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This thesis 1c
the autocuorphiisn tow:

The expositi
pert dezls wilt
Lorre of an

FA

2-ztion of recults relating to
“a group with triviel center.

. vided into four rarts. The first
struction of the sutererohisn
This tower ig denoted Hy:

It 1s alge rove” Jo this "len that te
of A+ in &amp; Gea Wooo 1 &gt; 1.

In the sc. Lu part, the following general thecren
mm normally persistent group rropertlies is proved: A
zroupr prozerty is normally rerelstent if end only 1f it
subnornelly persistent. Thls theoren ls then spnlied to
two sneclel cases 2nd the results are used In Part III.

Part III contains a proof of the most important
tneoreun connected with the auvtomoroiisn tower. This
thecrer, due to H. Wiel2andt, cecserts that the sutomor-
phism tower of a finite oroun with center 1 1g of finlte
nelzht.

Inn Port IV, the malr thecrem 1s illustrated by
neeng of a few spec 7 cxamnles. The object of the inves-
timation 1s to determi tht stage at which the autonmor-
chis:x tower stops. The ¢ oun: dlscusesed are the symmetric
Troups Sy (n&gt; 3, nx «sy, the alternating “rouns Ay
ln &gt; 5), and certain groups of 2x2-matrices of order
o(n=-1), n ax odd mnrime.,
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INTRODUCTICH

The object cf this thesis 1s to present proofs of some

of the interesting propertics of the automorphlsm tower of =o

sroup with trivial center. The main theorem to be proved is

rhe followings

The auvtomormaism tower cf finite croup with trivial

~enter is of finite helirht.
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2seistance to ne In writing this paper

TUE AUTOLCORPHISH TOWER
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.n perticular, that

For the remainder cf this sgection, we make the scsswnip-

ion that Z(G) = 1. Then ~~
i: = I under the one-to-one
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2Xlsts VV € such that u™ = uJ for all v «
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(ii) We proceed by induction on Jj-1i., The truth of

be Ye, piaN agcertion (ii) for the cases Jj-’ = C,1 has already

seen established. Assume (ii) is true for J-i =
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The only property ¢” G wileh we needed in order to

~onstruet the zutororphism tower wag z(3) = 1. Ve now

~seunme that G&amp;G 1s finite. With only this siluiple additional

sessumption, ve are able to obtain the following remarkable

roollt
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tat ig. there exists IM such that A = A for 2ll n &gt;

Thanter III ig devoted to a vroof of this theorem. Dut

first we derive some vreliminary results, which are culte

interestine in themselves.



(I. NCRIJAL AYD SUBNORIUAL PERSISTENCE

AY 4. 2 - - - .Lotetions: Sunrtos  3 eo eroup. IT CG nossecgses a certain

rropertr Q, then we cell © Co Q-groun,

Suppose X,¥ ¢ G. The set obtained from X by conjugating

ite elements Ly the elements of Y 1s denoted Dy c{x,Y),

that is, C(X,Y) is the set of all elerents of the form

od 2 yup-i where x e X. v e Y. The subgroup of G renersated

»v X will be denoted by [7].
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Le « pronerty of sroumns. @ ls called normally

(resp. subnormelly persistent) if ond only if

2 satiefies the following twe conditioncg:



(1) Any group lsomorphic to a Q-zroup ils o {-group

(2) In 2 riven oroup, the subgroup senerated by a non-

amnty set of normal (reco. subnormal) L-gupsrourns is a

L=oroun.
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Theoren 2.2: A group property Q is IP if end only if it ie

SP.
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(II. WIELANDI'S THEOREM

Notatlons Supnose ¢ and 7 re

 end H will be denoted by G -

Troups. . ‘ direct product of

H. If Hc G, we will denote

the index of H in G by G:H., I® x,v € G, we will write

-1..=1 i .

(%, 7) = X¥X ly =. IT G and I are both subzroups of sone

larger group, then (G,H) will denote the subgroun generated

by all elements of the form (g,h), where ££ e€ G. h e H.

Lemma 3° Zippos finite zroup, IN ¢ minimal
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A is semi-simple, I = [A,R]. Thn 3 « H,
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Let G(i,3) = H; (CG rH, = 046 dy,7+By the
Zassenhaus Lemma, G(1,0) &lt; a(1.7) «- ... - G(i,s) =

Let G'(i,3) be the set of all x « suciy that

141

x, Hy) c G(1, 5).
Now sunvose x € C'7 » Hin Rw definition or

3' (1,3), (xn) e a(i,3). Put (x,1) = w and consider

‘x y) = Puxiutl = wx y-1 (n &gt; 1). Clearly (x%,w) =

Tele Since G(i, 3) - HiG ys we may put WwW = ab, where

-. be c,. Then (xB, w) = a (bx p= 1)a-1, We know thot

¢ Gy1- ¢ tence (xu) = (xPa)(ca~l), where

Gyy- (x, . hence (XL w) e HiGy_q n Hyg

= a(1,3-1). It = rg that w, w¥t e C7, *Y and are

congruent modul  ~f 4-1) « G(i, sv

(Xn) = wt Mepefore (1,

c(i, 3-1). Th*

, 3) and ie

+ that ifcongruent to
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1xG(1, 3) :G (1, 3-7 a(1, 3-1), tha:

= G'(1, 3-1). Nour since G(4i,3):6(%,3-0

 (1, 3):3(1, 3-1) and a(i,3-1):G(1, 3-2) =

G4, 5) ea(1, 5-2) e G'(1i, 3-2). Continuing in thi.

re obtain x0(1,1):G(4,0) ¢ gr(1,0). Wotice that H, sl,

(1,,1:6(8, 33) (a(t, 3) sa(1, 0) (G(1, 0) eH, ). Thies implies that
wli+1801 ¢ (1,0) for 2ll x e 3'(1,3). Since this holds

for any J xldH 3' (1,0) for all x e G'(i,s) = G.

Hs o7:Hs 1s a power of py .q. Since Uj4is genereted by all

“he p11 -bowers of G for large n, we deduce that Uj,q c

3' (1,0). Therefore (Us,q. Hi,q) c G(1.0) = H:(G n Heo



holds with X(i+l) = Uspqe

For convenience. put W = Z(Uy 7055.1) -

2(Uy 95M) n Hy 4. If ~ e&amp; 6 then WX = 2(U,,,H) nH]4

— Z(Uy, 7,8) Nn Hi01 = W, Therefore W «&lt; WG, Let P be a Sylow

Dy 1- subgroup of G. P 1s contained in some Eylow Psi”

subgroup P' of WG. Clearly 2Z(P') n W c Z(Uy 1»H) n Z(P,H)

= Z2(U,,,P,H). 3y Lemme 3.5 (11), U, .P/U,,is a Sylow

24 4p ~SUbErouD of SEAT a Dy q-STOUp. Therefore, we heve
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~ dV so

vere greater than

Pp 31 In =Tr 2(P') £1 0

1. - gm -

f
~~ fm!

Tetion Since Wo&lt;NG,

""rws from Lemme 3.5 (i

cf W, But Won

diz. \ Ii rm(Ty 7H) N Msg lence

0. 4 does nc ST UNH, LeZ(U, 4,0) AH
Ti4l 1+ i+ i+1 +

7 {1 17 Tel gt ..(Z{Ug,q,H) Amy 5 0H, eH, sut  ((U, 4,H)nH;)H,2H,
Topsy a power of Piya I Follows thet we have-_— ade
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x end y lie in the same left coset of 2(X(1+1),H, 4.

The number of distinct ¢'s is therefore equal to

1, 1 32(X(141),H,,).Hence:

2,,132(X(141)Hy1)&lt;(1,702(F232
From (3%) Z(x(1+1),H, 4) ¢ H; © Hy,» therefore

Ty,1 0H S Hypo tZ(X(142),8,4)&lt;(Vy,1:0)X#2)81ene
1,100; &lt; (1,7, 3 VRE 2) 32 (gg, 41) X(4410 20 ow use the
following: HyVy oqtty = Vipin &lt; Viet Veo which
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sgtimetes Hy 1803 = (V, av, X01) 5 (gg) X(A4 1020
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Lav X31) 1g ny XY
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ie need only observe that all the "o's and X(i)'s depend

only on G, Hence I depends only on G., This completes the

~100T.



Theorem 3,8(Wielandt's Theoren) : Suppose G is o finite

sroup such that 213) = 1. Then its automorphism tower is

of finite height.

Procfs Let GC fm
[WA the gutonmor-

ohilsm tower of (

have 2{3, 4%) = 1 Then there e—-i=2te a constant M, which

Theorem 1.2 (ii), we

Jepends only on G, such that AT:l &lt; M., Hence the tower must

oe of finite height.
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7ith center 1. Our object will be to determine at what

stage the automorphism tower stops. In other words, we

tent to find the first complete group which occurs in the

+ ower »

Theorem 4.2: S,. the symmetric group &lt; . SeLree Nn,

complete when n &gt; 3, n # 5.

Proofs We first note that n &gt; 7 implies Z(8.)

For suprose x € 5, and Xx £ (1), cay =x(1) = 2. If

(27). then wxy +(1) = yx(1) = v(2) = 3. Hence

te. x &amp; (8)
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&gt;(Cq) = o(Cvs we obtain after simplificationt

(4

[f Lk = 2. (%) becomes (n-2)(n-3) = J ~~ wmadiction,

since no inteser n satisfies this equation. I kr =

(#) becomes (n-2)(n-3)(n-4)(n-3) = 24 The only possible

solution of this equation for n &gt; 4 1s n = 6. but our

hypothesls excludes thls case. Hence Kk £ 3, low since

no &gt; 2k, (n-2)(n=-3)...(n=-21+1) &gt; (2:-2)! Zut a straight-

corward induction arcument shows that (2:-2)! &gt; 1ok-1

for k &gt; 4. Therefore I &gt; 4 would imply that

~ — ~Y.- A . Jo . * A ir Rd
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since an element cf order 4 cannot be equal to an element

"fT order 2. This proves the assertion.

Jlesrly, a' 1s uniquely determined bv a. The

function w defined on the permuted symbols by m(a)

ics easily seen to be an element of Oye Note that

EL) -— ! 1 \ &gt; .t(eb)r™d = (a'p') = ¢-*Y), Wow if w is an arbitrery

clement of S_, it follows that mwn~l = ¢(w), since w can
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Suppose (123) e&amp; N, (13k) any 3-cycle. Since we

have at least two additional symbols at our disposal, we
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1 my (1) = 1, mw 14 (2) = 2. In either case, we observe
1 A a) Te 0 - ’ s

thet m7rmy leaves fixed more symbols than m, contradicting
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Text we show that Z(P,3) =P. Since P is anelian,

&gt; ¢ Z(P,G). On the other hand, suppose R(x,y) e€ Z(F,a).

Then R(x, 7) cormuites with R(1,1). As we have already seen

this implies x = 1, that is, R(x, v) e IP.
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y ¥ € G. Since P 1a a characteristic subgroup of G, &amp;,

, . 5 A208 S oo.Induces en cutonorphism, 5, |P C

» rm rod wp my ler :

2 caven py

ETE2 ~\ ma of © fr. ~ ~ Te mm oo “-
9 = FP. Then £( il ¢/F, LEThce we ave

 a Alp) ~ (Z y = 2 Tasman Flan oe nieea oo z -- . os gE EY weak ro DLL)
. 0’ . ne oa OO

oh -

} a : = WY Em die a J * yin a

( eny sutomorphisr of 7 ir induced

o LN

rr ane |

ol +8 La. LY r™his fe Owe

ro hie
 = &amp; FIT

nd als iF
wo deen,J pier

To

_- ~~
- i ? X

T .

Tenelrninoy

AE, Tots 4°

oth WT oroverates

TT
_ ~

Saag ime te
yore sme Tn

cutor crt

- - JA go Fe2 ch gd

- - 3 - a -~ po Load

So OO aN La we

oy 2 Eo. ov ob pe wi - :¢ je gr ooatonorthlisn of

£27&gt;whloe 7

yr - n

.

. thwatJ

“ab” 2 wold have

5-2 Th olves usDE Len) r

by (brady (m)7t = ot, Te By (LE that is,
1A

&gt; and $b, (0) lie in the same c¢ set of P. There exists an

interer k such that ¢ (bo) = Ty aK

Since r £ 1, we can find an inteser n such thet



a{l-r) = rk. Then ala=lr = aT¥. Uginc the fact that

bab™T = a¥. we have epg ~~ = pafp=+, Hence

2 Open = pk

5,n(2) = alles”

8, (0) = $. (0). But we also have

£ = ¢, (7) Trus §, coincides with Cn

* G. We conclude that ¢, = d_,. Henceon tlie cenerators

$ - 6nd, = O_n_, an inner sutomorphism of G. This comdletes

the proof.
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