approaches
~ 21° in the simulation, and = 30° in the experiment.

We determine the shock angle in the simulation by subtracting the angle the upstream
velocity makes with the horizontal from the opening half-angle. The Mach angles from
the simulation are u = 8° in the end-on plane, and p = 7° in the side-on plane. This cor-
responds to an upstream Mach number of 7.2 < M; <8.2.

We can compare these values of the upstream Mach number obtained from shock geom-
etry with those obtained from the fluid properties. We calculate the sonic Mach number
Mg = u;/Cg. Here, Cg = \/m is the ion sound speed, Z is the ionization of the
plasma, T, is the electron temperature, and m; is the ion mass. The polytropic index y
typically differs from the ideal fluid value of 5/3 for a plasma, and is a function of the ion
density n; and electron temperature T,. The polytropic index of the simulated plasma
remains relatively constant at y = 1.13 throughout the plasma. The upstream flow is
supersonic. In the end-on plane, the sound Mach number is modulated between the
oblique shocks and the jets, and varies between 4.8 < Mg < 8.2 upstream of the shock.
In the side-on plane, the upstream Mach increases with distance form the array, and
varies between 4.8 < Mg < 6.9 upstream of the shock. This range of Mach numbers is
in good agreement with the range of Mach numbers expected from the geometry of the
simulated shock (7.2 < M; < 8.2).
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Figure 4-7: (a) End-on slice of electron density at 300 ns from 3D resistive MHD GORGON simulation
of the experimental geometry. (b) End-on line-integrated electron density at 300 ns from 3D resistive
MHD GORGON simulation of the experimental geometry. (c) Experimental end-on line-integrated elec-
tron density at 300 ns from plasma interferometry (reproduced here from Figure 4-3). In each image, the
plasma flow is from the left to the right, and the magnetic field lies in the plane of the page. A bow shock,
characterized by a discontinuous increase in electron density, is visible ahead of the obstacle. Far from
the obstacle, the opening half-angle in the end-on plane approaches = 21° in the simulation, and = 30°
in the experiment.

Simulation Simulation
(Slice) (Line-Integrated) .
a/2 — 7° ’ _
o
2 E
[&]
©
[=)
Obstacle Obstacle 15
A
1
c
v
0.5
t=300ns|
0

0
2 4 6 8 10
x (mm) x (mm) x (mm)

Figure 4-8: (a) Side-on slice of electron density at 300 ns from 3D resistive MHD GORGON simulation
of the experimental geometry. (b) Side-on line-integrated electron density at 300 ns from 3D resistive
MHD GORGON simulation of the experimental geometry. (c) Experimental side-on line-integrated elec-
tron density at 300 ns from plasma interferometry (reproduced here from Figure 4-3). In each image,
the plasma flow is from the left to the right, and the magnetic field points into the page. A bow shock,
characterized by a discontinuous increase in electron density, is visible ahead of the obstacle. Far from
the obstacle, the opening half-angle in the side-on plane approaches ~ 7° in both the simulation and
experiment.

We also compute the fast Mach number My = u;/Vy of the flow. Note that the fast mag-
netosonic speed is assumed to be Vy = 4/ C§ + Vj. The plasma beta of the simulated
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Figure 4-9: (a) Magnetic field lines overlaid on the electron density map generated in GORGON at 300
ns after current start. The magnetic field lines point in the azimuthal direction, and remain mostly unaf-
fected by the shock front, confirming the hydrodynamic nature of the shock. (b) Line-outs of the magnetic
field and electron density along the obstacle-axis. The magnetic field exhibits a negligible perturbation at
the shock front.

plasma is § ~ 0.1, so the upstream fast phase velocity is roughly isotropic and the Mach
number is approximately equal to the Alfvén Mach number. In the end-on and side-on
views, the upstream flow is sub-fast just upstream of the obstacle, and the fast Mach
number upstream of the shock increases to 1.1-1.9 away from the obstacle.

The upstream Mach number predicted from shock geometry is in better agreement with
the calculated upstream sonic Mach number Mg than with the fast Mach number M.
This suggests that the simulated shock is hydrodynamic in nature, and that the mag-
netic field is able to diffuse resistively through the obstacle rather than be compressed
ahead of it. We plot the magnetic field lines overlaid onto the simulated electron den-
sity map in Figure 4-9a. The magnetic field lines point in the azimuthal direction, and
remain mostly unaffected by the shock front, confirming the hydrodynamic nature of
the shock. 4-9b shows line-outs of the magnetic field and electron density along the ob-
stacle axis. The magnetic field exhibits a negligible perturbation at the shock front. This
can happen if the resistive diffusion length scale is large, such that the magnetic field de-
couples from the fluid, and diffuses through the obstacle, instead of piling-up, or being
compressed by the shock. The calculated resistive diffusion length from the simulation
is L, ~ 1 mm. Furthermore, numerical resistivity, introduced due to a finite grid size,
can also increase the resistive diffusion length scale.

Finally, we plot the simulated magnetic field at the probe as a function of time, and com-
pare it with the experimentally obtained magnetic field strength in Figure 4-5. The shape
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Figure 4-10: (a) Pile-up of magnetic flux ahead of the 3D obstacle in the end-on plane. The field lines drape
around the obstacle, and the magnetic tension of the bent field lines opposes the upstream ram pressure.
(b) Pile-up and slipping of magnetic field lines ahead of a 3D obstacle in the side-on plane. Some of the
field lines will pile-up ahead of the obstacle, and some will slip past the obstacle. If the obstacle is resistive,
magnetic field may also resistively diffuse through it. The accumulation of the magnetic field will depend
on the competition between the rates of pile-up, diffusion and slipping

of the simulated magnetic field measurement is similar to that of the experimentally ob-
served field. However, the peak simulated field at the probe (~ 5.5 T) is weaker than the
experimentally observed peak field (~ 14 T). This suggests that the simulation may not
completely capture the dynamics of shock formation in the plasma. The higher post-
shock magnetic field observed in the experiment may be due to magnetic field pile-up
ahead of the obstacle. This may also explain the higher Mach angle (~ 11°) observed
in the end-on plane compared to the side-on plane (~ 7°). When magnetic field lines
frozen into the flow approach a resistive obstacle, they may pile-up ahead of the obsta-
cle, slip past it or diffuse through the obstacle. If the rate of slipping and diffusion in
small, then the magnetic field will drape around the obstacle. When the field lines pile-
up and bend ahead of the obstacle, as shown in Figure 4-10a, the magnetic tension of
the bent field lines provides an additional force opposing the ram pressure of the incom-
ing upstream flow, which results in a larger opening angle and stand-off distance of the
shock (Burdiak et al. [2017]). The end-on plane represents the plane parallel to the field
lines, and this bending and larger opening angle should increase the end-on opening
angle. However, in the side-on plane, the magnetic field lines are normal to the plane,
so even when the magnetic field lines pile up, the bending of field lines does not affect
the side-on shock angle, although we will still see a larger stand-off distance. This is
shown in Figure 4-10b. Moreover, the field lines can also slip past the obstacle, as shown
in Figure 4-10b, and also diffuse through the obstacle (and the thin layer of hot con-
ductive plasma on the obstacle surface), so the accumulation of the magnetic field will

95



Chapter 4. Bow Shocks in Supersonic Super-Alfvénic aluminum Plasma

depend on the competition between the rates of pile-up, diffusion and slipping. More
experiments and simulations are required to investigate magnetic field pile-up ahead of
the inductive probe.

4.5 Future Work

We propose 2 additional diagnostics to better characterize the shock dynamics in fu-
ture experiments. These are (1) Shadowgraphy/Schlieren Imaging (2) Optical Thomp-
son Scattering.

4.5.1 Shadowgraphy and Schlieren Imaging

Shadowgraphy and Schlieren imaging are imaging techniques that depend on the re-
fraction of light through the plasma. Electron density gradients cause deflection of light
rays in a plasma. Light rays are deflected away from high-density regions and towards
low-density regions. The magnitude of the deflection depends on the spatial derivative
of electron density.

In Shadowgraphy, light that passes through the plasma is simply captured on a detector.
High-density regions appear darker than low-density regions in the image. In Schlieren
imaging, light that has traveled through the plasma is focused using a converging lens.
A stop (or ‘knife-edge’) is placed at the focal point. This blocks any undeflected rays and
only allows deflected rays to pass through and impinge on the detector. This technique
is called dark-field Schlieren. The stop can also be displaced by some distance from the
focal position. This allows the undeflected rays to pass through and blocks the deflected
rays — a technique called bright-field Schlieren.

The intensity of the resulting image is proportional to the spatial derivatives of the elec-
tron density in Schlieren and Shadowgraphy imaging. Since bow shocks generate strong

density gradients, these techniques can be used to produce high-resolution images of
the shock.

4.5.2 Optical Thompson Scattering

We can determine the sound Mach number and direction of the upstream flow using
Optical Thompson Scattering (OTS). In OTS, we illuminate a small volume of the plasma
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Figure 4-11: Synthetic optical Thompson scattering spectra generated using simulated properties. (a)
Position of the TS collection volumes overlaid onto the simulated electron density slice at 300 ns. (b)
Synthetic TS spectral density function at 8 = 90° scattering angle. (c) Synthetic TS spectral density function
at 0 = 135° scattering angle. The sythetic spectra show well-defined ion acoustic peaks. We can determine
the electron and ion temperatures from the peak separation and peak width respectively, and the velocity
along the scattering vector from the Doppler shift of the response. Note that the red solid line represents
the spectral density function (black solid line) convolved with the spectrometer response (black dashed
line). The spectrometer response is assumed to be a o = 0.2A gaussian function.

with a laser beam. The incident light is scatted by the plasma in all directions. We col-
lect the scattered radiation at some angle 0 to the incident light. The spectrum of the
scattered light can give us information about the density, temperature, ionization, and
velocity of the plasma. OTS is discussed in more detail in Chapter 3.

The spectral density of the scattered radiation has contributions from both the ion and
electron fluids. The scattered radiation also exhibits resonances at the electron plasma
wave and ion acoustic wave frequencies. These appear as peaks in the spectral density
function. Peaks are typically damped by Landau damping and collisions.

The ion acoustic feature is of particular interest in our application. The ion acoustic
peaks are low-frequency features which appear at:

kZAZ . 1/2
D )(zn)ﬁ_ﬂ) w2

Wae =tk
“ ((1+k2)L2D mi ) m

Here, k is the wavenumber, Ap is the Debye length, Z is the ionization, T, is the electron
temperature, T; is the ion temperature, and m; is the ion mass.

Ion acoustic peaks are only visible in the spectral density function when ZT,/T; > 3. For
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smaller values of Z T,/ T; the peaks are strongly damped. The wavelength separation of
the peaks AA ~ A;\/Z T,/ m; gives us information about the electron temperature. The
width of the peak, which depends on the amount of Landau damping, increases with in-
creasing values of Z T,/ T;. Finally, we determine the velocity along the scattering vector
from the Doppler shift of the scattered radiation. By collecting the scattered radiation
along two non-parallel scattering vectors, we can determine the direction and magni-
tude of the upstream in-plane velocity.

Synthetic TS spectra at two different scattering angles 6 = 90° and 6 = 135° are shown
in Figure 4-11. The spectra are generated using the plasma parameters in the GORGON
simulation at 300 ns. Note that the Thomas-Fermi LTE ionization model used in GOR-
GON typically under-predicts the electron and ion temperatures. Here, we have used
more realistic values of electron and ion temperatures (Z T, ~ 40 eV, T; ~ 10 eV) for the
simulated spectra. The synthetic spectra show well-defined ion acoustic peaks, and the
response is Doppler shifted from the origin. This will allow us to determine the velocity,
electron, and ion temperatures in the experiment, and allow us to compare the velocity
and temperature determined from the inductive probes.

4.6 Summary

In this chapter, we have presented experimental results and discussion of bow shocks
generated in a supersonic magnetized plasma due to collision with inductive probes.
The plasma was generated using a pulsed-power driven exploding wire array with 16
equally-separated aluminum wires. An inductive probe was used to measure the post-
shock magnetic field in the flow, and laser interferometry was used to image the bow
shock and the flow around the probe.

Interferometry images taken at 300 ns after current start show a well-defined detached
bow shock ahead of the probe. The bow shock has a 3D structure, with a larger open-
ing angle in the end-on plane than in the side-on plane. Part of this effect is due to the
radially diverging nature of the upstream flow. Assuming that the upstream flow points
radially outwards from the array center, we subtract the angle of the velocity vector rel-
ative to the horizontal from the shock opening half-angle to determine the shock angle.
Far from the obstacle, the shock angle asymptotically approaches the Mach angle. From
the shock geometry, the Mach angle is 11°+0.5° in the end-on plane, and 7°+0.5° in the
side-on plane. These correspond to upstream Mach numbers of 5.2+0.3 (end-on) and
8.2+0.6 (side-on).
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Inductive probe measurements show good agreement between the shape of the signal at
the load and in the flow. The probe signal reproduces the characteristic "double-bump"
that appears in the load signal at a later time, showing that the magnetic field is frozen
into the flow. We integrate the probe signal in time to determine the magnetic field
strength. The peak magnetic field strength is 14 T and occurs at ~ 345 ns after current
start.

We use the time-of-flight of the plasma to the probe to estimate the flow velocity. The
flow velocity at the probe is ~ 100 km s~ early in time and decreases to ~ 60 km s}
later in time. The calculated flow velocity is consistent with the flow velocity of reported
in literature for pulsed-power driven aluminum plasmas. We use the velocity and the
shock geometry to estimate the sound speed, and therefore Z T, in the flow. The esti-
mated value of ZT, is 35+ 14 eV and 14 + 6 for end-on and side-on values of the Mach
number respectively, and includes the value of 42 eV determined using Thompson scat-

tering for a similar plasma.

We compare our results with full 3D resistive MHD simulation in GORGON. The sim-
ulation successfully reproduces several features of the experiment. The simulated bow
shock has a larger opening angle in the end-on plane than in the side-on plane. We
calculate the shock angle by subtracting the velocity angle from the opening half-angle.
The Mach angle is side-on plane is 7°, which is in good agreement with the experimen-
tally observed value. The Mach angle is end-on plane is 8°, which is = 3 ° lower than the
experimental value. This may be because the simulation may not be accurately captur-
ing the magnetic field- pile-up ahead of the obstacle.

We calculate the sonic Mach number from the simulated plasma parameters, and find
that it is in good agreement with the range of upstream Mach numbers expected from
the shock geometry. Therefore, the simulation predicts a hydrodynamic shock. Visual-
ization of the simulated magnetic field shows that the magnetic field is mostly unper-
turbed by the shock front. This may be a result of a very large resistive diffusion length
scale, which allows the magnetic field to diffuse through the obstacle and not participate
in the shock.

The results presented here provide insight into the physics of 3D magnetized bow shocks,
which are of relevance to many astrophysical plasma flows. Furthermore, we use a new
diagnostic technique to estimate both the time-resolved velocity and temperature of the
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plasma, by simultaneously measuring the time of flight of the plasma to the inductive
probe, and the geometry of the bow shock.
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Chapter 5

Oblique Shocks in Inverse Z-Pinch Wire
Arrays

In this chapter, we discuss oblique shocks in a highly collisional magnetized plasma,
generated during the ablation phase of the exploding wire array described in Chapter 4 !.
Standing hydrodynamic-like oblique shocks form when adjacent jets of plasma diverg-
ing from the wire cores collide in the azimuthal direction. We use laser interferometry to
visualize the oblique shocks and to obtain the line-integrated electron density. Oblique
shocks appear as regions of high-density post-shock plasma bounded on either side by
oblique shock fronts. The oblique shocks also exhibit a hollow density profile — the elec-
tron density is high near the shock fronts, and low near the shock center-line. Treating
the shock as a hydrodynamic-like oblique shock, we estimate the upstream sonic Mach
number from the observed shock geometry, and compare the experimental results with
2D resistive MHD simulations performed using GORGON.

5.1 Experimental and Diagnostic Setup

The experimental setup is described in Chapter 4. The load is a cylindrical exploding
wire array with 16 equally-spaced 30 um diameter aluminum wires, driven by the MAG-
PIE generator (1.4 MA, 250 ns). We use an end-on Mach-Zehnder laser interferometry
system (532 nm Nd:YAG) to visualize the oblique shocks.

IThe experimental data reported here were collected by personnel at the MAGPIE facility, Imperial
College London, in 2016. The author is responsible for the analysis and interpretation of the collected
data.
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Figure 5-1: End-on (xy-plane) view of the experimental geometry, showing a cylindrical array of 16
equally-spaced 30 um Al wires around a central cathode. The array diameter is 16 mm and the array height
is 16 mm. Collision of the azimuthally expanding plasma from the wire cores results in the formation of
oblique shocks between the ablating plasma jets.

5.2 Oblique Shock Morphology

Figure 5-2 shows the line-integrated end-on electron density map obtained from laser
interferometry at 300 ns after current start. Oblique shocks form between plasma jets
ablating from the wire cores, and appear as dense regions of post-shock plasma bounded
by oblique shock fronts. The shocks exhibit a hollow density profile — the electron den-
sity is lower at the shock center-line and higher at the oblique shock fronts. The oblique
shocks form due to the supersonic collision of adjacent azimuthally-expanding plasma
jets. The coronal plasma accelerates radially outwards from the array center under the
action of both the j x B and the pressure gradient Vp force. The j x B force only acts in
the radial direction, and does not accelerate the plasma in the azimuthal direction. The
plasma expands in the azimuthal direction due to its thermal pressure. Adjacent jets col-
lide supersonically and form oblique shock, as observed in Figure 5-2a. We take lineouts
of the line-integrated electron density along the azimuthal direction at radial locations
R =12 mm, 12.5 mm, and 13.0 mm. The electron density is ~2x higher along the cen-
ter of the ablating jets than in the oblique shocks. The electron density rises sharply at
the oblique shock fronts. The post-shock electron density is mostly uniform close to the
array (R <~ 12 mm), but the density profile becomes hollower away from the array at
R=~12.5mm.
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Figure 5-2: (a) End-on line-integrated electron density map obtained from laser interferometry. Oblique
shocks form between the ablating plasma jets from the wire cores, and appear as dense regions of post-
shock plasma bounded by oblique shock fronts. The oblique shocks exhibit a hollow density profile with
high density near the shock fronts and low density near the shock center-line. We use a coordinate sys-
tem centered on the array axis. (b) Lineouts of the line-integrated electron density along the azimuthal
direction at radial distances of R = 12 mm, 12.5 mm and 13 mm from the array center (dashed blue lines
in (a)). The electron density rises sharply at the oblique shock fronts. Close to the array (R = 12 mm), the
post-shock electron density is mostly uniform, but the density profile becomes hollow at R = 12.5 mm.

N Shock
Front

Figure 5-3: Schematic of the oblique shock geometry with the radial and azimuthal components of the
upstream magnetic field. In the limit of small @/2 — 6 and B, /By < 1, the upstream magnetic filed is
approximately parallel to the shock normal, and the shock becomes a hydrodynamic-like oblique shock.

Let us examine whether we expect the shock to be hydrodynamic (magnetic field is not
compressed) or magnetohydrodynamic (magnetic field is compressed). Consider an
oblique shock front which forms at an angle a/2 from the horizontal at a radial position
Ry from the array center, as illustrated in Figure 5-3. In the exploding array, the oblique
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shocks form close to the array surface, so Ry is approximately the radius of the exploding
wire array. We call the angle between the two oblique shock fronts a the opening angle
of the shock. At an arbitrary radial length r, the shock front is located at an azimuthal
position 0. From the geometry, we can relate the shock opening half-angle @/2 and the
azimuthal position 0 of the shock at some r using:

rcosftanf
tan(a/2) = ————— (5.1)
rcosf — Ry

Let the shock normal and shock tangent be represented by the unit normal vectors i
and t respectively. Then the tangential and normal components of the magnetic field at
the shock front are:

B = [B,cos(a/2—-0) - Bysin(a/2-0)]t
B, = [(Brsin(a/2—0)+ Bgcos(a/2—0)]n

(5.2)

Here, B, and By are the radial and azimuthal components of the upstream magnetic
field. In the small angle limit a/2 — 0 = { << 1, the expressions reduce to:

B = By — By(
Bp~B;(+ By =By

(5.3)

We see that the magnetic field normal to the shock front reduces to the azimuthal field.
Across a shock front, the normal magnetic field remains continuous, i.e. [B,] = 0, so we
expect the azimuthal magnetic field to be continuous across the shock front. The ra-
dial field B, contributes to the tangential field, which obeys [fi x (u x B)] =0, and can be
discontinuous across the shock front. Finally, in the limit of small radial magnetic field
B, /By < 0, such as in a cylindrical wire array, the tangential magnetic field becomes
small compared to the normal magnetic field B;/B,, ~ B,/ By —{ < 1. We can approxi-
mate the shock as a parallel shock (B; — 0), and the MHD shock reduces to a hydrody-
namic oblique shock. Therefore, we expect the oblique shocks to be hydrodynamic-like
in the exploding wire array.

In a hydrodynamic oblique shock, the upstream velocity u;, which forms an angle 0,
with the horizontal, is deflected by an angle ¢ across the shock front, as illustrated in
Figure 5-4a. The angle at which the shock front forms relative to the upstream velocity
is called the shock angle o. Across the shock front, the tangential velocity remains con-
tinuous, while the normal velocity decreases abruptly. In Figure 5-4a, the shock front
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Figure 5-4: (a) The upstream velocity makes an angle 6,,; with the horizontal, and is deflected by an angle
¢ across the shock front. The tangential velocity remains continuous across the shock front while the
normal velocity decreases abruptly, which causes the velocity vector to deflected counter-clockwise away
from the horizontal. The shock front forms at an angle o to the upstream velocity. (b) The upstream
velocity makes a negative angle to the horizontal and the magnitude of this angle is |0,,| > 7/2 - a/2. In
this case, the tangential velocity is in the negative direction, and the velocity vector is deflected clockwise
away from the horizontal. (c) The upstream velocity makes a negative angle to the horizontal and the
magnitude of this angle is |6,,1| = 7/2—a/2. In this case, the tangential velocity is in the positive direction,
and the velocity vector is deflected counter-clockwise towards the horizontal.

deflects the velocity vector counter-clockwise away from the horizontal. We can show
that the shock geometry satisfies the following relations:

01 :Quz—(,b

a:a/2—9u1 (5.4)

-1 Yy
Where O0u12=tan” |—
Ux)1,2

The deflection and shock angles can be related using the upstream sonic Mach number
M; = u;/Cs and the polytropic index y (ratio of specific heats) of the plasma (Kundu
etal. [2012]):

Mfsinza— 1

MZ(y +c0s20) +2

tan¢ =2coto (5.5)

Thus, for a plasma of polytropic index y, if we know the shock and deflection angles, we
can estimate the upstream Mach number from the shock geometry. From Equation(s)
5.4, we see that the shock angle o and the deflection angle ¢ depend on the opening
half-angle a/2, and the upstream and downstream velocity angles 6,,; ». We can mea-
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sure the opening half-angle a/2 = 10° + 1.4° directly from the shock geometry shown in
Figure 5-2.

We do not know the values of the velocity angles 0,1 ». However, we can still estimate the
upstream Mach number if we make some simplifying assumptions. Due to the symme-
try of the system, we assume that the post-shock velocity is parallel to the shock center-
line, i.e. 8,2 = 0. If the upstream velocity makes an positive angle 6,,; > 0 with the hor-
izontal, as illustrated in Figure 5-4a, then the velocity vector will always be deflected
away from the shock center-line, and it is not possible to satisfy 8,, = 0. Similarly, when
the upstream velocity angle is negative 0,; < 0, but the magnitude of the velocity an-
gle is |0,1] > n/2 — a/2, the velocity vector will be deflected clockwise away from the
shock center-line, and the post-shock velocity will not be parallel to the horizontal. This
scenario is illustrated in 5-4b, where the tangential components of the upstream and
downstream velocity are negative. The only situation in which the velocity vector is de-
flected towards the shock center-line is when the upstream velocity angle is negative
0,1 < 0 and its magnitude is |0,,| < n/2 — a/2. In this case, as depicted in Figure 5-4c,
the tangential components of the upstream and downstream velocity are positive, and
the velocity vector is deflected counter-clockwise towards the shock center-line.

By setting 6, = 0, we can simplify Equation(s) 5.4. The deflection angle becomes ¢ =
—0,1, while the shock angle becomes o = a/2 + ¢». We must now determine possible
values of the upstream velocity angle 0,;. One limiting case is that of ,,; = ¢ = 0, for
which the velocity vector remains undeflected. In this case, the shock angle is equal to
the shock opening half-angle /2, and corresponds to the Mach angle y = sin™!(1/M;).
Therefore, the upstream Mach number M, for ¢ = 0 is simply:

1
=5.8+0.9 (5.6)

Milpeg = ——— =
tlp=0 sin(a/2)

What is the maximum possible magnitude of 6,,;? We already know that the magnitude
of 0,1 must satisfy |0,1]| < n/2 — a/2 for the velocity vector to be deflected towards the
shock center-line. Furthermore, the deflection angle ¢ must be less than some maxi-
mum deflection angle ¢n,ax beyond which an attached oblique shock solution does not
exist. This imposes an additional upper bound on the value of 8,,;. The value of ¢y« de-
pends on the upstream Mach number, and can be less than the geometrically-imposed
bound of 7/2 — a/2. For example, for an upstream Mach number of M; ~ 5, ¢ppax =
60°. For our system, we can also expect values of 6,; to be much smaller than ¢ax.
This is because the magnetic pressure, which accelerates the plasma in the radial direc-
tion, dominates the thermal pressure, which causes the azimuthal expansion, such that
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Figure 5-5: (a) Upstream Mach number as a function of the upstream velocity angle ,,; for the case 8,2, =0
and a/2 = 10degree. The upstream Mach number for y = 1, 1.13 and 5/3 are represented by the blue
curves. The deflection and shock angles are represented by the red and black dashed lines respectively.
For the given shock geometry, we expect the upstream Mach number to very between 4 < M; < 6 for
Y =1.13. (b) 0 — ¢ — M, diagram representing possible upstream Mach number curves for possible values
of shock and deflection angles at y = 1.13. The blue curves represent the solution of Equation 5.5 for
different M;. The grey line represents the geometric relationship between the shock and deflection angles.
Possible solutions of the upstream Mach number can be determined from the points of the grey and blue
curves.

the upstream velocity will approach the shock front at shallow angles rather than steep
angles. Using Equation 5.5, we calculate the expected upstream Mach number in the
range 0 < |0, < 20°, as shown in Figure 5-5a. We calculate the upstream Mach number
for y = 1.13, which is the expected value of the polytropic index for an aluminum plasma
with 1, ~ 10'® cm™3 and T, ~ 10 eV (Drake et al. [1998]; Swadling et al. [2013]). The cal-
culated upstream Mach number varies between 4 < M; < 6 for the given oblique shock
geometry. The Mach number curves for the isothermal y = 1 and the adiabatic y = 5/3
cases are also shown in Figure 5-5a.

We can gain additional insight by representing the solution using a o — ¢ — M diagram,
as shown in 5-5b. The blue curves represent the solution of Equation 5.5 for different
M,. For a given upstream Mach number, possible solutions of the shock angle o vary
between o =90° (normal shock) to o = 1/u (Mach shock). For both these cases, there is
no deflection of the velocity vector, i.e. ¢ = 0. For constant M, a straight oblique shock
solution only exists for ¢ < ¢pmax, and for ¢ < ¢pmax and constant M, there are two possi-
ble solutions for the shock angle o. If the solution lies above the ¢ = ¢ ax line, the shock
is said to be strong, otherwise it is said to be weak. For a strong shock, the downstream
flow is always subsonic, while for a weak shock, the downstream flow is usually super-
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Figure 5-6: (a) Simulated electron density map from 2D resistive MHD GORGON simulation at 300 ns
after current start, showing oblique shocks with hollow density profiles. (b) Line-out of the simulated
electron density along the azimuthal direction at radial distances of R = 13 mm from the array center. We
compare the line-out of electron density from the simulation (red line) with the line-averaged electron
density measured using laser interferometry from the experiment (black line). The magnetic field (green
line) changes negligibly across the shock fronts.

sonic, except for in a narrow range where ¢ is close to ¢max.

The grey line in Figure 5-5b represents the geometric relationship between o and ¢
based on the observed shock geometry. To determine the upstream Mach number for a
given deflection angle, we look for the Mach number for which the blue and grey curves
intersect. We observe that for higher values of the deflection angle, the upstream Mach
number must decrease, which is consistent with what we observe in Figure 5-5a for
Y = 1.13. We also expect the deflection angle to be smaller than the maximum possible
deflection angle, such that the oblique shock is weak, and the post-shock flow remains
supersonic.

5.3 Comparison with Simulation

We perform 2D resistive MHD simulations of a 16 mm diameter exploding wire array
with 16 equally-spaced 30 um aluminum wires using GORGON. A sine-squared current
profile (I,x = 1.4 MA, fise = 240 ns) is applied to the load. The simulation domain is
a square with dimensions 60 x 60 mm?, and a resolution of Ax ~ 40 pm. The wire core
diameter is set to ~120 pm.

Figure 5-6a shows the simulated electron density map at 300 ns after currents start.
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Oblique shock fronts, characterized by sharp discontinuities in electron density, form
between the streams of ablating plasma. The shock opening-half angle is a/2 =9°+1.5°,
which is in good agreement with the experimentally observed shock opening half-angle.
The simulated oblique shocks also exhibit a hollow profile similar to the experimen-
tally observed shocks, although the ratio of the post-shock electron density between the
shock fronts and the shock center-line is larger for the simulated shock fronts than for
the experimentally observed shocks. We compare the line-out of the electron density
from the simulation with the line-averaged electron density from the experiment, as
shown in Figure 5-6b. We compute the line-averaged electron density by dividing the
line-integrated electron density obtained from laser interferometry by the height of the
array. The simulation predicts a ~1.5-2.5x smaller electron density than that observed in
the experiment. In the simulation, the post-shock electron density jumps by ~ 2x com-
pared to the density just upstream of the shock. The post-shock density near the shock
fronts (~ 1 x 10'8 cm™3) is larger than that in the ablating jets (~ 0.7 x 10'8 cm™3), while
in the experiment, the post-shock density is smaller than that in the jets. Figure 5-6b
also shows that the magnetic field remains relatively unchanged across the shock front,
which confirms that the shock is predominantly hydrodynamic in nature.

It is possible to determine the velocity angles directly from the simulation. The angles
formed by the upstream and downstream velocity with the horizontal are 8,,; = —4° and
0.2 = 1°. The values of the velocity angles from the simulation are consistent with our
assumption that the upstream velocity approaches the shock front at a shallow angle,
and that the downstream velocity is deflected towards the shock center-line, and is ap-
proximately parallel to it. From Equation(s) 5.4, the deflection and shock angles are
¢ =5°and o = 13°. For y = 1.13, the expected upstream Mach number is M;; = 5.8.

We can compare this value of the upstream Mach number obtained from the shock ge-
ometry with that obtained from the simulated fluid properties. In order to do so, we
calculate the ion sound speed C;s = \/yZT,/m; of the plasma. Here, Z is the ioniza-
tion level, T, is the electron temperature, and m; is the ion mass. The values com-
puted for different y are summarized in Table 5.1. The Mach number calculated from
the sound speed is higher than that calculated from the shock geometry for the simu-
lated oblique shocks. One possible explanation for this discrepancy could be significant
radiative cooling of the post-shock plasma. The post-shock plasma is hot and dense,
and will therefore lose internal energy, and hence pressure, due to radiative losses. The
lower post-shock pressure will result in a smaller opening half-angle, and thus, a smaller
shock angle. The effect is that the grey line in the o — ¢ — M; diagram (Figure 5-5b) will
shift downwards, and we will need a larger M, to produce the same deflection across
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the shock front. This would explain why the geometry of the oblique shock predicts a
smaller upstream Mach number than that calculated directly from the fluid properties
of the upstream plasma.

Table 5.1: Upstream Mach number determined from shock geometry and fluid proper-
ties from GORGON simulation. The experimental Mach numbers are calculated for a
deflection angle of 5°

Simulation Experiment
Y C; (kms™') Mg (Fluid) Mg (Geometry) Ms (Geometry)
1.0 7.5 8.8 5.7+0.9 4.7
1.13 8.0 8.3 5.8 +0.9 4.8
1.67 9.7 6.8 6.4 +1.3 5.2

5.4 Summary and Future Work

In this chapter, we have presented experimental results and discussion of oblique shocks
generated in a supersonic magnetized plasma due to collision azimuthally expanding
jets of ablating plasma in an exploding wire array. The plasma was generated using a
pulsed-power driven exploding wire array with 16 equally-separated aluminum wires.
End-on Mach-Zehnder laser interferometry was used to diagnose the line-integrated
electron density.

Interferometry images taken at 300 ns after current start show well-defined oblique shocks
between streams of plasma ablating from the wire cores. The oblique shocks appear
as sharp discontinuities in the electron density, and exhibit a hollow density structure,
where the electron density is high close to the shock fronts and lower near the shock
center-line. The shock opening half-angle, measured from the shock geometry, was ob-
served to be a/2 =10°+ 1.4°.

In order to estimate the upstream Mach number of the flow, we apply simplifying as-
sumptions. We assume that the shock is hydrodynamic-like, because the component of
the magnetic field tangential to the shock front is expected to be small compared to that
normal to the shock front. We also assume that the post-shock velocity is approximately
parallel to the shock center-line, and that the upstream velocity approaches the shock
front at shallow angles with the center-line. With these assumptions, we estimate an
upstream sonic Mach number in the range 4.5 < M) < 6 for deflection angles between
0°<p<10°.
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We compare our results with 2D resistive MHD simulations in GORGON. The simulation
successfully reproduces important features of the experiment. The simulated oblique
shocks exhibit hollow density profiles, and have an opening half-angle of a/2 =9°+1.5°,
which is in good agreement with the experimentally observed geometry. The angles
formed by the upstream and downstream velocity with the horizontal in the simulation
are 0, = —4°and 0,, = 1 °. The values of the velocity angles from the simulation are con-
sistent with our assumption that the upstream velocity approaches the shock front at a
shallow angle, and that the downstream velocity is deflected towards the shock center-
line and is approximately parallel to it. We use the velocity angles and the shock ge-
ometry from the simulation to determine the expected upstream sonic Mach number
M, ~ 6. We can also compare the Mach number determined from the shock geome-
try to the one directly computed from the plasma ion sound speed. The Mach number
calculated from the sound speed is higher than that calculated from the shock geometry
for the simulated oblique shocks.

In order to compare the experimentally observed oblique shock geometry with the ex-
pected geometry from the plasma sound speed, we must determine the upstream Mach
number, velocity, temperature, and the direction of the upstream and downstream ve-
locity in the plasma. We can do this using the ion feature of Optical Thompson scatter-
ing, which allows us to determine the ion and electron temperatures from the width and
separation of the ion acoustic peaks, and the velocity along the scattering vector from
the Doppler shift of the scattered signal. By collecting the scattered light along two dif-
ferent directions, we can also determine the velocity angle. We can collect the scattered
radiation along multiple control volumes across the shock front, which will allow us to
determine how the velocity, temperature, and sound speed change across the oblique
shock.
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Chapter 6

Conclusions

The results presented in this thesis provide insight into the physics of 3D magnetized
bow shocks and quasi-2D oblique plasma shocks, which are of relevance to many astro-
physical plasma flows, such as in extrastellar and protostellar jets (Smith [2012]; Smith
et al. [2003]; Remington et al. [2006]). Magnetohydrodynamic shocks can exhibit com-
plex structures, where the frozen-in magnetic field can also be compressed along with
the density, and the orientation of the upstream magnetic field can modify the shock
dynamics (Goedbloed et al. [2010]; De Sterck et al. [1998]). Furthermore, the magnetic
field may also pile up, slip past or diffuse through a resistive obstacle, further complicat-
ing the shock dynamics (Burdiak et al. [2017]; Suttle et al. [2019]).

We generate a supersonic and super-Alfvénic collisional plasma flow using a pulsed-
power driven 16-wire Aluminum wire array, and the interaction of the plasma flow with
inductive probes generates detached bow shocks (Figure 5-1). Interferometry images
taken at 300 ns after current start show a well-defined detached bow shock ahead of the
probe (Figure 4-3) . The bow shock has a 3D structure, with a larger opening angle in
the end-on plane than in the side-on plane. Part of this effect is due to the radially di-
verging nature of the upstream flow, so to calculate the shock angle, we must account
for the direction of the upstream velocity. Far from the obstacle, the shock angle asymp-
totically approaches the Mach angle, which represents the shock angle for an infinites-
imally weak shock. From the shock geometry, the Mach angle is 11°+0.5° in the end-on
plane, and 7°+0.5° in the side-on plane. These correspond to upstream Mach numbers
0f 5.2+0.3 (end-on) and 8.2+0.6 (side-on). The Mach angle is ~ 3° higher in the end-on
plane than in the side-on plane, which suggests that line-bending and pile-up of mag-
netic flux, as illustrated in Figure 4-10, which can result in larger opening angles in the
end-on plane, may play a role in the shock dynamics.

113



Chapter 6. Conclusions

We also introduce a novel technique to estimate the flow velocity and temperature of
pulsed-power driven plasmas, via simultaneous imaging of inductive probes and mea-
surement of the inductive probe signal. Using the time-of-flight of the plasma to the
probe, we estimate the time-resolved flow velocity, which varies from ~ 100 km g1 early
in time to ~ 60 km s™! later in time (Figure 4-5). The calculated flow velocity closely
matches the flow velocity of 50— 100 kms™! reported in literature using Thompson scat-
tering measurements for similar pulsed-power driven Aluminum plasmas (Burdiak et al.
[2017], Lebedev et al. [2014]), and with our 3D resistive MHD simulations. Furthermore,
from the velocity and the shock geometry, we estimate the ion sound speed, and there-
fore the product of the electron temperature and ionization Z T, of the plasma. The es-
timated value of ZT, is 35+ 14 eV and 14 + 6 for end-on and side-on values of the Mach
number respectively, and includes the value of 42 eV determined using Thompson scat-
tering for a similar plasma (Burdiak et al. [2017], Lebedev et al. [2014]).

We also investigate the formation of standing oblique shocks due to collision azimuthally
expanding jets of ablating plasma in the exploding wire array. Interferometry images
show well-defined oblique shocks between streams of plasma ablating from the wire
cores. The oblique shocks exhibit a hollow density structure, where the electron density
is high close to the shock fronts and lower near the shock center-line (Figure 5-2). The
shock opening half-angle, measured from the shock geometry, is a/2 = 10° + 1.4°.

We estimate an upstream sonic Mach number in the range 4.5 < M; < 6 for deflection
angles between 0° < ¢ < 10° (Figure 5-5a). Representing the solution on a o — ¢ — M;
diagram (Figure 5-5b) shows that the oblique shocks are weak shocks, and that the post-
shock velocity will remain supersonic. This analysis of the oblique shock is based on
certain simplifying assumptions. We assume that the shock is hydrodynamic-like, be-
cause the component of the magnetic field tangential to the shock front is expected to
be small compared to that normal to the shock front. We also assume that the post-
shock velocity is approximately parallel to the shock center-line, and that the upstream
velocity approaches the shock front at shallow angles with the center-line. 2D resistive
MHD simulations of an exploding wire array justify these assumptions.

Future work will investigate the effect of magnetic field pile-up on the shock dynamics of
bow shocks, and directly determine the velocity direction and temperature, and hence
the Mach number, of the upstream flows for both oblique and bow shocks. To do this,
we aim to implement Faraday polarimetry and Thompson Scattering. Using the ion fea-
ture of Optical Thompson scattering (Figure 4-11), we expect to resolve well-defined ion
acoustic peaks, which will help us determine the ion and electron temperatures from
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the peak width and separation, and the flow velocity from the overall Doppler shift. We
also aim to better measure the shock angle using refractive-index based techniques such
as laser shadowgraphy and Schlieren imaging. The experimental campaign will be sup-
ported by resistive MHD simulations in GORGON, where we perform 3D simulations on
finer grids to decrease the effect of numerical diffusivity, which will allow us to better
understand the role of magnetic field pile-up in 3D bow shock dynamics.
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Appendix A

Derivation of the Electromagnetic Wave
Dispersion Relation in Plasmas

Here, a derivation of the wave dispersion relation in plasmas based on the treatment by
Hutchinson [2002] is presented.

An electromagnetic wave obeys Maxwell’s equations:

) OE
V x B = uoj + toco—=— (A.1)
ot
VxE oB (A.2)
xXE=—— .
ot

Taking the curl of A.2 and substituting A.1, we get:

0
VxVxE=-—VxB (A.3)
ot

VxVxE——i( j+ ea—E) (A.4)
= 01?”01 Mo Oat .

If we express the electric and magnetic fields as a superposition of uniform homoge-
neous zero-th order components and time and space varying first order components (of
the form ~ e~#@?e’%X) we can express the wave equation as:
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kx(kxE):——w(l—in) (A.5)

Where we have made the substitution ¢ = 1/ ugeo. Making the substitution k x (k x E) =
k(k-E) - k?E, we get:

2 .
kk-E)— KE+ ZE+ 2 5-0 (A.6)
c? c%eq

In avacuum, j=0and V x E = 0, so the dispersion relation for an electromagnetic wave
propagating in vacuum becomes:
w?® = * Kk (A7)

In a medium, the current j = o - E can be written as the dot product of the conductivity
tensor and the electric field. Thus, we get:

0)2

K+ (2 — 1+ ——0 |-E=0 (A.8)
c c2e

Introducing the dielectric tensor € =1+ io/ (wep), we can write:

2
(kk—k21+ ac)—ze)-E:O (A.9)

We can determine an expression for the conductivity tensor o, and hence for the dielec-
tric tensor € from:
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j=Yjs=)Y.nsqsvs=) 0s-E (A.10)
S S N

Where n;, g5 and vg are the number density, charge and the velocity of species s (electron
and ion) in the plasma. From the plasma fluid momentum equation, we can determine
the velocity as a function of the electric field. Here, we assume a cold plasma and neglect

collisions.

Dt

mg =qs;(E+vs; xB) (A.11)

Assuming the zero-th order magnetic field is By = ByZ, and that the zero-th order veloc-

ity and electric fields are zero, we get:

oV,

mSE:qS(E+vs><BO) (A.12)
vx Ex UyB()
Vz) E, 0 s
Or:
_ qs lwEx —QE)y
VUx,s = Hs (TQ? (A.14)
g iwEy +QEy
= A1
iE
Vg = L (—Z) (A.16)
ms\ w

Here, QO = qBy/ m is the cyclotron frequency. The current density j is:
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2 . .
ng (IWEy—QE iwE,—QsE
s = €0 ( — ):eowi (Z—Zy) (A17)
M€ w=—QF '\ wr-Qf
2 . .
ns (iwE, +QgE iwE, +QgE
hxzmqss( - ;x):mwi(——%——}i) (A.18)
ms€q w*—Qf w*—Qf
2 . .
ns (iE iE
hﬁzqus( Z)zmw;%—i) (A.19)
mgeo \ @ w

Here, w, = \/q*n/(eom) is the plasma frequency. Thus, the current denisty j can be
represented as:

iw —Q 0
h:ayE:qwzswﬁa el (A.20)
0 0 ilw
And the dielectric tensor € is:
S —-iD 0
g
e:I+i§Lﬁ: iD S 0 (A.21)
wEQ
0 0 P
Where:
2
w
p,S
S=1- A.22
; oY (A.22)
2
Q. W
D=y —=—F"— (A.23)
s 0 wc—0Qf
2
w
p,Ss
P=1- A.24
; — (A.24)

In the case, where the ion contribution is small, i.e. w Q; >> 1, we can approximate S, P
and D as functions of the electron contribution only.
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Assuming the wavevector k is in the yz plane and forms an angle 6 with the unperturbed
magnetic field Bz, the dyadic product kk becomes:

sin0 0 sinfcos6
kk = k? 0 0 0 (A.25)
sinfcos® 0  cos2@

We can now construct the dispersion matrix as:

2
D= (kk — KT+ ‘;'—Ze) (A.26)
kzsinze—k2+‘g—22$ —iD“C’—Z2 k?sinf cosO
D= iD% ~K2+ %S 0 (A.27)
k?sinf cosO 0 k2 cosZH—k2+“C’—22P
—k%cos?6 + ‘g—zzS —iD‘é’—z2 k?sin6 cosO
D= iDL K+ 2Ls 0 (A.28)
C C 9
k?sinf cosO 0 —k?sin0 + %P

Multiplying with c?/w? throughout, and using the relation N = kc/w for the refractive
index n:

—N?cos?0+S —iD N?sinf cos6
D,-E= iD -N?+S 0 -E=0 (A.29)
N?sinf cos 0 —N2sin260+ P

For non-trivial solutions the determinant of the dispersion matrix must be zero, i.e det (D) =
0.

For the case where the unperturbed magnetic field is smalli.e. Q/w = 0, and considering
only the electron contribution, we get:

=P (A.30)
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2
Q, o
D="—"¢_P° ~9 (A.31)
0 w?-Q2
2
w
p=1--2° (A.32)
W
The dispersion tensor is:
—N2cos?0+P 0 N2sinf cos
det 0 ~N?+P 0 =0 (A.33)
N?sinf cos 0 —N?sin?0+ P
The only non-trivial solution is:
n2=p (A.34)
Or
w® =K+ wf, (A.35)

This wave propagating through the plasma is termed the ordinary wave. For the case
where the wave vector is perpendicular to the unperturbed magnetic field, i.e. 0 = 7/2,
the determinant of the dispersion tensor is:

S —iD 0

det|iD —-N?+S 0 =0 (A.36)

0 0 —-N?2+Pp
(P-n?)(S(S-n*)-D*) =0 (A.37)

The solutions are:
N?=P (A.38)
SZ _ D2

N? = 5 (A.39)

The first solution represents an ordinary (O) wave, while the second solution represents
the extraordinary (X) wave.
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Similarly, when the wave vector is along the unperturbed magnetic field 8 = 0, we get:

-N?2+S —iD 0

det| iD -N?+S 0] =0 (A.40)
0 0 P
P(S—-N*»?-D*»=0 (A.41)
The solutions are:
P=0, N°=S+D, N>=S-D (A.42)

The solutions represent the electron plasma waves, and the right and left circularly po-
larized waves respectively. We can verify that the last two expressions result in circularly
polarized waves by substituting N? = S + D into the dispersion relation.

E; iD

=————=4i (A.43)
E, S-(S+D)

The dispersion relation or the right and left circularly polarized waves can be written as:

2
Whe
R=S+D=1-—— (A.44)
o(w+ Q)
2
w
L=S-D=1-—"_ (A.45)
w(w—Q,)

Here, we have assumed that the ion contribution is small compared to the electron con-
tribution.

These solutions apply for the case of a constant and uniform background medium. The
Fourier transformation ~ e~ *“fe’** no longer applies in media with spatial gradients.
However, for the case where the medium is slowly varying, the WKB (Wentzel, Kramers
Brillouin) approximation can be used:

E ~exp (fk-dl) exp(—iwt) (A.46)
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The WKB approximation is valid when:

IVl
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Appendix B

Derivation of the Thompson scattering
Spectral Density Function

An electromagnetic wave incident on an electron causes it to accelerate. The accelerat-
ing charge then emits electromagnetic radiation. This is the scattered electromagnetic
field. In a particular scattering volume, the total scattered field is due to the contribution
of all electrons within the volume. The time-averaged power is then measured using a
spectrometer. Here, we derive the power spectrum for Thompson scattering. the deriva-
tionin based on the treatnet by Sheffield et al. [2010] and Hutchinson [2002].

B.1 Scattered Power Spectrum

The scattered electric field Eg at position RS in the far-field (R >> L) due to particle of
charge g moving with velocity v = Bc¢ is given by:

E,R, 1) = L M (B.1)
cR| (1-8-p)° ret
In the non-relativistic limit § — 0, the scattered field becomes:
q R R N
EsR1)=— [8x 8 xP)],,, (B.2)

Here, the values are calculated at retard ted time t' = t — R/c +r-8/c due to the time it
takes the wave to reach the observer at R.
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In the low-temperature limit, assuming B = 0, the acceleration due to a monochromatic
incident field E; = Ejpe*i Tt js:

. —eE; .
B = - ;0 expki-r—w;t)Ejo (B.3)
e

And the scattered field from a single electron is:

E; )
Te200 [§x (8 x Bio)] ., expliy -1 — ;') (B.4)

ES (R) t) =
Where r, = e?/ m,c? is the classic electron radius.

The total scattered field is the contribution from all electrons in the scattering volume.We
define the total scattered field E! as:

E!R, 1) = f dr f AvF(r,v, t)Es(R, 1) (B.5)

Where F(r,v,t') =6 (v—vj)6(r—r;) is the point distribution function of the electrons at
time ¢'.

The total scattered power along 8§ is calculated by the area integral of the energy flux or
Poynting vector. For an electromagnetic wave, the energy flux along § is

q = (c/4m)EgB-8 = (c/4m)|E!|? (B.6)
We are interested in the time-averaged power per unit solid angle over time T, which is:
dap cR* 1 (T2

=— lim — EL(1))? B.7
dQs 4m T-oo T —T/2| s (0 B7)

Using Percival’s theorem, we get:

AP R L Ty (B.8)
= w .
dQsdws  Am T—oo2nT °  °
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Here, E} (ws) is the Fourier transform of E! (t'), which is:

+00 .
EX (wg) = f dte's'E} (t') (B.9)
—00

we can now combine Equations B.8, B.9, B.5 and B.4, to get:

ap CRZ lim —Udte”"s fdrfdvF—R[sx(st )] exp(ilki-r—w; l‘])'2
dgsdws 477: T—»ooZJl'T 1o p
(B.10)
Carrying out the integral over velocity space, and simplifying we get:
dp  cEqrg 2
10.do. - an ° [8x & xBio)]” Jim —Udtfdrne(r thelkiTeiwit giost| (B 11)

Substituting for retarded time ¢t = t'+ R/c—$-r/c, the exponential terms can be simpli-
fied:

. ey s
e lwsl'elkll‘e iw;t —_— te ik rezksR (B.12)
Where w™ = ws—w; and k™ = kg—k;j are the scattering frequency and wave vector respec-
tively.

Next, we perform a inverse Fourier transform of the electron density 7,(r, t') in time and
space.

+00 k +0o0
ne(r, ') = f (2‘;)3 f Z:e’kf —iwt'y (ko) (B.13)

Where, W = w — iy is combination of the real and imaginary frequencies. Therefore, we
get:

dp  cExr; o
§ x (8 x E; elksR Jim ——
dQidws  4n (8 (5 Eio)] T—oc0 2T

) (B.14)

.k, i(k-k7)r —i(w-w)t
Udtf f(zn)?»f ne(k,w)e e
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Performing the integral over time and space gives us:
f dt'e” "= = 276w -w") (B.15)
f dke™ " ®*IT = o35 (k-k) (B.16)

And then performing the integral over k and w space gives us:

[dkf dwne(k,w)(S(w—w')(2ﬂ)35(k—k_) =n.k,w") (B.17)

Thus, the power spectrum becomes:

dp cE5yrs o 1
= §x (8§ x Bio)]”e’™F lim ——|n.(k™,w7) B.18
dQdws 4 (8% 6= Eio)|"e TI—I>I(;1<)27TT|ne( @l (8.18)

Redefiningk =k™ and w = @™, and introducing the spectral density function S(k, w):

1 k,w)|?
Skw)= lim — <M> (B.19)
T_'OO»V_’OO TV neo

Where n,y = NV is the mean electron density, and N is the total number of electron in
scattering volume V. Finally, we can express the ensemble-averaged power spectrum
as:

dp e, '
<dQsdw3> = qlznne [sx (SXEiO)]ZelkSRNS(k,a)) (B.20)

Where ¢q;,, = CE?O/ (4m) is the magnitude of the incident energy flux.

B.2 Spectral Density Function

Next we determine the spectral density function S(k, w) for a collisionless unmagnetized
plasma. We start by expressing the distribution function F; of species s as the superpo-
sition of a mean distribution Fj and a fluctuating distribution F;.

F5:F0+F1 (B-ZD
The evolution of a colissionless plasma is described by the Vlasov equation. The zero-th
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and first order fields become:

oo | y.VFy=0 (B.22)
— V . = .
ot 0
0F1 q
—+v-VF+—E;-V\F;=0 (B.23)
ot m
The Poisson equation becomes:
V2, = —4mpe, (x, 1) (B.24)

Where ¢ is the electric potential and p,,;; = (Zen;1 — en, ) is the charge density.

ikr

If we assume that the potential varies as ¢;e"*", and take the inverse Fourier transform

of the charge density, then we can represent the first order potential as:

dk k.
(Pl = 47[[ melk rpe,l(k, f) (B.25)

The electric field then becomes:

—idn (dk_ ;.
Tk ke pen e 1) (B.26)

E|=-V¢, =

Next we take the Fourier-Laplace transform of Equation B.23. For the first term we get:

©  JF . . ©  oF k1) ;
fdrf dt—2L e ik iWi :f dtLe’Wt (B.27)
0 ot 0 ot

o0 aF kyt : a o0 / *° 1
f dtLeth: _f dtF Kk, t)eth—in dtF Kk, t)e'"!
0 ot ot Jo 0

= A, t)ei“”]zo _iWF, (W) (B.28)
=-Fi(k,0) - iWF (kW)

Similarly, the Fourier-Laplace transform of the second term is:

OF ; . oF(xr,W) _.
fdtf drv-a—le_’k're’Wt:v-fdr%e iler (B.29)
r r
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OF (r, W) _; 0 ik ik
fdr%e lk'l':a—fdrFl(r,W)e ’kr+ikfdrF1(r,W)e ther
r r

ik +00
- [Fl(r, Wye™ 'f] + ikFy (k, W)

=ikF;(k, W)
Finally, we look at the last term.

f dt f dke"'k'fe"WfiEl(k’, 1)-VyFy = 4a f dre TE (K, W) - Vi Fy
m m

—i4n q

q —ik:
Efdre TR (K, W) -V Fy = on )3

f fk,z Ke ik’ krpel(k’ W)-VyF,

Performing the integral over r-space and then k-space, we get:

—i4 dk’
SR [ K pea K, W) Wy R3¢~k

Pe1(k, W)k VyFy

a f dre” TR, (K, W) -V F =
m

—146]
" T K2m

Therefore, the Fourier-Laplace transform of Equation B.23 is:

47‘[6]

—-F1(k,0) - iWF,(k, W)+ iv-kF,(k, W) - pel(k W)k-VyFy=0

Re-arranging, we get:

k, W)k- VyF,
Fid, W) = Fl(kO) (4ﬂq)pe,1( ) 0

W— ‘k \k2m W-v-k

Summing over all velocities, we get:

ll'(),]' k’ W

nle(ky W) _l Z W VO k+ Xe( ){Zenll(kr W)_enle(k, W)}
.N/Z ei'l‘o,l (k’ w)

il W)= =i Y e - A== Zem 6 W) - emiole W)
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Where the susceptibility of species p is defined as:

too  AMZ2e* Npo k-0 frol OV
K o) = d P ro B.38
Xp( @) ﬁoo v mjk2 W—V()'k ( )
Finally solving the system of equations B.36-B.37:
N ikt 4 N piker;(0)
nie(k, W)=—1 - =
tef ) ! ];W—vo k ¢ Jg‘lW—vo‘k (5.39)

Zye NIZ  oikri(0)
€ oy W-vo-k

The first term represents the contribution from free electrons, the second term repre-
sents contribution from the correlation of electrons with other electrons, and the last
term represents the contribution from the electrons dressing ions.

Finally, we take the ensemble average to determine the spectral density function:

“ (9) (B.40)

21 Xe
kw)="—|1-4¢
S w) k‘ c k

ol 2

Here, € = 1 + y. + ¥; is the dielectric function, and f; is the unperturbed 1D normalized
distribution function. Therefore, we can determine the spectral density function given
the species distribution function, and the electron and ion susceptibility functions.

B.3 Electric Susceptibility

Next, we determine an analytical function for the susceptibility.We start with the Vlasov
equation for a collisonless unmagnetized plasma.

9
a—];+v-Vf+%E-va:0 (B.A1)

We linearize the Vlasov equation using f = fo+ f1, E = E1, keep only the first order terms,
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and express the time- and space-varying first-order terms as Fourier components:

of
ot

—iwfi+v-ikfi = —iEl -Vy fo (B.42)
_lq (El vfo)

m \w-v-k

+Vv Vfl + iEl vao =

hi=

The perturbed current density is:

(V1E1 va)

B.43
w-v-k ( )

L= f dvgvi =

We take the velocity and perturbed electric field to be along k, and let fi = n fi be the
1D normalized distribution distribution for the isotropic distribution fy(v).

_Ziq "Ofd (Va"fk =0, (B.44)

In a linear dielectric medium, the current density is the time-rate of change of the polar-
ization current P.

1 6P1 - iw)(El
i = B.45
h= Am Ot 47 ( )

Thus, the susceptibility can be expressed in terms of the conductivity as:

w2

oo 0 f
p vlk
=— d B.46
X k2 f_oo Uw/k—v ( )

Where w), = \/4nnoq?/ m is the plasma frequency.

For a Maxwellian distribution,

1/2

A 1

f= (nv2 ) exp(—vzlv?h) (B.47)
th

Where v, = \/2kp T/ m is the thermal velocity.

Thus, for species s, the susceptibility y can be written as:
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who 2 oo v vexp(-vPIvE, )
Xs= —— v
k? v-—wlk
\/_ 2 (B.48)
X =2y 2 \/‘ e w/(kvms)

Here, we have made the substitution x = v/ vj,. Simplifying, we get:

1 nOSque) ( w )
— J w (B.49)
As /lszz(no,eezTi kvm,s
Where:
_z2

w(z)=ifoodzz (B.50)
S :

And Ap = \/ kpT./(4mnepe?) is the Debye length. Here, 1 is the unperturbed density
of charged species s. For electro-neutrality to hold rng s/ ng,. = e/ qs, so we can simplify
Equation B.49 as:

3 1 (ZsTe)w( w ) (B.51)
L= k2 T Kvins ‘

The function w(zy) has a simple pole at z = zj, and can be evaluated to be:

29
w(zg) =1+ i\/ﬁzoe_zg —ZZOe_ZfZJf “dz=1+ i\/ﬁzoe_zg —2z0D4 (zp) (B.52)
0

Here, D, (x) is the Dawson function defined as:

X
D.(x)=e* f el dt (B.53)
0

B.4 Thompson Scattering Summary

To summarize, the scattered power spectrum for a non-relativistic, unmagnetized colli-
sionless plasma is a function of the spectral density function S(k, w) :

[ % 8 x Bip) ] NSk, w) (B.54)

dP cEZ I (4m)rg
<dQsdws> 27
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swor == o) 5

) “f (%) (B.55)

The dielectric function € and the electric susceptibilities y; are defined as:

3 1 (ZsTe)w( w ) (B.56)
A= o2\ 11 )Y \kvgns '

w(zo) = 1+ ivizee 2 — 229D, (o) (B.57)

€e=1+yxe+yxi (B.58)

The 1D normalized Maxwellian distribution is:

1/2
A 1
fs:(mjz ) exp(—vzlvfh,s) (B.59)
th,s
2kp T
Vens =1 22 (B.60)
ms

The scattering wave vector is:

k=ks—kj
(B.61)
k= /K2 + k2~ 2kck; cosd
The scattering frequency is:
w=Ws—w;
5 5 (B.62)
W= czki,s +Whe
dmne?\'"?
Wpe = ( ) (B.63)
MmMe

When the electron fluid is non-stationary and moves with a velocity V, the scattered
frequency is Doppler shifted by V- k. The scattered frequency is then:

ws =1/ C2k§ + wphe +V-k (B.64)
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