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FABRIC, EXPERTMENTAL

(]Tj \ Specific Stress iny direction, grams/denier (gpd)
€y, strain in y direction, %
ES, gpecific Initial Modulus, god

Up, Specific proportional Limit Stress, gpd (0.25% Strain

offset)
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Boundary Conditions
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ABSTRACT
On the Mechanics of Non-Woven Fabrics; Dewitt R. Petterson.

Submitted to the Department of Mechanical Engineering om August 25, 1958,
in partial fulfillment of the requirements of the degree of Doctor of Science
in Fibrous High Polymers.

This investigation has provided a method for predicting the mechanical
properties of certain bonded fibrous structures (usually termed "non-woven'
fabrics) without the assumptions of Hookean behavior or product uniformity.
The fabric properties are predicted directly from the engineering properties
of the fiber, the oriemtation distribution of fibers within the fabric, and
local variations in area density and orientation of fibers. The orthotropic
theory previously developed for plywood has been applied to two fabric mater
ials. The measured material constaats of the orthotropic axes allow the
orthotropic theory to predict the elastic engineering properties at angles
intermedigte €0 the orthotropic axes.

A £iber web theory was developed to translate the engineering proper-
ties of the fiber and the fiber web geometry into the engineering properties
of the fabric. Undex the assumptions of straight, non-buckling fibers; all
elastic constants are well predicted. The boundary conditions of the typical
tensile test are discussed and the fiber web theory solved for uniaxial ten-
siona ( real, }; and for a tensile test where the shear strain is
zezo ( resl, ). The latter boundary conditions appear to approx-
imate more closely the experimental test conditions.

The fiber web theory allows consideration of the post-yield plastic
region of the fiber and the resulting non-elastic region of the fabric. The
analysis has been carried out for straight fiber webs, but a discussion of the
effect of curved is given. The effects of '‘poor bonding and bunched fibers
on the predicted wechanical properties are discussed.

The fabric has been considered as a matrix of analytical model units, or
"unit cells", each independent, yet with definite boundary displacaments under
stress. The assumptions involved are carefully noted and justified, where
possible. The variation in rupture stress of the unit cells has been deter-
mined, and Peirce's "Weakest Link" theory applied to determine the rupture
stress of various sized samples. The predicted rupture stresses are in good
agreement with the experimental data. - A number of fiber orientation distrib-
utions are analyzed theoretically.

The fiber web theory presenta a method for designing non-woven fabrics
with certain specific characteristics, predicting the properties of such
""ideal" fabrics, thus providing a bench-mark against which actual fabrics
and processes can be evaluated.

Thesis Supervisor

Title: Associate Professor of
Mechanical Engineering
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I. SUMMARY

This investigation was basically concerned with the translation of
textile fiber properties to the tensile properties of non-woven bonded
fibrous structures without the usual assumptions of Hookean behavior
and product uniformity. It wes an attempt to provide analytical procedure
for use in the design of non-woven fabrics with specific properties. The
genxal purpose was to determine the physical mechanisms governing the trans-
lation of fiber properties into the engineerimg properties of flexible
fibrous structures. The immediate goal was to predict the properties of
an idesl non-woven structure; one in which all components - fiber, bonding,
and geometry - are fully utilized. At the same time, practical considerations
of the manufacturing process were to be exanined, in order to relate the
real mom-woven fabric to the ideal fabric. The program was divided into
three phases:

1. To predict fram the engineering properties in the orthotropic
direction (under the assumptions of Hookean behavior), the
engineering properties at various test angles to the orthotropic
axes.

2. To isolate and study the mechanics of & small element of the
fabric, a unit cell, which might serve as a model for analytical
predictions, and whose mode of defotnntion can be reasonably
Jjustified.

3. To join these two phases, such that fabric properties can be
predicted from the behavior of the wait cell and subsequently
the fiber, and the.geometric arrangement of fibers in the
febric.

The orthotropic theory for uniaxial tensile stress was applied to



tow fion-woven feabrics of essentially straight fibers and bonded with a

rigid binder. The mechanical properties with respect to the orthotropic

axes were measured, and used to predict the properties in other test
directions. The properties in these directions were then measured, and
compared to the predicted valuts. The general agreement was good for

the elastic modulus, E, the proportional stress limit, O'P and the rupture
stress, Cﬂ“ . Thewsmgreement for Poisson's ratio, )’ , was fair, depending
upon the validity of the assumption of fibers taking compressive stresses
without buckling. No experimentsl data on Modulus of Rigidity, G, were
obtained.

The fabric was examined microscopically to determine the simples: ele-
ment for analysis which might reasonably be used to predict the properties
of the fabric. A unit cell was selected, in which a number of fibers were
present, and where the hypothetical boundaries of the cell could be expected
to displace in a known manner under stress. The unit cell was taken as a
square of sufficient size to negate any fiber ends; and within which a suf-
ficient number of bonds per fiber allowed the strain in the fiber to be
approximated by the strain induced by parallel displacemamt of the boundaries
as if the fiber were bonded only at the boundaries. The use of this finite
sized element 28 an analytical model:iallowed measurement of the relative
orientation distribﬁtion of fibers within the cell, and subsequent deter-
mination of the average fiber orientation distribution of the fabric. Then
for a hypothetical straim of the unit cell, the fiber strains could be found.
These strains are converted to fiber stresses, and the compoments of the
stresses summed to find the stress on the unit cell necessary to cause the
given strain. 1In this manner, a stress-strain curve of the average unit

cell (or the uniform fabric) was constructed. This same average unit cell



allowed prediction of Poisson's ratio and Modulus of Rigidity.

A fiber web theory was developed for the behavior of the average unit
cell, or fabric, under the assumptions of straight fibers, with rigid
bonds between fibers, and without fiber buckling. The boundary conditions
of uniaxial tension were changed te. meet better the actual test conditioms.
These were one stress real, (TS , with Oz 85,30. The boundary conditionms.
for uniaxial orthotropic theory were 03 real, O",~= G'if 0. Either set of
conditions for unit cell behavior could be used, but the former were applied
in a general solution of the post-yield region of the.fiber. The measured
fiber orientation distribution, ¢‘p) , was empirically fitted with a five
term cosine power series, and equations develped for E, \) » ¥ G in the
elastic region, dependent only on the fiber modulus, the constants of the

¢{p) expression, and the direction of stress relative to the orthotropic
axes of the fabric.

The same procedure using thepost-yield properties of the fiber gives,
after translation of the secondary modulus intercept, the post-yield region
of the fabric. Thus the entire stress-stxain curve of the fabric under
tensile stress in any direction can be predicted, using the behavior of
the fiber and the average unit cell.

The observation that the unit cells were not identical, and that the
fiber rupture elongations were variable, lead to an estimate of the dis-
tribution of rupture stress of the unit cells. This distribution, together
with Peitcéfs "Jeakest Link" theory, was employed to determine the rupture
strese of a specific sample size, based upon the calculated rupture stress
of the ‘average unit cell, or uniform fabric. The original analyéia was
based on non-buckling fibers, but an approximation was made for the case

where fibers would buckle under compressive stresses. ,



Rupture depends upon three fabric parameters, and was sssumed to occur
when the first fiber in the fabric failed. Thus for unit cells under equal
force, the rupture stress of a number of unit cells is given by the rupture
stress of the cell with 1) the minimum number of fibers and 2) the poorest
orientation of fibers for stress in the given direction. The distribution
of rupture stress was found from the joint distribution of 1) variation
of number of fibers - area density - and 2) variation in rupture stress due
to changes in the fiber orientation for cells of average area density. The
standard deviation of the rupture stress of the unit cell was used in Peirce's
"Weakest Link" theory to predict the rupture stress of a given size of specimen.
These predicted data agree quite well with experimental data obtained for vari-
ous gauge length specimens. Rupture stresses were predicted at various stress
orientations to the orthotropic axes and found to agree well with the expert
mental data on the two fabrics tested.

Several practical aspects were considered, among them the effect of fiber
length, fiber curvature, bunching of fibers, and different degrees of bonding
of the fabric. A number of theoretical fiber orientations were examined, to
illustrate the use of the fiber web theory in the design of non-woven fabrics
with certain specified characteristics.

Certain conclusions are warranted, under the limiting assumptions:

1. For straight fibers*, flexible, non-woven fabrics and bonded with

a rigid material: the measured properties in the orthotropic directions
and at 45° to these axes allow the orthotropic theory for uniaxial
tension to predict the elastic properties and rupture stress of the
fabric in intermediate directions of stress.

*The restriction of straight fibers, and of rigid bonds may prove, with further
experimental evidence, to be unnecessary.



2. Under the assumptions of straight fibers, rigid bonds, and the
concepts of the unit cell model and rupture: the fiber web theory
predicts well the elastic and post-jaeld engineering properties
of a bonded fabric from the engineering proéerties of the fiber
and the fiber orientation distribution. From the variability
of rupture stréas of the unit cells, the rupture stress of
various sizes of specimens can be predicted quite well.

The boundary conditions of Gy reai, Gy2 84x=0, appearto approxi-
mate more closely the given test arrangement. However, the fiber
web theory can be adapted to any set of boundary conditions or
stress conditions by the use of the complete orthotropic equations
and the fiber web theory.

The rupture stress of non-woven fabrics has been shown highly dependent
upon the local ‘variations in fiber orientation and srea density. 1Im practi-
cal terms, this is a-most important characteristic of the structure. The
fiber web theory provides & bench-mark for the @valuation of new fiber orient-

ations without wmanufacturing the fabric, and indicates the theoretical maxi-

mums for new processes under the specified conditions.
This investigation has provided the beginning of a complete' theory of
non-woven bonded structures, and a number of other areas of investigation are

given in Recommendations, XIII.B.



1I. INTRODUCTION

A. The Non-Woven Fibrous Structure: Definitions

The textile and paper industries are based on two of the oldest arts of
man. For centuries, they have been thought of as two distinct processes, us-
ing different raw materials, and producing entirely different products. Yet
in certain segments of both industries, the differences have been more in
degree than in kind.

Paper-making was held to be the art of forming a suspension of short,
cellulosic fibers in water and subsequently draining off the water to yield a
matrix of intermingled fibers held together by the hydrogen bonding associated
with finely divided cellulosic elements. The fibers gemerally employed were
short (l-2mm in length) and stiff. Yet the long fibers of the Asiatic palms
were used in Japan to make very decorative papers of fibers up to %" or more
in length. Frequently, natural gums were added to the suspension of fibers
to give added holding or bonding of the fibers.

Compare this to the segment of the textile industry making wool felts.
Here the long wool fibers (1-4 inches in length) were formed into thick bolts
or mats by the plying of many layers. 1In the absence of naturel bonding, the
felts were beaten, and mechanically manipulated to intermix thoroughly the
wool fibers., The natural scaly surface and migration tendency of the wool
fiber combined to increase the density of the fiber mat. The resulting fiber
entanglement produced a self-supporting non-woven structure of textile length
fibers.

Thus for many years, the practical dividing line between a paper or textile
product was established on the basis of the length of fiber used. Natural

textile fibers shorter than % inch could not be spun into yarn, and papers



employing the longer wood fibers were difficult to manufacture. This natural
boundary designation of commercial fiber length was further justified by the
properties snd usage of the end products. Paper became characterized ac opaque,
smooth, dense, non-porous, and relatively stiff. Textile materials were more
porous, not as dense, very flexible, and offered extremely small resistaince to
bias tension.

In the last 15 years, these distinctions have become more and more blurred.
The development of synthetic resins allowed the paper-maker to use non-cellulo-
sic fibers, for strenmgth could be developed with fiber to fiber bonds not
dependent on fibrillation of the cellulosic fiber ends. Creping gave paper more
flexibility, and the new resins gave wet strength.

At the same time, these new resins gave the textile manuiacturer a chance
to by-pass the process of spinning and weaving and to form webs of textile fi-
bers other than wool, Such products had much in common with paper. The two
materials began to have more similarities than differences. The trade defin-
ition "non-woven" has come to mean a textile product because it has been made
on textile fabricating machinery, and the fibers were of typical textile length.
The papers made of non-paper type fibers (either longer or non-cellulosic fibers)
have been called "specialty papers".

Only two major differences remain. The paper process uses water as the
method of controlling and depositing textile fibers - fibers which are seldom
longer than 3/8", The textile process employs solid mechanical devices or air
as & deposition system, and gemerally uses fibers over 1" in lemgth. All other
differences are a result of the pre-determined process or subsequent treatment

of the material,
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For the purpose of this study, the term "non-woven structure" will refer
to the product of either process. Thus a "non-woven" fabric is an essentially
twvo-dimensional assemblage of textile-type fibers held together with some
additive bonding mterill, resulting in a self-supporting web-like structure.
Examples of a textile fabricated and paper-machine manufactured non-woven
are shown as Exhibits I and II.

B. Purpose of the Study

The "non-woven" structure is becoming an important material for both
consumer and industrial use. In 1956, 90 million pounds of non-woven mater-
ials were manufactured by the textile industry alone, representing 1.5% of
the total fiber poundage produced in this year. (12)* Much has been claimed
for the future of the non-woven, and no limits can be set as to its adapt-
ability and applicability for certain uses. The literature contains many
articles about market potential and possible developments, but vety little
has been published on the design criteria for the non-woven. It would appear
that certain of the analytical techniques developed for other stress-carrying
materials could be applied to the non-woven; and that & fundamental study
might provide analytical tools to utilize the adaptability of the non-woven
process to the utmost. The immediate questions are those of fiber proper-
ties, fiber arra'ngenent, and thke characteristics of the bonding system.

The first two of these have been the subject of much investigation as ap-
plied to woven fabrics. The problems of translating fiber properties to

yarn properties, and yarn properties to woven fabric properties, have
received much study. The translation of fiber properties to yarn properties
is generally predictable provided the yarn is maintained straight. The trans-
lation of yarn to fabric properties has met with less success. One of the

major stumbling blocks has been the three dimensional nature of a woven fabric.

*Numbers underlined and in parentheses refer to the bibliography



The ''non-woven' structure, on the other hand, is essentially two
dimensional, and thus lends itself to two-dimensional stress analysis. With
this immediate advantage, this investigation was undertaken with the following
purpose:

TO DETERMINE THE PHYSICAL MECHANISMS GOVERNING THE TRANSLATION OF

FIBER PROPERTIES INTO THE ENGINEERING PROPERTIES OF FLEXIBLE NON-

FIBROUS STRUCTURES

The complete goal, of which this study is a part, is to provide & method
of predicting, from the properties of the fiber and bonding agent, and their
geometric arrangement in the structure, the general mechanical properties
of the final non-woven material. In order to accomplish this, the major
variables in the formation of a non-woven must be established, and some
estimates made as to their relative importance.

The immediate objective is to gain a clearer understanding of the pro-
perties of an ideal non-woven structure; one in which 21l components
fiber, bonding, and geometry - are fully utilized. Thus it is not the type
of bonding, nor the particular bonding agent which is of interest; but
whether or not the necessary idealizations are met. For the same reasons,
the particular fiber used is unimportant. What is desired is a non-woven

fabric in which the fibers are utilized to their utmost, and in terms of

strength, this implies fiber failure rather than bend failure.

C. The Program

In order to study the non-woven fabric, the research program can be
broken down into three main problems, as follows:

1. To predict theoretically, and measure experimentally, the gross

engineering properties of orthotropic non-woven bonded fabrics.




In the majority of engineering applications, the stress-bearing
material is considered isotrcpic; i.e., the engineering proper-
ties are the same in all directions. Any material which does
not have this characteristic is called anisotropic; i.e., where
the engineering constents, such as modulus of eleasticity and
modulus of rigidity, are not the same in all directions.

Many materials are anisotropic, suck as cold-rolled steel sheet,
paper, and wod. One particular type of anisotropy occurs when the
essentially two-dimensional wmaterial possesses two definite axes
of symmetry st right angles to each other. Such a material is
called orthotropic, and usually the engineering properties ars
specified for both axes of symmetry. Paper, woed, and woven
textile fabrics are orthotrepic. An anslytical theory has been
daveloped for wood and plywood (5-9) to predict the bchlvior of
orthotropit miterisis when the principal stresses are not along
the axes of symmetry. This theory is given in detail in III-A,
and will be used to attempt prediction of the engineering pro-
perties of non-woven fabrics in the initisl Hookean rg‘i.qi'x. The
analysis will take into account the affect of free fiber i_.ongthl
batween bonded areas, charactsristic of flaxible, or low binder
cdntent, non-wovens. |

To isolate and study the basic buildimg block or "“ynit cell" of
the fabric. The "unit cell” can be considered as ‘the ctfplut
structural element in the fabric whose boundaries can be definad
with some degree of confidence, jutifyi.ng the necessary assumptions

for an gulytical spproach. In the stress analysis of metals, the



differential element is chosen to be infinitely small, and all
differential elemants assumed uniform and homogensous. This is
done even if minutas voids or cracks are known to be preseat,
simply by changing the physical propsrties assigned to the dif-
ferentisl elements. However, in a non-woven fabric containing
fibers, bonds, and voids; homogeneity and uniformity are imvalid
essumptions on any differential element. The fabric will be
studied microscopically to arrive at the geometrical form and
aize.of the unit cell, and various aﬁnlytical techniques will
be used to establish the bebavior of the unit cell in terms of
the fibers anc their geometry.

3. To join these two phases, such that the fabric deformations can
be transformed into unit cell and subsaquently fiber deformations;

fabric stresses into fiber stresses; ultimately leading to the
prediction of fabric properties from fiBer properties. In this

attempt, the rastriction of Hookean behavior and perfect uni-
formity will be rl.'noved, in order té establish the importance of
the actual fibor properties and of some of the manufacturing pro-
cess variables on the properties of the fabric.

D. The Literature

As mentioned previously, almost all of the published literature on
non-woven fabrics or papers has been concerned with applicatioms. Very
little has been published concerning the mechanical performance of these
materisls. This is understandable, although regretable, in view of the
present state of the manufacturing art. 1n all phases of the industry, the

techniques of manufacture are closely guarded secrets.



The only analytical approach to this subject was that of Cox (2) in
1951 with reference to paper. Cox analyzed the effect of fiber orientstion
on the stilfness and strength of paper and other fibrous materials. Be
kypothesized that the effects could be represented complétely by the first
three Fourier coefficients of the distribution function for a planar (two-
dimensional) material, and that all possible types of elastic behavier could
be represented by the composition of four sets of parallel fibers in appro-
priate ratios. |

Further comment will be made upon his approach later, but it will
suffice to note here certain of his restricting assumptions. Cox proposed
the concept of an ideal matrix of fibers, perfectly homogeneous, with each
fiber assumed to extend in one straight line throughout the body of the
material and to be loaded only at its ends. Furthermore, he assumed that
1f compression loads exist, the fibers are so supported as to carry com-
pression, or that the whole mat is subject to biaxial tension sufficient
to annul any compressive component afterwards applied.

These assumptions severely limit the analysis of flexible non-woven
fabrics composed of non-Hookesn or plastic fibers, and thus a more general
approach will be developed.

E. Experimental and Theoretical Limits on the Investigation

Some restrictions and assumptions must be made, in order to make any
analysis possible. Certain of these limitations will be discugsed later,
not;bly the ones concerning fiber straightness and fabric uniformity. How-

ever, the following serve to define initiaily the scope of the investigation.



1. All non-woven fabrics will be considered as one material, or
one ply, even if possessing two or more primary fiber orign:-
ations, in order that the analysis be confined to two dimen-
sions. Thus all fibers are considered es lying in the plane
of the fabric, and relatively light weight fabrice will be
used in the experimsmts,

2. Plexible non-woven fabrics will be defined s structures which,
although stiff, contein considerably less bonding sgent than
fiber, and, in vhich lengths of frea fiber separite the bonded
areas. Such flexible fabrics might be lightly impregnated,
sprayed with birder, or the bonding agent applied or activated
at separate discrete points (such as in fused Acetate fiber
webs where the bonds are only at intersections of f£ibers, or
in the MASSLINN* type printing).

3. Fabric bonding will be considered of such type and with suit-
able materials to produce the maximum amount of fiber failure.
General problems of bonding (bond size and shape, adhesion of
bonding agent to fiber, etc.) will mot be considered within
che' scope of this investigation. The properties of the bindu:
will be assumed to be proper to cause ail of the ul:mi.oﬁ of
the fibers (and thus the fabric) to take place in the iree
lengths of the fibers between bonds. The size of the bonds will
be negligibly small compared to the length of the fibers between
bends, sc that the bond points can be considered rigid points.

* MASSLINN, Trade mark of Chicopee Mills, Inc., 2 non-woven with discrete,
preselected bond areas. .



4., A fabric was desired which most closely approximated a theoretical
structure in wkich the unit cell could be easily visualized and
analyzed., For this purpose, a ''completely'" oriented non-wovaen,
wvith the fibers lying parallel, might appear most ptoiistng. How-
ever, it vas desired to eliminate, as much as possibla, the in-
fluence of resin binder properties and placesment froam the invest-
igation. Obviously, the properties in the direction perpendicular
to the fibers of such a highly oriented fabric depend almost
entirely on the characteristics of the binder and its positioning
in the non-woven.

Since the properties of the resin-fiber bond are very difficult
to determine, fabrics of somewhat less than perfect orientation
were selected in order to make the transverse properties of the
non-woven more dependent on the fiber properties, and less in-
fluenced by the binder and its placement in the fabric. A binder
system was selected in vhich the elcngation of the binder would
be very smell.

5. The initial limitation that fibers should be relatively straight
and the fabric reasonably dense and uniform pointed toward a non-
woven of short fibers manufactured by a wet process. One source
of such fabrics is C. H. Dexter and Sons, Windsor Locks, Conn.
vhose Dexstar# papers are shown as Exhibits I and III. The pre-
sent textile fabricated non-woven fabrics are structures with
curled or crimped fibers, presenting msny difficulties in the

analytical approach.

* Dexstar, trademark of C., H. Dexter and Sons, Inc.



6. Experimental investigation is limited to the case of uniaxial
tension even though it might be desirable to conduct experi-
ments under biaxisl stress conditions. The abaence of liter-
ature on ideal fabric properties as & function of fiber orient-
ation and the suthor's own experience in the field of non-wovens
indicated that experimental informstion under uniaxial tensile
loads was greatly neoded. Only the treatment by Cox has taken
into account the effect of fiber orientation on the nom-woven
fabric properties, and his work was not subatantiated by exper-
imental tesults. Both analytical and experimental investigations
were deemad necessary to establish the simplest of theories for
mechanical properties and rupture conditions. An applicable
theory for tensile behavior will provide a bench mark for future

investigators in the area of the mechanics of non-wovan structures.



II1, THE GROSS MECEANICAL BEEAVIOR OF ORTHOTROPIC MATERIALS

A. Theory

1. Transformstion Equations For Stress and Strain

Consider s thin (essentially two-dimensional) sheat of material subjected
to uniformly distributed loads applied at its edges and acting in the plane
of the sheet.* This is & case of plane stress vhere the material is free to
contract or expand in thickness. The stresses and strains in the sheet are
referred to the orthogonal axes y and x, or to the orthogonal axes 1 and 2.
The y axis makes an angle © with the 1 axis, measured positively counterclochk
vise from the 1 axis to the y axis (Figure 3.1).- The stresses are f,, £,

in related to the y, x axes, and f,, £,, £, related to the 1, 2 axes. Those
stresses with a singla subscript are direct stresses acting in the direction
of the axis indicated by the subscript, a positive value indicating tension.
Those with two subscripts are shear stresses associsted with the axes indi-
cated by the subscripts. Similarly, the strains are ey, LW ey’, e, &, and

e ,. The two sets of stresses are related to each other by the equations

F = FJ twolo + F, ouwle + 2(:1,‘4&& Y.
f-t = (-\,m29-+ Fx m’"a - f(gx owd Coo b (3/)

‘:/2 = '-Fy.adwcoeﬁ + Fyowd co9b + [’yx (@wﬁﬁ 'Maﬁ)

or

F.V
Fy

Fou = F, 00u80006 - F7 06 0896 + /,L{amfa-m*’a)

*This analysis will follow closely that given by Erickson and Norris (9) fol-
lowing the treatment by Love (1l1) and is given in detail in order to consider
carefully the assumptions involved.

F’, coofa + FgMzG - ff,z a8 cro b

(3.2)

F, saulg + frem%0 + PFp aubcosd



FIGURE 3.1

CHOICE OF AXES FOR MATHEMATICAL ANALYSIS

OF ELASTIC PROPERTIES



The two sets of strains sere related to each other by the equations
B 4 .
e, = 63 ca.szg « O,51"n 6 + 8,, aum B Cos O

e; = Bgﬁl/n'& + €y 0’0 - Eyx AM 6 206 (3.5
€z - Ze,/u'«ama + R 6y ol +Eyx {wze-wzé)

or

ey, = €, 3o + Cpoule - €, o6 08

€x = E,sz@ + Ep Mzé + C,2 atB CRb (3.4)

Cyx L€ b3 - REsamb 28 + e,z/mzo-wza)

The sets of equations 3.1 - 3.4 are obtained from purtly geometricel
considerations and equilibrium of forces, and therefore, are completely
independent of the properties of the material to which they are applied.
Their derivations may be found in any standard text on the theory of
elasticity.

2. The Relations Between Stress and Strain

According to the generalized Hooke'p Law, each straim is linearly
related to the three néruus, resulting in 9 elastic constants for the
material. These nine properties are not independent of each other be-
cause of the existence of a strain-energy function (See A(.:’pendix A).
Furthermore, any additional a’xu of syuetfy will further reduce the
number of independent pfopertiea. The most general relations between

strain and stress, in two dimensions, are given by



el = a—H[: *ﬁ«ufz + ¢13F3

z QZ,F, + Q—zz [z tQ;3 F3 (3.5)

D
ko d
]

eIZ = 4—31[1 *QJZ[Z * Ay F3

The meanings of some of the coefficients in equations 3.5 are made

evident by allowing two of the stresses to be zero. Thus;

/ .
! £ - L 3.54)
a, = E Qpa = E» Cgy~ é,2 ( )

vhere E, and E, are the moduli of elasticity im the 1l and 2 directions,
and G,, is the modulus of rigidity associated with the 1 and 2 axes.

Also by the Maxwell reciprocity relations (see Appendix A):

V V.
a,, = "‘z_!‘é z Qpy = "Ezj (353)

vhere V,  and \), 2 8&re Poisson's ratios of a contraction in the direct-
ion of the second subscript to an elomgation in the direction of the
first subscript, due to a tensile stress in the direction of the first
subgcript.

The valuez of a /3 and a 29 @re applicable in the case of direct
strains cauged by a;e_u- stres;: and vice versa; and will be defined
later.

3. Transformation Of The Stress-Strain Equations

Equations 3.5I may be transformed to refer to the x, y axes by use

of equations 3.1 and 3.4. Let the stresses associated with the x 3

axes be zero except one. Substitute this one stress in equations 3,1



to obtain values of f,, f,, and f,,. These values substituted into equa-
tions 3.5 give the 1, 2 direction strains, These strains (e“ €a, e,z)

are ther substituted into equations 3.4 (one equation at a time) so thet

the ratios of the strains to the stresses associated with the x, y axes

are obtained. The transformsd equations are:

ey = b, Fyrbizbe b, )(“
Oy = baky r bazFy + bas by 36)
< by by v bhsg Fx * by Fyx
vhere
b, = o o6 e La,y 006 a6 1 (2 aup+ gs) 005000

+ Zo.zgmem’e + Qppaur?o
b, = a, w'er (423~ 0y3) 0G0 6 + (a,,,m.”-a,,)eaozaw”a
+ (a,5- azs)m9M39 + Q2 au'o
b,s = Q3’6 (2az+as3-Ra,) (0 DL fﬁ(@,—aﬂ)wzamza
=(Za,p 1043 'Zo-zz) 0.0 6 - Qs M"Q

i 4 - -
bZZ = Qpp 96 - Lays 02’6 o & + (Ea,,z+ a,,)w‘aaaza

~L a3 60’6 + @, 0in%

9 . R
brs = Q30906 +(R0se-0ss-R0s2) tro 500 6 ¢ 3(0)3-Cps) e D506

- (20.,,' za/z ’QJS) wﬁﬂw:”e -Qys M46



4
bys = Qg3 06+ 4(224-0,5)000% 06
+ R(Rayg t2a,, - 9a,5-Qyy ) t00%5 0040

+9(013-023) 606 2’0 + A3 2?6

All of the equations given up to this point are perfectly general,
and apply to all materials provided:

(a) That Hooke's Law is val.i‘.d for the stress levels imposed.

(b) That the material does not creep with time.

(c) That no hysteresis effect is preseat in loading and unloading

the specimen.

(d) That only small strains are considered.

It i3 the purpose of this study to examine the applicability of
this theory to flexible non-woven fiber structures. Thus, experimental
procedures will be established that tend to minimize the latter three
assumptions, in order to test the first.

4. Orthotropic Materials

The equations developed above apply to the most general materisl,
i.e., one which has only radial symmetry. If various additional sym-
metries are imposed, ‘,the coefficients in equations 3.5 assume . particular
values., If the material has one axis of symetry (L), it also has an-
other axis of symmetry (T), at right angles to {t, because of the radial
symmetry, and such a materisl iz called orthotropic. It cen be shown that



1f equations 3.5 for such a materisl are written for the L and T axes, rather
than the 1 and 2 axes, the values of 8,, , 84, , 8,5 &nd a,, are zero.

(Appsndix A). Thus, equations 3.5 become
e, = f - l)_l-.I[T

er:’yz:rﬁ'f..*fl:;fr - (38

e,_r = -GLJ-;/LT

These equations (8) may be transformed to the axes x and y, by simply
meking the L axis the 1 axis, the T axis the 2 axis, with @ again measured
positively counter clockwise from the L axis to the y axis. Thus, by the

use of equations 3.6, the strains relativa to the x, y axes sre:
€y = Cu F, + C,p )(x + C,3 ng
ex= Cy [5 + Czp [x + oy Fyx (5.9)
€yx = Cs fy» Cop Fx + Css Fyx

Relations 3.7 becoms:
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In the event that only one stress acts, (fy) 88, for example,in a uni-
axial tensile test (fy , £,, = 0); then ths equations 3.9 and 3.10 reduce
to the following: ' '

63 = C,, fs
ex = C;z ‘3 (3”)
Cyx = Ci3 y

Bquations 3.10 with certain uui.puhti.on, reduce to:

e 1 . twlo, culs [-L -Qﬂ]m’em‘?e (512)a
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Knowledge of the msterisl constants E , K, \)_L.! , and Gpp will
allow prediction of the corresponding constants for any arbitrary set
of orthogonal axes. The moduli B and B.r can be measured directly.
Determination of_\}é_ raquires ot:ltah.::n maasuremsnt of both‘ei end € 2%
A method for ucconpluhig this will be given in the foum'd.ng section.

The modulus of rigidity, Gr is difficult to measure directly.
Even on rigid laminates §£ vood-;-nd fiberglass, to wvhich this theory has
bsen applied, no complatsly successful experimental method of determining

G hss been found. Experience on plywood has shown that & better

LT
massure of Gy 18 obtained by determining Ey when 0= 45°(. maximizing
the term conteining Gyp 1in coefiicient C;; ) and calculating Gyp from
‘u - @-

Since from Equation 3.5B:

Vo | Vo
> (3./3)

all five constants needed are determined. 1In order to satisfy the 'rc-
. .

quirement of Hookean bshavior, only the initial relativeiy elastic re-

gion of the stress-strain curve will be considered by this theory.

B. éxpcrinntal Procedure

1. Teusile Testing

All testing was carried out on a coqlercial electronic type of ten-

sile tester ("Instron")*. The load sensing element consists of SR-4 strain

*'Instron', a trade name of Instron Engineering Corporstion, Canton, Msss.

+



gauges, whooev signal is amplified and plotted against time on a 10" strip
recorder. A photograph of the tensile tester is showm in Figure 3.2,
Provision is made for changes of the crosshead (lower jaw) velocity, and
for the velocity of chart motion. The load cell used had & range of 1 to
50 pounds of force. The specimen jaws were self-aligning; jaw faces were
1-3/4" side of rubber surfaced steel. All tests were performed at constant
rates of strain.

2. Strain Meagsurements

Simplification of the pretj:eding theory dependz on a uniaxial tensile
stress (&). Specimens should be long enough to allow free contraction of
the center of the specimen (&‘-‘0). and to minimize clamping effects. The
general rule in such cases (St. Venant's Frinciple) is that one specimen
width away from the clamp, restraint conditions imposed by clamping will
have disappeared. Thus for a specimen one inch wide, a length of at least
three inches is necessary to provide one quute inch in the center of the
specimen under uniaxial tension. Preliminary testing Lndi.cat;d a large
emount of fabric wrinkling, or corrugatving, during application of load.

As it was desired to measure transverse strain occurftng within che fab-
ric itself, in order to determine Poisson's ratio, some method of elimin-
ating this wrinkling effect was necegsary.

} Several methods were tried, and two seamed satisfactory; 1) A dumb-
bell shaped specimen, with the center portion about 1/2 to 3/4 the maxi-
mum sample width; or 2) a specimen of uniform width supported at the ceuter
vith a smooth plate designed to keep the fabric flat. Dumbbell or oddly
shaped spacimens \‘vere undesirable, since a comparison was ncedqd bet\}een the
strain as determined by the Instron, and strain measured directly between

two marks on the specimen. Thus, a relatively long, uniform width



FIGURE 3.2

"INSTRON" TENSILE TESTER



specimen was selected; and the center of this spacimen supported by a
smooth becking plate. This plate was wider than the specimen and slightly
longer than the distance between gauge mearks, and was placed parallel to
and ilightly forward of the plane located by the jaw faces. As the leioctad
geuge length for independent mesasurement of strain in the direction of
stress (y)was 1-1/2 inches, the backing plate was made two inches long
overall with the upper and lower edges bent away from the sample. This
arrangement is shown diagramatically in Figure 3.3 and also, as mounted
on the testing machine in Figure 3.4. Thc presence of the backing plate
altered slightly the condition of uniaxial stress, but experiments with
the plate showed no change in the shape of the machine stress-strain curve
of the unsupported specimen and less than a 5% lowering of the average
rupture stress. The total gauge length of the specimen was selected as
eight inches, in order to provide about three inches of unsupported
specimen on either sidebof the backing plate. This perniﬁted contraction
without buckling on the backing plate.

Several methods of simultaneously messuring strain in both the y and
X direction were considered, and a photographic procedure selected. This
method offered ease of operation and more observations within the relatively
short time to bresk, which was desired imn order to minimize the effects of
fiber creep and bond slippage. It was found that photographs could be taken
every three seconds, and the rate of strain was selected as 6.25%-87% strain
per minute, giving rupture times from 20 to 40 seconds.

A 35 mn camera with lens of 50 mm focal length was used. 1In order to
enlarge the image on the film, the camera was fitted with a 20 rm extension

tube. The arrangement gave an object to image reduction of 2.2: 1, or a
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FIGURE 3.4

PHOTOGRAPHIC ARRANGEMENT FOR RECORDING FABRIC STRAINS



field of view of approximately 2 x 2.8 inches. The lens to object distence
was 6.0 inches. In order to avoid vignetting of light at the corners of
the £film plane and to decrcase distortion (énd subsequent error); the lens
opening was set at £:6.3.. This gave no distortion in a 1" x 1}" section
in the center of the field of view. Illumination was supplied by a Burton
100 watt Microscope lamp (with heat filter), placed to the left and below
the specimen and eight irnches away. This gave oblique lighting sufficient
to photograph at an exposure of 1/20 of a sccond on high contrast Kodak
Microfile film (Tungsten rating 16).

The gauge marks were placed on the fabric sample with a 2" x 2" rubber
stamp, consisting of a grid of one-half inch squares (Figure 3.5). The sample
was then mounted such that four horizontal lines (1%" in y direction) were
always on the surface of the backing plate during the test.

The camera, light source and backing plate were mounted on & rigid
frqneuork surrounding the tester, but separate from it and attached to the
table in order to minimize vibration (as shown in Figure 3.2 and 3.4).

In operation, the specimen was placed in the jaws at a gauge separufion of
eight inches. The lower jaw (crosshead) was moved manually until the
sample lay flat on the backing plate (a pre-tension of 2% of the rupture
load). The camera was focused with the aid of a ground glass placed at the
film plane, the film threaded in the camera, and the camera back closed.

A photograph was taken to determine the control or zero strain,gauge. The
film was advanced for the next photograph and the recording chart started.
Then the crosshead and a stopwatch were started at the same time, and after
three seconds had elapsed, the camera shutter was tripped. The film was ad-

vanced, the shutter cocked and again tripped vhen the elapsed time was six



PIGURE 3.5

MARKING STAMP, GROUND-GLASS MAGNIFIER, AND
MARKED & UNMARKED FABRIC SPECIMENS



seconds. Successive photographs were taken in the same mamner, the time
of these photographs being Belected according to the behavior of previous
tasts of samples at the seme angle 0 from the symmetry axis (L) to the
test direction axis (y). The procudure was to alter the tims betweea photo-
graphs such that three strain measurements could be made in the elastic
region of the stress-strain curve, and three during the plastic region.
Thus photographs were usually teken at 0, 3, 6, 9, 12, 15, 20, 25, etc.
seconds until rupture. Since the relationship between the crosshead velo-
city and chart velocity was known, the displacement on the chart could be
interpreted both as elapsed time in seconds, and as strain based on the
originsl jew separation.

Thus, 4f J is the original jaw seperation in inches, C. H. the velo-
city of the crosshead in inches/minute, &nd C the veleocity of the chart in
inches/minute; the strain rate (S.R.) in %/minute is the ratio of cn to
J. Similarly the ratio of S.R. to' C. is the percent sirain in the sample

per inch of chart. Also the reciprocal of C multiplied by 60 is the number

of seconds per inch of chart., Summarizing:

Strain Rete (%/min) . Crosshead Velocity (incheq/minute)

Original Jaw Separation (inches)

Percent Strain _  Strain Rate (%/minute)
Inch of Chart =  Chart velocity (inches/minute) -

No. of Seconds . 60 second/minute
Inch of Chart =  Chart velocity (inches/minute)

The Microfile film was tank developed in Kodak D-11 {a high contrast
developer) for five minutes at 68° F., fixed and washed. Each frame or
exposure is identified by a number already on the film, increasing numbers

indicating increasing elapsed time. A reproduction of a typieal strip of



film is shown in Pigure 3.6. The high contrast is produced at the edges
of the sample by painting the backing plate a flat black, such that the
fabric edges can be usad as gsuge marks for the measurement of transverse
contraction, €, . Strain messurements were carried out in two ways. In
the first method, the film was placed emulsion side up over an illuminated
ground glass. A ten power ground-glass magnifier (Figure 3.5) with a

20 mm., scale divided into tenths of millimeters on its glass face wvas
placed directly on the emulsion. One inch on the fabric corresponds to
approximately 11 millimeters on the magnifier scale. Since the magnifier
scale can be visually interpolated to one-fifth of each scale division, or
.020 liliinetets, the observationsl error is .020/11.0 or spproximstely
0.20% or 0.20% strain. Por measurements of large strains in the fabric
tkis method i.o' quite satisfactory.

The second method was to place the film, mlaion side dowm, between
two glass plates in a standard photographic enlarger, and to project the
image onto unlined white paper. The magnification was usually sbout 11
timesz. Thus one inch on the fabric was about 5.5 inches when projected.
The negative of the control was measured first and light pencil marks
placed on the paper at both edges of the sample at two separate places,

providing two original lengths for the determination of transverse strain,

ey Along the direction of the sample, two sets of marks were placed in
:;e center of the gauge marks which were 14" apart on the sample, providing
two original lengths for the determination of longitudinal strain, ey.
Successive photographs were examined, and the displacement of one of the
marks noted with the film positioned so as to match the other mark made for
the control for that set. The distance between marks was then measured

in scale units of 5S0ths of sn inch, estimated to one-fifth of a scale unit,



FIGURE 3.6

PHOTOGRAPHIC RECORD OF SUCCESSIVE STATES OF STRAIN



or 1/250 of an inch. Thus the measurements are accurate to 1/250 x 1/5.5 or
about 0.10% or 0.10% strain. This is about the error involved in originally
placing the pencil marks and is about the best accuracy with fabric gauge marks
of one or one and one-half inches. Increased accuracy requires larger gauges
on the fabric.

Measurements of this type result in data as shown in Table 3.1. The
table shows length measurements as a function of time, the conversion of
lengths to strain, as well as the conversion of time to force in kilograms/
inch width, as taken from the Instron chart, The final three lines of Table
3.1 constitute the desired information; i.e., 55 and EZ for various levels
of fx, fy.

3. Fabric Material

It was desired toc obtain a commercial material which most closely satis-
fied the limitations cited in section II.E. The original concept of trams-
lating fiber properties to fabric properties of an orthotropic structure,
together with the restrictions of relatively thin fabrics of straight fibers
bonded with a rigid material, seriouslf limited the choice of material.

All non-weven fabrics formed from typical textile fibers (approximately
1% denier, 1-3 inches long) by processing mechanically or in air have curled
or crimped fibers. Those fabrics composed of shorter fibers (less than 0.5")
and formed in water have relatively straight iibers. The major source of water-
laid textile fiber non-wovens is C. H. Dexter and Sons, Inc. Inquiries of this

firm indicated a number
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of materisls in the desired weight range, but the highest orientation
available vwith adequate binder at that time was approximately a 5:1
ratio of moduli. This material was selected as Fabric A for the first
phase of the progrem; i.e. tc determine if the orthotropic theory will
predict the performence of a fibrous structure when the fibers are
not embedded in a resin matrix. The specifications follow:
Fabric A. (Dexstar #210) - See Exhibit I
Nominal weight - 10# ream or 10#/380 sq. yards
Actual weight at 65% RH - 16 grams/sq. yard

Fiber - Regular tenacity viscose rayon, l% denier
%" to 3/8" in length.

Binder - Regenerated viscose solution, 1 to 2% on
weight of fiber.

Formation - Uniform weight with very few clumps of
fibers; and apparently uniform orientation
of fibers. Furnished in 24" x 36' sheets.

C. EXPERIMENTAL DATA

1. Conversion of Forge/unit Width to Specific Stress

The general orthotropic equations (III,A) have been derived in terms
of stresses defined in the usual mannz: as force/unit area. However, the
experimental procedure determines forca/ynit width for a given fabric
weight/unit area. No problem arises as long as comparison is made on
fabrics of the same weight/unit area, but it is desirable to establish
some uniform system of designating stresses.

Textile fiber strengths and gtresses are defined in terms of forcg/’
weightl‘articular length. In the case of synthetic fibers, stresses are

usually given in grams/denier, where denier is defined as the weight in



grams of 9000 meters of fiber or yarn. Then the weight of a unit width
of non-woven fabric 9000 meters long is its equtvaient denier. Dividing
the measured force/unit width by this equivalent denier gives specific
stress in units of grams/denier.

For example, one square yard of Fabric A weighed 16 grams at 65%
R.H. A strip one inch wide and one meter long weighs 16 x 1/36 x 39.4/36
or .486 grams; and 9000 meters one inch wide weighs 9000 x 486 = 4380
grams. Thus the equivalent denier of a one inch wide specimen of Fabric
A is 4380 (or 4400) denier, and if the rupture load for a one inch wide
specimen were three kilograms, the specific rupture stress for this fab-

ric would be 3000 = .685 grams/denier (gpd)*.
4380

2, Specific Stress-Strain Curves at Various Angles

The rate of strain was selected as 6.25%/minute, in order to give
rupture times of 20-40 seconds, or 2-4% elongation to rupture. The use
of relatively short times to break minimizes any time effects, or creep,
in the fabric; and the 4% maximum elongation justifies the use of gmall
strain approximation, Since the specimen is ruptured during the initial
loading cycles,no hysteresis effect enters. Thus three of the four con-
ditions for orthotropic theory are satisfied (III.A.3) and the analysis
can be used to test for Hookean behavior.

As indicated previously, a long specimer of uniform width was se-
lected in order to compare the photographically measured strain in the

center of the specimen with the strain obtaired from the Instron chart.

* The abbreviation gpd for grams/denier will be used hereafter in both
text and figures.



With a gauge length of eight inches, specimens were cut 10" x 1".
One 24" x 36" sheet of Fabric A was divided in half, and the
edges of one piece reversed. Specimens were cut from both sheets
simultaneously. All of the specimens were tested with the backing
plete in position. The plate was set 0.2" forward of the jaw cen-
terline for angles of @ from 0° to 30°, and 0.1" forward lor angles
of © from 45° to 90°. Three or four specimens, selected randomly
from the total number of specimens at that angle 0@ were photographed
for determination of transverse strain. The remaining specimens were
tested to insure that the photographed specimens were a represent-
ative sample. At least six specimens were tested at each angle of
test ©. The strains as a function of time and stress were measured
by one of the two procedures described, as illustrated by Table 3.1
The final three lines of this table give the desired information.
This cata is summarized for four gpecimens in Table 3.2, giving
the information for the four photographed specimens in the 03 0°
(L) direction. The last two lines of the table give the average
stress of the four specimens for given strain levels determined
from the original 8" gauge of the specimen (Instron Data). The
results of Table 3.2 are plotted in Figure 3.7, as specific stress
(gpd) vs. percent strain. The plotted points indicate the close
agreement between the average curve as obtained from the Instrom
chart based on original jaw separation, and the strain measured over
13" in the center of' the specimen. The symbol @ indicates the

average rupture point (or Specific Rupture Stress) of the photographed



TABLE 3.2

FABRIC A, STRESS - STRAIN DATA, € =0 (L)

Specimen
Time, sec. O 3 6 9 12 15 2 25 35
G, spd 0 .15 .28 .38 4347 .52 .55 .59
X oy 0 .27 .57 .91 1,08 1.08 1.57 2.32 3.42
ex 0 .48 .841.21 1.66 2.15 3.33 4.95 9.8
Time 0 3 6 9 12 15 20 25 35
12 a, 0 .13 .27 .36 42 46 .49 .53 .55
ey 0 .28 .531.11 1,38 1.70 2.45 2.92 3.30
ey 0 .53 1.021.02 1.50 2.21 3.35 4.85 7.45
Time 0 3 8 13 18 26 31
3 a5 0 .14 .34 .44 .48 .52 .53
ey 0 .42 .931.41 1.85 2.19 2.82
ex 0 .40 .821,3¢ 2,09 3.05 4.5
Time 0 4 8 12 16 20 25 30
10 a0y 0 .18 .32 .40 A4 47,50 .52
ey 0 .3 .701,12 1,65 2.18 2.48 3.2
e, 0 .3 .77.1.46 2.16 3.2 4,6 6.8
Instron ey o .31 .63 .9 1.25 1.88 2.5 3.13 3,75

Data d, 0 .15 .27 .37 42,47 .51 .54 .57



SPECIFIC STRESS, O, gpd

FIGURE 3.7

PABRIC A, STRESS-STRAIN CURVE, 8 = 0° (L)
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specimens. The dashed line gives the initial specific modulus, E,
of the fabric in gpd. The specific proportional limit stress is
indicated by O'p, and was arbitrarily chosen as 0.25% stfain off-
set from the initial modulus line.

Similar curves are given for @ = 15° , 30° , 45°, 60° , 75° ,
and 90° » 88 figures 3.8 through 3.13 inclusive. The Instron stress-
strain curves agree quite well with the photographic measurements
of the center of the specimen, except for 6= 60° and 75° , Where
both average Instron and average photographic curves are shown.

When testing specimens at 0= 60° or 75° » the fiber tensions
develop components both parallel and perpendicular to the direction
of jaw movement. The unbalanced perpendicular components discort (or
shear) the whole specimen into a letter -S- or letter -2Z- form.

The shear deformation at the center of the specimen and the dis-

3 tortion of the specimen near the jaws

! combine to give larger normal strains be-
tween jaws than those observed photographic-
ally at the center of the specimen. This

is the result (as is known for orthotropic
materials) of shear stresses causing nor-
mal strains., Thus the stress-strain curves
obtained from recording jaw movement will
always lie to the right of those obtained

by means of photographic measurement. Both

stress-strain curves are given for €= 60°



FIGURE 3.8

FABRIC A, STRESS-STRAIN CURVE, & = 15°
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SPECIFIC STRESS, U~, gpd

FIGURE 3.9

FABRIC A, STRESS-STRAIN CURVE, 6= 30°
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SPECIFIC STRESS,UJ , gpd

FABRIC A, STRESS-STRAIN CURVE, 6 = 45°

FIGURE 3.10
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SPECIFIC STRESS, O~ , gpd

FIGURE 3.11
PABRIC A, STRESS-STRAIN CURVES, O = 60°
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SPECIFIC STRESS, 0, gpd
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FIGURE 3.12
FABRIC A, STRESS-STRAIN CURVE, 6 = 75°




SPECIFIC STRESS, 0, gpd

PIGURE 3.13
FABRIC A, STRESS-STRAIN CURVE, 4 = 90° (T)
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and 75° (Pigure 3.11 and 3.12). The average of the two curves is used
in the composite smooth curves at all seven angles given by Figure 3.14.
Figure 3.14 shows behavior typical of unbalanced ( EL/ET;ﬁ 1 )
orthotropic materials, i.e. a decrease in specific modulus and rupture
stress as 0 increases from 0° to 90° , or from the strong axis (L)
to the weak axis (T). There is no consistent change in rupture elong-
stion. However, if the photographic rupture strains were used in the
cases where 0 = 60° and 75°, (see dotted terminals) rupture strain
might appear to decrease from the orthotropic axes L and T and approach

o
a minimum near 45 .



FIGURE 3.14

FABRIC A, COMPOSITE STRESS-STRAIN CURVES
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3. Poisson's Ratio at Various Angles @

The data of Cx and Qy obtained from the photographic measurements,
as exemplified by Tables 3.1 and 3.2, can be used to determine the
Poisson's ratio. This ratio is defined in the usual manner as the ratio
of the percentage contraction in the x directionm to the percentage elong-
ation in the y direction due to a stress in the y direction. Thus when
the transverse strain contraction is plotted versus the longitudinal
elongation, the slope of the curve gives Poisson's ratio‘ Yy - Such a
plot is given for © =0° (L), or VY 1 in Figure 3.15. The function des-
cribed by the observed data has been approximated by two straight lines
giving 1)z 1.25 for ©L lass than 1.25% andV ;= 2.30 for €L greater
than 1.25%. In actuality, Poisson's ratio is practically comstant up
to the specific proportional limit stress and continually increases
thereafter. However, in the use of orthotropic theory, the calculations
will be restricted to the region of constant modulus, or the Hookean
portion of the astress-strain curve.

Pigures 3.16 - 3.19 inclusive give the same information for 0 = 15°,
30°, 45°, 60°, 75°, and 90°. The results for angles of @ from 0 to 45°
are quite satisfactory. For 0= 60°, 75° and 90° , the scatter in the data
is quite large, and only approximate values are given, obtained by aver-
aging all the ratios over the entire stress-strain curve. As previously
mentioned, the observational error involved in strain measurements is
about 0.1% strain. For small lateral contractions, the one inch gauge
is not satisfactory for determining Poisson's ratio to a high degree

of accuracy.



FIGURE 3.15

FABRIC A, POISSON'S RATIO, §=0° (L)
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NEGATIVE STRAIN TRANSVERSE TO STRESS

FIGURE 3.16

FABRIC A, POISSON'S RATIO, © = 15°
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NEGATIVE STRAIN TRANSVERSE TO STRESS

’ ex, %

FIGURE 3.17

FABRIC A, POISSON'S RATIO,O:= 30°
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NEGATIVE STRAIN TRANSVERSE TO STRESS, §x %

FIGURE 3.18

FABRIC A, POISSON'S RATIO, O =45% 60°
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FIGURE 3.19

FABRIC A, POISSON'S RATIO, &= 75° & 90°
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D. Cross Material Properties, Predicted and Measured

The experimental method has given directly four of the five

material constants; namely E;, ‘E'r")x.r and \) TL As they are re-
lated by equation 3.13

1)LT - VTL (3.13)
Eg_ ET

,"

\t

one check is immediately available. With the values l)l_.r= 1.25, E_
45 gpd;the ratio VLT/E_ 1is 1.25/45 = .028. With the values
\)TL= .4, E;=9.0 gpd, the ratio \)TL/E-,- is .4/9.0= 0.044. Of

these four measured values, V,, is the least accurste as seen by

TL

the scatter of data, Figure 3.19. Since the relation 3.13 has been

used in simplifying the equation group 3.12; the calculated value of
\)TL will be used.

Thus

E~r
))TL = VLT 'E_L : 025

This value is indicated by the dashed line for 0 = 90° (T) on Figure
3.19.

As mentioned previously, a direct measure of G.r is very diffi-
cult, if not impossible. The procedure adopted at Forest Products

Laboratory (9) of calculating G.r from equation 3.12a when 0= 4$°is

ugsed here.
9 N
| :
A 6099+,am9*[_‘___214.r] 25 080°0
Ee EL E‘r GLT EL

(3.12¢c)



Substituting the measured value E 45°° 21 gpd and 05{050 ; GLT=9'0 gpd.

With all five constants dete;ni.ned, values ofl Ba (at any test
angle Q) can be calculated. | The computations are given in Table 3.3.
The calculated moduli, and the measured moduli are plétted in Figure 3.20.
A -smooth curve has been drawn through the calculated values, indicated
by solid dots. 1Im the case of 6= 600 and 750, both expertnintal moduli
values are given (indicated by the vertical line); the lower v;lue in
each case being the specific modulus as obtained from th‘l! Instron chn?t.
The agreement is seen to be good.

Calculated values of ) yx can be obtained from Equation (3.12b).
Thus

Vy’* - Ea[zt}: i ?: -é-r ’ % ) él:f)wzﬁwzé] (3.24)

' These computations are given in Table 3.4 and the calculated and
measured Poisson's ratio ‘)3" plotted in Figure 3.21; Again a smooth
curve has been drawn through the calculated points, indicated by solid
dots. The measured data are indicated by open circles. Again the
agreement is relatively good. The large errors associated with 0= 4S°
to 90° (or small values of €y ) are directly attributeble to the use
of a one inch gauge for the measurement of transverse contractive
strains. Nevertheless, the measured data appear to follow the cal-
culated values quite satisfactorily.

Two additional calculations can be made; 1) for the specific pro-
portional limit stress at any angle (O'pg ) and 2) for the spécﬂc

rupture stress at any angle (G'my ). Calculations for proportional

A\
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TABLE 3.3

PREDICTED VALUES OF MODULUS, Ey, FABRIC A
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SPECIFIC MODULUS, Ey, gpd.

FABRIC A, PREDICTED & MEASURED SPECIFIC MODULI

FIGURE 3.20
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TABLE 3.4

FABRIC A, PREDICTED POISSON'S RATIOS

B s T I L A
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a6 a6 778 w0008 02718 - (2) Pred, By
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FIGURE 3.21

PABRIC A, PREDICTED & MEASURED
FOLSSON’S RATIO
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1imit end failure are based on additional assumptions of behavior and are
not as exact as the expressions for moduli snd Poisson's Tatio. (9)
calculations for proportional limit are based on the following reasoning.
(9). If the materisl is under a unisxial stress acting in the direction
y, the proportionel limit stress in thet direction is determined by that
proportional limit stress in any of the three principal directions (L, T,
LT) which is first exceeded.

since T = Jy 00°0 , the stress Oy necessary to cause 0= G, 1s
given by Gg 206_;%!; . smu:1y,03=£% and 0§=o:@;’;1na. The lowest value
of OB given by the above three equations will be O‘ps .

The difficulty lies in obtaining a realistic value of O-pu. in the
absence of shear stress expariments. As the failure of specimens at
9= 45° seems to be predominately shear in the L directienm, 0;”. has been
taken as k O';,“, , or .085 gpd. The values of (Tg .obtained from the
three conditions are given in Table 3.5 with the smallest of the three
values entered as the predicted specific proportional limit stress (Col-
umn 5). The calculated and measured data are plotted in Figure 3.22, agein
with solid dots indicating predicted data, and open circles experimental
data. The vertical lines at O = 60 and 75 , again indicate the difference
between photographic and Instron proportiomal limit. The influence of the
arbitrary selection of Up,, is easily s2en, for the experimental agreement
would be much iwproved were Up, s taken as .125 gpd. There is very little
justification of either procedure in the absence of actual measurements in
shear.

The specific rupture stress can be calculated by the method suggested

by Erickson and Norris (9) in the following form;

L °m’9+ ‘,9 J__-__.__.._I " R 2
@ e [{ G (@, oo (9

LT




FABRIC A, PREDICTED SPECIFIC PROPORTIONAL LIMIT STRESSES

________‘__________.____—-—————-———_—_—

TABLE 3.5

O; = -:ZZ: or czar or -rfg@ﬂ:
y  en'e oo oui 8 066
o p, /&)2 5 T , / Mgg; 0;),_,- /aw ot0 Predégzd ueasuar_;;
0 .41 o0 0 A4l 41
15 45 1.03 .34 .34 .37
30 .55 .28 .20 .20 .29
45 .82 14 .17 .14 .17
60 1.63 .094 .29 .09 .18 - :12
75 6.1 .075 .34 075 14 - .09
90 ot .07 o0 .07 .07



SPECIFIC PROPORTIONAL STRESS LIMIT, Up, gpd

FIGURE 3.22
FABRIC. A, PREDICTED & MEASURED
SPECIFIC PROPORTIONAL STRESS LIMIT
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where Uy, 1s the specific rupture stress in the direction indicated by
the subsctipt.) The calculated data in Table 3.6 and plotted along
with the experimental data in Figure 3.23. The agreement between pre-
dicted and measured is éuite good.

E. Conclusions cn Fabric A.

The orthotropic theory developed for rigid materials appears to
predict well the behavior of this flexible fibroua nonfwoven structure.
The material tested, Fabric A, was selected for its low binder content
(2% on weight of fiber) and the corresponding existence of free, unsup-
ported, fiber lengths between bonds. Presumably, as the amount of binder
increased, the predicted and measured properties would agree ®even more
closely.

Since Fabric A represents about the minimum in binder add-on to

give a mechanically functional structure, the differences between pre-
dicted and measured results are probably at their maximum for this mater-
ial, as follows:

1. Initial Moduli, maximum difference of 30% of predicted at 9 = 75o
and average difference of about 10%.

2. Poisson's ratio, maximum difference of 40% of predicted at 0 = 900
(a large part of this difference due to experimental uncertainty).

Using the approximations given by Norris (9):

3. Specific proportional limit stress, maximum difference of 30% at
9=-60° . (Some of this difference due to the arbitrafy sélection.
of Tp,,).

4. Specific rupture stress, maximum difference of approximately 157 of

predicted at 9= 60° .



TABLE 3.6

FABRIC A, PREDICTED SPECIFIC RUPTURE STRESSES

4 .4

/ Coo 6 , B o | | 2 2
— = L - - M w e
(a;,,)qz () (@) B; ) } ?

)y = .57 gpd; (Tp)y = .105 gpd; (Gindyp=(Tm) 450 = .20 gpd

000 no .
6 omf [ ] (0'&): (O:'\)q Go )meas.

15 2.68 .41 .52 3.61 .33 .50
30 1.72 5.72 1.57 9.01 .33 .40
45 .17 22.7 2.07 25.54 .195 .20

60 .19 51.0 1.57 52.76 14 :18

75 01 79. .52 79.53 .11 14



SPECIFIC RUPTURE STRESS, Um, gpd.
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The figures given above might appear to indicate poor agreement, but actual
comparison of the predicted vs. measured data in Figures 3.20 - 3.23 in-
clusive will show the average deviation from predicted to be in the order
of 10%. This is quite reasonable agreement, and is perhaps twice the devi-
ation experienced in applying the same equations to the analysis of plywood
and multi-leyer glass fabric laminates (5,9). This analytical procedure
provides a basis for an engineering dpproach to the mechapical properties

of fibrous non-woven structures in the Hookean regionm.




IV. THE CONCEPT OF THE UNIT CELL
A. The Boundary Conditions of the Unit Cell

In a perfectly homogeneous materisl under uniform stresses, the state of
strain is the same for large or smull areas, provided these areas are far
enough from the loaded edges to eliminate any of the restraints of loadiug.

In homogeneous materials under non-uniform stress, a differential or
very small element is chosen for analysis. The stressas can be considered
constant over each boundery of this small element, but stresses on opposite
faces will differ in magnitude by 2 small amount., With the stressecs along
opposite boundaries uniform, the material homogeneous, and 15:3 deformation
to stress known, the strain within the differential element car be ‘calculated.

i

The size of the differential element can be taken small enough to consider

the stress uniform aloqg any boundary of that element and the stresses on
opposite faces almost equal.¥* 00meq§ent1y tﬁe strain within that element
is also uniform. This is the analytical appro‘ach‘ found in any text on the
Theory of ‘Elasticity (4, 15), and the same assumptions are implicit in the
orthotropic theory given previously (III.A.).

These assumptions are not valid on the matrix of fibers which cons-
titute a non-woven fabric such as shown in Figure 4.1. This element is

not homogeneous, and taking the element smaller and smaller only serves

to incressc the non-homogeneity. Consider a simplified element as the

square ABCD in Figure 4.1. The internal forces baléncing eny external

*lhe element is small enough to meet the assumptions given, yet is large
_enough to permit the element to have uniform properties. Thus, in metals,
the differential element can be very small and yet contain millions of
molecules, or thousands of agglomerated crystals.
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load are concentrated in the fibers P, Q, R, & 5. Regardless of what happens
vithin the element, only forces in these fibers can balance any external
force.

It is desired to determine the strains in the fibers as a result of
the deformations of this element. These fiber strains can be converted ¢o
fiber forces, and the components of these forces can be summed to balance
the external force causing the deformation of the element ABCD. This
represents the goal of this investigation: to translate fiber stresses
and strains into the stresses and strains of a non-woven assembly of these
fibers. 1In order to accomplish this, the behavior of a small element of
the fabric must be described.

Consider the photographed matrix of fibers and its simplification in
Figure 4.1; and assume that the fabric, of which this element is a part, is
under stress. In order to accomblish the stated goal, eithei,the fabric
stress must be related to fiber stress, or fabric deformation to fiber
strain. This can be done by defining what happens at the boundaries of
the element ABCD, irrespective of what might occur within the élement.

The element bound#riea are defined by the loci of points on the fibers
crossing that boundary, the loci lying originally in a straight line.

There are four possibilities, under the action of uniaxial tension,
by which relationships can be established between fiber and fabric behavior.
‘These are as follows:

&. Parallel displacement of boundaries parallel and perpéndicular

to the directfon of stress. (Straight line boundaries remain
straight lines)*

*More generally, the boundaries are to remain straight, of infinitely small
width, and opposite boundaries parallel; through translation and rotation.
Restricting the boundaries to be perpendicular or parallel to the direction
of stress eliminates rotation of the element boundaries, and leaves only
translation as boundary motion. :



b. All fibere in the zlement have the zame vertical force component.

€. All fibers in the element have the same fiber force.

d. All fibers in the element have'the same fiber strain.*

If the element ABCD is considered alone, any of these four possibilities
is satisfactory. However, the element is not an entity, .but only one of many

such elements with common boundaries which, together, constitute the fabric.

In order to describe the behavior of the.fabric in terms of the behavior

of one of these elements; the common boundaries (given by points on the fibers
lying in a straight line) must remain common. This means that points on the
fibers must remain common to the two coincident straight lihe boundaries.

This restriction, termed "compatibility", limits the action of the boundaries
cf the element to case a, i.e., parallel displacement of the straight boundary
loci of the fibers in the element (Parallel Boundary Diszplacement). Thus in
Figure 4.1, the locus of the boundary BC given by points P,Q,R,S, on their
respective fibers moves to B'C'. The new boundary is the locus of the same
fiber loci P,Q,R,S, which have taken new positions P',Q',R',S'--again lying
in a straight line.

With the element restricted to deformation according to parallel boundary
displacement the change in the length of the fibers P,Q,R,S, can be expressed
in terms of the deformation or strain of the element. These changes in fiber
length become strains, the fiber strains are converted i{nto forces, and the
vertical components of these forces summed to find the force acting on the
element. This presents & feasible analytical procedure. However, several

other factors must be considered.

%*c and d are equivalent for Hookean behavior



B. The Geometrical Form of the Unit Cell

Tbe previous discussion has been illustrated by the use of a square
element containing a number of fibers. Yet the only condition which has
been postulated is parallel straight line boundary displacement, and this
might be satisfied by almost any non-curvilinear boundary configuration
or size of element. Since the analysis to be carried out should be as
general as possible, & list of element c¢criteria appears useful. 'The
following factors should be satisfied in order to eliminate as many 2
priori assumptions as possible. The basic element, or unit cell should:

1. Satisfy the parallel uniform boundary displacement concept.

2. Account for changes in the absolute number of fibers within the
selected boundaries_ﬁweight variation)

3. Account for the effect of fibers ending within the boundaries.
4, Account for changes in fiber orientation between unit cells.

5. Satisfy the practical consideration of free fiber'lengths between
bond points '

6. Not be influenced greatly by the addition or subtraction of a small
number of bond points.

Two postulated unit cells were analyzed and rejected. (See Appeqdix
B). The first of these was a unit cell consisting of twe fibers bonded
together. It became evident that this arrangement would depend more on
the properties of the binder, and did not conform to the observed struébure
of the non-woven fabric. The second approach was to.consider the fabri¢
as a matrix of bond points, with fibers radiating outwnrd‘to other matrix
points. This approach will not satisfy uniform displacement if the number
or orientation of fibers at various points changes.

The listed criteria, together with the experience obtained on the two

postulated unit cells, indicated a finite-sized unit cell--one in which



weight variation and fiber orientation variation might be measured. A finite
element allows certain assumptions about the number of bonds per fiber, and
the subsequent influence of fibers ending within the unit cell. Also such
unit cells (changing in weight and fiber orientation) will provide experi-
mental information about the effect of small-scale noq-uniformity on the
matrix of unit cells which is the fabric. Thus it appeared that a finite-
sized unit cell should be selected to contain a number of fibers, and be
of proper or sufficient size to satisfy the requirement of parallel boundary
displacement.

The fabrics to be considered are orthotropic, with two axes of symmetry.
One of the axes, the L ax! , is in the direction of manufacture of the fab-
ric, or Machine Direction. The other axis, the T axis, is perpendicular
to the Machine Direction, and is called the Cross-Machine Direction, or
simply Cross Direction. The unit cell was chosen for measurement as a
square with sides parallel to these two axes. For tests in thé direction
y(0='dB, the unit cell boundaries will be considered parallel and perpend-
icular to the direction of stress. With the shape of the unit cell chosen,
it remains to show what size of unit cell in the fabric will, in fact,
satisfy the uniform boundary diesplacement condition.

C. The Size of the Unit Cell

Examination of Fabric A under the microscope and in photo-micrographs
(as in Figure 4.1), showed that a majority of the intersections appeared
bonded., Thus if the unit cell is selected so as to include sufficient
bonds along each fiber between the boundaries, the influence of fibers
ending within the unit cell boundaries will be greatly reduced. Also
if the number of bond points is large, small variations in their absolute

number should have only a small effect at the boundaries of the unit cell.



Both weight variation and fiber orientation variation are to be mea-
sured on the unit cell, For this reason, an adequate sized unit cell
was desired to facilitate measurements. It was found experimentally that
an area containing from 25-75 fibers was the most practical size. On
Fabric A (previously described) this represents a square with edges
approximately 0.015" to 0.030" in length. In Figure 4.1, the square
ABCD has sides 0.020 inches in length. It can be observed on the photo-
graph, Figure 4.1, (and confirmed by many other observations) that each
fiber i3 bonded from three to eight times within the boundaries of the
unit cell, Also the fibers are relatively straight within the boundaries
of this unit cell.

The large number of bond points pe; fiber would indicate that any local
non-uniformity of strain along any fiber would average out at the boundaries.
Also any non-uniform displacement of the bond points within the unit cell
would not be reflected in the behavior of the straight boundaries described
by the loci of points on the fibers crossing that boundary. The movement
of bond points within the unit cell will follow the principle of minimum
potential or strain energy. This will act to further equalize the strain
along any particular fiber.

It would appear from the above reasoning that a unit cell of this
size should satisfy the parallel boundary displacement concept. Further,
the displacement of the unit cell boundaries is also the displacement
of the loci of the individual fibers. Thus the average strain on any

fiber can be determined from the unit cell strain as if the fiber were

bonded only at the boundaries of the unit cell.




Thus a definition of the unit cell is as follows:

"A flexible non-woven fabric consists of a matrix of individual
square unit celles oriented in the direction of stress, whose
bouncaries always.move parallel under unisxialstress; the unit
cells of sufficient size (containing enough bond points) to allow
the average strain developed in each fiber to be approximated
by the strain that fiber woculd -have if it were bonded only at
the boundaries of the unit cell."

D. Experimental Justification of the Unit Cell

The arguments for the selected unit cell require that points on the
fibers locating the original straight line boundary of the cell be dis-
placed equally in the direction of stress. It is of considerable im-
portance to determine if this is a correct assumption. 'A procedure‘ﬁﬁa
desired which would place a very fine line on the fibers in the fabric.
This line could ther be observed under stress to determine if the fiber
points stayed in a straight line, or if the boundary line became jagged.

Slots 0.020" wide, two inches long, and 0.040" on centers vere
milled through a brass plate 1/32" thick, Figure 4.2. Two fabric sam-
ples were placed under the slotted brass plate with the slots parallel
_ to the T direction. The aageqbly was placed in a bell-jar equipped for
vacuum sputtering of silver, as commonly used for electron microstope
specimens.*
*This technique of silver deposition is commonly used in the preparation
of specimens for electron microscopy. The specimens ¥ere prepared by

Dr. C. D. Hall of the Biology Department. Other methods might have
been used to obtain a very narrow boundary marking on the fibers.



FIGURE 4.2

SPECIMEN AND MASK FOR EXPERIMENTS ON PARALLEL

BOUNDARY DISPLACEMENT



The result was a specimen &8s shown in Figure 4.2 with stripes of deposited
silver. If this material is immersed in an oil of slightly different re-
fractive index than the fiber, the-edse of the silver stripe shows quite
distinctly in transmitted light. A narrow strip of such coated material
was placed on the vertical micros<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>