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Abstract

We establish the convergence of a class of Metropolis-type Markov chain annealing
algorithms for global optimization of a smooth function U(+) on IRY. No prior informa-
tion is assumed as to what bounded region contains a global minimum. Our analysis is
based on writing the Metropolis-type algorithm in the form of a recursive stochastic
algorithm Xj,; =Xy — a,(VU(Xy) + &) + by Wy, where {Wy} are independent stan-
dard Gaussian random variables, {{;} are (unbounded, correlated) random variables,
and a =A/k, by = \/1—3_/ V kloglogk for k large, and then applying results about
{Xx} from [15]. Since the analysis of {Xy} in [15] is based on the asymptotic behavior
of the related Langevin-type Markov  diffusion  annealing  algorithm
dY(t) = —VU(Y(t))dt + c(t)dW(t), where W(+) is a standard Wiener process and
c(t) = \/E/ Vlogt for t large, this work demonstrates and exploits the close relation-

ship between the Markov chain and diffusion versions of simulated annealing.
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1. INTRODUCTION

Let U(*) be a real-valued function on some set . The global optimization problem
is to find an element of the set S’ = {x: U(x) < U(y) V y €L} (assuming S # 4).
-Recently, there has been alot of interest in the simulated annealing method for global
optimization. Annealing algorithms were initially proposed for finite optimization (I
finite), and later developed for continuous optimization (£ = RY). An annealing algo-
rithm for finite optimization was first suggested in [1], [2], and is based on simulating a
finite-state Metropolis-type Markov chain. The Metropolis algorithm and other related
algorithms such as the "heat bath" algorithm, were originally developed as Markov
chain sampling methods for sampling from a Gibbs distribution [3]. The asymptotic
behavior of finite state Metropolis-type anneali’ng algorithms has been extensively
analyzed [4]-[9].

A continuous time annealing algorithm for continuous optimization was first sug-

gested in [10], [11] and is based on simulating a Langevin-type Markov diffusion:
dY(t) = —=VU(Y(t))dt + c(t)dW(t) . (r.1)

Here U(*) is a smooth function on R4, W(+) is a standard d-dimensional Wiener process,
and c(*) is a positive function with ¢(t) — 0 as t — oco. In the terminology of simulated
annealing algorithms, U(x) is called the energy of state x, and T(t) = c%(t)/2 is called
the temperature at time t. Note that for a fixed temperature T(t) =T, the resulting
Langevin diffusion like the Metropolis chain has a Gibbs distribution « exp(—U(x)/T) as
its unique invariant distribution. Now (1.1) arises by adding slowly decreasing white

Gaussian noise to the continuous time gradient algorithm
z2(t) = —VU(z(t)) . (1.2)

The idea behind using (1.1) instead of (1.2) for minimizing U(*) is to avoid getting
trapped in strictly local minima. The asymptotic behavior of Y(t) as t — co has been
studied in [10], [12]-[14]. In [10], [14] convergence results were obtained for a version of
(1.1) which was modified to constrain the trajectories to lie in a fixed bounded set (and
hence is only applicable to global optimization over a compact subset of IR%); in [12],
[13] results were obtained for global optimization over all of RY. Chiang, Hwang and
Sheu’s main result from [12] can be roughly stated as follows: if U(+) is suitably

behaved and c%(t) =C Jlogt for t large with C > C; (a constant depending only on
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U(+)), then Y(t) — S” as t — oo in probability.

A discrete time annealing algorithm for continuous optimization was suggested in

[14], [15] and is based on simulating a recursive stochastic algorithm
X1 =Xg — ak(VU(Xk) + 6}() + bWy . (1.3)

Here U(*) is again a smooth function on ]Rd, {fk} is a sequence of RY-valued random
variables, {Wk} is a sequence of independent standard d-dimensional Gaussian random
variables, and {ax }, {bk} are sequences of positive numbers with ay,by — 0 as k — cco.
The algorithm (1.3) could arise from a discretization or numerical integration of the
diffusion (1.1) so as to be suitable for implementation on a digital computer; in this case
& is due to the discretization error. Alternatively, the algorithm (1.3) could arise by
artificially adding slowly decreasing white Gaussian noise (i.e., the by Wy terms) to a

stochastic gradient algorithm
Zyyr = Iy — ax(VU(Zy) + &) (1.4)

which arises in a variety of optimization problems including adaptive filtering,
identification and control; in this case £y is due to noisy or imprecise measurements of
VU(¢) (c.f. [16]). The idea behind using (1.3) instead of (1.4) for minimizing U(*) is to
avoid getting trapped in strictly local minima. In the sequel we will refer to (1.4) and
(1.3) as standard and modified stochastic gradient algorithms, respectively. The asymp-
totic behavior of Xy as k — co has been studied in [14], [15]. In [14] convergence
results were obtained for a version of (1.3) which was modified to constrain the trajec-
tories to lie in a compact set (and hence is only applicable to global optimization over a
compact subset of IRY); in [15] results were obtained for global optimization over all of
RY. Also, in [14] convergence is obtained essentially only for the case where § =0; in
[15] convergence is obtained for {{} with unbounded variance. This latter fact has
important implications when VU(*) is not measured exactly. Our main result from [15]
can be roughly stated as follows: if U(+) and {£y} are suitably behaved, ay = A/k and
b =B /kloglogk for k large with B/A >Cy (the same Cg as above), and {X } is tight,
then X; — S* as k — oo in probability (conditions are also given in [15] for tightness of
{Xx})- Our analysis in [15] of the asymptotic behavior of X} as k — oo is based on the
asymptotic behavior of the associated SDE (1.1). This is analogous to the well-known
method of analyzing the asymptotic behavior of Z; as k — co based on the asymptotic
behavior of the associated ODE (1.2) [16], [17].
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It has also been suggested that continuous (global) optimization might be per-
formed by simulating a continuous-state Metropolis-type Markov chain [10], [18], [19].
Although some numerical work has been performed with continuous-state Metropolis-
type annealing algorithms there has been very little theoretical analysis, and further-
more the analysis of the continuous state case does not follow from the finite state case
in a straightforward way (especially for an unbounded state space). The only analysis
we are aware of is in [19] where a certain asymptotic stability property is established for
a related algorithm and a particular cost function which arises in a problem of image

restoration.

In this paper we demonstrate the convergence of a class of continuous state
Metropolis-type Markov chain annealing algorithms for general cost functions. Our
approach is to write such an algorithm in (essentially) the form of a modified stochastic
gradient algorithm (1.3) for suitable choice of &, and to apply results from [15]. A con-
vergence result is obtained for global optimization over all of RY. Some care is neces-
sary to formulate a Metropolis-type Markov chain with appropriate scaling. It turns
out that writing the Metropolis-type annealing algorithm in the form (1.3) is rather
more complicated than writing standard variations of gradient algorithms which use
some type of (possibly noisy) finite difference estimate of VU(+) in the form (1.4) (c.f.
[16]). Indeed, to the extent that the Metropolis-type annealing algorithm uses an esti-
mate of VU(*), it does so in a much more subtle manner than a finite difference approxi-

mation, as will be seen in the analysis.

Since our convergence results for the Metropolis-type Markov chain annealing algo-
rithm are ultimately based on the asymptotic behavior of the Langevin-type Markov
diffusion annealing algorithm, this paper demonstrates and exploits the close relation-
ship between the Markov chain and diffusion versions of simulated annealing, which is
particularly interesting in view of the fact that the development and analysis of these
methods has proceeded more-or-less independently. We remark that similar conver-
gence results for other continuous-state Markov chain sampling method based annealing
algorithms (such as the "heat bath" method) can be obtained by a procedure similar to

that used in this paper.

The paper is organized as follows. In Section 2 we discuss appropriately modified

versions of the tightness and convergence results for modified stochastic gradient
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algorithms as given in [15]. In Section 3 we present a class of continuous state
Metropolis-type annealing algorithms and state some convergence theorems. In Section

4, we prove the convergence theorems of Section 3 using the results of Section 2.

2. MODIFIED STOCHASTIC GRADIENT ALGORITHMS

In this Section we give convergence and tightness results for modified stochastic
gradient algorithms of essentially the type described in Section 1. The algorithms and
theorems discussed below are a slight variation on the results of [15], and are appropri-
ate for proving convergence and tightness for a class of continuous state Metropolis-type

annealing algorithms (see Section 3,4).

We use the following notations throughout the paper. Let VU(+), AU(+), and
HU(+) denote the gradient, Laplacian and Hessian matrix of U(+), respectively. Let | |,
<e+,»> and ® denote Euclidean norm, inner product, and outer product, respectively.
For real numbers a and b let a V b =maximum{a,b}, aAb =minimum{a,b},
[a]l4 =2 V 0, and [a]_ =a A 0. For a process {Xy} and a function f(-), let
E, x{fXk)}, Pnx{f(Xx)} denote conditional expectation and probability given X, =x
(more precisely, these are suitable fixed versions of the conditional expectation and pro-
bability). Also for a measure y(*) and a function f(+) let u(f) = [fdu. Finally, let
N(m,R)(*) denote normal measure with mean m and covariance matrix R, and let I

denote the identity matrix.

2.1. Convergence

In this subsection we consider the convergence of the discrete time algorithm™
Xier1 =Xk — a(VUXy) + &) + bie( X | vV )Wy (2.1)

Here U(+) is a smooth real-valued function on RY, {Ek} is a sequence of IR%-valued ran-
dom variables, {Wk} is a sequence of independent standard d-dimensional Gaussian ran-

dom variables, and

¥ The results are not changed if we replace |Xk I V 1by IXk I V aor IXk l +afora = 1.
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y by = , klarge,
leoglogk

where A, B are positive constants.

A VB
k

ax =

For k =0,1,... let % = o(Xp,Wop,...; W_1,&p,.--Ek—1).- In the sequel we will con-

sider the following conditions (a,  are constants whose values will be specified later).

(A1) U(+)is a C? function from RY to [0,00) such that

lim [VU() | S 0
x | o0 X
. VU(x) X
lim , =1
o1l TVORT * T/

ix;f (IVUE) |> — AU®x)) > —o0

(A2) For e > 0let

2U(x)

2U(x)
2

dn(x) = %—exp dx , Z¢ = [exp dx < co.

7¢ has a weak limit 7 as ¢ — 0.

(A3) Let K be a compact subset of IRY. Then there exists L = 0 such that

E{[& ? %} =< Laf , VX €K, wp.l

IE{’Sk lg;k}l < Laf , VXy €K, w.p.l.

Wy is independent of %,.

We note that 7 concentrates on S, the global minima of U(+). For example, if s*
consists of a finite number of points, then 7 exists and is uniformly distributed over s*.

The existence of 7 and a simple characterization in terms of HU() is discussed in [20].

In [12] and [15] it was shown that there exists a constant C, which plays a critical
role in the convergence of (1.1) and (1.3), respectively (in [12] Co; was denoted by cp).
Co has a interpretation in terms of the action functional for the dynamical system (1.2);
see [12] for an explicit expression for Cy and some examples. The constant Cy plays the

same role in the convergence of (2.1) considered here.
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Let K; CIRY and let {X}} denote the solution of (2.1) with X, =x. We shall say
that {X§: k = 0, x €K, } is tight if given ¢ > 0 there exists a compact K, C IR? such
that PO,X{Xk €K;} > 1—cforallk = 0and x €K;. Here is our theorem on the con-

vergence of Xy as k — oo.

Theorem 1: Assume (A1), (A2), (A3) hold with o >—1 and § > 0. Let {Xy } be given
by (2.1), and assume {X}:k = 0, x €K} is tight for K a compact set. Then for
B/A > C; and any bounded continuous function f(*) on IR¢

| kl—l—»nc;lo EO,x{f(Xk)} = W(f)

uniformly for x in a compact set.

Note that since 7 concentrates on S*, under the conditions of Theorem 1 we have

Xy — S* ask — coin probability.

Theorem 1 is proved similiarly to [15, Theorem 2] where we considered the algo-

rithm
X1 = Xi — 2 (VU(Xy) + &) + bWy, (2.2)

and we will not go through the details here. The main difference between the condi-
tions and proofs of Theorem 1 and [15, Theorem 2] is that in Theorem 1 the condition

lim |[VU(x)|/|x| > 0 is needed to establish the tightness of {Y(t)} for the diffusion

x| —o0
dY(t) = — VU(Y(t))dt + e(t)(|Y(t)| V 1)dW(t) associated with (2.1), whereas in [15,

Theorem 2] the weaker condition | lilm |VU(x) | = oo suffices to establish the tightness
X|—0

of {Y(t)} for the diffusion dY(t) = —VU(Y(t))dt + c(t)dW(t) associated with (2.2).

2.2. Tightness

In this subsection we consider the tightness of the discrete time algorithm™
Xk+1 = Xk - ak(d)k(Xk) + 77]() + bk( le l \Y I)Wk . (2.3)

Here {tx(*)} are Borel functions from RY to RY, {7} is a sequence of RY-valued ran-

dom variables, and {Wy}, {ay}, {bx} are as in Section 2.1. Below we give sufficient

* The results are not changed if we replace [Xi | V 1by |Xi | V aor [Xi | +afora = 0.
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conditions for the tightness of {X§: k = 0, x € K} where K is a compact subset of RS,
Note that algorithm (2.3) is somewhat more general than algorithm (2.1). The reason
for considering this more general algorithm is that it is sometimes convenient to write
an algorithm in the form (2.3) (with ¥ (x) # VU(x) for some x, k) to verify tightness,
and then to write the algorithm in the form (2.1) to verify convergence. We will give an
example of this situation when we consider continuous state Metropolis-type annealing

algorithms in Sections 3 and 4.

Let 9y = o(Xo,Wg,-es Wi_1,705-+sTc—1 ). In the sequel we will consider the follow-

ing conditions (o, B, v, 77, are constants whose values will be specified later).

(B1) Let K be a compact subset of IR%. Then

sup [he(x) | < o0

im Id)k(x) l 27 < oo
k, |x |—o0 IX I k

lhex) |
lim a,° >0
k, [x]|—o0 Jx1

R
i CTR@T T

(B2) There exists L = 0 such that

X
X|> >0

E{lm * %} = Lag([X > vV 1) wp.1
[E{nc [} ] = Laf(IXc| vV 1) wpd

Wy is independent of 4.

Theorem 2: Assume that (B1), (B2) hold with o> -1, >0, and
0 < v < 7 < 1/2. Let {Xy} be given by (2.3) and K be a compact subset of RY.
Then {X{:k = 0, x € K} is a tight family of random variables.

Theorem 2 is proved similarly to [15, Theorem 3] where we considered the algo-

rithm
Xir1 = Xk — ae(De(Xy) + mi) + bWy (2.4)

and we will not go through the details here. The main difference between the
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conditions and proofs of Theorem 2 and [15, Theorem 3| is that in [15, Theorem 3] we
allowed {1 (x): x € R%} to be a random vector field but we did not allow the bounds in
(B2) to depend on |[x |.

3. METROPOLIS-TYPE ANNEALING ALGORITHMS

In this Section we review the finite state Metropolis-type Markov chain annealing
algorithm, generalize it to an arbitrary state space, and then specialize it to a class of

algorithms for which the results in Section 2 can be applied to establish convergence.

The finite state Metropolis-type annealing algorithm may be described as follows
[5]. Assume that the state space ¥ is finite set. Let U(+) be a real valued function on ¥
(the "energy"” function) and {Ty} be a sequence of strictly positive numbers (the "tem-
perature” sequence). Let q(i,j) be a stationary transition probability from i to j, for
i,j € X. The one-step transition probability at time k for the finite state Metropolis-
type annealing chain {Xj } is given by

P{Xk+1 =j le = i} = q(iyj)sk(iaj) ’ J # 1 ’

P{Xr1 =1 X =1} =1 — Fa(i3)sk(i.5) (3.1)
where
U(j) — U(i)]+
i) = exp| — 190 - 0L ) -

This nonstationary Markov chain may be interpreted (and simulated) in the following
manner. Given the current state X =i, generate a candidate state )~Ck = j with proba-
bility q(i,j). Set the next state Xy,; =j if si(i,j) > 0, where 6y is an independent ran-
dom variable uniformly distributed on the interval [0,1]; otherwise set Xy 4y =1i. Sup-
pose that the stochastic matrix Q@ = [q(i,j)] is symmetric and irreducible, and the tem-
perature Ty is fixed at a constant T > 0. Then it can be shown that the resulting sta-
tionary Markov chain has a unique invariant Gibbs distribution with mass «
exp(—U(i)/T), and furthermore converges to this Gibbs distribution as k — co [21].
There has been alot of work on the convergence and asymptotic behavior of the nonsta-

tionary annealing chain when Ty — 0 [4]-[9].
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We next generalize the finite state Metropolis-type annealing algorithm (3.1), (3.2)
to a general state space. Assume that the state space ¥ is a o-finite measure space
(Z, A ,u). Let U(*) be a real-valued measurable function on ¥ and let {Ty} be as
above. Let q(x,y) be a stationary transition probability density w.r.t. u from x to y, for
x,y € ¥. The one-step transition probability at time k for the general state Metropolis-
type annealing chain {Xk} is given by

P{Xier1 €A Xy =x} = [ a(xy)s(x,7)duly) + re(x)14(x) (3.3)
where
re(x) =1 — fa(x,y)sk(x,y)duly) , (3.4)
and
U(y) — U(x)|+
scbey) = exp| = 10T | (5.5)

Note that if x4 does not have an atom at x, then ry(x) is the self transition probability
starting at state x at time k. Also note that (3.3)-(3.5) reduces to (3.1), (3.2) when the
state space is finite and p is counting measure. The general state chain may be inter-
preted (and simulated) similarly to the finite state chain: here, q(x,y) is a conditional
probability density for generating a candidate state 5(1( =1y given the current state

Xx =x. Suppose that the stochastic transition function Q(x,A) = _& q(x,y)du(y) is p-

symmetric and irreducible, and the temperature T} is fixed at a constant T > 0. Then
similarly to the finite state case it can be shown that the resulting stationary Markov
chain has a u -a.e. unique invariant Gibbs distribution with density cexp(—U(x)/T), -
and furthermore if a certain condition due to Doeblin [21] is satisfied converges to this
Gibbs distribution as k — co. There has been almost no work on the convergence and
asymptotic behavior of the nonstationary annealing chain when Ty — 0, although when
3 is a compact metric space one would expect the behavior to be similar to when ¥ is

finite.

We next specialize the general state Metropolis-type annealing algorithm (3.3)-(3.5)
to a d-dimensional Euclidean state space. Actually the Metropolis-type annealing chain
we shall consider is not exactly a specialization of the general-state chain described
above. Motivated by our desire to show convergence of the chain by writing it in the

form of the modified stochastic gradient algorithm (2.1), we are led to choosing a
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nonstationary Gaussian transition density

—xl?
Q. (x,y) = . p[ Ly —x] ], (3.6)

ex
(2mbE(x |2 v 1)) 2bi(x[> v 1)
and a state dependent temperature sequence

bi(|x|* v 1)
Zak

Ty(x) = (3.7)

loglogk

_ const.( [x|? v 1)]

The choice of the transition density is clear, given we want to write the chain in the
form of (2.1). The choice of the temperature sequence is based on the following con-
siderations. Ignore for the moment the dependence on |x| and examine the modified

stochastic gradient algorithm (1.3) and the associated diffusion (1.1). If we view (1.3) as

a sampled version of (1.1) with sampling intervals a; and sampling times t, = E];(l)an,

then we have corresponding sampled temperatures T(ty) = c?(ty) /2, and it is straight-
forward to check that if C = B/A then

b2 c2(t
k _ (k) —T

T, =
k 2ak

(ty) as k — 0.

Finally, the fundamental reason that the |x | dependence is needed in both (3.6), (3.7) is
that in order to establish tightness of the annealing chain by writing the chain in either

the form of (2.3) or (2.4) we need a condition like
| (x) | = const. x|, [x]large, (3.8)

for suitable choice of %y(*). In words, the annealing chain must generate a drift
(towards the origin) at least proportional to the distance from the origin. To accom-
plish this we include the dependence on |x | in (3.6), (3.7) and then write the chain in
the form of (2.3) to establish tightness. This discussion leads us to the following con-

tinuous state Metropolis-type Markov chain annealing algorithm.
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Metropolis-type Annealing Algorithm #1:

Let {Xk} be a Markov chain with 1-step transition probability at time k given by™
PXir1 €A Xy =x} = [ sc(xy)aNEbE(Ix P v 1)I)(y) + re(®)1a(x)  (3.9)
where
e(®) =1 — [se(xy)dNxbE([x [* Vv 1)1)(y) (3.10)
and

22, [U(y) — U(x)]+

si(x,y) = exp|— ) IRV (3.11)
Theorem 3: Assume (A1), (A2) hold and also
sup [HU(x) | < 0. (3.12)
X

Let {Xy} be the Markov chain with transition probability given by (3.9)-(3.11). Then
for B/A > C; and any bounded continuous function f(+) on R4

lim o {1(X,)} = () (3.13)

uniformly for x in a compact set.

The proof of Theorem 3 is in Section 4.1. Observe that the condition (3.12) can be
rather restrictive. It implies along with (A1) that there exists constants M;,M, such
that

M x| = [VUR)| = M, x|, |x]|large .

It turns out that the lower bound on |VU(x)| is essential but the upper bound on
|VU(x) | can be weakened by using a suitable modification of (3.11) as follows.

*+ The results are not changed if we replace IX l2 V 1by |X |2 V aor IX '2 +afora = 1.
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Metropolis-type Annealing Algorithm #2:

Let {Xy } be a Markov chain with 1-step transition probability at time k given by™

P{Xis1 €A Xy =%} = [ s )aNGbE(x [P V D) + m(1al)  (3.14)
where
) =1 - [s ()N bE([x [2 v 1)1)() (3.15)
and
2a; [U(y) — U(x)]+ X2 v 1
) = - if Ux) < =~
sk(x,y) = exp blzc IX Iz v 1 1 (x) a]
2a 2 _ x|? 2
= exp|— 2k [y | 5 b I°) if Ulx) > —I-)i—v—l- (3.16)
bi x]? v 1 ay
and 7 > 0.

Theorem 4: Assume (A1), (A2) hold and also

— |x |?
£ 3.17
jof dim o sup [HU(y) | - U] < % (3.17)

Let {Xy} be the Markov chain with transition probability given by (3.14)-(3.16) with
0 < v < 1/4. Then for B /A > Cy and any bounded continuous function f(*) on R4

lim B ({1(X,)} = (t) (3.18)

uniformly for x in a compact set.

The proof of Theorem 4 is in Section 4.2. Observe that the condition (3.17) (and
also (A1)) will be satisfied if U(x) ~ const. |x|P and HU(x) = O( |x [P~2) as |x | — oo
for any p = 2. Note that if K is any fixed compact, Xy €K, and k is very large, then
(3.16) and (3.11) coincide. Note also that (3.16) like (3.11) only uses measurements of
U(*) (and not VU(+)).

+ The results are not changed if we replace Ix 2V 1by |X |2 V aor IX |2 +afora = 1.
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4. PROOFS OF THEOREMS 3 AND 4

In the sequel c;,cy,... will denote positive constants whose value may change from

proof to proof. We will need the following lemma.

Lemma 1: Assume that V(+) is a C? function from R? to IR. Let
s(x,7) = exp(—A[V(y) = V(x)]+)
and
5(x,) = exp(=A VV(x),y—x) ]+)
where A > 0. Then
IsGoy) —306n)| = X sup [HV(x +ely —x) [ Iy —x
for all x,y € RY.
Proof: Let

f(x,¥) = V{y) = V(x) = { VV(x),y—x)

Then by the 2nd order Taylor Theorem

[fx,y) | = 0 [HV(x + ey —x) | Iy —x[? (4.1)

By separately considering the four cases corresponding to the possible signs of
V(y) — V(x) and { VV(x),y—x) , it can be shown that

[s(x,y) — 8(x,7) | = 1 —exp(=X |f{x,¥) |) = X |f(x,y) | (4.2)
Combining (4.1) and (4.2) completes the proof.
O
4.1. Proof of Theorem 3
We write
Xiy1 =Xi — 2 (VUXy) + &) + b (X | vV 1)Wy (4.3)

(this defines &) and apply Theorem 1 to show that if {X}: k = 0, x € K} is tight for K
compact then (3.13) is true. We further let ¥y (x) = VU(x) and 7 = & and apply
Theorem 2 to show that {X}: k = 0, x € K} is infact tight for K compact and (3.13) is
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infact true.

We first show that we can find a version of {X; } in the form
Xir1 =X +be([X | vV DaWie (4.4)

To do this we inductively define the sequence {Wy, ¢} of random variables as follows.
Assume XosWoy ooy Wr_1,€05 05 Sk—1 have been defined. Let
Ay = o(Xg, W, Wi_1,605s6k—1).- Let Wy be a standard d-dimensional Gaussian ran-
dom variable independent of &y, and let ¢ be a {0,1}-valued random variable with

P{o, = 1|, Wy} =5 (X, Xs +bi([ X | vV 1)Wy) . (4.5)

Note that P{¢. =1i |y, Wy) =P{¢, =1i[Xy,Wy}. Using (4.5) it is easy to check that
(4.4) is a Markov chain which has transition probability given by (3.9)-(3.11). Hence

(4.4) is indeed a version of {Xj } and we always deal with this version in the sequel.

Now comparing (4.3) and (4.4) we have
by
€ = —VU(Xy) + 'a:( X | V1)1 — Wi (4.6)

and in particular & is a function of X3, Wy and ¢,. Note that since ¥, C &, Wy is
independent of &y, and P{¢ =1i|, Wi} =P{cx =1|Xy, Wy}, it follows that Wy is
independent of % and  P{g =i|%, Wi} =P{e =1|Xy, Wi} Hence
P{& €A|F ) =P{& € A|Xy}. We will use these facts below.

The following lemma gives the crucial estimates for E{[& | |9?k} and

|E{& [F} .

Lemma 2: There exists L. = 0 such that

ag
a) IE{ék Ig'—k}l = LT);( IXkI vV 1) w.p.l

by
b) E{|& P 1%} < L};( Xc > v 1) wpi

Assume that Lemma 2 is true. Then (A3) is satisfied with a = —% > —1 and

0<p< —‘;—, and (B1), (B2) are satisfied for the same choice of o and S and for

v = v, =0. Hence Theorems 1 and 2 apply and Theorem 3 follows. It remains to
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prove Lemma 2. We will use the following claim.
Claim: Let u € RY with |u] =1. Then
) [ dN()w) =0(9)

)

0={ uw) =

b [ wdNOI)w) = o)
0={ u,w) =6

c) | w & wdN(0,I)(w) = O(9)
0={ uwy =6

Proof: Let u; = u and extend u; to an orthonormal basis {ul,...,ud} for RY. Then by

changing variables (rotation) and using the Mean Value Theorem we get

s 1 v? _

*) 0={ u{W) S&dN(O’I)(W) _fo Wexp [_7 A =00

b) f wdN(0,I)(w) = ulfav————l———exp —f—— dv = O(&)
0= u,w)y =§ 0 (27T)1/2 2

c) { w & wdN(0,I)(w) =1u; ® u f6v2 -——1————exp -—i dv
0=( u,w) <6 ’ ' o (2m)t/2 2

dv

Proof of Lemma 2a):

Using (4.6) and the fact that P{¢, € A |% } =P{& € A|Xy} and Wy is indepen-
dent of X; we have (w.p.1)
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E{é |9} = E{& [X )

= —VU(Xy) + ;}1:—( Xk | v DE{(1 — ¢ )Wy |X,)

= -VU(Xy) — ;:-( X | v DE{WLE{s X, Wi} X}

= —VU(Xy) — :_::( X | vV DE{WP{o =1 X, Wi } Xy}
= —VU(X) — ;:{i( X | Vv 1)“Erk{WkP{§k =1 [Xy, Wi }} .

Henceforth we condition on Xy =x where |x| = 1; the case where x| < 1 is similar.

Hence using (4.5)
b
E{& [Xx =x} = -VU(x) — ;—]]:- x | fws(x,% + by [x [w)dN(0,I)(w) .

Let

20 [(VUR)yx) |,
o kP )

Sk (x,y) = exp|—

and sy (x,¥) = sk(x,¥) — 8(x,y). Then by (3.12) and Lemma 1

2 |y —x|?

— (4.8)
b x[?

|§k(x,y)| < ¢

Hence
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B{éi Pe=x} = V() = - e | fwdiox + by e [w)aNO.(w)

— _:i;:_ x | [wéy (x,x + by [x [w)dN(0,I)(w)
= = VUG — 2 be oo + bi b NG, 1)

+O(by [x | (49)
VU - X k| [ wdNOD(W)

A { VU(x),w) =0

_ %’:_ [x |< VU(X{W> >0vvexp[ 2bakk <W(I§)iw> dN(0,I)(w)
+ O(by |x ) . (4.10)
Clearly
E{& [Xy =x} = O(by [x]) (4.11)

for x such that VU(x) =0. Henceforth we assume that VU(x)#0. Let
VU(x) = VU(x)/|VU(x) |. Completing the square in the second integral in (4.10) we get

B{G % =x) =~ VU — = x| [ wdNO,Dw)
{ VU(x),w) =0
_ b N wexo |2 | 2 [VU() | _2a% VU(x) -
2k l( vﬁ(x),fw> > 0 p2{ka[ x| T i = ’I]( :
+ O(by |x|) (4.12)
Now by (3.12) |VU(x)| = O(]x|) and so
a [| [VUx) ][] ax
exp|2 [—b;-]z [——I-;l——]z =1+0 E;—T . (4.13)

Substituting (4.13) into (4.12), using aj /by = O(1) and |VU(x)| = O( |x]), and chang-
ing variables from w + 2(a, /by )(VU(x)/ |x |) to w gives
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b
E{¢ X =x} = — VU(x) — “-;k‘ x| [ wdN(I)w)
ko ( vi(x),w) <o
b
_ _;‘1 x| ) wdN(0,I)(w) +2VU(x) f dN(0,I)(w)
k ~ ar ~ ay
( vOE),w) = O(ﬁ;—) ( VU, w) = O(3-)
ax
+ 0 F—IXI + O(by |x|)
k
by
= % x| f wdN(0,I)(w)
k ay
0={ vi(x),w) so(b—k)
— 2VU(x) f dN(0,I)(w)
0=( VO(x),w)) 50(;—‘;)
Lol I« |] (4.14)
by

— I] (4.15)

Combining (4.11) and (4.15) completes the proof of Lemma 2a).

Proof of Lemma 2b):

Using (4.6) and the fact that P{, € A |} =P{& € A |Xy}, Wy is independent
of Xy, and |VU(x)| = O( |x |) we have (w.p.1)
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E{& ® & |F} =E{& © & [Xk}

2

by

= o (X 2 V DE{(1—a)Wik) ® ((1—)Wi) [Xic} + ex(Xic)
-b 2 bk v
K

= (X I v 11— o (X |2 vV DE{Wy @ WiE{s Xk, Wi} Xk} + ex(Xi)
by [ by [

=l (X 12 v DI— o (X P v DE{Wi @ WiP{g =1[X, Wi} Xy} + e (Xx)
by | by |

=a (X P v DI — P (X [? v 1E Wy, ® Wi P{o =1[Xi, Wie}} + ex(X)

k
where

ex(Xx) = O[Skk—( X I* v 1)]-

Henceforth we condition on Xj = x where |x| = 1; the case where |x| < 1 is similar.

Hence using (4.5)

b
E{& ® & Xk =x} = {;—i{‘]z x |°1 -

b
—;E-]Z [x |? [w @ wsy(x,x + by |x |w)dN(0,1)(w)
k

b
]

+ O

ax

Let 8§, (x,y) be given by (4.7) and §¢(x,y) = sk(x,y) — 8x(x,¥). Then using (4.8)
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b b
E{& ® & [Xx =x} = [i]z x |*1— [i]z I |? fw & wi (x,x + by [x |w)dN(0,I)(w)

b
- ;k—]z Ix |? [w & wsy(x,x + by |x [w)dN(0,I)(w)
k
b
+ 0 = XI2]
ay
by | b |
= _ai Ix |1 — ?k- Ix |2 [w & w8y (x,x + by |x [w)dN(0,I)(w)
k k
bl b
+ 0| |x|2|+0 —ﬁlxlz] (4.16)
ay ax
b B b, B
- |- Ix |21 — £ [x |2 | w & wdN(0,I)(w)
2 ak { VU(x),w) =0

E‘..]Z Ix |2 f w Wexp[ 22 {VU),w) }iN(O,I)(W)

2y { VUE),w) >0 by x|
+0 % x |2]. (4.17)
Clearly
E{& ® & Xy =x}=0 -E;{k- |x lz] (4.18)

for x such that VU(x) =0. Henceforth we assume that VU(x)#0. Let
VU(x) = VU(x)/|VU(x) |. Completing the square in the second integral in (4.17), and

proceeding similiarly to the derivation of (4.14) in the proof of Lemma 2a) we have
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b b
E{& ® & [Xx =x} = {—5—]2 |x |*1 — [—;k—]z x |? i w @ wdN(0,I)(w)
k k ( ), w)y =0
LA W ® wexnl2 | 2% |VU) | 22 VUR) 4|
{ak}z o { vﬁ(x),fw> > 0 ® wexp 2[bk]2{ x| ﬂdN[ b x| ’I]( )
+ O[Ek— x |2
ax
by .
== k1= P? f w ® wdN(0,I)(w)
2k * { vO(x),w) =<0

b
- l—f—r Ix |2 { w ® wdN(0,I)(w)
k ~ )
( VOE,w)y = o(3-)

+o(Ix[?) + o[l I 12}

= [?—]z [x |2 ) w ® wdN(0,I)(w)
k N a,
0=<{ VU(x),w) 50(%-;)

b
+ O{—lf— ¢ |2]
ag

Hence by the Claim part c)
bk | 1
E{§ ® & Xk =x}=0 ja-k-‘ﬂ

Combining (4.18) and (4.19) and using the fact that |& & &
proof of Lemma 2b).

(4.19)

| < |& |? completes the

O
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Remark: In Figure 1 we demonstrate the type of approximations used in the proof of
Theorem 3. In Figure 1(i) we show the transition density py(x,y) for the Markov chain
with transition probability given by (3.9)-(3.11); in Figure 1(ii) we show the transition
density p;((x,y) for the same Markov chain but using Sx(x,y) (eqn. (4.7)) in place of
si(%,¥) (eqn. (3.11)); and in Figure 1(iii) we show the transition density py(x,y) for the
Markov chain of (2.1) with & = 0. Note that the densities in Figures 1(i) and (ii) con-
tain impulsive components associated with the positive probability of no transition. All

three densities are "close” for sufficiently large k.

4.2. Proof of Theorem 4

We write
Xi+1 =Xk — ax(VUXy) + &) + be([Xi | vV 1)Wy

(this defines &) and apply Theorem 1 to show that if {X§: k = 0, x € K} is tight for K
compact then (3.18) is true. We further let

hex) =VUR) if Ulx) < _‘.’Eﬁ#
ag

— 9% it Ux) > PV
aj

and write
Xit1 = X — ax(e(Xi) + me) + b [Xic | V )Wy

(this defines 7y ) and apply Theorem 2 to show that {Xf: k = 0, x € K} is infact tight
for K compact and (3.18) is infact true.

The following lemmas give the crucial estimates for E{|&; |2 %}, IE{Ek lfik} l,
E{|m |? |4} and |E{ny |9} | (compare with Lemma 2).

Lemma 3: Let K be a compact subset of IR9. Then there exists L = 0 such that

a) [E{&|F}] = L———VXk €K, w.p.l
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b
b) E{|& I? |%) < L;]f- VX, €K, w.p.l
k

Lemma 4: There exists L = 0 such that

a.]lc_27

by

a) |E{m|%}]| <L (Xl Vv 1) wpi

by

2
a]1{+'7(IXkl vV 1) w.p.l

b) E{|m > |4} = L

Assume that Lemmas 3 and 4 are true. Then (A3) is satisfied with

a= -—-é— —7>—-1land 0 < B < % — 27, and (B1), (B2) are satisfied with oo = ——-;—,

0<p< —;—, ~1 =y and 7y, = 0 (recall that we assume 0 < v < i—) Hence Theorems

1 and 2 apply, and Theorem 4 follows. It remains to prove Lemmas 3 and 4.

Proof of Lemma 3:

In the sequel we condition on Xj =x where x €K and |x| = 1; the case where

[x| < 1is similar. Let

X 22y [(VUE),y—=x) |+ ]| | 2
S (x,y) = exp|— bz ME if Ux) < IZJ
k
2a; [(2x,y—x) | 2
= exp| < | |2> *] it U > X (4.20)
k X ayg

and sp(x,y) = sk (x,y) — 8k(x,y). Using the fact that HU(+) is bounded on a compact we
get for any fixed 6 > 0

sup |HU(x + ¢y —x))| < sup  [HU(z)| < ¢,
<€(0,1) la—x | <é x|

for all |y —x| < §|x|, and in particular the inequality holds when U(z) = |z |%.
Hence by considering the two cases where U(x) is < or > [x|?/a} and using Lemma 1

we get
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a |y —x|?

’ - < 5 4.21
2 bi IX l2 Iy X l lX ' ( )

lgk(x,y)l <ec

Note that (4.21) unlike (4.8) only holds for |y —x| < §|x|. Of course
Be(xy) | = 1 (4.22)

Using (4.21), (4.22) and a standard estimate for the tail probability of a Gaussian ran-

dom variable we get fori = 0

J 1w I I8 (x,x + by [x |w) [dN(0,T)(w)

= [ |w] [k (x,x + by |x |[w) [dN(0,I)(w)
lw|=<6/by

+ [ w1 Belx + by [x [w) [dN(O, T)(w)

[w [>6/by

C4
= cgayp + czexp —b—lz(_

= O(ay) (4.23)

Using (4.23) we get similarly to the derivation of (4.9) and (4.16)

E{& |Xy =x} = —VU(x) — —Z—I—:— x | [y (x,x + by [x [w)dN(0,I)(w)

+ O(by) (4.24)
and
by 9 bk 9 .
E{& ® & X =x} = [j;k—]z [ [*1 — ;k—]? |x [ fw ® whj(x,x + by [x [w)dN(0,I)(w)
+0 PE_ (4.25)
ag

Now recall that x € K and v > 0. Hence for k large enough (and it is enough to con-
sider large k), U(x) = |x|*/af so that §(x,y) which was defined by (4.20) is the same
as (4.7), and consequently (4.24) and (4.25) are the same equations as (4.9) and (4.16),
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respectively (except for the error terms). Lemma 3 now follows by the same procedure
as in the proof of Lemma 2 except now VU(x) = O(1) instead of VU(x) = O( |x |).
O

Proof of Lemma 4:

In the sequel we condition on Xy =x where |x| = 1; the case where |x| < 1 is

similar. Let §(x,y) be given by (4.20) and si(x,y) = si(x,y) — 8x(x,y). Using (3.17) we
get for some § > 0

Y

for all |y —x| < &|x|, and in particular the inequality holds when U(z) = |z|2.

HU( —x)] = HU(z) | <
cg(%pll (x +ely —x)) | ‘Z_f;lg“xll @] =«

Hence by considering the two cases where U(x) is < or > |x|?/aj and using Lemma 1

we get

» ak | |y —x|?
o) | = el -] < ). (4.26)
k

Using (4.26) we get similarly to the derivation of (4.23)
1w I 8o 4 by [x [w) [dN(0,I)(w) = O(af™) (4.27)

Using (4.27) we get similiarly to the derivation of (4.9) and (4.16)

E{m [Xx =x} = —th(x) — — |X | [wsk (x,x + by |x [w)dN(0,I)(w)

+ 0

3:— x I] (4.28)

ax

and

b_]z 7 for ® whox -+ by I« [w)aN(©, ()

by
E{n ® m |Xy =x} = [ kTIXPI—

+ O

by
e |x lz] (4.29)

Now (4.28) and (4.29) are the same equations as (4.9) and (4.16), respectively, with
VU(x) replaced by 9 (x) and & replaced by 7y (except for the error terms). Lemma 4
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now follows by the same procedure as in the proof of Lemma 2 except now
Y (x) = O( |x | /al) instead of VU(x) = O( |x ]).
O
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Figure 1. Three transition probability densities
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