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1. Introduction. The result to be proved in this article is that if u
is a bounded harmonic function on a symmetric space X and x0 any
point in X then u has a limit along almost every geodesic in X starting
at x0 (Theorem 2.3). In the case when X is the unit disk with the nonEuclidean metric this result reduces to the classical Fatou theorem
(for radial limits). When specialized to this case our proof is quite
different from the usual one; in fact it corresponds to transforming the
Poisson integral of the unit disk to that of the upper half-plane and
using only a homogeneity property of the Poisson kernel. The kernel
itself never enters into the proof.
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nition of boundary is equivalent to Furstenberg's [2] (see also [6] and
[4]). In particular the group G acts transitively on B as well as on X.
The two actions will be denoted (g, b)--g(b) and (g, x)-->g.x
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xEX). Let db denote the unique K-invariant measure
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Now given > 0 we first choose c so large that

convergence theore
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since A(t)--e for t-- + oo we can choose t such that A(t)NWioND for
t Ž ti. Then the expression in (11) is < /2 for t > ti; by our assumption

has proved (13), ev

(6) we can choose t2 such that the right hand side of (10) is <e/2
for t>t 2. In view of (7) and (8) this proves the lemma.
The next lemma shows that, for a fixed H, the assumption of
Lemma 2.1 actually holds for almost all oE-N.
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for almostall aoE N.
The proof of this result is essentially in the literature: In 11]
Edwards and Hewitt give all the necessary arguments for the case of
a discrete sequence tending to 0 and everything they do remains
trivially valid in the case r--0. The result in the exact form required
here was also proved by E. M. Stein independently of [1] (cf. his
expository article [6]).
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THEOREM 2.3. Let u be a bounded solution of Laplace's equation

Au=0 on the symmetric space X. Then for almost all geodesics (t)

starting at o
lim u( 7 (t))

exists.

,--.

(13)

PROOF.Let S+= {IHEa+

B(H, H)=11. Then the mapping

(kM,H)--Ad(k)H is a bijection of (K/M)XS + onto a subset of the
unit sphere S in p whose complement has lower dimension. Since

dim(K/M-k(N)/M) <dim K/M the mapping(, H)--Ad(k())H
is a bijection of N XS+ onto a subset of S whose complement in S has
lower dimension. If NH denotes the set of hnofor which (12) holds

(with F(t)=f(k(h)M))

and if S=UHEs+ Ad(k(NH))H it follows

from the Fubini theorem that S-So is a null set. This concludes the
proof.
REMARKS. (i) If f is continuous the limit relation
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follows immediately from (1), (2) and (3), by use of the dominated
convergence theorem. (See also [4, Theorem 18.3.2.1) In particular,
u has the same limit along all geodesics from o which lie in the same
Weyl chamber in p.
(ii) In the case when X has rank one (dim a= 1) A. W. Knapp [5]
has proved (13), even under the weaker assumption that fEL 1(B).

for

; by our assumption
.de of (10) is < e/2
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