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ABSTRACT ‘ -
Properties of nuclear matter are calculated with a quark model in the spirit of the MIT bag model.A
many body wavefunction is written in terms of the quark degrees of freedomn.With this wavefunction local
correlations are built in the many quark system such that three quarks close to each other are dominantly
in a color singlet nucleon state. The energy of the system is calculated as the sum of the contributions from,
the kinetic energy of the quarks,a bag energy proportional to the volume of the system and the interaction
of the quarks through gluon exchange treated in perturbation theory to lowest order in the strong coupling
constant o,.The energy of an uncorrelated fermi gas is calculated within the same approximation.At low
densities,the system described by the correlated wavefunction has a lower energy per baryon compared to
the fermi gas whereas the fermi gas gives a lower energy at high densities.This result suggests a transition
from the correlated state of quark matter,i.e. nuclear matter,at low densities to-a quark fermi gas at high
densities.This calculation indicates that this transition can be expected to occur at a few times the normal
nuclear density.
Thesis Supervisor: Dr.Arthur K. Kerman
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I.Introduction

With accummlating evidence indicating quantum chromodynamics to be the under-
lying theory of the strong interactions,considerable effort has been devoted to calculating
the predictions of QCD using a wide variety of methods and comparing with experiment
whenever possiblé.The asymptotic freedom property of QCD makes it possible to use per-
turbation theory in calculating processes involving momentum transfers large compared
to the QCD scale parameter A~ .05-.15 Gev.Our knowledge of the low energy behavior of
QCD,however,is rather limited.The strong coupling phenomenon demands genuinely new
methods for calculating with a quantum field theory.Lattice gauge theories provide’ us with
the only numerical results starting from the original field theory.Although the results so
far obtained are encouraging we are still not in a position to calculate physical observ-
ables like hadron masses with lattice gauge theories because of numerical limitations. The
MIT bag model"oﬁ'ers a simple and physically motivated framework for calculating low
energy bound states of quarks and gluons and it has been quite succesful in reproducing
the low energy hadron spectra with a small number of adjustable,yet physically meaning-
ful,parameters. With the QCD picture of hadrons made up of quarks and gluons gaining
a firmer footing,there has been growing interest in determining the consequences of this
hadron substruce in the realm of nuclear physics’ and ultimately achieving a unified under-
standing of the strong interactions from the particle and nuclear physics perspectives. The
parameters of the bag model are the bag constant B, the coefficient of the zero point en-
ergy Z,,the strong coupling constant a, and the strange quark mass m, whenever strange

hadrons are concerned. In this model,hadrons are bound states of quarks interacting
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through exchange of gluons.All the complicated aspects of this problem,the strong cou-
pling phenomenon,self interaction of gluons etc., are represented by associating a positive
energy density B wherever the quark or gluon fields are nonvanishing. This procedure auto-
matically ensures confinement,i.e. the observation that aggregates of quarks always occur
in color singlet states, because any system carrying a net color charge would have an elec-
tric field extending over the whole space and hence would have an infinite energy.The zero
point energy term is proportinal to Z,/R,where R is the length scale associated with the
problem.This energy is a consequence of doing field theory in a finite domain,i.e. "inside the
bag”.It is associated with the zero point energy of all the modes in the theory.Usually,this
extensive energy contribution is discarded in any field theoretical calculation since the
total volume over which the fields are nonvanishing does not change in any process.This
volume,however, is 2 relevant variable in the bag model.(The 1/R behavior requires a more
detailed calculation*).The strong coupling constant, a,=g? /4xis directly significant in the
context of perturbation theory.The second,and lowest,order contributions to the interac-
tion energy are proportional to o, with the interaction Hamiltonian being proportional to
gs.These contributions are customarily répresented by the Feynman diagrams indicated
in figure 1.The implicit motivation for a perturbation treatment is of course the expec-
tation for a convergent series. The popularity of the method rests perhaps mostly on its
very successful application to calculation of processes with quantum electrodynamics‘.ln
the case of QCD,however,the situation is disconcerting.As compared to agpp~ 1/137 for
QED,many calculations indicate that aga 1 for QCD at low energies.Thus we have no

reason to believe that the usual perturbation series in powers of as will be convergent.We



can,however, still utilize the corrections to physical quantities calculated as a power se-
ries around a=0 by using wavefunctions that possess nonperturbative features.The strong
coupling phenomenon is not completely new.It emerges-as a setback to the naive applica-
tion of perturbation theory in the conventional nuclear many body problem in the same
waf.Because of the strong short range repulsion in the nucleon nucleon interaction,any
perturbation expansion starting from a wavefunction built as an uncorrelated product of
single particle wavefunctions is bound to be divergent.The solution to this problem is of-
fered b&' Brueckner theory*where one starts out with a correlated wavefunction that does
not allow any pair of particles to get very close to each othes.This wavefunction indeed is
more similar to the true many nucleon wavefunction as we know that the interaction energy
of the nucleons in a nucleus is not infinite.In other words Brueckner theory incorporates 5
partial resummation of a (divergent) perturbation series into the initial wavefunction and
produces a convergent series for the calculation of physical quantities of interest,e.g. the
energy,with this wavefunction.We can adopt the same philosophy in the case of calculating
the low energy states of quarks with QCD,especially if we are willing to relax the rigor
in the perturbation treatment.We know again that the true wavefunctions for quarks will
suppress the configurations where the corresponding energy will be very highe.g. two
quarks separated by a large distance.We can then eliminate these configurations from our
wavcfunctions from the start and lcave the strong coupling aspect of the problem aside.
This is what the bag model does in essence,and whether we have been succesful in elimi-
nating these undesirable components from our wavefunction remains yet to be seen for no

one has yet calculated higher order corrections in the framework of the bag model.Doing



this with mathematical rigor as in the case of Brueckner theory still requries much more
effort because the treatment of bound states in a field theory is more complicated than it
is in nonrelativistic many body theory.The results of the bag model treatment are quite
encouraging and indicate at least that we are proceeding in the right direction.

The extension of the bag model philosophy to the case of many nucleons is not ob-
vious.Perhaps the most naive picture of a nucleus would be a collection of many bags
standing for nucleons.This picture is not very promising,however,because the mere exis-
tence of nuclei is due to the interaction of their constituent nucleons,which in turn are
nothing but quarks and gluons.If the nucleons do not overlap,they do not interact. Also
the picture of nonoverlapping nucleons is not consistent with the experimental observation
of the density of valence quarks in nuclear matter,pa; .5/fm> and the value obtained by
the bag model for the same density in a nucleon,px .7/fm3.There is not much volume
in nuclear matter that is not covered by nucleons.We can circumvent this difficulty by
letting the bags overlap.The dynamics of the surface of the bag,however,is determined by
the boundary conditions and in that sense it is not a real dynamical variable.A nucleon
nucleon interaction energy determined by the dynamics of the bag boundaries when the
nucleons overlap,represents the energy difference in the overlapping and nonoverlapping
configurations and would bave cotributions from all the terms in the bag Hamiltonian in-
cluding the volume and zere point cncrgy terms and the kinctic cnergics of the quarks. This
energy may represent the hard core in the N-N interaction but it is contrary to our in-
tuition regarding the N-N interaction at largér distances where it has been customarily

viewed from the point of meson exchange. Meson exchange translates into QCD as quark
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and gluon exchange and we would want the interaction that produces nuclear binding to

be due to quark and gluon exchange among nucleoas.

Once we have overlapping wavefunctions for quarks m different nucleons ,the antisym-
metrization of the many body wavefunction becomes important and one can not associate
a quark with a definite nucleon.A nucleon is then just a very strong local correlation in
the many quark wavefunction.The success of conventional nuclear physics approach of
taking nuclei to be made out of nucleons reminds us that these correlations are still the
most prominent feature of the many quark wavefunction.One way of accomplishing this is
by building the many quark wavefunction as an antisymmetrized product of three quark
wavefunctions representing nucleons at different places.This situation is similar to the case
of electrons in a crystal.An electron does not belong to a particular atom yet the electron
density is modulated by the presence of the crystal of nuclei,and in turn it is this modulated
density that holds the crystal together.In the case of nuclear matter there is no crystal in

the background and it is not the one body density that is modulated but instead the two

body correlations are modified.

In this work we attempt to describe nuclear matter by constructing a many body
wavefunction for quarks.We incorporate the features which we believe are important for
the quark wavefunctions.We are after indicative order of magnitude results which can

hopefully be refined later.

The organization of the remainder of this work is as follows.In section I we work with
simple nonrelativistic models to illustrate the basic method.In section III we work on the

more realistic systems after developing the necessary tools for the relativistic calculation.A

»
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comparison of the quark wavefunctions used in this work with the bag model wavefunctions
is presented in section IV. Section V is on the incorporation of massive strange quarks and

 finally a discussion of the results and conclusions are presented in section VI.

%)
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ITa.A Simple Model :

The ground state of a non-interacting fermion system is a fermi gas obtained by filling
up the Jowest plane wave states in accordance with the Pauli principle. When we introduce
an interaction,the wave function will be modified to give the lowest possible expectation
valse of the Hamiltonian,kinetic plus the interaction energy,as demanded by the Rayleigh-
Ritz variational principle From the studies of superconducting systems'we know that any
attractive interaction among the particles near the fermi surface will result in the correlated
BCS%round state where the particles near the fermi surface are coupled pairwise to form
Cooper pairs of zero total momentum an.d spin.Since the BCS ground state yields a lower
energy,we expect the true ground state wave function to be more similar to the correlated
wave function than to a fermi gas.In the problem we want attack,however,we would like the
particles to be correlated in configuration space instead of momentum space and would not
want this phenomenon to be restricted to only the particles close to the fermi surface.In
other words,it is the quarks that are spatially close that we want to couple to & nucleon
state and not quarks of opposite momenta whose wave functions extel;d over the whole
system.As we indicated in the introduction,one can accomplish this by building the many
body wave function by antisymmetrizing the product of few body wavefunctions coupled
to the correct quantum numbers®™

.

To begin with,let us assume the two body interaction to be given as,

- 81’53
V, = % (ITa.1)

If we had only two particles,this interaction would favor them to be coupled to a spin
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singlet because by using,

S.5=% [ ‘g*'s‘a‘z‘éf":] (I1a.2)
we have
- - ~J
(omofBals=y=F <= SisDeg (I1a.3)

so the ground state wave function would have the form,

(iD= u(r\u(J{m'm “N‘m} (ITa.4)

We expect the many body wave function to carry the property that the particles that
are close to each other,or in the quantum mechanical language that have considerably
overlapping wave functions,to be coupled to spin singlet states. ;l‘o accomplish this we
first label the two body wave functions ¥(1,2) by an index i that denotes the location of
the pair.¥,(1,2) will be localized around the point r;.The locations of the points r; will be

determined later.Thus we have,

OAD~ L2 11 } (ITa.5)

(3.2)= u FEHyu;) {
'\PLL (z'

The many body wave function will be the antisymmetrized product of the two body wave
functions ¥,.This can be most easily done in the second quantization formalism by defining

the creation and annihilation operators, at and a; (where a stands for a= % orl.),so that
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a;r creates the single particle state iz»>acting on the vacuumi0?.
luy=2a% 10>
U /= Gy (1Ia.6)

and the a’s satisfy the anticommutation relations
= + ¥ - +. =
{aiq ) a-ag.s_{ ak 33'3(3% 0 , iaid )a'ai-\ S‘J %dP (I1a.7)

We then define

+  _ qt af
S . =audy

i,s:o

(I1a.8)

which creates the state|¥, (1,2))acting on the vacuum.We note that the antisymmetrization
aspect is automatically taken care of by the anticommutation relations (IIa.7) of the a's

and we do not need to write

y ¥ Yoot ot gt gt
o =7 (81,8],~ 8,3 i‘t) =7 (s Q{3 au\ =33y

We finally construct the antisymmetrized product of the W¥,’s,by applying all the S ’s on

the vacuum.Thus,
Ivy=Tr SHRLY; (11a9)
LA

is our correlated many body wave function.
We now turn to the spatial part of the ¥,’s given by the u;’s. They will be single

particle orbitals localized around the point 7;.The most localized function around a point

o
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would be a delta function, §3(T-7;),or more precisely the square root of a § function if we

want it to be square integrable.This choice would be undesirable,however, as can be seen

from the Fourier decomposition,

_\ g el.k (F-)

( ﬂ’ &k (I1a.10)

S (F-7)

it contains components with momenta up to infinity and,we would not want such a drastic
localization of single particle orbits in space,either.We can control the degree of localization

of the function u; if we let the upper limit of the integral in (IIa.10) to be a variable kr

and define,

U.(F-T)= Jﬁ' & e"k' (F-r &k (ITa.11)

where N is a normalization factor to be determined later.We can easily evaluate (Ila.11)

to obtain,

xke & (kelP-R) (ITa.12)
N KelF-i

w (=1

where j stands for the spherical Bessel function.As one can see from the form of (Ia.12),as

kr is increased one obtains a more localized function until in the limit kp>0 | u; becomes

a 6 function at 7.

The anticommutation relations (IIa.7) demand the orthogonality relations

Quic W= 5&3 Sup (I7a.13)



-15-

which are essential for the development of the second quantized formalism. The orthogo-

nality relation with respect to the spin indices a,8 is obviously satisfied so we only need

to satisfy,
- - k -1 l'\
X\_fi'(i:}u&[f)d‘lz }}S" Sdsk ‘PL' 33(‘9,‘ (r-T: et\t AF-
TkICke
(il i,
XA -\L (aﬂ k- G5 CALEAY
T‘I {ds\g S QP CERI)e @ & ‘:‘? Qi - ’r\ (I1a.14)
i<k, l<ke ’

i<k
We realize that it is not possible to satisfy (ugl u,»,'):&,'j&_,wiét{h the form of u; given by

(Ia.12) except for a small number of points #;,unless we c;n come up with a uniform
lattice where the distance between any two points is a root of the spherical Bessel function
of first order!We can get arom,]d this difficulty in the following way.We keep the integrand
in (ITa.11) the same but change the region of integration to a fermi cube from a fermi

sphere so that,

ke TR
u®=c {[{ a3k e D ¢ gkttt snkp -y sinke () (17 15)
N 0 N (- ri\s\ U‘a‘ Ga\ er' r.t%3

'kf

so the orthogonality relation becomes,
- - y V3
Su".(t") u: (F)dr=L mdkak dfe e “'ﬂ e (m\s \\&dkdh‘e‘ MY (A9
‘ 4 N2

. 12
 lenr.
u“?Hd“" nk,ca "D\\\dk MU ﬂy\\ % ol .g]
1L L ks
_ § (ax)? sin ke(§-0 W2 sir\\:;(t;-,i;\ sinke(f-Me
N R
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___s(:u(Ss onkelf-0x sinke (Mg sinkely=Nidy
N G N G U (I7.16)

Thus,if we choose
=) 3 - -t ﬂ'K
N=(am)? (2 kQ"“ and  (F-T)=7-  Lexyd (ITa.17)
F
we can satisfy (u;\ u)=>0;;.The last condition on the vectors ¥; can easily be satisfied if the
7: are placed on a simple cubic lattice of spacing x/kp.With this accomplished,we have
an orthonormal basis of localized wave functions equivalent to the basis of plane waves
of momenta inside the fermi cube.We will use this basis for constructing our many body
wave functions in the manner described earlier.
We now can calculate the expectation value of the Hamiltonian,

H=T+V= *Z‘?tdp 3: aF ‘\'-‘i %,‘S\',ng &: &.}; Agady (I1a.18)

written in the second quantized notation.Our wave function is,
- gy
\»=Tr §107=T &l ! 1oy (1a.19)
¢ L

It is constructed by putting two particles coupled to spin singlet in each localized orhit i.By
virtue of the form of (I1a.19)\¥)is a Slater determinant.Furthermore since each localized
orbit is a linear combiration of momentum eigenstates,this Slater determinant,which can
be obtained from the determinant of plane waves by adding rows and columns,is equivalent

. v . . 3 . 34
to the fermi gas having a spin up and a spin down particle at each momentum state. Thus
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our correlated wave function describes nothing but a fermi gas!We will continue working
with this wave function in the form (IIa.19) to prepare the way for the calculation to be
carried out in section IIb where the coupled wave function will not be a determinant.The
equivalence between the fermi gas and ¥ given in (IIa.19) also provides us with illustrative
checks on the calculation of two body operators,most importantly the interaction energy

which we now proceed to calculate.

The expectation value of the two body operator V in a determinantal wave function

\¥)is given by the usual expressior®>

G vy=L %av i gL v\ige)- L bV =12 Vi.\é(,;.‘é(.vhép'mh (I1a.20)

where (ia),(j8) stand for the single particle states out of which ¥ is constructed. All we
need to calculate is the direct and exchange terms v;;;; and v;; ; respectively.This is

straightforward,

Ny “)’l;‘é ft (J@\g;gl H??Id&?‘ 8y, o G"?i u‘(&-%\) V(?‘.T‘D ulf- FJ ulf- F03 (I1a.21)

We insert the expressions for the wave functions u given in (ITa.14) and let 7 -Fia7) Fo-F; T,

ro in the integrand. With these and,

VE-TR=a—
\r\—r‘l.

we obtain

Voo o CBIETIRED [ itk SRy Sint ety SNty bty sin” ke e 6 87, (I1a.22)
igiwe ™ Tt \2_a L7 D '
N e Ny O e G O \?-¢, 11
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with the same manipulations the exchange integral becomes,

_ (w8l § 5,160 j sinkef) '.sh\i,r.., gakefis sink oy sinkefy N

Vidig el =
goifie 61,6

" I|1 1

G 8inke (¥ uc Gl el + iy Gy sink, [y 1= Ge) S dny

) H r. -f,)
’.ﬁn kg(f“‘ffjx- Pix\ SN k;‘ iyt %Y-QY) gﬁkp“n LANY)
(‘L*S".Q“\lr“’*ﬁr o) (et G ) (R By iy 13) (Fatfie-Ge) (I1a.23)

Both of these integrals have a simple k7 dependence as can be seen by substituting u;=krr;

oo ok .
\‘l4|§$=d—“-2- é‘é\‘{f&k\ 4By

af""u'k sin‘lu“' ﬂ\\lu‘% s.ﬂ‘lev s.n".h\’ Si'ﬂluzq. 63':\'$ dk't
afs

T 1T, A1
U u Ui Up Uy U O G (7-7))

. . - N
ﬂ','(:jy» sinugg sin(upttefy '39/

V\'é 5‘- = %f(, 4:(@\3‘. ';x\ﬂ O [d’u,d%_,,_ SInU,, SiA [u,,_+k;(f;-,-rd,\\sfn U,y Sin (ke
2 - -
af.pi Ui Wy U, U Uy g, BTt L7y

v

i gy, SiA (1,7 e “‘x’u";‘x\) Sinlay sin (uzy’kg (fiy- ﬁﬂ\ sinthe in(ugn ~telfis- S‘g\)

Uar (Wi (=GN (Uay ke Uiy =6:3) Uaa Dpa - e (ri,—gﬁ (I1a.24)

The dependence of the integrands on kr is only apparent since kp(r;-rJ-L=gz,with n=(nz,ny,n;),a
integer vector. Thus the matrix elements v depend linearly on kr.This is expected.Since

the dista.nces,e.g.thfe distance between two orbits or the size of the wave functions,scale as

1/kf the matrix elements of an interaction that has a 1/r behavior scale as kp.

To simplify the integrals further for numerical evaluation at the end we use the Fourier

transform of

\

lu,-u,+ x|
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that comes from the factor v;3.

i 83 ¢ \q-Lar T 4nm
- (IIG.25)
\G,—q,+nﬁ\ 3,3,‘
This yields '
? - A u‘
4 | '\ﬂ' — .si/\tu* e‘q‘ d'_u 2
Np e < %153 \-zp) I H -
‘3"& mé 21(1 2 o uy
. q
M‘ Iqaty
¢ ? X dua
Vi =5 s |fa>‘dqe \“ ﬂmﬁwmm ye
af fd at ‘\ « | ug(unm
=i I1a.26
) {sinv.l s(u, -, e WY due (17a.26)
where a=x,y,2 runs over the components of a vector. We evaluate these expressions using, 4
19, A
Ssm we © du_ (1-_\3_\_ . | <a
u? 2
= O O*Mufse

and

511 0 s (w-vg) ew‘u ! \' Ty . .&
LosA T (1-e )m UREN

Br o<l <a
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=t&£esu(i—e“‘“‘x)6g“{mﬂ o =0

=2 otherwise

Wih these we obtain,

) " B §Ax
Vil = <RIBSy (( {" To-y (17a21)
*~ 2
«fuf 1
and for the exchange term for i#j,
$2
\\ Ax lo, g a
V(()JL lF'(> “(_d_ig;__-—“ \Cas"h“(i’tq‘ ) \ (I1a.28)
«f. f -3 q o an,

with kp(ri-r;)=07
We can now calculate these matrix elements numerically using (IIa.27) and (II2.28).The:

only dependence on i and j comes through the vector i.Asf| increases the distance between
the orbits increase and we expect the interaction matrix elements to become smaller. This
comes about in {ITa.27) and (ITa.28) because of the more rapidly oscillating exponential
integrated over a fixed domain.For the same reason it becomes harder to calculate these
matrix elements numerically as|fi| increases.To illustrate the behaviour of the Vijji Hits
typical values are given for different values of n in Table 1.They indicate the expected

behaviour as|n| increases.We also find that,



and similarly,

<1113, 5,111)= {LL1s-5,1 u7=-;;;

AN
4

<n\§.~§‘z\uv=‘§( 55\ 1N

If we calculate the expectation value of the total interaction energy with these expres-

sions,we observe that it diverges as the total volume or the number of particles as would

be expected.We instead calculate the interaction energy per particle,by adding the contri-

butions coming from the interaction of the particles in a given orbit with all the rest of the

particles and dividing this result by two,the number of particles in each orbit.This result

will not depend on the particular orbit chosen because of the invariance of the infinite

system by a translation vector belonging to the cubic lattice providing the sites for the

different orbits.Thus we have

<ty iy =

- 21( \K‘\‘L\ S -QLE ,\uﬂuu i

i

Of!

ot

where we have defined,

\/id-ke = <°((?\§,-'§,\KS>:(—\‘—F\/|6&L
3o A

\«Hs FAMY £ Q1S THWY $ a5 + G 3.8, D.IVU 3¢

(I7a.30)

(I1a.31)
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We note the absence of the direct term in the contribution coming from the interaction of

the particles from different orbits that would be proportional to

ZZ\I‘
[ d-f—u ‘)d

because its coefficient

[m (S35,141D +LTHE 5, 1D KU 155,144 + L1850 .ml: @)

vanishes.Thus we see that,if the wavefunctions from different orbits did not overlap there
wouldn’t be any interaction between particles in different orbits.By evaluating the term in
the brackets using the expression (IIa.29) for the spin matrix elements we obtain,

<k
<Yluly= 2——( )‘. il d#\'ua\xg“z (1Ta.32)

which yields an interaction energy per particle,

\1 B'\k;

We then need to evaluate the infinite sum in the second term in principle. Because the
numerical factors v;;,;; decrease rapidly as i and j become further apart as indicated in
Table 1,we can approximate the infinite sum by the sum of contributions from nearest,next

nearest neighbors and so on.We will check the reliability of this approximation later on by
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calculating the same interaction energy by using the plane wave basis.We obtain then,
VK z-.65ke (ITa.34)

To get the total energy we also calculate the expectation value of the kinetic energy.Since
the kinetic energy operator is diagonal in the plane wave basis it is convenient to use the

plane wave representation for this calculation.This yields,

+kp
- adbk Nyt LS
A\ TIV= ZJ T, = g&} e o (I7a.35)
4

The sum {,‘ is replaced with the cont i nuous integral in X over the fermi cube with the

appropriate normalization factors so that,

rke
SR TR
k¢

(Since the lattice spacing is #/kp the density of particles is 2(kr /7)%).So the kinetic energy

per particle is,

T _ ke /1l ___:g_‘_
A a(e) am
-3

(11a.36)

We can compare this result with the average kinetic energy of a fermi gas filling a fermi
sphere at the same density.To prevent confusion we will denote the fermi momentum of

the fermi sphere by pr.The density of a fermi sphere gas is,

o=
S
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where g is the degeneracy of each momentum state,with g=2 in our case. Equating the

two densities yields,

:z( %)3-: %‘P,:; = ke= (—’é—)li Pe (ITa.37)

The total kinetic energy in the fermi sphere is,
+ke ‘
adsk-y. &
SS‘-—% LS (I1a.38)
(-IK) am \Dm 7C2

-k,
which yields the average kinetic energy
, 5
T_FRkY JonTt _3pE 3 ( E.)Q"" ' (I1a.39)
A e Jagt om S \6 am

We see that the average kinetic energy in the fermi cube is higher by a factor of % (—‘;—( V' .To
allow local correlations in the wavefunction we have to use higher momentum:’components
in the wavefunction which result in a higher expectation value of the kinetic energy.Adding
the two contributions and an energy proportional to the volume of the system we obtain

the total energy per particle.

\ ia, Pl
2o a8 bl (P 6 rro
A4

We will now calculate the interaction energy in the plane wave basis as well and
compare our result for the fermi cube with the one above.Applying (IIa.20) to a fermi gas

wave function yields,
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The first,direct,term again vanishes because,

Z_ <S\~51\ 3“31 \5|51>= o

S\Sz

and we have

— =R - -3—-
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which yields

<*Hv\'q>=’%§_' A VAT (ITa.42)
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The properly normalized momentum eigenstates are

o™,

<\"\k'7 =

=y

which, with
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give
_‘k n_\\’ fl-’\t ? “'-E 1 2
iz
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Since we expect this expression to diverge as the volume V we concentrate on

\ 1.‘C\'L?3'E\ - — Y -
<‘*\\'I\ﬁ¥> _-E_ < | ( é ¢ ? d’ﬂd’f.‘ d-‘ \: ‘dlk’ (110.44)
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We make the substitutions rz-ry»r and r;3R in this integral to obtain,

N 3w die e,‘u"-h\'r &3k 3k, di 17015)
~ & V(am [#\ ‘
S
7

The last integral which factorizes is equal to the volume V and it cancels the V in the

denominator yielding,

LEL)-T
V3t (drdkdkie (I12.46)
~J 4 (ar¥ '
Using,
N = Xa"e‘br = 4_5.
AV r %

this becomes,

N -3md 8&“1 ‘A‘T: 2'3“'4_ T

.‘{7‘ = GrY ) ety eyt F (I1a.47)
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The only thing that changes when we go from a fermi sphere to a fermi cube is the integral

I; which we will calculate now first for the fermi sphere.

4 ‘—‘a...-.F
To(Sddba P i&u,dsu,e‘“" AT KA"L Jucl?
£ | -yl 4x - ax
I\ <Pe : Wy, {4
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We evaluate

\
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which gives,

4 4 & 5 WO
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£ ax

(IIa.48)

(11a.49)

(17a.50)

The spherical Bessel function jj; is given in terms of the ordinary Bessel functions as,

PEE l 2 L,®

We evaluate the integral,“

YI @7 (k) P ats 2T \"(z_t\_‘i_}:_‘_)
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(11a.51)
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with p=v=3/2,a=1,A=2 this yields,

T,= (a \‘5 4 T"(Z)P[\\
£ 40P (‘P\

using the properties of the gamma function

P(‘.ﬂsalr-l ) P(%}:%r(%):liﬁ ’ F(D=\

giving,
A 4
I¢= (am) Pe (I1a.52)
Similarly for the fermi cube we evaluate,
" 4 +
- - \ r
u.r G 7 a ""% ‘i‘_ snfs Snfy Suhh
g e ddus= gd”u » > \du e d ? G (I1a.53)
- -\ “\
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which gives,
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1 =t (e \9 Sk SM’SM*\ - —1a (IIa.54)
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Fourier transforming the 1/r to separate the integrals we obtain,

Rc . .
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We then evaluate the integral,
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which gives,

T 8k %A‘q T (- %) & a-19.)= 3¢ S——n( B yeqitK
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The last integral denoted as K bas to be evaluated numerically. We find K~10.71 giving
T.285.68 k'
I $= . F (110'56)

so that we have,

=)
~

\

N BT et fdall (I1a.57)
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for the fermi sphere and

4
Y :42.54 3 ke
7 an eq?

(ITa.58)

for the fermi cube.Since they are at the same density we have,

6/‘

Ke= ( Pe
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so that at the same density,
<)
N /spuaee \

Do o0

The fermi sphere is more strongly bound than the fermi cube.This is expected. Since

=\Y

i

the interaction matrix element behaves as 1/ \kl-kgfin momentum space,the more closely
packed fermi sphere gives a slightly higher interaction energy.With these we have all the

contributions to the energy and we obtain the energy per particle for both the fermi cube

and the fermi sphere gases,

Wb 3 2 _ 9<Pe :
—.) 03 h’)mp* ———\61\' if’crm —sphc.c‘g (IIa.59)

and
Wb éz’: 2 &(‘/«\)‘/’ Qom\
_» ) PF i\"u;«:-m\og'k (IIG.GO)
atnt

comparing (I1a.60) with (IIa.40) we see that our approximation of the sum Tv;; ;; is quite
good.I'igure 2 shows the E/N), curve for different relative values of the dimensional pa-
rameters B,m and a.We now proceed to the calculation of the average energy of a more

realistic nonrelativistic system.
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ITh. A more realistic system -

We do not expect to be able to describe the dynamics of quarks in a nucleon,or in nu-
clear matter,by using nonrelativistic quantum mechanics.The reason is the large kinetic and
interaction energies of the light quarks compared to their masses.Historically,nonrelativistic
calculations of the low lying hadron spectra has been attempted many timed These calcula-
tions have also introduced a large variety of nonrelativistic quark models usually differing in
bhow confinement is accomplished and in the interaction among the quarks.A nonrelativistic
quark model similar to the bag model can be constructed in the following manner.We take
two different types of quarks of mass m.These u and d quarks are fermions and carry an
additional color charge customarily denoted by b,r and g.The total energy of the system
includes the kinetic energy of the quarks,a "bag energy” proportional to the volume of the

system and an interaction between the quarks in the form,

_ RRAN
R (I1b.1)
2

‘ ) V1
The Gell Mann matrices A* are the generators of the color group SU(3).They act on the

color wavefunctions and

This form of the interaction is ckosen because it can be shown that the color and spin



-32-

dependence of the lowest order color magnetic gluon exchange interaction roughly has the
same form and this interaction predicts the spin 1/2 isospin 1/2 nucleon to be the lowest
state of the baryon multiplet to which it belongs.It also produces the splitting of the other

members of the multiplet in the right direction.

The states of 3 flavors of spin 1/2 quarks can be classified according to the repre-

sentations of the group SU(6).For the nucleon the spin isospin part of the wave function
is,

p (\,2,33=J—:T— [a (W) (L) (W) +2 (D) Wh (L) +2 (dn(uﬂ(“ﬂ

— () () (@) () et - (Y )- ()Y (Yo~ (B (m\]
(116.2)

this is multiplied by the totally antisymmetric color singlet state of three quarks given by,

gt (12 )= % {be'bS’ *“sb"bﬁ*ﬁb"’srbl (115.3)

The total wave function appears to have 6X9=>54 terms,but since the color wave function
exhausts all the permutations of three colors we can see that there will be identical terms,up
to a permutation of the three particles forming a determinant,among the 54 terms.We find

that one can write the total wave function as a sum of 9 Slater determinants in the following

form

V02,3 =fﬁ"§ (but) ) (gd 4)+2 (o) rdt ) (g 42 (odb) ) () ~{bush s o)

= () () (g () (AP gud)- () 9 1) (gt (o) ) gud)- (oA ul)(auﬂ] (//6.4)

\
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We then define the creation operator,

UL PP P .t R P S S PP PN
= 42 +2a & a -3 .3 d
SL g %a“'a'“*%“ ama&aaﬁ aw. nt gt bt b gt b nd &t

+ .t LT
.t 7 a7 f"’-a’a‘f—aaa.l
-ab“ a’ma:’ub a‘u;, apdf aau‘\‘ ddt tul ,301 bdt ful .3“4
(I1b.5)
S,creates a nucleon state at the position 7; with radial wave functions u;(r).In addition to
the matrix elements of the operator 3)- 3; between various spin states we need the similar

-y -
matrix elements of the operator Ay’ A\, which we calculate by straightforward algebra using

the explicit forms of the A matrices.We find

{aal 3.-5'1133):%

<sb| 3, Mlaby=%

&b\ N 1baYy=2 ’ (110.6)

where a and b stand for different colors among b.r and g.
To calculate the interaction energy per particle,we again calculate the interaction
energy per orbit.To do this we need to calculate the expectation value of the operator
s '52;)'«'1- -A.g in the nucleon state (IIb.4).This can bé done by using group theory and observing

that 3, 5'27\',- -)-\'2 is a Casimir operator of the color-spin group SU(G)'? or by straightforward

but tedious evaluation using the matrix elements (I1a.30) and (IIb.6).In either case we
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obtain,

(N 3‘,-3‘23;31 Iny=1% (1I6.7)

which yields the contribution to the interaction energy due to interactions of the particles

in the same orbit.

V  -8xke

— T 3
N

The calculation of the contribution from the interactions between different orbits is calcu-

(I16.8)

N, il

lated by direct evaluation of the matrix elements as described above.Since the two body
operator V can act on omnly two creation operators to its right we need to consider only
two orbits at once.The 6-particle wave functions created by two &s is a sum of 81 determi-
nants.The diagonal contribut’ions are straigtforward to evaluate.They are the expectation
values of a two body operators in determinants which we evaluate by using (11a.20).In
doing this we carefully leave out the contributions that correspond to the interaction of
particles in the same orbit to prevent double counting.There will not be any cross term
contributions because there is no pair of determinants that differ by only two creation
operators,each one coming from a different S This is because specifying two of the creation
operators in each of the triplets in an s' automatically determines the remaining ¢.Thus
there are only diagonal contributions.This calculation yields for the contribution from the

interaction among different orbits,

AL Nt (IT5.9)
N > 2V g
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The coefficient in front depends on the relative orientation of the spins and isospins of the
two nucleons in consideration.The factor in (IIb.9) corresponds to spin up protons at each
site.If we choose to populate each alternating site with a different nucleon,then the sum
in (IIb.9) is replaced by two dif‘ arent sums,one over the sites that can be reached from
site i by travelling through an odd number of basic lattice vectors and the other sum over
the remaining sites.The second sum is multiplied by .48 and the first is multiplied by a
different factor depending on the relative orientations of the spin and isospin vectors at
the two sites.These numerical factors are given in Table 12 .

With these results and the numerical factors v i and Tv;;;; evaluated earlier in

section IIa we obtain the total interaction energy per particle with spin up protons,

v -
L I VI S (115.10)

We now proceed to the calculation of the kinetic energy.As the correlated wave function is

given by

> =:W SJ'-L o>

with S*given by (ITb.5) we can see that W is an infinite sum of Slater determinants.Since the
kinetic energy is a single particle operator,it can act on only one creation operator to its
right and we can consider the contributions from each orbit separately.Furthermore,since
there are no determinants differing by only a single creation operator there will not be any
cross term contributions to the kinetic energy.Thus the total contribution will be a sum of

diagonal contributions corresponding to the expectation value of the kinetic energy in each
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determinant.In addition to these simplifications since the kinetic energy operator is not
sensitive to the color,spin and isospin quantum numbers of the particles this contribution
depending only op the spatial wave functions will be the same for each diagonal term.We
then can pick any single determinant in the infinite sum for ¥ and the expectation value of
the kinetic energy is the same in this determinant as in the infinite sum.By the arguments
given in section Ila this determinant is equivalent to an incompletely occupied fermi cube
gas contructed by putting 3 particles in each momentum state. With the results of section

Ila for average kinetic energy forafermicube gas we have the kinetic energy in the correlated

wavefunction.

ke

o IIb.11
am ( )

N

We now calculate the energy of a fermi gas of quarks having three different colors.The

wave function for system is a Slater determinant which can be written as,

1*7:\' S, 1°7 (I76.12)

where

§ & at 'y a Er of @t a @ ad“b (IIb.13)

uth oTe “fﬁ dtk d‘?r 3 udb wlr uzs

The average kinetic energy of this system is the same as that of a fermi sphere gas consid-

ered in section ITa,which is

KE. 3 B
(N} 5 am
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The calculation of the interaction energy is also the same as in Ila except instead of the

factor

PPN T AT L
Sz

we now have

-

Z (3\* s‘l 54‘1{1 \-;l.-sll -S" :‘ \ 33(1& Fy L Y “ £ |>
X

C.Cy

t.t:

coming from the exchange term in the expression for the interaction energy in (ITa.41).The

coefficient of the direct term agzin vanishes.We now evaluate,
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and now easily evaluate,
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(IIb.14)
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With this we get the interaction energy per particle

_ R« P
T oox

The density of the fermi gas is,

-
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equating these two expressions yield

l
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(ITb.15)

(ITb.16)

(IT6.17)

(ITb.18)

Putting all the results together we write down the energy per particle for both systems in

terms of pr which really is acting as a parameter for the density of the system.We also

include the "bag energy” contributions to get

—3 "*-—:; E"‘PF ol ?F
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(ITb.19)

(I75.20)



We again obtain a higher kinetic energy per particle with the correlated wavefunction
because we use higher momentum components than demanded by the Pauli principle.But
the local correlations we build into the wave function pays off in the interaction energy.The
interaction energies for the fermi gas and for the correlated systems have even different
signs.Since the bag energy contribution is the same ,at lower densities and hence low
pr,the term linear in pr will be the important one and the correlated wavefunction will
have a lower energy per particle than the fermi gas.As the density increases, however,the
kinetic energy term becomes more important and at high dgnsities it is the fermi gas that

gives a lower energy for the system. These two E/N curves should cross at the density

corresponding to,

3pr 1 ___‘__‘ Q-,t)‘/ 126 3")/30(
l0m+ T am PF an’ (

= p= 4.2 «m (I1b.21)

These two E/N curves are shown in Figures 3a and 3b for different relative values of the
parameters m and a.

The simple color magnetic interaction is thus able to predict a locally correlated
system at low densities and a fermi gas at high densities with a nonrelativistic system.This
result was our target in doing this calculation and we have accomplished it for the presented
nonrelativistic system.We would like it to carry over to a more satisfactory field theoretical
treatment of the gluon exchange interaction.This will be doné in the next section.

In closing the discussion of the nonrelativistic calculations we would like to note some
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general features.The lattice introduced by demanding the orthogonality of the single par-
ticle wave functions is not a real lattice in the sense of solid state physics.We had already
noted that there is no sign of the lattice structure in the one body densities.The system
has a uniform density as in the case of a fermi gas.To see that the overall location of the
lattice points in space is not a physical variable,we examine the effect of shifting all the

lattice points by a vector ﬁ.Then the u; are modified according to (IIa.15)

\L‘(t‘) = -\—

z

The many body wave function ¥ is a Slater determinant constructed by using these single
particle wave functions.We have factored out the e*7i for the following reason.We can
think of the original expression (Ila.15) for the u;(r) as a superposition of plane wave
states ¢~**”7 with the corresponding coefficients e**” and the eduivalence of the plane
wave determinant and the determinant of u’s follows provided that the orthonormality
relationships are preserved.In the same way we can think of the expression for u; g(r) as a
superposition of plane waves ¢/*(R—7) with the corresponding coefficients e, It is trivial
to show that the orthonormality relationships are unchanged with the new plane wave
states so that the determinant of u; z’s is equivalent to the determinant of e'*(B—7)’s But
e'*(R=r) js still a plane wave,in fact it is the original one multiplied by a phase factor e'* B,

Each term in the Slater determinant construcied with these functions gets multiplied by
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-
since each k occurs g times in each term,g being the degeneracy of each momentum

state.Thus the overall many body determinant is multiplied by the factor

laf=1 ﬁ‘)
expiig 1% ]
If we want to describe a stationary system,we should have

J L=0
k

Thus,the overall wavefunction remains unchanged when the lattice is shifted by any vector
R!There is no signature of the lattice in the one particle observables,it is the two particle
structure of the wave function, two body correlation functions etc.,that are modified in the
correlated wave function with respect to the fermi gas.The resulting potential energy with
the correlated wave function indicates that these modifications are in the right direction
toward the true ground state of the system.

The crossing of the E/N curves for the fermi gas and correlated matter fulfils our
physically motivated expectation of nuclear matter going to an asymptotically free fermi
gas at high densities. We also observe ,however,that this crossing occurs because of the

different powers of the density entering in the kinetic and the potential energies so that
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one of them is the dominant contribution at low densities and the other at high densities.
The crossing of the curves may be meaningless if it occurs at a value of the density where
krpym and we should not be nsing the ponrelativistic expression for the kinetic energies
of the particles.Since the crossing density depends on the values of the parameters B,a
and m which we are not able to specify,we can not determine whether the results of this
nonrelativistic calculation can indeed be an indication of what is happening in the real
physical systems.We will see that the relativistic calculation of the energies of the two
systems also predict the crossing of the E/N curves.In that case ,this effect is tied to
the well established asymptotical freedom property of QCD rather than kinematics and

provides a more convincing prediction of the real phenomenon.This will be done in the

next section.



ITIa.Relativistic Calculations

20
To begin our relativistic treatment,we recite the basic features of the bag model.The
badrons in the bag model are finite regions of space where quark and gluon fields are

defined.Inside the bag the quark wave functions obey the Dirac equation,
(P-m)}=0 =5 LTV +m)=Ewp (I1Ia.1)

and the confining boundary condition,

(-%7)¥| =o (I11a.2)
=R

For u and d quarks m=0.The 4X4 v matrices are given in the standard representation as,

R I o L [o =4 c o |
Y=Y 7= o= | LA I (I11a.3)
o

o -1 o \

The solutions of (IIla.1) can be written in the form'’

8, Xi ()
() = (II11a.4)
"“’ LE ) K )

with,

(II1a.5)
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sign i} Z(e:; > €, =B R[4 Y (=mR (II1a.6)

The X¥(r) are the spin spherical bharmonics.v,k and p are the radial,angular and azimuthal

quantum numbers respectively.The total angular momentum j is determined by,
1= lel- L
9= lel-3

€= )+ 5 514

(I11a.7)

e=4- 5419

The normalization constants NV, are chosen so that the wave functions ¥, ., are normal-

ized
R

Sdzr :‘PU‘)'\% =1

YKy
0

This yields,

-t\_ll- = {' w(e'vk“‘){'%-}i

L("‘-va l
(IT1a.8

The dimensionless eigenvalues z,,; are determined by the boundary condition (IIIa.2) which

can be writ’en as,

IICRLR SR TACARL (I11a.9)
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The z,. for the case of a massless quark are given in table 2.Since we will only be con-
sidering the ground state of hadrons we will only be interested in the lowest energy mode
among the ¥, ,,. For this special case we have,

1=4 (=5 a: L,k==\,v=\, (6 = -\ A= 20428 =N

=2 »&=or ety ’ ve > e (I11a.10)

end L= .34
N

The two spin spherical harmonics X and X* are related by,

sin %L
R_X
c ""—‘ (.“FB
”\.‘) () NR’-‘/:. “
& sh() s % \(.;&'.F)X (I1Ta.11)
X C\2
o

where X is an arbirary spinor.

Although the ground state of a hadron containing quarks does not contain any gluon
modes,the intermediate states required for the perturbative evaluation of the gluon ex-
change energy do contain such modes.For completeness we also write down the gluon
modes in the bag model. There are eight gluon modes and since we are neglecting the self

interaction and the coupling of different gluon modes,they really act as eight independent
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fields each one analogous to the usual electromagnetic field.Let Az" (r) be the gluon wave-

function of mode a and polarization A.It satisfies the free field Helmholtz equation inside

the bag,

2 A
(V+E2)AL (=0 (I11a.12)
The eigenvalues k) are determined by the boundary conditions,

8 \’O (I11a.13)

=R

?x'@“ =0
4 =@
- -
where E and B are the electric and magnetic fields corresponding to the solution A%*(r).The

different polarizations A are classified as,scalar,transverse electric and magnetic,and longi-

tudinal. The scalar polarized mode has the form,
Sca\ar
A, = (¢, 3)

and the remaining modes have a zero 4** component.

The transverse electric and magnetic modes of the solutions of (IIla.12) are,
A™ (7)= ™ () '\7 (*)
WIM Y1 3IM

NG (‘*‘ )‘ helay (#)- (_'_—-)\I h o V(M

2T+ NJ-1 3,7 tm \ 2T+ N3t LT SH M

(I11a.14)



where,

mad, N\ _ \\™2
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(IT1a.15)

and the ?,;M are the vector spherical harmonics The boundary conditions (IIIa.13) then

determine the dimensionless eigenvalues w) ;=k} ;R,through the equations

d
;—; rc)s(wwe ‘l =0

=
| el Y=
J3 (W )=0
(I11a.15)
The normalization constants N are given by
| L2, 3+
—— s — S e
() 2% [ e
{ 2 o
L a” 3 I-"“ (s (IT1a.16)
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Similarly for the scalar and longitudinal polarizations we have the wave functions,
-\ A s¢ A
B = Fag O Y (V= N, J3C ) ¥, (D

(II1a.17)
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These two modes have identical eigenvalues and normalization constants given by

:r 33 (L )\ (I11a.19)

and
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Nw \o
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NT

Some of the eigenvalues w* are listed in table2.With this we have all the quark and gluon
wavefunctions that enter the bag model calculations of the hadron spectra.We now proceed
to the case of infinite quark matter and determine the appropriate quark and gluon modes
for expanding our many body wave functions.

We first examine the solutions of the massless Dirac equation (Ila.1) (with m=0)
without the boundary condition (II1a.2).In doing this,it is advantageous to work in another
representation to decouplé the upper and lower components.This representation is related

to the standard one given in (IIIa.3) through the unitary matrix

(I11a.20)
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In this representation we have instead of (IIla.3)

25 (| .‘\3 . J)(: ; (d —o?)
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)

- .. > |\
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(I11a.21)

c.k o \$ 4 :
. =€ (ITIa.22)
o wk |\ X
which decouples into two separate equations for ¢ and X in an obvious way.
(T-L)e=€P
(I11a.23)

(7T r=-ex

We take the z direction along the vector k so that

and obtain the four possible linearly independent solutions to the equations (IIla.23)

A tp:('o\ Y=0 e=t! (I1Ia.24)
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) = (o\> =0 €=-! (111a.25)
‘o \

w) p=0 X= (o) €=-1 (I11a.26)
w) =0 x= (?) €=+ (I11a.27)

The corresponding solutions in the standard representation are obtained by transforming

back with the matrix U in (IIIa.20).We obtain,

N
y oL \ | \,, L (o)
e\, g 2\ (I11a.28)
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So the wave functions in the standard representation are

-\p2
\_‘r—e P a. - (IIIa.32)

v

with p=/p|=E.To express these wave functions in another coordinate system where the z
axis is not necessarily along k,we need to rotate the spinors (3) and ().If the angles of T are
6 and ¢,to get from a spin up in the z direction to a spin up in the T direction we perform

a rotation by 6 along the y axis and another one by ¢ along the z axis.We then have,

= &% gi3® (é) (I114.33)
with ‘
‘I e-t-"g o EJ o (,sﬁ —S‘If\ﬁ
ee¥. p| d €7 (I11a.34)
e’ sin€ (—”5?_
which yield
-1f
-1 i [‘ e _n® | =T e 2
- fo|lag -y R (I11a.35)
- e (| T | sae %
o} e l l smg us% o T
and .
2 o ) [ - it o't
g% O Ly 2ii® -en3 €
L= " = : (J11a.36)
© e * ] 5"\% M% i (’3% Sy
using these,the four Dirac spinor solutions become,
w3
w=t s " |sn2e? (I11a.37)
\ G tz
2% 4



~52~

¢
% | 5% (I1Ia.38)

[} e/z
(I11a.39)

Lng ' P
' 4 (I11a.40)
i -
Uys -"-66 % sa® Y
-us’/;
The phase factors in front are unimportant and can be set equal to unity. We finally

classify these solutions according to their energies and chiralities

ST Ly B 4Bl Yepet,

&, = C.‘EF U;(k\ E=- \-\2 \ KY 'q’zz ‘L‘w"

R R

T - IIIG.4
L @ E=+l \ ¥ \l'f"h ( !

We will only be using the positive energy and * chirality states ¢; and ¢,.Two other

linear combinations of the positive energy solutions which prove to be useful are,

i
e L ]o

e By-snSe iy =
HE@IATINE TR ey, (I11a.42)
sne
o
TS S \ e
us=5sSMz=ue tI=U=— ‘"2
2 274 7 |snzt (I11a.43)

-5
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The forms of the equations for u, and u_. are suggestive.They indicate that the
upper component is in a definite spin up or down state.The Jower components,however,are
pointing in other directions depending on k.Since the squared amplitudes of the upper and
lower components are equal for the massless solutions above,it would not be accurate to
ascribe the spin of the upper components to the whole mode as might be done in the case
of a low energy massive Dirac particle.

We now describe the gluon wave functions which are again solutions of the free field

Helmholtz equation (II1a.12) without the boundary conditions (Illa.13).We can write these

solutions as plane waves,

1-‘ &
T et AR A
A.F)y=e Y (1t b0 (111a.44)
where the polarization vectors e": can be written in the reference frame with the z axis
paralle] to k as,
o e m °
{ D
w (s @ |y gf ={° € =|°
=1, €le R ° (IT1a.45)
s v) ) {
saalas transvenie lon s h dina)

We will work in the Lorentz (or Landau) gauge which demands that the potential 4,

satisfy thc gauge condition

AR
Y A*; =0 = kgla’=o (I11a.46)

which yiclds a®=a*

We construct the localized wavefunctions the same way as in the nonrelativistic case
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te = JE(R-R)
ik e T\
u('-n(i = { ﬂ d u yeld or 4= (I1Ta4r1)
¢ N
kg
and try to satisfy the orthonormality relations with this form of the uf") (x).We have,
T or MR -l @7 B, O )
= (6) .t & _ &i*F Bl b e o D Oy g
B u, u. = =21
(o7 Py L (7 f 2
o - - - - - (’)+ (‘\
S &k, ot W% o QEED 0 T W )
- 2
e N
2 ALE-T 4 . :
| 4 AL g _ () (k) 5-15-“' sin ke (-0 ) oy
= (-'NV\ s 2 ' JF N2 ol ke (rd.ri\d
"EF
&
=5 S (2n) (2k,)
g "-‘i N2

thus we see that by choosing

‘) 3
N'= @Y (2k)
we can satisfy the ortonormality relations,

<uf | uf’>= Se S

) (I17a.48)



So we have the localized single particle orbital,

ke  LEED
F ke‘k (e um@

(;R)‘” (= k;S{t

u{f N= S (I11a.49)

ke

We now expand the quark and gluon field operators in terms of the normal modes we

bave developed.For the spin 1/2 quark fields we have,

(\P (’K} = Z u_“(%3 C"\ + Vn (7() b‘tn (1110.50)
n

and

;{:’(“q" Z w () C“.r\ + anq br\ (I1Ia.51)
n

here vf") is the localized wavefunction of polarization a built by superposing the negative
energy states up and uy in (ma.38-39) -The operators ¢} and ¢n create and destroy quarks
in states n.The b’s do the same for antiquarks. {I1a.51) implicitly assumes that a Hamil-
tonian baving the eigenmodes u; exists and the sum over goes over all the eigenmodes

of this Hamiltonian. To preserve the equal time anticommutation relation

{ V() L?)} = §'(2-9) (I11a.52)
¢

the cperators ¢ and b must have the anticommutation relations

{Cm ,‘-11‘ Smn i'%, b",.1= Shn (I11a.53)
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with all other anticommutators zero.Similarly we have the gluon field operators

= o) O ke @ D% ‘V-"‘X
Ar(ﬂ:gi‘;m %o [, 2 (B E, e T Ep (DE (I11a.54)

here a (k) creates and a (k) destroys a gluon mode of momentum k.The polarization vectors

e,’} are given by (IIla.45).Again, to preserve the commutation relations®"
-\ X~
[A 0, A, (\;)] =-1gu Al ) (11Ia.55)
among the photon field operators the a’s must have the commutation relations

| ' > P (R-K
{a“‘(o,af”‘m}”s” 2k Gy $UEED (111a.56)

With these developments we now go on to calculate the one gluon exchange energy in the

next section.
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IIb.The Second Order Interaction Epergy
The Gell Mann-Low theorem gives the energy shift of the ground state of a field theory
due to a perturbation teriu iu the HamiltoniafﬁWe will use Hubbard’s modification of the
Gell Mann-Low resulﬁn this form the theorem gives the energy shift as,
“’z‘; _g_-_‘_\_" g ?‘ (4o, dhi - dh,, T [u () -\ (x..\.) | &7
1 ' 1 1

ey wmeted (1176.1)

E-E,= <3 |

where E, and E are the unperturbed and perturbed ground state energies,|¥»is the unper-
turbed ground state and Hy(x) is the perturbing Hamiltonian.The subscript ”connected”
emphasizes that we should only include the connected diagrams among those generated by

the time ordered product of operators in the infinite sum.For the coupling of quarks and

gluons the perturbation Hamiltonian is,

M= -3 R 00 ¥ PR 300 Al 00 (II162)

<>

here ¢°=A%/2 and g, is the strong coupling constant.The lowest nonvanishing term in

(IIb.1) is the second order one,which is

8E% 14 (s o T [0 o) | 87 (I11b.3)

-0

inserting (I1Ib.2) into (IIIb.3) gives,

) _ _ b
BE= wtigh | Caed ate, ot T [Foar” B e Apeodarte gooh e 8,

we use the eigenmode expansions (IIIa.51) and (IIIa.52) for the field operators ¥ and A
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and keep only the contributions from the positive energy modes to obtain,

A= Lig? <§,\§ $(6) dix, dix, “25_ 3 OOTHE 0D OVt u, )|

\

. ! . . -t
AL - °‘P,):t\ + Aal (fb LP"t\ ( 13; 4 1,
\6(’: )¢t ‘v. ez; (aA.PAPFLr.Se 13, Nl e } MAm;p\e A«\e
‘2

X :
' N\
“ Ak Mo, A | -ipk, N Ad \p{\ﬂ.\ﬁg /
194 C, %LZ ( A A ‘+AMA me**z)( Ade™ R.PAp(;'\C’A
(’ ‘\

(1116.5)

The contributions from the negative energy states are physical and important in princi-
ple,however,they are left out in the original bag model calculations with the expectation
that their effects could be incorﬁorated into the renormalized parameters B aﬁd ZylIt is.
therefore only consistent to leave them out in this treatment when we are aiming to ﬁxake

a connection with the bag model. We have,

. ot g _ 12
Eu')ga-|5g G3p A’:rz &&‘{;CU‘L‘-‘)’IP{&U (f\u ( \‘t ,t¥ } (({&-L k‘ed*'kzik 4 e\
A\c

G{s\c c.c ORI T 4y A mA*‘ff AR

"P M

[et-'c,)Z %
&2 | 4pq G

g 3 ® -\ 'tz
+Blk)2 Xiﬁi—‘*‘ G\ e G T Ly AL Ao ¥ l
a2 | 4pqlam)

(I110.6)
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Evaluating,

3 p By EO=-3" S 2 (@p G € (R

by using the commutation relation (Illa.56),we get

3s

»

0 o = Y
A= Ligs &aﬁ. &7 .z.kc\ﬁ L(P.n"t‘ @0,V “cml
'

I.'c e 2,) ot

' Podta__[_ o 30 % T A (r,\g
X K(%\c‘icécgaelﬂlr&‘ gy ‘_3 (2p) (@n)’ £ (3-31 A |

- 2 2,b ¥ it (f,cec—iq
ynldedy \wg LiLLW \ -5 ) Gr) s’te-@\ Ko o) S&tﬁ&z\e
4pq G

%

(I11b.7)

We evaluate the integrals,

> it (&, c\,.\ -1
gat srtNe - ‘e
Eu’*c“\az
-
» )
o (e - qa) L
dt, eltye - =
E- € %2
-7

which when inserted in (IIIb.6) give
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4

» _ - v
As Lok S e 4 Z"Le {_ucu-.w*’ £ qd-(rb 0T Ry tcr,\-x
- "
Py} a* )
_aNl AT Aoy (6
X ¢\t €l C¢_W->Z Pp, L8 1 Ao =
SR A QPA b“\‘s Ek- £e+ pf\
»
3 L-Q»] Aaa (A v@_
b Gl RAR YIS Xd & S : (II15.8)
» 7.\)‘\ ()'0 £‘¢_'E\,+ p)

we now evaluate the matrix elements of the quark creation and destruction operators.Since,
+
C.C.=1;

is the number operator for orbit i we have
- (L-0,48y)
(el et c6C+u(e‘ = 85 St (‘icga“ Lo B
b\ CLCQ_C*L- (-d' I"{a>= Su S"") Nt Sie Skd (4-n.+ Si)
(I11b.9)

with n=1 or 0 if the orbit is occupied in ¥, or not.Also for later use in calculating cross
terms in the expectation value of the same operator in a coupled state given as a sum of

Slater determinants, we evaluate,

Clag e de, r,’;:,"s 15 == 6 8y S S50 4 6 3,56, 8, ¥ 8% 54, 5y (T110.10)

K
-5.5.5. ¢
and also define, 3 78) 2k e

0= - g (TTR11)
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With these we have,

AE?. Jigi[ &d%? \ S S ntn,,_+3¢3dku n; *Sdi\

apun)? &€ +P
¥© gd r,0: Lﬂ‘d"t u; (r\A m Sd’*r;u DYt u u8) Ay A “:3
-2 s d3P, \

2p(an) E -t 4 M
~ YN o)
xD, QA%\G;U.W"E u () A"c,r.\gdbﬁwvm B “é"\ AL/

[S.‘Qs.a NS, S 0 =048 ]

(I11b.12)
at this point we define,
Y -\ W A3 .
T )=\ . 8 u® A ‘_.(ﬂ (I11b.13)
£ } L ) P
so that
X"W v m 2 0,9 A,,,Lr\ TM (e.%) (FI1b.14)

in terms of the T’s the expression for the second order interaction energy becomes,
AEm 1.35 [Z s 833 ex in;nkﬁ,\‘\';au.L)TiﬁLk.O
2 Lk Jop, (oo Pa
_ng nkeﬂ}? ( k)'l':;zi , )
€- & +¢,
hefle 23 To 1) T (D

Pa
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€t 1P, EoE-Pa

or collecting terms,

“ ? @ " I1Ib16)
A = AEo\ind‘ + AE‘“‘!""X‘ 4+ Aisd.’ w(m ( )
with,
TN sl A
o fp <« TReTe EDns,
AE»\E-«;: —-\is}za & (2“)‘5 K% P:- (I116.17)
pY- 2 4. e
AE;:::“ TI%E d393 > el m:\\cl (I11b.18)
‘r A (_J.W\ itk ( ig' ib\‘l.. PA
a,, R
2ES, g\t s & (5 ol (I11b.19)
“"é- ER (an®  {k +0,)
' p) (eg' £‘+Pl\

The direct and exchange energies are the counterparts of the nonrelativistic direct and

exchange interactions.The direct term vanishes for a color singlet system because the in-

tegrand is really a product of two sums

1
e g5 (2o _[sTedET )|

: P2 S 2 .
for a color singlet determinant each color occurs once in the sum i and hence the sum is
proportional to tr(A®)=0.The self energy sum is independent of the occupation of one of the

interacting particles and so is a sum of single particle energies.For massless quarks in the
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infinite system with no energy scale the self energy is zero.For the finite bag calculations
the self energy is proportional to the energy scale 1/R.The exchange energy (IIIb.17) is the
main quantity of interest in infinite matter and we will now calculate it with our correlated
wave function. We construct our correlated wave function in the same manner as in the

nonrelativistic system with colored quarks,so that
— .t \ \7
l"l"t:»: \_\ S; o
L

with S; given by (IIb.5)The spin indices 2 and I are now replaced by the polarization
indices of the Dirac spinors.The derivation of the second order interaction energy is the

samc as with a dcterminantal wave function cxccpt for cvaluation of the matrix clement
te ... & .
S SEY ¢ L= Gl S ---c‘cdck - S 107

Since the operator c;cjckc; can only act on two different creation operators we need to

consider only two cases;

i)both creation operators belong to the same orbital i.In this case

S| e e 16S= ) s e e Sty

and there will be two sets of contributions.The first set comes from the diagonal terms

where the same Slater determinant in S occurs both on the right and left of the operator

cicjcxe;. These contributions lead to the same form of the interaction energy as in (IIIb.16-
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18)The second set of contributions will come from the cross terms where the determinants
on different sides of c;c;jckc; differ by only two creation operators. These contributions are

evaluated with the aid of {ITIb.10).We will then have,

AR [Z disgonal derms + Z ooty teims l (I11b.20)

with

‘ 2 - A N
dispond tenms= & S Loty (0 o 1T 8 (1775
S diy & 23 ; 2.

A .\t
S e tamse bad T Gf (myeof () Lﬂ? 833\’3 9.;-\",' (\A\T,p'\(é.k\
= 2 y )
v:;r\n \8 (s PAQ (IIT6.22)
PCy 13

Here,the sum on m,n go over the different terms in S.cof(n) is the coefficient of the term
n,the sum on P is over the different permutations of (ijkl) given by (IIIb.10) and (-)F is
the sign associated with P in (IIIb.10). ’

ii)If (ijkl} belong to two different orbits then there are no cross terms as in the nonrel-
ativistic case because there are no two terms,among the 6 particle determinants obtained
by multiplying two S+’s,that differ by only two a'’s each one coming from a different S.We
then bave only determinantal contributions similar to (IIIb.21) except with the contri-
butions corresponding to the interactions of the particles from the same orbit discarded

to prevent double counting with the case i. With these the final result for the interaction
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energy becomes,

AR g v (2
.7 AP
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o5 GO F ¢ ‘;{apa BTy L) Te (00
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Plije) a 6rF (e b0 (I115.23)

One important simplification occurs due to the fact that all the occupied single particle
orbitals have the same energy for symmetry reasons.(They are nothing but the same wave
function located at different points.)With this, the energy denominators in {IITb.23) become

independent of i and j. We now calculate the T7°(i,j) which were defined in (ITIb.13) as,
M. =A% () GO
T2 D=7 A G ud(3

with,

l

A ("3 =€ 2 (k\ (I17b.24)
in the frame where the 2 axis is parallel to k we have,

(I11b.25)
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and the orbitals u; are given by (II1a.49).We then have,

-T (‘p gcbro\'-"kd’u e”" -(F- r) G (‘) l-n '\\6) @ e‘\ £
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_et Ssg Bre B g& (z- 5&3‘6 C ¢t (I11b.26)
3

-1
with all the tools for the calculation of the interaction energy now developed we proceed

to the calculation of the energy densities.
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IIIc.The Energy Densities

We first start with the uncorrelated Fermi gas.In the completely occupied gas each
momentum state is filled with 12 particles exhausting all the possible polarizaton,isospin
and color states.(We are still considering only u and d quarks).For the moment we take

the degeneracy to be g and set g=12 later.The kinetic energy is,

_ (edkk._opf
KE--S 2 (I1Ic.1)
lel<pe

the number density is

3
3 o
= g L S == (I1Ic.2)
(ary® 6T

telepe

(1Mc.1) with (Ilc.2) yields the energy per particle.

k.E.

3= P= (I11c.3)
N

“Zp:
4

The interaction energy is calculated using (ITIb.18) with
—_
Y= S, o7
{

and

+ & & 4 4 +
S ‘Cy_“t,c'\murt’h.uack&d\a'"' C’kfds

2 (IIIc.4)



- 68—

with k labelling the momentum states and a,8 running over the possible polarizations.Since
the total wave function is a Slater determinant this evaluation is straightforward.We then

use the plane waves for the single particle wavefunctions to obtain the well known resultf"z

& 2‘-1;4 a2 pr Ny (I11c.5)
-

with N;=2 the number of quark flavors.This with the density (IIlc.2) yields,

o)
& . — a} Ps (I11c.6)
N gr

The bag energy contribution is,

Obwy B =1~T}—L3’:, (I1Ic.7)
N € AP

With these we have the expression for the total energy per particle of the Fermi gas

2 1
_E_'.) :T_T__‘é;‘;%(iq-%:_r_a?p (I11c.8)
N F6 QPF

We now go on to the calculation of the corresponding contributions in the correlated
system.The kinetic energy,a one body operator,again has the same expectation value in
any of the determinants composing ¥,,as in ¥, itself. Furhermore these determinants are
equivalent to an incompletely filled fermi cube gas wavefunction as in the nonrelativistic

case.So the kinetic energy is

tke +!

E£. 3k 3kg ((r dsex_ 3kl

F
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The integral I is evaluated numerically.We find,

T =769 (I1Ic.10)
which yields,
KE. 317486 e (II1c11)
~ (axyY

G‘lé (I1IIc.12)

which with (IIIc.11) gives,

—-—
mm— e, &

N

K.E- q‘ kF (IIIC.13)

We see again that in the correlated wavefunction the average kinetic energy is higher than
it would be in a fermi sphere gas by more than a factor of 1.5 .
The interaction energy is calcuiated numerically as described in the preceding sec-

tion.We obtain,

g}
2E -2 kg (IIIc.14)
N o

Since the correlated system has the same density,the bag energy contribution is the same

as in the Fermi gas,It is given by (IIlc.7)
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Gathering all the results we have the total energy per particle for the correlated system

1
E) - 078 2 Yke (II1c.15)
N 3k
mater

Demanding the correlated system to be at the same density as the fermi gas yields,

o= ()" 6

Substituting this in (IMc.15) yields

_._.‘) T_-_?__B___ (az-.1 95 )PF (I1Ic.16)
N wreelated aPr- ‘
mater

We observe that,since the relativistic kinetic energy scales with the density the same way
as the interaction energy,the ox;ly difference between the two E/N ex?ressions (I1c.8) and
(IIc.16) is in the coefficients of the linear term in pr.The fermi gas has the lowest possible
kinetic energy but has an unfavorable interaction energy and the situation is reversed in
the case of the correlated system.At first sight ,this result seems to indicate that the fermi
gas will lie above or below the correlated system depending on the coefficients of the linear
term in py which in turn depends on the strong coupling constant g,.In the discpssion 80
far,however, we have left out an important property of QCD because we have left out all the
complications introduced by the fact that QCD is a non abelian gauge theory.This property
is asymptotic freedoma;vhich tells that the renormalized quark gluon coupling constant g,

becomes smaller at higher momentum transfers and conversely it is large for low momentum

transfer and large distance phenomena.In our problem the interaction energy is obtained
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as a sum of diagrams involving a whole range of momenta.The overall scale for these
momentum transfers,however, is set by the fermi momentum pr.Thus at high densities or
large pr we have weak coupling and at low densities a,=g2/4r becomes large. When we
examine the equations (IIIc.16) and (IIIc.8) in the light of this expected behavior of g2
we see that at high densities the interaction terms will be negligible and the important
contribution will come from the kinetic energy of the quarks and the fermi gas will be
the energetically favorable state.On the contrary,at low densities g will become larg‘e and
the important term will be interaction contribution favoring the correlated system.We
then expect the quark matter system to undergo a transition from the correlated,nuclear
matter,state at low densities to a fermi gas at high deonsities.We note that this conclusion
has been drawn with a minimal assumption on the behavior of the coupling constant as a
function of the density.This assumption is thecretically predicted by QCD and has been
experimentally verified whenever tested.If we want to examine the detailed features of this
transition we need to parametrize the density dependence of the effective coupling in some

plausible form.The asymptotic form of a; is given by,m

am
= — (I11c.17)
S Eang gty U530 AL o, (&
en{ —
¢ (/\’ (33~ 2&»3 3 5( )

where n; is the effective number of the flavors of quarks and Agcp is the QCD scale
parameter,expected to be Agcp~50-150 Mev.We then parametrize our effective coupling

constant as,

L(A) D
(k)= —"— (ITIc.18)

2L+ ‘-‘7"\—)



to be consistent with (IIIc.17) at high densities.The 1 in the logarithm is inserted to remove

the unphysical singularity at pr=A. We do not expect (IIlc.18) to provide an accurate

description of the variation of the effective coupling constant for pr AIn the region of

interest to us pr 24.At very low densities the dominant contributions come from the bag

energy which has a 1/p}. behavior and so the value of the interaction term which at low

densities varies as 1/pr is not important.With this parametrization of o we have the two

E/N curves as

E):P—Jf
w/ Le

L ANRLE
Nl’ L‘-"

where we have defined
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&
2 Aa w
p= 2=
an
et
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. -'\
" [\ 13- .| p—=2—— RS

(IIIc.19)

(I1Ie.20)

(IIIc.21)

(I1Ic.22)

(I11c.23)

Once we have the values of B,a(A),and A we can calculate the energy per particle in each
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phase.In its original version the bag model fit to hadron masses yielded,

\
B/l"é 145 Me\ o(s(LF::;aaucv)-i—’Q.l

d

with these and using Agcp=100 Mev,we obtain the E/A curves plotted in Figure 4.A

detailed discussion of these curves with the other results will be given in the last chapter.
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IV.The Overlap Of The Localized Wave Functions With Bag Model Wave Functions
The form of the single nucleon wave functions in infinite matter was forced by the
technical constraint of the orthonormality of the basis of single particle wavefunctions.This
constraint is necessary for a feasible many body calculation. We now would like to see how
this wave function compares with the orié‘inal bag model wave function (IIIa.11).To do this
we calculate the overlap of the function d,-(r) given by (II[a.48) with the lowest mode of

the bag model (IIla.11).We define,
A= (o7 d P u, @ vy

The overlap of the N particle wave functions constructed with the two different sets is then

AN Using (IlIa.11) and (IIa.48) for the two wave functions we obtain
4
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by changing variables to u=xr/R in the r integral,we get
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The last term vanishes because of the integration over e~'% The term with the cosf;

is an odd integrand with respect to the k integration and jt drops out leaving
)

()" 4 Slutt ’X
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H
_w () “ Pe [ sinU-"8)_ sin et MA)K
ix
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putting krR=y we have,
A‘W g/,_ & {s‘n(x—ﬂ sin (3] _\\i (Iv.5)
n Nt 23 L= (ar LD
with
d3k
KS =349 (Iv.6)

evaluated numerically.Inserting the numerical values of the constants appearing and with
M 20428 N=.44

we obtain
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which has a maximum near y=krR~=2.62 with A~.37 .With the average nuclear density

of

5 vtk /s (Iv.8)

n
h

corresponding to

ke 2 1778 (1v.9)

the maximum overlap occurs at

Re s gw\

We also calculate the same overlap with the chiral localized wave function

kg P 05’/1 .
au=l S e e sin®%, ¢'f
2 (,ﬂ’fz (&rj’h %
ke sin%, e“?

and obtain a maximum overlap of A~.3 .We thus observe that neither wave function has
a large overlap with the exact bag model wave function. They are trial wave functions
exhibiting the general features of the bag model wave functions as much as is allowed by
calculational difficulties. We hope that more progress can be done in this respect in future

calculations.
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V.Incorporation Of Strange Quarks

The speculation that long lived states of quark matter having a number of strange
quarks comparable to that of the light u and d quarks bhas led to many investigations on the
properties of such systems with macroscopic strangenes;?The expectation of a low energy
system with a large number of strange quarks stems from the simple observation of the
one gluon exchange energy of a fermi gas of quarks of mass m?‘

2
AE -9 m [,4 = ['Mnu‘)\/‘— &A(‘&‘f(“u“%ﬂ l

with x=kr /m plotted in Figure $.We see that the gluon exchange provides a repulsive
interaction for light quarks and an attractive interaction for heavy quarks in a fermi gas.It
is concievable then that a favorable gluon exchange interaction could produce a long lived
hyperstrange quark matter system which could decay to normal nuclear matter only by
weak interactions. At high densities, with large fermi momenta{compared to the strange
quark mass)for the light quarks,this strange matter could even turn out to be the true
ground state.This is contrary to our intuition regarding strange systems with few strange
quarks.The lowest observed strange baryon is the A particle with mass my =1116 Mev.We
do not have any real information regarding a system of many A particles but we would
expect this system to have a higher energy compared to a system of u and d quarks or
nucleons having the same total baryon number.In this chapter we perform a calculation
to check these intuitive forecasts regarding quark systems with a macroscopic number of
strange quarks.

To do this we first contruct our localized wave functions with massive quarks.The four
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linearly independent solutions of the free dirac equation for a particle of mass m,

(f-m)¥y=0 (V.2)

can be written as,
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and

v4)
()

with

E = PD: l Pl + rﬁl (V.5)

These solutions have the orthogonality relations,

- i = (6) e
(vV.e)
We construct our localized wave functions in the same manner,
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and verify the orthogonality relation,
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Using these wave functions we calculate the T(ij) that are needed for calculating the

exchange energy by using (HIb.20).For the case of two strange quarks occupying the orbits

i and j we have
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by substituting #=k[kp in the integra] we obtain
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at this point we also substitute A=m/kp=1/x.We then have
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Along with this,the correlated wave function becomes
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with the creation operator S-qr now given by,
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. .
derived from the spin isopin color wavefunction of the A particle.
It is now straightforward to calculate the exchange energy in the same manner as was

done in section IITb and IIlc.The result has the form

N
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&L_—S—_—’- @r)®
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{HD)

Here,the sum in m,n goes over the 18 terms in (V.15) and the sum over the cross terms
goes over the pairs of determinants that differ by two orbits as described in IITb.We note
that T(i,j) vanishes unless i and j are of the same flavor.The end result is again obtained

through a numerical evaluation of (V.16).The result for the gluon exchange contribution
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for the energy per particle of A matter is calculated numerically for four different values

of the parameter A.The result has the form,

és. =L 35 ¥ (B) ke (m*:)

the calculated values of ¥(A) are given in Table 2 .Putting this together with the kinetic

energy contribution for strange quarks,

dke
K.E. d3k D 3 V.18
— = | —={m =.—- ) KE -2 1)k (v.18)
ﬁg ny T‘” N 4%

¥V -k
which yields an average kinetic energy,with I{A) defined in (V.18) ,and the bag energy

contribution yields the energy per particle in correlated strange quark matter,
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The kinetic energy contribution in the fermi gas is
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which combined with {V.1) and the bag contribution gives the energy per particle of the

uncorrelated strange quark fermi gas consisting of equal numbers of u,d and s quarks.
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We again put these equations into dimensionless form by using the scale parameter
ABy using the same parametirization of the running coupling constant as in the nuclear

matter case,and substituting kr==x 1/3 pr obrained by equating the deusities,we find

By _(b,|= 2) /5 HXRNTER) 1o
N);, '(13+l‘“1 R+l En (446D ] “) Naco

ame 17.23
share (1.23)

.El*mu ( [(-H'“)—\--’l 2)/z+ [é,:(:i?h){a e )]/674 ) (V.24)

yuark

»s
with b,3 and k given by (IIIc.22-24).By using the values of the bag model parameters given
in section Illc we obtain the curves shown in Figure 5.

One aspect of the problem we have left out is the self energy of strange quarks in
infinite matter which unlike the case of massless quarks need not be zero.We plan to
include this effect in a future work.Here we only note that,the self energy enters to both
systems in the same way and it would not alter the relative positions of the E/X curves
which is the main variable of interest in this work.

A discussion of the main features of Figure 5 will be presented in the next section

along with the discussion of the other results.
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VI.Discussion Of The Results And Conclusion :

Our goal in this work has been singling out the important features of the quark
wavefunctions in nuclear matter.To accomplish this goal we have modified uncorrelated
fermi gas wave functions by building local and spin,isopin,color dependent correlations
among the quarks.The fact that these correlated wave functions give a lower energy than
a fermi gas does,indicates that these modifications are in the correct direction towards the
true wave functions of the systems considered,at low densities.

Our initial relativistic treatment of nuclear matter as a correlated quark matter as
presented in section III has many weaknesses which can hopefully be remedied in future
calculations. The energy per particle curve given in figure 4a. lies well above a realistic
nuclear matter equation of state.Although it has moved away from the fermi gas curve in
the right direction the average energy near the minimum is still too high to claim that
this wave function accurately describes nuclear matter.The main reason behind this is the
kinetic energy of the quarks in the correlated wavefunction.To maintain the othogonality
properties of our basis of single particle wavefunctions,we were forced to a form of the
wave function that yields a higher average kinetic energy,by a factor of 1.64 than a fermi
gas does. This considerably offsets the gain in interaction energy obtained by coupling the
particles locally. This gain in interaction energy is quite insensitive to the detailed spatial
behaviour of the single particle orbitals,e.g.whether they are build out of plane waves in
a fermi cube or fermi sphere.We could ideally maintain the same gain in the interaction
energy without giving up in kinetic energy,if we were able to make orhogonal orbits out of

the plane waves in a sphere.If one could find the special lattice,satisfying
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the condition that all distances between any of its two points is a root of the first order
spherical Bessel function,as mentioned in section IIla.,we could accomplish this goal.The
energy per particle given by such a hypothetical wave function is plotted in figure 4b.with
the same curves in 4a.Figure 4b.indicates that such a goal would be too ambitious because
the energy per particle at the minimum is less than 300 Mev.We should,then, pay in
kinetic energy for building local correlations but not as much as one does with the simplest
technically motivated form of the single particle wave functions.We hope to improve our
initial calculation in this respect in future calculations,and expect the resulting energy per

particle curve to lie between the curves 2 and 3 in Figure 4b.

One remarkable feature of the energy per particle of the correlated system is that
its minimum occurs at almost exactly the nuclear matter deasity.We have not adjusted
any parameters to produce this result.In fact all the parameters are fitted to hadron spec-
tra.This result plausibly is more than just a scaling effect , reflecting the fact that the
valence quark densities in hadrons and nuclear matter are not very different,because the

minimum of the uncorrelated system occurs at a different density.

The results of our calculation with strange quarks also indic-ate a similar transition
from a correlated state at low density to a fermi gas at high density.We are in a much weaker
position to make & comparison of these results with the real systems than in the nuclear
matter case because there is no information available on the real systems except in the
case of very low density where the ground state is a collection of separated A particles.We
would like to obtain a better fit to the nuclear matter properties with our model before

drawing quantitatively predictive conclusions regarding the behavior of correlated strange
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quark matter systems.

In conclusion,we have succeded to isolate an important property of 'quark wave func-
tions in low energy nuclear matter. This property is spin-color-isospin dependent,strong,local
and short range correlations among quarks. We are optimistic that the technical difficulties
encountered can be overcome in the future to obtain a more accurate description of nuclear

matter with quark degrees of freedom.



-7~

References :
1.F.Wilczek,”Modern Theory Of Strong Interactions”, Annual Review Of Nuclear And
Particle Science,Volume 32 (1982)177
2.5.J.Brodsky,"P erturbativehQnantum Chromodynamics”,
Progres In Physics Vol.4,Birkhauser,1982
3.M.Creutz,” Quarks Gluons And Lattices”,Cambridge Univ.I’ress,1983.
4.T.DeGrand et al Phys.Rev.D12(1975)2060
5.J.W.Negele MIT preprint CTP 1102
6.R.P.Feynman,” Quantum Electrodynamics”,Benjamin,1962.
7.P.Ring and P.Schuck " The Nuclear Many Body Problem” Springer Verlag,1930.
8.D.Pines "The Many Body Problem” Benjamin,1961.
9.R.D.Viollier et al Nucl.Phys.A407(1983)269
R.L.Jaffe,1979 Erice Summer School Lectures, MIT preprint CTP 814
10.P.M.Morse and H.Feshbach "Methods Of Theoretical Physics” McGraw-Hill,1953.
11.J.R.Schrieffer, "Superconductivity” Benjamin 1964
12.J.Bardeen et al,pp.369 in ref.8 above.
13.A.deShalit H.Feshbach Wiley,1974.
14.1.S.Gradshteyn and LM.Rhyzik ”Table Of Integrals,Series and Products”, Academic
Press,1965.
15.F Halzen and A.D.Martin,”Quarks and Leptons”, Wiley 1984.
16.F.E.Close "An Introduction To Quarks and Partons” ,Academic Press,1979.

17.D.H.Perkins "Introduction To High Energy Physics”,Addison-Wesley,1982.



-88-

18.R.L.Jaffe MIT preprint CTP 585

19.S.A.Chin et al MIT preprint CTP 919

20.A.Chodos et al,Phys.Rev D9(1974)3471

21.M.E.Rose "Relativistic Electron Theory” ,Wiley 1961.

" 22.A.R.Edmonds " Angular Momentum In Quantum Mechanics” Princeton Univ. Press
1974.

23.M.Gell Mann,F.E.Low Phys.Rev vol.84 (1951)350
24.J.Hubbard,Proc.Roy.Soc.(London) A240(1957)539

25.G.Baym and S.A.Chin,Phys.Lett.62B(1976)539

26.S.A.Chin Ann.Phys.vol.108(1977)301

27.G.’t Hooft,Nucl.Phys.B61,(1973)445,

T.Applequist and A.deRujula,Phys. Rev.Lett.vol.34.(1975)43,

T.Applequist and H.D.Politzer,Phys.Rev.Lett.vol. 34,(1975)365.

28.S.Coleman and D.J.Gross,Phys.Rev.Lett.31(1973)1343, A.Zee Phys.Rev.D7(1973)363
29.The Mark J Collaboration, MIT LNS Technical Report 142,i)ec.1984.

30.E.Farhi and R.L.Jaffe CTP 1160

31.S.A.Chin and A.K.Kerman Ph)"s.Rev.Lett.43(1979)1292

32.C.Itzykson and J.Zuber,”Quantum Field Theory”

33.A L .Fetter and J.D.Walecka "Quantum Theory Of Many Particle Systems”,
McGraw Hill,1971.

34.As a simple example consider the two particle determinants built out of the two different



-89-

orthogonal bases,
¢ ’ (™) # ' (-&'9 ‘!—i— (¢' )~ #3,"’!’) % (¢|(‘n’D - ¢ZL“’{)

= =\
"P-"{;——* '\I’z 'q;!

g nd B (xd froa) +,00) ‘—ﬁ(é.amé,@\

{
L
These two determinants are equal.This can be seen directly by evaluating the determinants

or by realizing that either one can be obtained from the other by adding rows in the

following way.

[ ACH) ¢. (x) fod ¢, ()

=

al-
]

al-

Ao @ (Fondo) @+

o) L(F -0 L(por-gie)  EAR-AE) )
| =L Y

B+ g ixd) (Bt Paed)

-;\-5. ({5,(:.)4»#,,(&\\) J\{-;- (¢.(‘z\"\'#p_(‘l\)




-90-

Table Captions :

Table 1.1.The bebavior of the magnitude of the exchange interaction v;; ;; between
quarks in different orbits as a function of the separation between the orbits denoted by the
integer vector #=(n;, ny,n.).The actual distance scales with kr as 7;-7;=m;;7 k.

Table 1.2.The relative magnitudes of the intera‘ction energy vi;;; between different
orbits that have three quarks coupled to the designated spin and isospin states.

Table 2.The dimensionless eigenvalues of the massles quark and gluon modes in the
bag model obtained through the boundary conditions (IIIa.9), (IITa.15) and (IIIa.19)

Table 3.Behavior of the coefficient of the interaction term in the energy per particle
curve for the coupled strange matter system representing the system of A particles, as

defined in (V.17), as a function of A = m/pp.



- T

Table 1.1

r&:

N3
\/ 1 2 3
1 .24 .16 .03
2 .16 .03 .007
3 .03 .007 .002
nq;z

Ne

1l 2 3

.16 .03 .007
.03 .007 .0015
.007 .0015 .0005



Table 1.2

lattice 4y
pt pt ~1.44
P* pe -1.97
pT nt -1.53

pf ne -1.21
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Table 2.
v scalar N
Xpy 1 2 3 Wy 1 2 3
-1  2.04 5.40 8.58 1 o. 4.49  7.72
1 3.81 7.30 10.16 I 2 208 594 9.21
-2 3.20 6.76 10.00 3 3.3 7.9  10.61
2  5.12 8.40 11.61
N N
Wre? 1 2 3 W 1 2 3
1 2.74 6.12 9.32 1 4.49 7.72 10.90
I 2 3.87 7.44 10.71 | T 2 576 9.09 12.32
3 4.97 8.72 12.06 3 6.99 10.42 13.70
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Table 3.
A Yot
.25 -.115
.5 -.49
1 -.51

-.67



-95-

Figure Captions :

Figure 1.The second order quark gluon diagrams.The solid lines denote the quark
propogators and the dashed lines are for the gluon propogators both calculated with the
appropriate quark and gluon modes used in expanding the many body wavefunctions. The
diagram at the very top stands for the exchange term, the second for the direct term, and

the last one denotes the quark self energy.

Figure 2a.)The energy per particle (IIa.54) for the Fermi cube gas without color. The

values of the dimensionless parameters b and ¢ are brexl with b=322B/m* and ¢=.67a

Figure 2b.)The energy per particle (IIa.54) for the Fermi cube gas without color. The
values of the dimensionless parameters b and ¢ are such that b » ¢ with b=372B/m* and
c=.67a

Figure 2c.)The energy per‘ particle (IIa.54) for the Fermi cube gas without color. The
values of the dimensionless parameters b and c are such that b « ¢ with b=372B/m* and
c=.67a

Figure 3a.)The energy per particle of the correlated quark n?atter with three quarks
coupled to a color singlet at eack orbit (curve 1) and the uncorrelated quark fermi gas
(curve 2),xith b » ¢, b=372B /m* and ¢=.67a

Figure 3b.)The energy per particle of the correlated quark matter with three quarks
coupled to a color singlet at each orbit (curve 1) and the uncorrelated quark fermi gas
(curve 2),with b ¢, b=372B/m* and c¢=.67a

Figure 4a.)The energy per particle of a relativistic fermi gas of masless u and d

quarks {(curve 1) and the correlated system with coupled quarks occupying the localized

1
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orbitals obtained by superposing chirally symmetric states ¥; and ¥, given by (IlIa.37)
and (I1a.40)(curve 2).

Figure 4b.)The energy per particle of a relativistic fermi gas of masless u and d quarks
(curve 1) and the correlated system with coupled quarks occupying the localized orbitals
obtained by superposing chirally symmettric states (curve 2) with the additional curve
3 providing a lower bound as the energy of a hypothetical system possesing the average
kinetic energy of a fermi gas and the average interaction energy of the correlated system.

Figure 5.)The energy per particle of a fermi gas of u,d and s quarks {(curve 1) and a
correlated system representing a collection of A (1116) particles. The strange quark mass
is taken to be m,;~300 Mev with the same bag model parameters B/4=145 Mev and a,
=2.2.Agcp is taken to be 100 Mev.

Figure 6.)The one gluon exchange energy of a quark fermi gas of mass m given by
(V.1),as a function of the density,p. This interaction is attractive for large quark masses,

compared to p'/%, and repulsive for light quarks.
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