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Abstract

Let k£ be a p-adic field. Split reductive groups over k£ can be described up to k-
isomorphism by a based root datum alone, but other groups, called rational forms of
the split group, involve an action of the Galois group of k. The Galois action on the
based root datum is shared by members of an inner class of k—groups, in which one
k—isomorphism class is quasi—split. Other forms of the inner class can be called pure
or tmpure, depending on the Galois action. Every form of an adjoint group is pure,
but only the quasi-split forms of simply connected groups are pure.

A p-adic Local Langlands correspondence would assign an L-packet, consisting of
finitely many admissible representations of a p—adic group, to each Langlands param-
eter. To identify particular representations, data extending a Langlands parameter is
needed to make “completed Langlands parameters.”

Data extending a Langlands parameter has been utilized by Lusztig and others
to complete portions of a Langlands classification for pure forms of reductive p—
adic groups, and in applications such as endoscopy and the trace formula, where
an entire L-packet of representations contributes at once. We consider a candidate
for completed Langlands parameters to classify representations of arbitrary rational
forms, and use it to extend a classification of certain supercuspidal representations
by DeBacker and Reeder to include the impure forms.
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Title: Professor of Mathematics
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Chapter 1

L—groups and Langlands

parameters

1.1 L-—groups

Let G be a connected reductive algebraic group over an algebraically closed field k. If
T C B are Cartan and Borel subgroups of G, let X and X" denote the character and
cocharacter groups of T, and let A and AV be the sets of simple roots and coroots
for the action of the Lie algebra t on b. Let ® and ®V denote the full sets of roots
and coroots. The sets A and AV come with a canonical bijection § : A — AVY. The
quadruple (X, A, XV, AV) is called a based root datum; it includes the identification
of A with a subset of X (and AY with a subset of XV).

An isomorphism of based root data (X, A, XY, AY) and (X', A, X"V, A") is an
isomorphism X — X’ sending A — A’| in such a way that the transpose isomorphism
X" — XV sends A’V — AV, and that the two maps A — A’ and A’V — AV respect
the bijections d and §’.

Because k[T] = k ®z X, algebraic automorphisms of T are in natural correspon-
dence with automorphisms of the abelian group X.

Suppose T C B’ is another pair consisting of a Cartan and Borel subgroup in
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G. Then there is a unique element ¢T € G/T such that (¢Tg~!, gBg~!) = (T, B’).
Therefore, having fixed the identification X = X*(T), the pair T C B’ determines
an isomorphism between X and the character group X*(T").

If o € Autqy(G) is an algebraic automorphism, then oT C 0B is another Cartan—

Borel pair, determining an element gT € G/T as above. We then have two maps:

o X*(oT)— X*(T)
Int(g)* : X*(oT)— X*(T)

(here Int(g) is the inner automorphism z — gzg~!). The map ¢* o Int(g~!)" induces
an automorphism of X*(T) preserving the set A, whence an automorphism of the

based root datum (X, A, XV, AY). Thereby we get a map
B : Auta,(G) — Aut((X, A, XV, AY)) (1.1)

with kernel Int(G) = Gu = G/Z(QG).

From here on, suppose that k is the algebraic closure of some p-adic field k. (By
this, we mean that k is a finite extension of Q,.) WriteI' = I’y = I'; Ik for the absolute
Galois group of k. Let w be a uniformizer of k.

We will use the term “group over k” to refer to a connected reductive algebraic

group G over k equipped with an action
o:T — Autys(G) (1.2)

where Autg, refers to the group of (not necessarily algebraic) group automorphisms
of G. The action ¢ is required to have the property that if f : G — k is a regular

function, then the function

=7 flo(v) =) (1.3)

is regular. In this expression, the 7 outside f acts via the natural Galois action on k.
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An isomorphism of groups over k is an isomorphism of algebraic groups that is
equivariant for the action of I' on each group. The various groups over k that are
isomorphic to G over k are called rational forms of G. Two rational forms are said
to be equivalent if there is an algebraic automorphism of G that is equivariant for
the corresponding Galois actions.

Fix a pinning for G. Any x € Hom(T', Aut((X, A, XV, AY))) determines a quasi—
split form over k, as follows. Write k, for the value of x at v € I'. Let w € X, (T),
and let uy : kK — G be the homomorphism from the pinning associated to a € A.

The conditions that:

Y(w(k) = kKy(w)(7k) (1.4)
Y(ua(k)) = uny(a)('Vk) (1.5)

(for all such w and «, and «y € T') characterize the action of I' on elements of G.
Fix any rational form on G, writing vz for the action of v € I' on a point z € G.
Suppose 0 : I' — Autg,s(G) is another rational form. Then v~ !o(o()) is an algebraic

automorphism of G. Indeed, if f is a regular function on G, then

y =" flo(v)y)

is regular. Applying this to the regular function

z—vf(y 'z)

we deduce that

y— v (v o))

is regular, as needed.
With this observation and the map (1.1), we may classify all rational forms of G

over k in terms of a split form over k. Let 0 : [ — Autys(G) be a rational form
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and let 7 : I’ — Autgs(G) be the split form preserving the pair T C B and our fixed
pinning. By the above paragraph, for each 7 the element a(y) = o(y)r(y71) is in
Auta,y(G). Let T' act on Aute,y(G) by sending

¢ —7(y)opor(yh) (1.6)

for each v € I'. For this action, & € Z!(T', Autey(G)). The cocycles determined by
two rational forms are cohomologous if and only if the rational forms are equivalent,
and we obtain a bijection between rational forms and Z'(T', Aute,G), and between
their equivalence classes and H*(I', Auty,(G)). Henceforth we typically will regard
rational forms as cocycles.

Giving Aut((X, A, XV, A)) the trivial Galois action,

Hl(F,Aut((X,A,XV,AV)) = ZI(F,Aut((X,A,XV,AV)))
= Hom(T, Aut((X, A, XY, AY))).

The fibers of
B, : ZHT, Autyy(G)) — ZHT, Aut((X, A, XY, AY)) (1.7)

are called inner classes of rational forms. Each inner class contains a unique equiva-
lence class of quasi-split forms. If kK € Z}(T, Aut((X, A, XV, AY))), write 7, for the
quasi-split form defined by equations (1.4)—(1.5). The fiber of 3, over  is in bijec-
tion with Z!(T', G44), where the Galois action on G, is defined by equation (1.6),
replacing 7 by 7.

If o splits over a finite cyclic extension &’ of k of degree m, and I/, is generated
by an element v € T, then o is determined by the value (). Thus, the inner classes
of rational forms splitting over k&’ are in correspondence with the automorphisms of

the based root datum of order dividing m. For example, every quasi—split form that
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splits over K = k*" is determined, up to equivalence, by the action of a Frobe-
nius element on the based root datum. Suppose k € Hom(T', Aut((X, A, XV, AY)))
describes this action, and 7, is the corresponding quasi—split form. The action
of I' on Ggq specified by 7, factors through I'k/k, so we obtain an inflation map

HY(K/k,Ggq) — HY(k,Ggq). In the inflation-restriction sequence
1 — HY(K/k,Gaa) = H'(k, Gag) = H'(K, Gaq) (1.8)

we have H'(K,G,q) = 1, by Steinberg’s Theorem [14], applied to the connected k—
group Ggg. This exact sequence of pointed sets gives a bijection from H(K/k, G,q)
to H'(k,Ggq). Thus, if a quasi-split form splits over K, so does every form in its
inner class.

An inner class of rational forms determines an L-group, as follows. Let o be
a quasi-split rational form of a connected reductive k—group with based root da-
tum (X, A, XY, AY). The classification of reductive groups over an algebraically
closed field associates a complex reductive group G to the dual based root datum
(XV,AY,X,A). The group G is unique up to inner isomorphism. Fix a Cartan—

Borel pair T C B in G. This choice determines a surjective homomorphism
G Autgy(G) — Aut((XY, AY, X, A) (1.9)
as in (1.1).
Using the transpose 87 : Auty,(G) — Aut((XV,AY, X, A), our rational form

o € ZYT', Auty,y(G)) determines

B[ (o) € Hom(T', Aut((XY,AY, X, A))).
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A pinning (B, T, {&}, {us}) for G determines & € Hom([, Autyy,(G)) in the fiber of
B : Hom(T, Aut,y(G)) — Hom(T, Aut(XY, AV, X, A))

over 3, (o)) via

G(w(k) = B/ (o) (@)(k) (1.10)

G(ua(k)) = ugrioya)(k) (1.11)

The map ¢ determines a semidirect product

v

IG=GxT

which we call the L—group of G.

1.2 Langlands parameters

We denote by f = IF, the residue field of k, and by f = F, its separable closure. The
isomorphism I/, = Z sending Fr to 1 gives a natural embedding of Z in I%; /. Because
Z is not a closed subgroup of 7, this subgroup does not correspond to any extension
of f.

Let W = W, be the Weil group for k (see Tate [15]); it comes with an open
subgroup Wy for any finite Galois extension '/k such that Wi /Wy, = Ty k, and the
maximal abelian quotient of W, is isomorphic to k* under the Artin map of local
class field theory. We may identify W; as the inverse image of Z under the reduction
map ['y — T’

Let K = k""" be the maximal unramified extension of k in k. The subgroup

T =T'k of T" is called the inertia group, and is contained in W. It fits into an exact



CHAPTER 1. L-GROUPS AND LANGLANDS PARAMETERS 12

sequence

17 —-W-—-7Z—>1.

via the reduction map I' — I;.

Let k' be the maximal tamely ramified extension of k in k; it contains K = k%™ .
The subgroup Z+ = 'y of Z is called the wild inertia group; and the quotient Z; =
T/I% is called the tame inertia group. The quotient Z; is abelian, but W/Z™ is not.
If Fr is a Frobenius element in I'; and w € W/ZI* with w — Fr, then for v € Z; we
have

wyw ™ = 7. (1.12)

One way to see this is that Z; is a quotient of the Weil group Wy for K = k*"" (where
Wy = Ix = T, the inertia group for k), and the local Artin map is equivariant for
the natural action of I'; on K* and its action on Wy by conjugation (see Tate [15],
(Wy), page 3). In fact, the choice of w gives a splitting W/Z* = Z x Z, on which Z
acts on Z; by v — ~4.

The Weil-Deligne group is the semidirect product

W =WiC (1.13)

where w € W acts on z € C by wzw™!

= ¢"z if w — n in the reduction map W — I.
Our Langlands parameters are homomorphisms ¢ : W' — LG such that the

diagram
o

N

commutes, and satisfying some additional restrictions. However, it will be more

WI

e

convenient to think of these homomorphisms in two parts:

1

1. The Galois group I' acts on G via 7 - ¢ = ygy~!, where the right hand side is
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computed inside *G. Define oy € Z'(W, G) for this action by

ag(y) = o(v)7 " (1.14)

2. The restriction of ¢ to C can be written as

¢lc(2) = exp(zNy) (1.15)

for some Ny € g.

The structure of W’ imposes a compatibility condition between these two parts ay

and N, which we will consider and utilize later.



Chapter 2

L—packets

Assume G to be quasi-split, and fix a pinning with Cartan and Borel subgroups
T C B, with T a maximally k-split k—torus. Write H*(k’, —) for Galois cohomology
of a module for the absolute Galois group H*(I'y/, —) of a field £’ containing k. If [ /£’
is a subextension over k, we write H*(l/k’, —) for H*(I';/xr, —) for a module under the
relative Galois group. Finally, if o is a generator of a topologically cyclic group, we
may write H*(o, —) for the Galois cohomology of its modules.

Within an inner class, we explained in Chapter 1 how rational forms are parame-
terized by elements of Z'(k, G,q) where G, is viewed as a I'y—module via the action
from equations (1.4)—(1.5) arising from the quasi-split form. One can also give G a
['y—module structure in the same way. Elements of Z!(k, G) are called pure inner
forms of the given quasi—split form; when the inner class is not fixed, we speak of pure
rational forms. Although pure rational forms determine rational forms via the natural
map Z'(k,G) — Z'(k, G,q), this map is neither injective nor surjective on cohomol-
ogy; already for G = SLg it is not surjective, and easy examples of non—injectivity
arise in non-split isogeny classes 243 and 2Dj.

In applications such as endoscopy, data pertaining to each pure rational form of
an inner class arise simultaneously in typical constructions. Because these forms have

the same L-group, Langlands parameters should classify the representations of each

14
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pure form of the inner class at once: A Langlands parameter conjecturally gives an
L-packet consisting of finitely many pairs (7, 7, ), indexed by some set of “parameter
extensions” o, where 7, is a representation of the rational form of G determined by
7,. (We will describe these extensions more precisely momentarily.) However, if one
wishes to use the Langlands conjectures to obtain information about arbitrary rational
forms, one needs a bigger parameterization of L—packets that include representations

of all the forms of an inner class.

2.1 Langlands parameter extensions

In this section, we suppose we are given a k—group G with a pinning as above, defining
an L-group “G. Let ¢ : W — LG be a Langlands parameter.

The subgroups [G, G] and Z(G) are defined over k; let G = G/([G,G]N Z(G)).
This group also is defined over k, and has the property that r@,é—] = Ggyq- Write
the based root datum for G as (X, A, XV, AY).

The isogeny G — G induces maps of I'~modules X — X and XY — XV (both
injective) restricting to bijections A — A and AY — AY. (Thus we also may write
A in place of A.) We wish to consider the lattices X and XV in the same ambient
spaces as X and XV. The cocharacter group X, for G,4 may be recognized as the
lattice of integral coweights in the rational vector space ZAY ® Q, giving a natural

embedding X, — XY ®z Q. Via this embedding, we may identify the lattices

XY = X\,+XY (2.1)

X = {xeX: (xw €Zforalwe X, (2.2)

because the right hand sides yield a based root datum isomorphic to that of G.
On the dual side, the L—group of G is a semidirect product “G = G x I' where
G is a complex reductive algebraic group with the based root datum (5( VAV X, A).,
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It gives a covering

1-K—-"G5HG -1 (2.3)

with K C G.

We will need the following elementary identifications:

Proposition 2.1 Let A be an algebraic subgroup of a complex torus, and let H =

Homg (A, C*). Then:
1. Homgy(mo(A), C*) = Hior, the subgroup of torsion elements of H.

2. If T C Autgy(A) is a finite subgroup, consider the transpose action of T on H
and let H(Y) be the group generated by “hh™! for o € Y. Then anny(AY) =
H(Y), and Homg,(AY,C*) = H/H(Y), the coinvariants of Y in H.

Define the groups:

XV = X¥/(ZAY) = Hom(Z(&), CX) XV = XV/(ZAY) = Hom(Z(G),C¥)
(2.4)

These are the cocenters of G and G, respectively. We will write
Z=27Z(G) Z=2(G) (2.5)

for the centers of these complex groups; because the center of I is trivial (cf. [15]),
their ['-invariants are respectively the centers Z' = Z(YG) and ZT = Z(*G) of the
L-groups to which they belong.

Write X, for X.((Z(G))°). This lattice has the same Q-span as X, ((Z(G))"),

rad

so we may naturally identify
(X"®Q)/(X0®Q) = X530 Q. (2.6)

Under the quotient map XV ® Q — XY, ® Q, the image of X" is contained in X
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because every element of X pairs with all the roots as an integer. Thereby we get a
map XV — X
The basic tool for interpreting H'!(k, G) in terms of based root data is a theorem

of Kottwitz:

Theorem 2.2 (Kottwitz, [6], [7]) Let G be a quasi-split connected reductive group

over k. Then there is a natural bijection
¢ : Hom(mo(Z5),C*) — HY(k, G) (2.7)

in which the trivial homomorphism is sent to the base point of H'(k,G). For quasi-
split structures on G and Guq corresponding to the same automorphism of the Dynkin

diagram, the diagram

Hom(mo(Z(XG)), C*) =5 Hom(mo(Z(¢Goq)), C*) (2.8)
lﬁc lﬁcad
H'(k,G) H'(k, Gagq)

18 commutative.

The L-group YG determines an inner class of rational forms; write G for the
quasi-split form in this class with a pinning in which the Galois action is given by
equations (1.4)—(1.5), and G, for the inner form of G corresponding to the cocycle
T € Z'(k,Gqq). For each inner form G, we want to classify the representations of
the group G (k) of k-rational points.

Let ¢ be a Langlands parameter, and let G® denote the centralizer of its image
in G. Let mo(G?) be its component group. Write SE¥™ for the set Hom(mo(G?), C).
We call S;** the set of pure extensions of the Langlands parameter ¢.

Through the natural map mo(Z(*G)) — m(G?), we get a restriction homomor-
phism

rPure . 8¢ — Hom(mo(Z(*G)), C*). (2.9)
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Conjecturally, if 7 € Hom(m(Z(*G)), C*), then the fiber of 7P“"® over 7 is supposed
to parameterize the set of representations of Ggesog (r) (k) associated to the Langlands
parameter ¢. For example, for groups with connected center, Lusztig has explicitly
constructed unipotent representations for each pure extension of an unramified Lang-
lands parameter. [9, 10]

We revise this setting by replacing S;*"* with a different set that maps naturally
into H'(k, G,q), in the hope of parameterizing representations of all the forms in our
inner class. Recall the covering 7 : ‘G — LG (equation (2.3)). Let Ry, = n~1(G?).

We call the set of irreducible representations
Sg = Irr(mo(Ry)) (2.10)

the set of extensions of the Langlands parameter ¢.

When G is split, the Galois action on G defined by LG is trivial, so that the natural
map Z° — Z is a surjection. When G is assumed, in addition, to be semisimple,
Theorem 2.2 shows that the mapping from pure rational forms to rational forms
HY(k,G) — H'(k,G,q) is injective. This need not be the case for non-split inner

classes.

2.2 Stable rational forms

Although there will be a natural map S, — H'(k, G.q), the fibers of this map will
turn out too big to use in our construction of Deligne—Lusztig representations below.
To make a one to one correspondence, we will introduce a set of so—called stable

rational forms, to be denoted R(k, G), and factor the map S, — H!(k, G,q) as
Sy — R(k,G) — H'(k, Gqaq). (2.11)

The map R(k,G) — H'(k, G,q) will be a surjection, independent of ¢.



CHAPTER 2. L-PACKETS 19

The action of I'y on the based root datum of G factors through a finite quotient,
generated by finite-order automorphisms. The Kottwitz isomorphism (Theorem 2.2),

with Proposition 2.1, has identified

Hl(k,cad>%Hom(m(Z(LGad%F),CX)z(YL/YL(D) L (212)

tor

Through this equation and one like it for G, the map XV — X\, identifies H'(k, G)
as a cover of H'(k, Ggq). (Recall from equation (2.4) that XV is the cocenter of G.)
Our stable rational forms replace the coboundary relation in H!(k, G,4) with one

that reflects conjugacy in G:

Definition 2.3 Let G be a k-group, split over K. The set of stable rational forms
18 the set

R(k,G) = Hom(mo (" H(Z(*G))), C*). (2.13)

For any Langlands parameter ¢ of G, the group Ry, includes 7~ }(Z(fG)) =
Y Z (G)F) as a subgroup. Therefore there is a natural restriction map S, —

R(k, G).
Proposition 2.4 The map R(k,G) — H'(k,G,q) is surjective.

Proof. Recall that we have constructed a map XV — XY, via equation (2.6).

Proposition 2.1 gives a natural isomorphism

R(k,G) = (F/W(F)) . (2.14)

tor
Let ¢ be the natural map XV — XV/XV(I'). Put
Rup(k,G):={r € XV : ¢(r) € R(k, G)}. (2.15)

Suppose 7 € Ryii(k, Gag). If m € N is such that mr € XV,4(T'), then there exists

m' € N such that m’r € XV(I'). Therefore, the inclusion of XV in XY, sends r to
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an element of Ry;s:(k, G). Thus, the natural map R(k, G) — R(k, G.q) is surjective.
Via equation (2.12), the second set is simply H!(k, G,q). O

We will use stable rational forms in our construction in a way similar to that in
which Adams, Barbasch, and Vogan use so—called rigid rational forms in the local
Langlands correspondence for real groups [1]. Stable rational forms behave more
simply than the set of strong rational forms envisioned by Vogan in [17], Problem
9.3—in particular, we have avoided introducing a pro-finite covering of G-—and unlike
the set of rigid rational forms Vogan introduces, R(k, G) is a finite set even when the
center of G is infinite.

We propose that stable rational forms be used in the local Langlands conjecture
as follows. The complex dual group G acts on the set of pairs (¢, p) where ¢ is a
Langlands parameter and p € Sy, with ¢ € G sending a pair (¢,p) to (9¢,g - p) =
(Ad(g) o ¢, Ad(§)*p), where § € G is any preimage of g. (Since G — G is a central
isogeny, any choice of § yields the same element of Sp4(g)os, and the map Sy — R(k, G)

factors through this action on Sy.)

Conjecture 2.5 Suppose G is a quasi—split reductive k—group, split over K. Let T €
ZMk,Gaq), and 0 € R(k, G) mapping to [7] € H'(k, Gag). The irreducible admissible
representations of the inner form G, are in natural one—to—one correspondence with
G-orbits of pairs (¢, p), where ¢ : W' — LG is a Langlands parameter, and p € Sy

such that p maps to o.

A pure rational form 77%"¢ € H!(k, G) determines a stable rational form 7*(7P%"¢)
in R(k,G), via the map m* : Hom(mo(Z(*G)),C*) — Hom(mo(r~Y(Z(FG))),C*). It

is clear that the fiber Sy(7*(7P*"¢)) is in bijection with S5*"*(77¢).

Proposition 2.6 If 1,75 € R(k, G) lie over the same rational form 7 € H*(k, G,q),
and ¢ is any Langlands parameter for G, then the fibers Sy;(11) and Sg(m) are in

natural byjection.
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Proof. View 7y and 7, as elements of Hom(r~!(Z(£G)),C*). The map R(k,G) —
H(k, Gqq) is the restriction to [G, G] N7~ (Z(*G)). The product m57; ! is trivial on

this subgroup, and gives a homomorphism
kY Z(EQ))/ ([G, G n w‘l(Z(LG))) . Cx, (2.16)

The quotient on the left is isomorphic to Ry/ ([é L GlnmYZ (% G))) Thus the map
p — pk gives a map Sy — S, sending the fiber Sy(71) — Sy(72), as desired. O

In Chapter 3, we will verify that G-orbits of pairs (¢, p), where ¢ : W' — LG is a
tame regular semisimple elliptic Langlands parameter, and p € S; such that p maps
to o, are in natural one-to—one correspondence with the class of Deligne-Lusztig

representations, giving evidence for our formulation of Conjecture 2.5.

2.3 Unramified groups

Now assume that G is a quasi-split k—group that splits over K = k¥"". In this
situation, we may describe R(k, G) in terms of group cohomology.

Let Fr be a generator for I'/,. Through the quasi-split structure on G, Fr acts
on X and XV with finite order, through a finite-order automorphism we denote F.
For the cyclic action on X, for example, we have X ({F)) = (1 — F)X, and the group
of coinvariants is X/(1 — F)X.

When R is a discrete group with a continuous action of an infinite topologically
cyclic group C = (1) (for example, the unramified Galois group g/ = (F)), we

often will view cocycles in Z!(C, R) as elements in R:

Lemma 2.7 ([3], Section 2.1) Let R be a discrete group with a continuous action

of an infinite topologically cyclic group C = (7). Let

Ap={geR:g-7(9)----- ™ (g) = 1}. (2.17)
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Then evaluation at T defines a bijection
ZYC,R) — Up>1 4% (2.18)
in which «, 8 € Z*(C, R) are cohomologous if and only if the corresponding elements

g, h € R are T-conjugate, i.e. there exists x € R such that h = zgr(z™1).

When we take this viewpoint, if g is an element of R regarded as a cocycle, we will
write [g] for the cohomology class it represents.

Sometimes we have a further interpretation:

Lemma 2.8 ([3], Lemma 2.3.1) If, furthermore, R is a finitely generated abelian
group, then

ZYC,R)={r € R:mr € (1 — )R for some m > 1}.

Under this interpretation, we have:

Hl(kaGad) = ZI(K/k>X—vad) (219)
Rup(k,G) = ZY(K/k,XV) (2.20)
R(k,G) = ZNK/k XV)/B'(K/k X). (2.21)

This point of view will be useful in the next chapter.



Chapter 3

Deligne—Lusztig Representations

3.1 A Class of Depth Zero Supercuspidal Repre-
sentations

Definition 3.1 Let ¢ : W' — LG be a Langlands parameter, and say it determines
ap € Z'(W,G) and Ny € §. We say that ¢ is tame if ¢(y) = for ally € I*. If ¢ is
tame, we say that it is regular semisimple if the centralizer Zys(0y(Z)) is a mazimal
torus of G. We say that ¢ is elliptic if the identity component of G® is contained in
Z=2Z(G).

Recently, DeBacker and Reeder [3] have associated a depth zero supercuspidal repre-
sentation of a pure rational form to every pure extension of a tame, regular semisimple,
elliptic Langlands parameter.

The supercuspidal representations DeBacker and Reeder construct are precisely
those compactly induced modulo center from unramified twists of the inflation of a
Deligne-Lusztig representation Rgg to a parahoric subgroup P over k from its reduc-
tive quotient P = P/ Py, where (S, 6) is a representative of any geometric conjugacy
class of the finite group P such that S is a minisotropic maximal f-torus of P and

6 € Hom(S(f), C*) is in general position. We will call this class the class of represen-

23
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tations of Deligne—Lusztig type. The Deligne-Lusztig representations are some depth
zero, supercuspidal ([3], Lemma 4.5.1), irreducible representations of G,(k). We will

parameterize the same class of representations for non—pure inner forms.

3.2 Some Weyl groups

We begin by comparing the setup of [3] in the cases of G, G, and Go4. The Frobenius
element in I'k/x acts on the group of K—points G = G(K) through the quasi-split
structure by an action we denote F', and we may take the Cartan—Borel pair T C B
so that T and B are F-stable and T is K-split; write T = T(K). Writen: G — G
for the restriction of the covering map G — G; the map 7 need not be surjective.
Let T be the maximal torus in G containing 7(T). Let X,(T) = Hom(K*,T), and
write A(G,T) = X.(T) ®z R for the apartment of 7 in G over K. Because T is
K-split, we have a natural isomorphism XV — X,(T'). The apartment is naturally
embedded in the building B(G) (see Tits [16]), which carries natural actions by G and
G. Additionally, Ng(T), N5(T), W, and W,q act on X,(T) and hence on A(G,T),
preserving the simplicial structure. There is also an action by I'x/, on both A(G,T)
and B(G); again we denote the action of the Frobenius generator by F. The map
n induces a bijection of affine spaces 7, : A(G,T) — A(G,T) with the same the
simplicial structure. However, the orbits of Ng(T') on A(G,T) may be smaller than
the orbits of Nz(T) on A(G,T).

Let Ok be the ring of integers in K, and put T° = T(Ok), T, = T,a(Ok), and
T = T(Ok). We have affine Weyl groups for G, G4, and G, which we may compute

over K:
W = Ng(T)/T° Wag = No,,(Taa) /T, W=Ng/T°  (3.1)

The finite Weyl group W = Ng_,(Tus)/Toa appears as a quotient of each of these
groups, via the maps W — W — W,4 induced by the reductions G — G — Ggq. If
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a,b e W (or W or Wyg), write a * b for abF(a™").

Let C C A(G,T) be an F-stable alcove, and let o be an F-stable hyperspecial
vertex in its closure. We use the same notation for the images of o and C in A(G, T)
and A(Ggg, Tyg). Write W for the stabilizer of o in W; the natural inclusion maps
induce isomorphisms with the stabilizer of o in W, or W, and these groups are
canonically isomorphic to W. Fix lifts 1 € Ng(T) of each W € W°. Then n(w) is a
lift of w up to Nz(T).

Write W for the subgroup of W generated by reflections in the walls of C, and
W€ for the stabilizer of C in W (not the pointwise stabilizer). Similarly, write (Wu4),

WS, We, and WC, but note that W & (W,4) . = We. Thus we have decompositions:

W=X"xWwe Waa = X, 1 W° W=X"xWe° (3.2)
W =WexWC¢ Wog = We x W, W =Wex W (3.3)

On the dual side, recall the Cartan-Borel pair T C B in G fixed when defining
the semidirect product structure on the L-group !G. Let W = Nx(T)/T. Via the
transpose map, there is a canonical isomorphism W — W. Inside ‘G, I acts on G by
conjugation; write F' for the automorphism by which the Frobenius generator acts.

This action stabilizes T' and B by assumption.

3.3 Construction

Let G be a quasi-split reductive k-group, split over K. Let ¢ be a tame regular
semisimple elliptic Langlands parameter, and p € S;. Suppose p mapstoo € R(k, G),
in the preimage of [7] € H'(k, G,q). We construct a Deligne-Lusztig representation

T = T(,p) as follows.
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3.3.1 Computation of Sy

First, we invoke DeBacker and Reeder’s interpretation of a tame regular semisimple
elliptic Langlands parameter ¢. Recall from Chapter 1 the cocycle oy and the nilpo-
tent element N, € § attached to ¢. Because Zgz(ay(Z)) is a torus, Ny = 0. Let
Fr € W be a Frobenius element. The continuity of ¢ forces ay|; to factor through
a finite cyclic quotient. Let n = ay4(Fr). The semidirect product structure on W
(see equation (1.12)) forces n € Nx(Za(ay(Z))); by the assumption that ¢ is regular,
this is the normalizer of a maximal torus in G. We say that ¢ is in good position if
ays(Z) C T any tame regular semisimple ¢ is conjugate to one in good position. As-
sume ¢ is in good position. Then n determines an element @ € W, and the centralizer
G® = T%F . The assumption that ¢ is elliptic implies that the identity component
of G¢ is contained in Z(G), so that w is an elliptic element of W. The set of pure
extensions S5 is the set of characters of To(G®) = mo(T™F).

Under the transpose isomorphism W 2 W and the isomorphism W = W°, let
w correspond to w € W°. Since XV = Hom(T,C*), Proposition 2.1 yields SHC =
Hom(mo(T%F),C*) = (XV/(1 —wF)XV),, .
SE¢ = H'((wF),XY). Observe that Z'({(wF),X") is the set of elements in X
whose image in (XV/(1 — wF)XV) has finite order. (In [3], this set of cocycles is
denoted X,,.)

By Lemmas 2.7 and 2.8, we also have

Using the set Ry = {t € T : w(t) € T*F}, Proposition 2.1 similarly allows us to
identify
Sy = (XV/(l - wF)XV) . (3.4)

tor

Because (1 —wF)X" has finite index in (1 —wF) X", we may identify the right hand
side as Z'((wF), XV)/B'((wF), XV).
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3.3.2 Computation of R(k,G)

Henceforth we will regard XV as a subgroup of W via the map A — t,, sending a
cocharacter A to translation by A. Similarly, we will regard XV as a subgroup of W.
Because the coroot lattice is XV N Wg = ZAY, we have XV =XV / XV N Wg. The
splitting W = W¢ x w¢ yields a homomorphism W — WC; because we also have
W = XY x We° and W C Wy, it induces an isomorphism XV — WC.

This identification, and its analogue for XV, give a natural bijection
R(k,G) = ZY(K/k,WC) /B (K [k, W°). (3.5)

Write N for N5(T), and N for the preimage of W€ in N. By Lemma 2.2.3 of [3],
the map

ZN Kk, NCY — ZMNK/k, WE) (3.6)

is surjective. For each b € Z'(K/k, WC), choose a lift b € ZI(K/k,—NC); this cocycle
specifies an inner form of G. Write F}, for the automorphism Ad(b)oF of G, G, or Gyg,
and also for the automorphism bF of XV, XV, XY, or of the associated apartments.
More generally, for z € W, we write F, for the composite zF inside the automor-
phism group of XV, XV, XY, or the associated apartments, and for the map Ad(z)oF
on the associated tori. We will only use this notation when F} is a finite—order auto-

morphism of all of these objects. We will write Z!(F;, —) in place of Z'({F,), —).

3.3.3 Assigning representations to cocycles

We now construct a Deligne-Lusztig representation for each X € Z(F,, XV).

Since A € Z'(F,, XV), the element t\wF € XV x (Fr) has finite order, and hence
fixes a point zy € A(G,T). Because C is a fundamental domain for the action of W,
there exists r € W such that rzy € C, the closure of the alcove C. Factor r = ror®,

where rc € XV NW¢ and r° € W°. The point z = rx is in the closure of C; let J be
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the facet of A(G,T) in which it lies. The transformation 7(¢ywF)r~! fixes the point
z and stabilizes the facet J.

Under the factorization W = W¢ x W€, suppose
rtawF(r~!) = zb (3.7)
with z € We and b € WC. Then
r=r(t\wF)r tz = (rty\wF(r V) F)z = (2bF)z = 2(bFz).

We have both bFz € C and z(bFz) € C. Since C is a fundamental domain for
the action of W, this implies that bFz = z(bFz) = x. Thus, the element z is Fy—
fixed and the facet J is Fy-stable. We conclude that J%* is a nonempty facet in the
apartment A(G, T)™ of Gy over k.

The map S, — R(k, G) is induced from the map W — WC sending t, to b. Since
W is normal in W, the map does not depend on the choice of r; in particular it does
not depend on the representative A of p.

We have z € Wj, the subgroup of W generated by reflections through hyper-
planes containing J. The group W; may be naturally identified with the Weyl group
W(Gy, T) of the finite group G,. Because J is F,—stable, the Frobenius automorphism
F, gives an f-structure on the finite reductive group Gy = G;/G¥. By the Lang-
Steinberg theorem, there exists p € G; such that p~'Fy(p) = 2. Then S = Ad(p)T is
an Fy-stable maximal k-torus in G;. Write Sg, for S with the k-structure given by
F.

The torus Sp, is minisotropic because the image of 2zb in W is elliptic. Indeed,
suppose w € X© such that Ad(p)ow € Homy(k ", Sg,). Then Fy(Ad(p)ow(F~la)) =
Ad(p)ow(a) foralla € k. Conjugating by p~!, this amounts to Ad(2)Fy(w(F~ta)) =
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w(a). But

Ad(z)Fy(w(F'a)) = Ad(zb)w(a)
= Ad(rtywF(r™))w(a)
= Ad(rtrF(r™")) o Ad(F(r)wF(r™))(w(a))
= Ad(""w)(w(a)) (3.8)

where the last line uses the fact that 7ty F(r~') € T since F' and Ng(T) preserve T.
We have deduced that *"%w = w; since w (and hence F(Mw) is elliptic, this forces
For Dy e X,((Z(G))°), so w € X,((Z(G))"), as desired.

Factor zb = ty,wp with t), € XV and wy, € W°. Write T,, for T with the k-
structure given by Fy,. Then Ad(p) : TF,, — S, is an isomorphism of k-groups: for

s € S, s = Ad(p)t, we have
Fy(Ad(p)t) = Fy(ptp™) = pp~ Fy(ptp~")pp~" = Ad(p)(Ad(2) Fy(t)) = Ad(p)(Fun (t))-
In particular, there are natural isomorphisms

LSk = Tp, =T xp, T (3.9)

where W, € W is dual to wy € We°.

The local Langlands correspondence for abelian groups [8] gives a bijection be-
tween tame Langlands parameters of a torus and its depth zero characters; the de-
tails we need are in [3], section 4.3 in the semisimple case, and in [13] reductive
groups. First, we need to extract from ¢ a Langlands parameter ¢? for Tr,,. Let

Ga = G/[G,G) be the maximal abelian quotient of G.

Lemma 3.2 ([13]) The canonical map

T/(1 = woF)T — Gap/(1 — F)Gg (3.10)
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s a bijection. The left hand side is in natural bijection with the equivalence classes

of Langlands parameters ¢* for T, such that agr|, = oy|; inside T

Take 7 € Ngz(T) such that the image of # in W is dual to the image of r in W.
Choose ¢ to correspond to the image of Ad(F)(¢(Fr)) in the right hand side of
equation (3.10).

Let S = S/S N G}. Our choice of uniformizer w for k gives a decomposition
TFeo = (TF»0)° x (XV)f™ into compact and hyperbolic parts; thereby we get a

decomposition
Hom(T*wo, C*) = Hom((TFMO)O, CH® Hom(TF‘”O/(TFwO)O, C*) (3.11)

of depth zero characters into characters of S** and unramified characters of the k-
torus TF«. The tame Langlands correspondence for abelian groups produces a depth
zero character of 7" from ¢T; suppose its decomposition above is 6}, ® x5 . Then
Ad(p)"(6%,) factors to give a character 6y, of the torus S* of the finite group G
This character is in general position because ¢ was regular semisimple. Take X, to
be the unramified character Ad(p)*(x3,) of T . Because wyo is elliptic, Ty, is an
minisotropic torus in G, so this unramified character must factor to a character of
the center Zy(k) of Gy(k).

The representation ), we associate to A and our choice of r is

— Gy(k) (GJ)
Tar = IndZ:(k)(GJ)b(k)XA)T ® 5((GJ)Fba SFb)R(S,‘é)fT) (3'12)

where (G g, , Sr,) is the sign
(G, S) = (_1)raﬂkk((GJ)Fb)‘rankk(SFb) (3.13)

and Rﬁgéi"r) is the Deligne-Lusztig generalized character associated to the geometric

conjugacy class containing (S, 8y ) for the finite reductive group G;/G7; the product
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is the character of an irreducible representation of G, which we inflate to G%*. The

proof of Theorem 4.5.1 of [3] goes through to show that 7, is irreducible.

3.3.4 Independence of choices

Now we show that the representation ), is independent of our choice of  in the
preceding subsection. Suppose that v’ € W¢ and r'zq € C. Then ' € Wy -r. Via
W = We x WO, factor r'(t\w)F(r'™!) = 2/¥. Because W is normal in W and
7 € Wyr, ¥ =b. Take p' € G such that p’ 'Fy(p') = /. Let S' = Ad(p')T, again
a minisotropic, Fp—stable maximal k—torus. It is clear from our construction that
Ad(p’p™!)" sends the geometric conjugacy class (S, 6) constructed from r and ¢ to
(57,6'), and that my, = 7.

Furthermore, the representation 7, depends only on the class p = [A] of A in S,.

Suppose that A = X + (1 — wF)v for some v € XV. Then t) = t,tywF(t;)w™! and
tawF =t,(tywF)t,? (3.14)

Let x;, be the point fixed by tywF. Then zo = t,xy is fixed by tx\wF. Given r' € W¢
with 'z, € C, and r € W such that rzg € C, let r¢ = r'(rt,)”" € WC. We have
r¢bF (rcﬁl) = b by equation (3.14), which establishes that these two elements have
the same image in W/W¢, and the fact that C is F—stable, which shows that the left
hand side belongs to W¢.

The facet J’ associated to ¢ and X is r°J. Let b € Z!(F, 7\70) be a lift of b. For
any lift 7€ of 7€, Ad(rC) induces an isomorphism of k—groups between G; and Gy,

where ¥ = ;EVT)F(r—Cbl): for z € GF,
Ad(rC)(F(z)) = Ad(rCb) F(z) = Ad(V F(rC))F (z) = Fy(Ad(rC)z).

Because r¢J = J’, Ad(r%) sends the subgroup G to G;. Suppose p € G; and
S = Ad(p)T such that p~'Fy(p) = z, with z as above. Then p' = Ad(rC)p € G



CHAPTER 3. DELIGNE-LUSZTIG REPRESENTATIONS 32

satisfies

P Fy () = 1Op~7C  Ad(rCbF(rC ))F(rCprC )
= 70T (rOBF(p)5 7O )

= (7' ()

= 7Z.
We conclude that Ad(p')T is a torus in G, of type 2’ € W with respect to the F
f-structure on G .

The characters x and 67 constructed above depend only on ¢ and not on p. Thus,
the pairs (S,6) = (Ad(p)T, Ad(p)*6}) and (S',60') = (Ad(p')T, Ad(p')"6}) are identi-
fied under Ad(rc) : Gy — Gy, and the representation 7y ,» = my . We have already
shown that 7, , is independent of 7; we conclude that we get the same representation
T(4,p) = Ta,r for all choices of A above ¢, and all choices of r.

Finally, we consider G-conjugate extended Langlands parameters. Suppose that
(¢, 0') = (9%, g- p) for some g € G, and that ¢ and ¢ both are in good position. This
forces g € Na(T).

Let a € W° be the element dual to the class of g in W. Say X represents p € Sg-
If w € W is the element associated to ¢, we have @’ = ¢ * W associated to ¢/,
and A = 9\ represents p’ € Sy. On the p-adic side, ty = %) and v’ = a * w.
Because a € W¢ and a(tywF)a™! = tyw'F, the facet J C C determined by ¢ and
A matches J’ corresponding to ¢’ and A. From the fact that t{ywF and tyw'F are
W-conjugate and that z = z’, the elements z € W, and b € WC determined by
(¢,A) and (&', N) also match. In particular, both extended Langlands parameters
determine the same wy € W°. We deduce that the characters x4 and x4 are equal,

and that the geometric conjugacy classes (S, 8) and (S, €') match, because they are
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determined by the downward arrows in the commuting diagram

Ad(a
T, d(a) T,

Adk ;Kd(r’)

Two

in which the horizontal map is dual to the corresponding isomorphism Ad(g) : T xp,

| X , I' of L-groups. Thus m ) = 7y p)-

3.3.5 Exhaustion of Deligne—Lusztig representations

Consider a stable rational form on G, represented by some element b € Z(K/k, W©).

Let 7 be a representation of G, of Deligne—Lusztig type. Write
Gy(k G
™ = I, 00 (X ® (G, S)REy)

for some J C A(G,T), some unramified character x, and some geometric conjugacy
class (S,60) of G,, with S minisotropic for the Fy—structure on G;. Because C is a
fundamental domain for the action of W, we may and do assume that J C C. We
wish to find ¢ and p such that 7 = 74 ;).

Take p € G, such that Ad(p)T = S. Let z = p~'Fy(p) € W,. Because S is
minisotropic, the image of zb in W is elliptic (reversing the logic of equation (3.8)).
Factor zb = tyw with A € XV and w € W°. We claim that X € Z'(F,, X"), in other
words, that {ywF has finite order. The facet J is stabilized by Ad(b) o F' and fixed
by z. The element bF belongs to the finite group W¢ x (F) (where we quotient by
F™ if the quasi-split form G splits over a degree m unramified extension), and z has
finite order because it belongs to the finite group G;. Because the Weyl group W is
F,—stable, Ad(zb) o F' must have finite order, as desired.

Consider the character 7 = Ad(p~!)"0 of T and the unramified character x” =

Ad(p~1)"x of TF». Let ¢¥ be the Langlands parameter of Tf, corresponding to



CHAPTER 3. DELIGNE-LUSZTIG REPRESENTATIONS 34

6T @ xT under equation (3.11). Let n’ € Ng(T) be a lift of w. Under the bijection
(3.10), the class of n’ might not correspond to the class determined by ¢7; however,
by multiplying by a suitable element of T', we may replace n’ by n € N(T) that does
correspond to ¢ and still is a lift of w. We define the tame regular semisimple elliptic
Langlands parameter ¢ for G by the conditions ay|, = ayr ’I and ay(Fr) =n. Let p
be the class of the cocycle X in Sy. Then (g, = .

3.3.6 Non—duplication of representations

Suppose (¢, p) and (¢', p') are extended Langlands parameters over a stable rational
form [y] € R(k,G), represented by y € Z'((F),W°) under equation (3.5). Let
G, be the group inner to G with a k-structure in which 'k, acts by Fj, where
g€ Z\(F, Nc) descends to y. We show that if 7y ) = 974, for some g € G, (k),
then there exists § € “G such that (¢, p') =9(¢, p).

Without loss of generality, we may assume that ¢ and ¢’ are in good position,
determining W, w’ € W, and that @ and w’ and the representatives A and ) of p and
o' are chosen such that txwF and tyw'F fix points z and 2’ in C. Take z, b, J, S, 6,
2,0V, J', S and € associated to (¢, \) and (¢’, ') as in previous subsections.

First, we replace (A, w) and (X, w’) with more felicitous choices, so that our rep-
resentations may all be constructed inside G,. Because (¢, ) and (¢/, \') both map
to [y], there exist ¢, € WC such that cxb =y = ¢ *¥. Let ¢,¢ € Ng(T) be
dual to the images of ¢ and ¢ in W; we then have &(bF)é~! = §F. Replacing (¢, \)
by (¢¢,°)A) and (¢, X) by (€¢’,¥X), we may assume that b = y = ', on top of our
previous assumptions.

Write

Gy(k (Gs)
T=T(gp) = Indz?k)gcnb(k)x ®e(Gy, S)R(S,;)b

Gy (k) (G 1)
7 = T p) = Inle(Jk)(GJ/)b,(k)X/ & E(GJI, S,)R(S/fel)b
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By Theorem 5.2 of [11], the types (Gj,e(G, S)Rsg) and (G, (G, S")R(s 91))
must be associate. Using the fact G; is a maximal parahoric in G, this means there
exists g € G(k) such that gJ = J' and g(e(GJ,S)Rgggy) = <6(GJ/,S’)RE§,{(',2§’) as
representations of (G ),; we may take g to be in (Ng(T))™. Consequently, (S, 90)
and (S',0') belong to the same geometric conjugacy class, so there exists h € Ng ,(T)
such that ("95,790) = (S’,0') and h~1F,(h) € T. Let a be the image of hg in W%
If & € Ny(T) is dual to the image of a in W, then (%@, %p) is an extended Langlands
parameter that yields the facet J’, the k—structure given by F,, and the pair (5, 6').
We know that a(t\wF)a™! = z"yF for some z” € Wj. On the other hand, with y

fixed, z” is uniquely determined by the pair (§',6'), so 2” = 2’. Since
a(tywF)a™ = 2'yF = tyw'F, (3.15)

both aa,(Fr) and oy (Fr) have image w’ in W. Because w' is elliptic, there exists
¢ € T such that aiag(Fr) = ag (Fr). Both Langlands parameters yield the character ¢’
of S’; since this character is regular, we must have ¢ = ¢'. If the element a € W is
decomposed as ata® with a* € XV N W and a® € W°, then ®w = w, so by equation
(3.15),

) =@\ = )N mod(1—-wF)X". (3.16)

Thus (“¢,fa - p) = (¢, p') as desired. [

3.4 Behavior in SL,

As an example of how Langlands parameter extensions and their corresponding rep-
resentations behave with respect to coverings, we consider the group G = SL». Here,
H(k,G) = 1 by Kneser’s Theorem [5], but R(k,G,q) = Z/27Z. Take 7 = —1 €
R(k,G). Then G,(k) = SL,(D), the norm—one elements of a central simple algebra

D of dimension 4 over k. Let k5 be the unramified quadratic extension of k. We may
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L=Fg for z € ky and a® = —1.

write D = ko ® koa, where a € D satisfies axa™

Recall the covering n: G — G, where G = PGL;3. Suppose ¢qq is a tame regular
semisimple elliptic Langlands parameter for PGL,. We have an L-homomorphism
Ly . 'PGLy — LSL,, providing a Langlands parameter ¢ = L7 o ¢oq for SLy. We
have “PGLy = G x T and SLy = G x I, where G = SLy(C) and G = PGL,(C).
Fix Cartan and Borel subgroups T C B C G, and let T C B be their covers in G.
Suppose ¢4 to be in good position with respect to T, so that ag,,(Fr) represents the

nontrivial element of W(G,T) = W(G,T). Then
Speg = G?¢ = T% = {+1} = Z(SLy(C)) = R(k, Gaa). (3.17)

Each fiber of r : S , — H'(k, Ggq) has a unique element, and DeBacker and Reeder
have constructed corresponding representations 74 _, 1) of PGL2(k) and 74, —1) of
PGL,(D).

Consider an apartment A = A(G,T) of SLs; it may naturally be identified with
a particular apartment of PGL,. Choose a vertex o as the origin, and let a be an
affine root that vanishes there. Let C' be the chamber between the hyperplanes where
o and o + 1 respectively vanish. There is a generator A for XV = Xpar, sending o
to a + 1; the element 2 is a generator for XV = X, .

The Weyl group W = W(PGLy, T,q) acts transitively on the vertices of A, but
W = W(SL,, T) has two orbits, consisting of the vertices where the roots a+k vanish
for k odd and even, respectively. Let J be the vertex where « vanishes and J' be
the vertex where o + 1 vanishes. Let w € W*° be the nontrivial reflection. Through
the above constructions, ¢,4 determines a character 9:;1“1 of ch:;‘“, and ¢ determines its
restriction 67 to Tw.

If S is an anisotropic torus of (PGL,);, then S = n~(S) is an anisotropic torus

of (SL2),. Because the restriction of m(4,,1) to (PGLg), contains —1- Rz, ,, the

ad)’

restriction of n*(m,, 1)) must contain —1- R(gg).
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The types (J, R(s,g)) and (J', R(s¢y) are not associate, so we have found two
inequivalent irreducible representations in the restriction of 7(4_, 1) to G. These rep-
resentations appear as representations g ) for p € S, as follows. By equation (3.4),

we calculate
Sy = Z ((sa), XV)/B ((sa), XV) = XV/2XV = XV /4X" (3.18)

and by equation (2.21), we have

R(k,G)=XV/(1- )XV =X"=X"/X"=X"/2X", (3.19)
The map Sy — R(k, G) corresponds to XV /4X" — XV/2X", and each fiber has two
elements.

Over the split form in R(k,G), we have the classes in Sy corresponding to 1
and t3. Both 1 and ¢} are in W¢, so the element b of equation (3.7) is 1. The
corresponding facets are those fixed by s, and #2s,, namely J = o and J' = t50. Any
irreducible representation 7 of SL, in the restriction of my_, 1) has one of the two
K-types (J, —Rs)) or (J', —R(s¢), but 7 1) and T(4,2) are the unique irreducible

representations with these properties. We have precisely
Resg (k)T (g0a1) = T(s,1) © T(g,3)- (3.20)

Over the fiber of 7 = —1 € R(k, G), we have the classes corresponding to ty and
t3. Write p for the class of ¢, in S,. The elements tys, and t3s, preserve z and ¢z,

where z is the barycenter of C. However, s, € W satisfies

5o (trSq) = t5 'Sa = 1354 mod (1 —wF)X{;, (3.21)
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Let

S
[

€ SLy(C)

t 0
and let 72 be its image in Ng(T). Let ¢’ = "¢. Observe that Ry = Ry in G. We have
("¢, 7 -p) = (¢',p7"). Both (¢,p) and (¢, p~') determine the same character 87 of
T*w (see the discussion under Lemma 3.10), and the same representation of G, (k).
The representation arising from the character *(67), on the other hand, arises from
either ("¢, p) or the equivalent extended parameter (¢, p~!).

The identification of these representations works differently than over the split
fiber. There, the representations associated to the extended parameters (¢,1) and
("#,1) match because the nontrivial Weyl group (W (G, T))" transposes the corre-

sponding parameters for the L-group of the split torus 7.



Chapter 4

Induction

4.1 Compatibility of stable rational forms

Suppose G is a quasi-split connected reductive group defined over a p-adic field k,
with k—stable Cartan and Borel subgroups T C B. Consider a standard parabolic
subgroup P = LU of G such that P, L, and U are each defined over k. Let (¢, p%)
be an extended Langlands parameter for L.

Following [17], we define the infinitesimal character of a Langlands parameter ¢
for G to be ¢},,. The inclusion of L in G induces an L-homomorphism ¢ : L — ¢G
on the dual group side. By a slight abuse of terminology, we say that a Langlands
parameter ¢ for L is the infinitesimal character of ¢ if the composite to ¢ Iw = ¢,
Whenever we view an infinitesimal character as a Langlands parameter, we consider
the Langlands parameter to be trivial on the nilpotent part of the Weil-Deligne group.

Let B(G) be the (extended) building of G. The inclusion of L in G determines a
map B(L) — B(G). Consider a K-split, maximally k-split torus T of L. There is
an embedding A(L,T) — A(G,T). Both apartments are affine spaces of the same
dimension, but A(G,T) has more hyperplanes.

The based root datum for L is (X, Ar, XV, AY) for some subsets Ay, C A and
AY C AV. Let Xy and XY be the cocharacter lattices of the quotients L and G

39
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constructed in Chapter 2. These differ, but both lattices embed into XV ® R. Write
XV for the intersection Xy N XY inside this affine space, and XV for XV JZAY. There
is a natural map (but not necessarily a surjection) XV - XY JZAY, so that we get a
map Z'(k, XV) — R(k,L).

Suppose T € R(k, G) is a stable rational form for which L is defined over k. The
criterion for a translation t) € X & to preserve A(L,T) is that it live in the subgroup
XV. Therefore, representatives of 7 must come from Z'(k, —X_V)

Let 7% be the stable rational form of L defined by the extended Langlands pa-
rameter (¢%, p*) corresponding to m* above. Suppose ¢ is a Langlands parameter of

+ with infinitesimal character ¢~. If the rational form in H!(k, L,q) associated to 77
arises from a rational form on G, then 77 is represented by a cocycle in Z l(k,)—ﬁ).
Let 7 € R(k, G) be the stable rational form of G obtained from (any) representative
of 7L via the map Zl(k‘,—)z_v) — Zl(k,}?g).

Although the map L — G might not lift to a map L — G, there is a relationship

between the parameter extensions Sy and S,. From the lattices

XY = (Xg,NnXxy,)+XY (4.1)
X = {xe€X:(x,w)eZforallwe X"} (4.2)

we obtain the based root datum (X, X V,Arp,AY) of a quotient of L that covers
L. Calling the corresponding reductive algebraic group L, we may factor the map

n =ng : L — L of Chapter 2 as

LAL, BL (4.3)
and the dual map = = 7 as
L my, (4.4)

Through Proposition 2.1, the image of Zl(k,—)z_\’)/Bl(k,_)WL) in R(k,L) may be
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identified with L7," (Hom(mo(Ym " (Z(XG))),C)). Recall that Ry = 77 (£¢"), and
Sy = Hom(mo(Rye), C*). The fiber

Spu (1) = Eny"({o € Hom(mo(Pm ™ (£9%)),C) : 0lup, 150y = 751)-  (45)

The based root data show that there is a natural map i : LL; — G, and we have:

L1, : LG (4.6)
Ly m
Ly, - e
N
1%%

A comparison of Sy and S,. will require an analysis of the various ¢ with infinitesimal
character ¢, which we will perform later in this chapter. The simplest example comes
from the Langlands parameter ¢y = ¢ o ¢*. Then we have maps Lnl_l(f}¢L) 5
L@, inducing a restriction map Sy, (1) — Ssu(7L). For other ¢ with infinitesimal
character ¢%, we do not always expect elements of S4(7) to determine elements of
Syr (1), particularly if there exist p, p2 € Sy (L) such that Inng('fr(qu’pl) ®1ly) =

Inng(ﬂ'(qu’p:Z) ® 1y).

4.2 Parabolic induction and infinitesimal charac-

ters

The case of principal series gives a prototype for the relationship between parabolic
induction of representations and extensions of Langlands parameters. Consider the
situation where L = T and P = B. Identify T with the subgroup T x I' of LG.

Given an unramified character x of T(k) corresponding to a Langlands parameter
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¢T : W — LT, the work of Kazhdan and Lusztig [4] placed the subquotients of
Indg((f))(/f ® 1y) in correspondence with some of the pairs (N, p), with N € § such
that Ad(¢”(Fr))N = ¢N, and p a representation of the component group of the
centralizer Zs(¢” (Fr)) N Zg(N), trivial on Z(*G). (Here, ¢ is the order of f.) These
pairs may be regarded as certain pairs (¢, p) with ¢ a Langlands parameter having
infinitesimal character ¢7, and p € Sy(1).

When one tries to remove the word “certain” in the above correspondence, one
obtains not only principal series but the class of all unipotent representations [9], [10].
We wish to describe Lusztig’s result in a particularly suggestive way.

We have fixed a K-split maximally k-split torus T and a Borel subgroup TU
of G. Following, e.g., Moy and Prasad [12] Section 6.3, we assign a Levi subgroup
M of a standard parabolic subgroup of G to every I'y—stable facet J C A(G,T) as
follows. Let C be the maximal f-split torus contained in the center of the reductive
quotient G; of the parahoric subgroup G;. Lift C to T' to obtain a subtorus T of S.
The group M = Z(C) is a Levi subgroup of G with the desired properties. Because
M contains T, there is a natural embedding A(M,T) — A(G,T), and J is a minimal
F-stable facet in A(M,T). We take M7 = M. Let N” be the unipotent radical of
the parabolic subgroup generated by M” and U.

Assume now that G = Ggq and G is split. Let 7 € Z'(k, G), and suppose that
P = MN is a F;—stable parabolic subgroup of G. Given an unramified Langlands
parameter ¢ with infinitesimal character ¢” and p € Sy(7) = SY¢(7), Lusztig assigns
a representation 7 of G, (k) to (¢, p) in [9], depending only on the G—conjugacy class
of this pair.

Note that in LT, the component group Sgr is trivial. Lusztig’s correspondence

has the following property:

Suppose 7 € R(k,G), and J C A(G,T) is an F,-stable facet. Let

0™ be a unipotent cuspidal representation of G 7, M =M, and « be an
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unramified character of the center of M, (k). Put

M _ Mz (k) M
T =Kk®cC— Ind(MJ)T(k)a )

G (k)

If 7 is an irreducible subquotient of Ind (N (k)

(T ®1N, (x)), then 7 cor-
responds to an extended Langlands parameter (¢, p) such that p € Sy(7)
and ¢|,, = ¢, where ¢7 is the Langlands parameter of T corresponding

to k.

When we think of the word “unramified” as meaning “geometric conjugacy class
(T,1)” (the unipotent cuspidal representations), it suggests an immediate general-
ization of this property. Let M be a k-stable parabolic subgroup of G, and 7 be
a Deligne-Lusztig representation of M. From our result in the previous chapter, it
determines a pair (¢M, pM), with ¢ : W — M a Langlands parameter for M and
pf € Sym. Let b € ZY(K/k,WC),J C A(M,T) be as in the previous chapter. We
have M7 = M. Let N = NY. The type of 7 may be represented by (M, o) for
some representation o™ = ¢ — Ind%ik)GR(s’e).

L associated to b determines a stable rational form

The stable rational form 7
7 € R(k,G), as above. We conjecture that the following property will appear in
a Langlands correspondence between depth zero representations and tame extended

Langlands parameters:

Suppose 7 is an irreducible subquotient of Indf,[:((’;))NT (k)(ﬂ‘M ® 1IN, (k))-

Then 7 corresponds to an extended Langlands parameter (¢, p) such that

¢|W = ¢M-

We would like to add a compatibility condition between p and p™ to this statement.
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4.3 Langlands parameters with a fixed infinitesi-
mal character

Now we return to a standard k—stable parabolic P = LU and a tame regular semisim-
ple elliptic Langlands parameter ¢* for L in good position. Let 7l be the corre-
sponding supercuspidal representation from Chapter 3. We consider the Langlands
parameters for G with infinitesimal character ¢~.

Put ¢o = 1 0 ¢*. Fix a generator s for ay,(Z), and let W be the image of ay, (Fr)
in W. Recall that T is the preimage of T in G. From our description of the based
root data for L and G, it is clear that L = 7~Y(L), which is a parabolic subgroup of
G. The element s is regular semisimple in L, and we have L[#" = T% and Ry = To.

The group Ry, = 7 1(G%) is also the centralizer of 7~!(¢) in G. Recall that
the derived groups of G and L are simply connected. By a theorem of Steinberg, the
centralizer of a semisimple element in G is connected. Suppose § € G with 7(3) = s.
Then G* is a connected, psuedo-Levi subgroup of G. Given a € ®, write U, for
the corresponding root subgroup of G. There exists a subset &, C @ such that
G¥ = <T, Uy:a€ <I>¢> (c¢f. Theorem 3.5.6 in [2]). Because s is regular semisimple
for L, &y N &y = .

Given ¢F tame regular semisimple elliptic, a Langlands parameter ¢ of G with
the property that ¢|,, = ¢ is determined by an element N € § satisfying certain
conditions. To define ¢ from ¢’ and such an N, we use the decomposition of the
Weil-Deligne group W' = W x C, requiring that for z € C, we have ¢(z) = exp(zN).
Put

N(¢*) = {N € g : ¢ as defined above defines a Langlands parameter}. (4.7)

Write ¢y for the Langlands parameter corresponding to N € N (¢F); this notation

extends our definition of ¢g.
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We can characterize the set A(¢F) as follows. The element w determines an
automorphism of ®; we call the set of o/ such that wia = o' for some i the w—orbit
of a, and denote it by [a]. Let n be the minimal positive integer such that @™ € T.

Let ®(4*) denote the set of w-orbits [3] in ® such that for some (equivalently all)
a € [f]:

1. a(s) =1
2. Ad(w™)N4 = q" N,

Fix a Chevalley basis { H,, X, } for §. Given [a] € ®(¢L), fix a € [a]. Let k = |[a]].
Certainly k divides n. Put

k-1
Xlo) = Zq_iAd(wi)(Xa)- (4.8)

We have Ad(w)X|q) = ¢X|q). Write §o) = CX|q). This vector space is independent of

the choices of o and X,.

Proposition 4.1 We have

N(3") = Bpjecasr)dial- (4.9)

Proof. From the structure of the Weil-Deligne group, A (¢%) consists of the
N € g such that ¢(Z) acts trivially on N and such that Ad(¢(Fr))N = gN. It is clear
that the right hand side of equation 4.9 is contained in N (¢%). Conversely, suppose
N € N(¢*). Necessarily N is nilpotent; the projections § — §, determine N, € g,
such that N = ) 4 N, Define complex constants ¢, by N, = coXo. Because
Ad(w)N = gN, we must have cy-1, = g 'co. We deduce that N = Za@(&) CaX[a)-
O
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