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An Application of Modern Control

Theory to a High Bypass, Variable

Compressor Geometry Jet Engine

ABSTRACT

An application of modern control theory to high bypass, variable
compressor geometry jet engine is studied. High bypass, variable
compressor geometry turbofans represent a large family of commercial
and military subsonic jets, all of which are similar in structure

and aerodynamic characteristics. As a specific example, the advanced
technology General Electric TF34 turbofan engine is used to generate
a linear multivariable dynamic model whose parameters vary with eng-
ine operational environment. Based on this model, an adaptive closed
loop control system design is developed utilizing the Liner Quadratic
Regulator approach and its crossover frequency band is evaluated
based on singular value analysis. Using linear TF34 engine dynamic
model, the adaptive control performance is compared to that of the
current TF34 design.
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INTRODUCTION

1.1 Background

1.2

Control of aircraft turbine engine propulsion systems have been the
focus of extensive development in recent years. Today's aircraft
turbine engines are highly complex dynamic systems with numerous
variable goemetry features to allow efficient operation over a wide
range of operating conditions. The complexity of jet engine systems
is a result of highly nonlinear thermodynamic principles which are
governing engine behavior. A1l these bring about a practical, yet
fairly complex control problem for a nonlinear, multivariable
system.

Engine control hardware technology is beginning to effectively
utilize the capabilities of an on-board digital computer; however,
the advances in, and practically unlimited computational capabili-
ties of digital electronics have occured so rapidly that modern
control syntheses to realize increased engine performance potentials
are scarce. Even fewer are the practical implementations of multi-
variable control designs for aircraft gas turbines.

Recently, the Air Force Aero-Propulsion Laboratory (AFAPL) and NASA-
Lewis Research Center have begun to explioit this area. The F100
multivariable control program sponsored by AFAPL and NASA is, so far,
the only single example of the successful demonstration of the multi-
variable design theory on a current production aircraft turbine
engine [1, 2].

Literature Review

Since 1973 AFAPL and NASA sponsored a number of research projects in
application of the multivariable design theory to jet engine propul-
sion systems. By that time, the basic theory for Linear Quadratic
Regulator (LQR), Linear Gausian Regulator (LGR) and Linear Output
Regulator (LOR) were formulated and developed.

The first work, which has shown that an adaptive control design by
continuous-time linear state regulator can fulfill jet engine control
design requirements was done by Michael and Farrar (1973). Also,




1.3

10

Michael and Farrar (1975) were the first to combine least squares
identification technique with a dynamic nonlinear filter to ident--
ify gas turbine dynamics from stochastic input-output data.

The alternative to full state feedback (LQR), was presented by
Levine and Athans (1970), is a Linear Qutput Regulator formulation
(LOR). Application of the Linear Output Regulator to jet engine
propulsion systems was studied by Merrill (1975) and (1977). In
addition, multivariable control system design methods using a
frequency domain viewpoint such as Characteristic Loci and Inverse
Nyquist Arrays were developed by McFarlane, et al. (1971) and Rosen-
brock (1974). These frequency domain multivariable design methods
were applied to jet engine control system designs by Spang (1978),
Rosenbrock (1978) and McFarlane (1978).

Systems Control Inc. was probably the most significant contributor

in the area of multivariable control synthesis for the gas turbine
engine [1, 2, 6]. Of course, there were many other contributors

who helped to bring about a better understanding and practical poten-
tials of multivariable syntheses [3, 4, 5, 7, 9, 10, 11, 12, 13].

Contributions of the Research

The control system design for General Electric TF34 advanced technol-
ogy turbofan engine presented in this thesis has three major
differences in control system design philosophy as compared to the
currently used philisophy in jet engine control system design.

First is an introduction of the compressor variable geometry
position, VG, as a control variable. On the majority of today's

jet engines, compressor variable geometry is scheduled as a function
of the instantaneous corrected core (compressor) speed for steady
state as well as transient engine operation. The compressor variable
geometry position schedule represents the most efficient compressor

operation along the engine steady state operating line, and consequently

the lowest specific fuel consumption at steady state. The approach
taken in this thesis is to use the compressor variable geometry
position as a scheduled system output and a state variable. By doing
this, we assure convergence on the steady state schedule while
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allowing optimal trajectory during engine transients. The optimal
variable geometry trajectory for engine transients was formulated
based on Linear Quadratic Regulator control system design methodo-
logy and the compressor stall margin constraints.

Second is the optimal control gains scheduling as a function of
corrected engine dynamic variables; fan speed, core speed, and fuel
flow. The optimal control gains were calculated based on the perturb-
ation along the engine steady state operating line using the Linear
Quadratic Regulator design methodology, and define transient
characteristics within the perturbation, subject to the engine con-
straints.

Third is the development of the target value estimator and trajectory
control. The target value estimator will provide a feed-forward
input, and trajectory control will assure that large transient
trajectories are within the engine constraints.

The variable geometry transient trajectory combined with optimal
control gain scheduling, target estimator, and trajectory control
represent a new control system design approach for high bypass,
variable geometry turbofan engines. Linear engine simulations with
the proposed control system show significant improvement in
acceleration time as compared to current TF34 nonlinear transient
deck predictions.

Report Overview

The main body of the report is divided into the four chapters.

In Chapter 2, the general approach is developed for jet engine
Tinear model identification and it's generation in state space form
is presented. In particular the TF34 linear engine model is formu-
Tated and compared to engine nonlinear deck simulation.

In Chapter 3, the systematic way for local control system design

based on LQR methodology is presented. In addition transient response
at a number of points along the engine operating line are presented
and compared to current TF34 transient responses. Finally, frequency
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domain analysis such as singular values, and Inverse Nyquist Arrays

are presented and discussed.

In Chapter 4, the approach to the global control system design is
developed. To demonstrate this design step response stability,
crossover frequency band and Inverse Nyquist Arrays at 36,000 ft.
altitude and .4 Mn are evaluated.
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2. MODELING THE TF34 ENGINE

2.1 Introduction

In this chapter we discuss the generic turbofan engine structuré, and
its mechanical and thermodynamic constraints. Special attention is
given to compressor stall boundary definition and the importance of
variable geometry schedule is discussed. Also, a general approach

to jet engine linear model identification, and engine linear model
generation in state space form is developed. The comparison of
linear and nonlinear models is discussed, and applicable step res-
ponses are presented. Finally, general constraints for local and
global control system designs are formulated and discussed. .

2.2 Engine Description

The engine considered in this ;tudy is the TF34-100, advanced techno-
logy General Electric High Bypass turbofan engine shown in Fig. 2.1.

Po P2 7,2 Kl T c N2 VG PS3WF T& TS

|

T .
o e\ e o Fodo

Fig. 2.1 TF34 Engine Stations

2.2.1 General Characteristics
‘The TF34 is a twin-spool turbofan engine. The compressor and high
pressure turbine form the core assembly. The compressor variable
geometry, VG, is scheduled to match compressor and high pressure
turbine mass flow rate characteristics. The VG schedule is imple-
mented as a function of the corrected core speed, N2K2, and provides
maximum efficiency and stall free operation of the compressor. The

Tow pressure turbine drives a one-stage fan. Total engine airflow
is divided between cold and hot streams. Cold stream is defined as
a total engine airflow minus core air flow, which is defined as a
hot stream. The thrust division between cold and hot streams is
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approximately 6:1 at max power, and 3:1 at idle. This explains why
a high bypass turbofan engine scheduling of corrected fan speed
(N1K2), practically, can be viewed as a scheduling of the thrust.

High bypass, variable compressor geometry turbofans are the most
fuel efficient jet engine configurations and represent a large
family of commercial and military subsonic jets, all of which are
similar in structure and aero-dynamic characteristics.

Engine Constraints
A summary of the engine constraints is presented in Table 2.1
Table 2.1

Parameter Limits

T5 Absolute Value 2000°R

PS3 Absolute Value 330 psi

N2 Absolute Value 18,200 RPM

N2K2 Absolute Value 16,900 RPM

N1 Absolute Value 7,300 RPM

N1K2 Absolute Value None

Compressor Stall Margin See Figs.

’ 2.2, 2.3 and

2.4

The compressor stall margin characteristics represent a complicated
issue which deserves special attention. Figs. 2.3 and 2.4 show
compressor characteristics for nominal VG schedule (Fig. 2.2).

The VG nominal schedule along the steady state operating line
represents the best efficiency match between compressor and a

high pressure turbine.

In some cases, allowing VG to be only 10° more open than nominal at

the steady state may result in a compressor stall. However, transient

stall characteristics are not necessary the same as steady state
ones, and more freedom on VG position as possible. As we see from
Fig. 2.3 there is a region where having VG more open will not result
in substantial stall margin reduction. In addition, opening VG will
result fin an increase of the compressor discharge pressure, due to
increased core airflow. This in turn will increase the allowable
fuel flow step during the acceleration (Fig. 2.4).
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The Tocation of the stall boundary is determined based on steady
state compressor characteristics and it is influenced by a number
of conditions such as; Mach number, compressor deterjoration, inlet
distortion and off-nominal VG position. Most of these effects can
be defined only empirically.

In this report stall margin constraints were verified based on Fig.
2.2, 2.3, and 2.4. The Mach number, deterioration and iniet distor-
tion effects were assumed to be second order effects and hence
neglected.

2.3 Engine Linear Model Identification

One goal of this study is to identify a usable Tinear dynamic model
of the high bypass turbofan engine, and to 1imit the number of state
variables in order to make the final design implementable by an
on-board digital computer.

The dynamic characteristics of the engine can be obtained from analysis
or tests. Both approaches are advisable to use; however, it is
usually not possible to obtain engine test data until late in the
engine development program. The analysis approach has historically
consisted of the solving the engine cycle for unbalanced torque
characteristics from which the linear engine characteristics can be
obtained. Usually this task is performed with the help of the engine
steady state computer simulation. Obtaining engine characteristics
suitable for dynamic analysis is a very involved task, which is under-
standable when one considers that the engine cycle may have as many

as five independant inputs and that a cycle calculation is an interac-
tive process. [4, 9, 11]

When engine dynamic characteristics are defined, the next step is to
construct a Tinear operating point model using only inputs and outputs
available on an actual engine. This model will be used in the applica-
tions of Linear Quadratic Regulator theory (LQR) to high bypass turbo-
fan engine control design.
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The LQR application to complex nonlinear systems 1like the turbofan
engine makes the choice of state space variables and design points
an important consideration from the design and implementation point
of view. There are numerous states in the turbofan engine. 1In
addition, many of the states are not measureable or directly
observable, which makes it difficult to use them without extensive
computations. So, the number of states must be reduced to get a
reasonable control law. However, if the chosen state vector does
not inciude all pertinent states, then the fit of the outputs for
the 1inear operating point model will be poor, because an insuffi-
cient set of state variable cannot describe the outputs completely.
Thus, a poor fit of the outputs would indicate that further states
should be included in the engine model. On the other hand, the
inclusion of undesired states would make the linear operating point
model overdetermined, which causes model order identification pro-
blems.

Furthermore, the engine consists of mechanical components, such as
rotors, which responed relatively slow as compared to the thermo-
dynamic components, such as pressure and temperature. Time constant
for rotors are typically on the order of a second. On the other hand,
characteristic time for pressure propogation is usually on the order
of milli-seconds. The same is true for gas temperature of combustion
dynamics, which is also on the order of milli-seconds.

In this study, the dynamic model of the engine consists of two slow
variables,. fan and compressor rotors speeds, and two fast variables,
compressor discharge pressure and gas temperature between high and
Tow pressure turbines. It was considered necessary to include fast
variables in the dynamic model because these variables will define
the tradeoff between controls and states weighting matrices in the
LQR design.

The next problem is the choice of the linearization point around which
the Linear Quadratic Regulator is designed. If the engine was always
near a steady state operating line, then at every flight condition
(altitude and Mach number) there is only one independant parameter
which specifies the 1inear engine model dynamics. This parameter could
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be fan or compressor rotor speed, or engine fuel flow. An engine

can be linearized along the steady state operating line for the
entire range of variation of the chosen independant parameter.
However, in fast transiants, particularly quick accelerations from

a low to a high power setting, deviations from the steady state
operating line is likely to occur. Changes in engine dynamics during
the quick transients are very difficult to determine because of their
time dependance. In this study, only steady state operating line
dynamics are used in the Linear Quadratic Regulator design. The
basic idea in selection of the design points in the flight envelope
js to select fewer points in those regions where there are small
changes in the linear models and to increase the density of design
points in those regions where linearized models are changing rapidly.
It should be noticed that near idle, due to unchocked engine nozzle
and low pressure turbine, the nonlinear behavior of two rotors be-
comes slower and uncoupled. This uncoupled behavior causes rapid
changes in engine dynamics along the operating line. As a result it
was necessary to have three design points in the region from idle to
intermediate power settings. On the other hand, from the intermediate
to max power region one design point was considered to be sufficient.

The linear engine model block diagram is shown in Fig. 2.5. The gas
temperature dynamics time constant T is shown, as a function of engine
fuel flow, in Fig. 2.6. The characteristic time for pressure propo-
gation 77 was assumed to be a constant of .01 sec.

Engine Linear Model Generation

The following equation can be written about nominal operating points:
f(x, u,8) =0 (2.1)

where f(x, u, 8) - is a full nonlinear equation governing system
operation. The states, x , are a group of independant dynamic
variables (N1, N2, 75, PS3). The controls, u , are the inputs into
fhe system (WF, VG). The ambient conditions, e , determine the operating
1ine (TT2, PT2, Po).
Linearization of eg (2.1) yeilds the following:

ax=Aax +Bau + #(ax+ ayu) (2.2)
Where: Ax are the states perturbed about the nominal operating point.
A.X are the perturbation states rates,’?b represents a second order




B Y

18

effects of the perturbation, and A and B are the constant matrices.

For selected controls and ambient inputs, the operating point is
defined based on non-linear engine deck. The next step is to per-
turb one dynamic variable (state or control) at a time, while holding
the rest of states and controls constant. The resulted states
derivatives can the be calculated, and elements of A and B matrices
are defined as follows: P =\

% K
(Qx)i_j = (ax/ax‘j)lax,p-o J
(bulix = ax/ )‘Ax,—o L=1...m &

To improve the Tow frequency accuracy of the model [6], the so called
steady state forced match technique is used. The forced match tech-
nique has the advantage of producing an exact reproduction of control
gains at steady state. This technique is based on unforced system
dynamics and the nominal engine operating line. The calcualtion of the
control matrix B by using forced match technique can be written as
=l....n

i
(bu)is= (i[(ax),j-AXJ])/Aul i?- ::\

The detailed demonstration of engine model generation for the TF34

follows:

(2.4)

engine is give in Appendix A. The state equation then becomes of the
form A X =.'AAX+BAQ , more precisely:

- n
FAN! Ay G, QA3 Oy AN, by b aWe
b, b, | | 2 VG

ATs Q3 Q3 Q3305 (4TS bs, bs,

AN, Qu Qg Q3 Q, AN;

1
)
+

(2.5)

A psa a“ a42 Q43 a# L_A p53 b4, b42

- S o L - S —t
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The A and B matrices of the engine linear model are given in Appendix
B. Note that all the variables are given in non-dimensional form
and the numerical values of the A and B matrices reflect this.
Table 2.2 shows non-dimensional variables and provides reasons for
selecting the basis for non-dimensional form.
Table 2.2
Non-dimensional

Variable Form Base Selection

Fan speed N1 N1/70% 7000 RPM is a 100% fan speed
at SLS St. Day

Core speed N2 N2/15683% 15683 RM is a 100% air dyna-
mic core speed

Interturbine T5/2000°R 2000°R max allowable temp at

Temp T5 station 4.5

Compressor PS3/330 psia 330 psia max allowable

Discharge pressure at station 3

Static Pressure

PS3

Engine Fuel WF/4000 pph 4000 pph max level of fuel

Flow WF flow

Compressor VG/41° 41° full VG travel from open

Variable to closed position

Geometry VG

Comparison of Linear and Nonlinear Models

The Tinear engine model at every design point was simulated for.step
change in each control input (WF and VG) separately and results were
compared to the response of the TF34 nonlinear transient deck. The
size of the step input was defined to assure validity of the linear
model within the resulted perturbation. Fuel flow step of 10-20%

of the steady state value and variable geometry step of 4-5° were
found to be satisfactory. The figures which show the comparison of
Tinear and nonlinear models are give in Appendix C.

In general the Tinear and nonlinear models step responses are very
close. The linear model is transiently faster by 30-40 milli-seconds
than the nonlinear one at TAKEOFF power and up to .4 seconds at idle;
however, this applies only to the certain regions of transients. The
convergence time on the steady state is practically the same for both
Tinear and nonlinear models. In addition within 10-20% of the final
value, Tinear and nonlinear models behave almost identical. The
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differences in the transient response between the linear and non-
linear models can be contributed to heat sink and second order non-
Tinear effects which can amount to 30-40 milli-seconds at TAKEOFF
power and up to .1 sec. at Idle, and cannot be modeled based on
unbalance torque analysis. The relatively large (.4 sec.) difference
at Idle can be contributed to the limited knowledge of engine dynam-
jcs at this region. As a result, unbalanced torque calcuations were
somewhat off. However, the Tinear model is found to be satisfactory
even at Idle region based on good convergence on steady state value,
excellent prediction of T5 overshoot, and relatively loose constraints
on rotors speed overshoot at low power region.

Sensor and Actuator Dynamics

The dynamics of sensors measuring control variables are usually in-
corporated into the linear model. However, sensor dynamics can be
neglected if they are 3 to 4 times faster than crossover freguency,
or can be confidently predicted and compensated for. Rotor speed
measurements are obtained from frequency conversion of an alternator
output (core speed) and magnetic pick up (for speed). Time delays of
these signals vary from 2 ms at TAKEOFF to 25 ms at Tow power. This
is due to counter delays at the low speed. Actuators, fuel flow and
variable geometry, position signals are provided by linear variable
transducers (LVDT) which measure stroke on the servo position.

These instruments measure phase shift between excitation and return
signals passing through the variable inductance device. The phase
converters are free running, and measured values are asynchronously
loaded into the control system processor. There is practically no
time delay, and the error sources are due primarily to load deflec-
tion on the linkages and hardware deterioration.

Pressure measurements are accomplished by vibrating crystal trans-
ducers. These devices produce high response signals with 1-2 ms time
delay. The interturbine temperature measured by thermocouple provides
an accurate linear temperature/resistance relationship. This device

‘has an airflow dependant time constant which can exceed three (3)

seconds at high altitude, low power settings. The compensation for
thermocouple time delay can be accurately provided based on fuel flow
and altitude measurements.
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One of the design objectives is to wmake crossover frequency less than
ten (10) rad/sec. By imposing this constraint on the design we can
neglect sensors dynamiqs, and assume that all the variables can be
measured instantaneously.

The control actuator dynamics are modeled as pure integrators and LQR
design will define how fast they have to be to satisfy transient per-
formance objectives. The saturation Timits are taken to be the same

as for the currently used control system.

The control design is limited by actuator saturation limits and one
of the constraints on LQR design is to avoid saturation of actuators

at any operating condition.

General Constraints

Engine Tinear models are generated at four points along the engine
operating line at sea level static, standard day conditions as shown
in Fig. 2.7.

The local control system design is done by perturbations around each
design point. The size of perturbations is Timited to assure validity
of the linear model within the design interval. The transient system
response within each perturbation has to be performed in a minimum
amcunt of time and has to satisfy engine constraints, summarized in
Table 2.1. '

In addition there are performance and hot section 1ife constraints
which can be stated as follows:

o No fan speed (N1) overshoot

o Max allowable T5 temperature level of 2080°R with .4 sec. time
1imit at that temperature.

The engine dynamics and operating lines vary with operating condi-

tions, such as: altitude, ambient air temperature, mach number, and

bleed/power extractions. The qualitative illustration is given in

Figs. 2.6, 2.9, 2.10.  The engine flight envelope is given in Fig.

2.11

U



2.8

22

It is obvious, at this point, that optimal control gains have to be
adapted to the changing plant dynamics in order to assure equally good
transient performance throughout the engine flight envelope (Fig. 2.13)
To accomplish this an optimal control gains scheduling will be developed
as a part of the global control design. The global design will incor-
porate targe estimator, optimal control gains scheduiing, and trajectory
control. The trajectory control will assure engine operation within
its constraints during large engine transients. The global design
will be developed based on the engine dynamics corrected for altitude
and ambient air temperature. The Mach number effects can be neglected
for subsonic jets, and will not enter into the global design. The
bleed/power extraction effects on the engine operating line is assumed
to be handied by a separate T5 1imiting function or N1 reference bias
in order to prevent T5 overtemperature.

To avoid modeling of high order sensors and control hardware dynamics

and assure high attenuation in the region of unmodeled uncertainties;

hydraulic and mechanical resonances and thermo time delays, the cross-
over frequency in both Toops will be limited to 10 rad/sec.

Conclusions

The variable geometry position can be off schedule, either open or
closed, in certain regions during the engine transient operation.

By positioning VG more open than nominal, where it is possible from
stall margin considerations, will decrease engine acceleration time.

Based on engine unbalanced torque equations a fairly accurate engine
Tinear model can be developed. Engine corrected dynamics are required

for global design to assure good transient characteristics throughout
the fiight envelope.
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LOCAL CONTROL SYSTEM DESIGN 31

Introduction

The modern multivariable jet engine control syntheses rely upon the
methodology of the linear optimal control theory, in particular, the
Linear Quadratic Regulator (LQR) [7, 12, 13]. The LQR method is based
on Linearijzation of the jet engine nonlinear dynamics about a nominal
operating point, and then selection of the appropriate state variable
and control gains to generate a linear feedback control system. In
this chapter a rational way to use LQR methodology for local control
system design is outlined.

Control System Design Based on Linear Quadratic Regulator Methodology

Basic linear Quadratic Regulator (LQR) methodology can be stated as
follows:

[7]
For a given linear system with the state space representation:
X = AX + BU , (3.1)

Where X € R", u € R"
and (A,B) - stabilizable
(AQ%) - detectible _%
The optimal linear control law which minimizes the quadratic perfor-

mance index: J(u) =°-F(erx +_PUTRLL) dT

(3.2)

(3.3)

where Q= Q"> 0 and R=RT>0
is given as LL' = - @ X (3.4)
where G =R'"B™P (3.5)

and P = PT > 0 is the unique positive definite solution of Algebraic

Riccati Equation:

PA+ A TP+Q-PBRIBTP =0
The Tinear closed loop system is guaranteed to be stable and has at
Jeast gain margin GM =(4, e®)and
Phase margin PM = 60°, [8] as long as R is diagonal.

It is important to emphasize that actual gain and phase margins can be
substantially wider.

There is, however, one deficiency in LQR type controller, namely, in
classical sense it has "proportional plus derivative" structure. As a
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result, there will be some finite steady state error when constant
disturbances act upon the system. This becomes specifically
important for the control of a nonlinear system such as jet engine,
where conversion on the schedule value cf the outputs is very
important. '

This problem can be handled by introducing integral contro] structure
into the system.

3.2.1 Integral Loop Shaping

X=Ax+B+d
The controlled outputs eq:
y = cx . , _

where m

“x.éRh, YéRP,ueR and psm

The open loop model is: Id ' X oy
U —e B0t (SI-AT—-E—"

To guarantee zero steady state error on the scheduled ouput Y we'l]

introduce augmented states ir =Y =Cx, then the augmented open loop

model becomes

e R ) Iy

The state equation becogg%: ] »
.*__A B|1x Bi~ M '__N =
BRE DB - ] o e

The augmented plant is controllable if the original plant is

controllable and has no transmission zeros at the origin. For
definition of transmission zeros see Appendix D.

Conditions for augmented plant controllability js satisfied for
the jet engine, which can be easily seen by inspection.

In the TF34 control system design we will use two augmented states
to guarantee unique steady state point. N1 and VG will be scheduled
outputs, and so they are the ones whiqh will be augmented:

[ ]

- - -

K= rX NF Hheee XUF = AF
§ W RS »

T .
!.—x /C; .\f\f"} = ‘VG

1)
Rewrite eq (1A) by introducing constant disturbance vector d e F{

(3.6)

g e
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Two inputs into the system fuel flow (WF) and variable geometry (VG)
are the actuators outputs. Model of these actuators will be
included into engine model. The actuators will be modeled as simple
integrators.

Addition of the Input Dynamics to the Open Loop Model

~ Let the fuel flow actuator input be V1, and variable geometry

3.2.3

actuator input be V2, then

V.,
& Y = [ ] ,and system state
ns X=AX+ By .
L R

equat1 -iN 3y )
) r :
R
uJ T

it

1t can be eas11y show that if the original system satisfies condi-

tions (3.2), system with added input dynamics does also.

High Frequency Rolloff (Attenuations)

The standard Linear Quadratic Regulator loop transfer function has

a single pole rolloff. It was shown [14] that physical system has
at least two poll rolloff. This implies that sihg]e pole rolloff

is inadequate when frequency range of uncertanties (neglected time
delays, mechanical resonances, and unmodeled high frequency dynamics)
is close to crossover frequency. In this study, introduction of
second pole rolloff will be discussed, but dynamics associated with
them will not be considered in LQR design and simulations. This
approach can be supported by the fact that second pole rolloff
dynamics will be on the order of milli-seconds and will not effect
the system transient characteristics. In addition, by not weighting

" states associated with second pole rolloff dynamics in the perfor-

mance index we will assure no change in feedback gain matrix.

The basic idea 1in obtaining two pole ro110ff-using Tinear quadratic
control theory is to cascade dynamic compensator with a plant input

as shown:_ X
—Lols1-A) T —C{(TA) B |—

The equation for dynamic compensator: “'{ = Aro * V ] (3.8)
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- — -
l | fe-r 0
. _ 4 -
Firo L (3.9)
o /T,
e e . e -
y 1 . - - .
_<\~cf V‘:-_'E.:V‘+V‘ S s = 'C£+Vz .
~1l ~ ~d o
! ‘ * \ - v
tRONL T (5 - :(.:') Vi J‘,_ = (5* %‘;) V. )

3.2.4

’ R

, .
2/ and ‘?;'can be sized to provide a second pole rolloff in the

frequency range where it is needed.

Thus the state equations are:

XA 8 fx] eV -
A ME: a0

The new system is clearly controllable if the original system is
controllable to start with.

It is important to notice that for the open loop system (3.10) LQR
design will guarantee Qﬂgse and gain margin at the inputs into the
dynamic compensator ( }f ) but not at the inputs into the actuators

( \_{ ). However, by se]ecting?:;nd 7:‘such that second poles rolloff
are placed 1.5 - 2 times the original plant crossover frequency, we
will assure practically the sa@glstabi1ity margins at the inputs

into the dynamic compensator ( !{).

Note that jet engine lowest frequency uncertainties are at 30-40
r/sec. Therefore, by forcing crossover frequency to be below 10
r/sec. we have sufficient range to select ?r‘;nd 1:;', so they will
not effect system characteristics.

Final Set of Linear Dynamics

The final set of linear dynamic equations, based on which LQR design
is implemented, consists of six engine states; N1, N2, T5, PS3, Wf,

NS P

v

[ —
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VG, two augmented states; XN1 and XVG and two inputs; V1 and V2,
which are fuel flow and variable geometry actuators positions
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respectively.
r- -— -~ b - j
! , 0 o]|sN, 0 O Vi
' ]
A | ] I o O||aN, 00 V2
| L o oliATs 0 O
'
© ooo 0 0 o Of|aWf | O (3.11)
o ooo o 0O O of|AVG o1
|l o 00 0o O ©O O]|aXN, o O
cooo0 o | o ollaxvg |00
L a—— L- o L S pu—
For A and B matrices see Apbendix B.
3.3 LQR Weighting Matrices
3.3.1 Control Weight Matrix R
The R matrix was chosen to be diagonal R = diag (rll, r22). The
ril to r22 ratio will define relationship between weightings on
the control inputs V1 and V2.
This ratio was determined based on steady state operating lines
characteristics Fig. 3.1 and 3.2. '
Nz '—',_ 3
1(:1{2)(”0)
7.
6.5y : & N2
e
‘/ .
i 2000 3000 &;ao 0. 2. 1S, 18.
WF (pph) _ Ne[{G, (2167 RPM
FI1G 3.1 . . FIG 3.2
For any equilibrium point along the operating line the following
equations can be written:
AVG AVG AWF p _
- o -
(3.12)

AN, / T AWF AN _ -
#e, A,
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_between rll and r22 is
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VG ;
o AY32 _k.p > aVG 'KPAWF (3.13)
A WF
Hencé, performance index is expressed as a quadratic criterion we can
use an absolute value of (k-p). Taking derivative of both sides of
eq (3.12) . , | .
AVG = 1K.P|AW'€ (3_14)

from this equation relationship

Vo _ M . (3.15)

States Weighting Matrix Q

A1l the states were normalized (see Table 1) and the matrix Q was
chosen to be a diagonal Q = diag (qll, q22, g33, q44, q55, g66, q77,

- q88).

The relationship between the diagonal elements of the Q Matrix in
performance index determines the penalty assigned for overshoot of
one state variable relative to the others. In addition, these diag-
onal elements define relative relationship between the driving
frequencies and the natural freguencies (or time constants) for the
state variable. ' )

The closed loop eigenvalues were limited to the following location
in the S-plane: : v

A P

. ‘.“ .
e
ALLOWABLE EIGEMVALUES

LOCATION
FIG 3.3

The diagonal elements for Q Matrix were determined by analyzing
physical significance of weightings on the states, and by demand-
ing certain closed loop eigenvalues locations. The numerical
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weighting matrices, R and Q are given in Appendix E.

3.4 Structure of LQR Design

3.5

The LQR design was performed at every design point along the engine
operating line based on the final set of linear dynamics (eq 3.10).
The set of calculated linear gains was simulated with a Tinear engine
model to assure minimum time and within the constraints acceleration.
The numerical value of the optimal control gains, and open and closed
loop system eigenvalues are given in Appendix F.

The resulted structure of LQR design is presented in Fig. 3.4,

It is interesting to note that open loop eigenvalues of fast thermo-
dynamic variables (T5 and PS3) remain practically at the same Tocation
for the closed Toop system. This means that solution for optimal con-
trol based on LQR methodology automatically defines open loop eigen-
values which have to be moved to satisfy performance criterion (eq 3.3).
Another important result is that magnitudes of the feedback gains from
T5 and PS3 are much smaller than the rest of the gains. Based on that
observation, state weighting matrix Q can be modified to have zero
weights on T5 and PS3. This kind of the Q matrix in performance index
produce zero gains from T5 and PS3, but at the same time has, practi-
cally no effect on the rest of the gains or closed Toop eigenvalues
position. The fact that no feedback gains required from T5 and PS3

is simplifies significantly LQR design implementation. However, this
does not mean that fast variables can be neglected in LQR design. In
fact, only these variables define how fast the LQR loop can be made.

Crossover Frequency for Multivariable System

The singular value analysis are used to define range of crossover
frequency variation for LQR design. The singular value of multi-
input, multi-output system Toop transfer function has the same
meaning as a loop transfer function magnitude for single input,
single output case.

The crossover frequency of the multivariable system is bounded be-
tween smallest, Sf, and largest, @ , singular values of its loop
transfer function when both, smallest and largest, singular values
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are equal to unity. The singular values of the loop transfer
function are functions of frequency and smallest and largest of them
is defired through the use of the matrix norms:

_. c m\N\ "\i.f.i‘xnt i}: Yi.n‘u_f;‘;i:‘}t
G = mAXHFIXHr 7l = ’\“‘(/\"W-XL"- T (=.1€)

where 1 + Il is the Euclidian norm
A (- ) denotes eigenvalue
A" - is the harmition transpose of A
O and o are called minimum and maximum singular values of A
- respectively.

The singular values can be calculated with available linear system
software, for example EISPACK. More information on singular values
and their properties can be found in any advanced 1inear algebra book,
for example "Linear Algebra and it's Applications" by Gilbert StrangQ

The Toop transfer function smallest and largest singular values are
plotted as a function of frequency. Figs. 3.5, 3.6, 3.7, 3.8, for all
the design points. The crossover frequency is smaller than 10 rad/sec
for all the design points. The crossover frequencies ranges are pre-
sented in Table 3.1.

Tabie 3.1
Design Point Crossover Freguency Range
TAKEOFF 4.6 - 6.2 r/s
90% N2 . 2.2 -8.1r/s
80% N2 1.2 - 4.2 r/s
Idle - .8 -2.9r/s

Inverse Nyquist Arrays

The Inverse Nyquist Arrays is a magnitude plot of the separate
entrances of the inverse of the loop transfer function as a function

of frequency. For our 2 x 2 loop transfer function we have four (4)

separate plots for each design point, as shown in Figs.
The expression for the LQR loop transfer function 1s

— f‘ cT -~ C‘\'J 2 v -
L(SB (I !':‘ ~I }Tu(f) Tll(s) (3.17
]-T ) ..l (3.18)

The inverse of the L{s) is: T {s)= [ 1) =
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For diagonally dominant systems the magnitudes of T11(s) and T22(s)

must be much larger than magnitudes of T12(s) and T21(s). Figures
3.9, 3.10, 3.11, 3.12 show that for TAKEQOFF power LQR transfer
function represents a diagonally dominant system; however, at lower
power settings diagonal dominance becomes weaker, and at Idle diagon-
al dominance does not exist. This result was quite unexpected. It
is not known at this point in time, and it is outside of the scope of
this thesis to try to define set of conditions, which have to be
satisfied by the plant open loop model in order to guarantee diag-
onal dominance by the LQR loop transfer function. More research in
the area of LQR methodology is needed to answer this question.

Transient Responses of LQR Design vs. Current TF34 Control System

Transient response of LQR design is consistantly faster than current
TF34 control system transient response. At simulated acceleration from
part power to TAKEOFF. LQR design was twice as fast as current TF34
design. In addition, T5 overshoot is only 20°F vs. 91°F. This type of
acceleration is very common in real life applications and reduction

of acce]efation time from 4 to 2 sec represents a significant improve-
ment in engine performance.

The summary of the fan speed and T5 transient characteristics is given
in Table 3.1 in addition to comparison between transient responses for

- LQR design and current TF34 is presented in Appendix G. It is worth

mentioning that for PLA transients from 29.8 to 46.8 degrees, and from
23.5 to 29.8 degrees the acceleration time for LQR design is twice
and one and a half times faster respectively than for the current TF34;
however, there is a penalty of approximately 200°F higher overshoot on
gas temperature TS5 as compared to the current TF34 design. The gas
temperature overshoot during these transients has a ramp type of

the profile with a pick value reached at approximately .4 to .5 sec.
This type of the transient gas temperature overshoot does not cause
any temperature overshoot of the high pressure turbine blades and
concluded to be acceptable. To support this conclusion, we note that
based on the TF34 engine experience, the tip of the leading edge of the
high pressure turbine blades has, préctica11y; the same thermal time
constant as the thermocouple probe at station 5. The thermocouple
time constant is defined based on physical core aiflow as follows:
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Ty = 2. 8(3(75) (3.19)

As an example, consider PLA transient from 29.8 to 46.8 degrees. The
core airflow averaged over the first .5 sec equal to 14.97 1b/sec, and
thermocouple time constant evaluated from €93.1% is 1.76 sec. The
Fig.3.13shows gas temperature and resulted thermocouple temperature for
this tiinsient. The gas temperature at station 4 is proportional to the
gas temperature at station 5 for a chocked high pressure turbine. As a
result, the gas temperature at station 4 will have the same transient pro-
file as the gas temperature at station 5.

The similarity in thermal time constants and transient gas temperature
profiles between station 5 thermocouple and lTeading edge of the high

pressure turbine blades (station 4) implies that during the transient

the temperature of the leading edge of the blades does not overshoot.

Table 3.1

“TIME TO REACH GAS TEMPERATURE T5 TIME TO
PLA SCHEDULED FAW OVERSHOOT OVER FINAL PICK GAS
TRANS SPEED SS VALUE _ TEMPERATURE T5

' CURRENT _ CURRENT . CURRENT
LQR TF34 LQR TF34 LQR TFE34

46.8 - 85.4
Part Power to ,
Takeoff 2.0 4.0 20 70 .8 2.0
29.8 - 46.8 2.0 4.0 380 185 4
23.5 - 29.6 2.0 3.0 755 515 .5
18.5 - 23.5 3.0 4.0 300 585 .7

3.8

Conclusions

The rational procedure for applying LQR methodology for the linearized
engine model is developed. Based on linear simulations, LQR design is
2 to 1.5 time faster and more accurate in providing thrust transients
than current TF34 design. There were no fan speed overshoots in LQR
simulated transients, which for high-bypass engine means no thrust
droop or overshoot.

e 1 8 sy e
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CROSSOVER FREQUENCY BAND
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FIG 3.7
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GLOBAL CONTROL SYSTEM DESIGN

Introduction

In this chapter approach to the global control system des1gn is
developed. The global design consists of optimal control gains
scheduling, target estimator, and trajectory control. Also, step
response, crossover frequency band and Inverse Nyquist Arrays
with Gershgorin band to evaluate control system stability at
36,000 ft altitude and .4 Mach number is presented. The global
control system structure is given on Fig. 4.2.

Control System Optimal Gains Scheduling

The engine linear models were generated at sea level static standard
day, and so the optimal control system was designed based on the
engine dynamics as these specific conditions;, Furthermore, engine
dynamics were assumed to change linearly between design points, as

a result, the optimal control gains are scheduled linearly from one
design point to another.

To account for changes in engine dynamics due to the ambient

temperature variations ard altitude effects, the optimal control

gains will be scheduled based on the engine corrected parameters.

To develope expressions for these parameters we proceed as follows:
The dynamic equation for the fan rotor (see Fig. ?2.5) in terms of
of corrected parameters is:

ﬂ]:: a. AN + an, Auz + b“ a WF (4;1)

Note that 4 VG term is not included because it is not an engine
‘parameter. '

The coefficient and variables of eq 4.1 can be expressed as

follows: -
Q= LoQ, _ | FBG&jx J
U= 00N, - 3\ U‘JS\_S
R TP Yc SRS BV -1 AN f ‘
Qo= TR, T I G Tsls T%%} (4.2)

e — e
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N‘__ N\ ; ,\/1.: AN\ .
' A, 4% T Vg, (4.3)
{
AN = aMNe | N awWd
&~ 9?. > 5:.\1_673.’

Substituting these expressions into eq (4.1) and multiplying both
sides by VS,_ eq (4.1) can be rewritten:

' I N, 10z
= (‘J,Ta—\ . (_4___

! 5#.%&\{ o2
+- . ?———‘j (M) (4.4)
Lo g‘\l'.sbﬂ NI
(_\ plen \ [ aviete: ) .
oW g‘l(:.SDAY b2 |

A similar eguation can be developed for the compressor rotor
dynamics:

N _ l BGL . AN, .‘[_é:_\ >
2 - J, ON, |scs 0, |
ST.DAY
( I Q. <AN2 \/—67;) (4.5)
J. 9 N, il{-,sbﬂ)f b2
(‘l_ PRET AWLEVE, -
Sz D WL '2‘7'-5:;,4\/ S, ’

The optimal control gains are scheduled based on N1COR, N2COR, and
WFCOR, therefore there is no need to develope equations in terms of
corrected paramters for PS3 and T5. The corrected parameters for
optimal control gains schedules are defined as follows:

Ni &z . N2ds . wWib, .
N, coR = L2¢% = -2 = (4. )
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ae For optimal control gains schedules see Appendix H.

4.3 Target Estimator

At every design point along the engine operating Tine LQR desing
was performed based on two neighboring steady state points; X1
and X1 + A X. It is assumed that the engine linear model is
invariant between X1 and X1 + A X. For carefully chosen incre-
ment A X, this assumption is very close to reality.

The tradeoff () between weighting states (Q) and controls (R)
matrices in performance index will define the location of the
closed Toop eigenvalues of the engine/control system. Further-
more, closed loop eigenvalues together with a state perturbation
A X, will define the trajectory of the transient from X1 to

X1l + A X.

The tradeoff (P ) wasdefined based on the following design criterion:
(1) {To accelerate engine from state X1 to X1 + A X in minimum time

‘| subject to engine constraints.

It is important to remember that tradeoff between states and controls

in performance index and the trajectory of the acceleration between

X1 and X1 + A X was defined with reference values (4 Xi) present

in each state. Therefore, the total error signal to the actuators

can be expressed as: )

Y= G-aX ()" (4.7)

Where G is an optimal gain matrix and X(t) = [Xl(t)...XB(t)]T

is a reference value.

For control iﬁplementation, the requirements for referenced
values in every state may seem to be redundant. In fact, the
presence of integrators in two control loops will assure unique
steady state convergence with only reference values on the
integrator input states. However, engine control implemented
in this fashion will perform less statisfactorily and will not
have the transient trajectory predicted by LQR design.



52

To illustrate this fact consider the following:

Erx) T Gj'flé:/fy} : (4.8,
e =Graxy, (4.9)

Where subscript "I" refers to the case where referenced values
are introduced only on the integrator input states.

It will obviously take the same integrated error the engine
to move between steady states X1 and X1 + A X, or

T T" ,
4Error SQG)CH’: Serﬂ')d‘f'
Signal o )

* Time

Fig. 4.1
So, the introduction of reference values only on the integrator
input states will make acceleration slower than predicted by
LQR design. The reasons being:
a) It takes time for integrators to have an effect

b) eI(o) is only part of €& (o)

Tﬁe introduction of reference values on all the states for a
nonlinear system Tike a jet engine is a complicated task. The
difficulties are in trying to estimate engine states as a function
of the pilot ihput; power Tever angle, ambient conditions; TT2,
Po, Mn, external Toads; bleed/power extraction, and engine deter-
joration. The accuracy required in state estimation can be re-
laxed by using "trajectory control" method. The development and
reasons behind trajectory control will be discussed shortly. At
this point let us note that introduction of reference values on
nonintegrated states can be viewed as a basic feed-forward in-
put which drives the engine towards the schedule steady state
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before the integrated outputs start to have an effect.

The error contribution of reference value from each state
. 1z L2
.= Ve x ‘. » . . _
e ;5 9i; 8% ROCE was compared to the maximum con

tribution in each actuator channel.

The following criterion was used to select states which will
be introduced into the feed-forward:

- ‘3(]4".1“ Z i—o!?; ‘(31_) ij)mnx\

where Qij - an optimal gain of i input from state J
AxJ' - reference value in state j
2. State estimation can be performed accurately and reliably.

Based on this criterion the following states are used in estima-
tion and in feed-forward: N2, VG and WR. Note, that VG becomes

a schedule based on instantaneous engire corrected core speed when
fan speed is within 1% of the schedule value. T5 and P3 are not
used in the feed-forward due to their small (=& 1%) relative error
contribution. XN1 and XVG are not used because of the difficulties
in their estimation, and relatively small (& 2%) error contribution.

The estimation of N2, VG and WF can be done based on corrected
dynamics so, altitude and ambient temperature effects are taken
into account. Mach number and bleed/power extraction can be used
as a bjas for better estimation results.

4.4 Trajectory Control

The control system design about every design point (X1 to X1 + & X)
was done based on LQR design criterion (I). This implies, in general,
that engine constraints will be satisfield only for engine perturba-
tion from the steady state X1 to the neighboring steady state X1 + 4 X1
were A X1 &£AX. If the error signal is larger than the one defined by
perturbation & X, or e(t)>Gax(f), the constraints may not be
satisfied. To assure engine behavior within the constraints and at
the same time to deliver performance close to LQR predictions. Trajec-
tory control will be used in this design. Trajectory control will
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provide variable 1imits on the error signal from each state which
has a reference input. The limits are scheduled as a function of
corrected dynamics (eq 4.4) and defined based on intervals used in
LQR design (A& X). Note that limits are very tight at the region

of rapidly changing engine dynamics (IDLE to INTER). On the other
hand, 1imits can be relaxed at the region where engine dynamics are
changing slower (INTER to MAX). At the same time, trajectory control
will relax accuracy required in state estimation, because an error in
state estimation will effect trajectory only slightly when engine
approaches scheduled steady state point. Trajectory control limits
schedules are presented in Appendix P.

Stability Analysis for the Global Design

To demonstrate stability and step response characteristics of the
global design the engine linear model was generated at 36,000 ft.
altitude and .4 Mach number flight conditions. This particularly
extreme point in the engine flight envelope was selected based on
the following considerations:

o Largest fan and core rotos time constants

o Largest thermodynamic gas temperature lag

o High engine gains from fuel flow to fan and core speeds

o Highest engine gain from fuel flow to T5

This kind of combination between engine time constants and its gains
may result in oscillatory engine transient response when the control
gains fail to provide required compensation. The optimal control
gains scheduling is used to define the feedback gains, and the re-
sultant loop transfer function is evaluated in the frequency domain

by using singular value analysis and Inverse Nyquist Arrays with
Gershgorin band. Figs. 4.4 and 4.5. In addition, transient
response to step change in both fan speed and variabTe geometry refer-
ences are present the Fig. 4.3.

The plot of the Inverse Nygquist arrays shows that the Toop transfer
function is a diagonally dominant. As a result stability margins can
be estimated based on Gershgorin band.
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The transient time response and Gershgorin band show that system is

slightly underdamped, but has no excessive oscillations.

A
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CLOSED LOCP TIME RESPONSE TO THE UNIT STEP
IN BOTH ACTUATORS AT 36,000 FT. ALTITUDE, .4 MACH NUMBER

FIG 4.3

CROSSOVER FREQUENCY BAND AT
36,000 FT. ALTITUDE, .4 MACH NUMBER

FIG 4.4
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CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

The multivariable control design procedure as developed in this report
for TF34 engine control system design offers a systematic approach

for designing a global control system for jet engines. The develop-
ment of linearize engine model, which is a basic requirement for

LQR design, is presented, and its validity is verified.

The procedure to integrate the linear controlier into the global
control system for jet engine is developed. The global control
incorporates target estimator, optimal control gains scheduling,
and trajectory control, all of which are scheduled as a function
of corrected engine dynamics.

Better transient time and performance were achieved by formulating
VG optimal transient trajectory within the stall margin constraints.

Due to the amount of time required to modify existing nonlinear

TF34 transient deck to incorporate new control system, nonlinear
simulation of the global control were not performed. However, it

is concluded that new control system will perform better than exist-
ing one. The reasons behind this conclusion can be support by the
fact, that optimal control gains Schedu1ing adapts to the changing
engine dynamics throughout the engine flight envelope.

More research is necessary to realize increased performance potential
of multivariable design approach to advanced jet engine. In particu-
lar, more research is required to define a practical way to control
engine transient trajectory while maintaining optimal gains scheduling
and target estimator to utilize LQR predicted transient performances.
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The engine linear dynamics in the state space form can be expressed as:

AX:AAX+BAU (1A)
as identified for the TF34 engine

e

—_— — —_— — - — _— i a—

AN Qu Qe Az Ay AN, bn -‘Dlz &V\/'g
A/:/z Qarv Gz G2z Gezyl| |aW, bay baz ||aVe
. — —
. = —_— + }
ATs Gz1 Gzz 023 Q34| |a7s bzl b3e (28)
NS Gy Az Gux QQ‘J a%3| Dyt byz
] L ot [ —

As an example, we develop expressions for the first column of matrices A
and B.

a)

Elements of Matrix A
Perturbing one state at a time while keeping all other states and
controls crnstant solution for elements of A matrix can be

obtained.as follows: AA‘/;

Let AN2 = AT5=APS3 =4 WF = A VG = 0 then G.,:m',
but from the fan rotor dynamics:
\d AQl . - ,aQi .
= — anN L= AN
A’Jl \)\ 3 CJ AQ\ (b N\ )
Substituting expressions (4A) into eq 3A yeilds:
q., = 2@, N
=0, Y, (3A)
In a similar way: 0
_ baN, & o Az C\f\)c\ :'szAA/ ,
,QIZ—ANl 5mb ANa-‘ \)z b} AQZ ‘N\ \J
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substituting back into eq for a2l .
AP v
A, = — -_-&Z; (4A)
SESC YA
Equations for a3l and a4l are developed from engine 1linear model block

diagram Fig. 2.7. The development of the expression is fairly straight
forward:

) ‘_q_s(bg"
3T 3 UN, N,
| 9Pz 0 Q | 9Pz | 2Rz 9Qa
i TmTe, Y e, Y T on, o, (A

Following the procedure described above, the rest of elements of
Matrix A are defined as follows:

o9
il
o C

(6A)

o

~?

17
i
()

(-
(2
w

14

)

o
R g
o~
(
QO
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0\2[': 0 ); (6A

Cont.)
Q34= Q3%

L}

- \
Quy == =
14 T,
Qf and 'EX are defined in section 2.3
B. Elements of Matrix B

To define B matrix forced match technique is used. The principle
of this technique is as follows:

3
At steady state a4 X = 0, eq (A) reduces to:

-Ash= Bau’, (7A)

Now perturbing one control variable at a time, while keeping
another constant we can solve for elements of B matrix.

Let A VG = 0, then expanding eq (7A) we get four linear equations:
by eWld==(0neh *a eyt 013aTs + 04 Pss)

ﬂ
Sy aWEE = (el * O zzalNa* Q22 8TS + 02 ez )
\ 4 < 8A
brzeWd == (QzeN, + 032 aW, *+ G z3aTs+ Oxt £7353) (8A)

\b‘.d\ aWl== (GyiaN, x 0y, Af\!,b-;— avzaTs + Ol ‘*%3)

In a similar way, letting WR = 0, and perturbing VG, bl2 through b42
can be calculated
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Engine Linear Model

1) TAKEOFF POWER

2)

ROW

-

b W N

90% N2

ROW

A Matrix
coL 9 2 3 a
-5.2682D+00 4.7028D+00 0.0 0.0
-1.56700-01 -4.5523D+00 0.0 0.0

g8.0000D-04 -1.5830D-01 —3.57140+C1 0.C

1.11€00-01 1.7012D+00 0.0 -1.0000D0+02

B Matrix

{.1880D+02 -1.8306D+02
1.1920D+02 1.4£83D+02
1.82740+01 7.1586D+00;

2.76210+01 =5.7194D+01

A Matrix
coL 1 2 3 4
-1.6510D+00 1.9796D+00 0.0 0.0
—1.1540D-01 =-1.1740D+00 0.0 0.0

2.0000D-03 ~1.23000-01 -1.4285D0+01 0.0

1.7520D-91 8.1800D-01 0.0 -1.00000+02

B Matrix

1.7100D+02 =-3.96920+01
9.3800D+01 2.0625D+01
1.7910D0+01 3.25000+00

6.3250D+01 ~1.65682D+01



,‘““

3) 80% N2
ROW
1
2
3
4

4) 1dle

N ROW
1
2
3
7

A Matrix
coL 1 2 3 4
=1.1940D+00 1.5120D+400 0.0 0.0
6.0000D-03 ~6.4900D-01 0.0 0.0

-1.0000D0-04 -2.2100D-01 =1.3333D0+01 0.0

1.5¢06D-03 7.7700D-01 0.0 -1.0000D+02

B Matrix -

1.0059D+02 ~-6.0540D+01
1.03510402 1.2500D+01
3.4967D+01 S.3200D+00

4.92410+01 =3.0544D+01

A Matrix
coL . 1 2 3 -
«9,59100~-01 7.45000~01 0.0 . 0.0
=1.71000-02 -2.2750D-01 0.0 0.0

2.4000D-04 -1.84300-01 -1.3333D+01 0.0

. B.30000D-03 4.310CD-01 0.0 ~1.00000+02

'B Matrix

6.0620D+01 =1.2840D+01 .
9.46590+01 =1.5500D+00
5.3734D+01 2.8810D+00

3.04200+01 =7.0650D0+00

64



APPENDIX C

COMPARISON: LIREAR AND NON-LINEAR MODELS

- Non-Tinear Model
0 - Linear Model
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APPENDIX D

TRANSMISSION ZERQS
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Transmission Zeros

The transmission zeros for single input, single output are known

to the Engineering community under a somewhat different name:

the roots of the numerator polynominal of the transfer function.

This definition is translated for multivarialbe system, with num-
ber of inputs equal to the number of outputs as follows:

The transmission zeros are those values of S, including multipli-
cities, but not including uncontrollable or unobservable modes,
that reduce the rank of P(s), where P(s) is defined as:

A - ST B
P(s) = | -¢C 0 (1D)

For square case, the determinant of P(s) is equal to:
det (A - SI) det [C (A - SI)71B] (2D)

and other equivalent definition of transmission zeros is the roots of
(2D). This definition is used by Kwakernaak and Sivan [7].
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€.38300e02

$.30¢00-C2

ldle

&)

Vatrix

(1]

oL

(1]

(4]

[¢]

o

[\J

¢.0

STelt

o
o
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L4)

o

1.630CD0e0
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A
APPENDIX F
OPTIMAL GAIN MATRIX G AND OPEN/CLOSED LOOP EIGENVALUES
PN
PN




ROW

AT

P

1) Takeoff
coL 1 2
5.7873D-02

$.6730C0-02

-5.2605D-02 -2.54860~-03

REAL PART

-1.0C00+02

-

-3.5710+401

=5.110D+00
=5.110D0+00

[+] ~ o (1)} AW N
o
o

REAL PART

1 -1.000D+02
=3.571D+01

-4.670D+00
-4.67CD-00

u L N

=2.9S70+00Q

=3.037D+C0
=3.0370+00

< O

8 -3.063D0-01

e NG RN g

- o Ay

80

G Matrix
3 4 5 6 7 8
0.0 0.0 5.1985D+00 ~3.6143D=01 2.7295D-01 5.0487D-01
0.0 0.0 -7.2287D-01 4.2985D+00 =-2.2583D~01 1.2207D+00
OPEM LOOP
~==EIGENVALUES==—
IMAG PART NAT FREQ(HZ) ZETA FREQ(HZ)
0.0 1.592D+01 1.000000 0.0
0.0 5.684D+00 1.000000 0.0
8.188D0~01 §.237D0-01 0.9874086 1.3030-01
~8.188D-01 8.237D~01 0.987406 1.3030-01 -
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
CLOSED-LOOP EIGENVALUES
IMAG PART NAT FREQ{HZ) ZETA FREQ(HZ)
0.0 1.582D401 1.€00000 0.0
0.0 5.684D+00 1.000000 0.0
3.101D+00 8.9220-01 0.833086 4,9350-01
~3.101D+00 8.922D-01 0.833086 4.935D~-01
0.0 6.362D0-01 1.000000 0.0
1.929D+00 5.786D-01 0.835314 3.181D-01
~1.9990+00 5.786D-01 0.835314 3.181D-01
¢.0 4.875D-02 1.000000 0.0

A et RS0 ©



W

coL

2) 90% N2

2

1

8.B126D-02 €.4385D0-02 0.0

=-3.B9120~02

N 0 M ON

N, un bW N

4,48200-03

REAL PART

-1.,000D+02

-1.428D+C1

“=1.412D+00

-1.412D0+00
0.0

0.0

REAL PART

-1.000D+02
-1,423D+01

-2.BB9D+00
-2.888D+C0

=2.059D0-00

-1.7840+C0C
-1.764D+00

-3.786D0-01

€6.9407D+00 -6.8830D0-01

=1.0324D+00

G Matrix
3 4
0.0
CPEN LOGP
~——EIGENVALUES==~
IMAG PART NAT FREQ(HZ)
0.0 1.5920+01
0.0 2.274D+00
4.1420-01 2.343D-01
-4,142D-01 2.343D-01
0.0 0.0
c.0 0.0
0.0 0.0
0.0 0.0
CLOSED-LOOP EIGENVALUES
IMAG PART NAT FREQ(HZ)
0.0 1.5920+01
0.0 2.274D+00
2.753D+00 6.352D0-01
-2.753D+00 6.3520-01
0.0 3.277D-01
9.523D-01 3.190D-01
-9.523D-01 3.190D-01
0.0 6.026D-02

ZETA

1.000000
1.000000

0.959583
0.8598593

0.0
0.0

0.0

ZETA

1.000000
1.000000

0.72392t
0.723921

1.000000

0.879938
0.879938

1.000000

81

1.72710=-01

1.9776D+00 =7.2487D-02

FREQ(HZ)

0.0
0.0

6.5920-02
6.5920-02

0.0
0.0

0.0

FREQ(HZ)

0.0
0.0

4,382D-01
4,382D~01

0.0

1.5186D0-01
1.5160-01

0.0

1.87160-01
6.6892D0-01

ERR S — ]

frm o v ey e 15

L et o



- 82
3) 80% N2
-,
G Matrix
coL 1 2 a 4 5 6 » 8
ROW
1 2.,97020-02 3.68870-02 0.0 0.0 3.82450+00 ~6.6508D0-01 3.23830-02 1.56490-01
2 =2.19820-02 =5.1700D-03 0.0 0.0 -7.8600D0-01 1.5761D400 =2.4059D-02 2.4833D-01
A~
CPEN LOOP
~—~EIGENVALUES——
REAL PART IMAG PART NAT FREQ(HZ) ZETA FREQ(HZ)
1 -1.000D0+02 " 0.0 1.592D+91 1.000000 0.0
2 =1.332D+01 0.0 2.122D+00 1.000000 0.0
3 =1.210D+00 0.0 1.9260-01 1.000000 0.0
4 -6.328D-C1 0.0 1.0070-01 1.000000 0.0
e,
S 0.0 0.0 0.0 0.0 0.0
6 0.0 0.0 0.0 0.0 0.0
7 0.0 0.0 0.0 0.0 0.0
8 0.0 0.0 .0 0.0 0.0
CLOSED~LOQP EIGENVALUES
REAL PART 1IMAG PART NAT FREQ(HZ) ZETA FREQ(MZ)
1 -1.000D+02 0.0 1.5920+01 1.000000 0.0
2 -1.333D+01 5.0 2.1220+00 1.000000 0.0
- ' - 7880-01
~1.722D+C0 1.752D+00 3.909D-01 0.701018 2.
3 -1.7220400 ~1.752D+00 3.909D-01 0.701018 2.788D-01
7 - - .899371 9.8700-02
5 -1.2760~00 6.201D-01 2.2580-01 0 -
6 -1.276D~00 ~6.201D-01 2.258D-01 0.899371 9.8700~02
7 -1.041D+00 0.0 1.656D-01 1.000000 0.0
8 -2.0750-01 0.0 3.304D-02 0.0

L,

e AT < v+ g me e o

1.000000



83

i 4) Idle
G Matrix
coL 1 2 3 4 5 6 7 8
ROW : '
) 2.3851D0-02 2.5829D-02 7.97300-05 9.97060-07 2.8804D400 =-2.4228D=01 2.3407D-02 3.4464D-C2
2 -1,85430-02 -4.8835D-03 1.B0400-05 -6.3143D-07 -6.6076D-01 8.1716D=-C1 =1.79980=02 1.2224D-01
PN
OPEN LOOQP
~=-EIGENVALUES==-~
REAL PART IMAG PART NAT FREQ(HZ) ZETA FREQ(HZ)

1 ~-1.0000+02 0.0 1.5920+01 1.000000 0.0

2 ©=1.333D+01 0.0 2.122D+00 1.0C3000 0.0

3 -8, 413D-01 0.0 1.498D-01 1.000000 0.0

4 -2.453D-01 0.0 3.905D-02 ' 1.000000 0.0
- s 0.0 0.0 0.0 . 0.0 0.0

6 0.0 - 0.0 c.0 0.0 0.0

7 0.0 0.0 0.0 0.0 0.0

e 0.0 0.0 0.0 0.0 0.0

CLOSED-LCOP SIGENVALUES
REAL PART IMAG PART NAT FREQ(HZ) ZETA FREQ(HZ)

1 -1.000D+02 0.0 1.592D+01 1.000000 0.0

2 -1,3330+01 0.0 2.122D+00 1.000000 0.0
Py 3 -1.219D+00 - 1.196D+00 2.717D-01 0.713718 1.903D-01

4 =1.219D+00 -1.196D+00 2.717D-01 0.713718 1.9C30-01

S -9.405D-C1 0.0 1.497D-01 1.000000 0.0

6 -6.453D-01 2.8256D-01 1.122D-01 0.91€117T 4.,4980-02

7 -6.4580~01 -2.8260-C1 1.122D-01 0.916117 4.4580-02

B -2.155D-01 0.0 3.430D-02 1.000000 0.0

P




COMPARISON:

APPENDIX G

LQR DESIGN VS. CURRENT TF34 DESIGN TRANSIENT RESPONSES

- CURRENT TF34 DESIGN
0 - LQR DESIGN
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APPENDIX H

OPTIMAL CONTROL GAINS SCHEDULES
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APPENDIX P

TRAJECTORY CONTROL LIMITS SCHEDULES
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