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ABSTRACT

- The algebraic structure of the K-theory of a topological space is described

by the more general notion of a lambda ring. We show how computations
in a lambda ring are facilitated by the use of Adams operations, which are
ring homomorphisms, and apply this principle to understand the algebraic
structure.

In a torsion free ring the Adams operations completely determine the lambda
ring. This principle can be used to determine the K-theory of an infinite loop
space functorially in terms of the K-theory of the corresponding spectrum. In
particular we obtain a description of the K-theory of the infinite loop space tmf
in terms of Katz’s ring of divided congruences of modular forms. At primes
greater than 3 we can also relate this to a Hecke algebra.
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1 Introduction

The main goal of this thesis is to describe the K-cohomology of the infinite
loop space Q3°tm f with p-adic coefficients. The algebraic structure of the K-
theory of a space is what is called a A-ring. This structure can be concretely
described if we consider the example of the K-theory of a finite CW-complex
X . In this case the group K°X is obtained by considering the monoid of vector
bundles on X under the operation of direct sum, and introducing additive
inverses. Specifically we take the free abelian group generated by the monoid
and quotient by terms of the form E + F — E ® F. A basic theorem, the
splitting principle, says that any element of K°X can be represented by (the
pullback of) a sum of line bundles. There are various operations on K°X
corresponding to the various constructions that can be performed on vector
bundles. For example it becomes a ring under the operation of tensor product.
There is also the operation of taking the n** exterior power. On a sum of line
bundles E = ) i~ E; we have
AnE=EAn — 7_1_'_ Z Eo(l) R--- ®Err(n)

’ O'GSm

which, upon identifying tensor products in different orders, is the n** elemen-
tary symmetric function in the E; (provided n < m).

The operations A™ are not ring homomorphisms (at least for n > 1). The addi-
tive behaviour is relatively simple to describe but the multiplicative behaviour
is more complicated. However the theory of symmetric functions allows us to
describe the action of A™ on a product. Specifically, it is a classical theorem
that any symmetric polynomial can be written as a polynomial in the elemen-
tary symmetric functions. If we consider a product EQ F = () E;) ® (3 Fj)
then the n*t exterior power will be symmetric under permutations of the E;
and under permutations of the F;. It follows that A"(E @ F') will be a poly-
nomial in the M*(E) and M(F) for k,! < n. This polynomial is independent
of the number of summands, so long as there at least k, and is denoted P,.

Similarly we can consider what happens if we take A™(A™E). The result will be
the m** elementary symmetric function in the summands of the n** elementary
symmetric function. This will still be symmetric in the original summands and
so is a polynomial in A*E for k < mn. Again this is independent of the number
of summands provided that there are at least mn, and the resulting polynomial
is denoted P, 5.

In section 2 we will calculate some of these polynomials P, and P, ,, giving
formulae when it is reasonable to write them down, and giving an effective
method to compute them in general. The key idea is that to understand
these operations that are not ring homomorphisms, we need to relate them to
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operations which are. These operations are called the Adams operations, which
can be defined topologically, but are more easily described algebraically. In
our example of K°X, the Adams operation 1 can be defined as the operation
which sends a sum of line bundles to the sum of their k** (tensorial) power. In
the theory of symmetric functions, the Adams operations are the power sums.
The power sums form a rational basis for the ring of symmetric functions.
This gives us a way to compute the polynomials P, and P, and is also the
starting point for the theory that we will use to describe K*(Q°tm f; Z,).

The formula for the elementary symmetric functions in terms of power sums
gives us the statement that in a torsion free ring, the Adams operations deter-
mine the ) operations. The torsion free condition reflects the need to cancel
coefficients. Bousfield generalized this theorem to describe Z/2-graded A-rings,
which are an algebraic model of K*X. The torsion free condition can be re-
moved if we introduce p-local, or p-adic coefficients, at the expense of replacing
the Adams operation 1/® (which is a ring homomorphism) with a non-additive
operation #P. The point is that once we introduce the coefficients, we only need
to worry about p-torsion. The operation &P is related to ¢® by the formula

PP (z) = 2° + pb*(z).

When we try to write A in terms of the Adams operations, we have a formula
3P = pIP + - - and so @ is exactly what we want to get by cancelling the p.
If we have 8P in advance then we do not need to worry about p-torsion.

Removing the torsion free requirement allows us to describe the p-adic K-
theory of an infinite loop space in terms of the p-adic K-theory of the corre-
sponding spectrum. The idea is that with p-adic coefficients, we have stable
Adams operations 1* for k prime to p. Therefore if we introduce the operation
6? freely we should obtain a A-ring isomorphic to the K-theory of the infinite
loop space. In section 3 we give a detailed explanation of this theory which
we will apply in later sections.

We will apply this theory to the infinite loop space of the spectrum tmf. The
property of tmf that we will use is that for an even periodic spectrum R,
RAtmf can be identified with the stack of elliptic curves E together with an
isomorphism of formal groups E = Gg. In section 4 we use this property to
describe the K-homology of tm f in terms of Katz’s ring of divided congruences.
We can relate K-cohomology to K-homology using the Pontryagin duality
functor and so this gives us a description of the K-cohomology of tmf. We
expand upon this description in section 5 relating the K-cohomology to the
Hecke algebra corresponding to the ring of divided congruences. We then use
Bousfield’s theorem to obtain a description of the K-theory of (Q°tmf.



2 A-rings
We begin with the definition of an abstract A-ring.

Definition 2.1 A A-structure on a commutative unital ring R is a sequence
of maps X" for n > 0 which satisfy the following conditions:

1. X(r)=1forallr€R

2. A\l is the identity map

8. A*1)=0 forn>1

4. A1 +8) =Y p o MNe(r)A"*(s) for allT,s € R

5. X™M(rs) = B, (AX(r), ..., A(r); A1(8), ..., A"(8)) for allT,s € R
6. X™(A(r)) = Ppa(AL(r), ..., \™(r)) for allT € R

where P, and P, are certain universal polynomials with integer coefficients.

We can think of any A-ring as a power series ring as follows. We make 1 +
R[[t]] into a A-ring by defining addition to be multiplication of power series,
multiplication by the formula

o0 o oo
(1+ Zfr‘nt")(l + Z spt™) =1+ ZPn(rl, ceey Ty 81y vey S )"
n=1 n=1

n=1

and the )\ operations by the formula

ANA+ Y ™) =1+ Pon(rs, ., Tmn)t™).

m=1 m=1

The fact that this does define a A-ring structure on 1+ R|[[t]] is a consequence
of certain identities among the universal polynomials (see [Tal69]). The con-
ditions in the definition combine to show that the total A-operation A;(r) =
Yoo A™(r)t" defines an injective A-homomorphism from R into 1 + R][t]].
That is to say it is an identity preserving ring monomorphism which com-
mutes with the A-operations. In particular the injectivity of the map follows
from condition 2.



2.1 The polynomials P, and F,

The universal polynomials P, , and P, that occur in the definition of a A-ring
are somewhat mysterious. The polynomial P, (es,...,ems) can be described
([Tal69]) as the coefficient of t™ in the product [[;¢;, <...ci, cmn (1 +%i; - - - Zin T),
where e; is the i*" elementary symmetric function in the indeterminates ;.
Similarly if f; is the i** elementary symmetric function in indeterminates y;
then Py(e1, -, €n; f1, -y fa) is the coefficient of ¢" in [, ;(1 + z;y;t). These
descriptions arise when we consider the indeterminates x;,1; as universal line
bundles and the operation of taking exterior powers as A-operations. Specifi-
cally we write an element of R as (a pullback of) a sum of line bundles and then
the kP exterior power of this element is the k** elementary symmetric function
in the line bundles in the sum. An interesting problem is to give a more explicit
formula for these polynomials, directly in terms of the e; and f;. For example
since A! is the identity we find that P, ,(ei,...,en) = Pri(e1,...,en) = €n. In
general however it is not true that Py, = P, m as A-operations do not com-
mute. Below we give formulae in the next two simplest cases. In section 2.4 we
will discuss how to compute the formula in general and also how to compute
the polynomials B,.

We begin with the following simple observation about binomial coefficients.

Lemma 2.1 For all m and p we have
m—1 -4 (pm )
=) (=1)F :
("7 )=l
Proof

We prove this by induction on p, noting that for p = 0 the formula reads 1 = 1.
Now for p > 0 the binomial recurrence formula and induction give us

) - ()60
()~ (Se(7-0)
- ()~ (e ()

= Zp:(_l)k (ka)

k=0

I



Proposition 2.1 With the convention that eq = 1 we have for all n that

n
Pg,n(el, ...,Czn) = Z(—l)k+len_k6n+k.

Proof

We can represent a symmetric polynomial by looking at single monomial of
each type in the polynomial. For example z2z,z3 and z,z2z4 have the same
type. In the product e,_ien+r and P, each monomial that occurs has the
same type as Z2- - - Z2Z;iy; - - - Ton—; for some i. To prove the proposition we
will compare the coefficient of this expression that occurs on each side of
the equation. The coefficient of z2--- 22z, -+ - Top—; in ep_genyk is zero if
n—k <iand (72!(1‘;_’),) otherwise. To see this we simply note that the terms in
en—k Which can (and do) give this monomial must contain the indeterminates
x; through z; but then the remaining n — k — ¢ indeterminates can be any
of the 2(n — ¢) indeterminates z;,; through z,,_;. The polynomial P, is
obtained by taking the sum of all possible products of 2 distinct terms z; =
Zi, -+ Zi, and Ty = Zj, - - Tj,. Each index set I such that {1,2,...,4} C I
has a complementary set J such that z;z; = 22 -- - x2x;; - - - Ton—;. There are
(2(:‘:)) ways to choose a suitable index set I. However this would give us the
term z;z; tw1ce (once when we choose I and again when we choose J) so the
coefficient of z2-- - x2xiy1 - - - Top—i In Poy, is 2(2("“’)) = (2(1::’211) Therefore
to prove the proposition it is sufficient to show that

(=97 - g( (20 ))=Z< pr(, 2070 )

k=0

This follows from the lemma with m =2(n —i) and p=n—17— 1. a

An alternative way to express the final calculation above is that

The point here is that extending the sum to include k from —(n — ) to —1
gives the same terms repeated, then adding k = 0 gives exactly the binomial
expansion of (1 — 1)Xn—9),

The case m = 3 is also sufficiently tractable for us to compute.
Proposition 2.2 Let w = —-% + 3§3:z be the cube root of unity. Then for alln

_ n—l
P3,n(ela ooy e311) = E : Cj—1,k—ICIC;Ck
1<i<k, i +k=3n

9



where ct , = 2R(w") unless r = 0,1,3t/2. Ift > 0 then forr = 0,3t/2 the value
of ¢t , is 1 while for r =t it is 2R(wW") + (—1)*'. Ift =1 =0 the coefficient
18 Zero.

An alternative description of the coefficient of eje;jey is that it is 1 if two of
1,3,k are equal and 2R(w'~7) otherwise, except when j = n when we must add
(=1)»"1if | < n, and have zero for e3. We defer the proof of this proposition
for the moment as a different approach will turn out to be much simpler, and
indeed give us a more useable formula in general. This formula was discovered
using similar reasoning to the m = 2 case and then a Maple program to
compute the coefficients. A key point in the calculation is that we can obtain
the n** polynomial from the (n — 1)* by replacing every monomial ejeje;, by

ei+1€j+1€k+1 and adding Zfi:o Ck 3n—kCk€3n—k- Indeed this description is easily
seen to be equivalent to the one given above and the missing terms in P;; give
the exceptions in the general case. The calculation reduces to a triangular
linear system for the last 3n/2 coefficients which is actually reasonable to
solve. In the appendix we give details of this calculation which involves many
relations between binomial coefficients.

2.2 Adams operations

The difficulty in calculating the universal polynomials is in large part due to
the fact that the A-operations are not ring homomorphisms. Indeed they are
are not even group homomorphisms. If we think of our indeterminates as
line bundles and elements of R as formal sums of line bundles then instead
of taking the elementary symmetric functions to get the ) operations we can
take the power sums. This gives us the Adams operations 1". To explain
this let us recall some facts about symmetric functions from [Mac79]. With
indeterminates x1, Z2, ... we call the expression

en= § : xil'..x‘in

the n*h elementary symmetric function. Given a partition p = (u, s, ..) WE
define e, = e,, e,,.... Then the e, as y runs over all partitions form a Z basis
for the ring of symmetric functions A. Equivalently A = Z[e, e, ...].

Dn =Zm?

is called the n** power sum. With p, defined similarly to e, we obtain a Q basis
for AQQ. The power sums and elementary symmetric functions are related as

Similarly the expression

10



follows. For a partition y let m; = m;(u) be the number of times that ¢ occurs
in the partition. Let I(u) be the length of the partition (that is the number
of non-zero parts) and |u| the sum of the parts. Define z, = [];, ©™m;! and

Uy, = =M Then
Z( 1nl(u) —l

n';) 1 mg il
lul=n

1 n—1(p)
=n Z (= ———uue, = Vp(e1, ..., €n).

|el=n

If we think of the indeterminates x; as universal line bundles and the exterior
powers as A operations then e, corresponds to A" and ¥™(x;) = z?. More
precisely we have the following theorem. ([Mac79])

Theorem 2.1 If R is a A-ring then for every x € R there is a unique A-
homomorphism
¢z A— R

which maps e, to . This homomorphism maps e, to A™(z) and p, to Y™ (x).

Proof

Once we define ¢,(e;) = x then requiring ¢, to be a A-homomorphism forces
¢z(en) = ¢z (A"(e1)) = A™(x). This and the ring homomorphism requirement
defines ¢, uniquely on A. The latter statement is the definition of the Adams
operation. |

Another way to express this result is that A is the free A-ring in the single
variable e;. This theorem means that any formula in A is valid in any A-ring,
with appropriate translation. We can apply this to perform calculations for the
Adams operations. Firstly we find that the Adams operation can be expressed
as the Newton polynomial 1,(\!, ..., A"). This is the polynomial above which
expresses the power sums in terms of the elementary symmetric functions.
This polynomial can be calculated recursively from the relation

,an — )\l,lpn—l _ )\2,¢n—2 NS (_l)nxn—l,d)l + (__1)n+ln)\n
To prove this we note that in terms of the indeterminates z; this reads
IETDPEH JESTD RS prm

In the right hand side the j* term has monomials of lengths j and j + 1, for
4 < n. The longer terms from the j** term exactly cancel the shorter ones from
the (7 +1)th. For j = n we only have terms of length n which are cancelled by

11



the terms from the (n — 1)* term. After all the cancellation all that remains
on the right hand side is the terms of length 1 which is exactly the left hand
side.

Next we have the equations

OB DB IEDDEE DI ELUOBEINELHOIY)
PO @y y) =Y (@y)" = ¢ _ =" O _w)

which show that 9™ is a ring homomorphism. Similarly
e a) =™ (P2 = S e = (S )

shows that y™y™ = ¢™". Also if p is a prime then the congruence (> z;)? =
S~ 2¥ mod p shows that ¢?(z) = 2P mod p. '

This last property allows us to define a new operation #” on R by the formula

and

0 (z) = ﬂ"%;”f.

One can write down formulae for 6?(z + y) and #°(zy) just using the fact that
1, is a ring homomorphism. It also follows that 6°(1) = 0 and Y*gP = gPy*
for all k. Conversely if we have an operation 67 which satisfies these formulae
then the operation ¢? defined by the usual equation is a ring homomorphism.

2.3 The operation 67

The Adams operations make most calculations in a A-ring much simpler. In
this section we apply this principle to prove that if we have operations \*
for k prime to p then by introducing the operation #° with its usual formal
properties we obtain the A* with k a multiple of p. To compute 6°(\") we
first compute 9P (A") using the basis of power sums for the ring of symmetric
polynomials. The advantage of using the power sums instead of the elemen-
tary symmetric functions is that the Adams operations are described by the
formula ¥ (p,) = Ppn, which follows easily from the fact that 9 is a ring
homomorphism. Combining this with the two inversion formulae gives us the
formula that we want. The formula for *(A") will then allow us to prove
Proposition 2.2.

Lemma 2.2 Modulo decomposables we have

gP(A™) = (—1)P=Dmpem,

12



Proof
Working mod decomposables we have p, = (—1)"~!)\, and so applying ¥* we
obtain

(“l)n_InW(An) =Ppn = (_1)m_lpn)\pn-

Therefore (—1)""!pndP(A") = (—1)"""1pnXP™ which gives the result in a tor-
sion free ring. However this is a universal formula so it must hold in general.
a

For p = 3 we can be more specific.

Proposition 2.3 Let w = e2™/3 and define c,,, to be 2R(w") if r # 0,5 and 1
when r = 0,s. Then

g3(\") = > cuir AN,

i+j+k=3n,i<i<k

Proof
To compute 6° we first compute the Adams operation 1®. We have two differ-
ent formulae that we can use. The first comes from the Newton formula:

P27 = (A7) + 3P (") = M AMN ().

The second formula comes from the formulae for elementary symmetric func-
tions and power sums:

¢3()\n) — Z(_l)n—l(p)z;lpsu

lul=n
mi(X)
- - : i—l) W v
= 2O 8 ) ()
lul=n i>0 jv|=3i

The first formula allows us to simplify the calculation of the second, based on
our knowledge of the universal polynomials P, . Firstly it tells us that 6°(A™)
has degree 3. Secondly from the remarks in the appendix we see that all the
monomials of degree 3 are of the form ¢ ; p AN FINEH! where ¢ NN ME is a
monomial in 1%(A\"~!). We should notice that the formula for the coefficients
in the theorem is consistent with this. The conclusion that we draw from this
is that in the second formula we only need to consider the terms which give
us monomials of degree 2 or less. The higher degree monomials must either
cancel out or be known. This means that in the second formula we can restrict
our partitions to have length no more than 2.

To perform this calculation let us first assume that n is odd. The partitions u
are of the form (k,n — k) or simply (n). From the definition we calculate that

13



Z(km—k) = k(n — k) and 2y = n. Therefore from the formula for elementary
symmetric functions in terms of power sums we have

__1\n~1 L2.J 1 n
P = ( ) Pan + Z k( k(n = F)PoPsn=h)

ignoring terms of higher degree. Similarly from the formula for power sums
in terms of elementary symmetric functions we find that in p,, the terms of
degree 2 are

m—1

120 m/2 2
MZ(—I)m)\kAm—k + m(Az )
k=1

where the last term is zero for m odd. We also have the degree 1 term
m(—1)™"1A™. Putting these expression together we find that in 3(\") the
terms of degree less than 3 are

3n

__1\n—1 L2
( 1) (3n(_1)3n—1>\3n + 31’1,(—1)3" Z }\k}\3n—k)+

k=1

n

Z k(’;l) 3k(_1)3k—13(n _ k) (_1)3(n—k)—1 )‘Sk)\:i(n—k)

k=1 (n—k)
o &
— 3)\31?, 3 Z )\k/\Bn—k +9 Z A3k)\3(n—k)
k=1 k=1

If we divide by 3 we see that the coefficient of A*X3"~* in 3(\") is 1 for k = 0,
—1 for k > 0 but not a multiple of 3, and —1 + 3 = 2 for £ > 0 a multiple of
3. In other words it is ¢k 3,—k. This completes the proof for n odd.

For n even the only difference is that the term p3 , comes with a coefficient
1/2 which means that the coefficient cznp3n/2 of (A*/2)2 is not 2 but 1 as
claimed. i
As a corollary to this theorem we can prove proposition 2.2.

Proof of proposition 2.2
From the Newton formula and the calculation of A?(\") we have

>\3(Xn) _03(>\n) — )\1()\1;))\2(}\7;)
= )\"(Z(_l)k+l>\n—kxn+k)
k=1

— (‘_1)n+1)\n()\2n) 4 ..

14



where we ignore the terms of degree 3. If we compare the formulae for the
coefficients in Pj, and 6°(\*) we see that the difference is indeed just the
(=1)™A"()\®™) that we have here. 0

It is interesting to compare this proof to the combinatorial calculation given
in the appendix. The description of the coefficients as real parts of powers
of a cube root of unity, which is so crucial to the latter calculation, bears no
obvious relation to how they arise here. Indeed in the above we only need to
deal with real numbers.

2.4 The universal polynomials revisited

The Adams operations give us a much more effective way to compute the
universal polynomials P, , and P,. Let us first consider the polynomial B,
which gives A"(rs) in terms of X(r) and X(s) for i < n. To compute this
we look at ¢"(rs). On the one hand this is v,(A!(rs), ..., A*(rs)) while on the
other it is Y™ (r)yY™(s) = vp(AH(T), ..., A?(r))vn(AX(8), ..., A*(s)). Setting these
two expressions equal and rearranging allows us to write A"(rs) in terms of
X (r), Ai(s), and M (rs) for j < n. This gives a recursive algorithm to compute
P, for n as large as we please. In the appendix we tabulate values of B, for
n < 10. A general formula would be difficult to write down but from the first
few cases we might conjecture that the sum of the coefficients is always zero,
for n > 1. This indeed is the case as we now show.

Lemma 2.3 The sum of the coefficients in the nt* Newton Polynomial v, is
(1.

Proof

We can calculate the sum of the coefficients of v,(ey,...,e,) by evaluating
i =7 at values of the indeterminates z; such that the e; all take the value

1. This means that —z; should be a root of 1 + x + 22 + - - - + z™ for each i.

These roots, which we denote w;, are the (n+ 1)* roots of unity, except for 1.

Then

Yoal= (=) e = (=) it = (-1 wy = (-1

since 1+ ) w; =0. o

Theorem 2.2 The sum of the coefficients in P, is zero forn > 1 and 1 for
n=1.

15



Proof
The case n = 1 holds since P, = e;f;. Now suppose that the result holds for
all k£ < n for some n > 2. The equality

UnAL(TS), ooy NM(r8)) = Up(AL(r), oe, (1)) (A2 (5), ..., A"(5))

and the fact that the sum of the coefficients of a product of polynomials is the
product of the sums shows that the sum of the coefficients of the polynomial
Vn(AL(rs), ..., A¥{(rs)) is ((—=1)"*')2 =1 for each n. However we also have

UnAX(1S), ooy X¥(18)) = AL (78)vp_1 (A (7S), ..., X" (rs))
“22(r8)vn_a(A1(rs), .., AV2(r8)) + - - - + (=1)"nA(rs).
- By induction when we sum coefficients this reads
1=1%1—-0%140%x14---+(=1)""nxg
where z is the unknown sum of coefficients in
M (rs) = Py(AN(r), ..., A™(); AL (8), ..., A"(s)).
Solving this gives z = 0 as claimed. ' a
We now turn to the polynomials Py ,. In calculating P;, we used the best
method available to us. That was firstly to calculate ¥™(A") using the in-
version formulae and then rearrange the Newton formula to calculate A™(A™)
recursively. We actually fixed m but it is easier to fix n instead as this means
you are calculating what you will need for the next value of m. Again we have
tabulated some values in the appendix and can calculate the sum of the coef-

ficients. In the calculations below we abuse notation and make no distinction
between an expression and the sum of the coefficients in that expression.

Lemma 2.4 The sum of the coefficients in ¢y™(A") is 1 if m is odd and (—1)"
if m is even.

Proof
We have
en= Y (-1)"Wz"p,
lul=n
SO
Y™ (en) = D (=)W 2 pp,.
lul=n

By the previous lemma p, = (—1)"*! so if m is even pp,, = (—1)!*®). Therefore

for m even
P en) = (D" Y

lul=n
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If m is odd then py, = (—1)!®~F where k is the number of odd parts of -
Note that n—k is even, since mod 2, it is the sum of the even parts. Therefore

Yrlen) = D (-)MHERL = 37 0
lul=n lpl=n

since n — 2l(u) + k is even. To prove the lemma it remains to show that
EI ul=n z;1 = 1. This is a classical result that goes back to Cauchy, though
perhaps a more accessible proof can be found in [Dwy38] O

Theorem 2.3 The sum of the coefficients in Py, is 1 if n is odd orm = 1
and 0 for n even and m > 1.

Proof
We prove this by induction on m, the case m = 1 holding since A1(A") = A™.
To prove the induction step we use the newton formula again:

P™AY) = X MY THA™) = AP A) + - -+ (= 1) HmAT ().
In n is even this reads
1= )\1()\“) _ )\2(Xn) 4t (_1)m+1m)‘m()\n)

by the lemma so by induction we find that A™(A") =0 for m > 1. If n is odd
it reads

1= =A™ = A2(0") — - - + mA™(A")

if m is odd and

—1 = ALOA™) 4+ X200%) 4 - - — mA™(A™)

if m is even. In either case the equation gives A™(\") = 1 as required. O

2.5 K-Theory examples

The definition of a A-ring is set up so that for a CW-complex X, the ring
K°X has a A-ring structure with A* induced by the operation of taking the kt
exterior power of a vector bundle. In this section we give explicit computations
in the cases X = S and X = BU to illustrate the operations \* and 6P.

KOszn
Let us recall from [Hat01] the ring structure on K°S?". As an Abelian group
it is freely generated by 1, the trivial line bundle, and the external product
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a=(H —1)*---%(H —~ 1) of n copies of the generator H — 1 of K°S2. Here
H is the canonical line bundle over S = CP'. The multiplication is trivial
since (H —1)? = 0. If m denotes a trivial vector bundle of rank m then the k*
exterior power of m is a trivial vector bundle of rank () = "”(m_l)'};!(m_kﬂ).
Therefore on the first summand we have X¥(m) = (), where the given formula
makes sense for all values of m. To calculate the Adams operations we note
that on a sum of line bundles L; + - - - + Ly, ¥* acts by taking it to the sum
LE4. ..+ LF. A trivial line bundle raised to a power is still a trivial line bundle

so 9 is the identity on trivial bundles. Finally this means that 6°(m) = -"L'I;’—”f

To compute the A-operations on a we first have to figure out the Adams
operations. The Adams operations are additive so once we know them on
vector bundles we can extend them to virtual bundles too. Once we know 9%
for all & we can define A* on virtual bundles using the Newton formula. To
determine /*(a;) we first compute that on S? we have

YH-1)=H —1=(H-1)+1)f-1=k(H-1)
where the last equality uses (H — 1)2 = 0. Then the equation
Vi@ ry) = 9*(@) *9* @)

shows that * acts by multiplication by k™ on a. Now we can show that
Me(a) = (—1)¥*k"'o. Indeed this is true for k = 1 and if it is true for k then
the Newton formula shows that k"a = (—1)¥*'k)*(a) mod terms of degree 2.
The latter all vanish by the induction hypothesis since a? = 0 and so dividing
by k gives the result. The formula for (@) also gives that 6°(a) = p"'a.

This calculation illustrates two important points. The first is that if we want
to determine a A-ring structure then we may well have to find the Adams
operations first. The second is that if we can do this, then so long as the
ring is torsion free (to allow us to cancel the k) we will have determined the
A-operations. This latter statement is the content of the following theorem of
Wilkerson.

Theorem 2.4 If R is a torsion free unital commutative ring equipped with
ring endomorphisms * : R — R for k > 1 such that

1. Y'=1Id
2. Yrym = gbm
8. YP(r) =rP mod pR for p prime
then R has a unique \-ring structure with the given 1¥* as Adams operations.

18



K°BU

The space BU is a topological direct limit of spaces BU(n). The space BU(n)
is the classifying space for complex vector bundles of rank n. In can be con-
structed as the complex Grassmannian G, (C*) of all n-planes in C®. Atiyah
and Hirzebruch proved that as a ring K°BU(n) can be computed as the com-
pleted representation ring R(U (n)) which itself is the ring of invariants in
R(T(n)) under the action of the Weyl group, where T'(n) is the maximal torus
of diagonal matrices. Since R(T(n)) = Z[[z1, ..., z,]] and the Weyl group is the
full symmetric group permuting the variables we find that R(U(n)) is also a
power series ring in n variables, which are the elementary symmetric polyno-
mials in the z;. Taking a limit we find that K°BU is the power series ring in
infinitely many variables.

The proof of the theorem gives a useful description of the variables in K°BU (n).
The cohomology of G,(C™) is shown in [Hat01] to be a polynomial ring in
the Chern classes cy,...,c, of the universal bundles over G, (C*®). The oper-
ation of taking the i** Chern class of a vector bundle extends to operations
¢ : K(X) — H%(X) which behave additively much the same as M-operations.
As before we consider the ring homomorphism that results by looking at power
sums instead of elementary symmetric functions and we obtain the Chern char-
acter ch = Y, ch* = 3", (e, ..., cx) /k!. Formally we can say that if L is a
line bundle then ch(L) = e©*"). The Chern character gives a map to the direct
product of the individual cohomology groups rather than the direct sum, which
in the case of Gn(C*) means power series in the ¢; rather than polynomials.
The key theorem is that if X is a CW-complex with torsion free homology
then
ch: K°(X) - H*(X)®Q

is injective. In the case of X = BU we have one element i € K°(BU) given

by the identity map of BU and using the exterior power operations we obtain
a family of elements A™(z).

Theorem 2.5 The elements ch(A"(i)) € H*(BU)®Q form a set of polynomial
generators and so K°(BU) = Z[[N(3), A\2(3)...]].

Proof

We give a sketch and refer to [Hir61] for details. The idea is to introduce the
total fy-operation defined by v(x) = Ay1—4(z). The ~y-operations +*, defined
by vi(z) = 3.+ (z)t*, give another set of generators for the polynomials in the
A%, so it is sufﬁ01ent to prove that the Chern characters of the +* are a set of
generators. If we have Ay(2;) = (1 +z;t) then ch(M:(z;)) = (1 + €t) and so if
we introduce new indeterminates z; = z; — 1 we have

ch(m(z)) = (1 + (™ — 1)t).
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Now €% — 1 = z; + decomposables so any polynomial in the z; can be written
as a polynomial in e* — 1 plus higher terms. To prove the theorem we start
with a maximal torus T'(n) in U(n) and consider the product By of n copies
of CP*. The cohomology of this product is a polynomial ring in n variables
z; modulo terms of degree k + 1 and using the Chern character we find that
K° By, is the same truncated polynomial ring in the z;. Taking an inverse limit
over k we obtain that K°BT(n) is a power series ring in n variables. Next a
naturality argument gives us K°BU(n) and another inverse limit gets us to
K*BU O

The power series ring K°BU is a completed version of the free A-ring in one
variable. In fact it is the inverse limit over n of the quotient by the ideal
generated by terms of degree at least n. This means that the actions of \*
and 6P are given by the universal formulae described above.

The ~y-operations introduced in the proof of theorem 2.5 give rise to the so
called ~filtration I = T''(I) 2 T*(I) 2 --- of a A-ideal I. Here I'"*(I) is the
ideal generated by products " (z;)---v*(xx) where iy +--- + 4 > n and
z; € I. I is called y-nilpotent if it is nilpotent and ~*(x) = 0 for z € I and 4
sufficiently large. We remark that in the above calculation the augmentation
ideal of K* B is y-nilpotent, the operations v* being zero for i > n, and any
polynomial with zero constant term raised to the (k + 1)** power being zero.

3 Bousfield’s Theorem

In the previous section we saw how in a torsion free unital commutative ring,
a A-ring structure is equivalent to a set of Adams operations. We also saw how
in K-theory the operation of taking the k*h power of a line bundle gives rise to
Adams operations and hence a A-ring structure on the K-theory of a space. A
natural question to ask is whether the K-theory of a spectrum FE is also a -
ring. The answer is generally no because the Adams operation 4* only defines
a stable operation if k is a unit in the coefficient ring. If we were to work over
the p-adics for p a prime then we would have all the Adams operations save
for those which are a multiple of p, plus we wouldn’t have to worry about the
ring being torsion free. In this case by formally introducing 9?, or indeed as
we saw previously even 6P, we would expect to obtain a A-ring. We would also
expect this A-ring to be closely related to K°(Q2*°E; Z,). This is the content of
Bousfield’s theorem. The object of this section is to understand the theorem
in detail so that we may apply it to the spectrum ¢m f and give explicit details.

There are two main issues in stating the correct theorem. The first is determin-
ing the formal algebraic properties that characterise K*(X;Z,) and K*(E;Z,)
for a space X and spectrum E. This involves the notions (in the language of
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Bousfield) of Z/2-graded p-adic A-rings and Z/2-graded p-adic 1-modules. The
second issue is establishing which properties will be required so that the intro-
duction of the 67 operation to K*(E; Z,) gives a unique (p-adic) A-ring struc-
ture. The first of these conditions is that K*(E;Z,) should be torsion free, due
to this being the class of spectra that can be constructed starting from E = K.
The second of these conditions is more subtle and relates to the y-filtration
of the augmentation ideal (K°, K ). The operations ¥* must satisfy the re-
lations ¥*(y) = ky mod Fz(KO(E Z,)) for y € K°(E;Z,) and ¢*(z) = x
mod I'*(K\(E;Z,)) for x € KY(E;Z,). If K*(E;Z ) /T2(K*(E;Z,)) = 0
then these conditions are automatic and the operation ?, or equivalently
67, can be introduced freely to give K*(Q*FE;Z,). Otherwise these condi-
tions must be included as part of the data when we introduce 7. The space
K*(E;Z,)/T?(K*(E;Z,)) can be identified as the first and second stable co-
homology groups of E which gives a more useable criterion for K*(Q*E;Z,)
to be a free object.

3.1 Z/2-graded p-adic A-rings and Z/2-graded p-adic -
modules.

If X is a connected CW-complex then by considering the finite subcomplexes
of X and regarding Z, as a (topological inverse) limit of finite p-torsion groups
we can write K*(X;Z,) as a limit of rings R with the following properties:

1. R is an augmented, Z/2-graded commutative ring.

2. RYis a A-ring and R! has endomorphisms 9™ for n > 1 such that ! =
Id, ¢ip* = 4% and ¥*(zy) = ¢*(x)y*(y) for z € R® and y € R.
Furthermore X*(zy) = }2(=1)"~79" (z)" (y) - - - ¥ (2) (y) for T,y €

R! where the sum is over all strictly increasing partitions (i1, ..., ;) of k.

3. The augmentation ideal R = (R?, R!) is finite p-torsion and ~-nilpotent.

An inverse limit of such rings R is called a Z/2-graded p-adic A-ring.
A ring R satisfying properties 1,2 and 3 also has the following properties:
4. T*(R) = {zx € R|(6°)"z = 0 for some n > 0}.
5. 0°(y) =y mod I'2(RY) for y € RO.
6. ky = ky mod I'*(RP) for y € RO.
7. ¥*x =z mod I'’*(R!) for z € R..
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8. The Adams operations ¥* : R — R satisfy ¥* = ¢***" for k£ > 0 and
some T.

9. YF(zy) = kypF(z)y*(y) for z,y € R

There are several remarks to be made here. Firstly R! gives rise to a A-ring
Z @ R! with trivial multiplication, where (—1)*¥t13* corresponds to A*. Then
6 is identified with +? so that I'%(R') = {x € R!|(¢*)"z = 0 forsome n > 0}
and property 7 is consistent with property 5. We note that to obtain the
A-ring corresponding to the group R' we apply the functor which is the left
adjoint to the forgetful functor from the category of A-rings to the category
of abelian groups with endomorphisms ¢". The maps in the latter category
are homomorphisms that commute with the ™. Secondly the operations 1/*
on R! can be thought of as ¥*/k as in [Bou96] p17. In this case the for-
mula in property 9 becomes ¥*(zy) = t¢*(z)y*(y) for z,y € R! which is
consistent with [Goe04]. We note that this formula comes from the fact that
the Adams operations commute with the Bott periodicity isomorphism only
up to multiplying by k. Finally we remark that the formula for A\*(zy) with
z,y € R! is seen to be equivalent to property 9 when we consider the formula
en = Ypu=n(—1)""¥ 2. p, and remark that since squares are zero in R', we
only need to look at the partitions p with no multiplicities greater than 1.

If we ignore the operations 4* for k prime to p then we arrive at the definition
of a Z/2-graded p-adic 6P-ring. Specifically it is an inverse limit of rings R
over Z, with operations 7 : R® — R° and 9 : R' — R, such that 9 defined
by the usual formula is a ring homomorphism on R°, and 4? on R! is a group
homomorphism. With the convention 4? = 6 on R! in 4 and 5 as remarked
above, R must satisfy properties 1, 3 and 5. We don’t have the y-operations so
property 4 is used here as a definition and y-nilpotent reduces to just nilpotent.
Furthermore the operations must be consistent with properties 2 and 9, which
means we have the formulae ¥?(zy) = ¥*(z)y*(y) for z € R® and y € R! and
67 (zy) = YP(z)y?(y) for z,y € R".

Bousfield proves that if we take a Z/2-graded p-adic 6P-ring and endow it
with Adams operations 4* for k prime to p that satisfy properties 7,8 and 9
above, together with the usual properties described in section 2.2, then the ring
has a unique structure as a Z/2-graded p-adic A-ring with the given Adams
operations. We remark that property 2 is straightforward so the difficulty here
is in proving that +* vanishes on the augmentation ideal for sufficiently large
i, so that R is y-nilpotent.

This theorem can be viewed the other way around too. If we consider K*(E; Zy)
for E a spectrum, then additively we have a limit of Z/2-graded finite abelian
p-groups which are equipped with Adams operations ¥* for k prime to p. This
means that 9 satisfy property 8 plus the conditions 9! = Id and 971 = %,
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A space which satisfies these properties is called a Z/2-graded p-adic ¥-module.
These properties mean that the action of Z* \ pZ extends to a continuous ac-
tion of the p-adic units Z;. We can make such a space into a Z/2-graded
p-adic 6P-ring by simply applying a functor which forces conditions 1,3 and 5
to be satisfied and conditions 7 and 9 will naturally be satisfied too. Bous-
field’s theorem is that when we apply this functor to K*(E;Z,), at least when
it is torsion free, then we will get K*(QPE; Z,), where the subscript 0 denotes
the baseloop component of the loopspace.

3.2 The free 0?-ring functors

Bousfield constructs (Z/2-graded p-adic) ¢P-rings out of p-profinite abelian
groups using the adjoint functor method for various forgetful functors. To
motivate the definitions let us consider the case when our abelian group has
Adams operations, so that when we make it into a 6P-ring it becomes a A-ring.
In a Aring R the ideal [?(R) is a M-ideal so we can consider a decomposition

R=7Z+T?*R)+ R/T*R)

which is preserved by the A-operations. The summands are also closed under
addition and multiplication but the sum is not necessarily direct. In the p-adic
case this decomposition is a limit over a of decompositions

Ry =Z+T*(R,) + Ra/T%(R,)

where I'*(R,) = {z € R|(6")"z = 0 for some n > 0} and 6 acts as the iden-
tity on Rq /T? (R,). This means that these decompositions can be described
without reference to the Adams operations 9* for k prime to p. If we forget
the operational structure but remember the decomposition then we should be
able to recover the original A-ring from this. Encoding the decomposition as
the map R — R/T2?(R) gives us the functor W. This can be built up out
of functors T and J that are left adjoint to functors which remember R and
R/T2(R) respectively. T is the simplest way to introduce 67 freely but it for-
gets the decomposition of R so it doesn’t give us the M-ring that we want
unless ['?(R) = R. Restricting (the right adjoint of) T to rings which satisfy
this condition gives us the functor T, which is the special case W (M — 0).
Similarly if it happened that I'?(R) = 0 then the functor J would give us what
we want and so J is the special case W(0 C H).

We recall the definitions of T, J, W and T from [Bou96]

T is left adjoint to the functor sending a Z/2-graded p-adic 6P-ring R to the
Z/2-graded p-profinite abelian group R.
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J is left adjoint to the functor sending a Z/2-graded p-adic 6P-ring R to the
Z/2-graded p-profinite abelian group R/I?R. Here IR is defined as the limit
of I'?R,, where R = lim R,,.

W is left adjoint to the functor sending a Z/2-graded p-adic P-ring R to the
map of Z/2-graded p-profinite abelian groups R — R/T2R.

T is left adjoint to the functor sending a connective Z/2-graded p-adic §P-ring
R to the Z/2-graded p-profinite abelian group R. Here connective means that
R/T2R =0.

To evaluate these functors on specific groups we can use the fact that left
adjoints preserve cokernels to reduce ourselves to dealing with free groups.
The functors J and T are simple to describe. In the case of T we note that a
connective Z/2-graded p-adic 6P-ring R can be written as R = Z, ® 'R and
the adjunction relation is

Homg» (T H, Z, ® T?R) = Homay(H, T2R).

In the case where H consists of Z, on an even generator x and an odd generator
y this formula tells us that

T(Zy(x), Zp(y)) = Ly([z, 6"z, (¢7)*z, .. [|@ A [y, 67, (67)7y, -..].

To find J we use the identifications ([Bou96]) R%/I2R0 & {u € R0|¢Py = 0}
and R!/T?R! = {u € R'|¢*u = u} and obtain

J(H) = Z,[[H)| A, [[H']]

where 6P acts by zero on H° and ¢? is the identity on H'. Note that we can
view this functor as starting with T then introducing by the relations that
exist in R/T2R.

Next if we write down what the definitions entail we find that W(M — H) =
T(M)® s J (H) and so we can compute W from T and J. Specifically, the
action of 6? on a tensor product is given by the formula

P(r@s) =60°(r) @ s* +r° @ O(s) + piP(r) ® 07(s)

which extends the action on the two factors. In this case the tensor product
is over J(M) which means that we introduce relations given by equalizing
the actions on the two factors. The action of J(M) on J(H) is given by the
natural map J(M — H). The action of J(M) on T(M) is also given by a map
J(M) — T(M). M is naturally a subset of T(M) and this map extends the
inclusion to J(M), whose elements are formal Z, combinations of elements of
M. Another way to describe this map is as the adjoint of the map obtained
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by composmg the adjoint of the 1dent1ty of T(M ) (which is the inclusion of M
in T(M)) with the projection to T(M)/I"ZT(M)

This just leaves us needing to describe 7. We can describe T'(Z,, 0) as follows.
Let T,(Z/p™) be the cokernel of the §P-endomorphism of Z,|z, 6z, (67)%z, ...]
which sends z to p™z. Since 6°(p™z) = p™#Px mod decomposables, this is a
polynomial ring with coefficients in Z/p™, though with a more complicated 6P

operation. Let I, C T,(Z/p™) denote the (P-ideal generated by (TPTZ\/;’"))"
together with (0°)"(6Pz — z) for = € T,(Z/p™). Then T,(Z/p™)/I, is a p-adic
@P-ring and we have

T(Z,,0) = lim,,lim, T,(Z/p™) /Iy

As a ring this is a power series ring in infinitely many generators as with T,
but the 6? operation is more complicated.

The functor T is not the easiest to to understand so a reasonable question to
ask, given the decomposition of R, is whether we can build W out of J and
the functor Ty which is left adjoint the functor sending R to I'2R. In fact
since IR = {z € R|(f*)"z = 0 forsome n > 0} in the finite case, we see
that P-maps preserve these spaces and so To(M) is simply the connective 67
ring T'(M) viewed as a non-connective ring. Intuitively the functor sending
R — R/T?R to To(T*R)®J(R/T2R) will be W provided that we know how
to reconstruct R from IR and R/T?R. Specifically we have the following
proposition.

Proposition 3.1 Let C be the category of Z/2-graded p-adic 6P-rings R to-
gether with a splitting R = T*(R) ® R/T%(R) that is preserved by the mor-
phisms. If Wy is the left adjoint to the funcior sending R € C to the spli
surjection R — R/T?(R) then Wo(M @ H — H) = To(M)®J(H).

Proof
This is just an exercise in definition chasing. a

This proposition is a generalisation of the case H = 0 which gives the functor
T. However the naturality condition seems unlikely to be satisfied which limits
its usefulness.

3.3 K*OFE;Z,)

The free 6P-ring functors above are defined on the category of Z/2-graded p-
profinite groups. When we come to describe K*(SX° E; Z,) we will apply them
to Z/2-graded p-adic 9-modules to obtain Z/2-graded p-adic A-rings. More
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precisely let A-ring, ¥-mod, ¢P-ring and Ab denote respectively the categories
of Z/2-graded p-adic A-rings, Z/2-graded p-adic ¥-modules, Z/2-graded p-
adic 6P-rings and Z/2-graded p-profinite abelian groups. Then we have a
commutative diagram of forgetful functors

Aring — 1-mod

! !
@P-ring —  Ab

where the horizontal arrows are the various functors defined above and the
vertical arrows keep the underlying space but forget the operational structure.
These diagrams correspond to a commutative diagram of adjoints

A-ring +— )-mod

11 11
rring —  Ab

where the functor I introduces the operations 1* for k prime to p, and is in
fact the same functor in both vertical arrows. The functors referred to below
are the top arrows in this diagram, but in fact they are the same functors
as the bottom arrows defined in the previous section. This is because the 9*
commute with 7 and so introducing 6P after the 1/* is the same operation as
introducing 8P before the *.

We are now in a position to state Bousfield’s theorem. Let E be a spectrum
with O-connected section E(0) and consider the Atiyah-Hirzebruch spectral
sequence for K*(E(0); Z,). The picture for E; is shown below.

t
2 0 H'| H?| H3
1 0
0 0 H'| H?| H®
-1 0
0 1 S

Here every group to the left of the picture is zero since we take the zero
connected section of E. This means that there are no differentials that hit the
groups H(E(0); Z,) and H?(E(0);Z,) and so there is an edge map

K*(B;Zy)n : K*(E; Z,) & K*(E{0); Zp) — {H*(E{0); Z,), H' (E(0); Zy)}-
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We remark that this is a quotient map and so is surjective.

Theorem 3.1 If E is a spectrum with K*(E;Z,) torsion free then
K*(QO°E; Zy) = W(K*(E; Zy)n)

as Z/2-graded p-adic XP-rings. In particular if E is also 0-connected with
H*(E;Z,) = H'(E; Z,) = 0 then K*(Q°E; Z,) = T(K*(E; Zy)).

Both statements in the theorem are consequences of the following proposition.
(The former requiring a bar spectral sequence argument while the latter being
trivial.)

Proposition 3.2 If E is a spectrum with K*(E;Z,) torsion free then
K*Q°E(2); Z,) = T(K*(E; 5,).

Proof

The proof of this statement is to check that it works for E = K and E = XK
and then build up the class of spectra with torsion free K-theory from these.
Let us consider the case of E = K. According to [Tor77] K*(K;Z,) = 0 and
K°(K;Z,) is the completed group ring Z,[[ZX]]. Here Z is the group of units
in Z, and a € Z; corresponds to the stable Adams operation %®. This means
that as a Z/2-graded p-adic ¢-module K*(K;Z,) is a free module on the sin-
gle even generator z corresponding to the identity map. When we introduce
6° by applying T we therefore obtain the free Z/2-graded p-adic A-rings on
an even generator, which is Z,[[z, A2z, M3z, ...]]. The 2-connected cover of K
has zero space BSU, which is the 2-connected cover of BU. The other spaces
in K (2) are given by the homotopy equivalences QBSU ~ SU, QSU ~ BU,
QBU ~ U and QU ~ Z x BU. The calculation of K*BSU is similar to
that of K*BU is section 2.5. The cohomology of BSU is again a polyno-
mial ring in infinitely many chern classes, with ¢; omitted. The conclusion is
that K%(BSU;Z,) = Z,[[y, A%y, A3y, ...]], where y corresponds to the covering
BSU — BU. Therefore we see that in this case K*(BSU; Z,) = T(K*(K;Z,))
which is what we want. For E = K the indices are shifted so now K*(XK; Z,)
is a free module on the single odd generator x. Now we get that T'(K*(XK; Z,))
is the free Z/2-graded p-adic A-rings on an odd generator, which is the com-
pleted exterior algebra Ap[[z, A2z, Mz, ...]]. Shifting indices in the 2-connected
cover we have the zero space SU. The calculation of K*U can be found in.
[Ati67] and with suitable modifications for SU, we have that K'(SU;Z,) is
also a completed exterior algebra on infinitely many generators. O
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3.4 Examples

In the previous section we saw how Bousfield’s theorem applies to the the
spectra K (2) and £K(2). Now we look at some other examples to help us to
understand the theorem further.

Given a spectrum F we will want to compute the stable cohomology groups
H?*(E(0); Z,) and H'(E(0); Z,) of the 0-connected cover of E. If we know the
homotopy groups m E and meE then we can use the following theorem.

Theorem 3.2 If E is a CW-spectrum and G is any coefficient group then
HI(E(())) = 7I'1E
H,(E(0)) = coker(xn : mE — mE)

and so
H'(E(0); G) = Hom(m E, G)

H*(E(0); G) = Hom(H,(E(0)), G) ® Ext(m E, G).

Proof
The formula for H; (E(0)) follows from the Hurewicz isomorphism. To compute
H,(E(0)) consider the cofibration

E(1)
!
E{(0) - XHmE

where Hm E is the Eilenberg-Maclane spectrum. The stable homology groups
H,.,(K(II,n)) and Hpy2(K(II,n)) are computed in [Mac54] as 0 and II ®
Z/2 respectively. Therefore part of the long exact homology sequence for the
fibration is

mEQZ/2 2 mE — Hy(E(0)) » Hy(HmE) =0

where the second group is given by the Hurewicz isomorphism for £(1) and 7
is the non-zero element of 7. This sequence gives the formula for Ha(E(0)).
The formulae for the cohomology groups follow from the universal coefficient
theorem. O

We remark that in the preceding proof we could equally well have used the
long exact sequence in cohomology. The stable cohomology groups we would
need are H"(K(II,n); G) = Hom(I1, G), H"*}(K(1I,n); G) = Ext(II,G) and
H"2(K(Il,n); G) = Hom(Il ® Z/2, G). The cohomology long exact sequence
then gives us isomorphisms H(E(0); G) = Hom(m E, G) and H%(E(0); G) =
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ker (Hom(mo E, G) Cx* Hom(m E ® Z/2,G)) ® Ext(m E, G) which amounts to
the same as above.

We can use this theorem to look at some examples. Let us begin with the
spectrum K. This has homotopy groups ma, = Z and many; = 0. This
means that H'(K(0);Z,) = 0 and H%(K(0);Z,) = Z,. The space Q%K is
Z x BU so the connected component of the base loop is just BU. We saw
that K°BU is the free Z/2-graded p-adic A-ring on an even generator, while
K°(K;Z,) = Z,[[Z}]]. Therefore we have the formula

WZZ]] - Zp) = Ty [lw, Xo(a), ]

A second example is the sphere spectrum S°. The K-cohomology of this
spectrum is simply the coefficient ring Z, in degree zero. The groups m,S° and
m2S° are well known to be Z/2 generated by 7 and 7? respectively. From the
formulae in theorem 3.2 this gives us H15°(0) = Z/2 and H,S°(0) = 0 and
so we have H'(S%°(0); Z,) = 0 and H?(S%(0); Z,) = Ext(Z/2,Z,). This last
group is zero for p > 2 and Z/2 for p = 2. The space Q§°S° is what is usually
called QSp. The integral cohomology of this space was calculated by [Pri70]
as the cohomology of the classifying space of the infinite symmetric group,
BS. This isomorphism is induced by a map so we can apply the Atiyah-
Hirzebruch spectral sequence to deduce that the K-cohomology of QSJ is also
isomorphic to the K-cohomology of BSy. This latter ring can be calculated
using Atiyah’s theorem that for a finite group G, K*BG is isomorphic to
the completed representation ring R(G). Atiyah proves that the dual of the
representation ring of S, is the ring of symmetric functions of degree n in n
variables. Taking a direct sum over n gives the polynomial ring Z|c;, s, ...] in
the elementary symmetric functions. Dualising and completing we have the
free Z /2-graded p-adic 6P-ring on an even generator. Therefore in this example
the theorem gives us the formulae

W(Z, — 0) = T(Z,) = L[z, 0%z, ...]

for p > 2 and
W(Zy — Z/)2) = Zy|[z, 6%, ...]).

Note that these rings, as in the example above, are power series rings in in-
finitely many generators. The difference is in the grading of the generators:
the operation A* increases the grading by 4 while 6P increases it by p.

More generally we could consider the Moore spectrum MA for an Abelian
group A. The cohomology of this spectrum (by definition) consists of A in
dimension zero only. Therefore the Atiyah-Hirzebruch spectral sequence is
trivial and gives us that K’ M A = A also. This means that to apply Bousfield’s
theorem we have to assume that A®Z, is a torsion free group, or equivalently
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that A has no p-torsion. The homotopy groups of M A for torsion free A can
be found using the following lemma.

Lemma 3.1 If A is a torsion free abelian group then m, MA = A ® m,S°.

Proof

Let §
0—')F1-—)F2—»A

be a free resolution of A, which occurs as the homology of a cofibration se-

quence
V S0 - V 5% - MA.

In fact we would construct M A as the cofibre of a map between a wedge of
spheres like this. The long exact sequence of homotopy groups has terms

S F e, Fer,s -, MA —
and so can be broken up into short exact sequences
0 — coker(k® 1) » m,MA > ker(k®1) = 0.

To identify the terms in this sequence we can tensor our free resolution of A
with m;S° and obtain an exact sequence

F, ® m,8° ey F,@mS® - A®@mS® — 0.

This tells us that the cokernel in the short exact sequence above is A ® 7, S°
and the kernel (by definition of Tor) is Tor(A, m,—15°). Since we are assuming
that A is torsion free this Tor term vanishes and the short exact sequences
become isomorphisms 7, MA = A ® m,S°. O

From this lemma and the previous proposition we deduce the isomorphisms
HY(MA(0);Z,) = Hom(A ® Z/2,Z,) = 0 and H*(MA(0);Z,) = Ext(A ®
Z/2,Z,) for torsion free A. In fact these results still hold under the weaker
assumption that A has no p-torsion, or indeed with no assumptions on A.

Lemma 3.2 If A is an Abelian group then
H'(MA(0); Z,) = Hom(A® Z/2,Z,) = 0

d
an HX(MA(0); Z,) = Ext(A ® Z/2,Z,) = Hom(A, Z/2 ® Z,).
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Proof

The result for H! is clear since the tor term vanishes when n = 1. For n = 2 we
find that HoMA{0) = coker(xn) = maMA/(A ® Z/2) = Tor(Z/2, A) = ,(A)
so that the Hom term in H2M A vanishes here too. The final isomorphism can
be obtained using the following result from [CE99):

If C is torsion free and B is a torsion module then the sequence
0-C—-QRC—-Q/Z8C -0

is eract and so
Hom(B,Q/Z ® C) = Ext(B, C).

In our case B is the torsion module A ® Z/2 and C is the p-adics. There-
fore we have isomorphisms Ext(A ® Z/2,Z,) = Hom(A ® Z/2,Q/Z ® Z,) =
Hom(A,Hom(Z/2,Q/Z® Z,)) = Hom(A, 2(Q/Z) ® Z,) = Hom(A,Z/2 @ Zy).

O

We now state our conclusion in the following proposition.

Proposition 3.3 Let p be a prime and let A be a abelian group that has no
p-torsion. If p > 2 or p = 2 and A = 2A then K°(QPMA;Z,) is the free
p-adic 0P-ring on AQZ,. If AJ2A # 0 then K*(QPMA;Z,) = W(AQZy; —
Hom(A/2A,Z/2)).

Eﬁgi)i;oposition follows from Bousfield’s theorem and the isomorphisms
Hom(A,Z/2 ® Z;) = Hom(A,Z/2) = Hom(A, Hom(Z/2,Z/2))
=~ Hom(A®Z/2,Z/2)
for p= 2. (For p > 2 the first term is of course zero.) !

In the subsequent sections we will apply Bousfield’s theorem to the example
E = tmf to obtain a description of K*(Q°tmf;Z,). For the moment let us
record the computation of H(tmf(0);Z,) and H2(tmf(0); Z,).

Lemma 3.3 For all primes p
H'(tmf (0); Z,) = 0.
Forp > 2, H?(tmf(0); Z,) = 0 while
HA(tmf(0); Zo) = Z/2.

Proof
The homotopy groups of tm f agree with those of the sphere spectrum in small
dimensions so the result is the same as for S°. O

This result means that at odd primes K*(Q°tmf; Z,) is a free 6P-ring.
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4 The K-homology of tmf

4.1 K-cohomology and K-homology

In the previous section we described Bousfield’s theorem which gives the Z/2-
graded p-adic A-ring K*(Qf° E; Z,) functorially in terms of K*(E; Z,) when the
latter is torsion free. Our next objective is to apply the theorem to the case
E =tmf. To describe the K-cohomology of the spectrum tmf it will be con-
venient first to consider K-homology. To this end we now describe the relation
between K-homology and K-cohomology with various coefficients. Let Z,eo
denote the p-torsion subgroup of Q/Z. Also for a locally compact Hausdorff
abelian group A let A* be the Pontryagin dual of continuous characters of A
into S*. (Note that if A is finite then such characters must map into Q/Z.)
The relevant result is the following (corollary 2.3 of [Bou99])

Proposition 4.1 For a space or spectrum X there are natural isomorphisms
K™(X;Z,) = Kn(X; Zpo )*
K™(X;Z/p") = Ku(X; Z/p')*
fori,n € Z with ¢ > 0.

Proof

To prove this statement we simply need to check that the expressions on the
right hand side define a cohomology theory in X and that the coefficients agree
(naturally). The first statement follows from the fact that the Pontryagin
duality functor is exact and transforms direct sums into direct products. To
see exactness it suffices to show that S' = R/Z is injective. To prove the
injectivity of R/Z we use Baer’s criterion, which says that for a ring R, an R
module M is injective if and only if every R module homomorphism from an
ideal of R into M, extends to all of R. In our case R = Z so an ideal of R
is of the form nZ for some n. If f : nZ — R/Z is a homomorphism then we
can find some z € R/Z such that nz = f(n). We can extend f to all of Z by
defining f(1) = z. To see the preservation of limits we simply note that the
Pontryagin duality functor is representable and hence continuous. It remains
to check that the coefficients agree. In the first case this means we want an
isomorphism Z, = Hom(Zye,R/Z) = Hom(Zyew, Zy»). The map sending a p-
adic number o to the map multiplication by a gives us such an isomorphism.
In fact since this map is induced by the multiplication map of the spectra KZ,
and KZp~ this gives us the naturality that we want. The argument in the
second case is the same. O
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As a corollary to this proposition we find that if K™(X; Z,) is torsion free then
K.(X;Z/p) = (K™X;Z,)/pK"(X;Z,))*. In addition to the functorial de-
scription of K*(2° E; Z,), Bousfield proves that is torsion free when K*(E; Z,)
and so there is the following statement in terms of mod p K-homology.

Theorem 4.1 If E is a spectrum with K*(E; Z,) torsion free then there is a
Z/2 graded Hopf algebra isomorphism

K (O E; Z/p) = (W(K*(E; Zy)g) /oW (K*(E; Z,)u))*.

The K-homology groups of an infinite loopspace, with mod p coefficients, are
an attractive object to study, as they are a commutative cocommutative Hopf
algebra. These objects can be understood quite well. For example in the case
where E is 2-connected we find that K +(Q°E; Z/p) is a tensor product of Witt
and exterior Hopf algebras.

4.2 The ring of divided congruences

According to proposition 4.1 we can recover the K-cohomology of a spectrum
with Z, coefficients from the K-homology with coefficients in Zye. We will
see below that we can describe the K-homology of tmf in terms of Katz ring
of divided congruences. We describe this ring now. We recall some definitions
from [Gou88] Let N be an integer prime to p and A be a p-adic ring (meaning
that A is a Z,-algebra which is complete and Hausdorff in the p-adic topology).
If E is an elliptic curve over A then a level N structure is an inclusion of the
cyclic group scheme of order N over A, un, into E. Let M(A,k, N) denote
the space of classical holomorphic modular forms of weight k and level N
over a p-adic ring A. This A-module can be viewed as containing functions
f of isomorphism classes of triples (E,w,t), consisting of an elliptic curve E
over A, a nowhere vanishing differential w, and a level N structure ¢. These
functions are natural with respect to A and are homogeneous of degree —k
in w, meaning that for any A\ € A%, f(E, w,.) = A\*f(E,w,t). The g¢-
expansion of a modular form f is defined to be the value of f on the triple
(Tate(q), Wean; tean). Tate(q) is the elliptic curve with canonical Weierstrass
equation

v +zy =12+ hex + he
where hy = —5853 and hg = —i‘g"'-igigi for S = Zn}l %. The canonical
differential is dz/(2y + ) and ten(€) = € "mod ¢%”. We refer to [Kat76] for
full details.
If p > 5 then the Tate curve can be given by the equation
E4$ Eﬁ

— 3 -0 .= _
y© = 4x° — D +216 423 92T + g3
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with canonical differential dz/y. In this case M(A,k, N) consists of the ho-
mogeneous polynomials of degree k in the Eisenstein series £, and Eg (which
have degrees 4 and 6 respectively) with coefficients in A (or equivalently poly-
nomials in g and gs). The Eisenstein series have g-expansions

Ei@) =1+200 - ox(m)g”

n=1
and o
Eg(q) =1~ 504205(71)9'"

n=1
where ox(n) is the sum of the k** powers of the divisors of n, which gives an
explicit way to compute g-expansions in general.

Now let us suppose that B is a p-adically complete discrete valuation ring,
and that K is its field of fractions. We remark that this means that B is the
topological inverse limit of the discrete rings B/p" B, and that the localization,
B,, of B at its maximal ideal can be viewed as the ring of K-endomorphisms
of K/B,. More pertinently though is that this condition assures us that any
elliptic curve over B, with ordinary fibres, admits a trivialization. The module
of divided congruences of weight less than or equal to k is defined by

k
Di(B,N) = {f € €D M(K,j, N)|f(q) € Bllql]}

The ring D(B, N) of divided congruences of modular forms defined over B is
the direct limit over k of the modules Dy (B, N). The point of this is that the
individual summands in f need not have g-expansions with coefficients in B,
but that the denominators are cancelled in the whole sum.

Katz showed that the ring of divided congruences (or rather its p-adic comple-
tion) is, in some sense, the coordinate ring of the moduli problem of ’elliptic
curves over p-adic rings together with isomorphisms of their formal groups
with the multiplicative group G,,’. More precisely, for a p-adic ring A we con-
sider the set of isomorphism classes of triples (E,,t) where E is an elliptic
curve over A, ¢ : E — Gy, is an isomorphism of formal groups over A, and ¢
is a level N structure which composes with ¢ to give the canonical inclusion.
This set has the structure of an algebraic stack M. The functor which assigns
this set to a p-adic ring A is representable by a p-adic ring W = W(Z,, N)
(which should be thought of as the coordinate ring of the stack). This means
that for any p-adic ring A, the set of (p-adically) continuous homomorphisms
from W to A (or equivalently the stack morphisms from SpecA to M) can
be naturally identified with M. The elements of W are called generalized p-
adic modular functions. Restricting attention to B-algebras, for a p-adic ring
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B, we obtain in the same way the representing space W (B, N) = W®B of
generalized p-adic modular functions over B.

Given a triple (E, ¢,t) and a generalized p-adic modular function f we can
apply the homomorphism corresponding to (E,¢,t) to f to obtain a value
f(E,¢,1) € A. (Note that we regard ourseves as evaluating f on the triple.)
The g-expansion f(q) of f is deﬁned/iﬂﬁs setting by evaluating f on the triple

consisting of the Tate curve over B((q)) with its canonical trivialisation and
level N structure. The key facts are that the g-expansion map W (B, N) —

E@ is injective with flat (over B) cokernel, and that the smallest ring that
f is defined over is that generated by the coefficients of f(g). These facts are
called the g-expansion principle. The function f is called holomorphic if its
g-expansion lies in B([[g]]. The ring of holomorphic generalized p-adic modular
functions over B is denoted V = V(B, N). Clearly the g-expansion principle
remains true if we replace W by V.

We can regard classical modular forms f as generalized p-adic modular func-
tions by identifying f with the function whose value on the triple (E, ¢,¢) is
given by f(E, ¢* (%) ,+), where dt/(1+1) is the canonical differential on Gyy,.
With this identification, Katz proves the following theorem:

Theorem 4.2 If B is a p-adically complete discrete valuation ring then there
is an injection D(B, N) — V(B, N). Moreover the image is dense.

Proof

The map is constructed using the g-expansion principle. %1 f e D(B,N)
the fact that B is a DVR implies that f(g) is torsion in B((g))/V and so by
flatness, there is some f € V with the same g-expansion as f. The proof that
the image is dense consists of explicitly constructing certain divided congru-
ences d,, which form a sequence of Artin-Schreier generators for V. We refer

to [Gou88] for details. ]

The second statement in this theorem refers to the p-adic topology. It follows
that the p-adic completion lim D(B, N)/p"D(B, N) of D(B, N) is equal to V.

It remains to explain in what sense V is the coordinate ring of a moduli
problem. V = V(Z,, N) can be constructed as a limit of rings V,, ,,, which in
each case are the coordinate ring of an affine scheme. For M > 0 this scheme
is M(Np™)®Z/p", where M(Np™) is obtained by adding cusps to the moduli
space of elliptic curves with an arithmetic level Np™ structure. For m = 0 we
have to delete the supersingular points in M(N) to obtain the affine scheme
of ordinary points, and V,, ¢ is the coordinate ring of M¢(N) ® Z/p". Then

V = limlim V;, .
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As above we take the completed tensor product over Z, with B to obtain
V(B, N).

An alternative approach, which we shall use below, is that described in [Kat75]
The ring Vp is defined to be the representing object for the functor M*V(A)
of isomorphism classes of trivialized elliptic curves over a B-algebra A. MV
is constructed from the stack of trivialized elliptic curves by passing to iso-
morphism classes. The g-expansion map is defined by evaluation on the Tate
curve with its canonical trivialization and using this to define D = Dp, the
g-expansion principle and theorem 4.2 still hold. This approach is preferable
because in the above we need N > 3 for M?¢(N) to be representable by a
scheme. To recover Vg from V (B, N) we need to take the ring of invariants
under the action of GL(2,Z/N).

4.3 Formulae for the generators of D

The generators d, for the ring of divided congruences constructed by Katz in
his proof of theorem 4.2 are not uniquely determined. For p > 5 Katz gives
a formula for a particular choice of d,, in terms of the canonical differential.
Specifically if we set ¢t = z/y and expand w = dz/y in terms of ¢ we obtain

w= Zant""ldt

n2l1

for some a,, € Z[ga, g3]. The d,, can be described by saying that a;» is the nth
Witt polynomial in the d;. This means that

Qpn = zn:pid,‘;n—i.

1=0

Given g~ for all n we can construct d,, inductively from this formula by rear-
ranging and dividing by p". In appendix B we carry out the computation of
an for n < 125, expanding and correcting the formulae given by Katz. This
gives us the following explicit formulae for certain d,.

p=3>5:
The coefficients of 4, t?* and 2 are 16g,,1081344 (2409392 — 795 — 60g3) and

99556996932177919076296818688g2(14726735444678400g5 18
+29088418315407360093291% — 10570523441402496093°93°
443119208950 — 609616768696320091393
+8882987201003520091695 — 288697084032614400g3493
+3756303581184092° + 14430842538840g492*
—7809632432784009592! — 72682814985g2g27)
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respectively. Therefore we have
do =a; = -2

as — dg _ 1692 + 32
5 5
ags — Sd‘r{ - dgs
25
1081344(240g393 — 798 — 60g3) — (162+32)° 4 1048576
- 25
7569408 o 51904512 , , 12976128 ,
=% 9z + R 9595 — 5 9
1048576 2097152 , 8388608 ,
15625 72 3125 92 3125 92
16777216 , 16777216 20937965568
TT3125 2T 313 2T T 15625
and ds can be written down from this, but is too cumbersome to print. Note
that in Katz original paper a; = —2 was erroneously replaced by 1 in the
formula for d,,. Given these formulae and the g-expansions for g, and g3 we

can check that g-expansions of these forms do indeed lie in Z[1/6][g]. For
example 122422 hag g-expansion

di =

dy =

1(16 (14240 Z o3(n)q") + 32)

=1

1 400 ny 20 - n
5 Tz 320203 (n)q"™) = 3 +64n2=:103(n)q.

p="T:
From our calculations in appendix B we have
a7 = 96g3

ase = 997103501312(6336 g5 + 2365449595 — 2217604395 + 184809295 — 91g42)
and so for p = 7 we find

do = —2
96 128
dy = —
1= gz +— 7
6317647784312832 ,  33694121516335104 ,
dy = — 93 + - 9593

49
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2632353243463680 , _12962345517056912

 31588238921564160 ,
7 9392 + 5 939, 7 2
75144747810816 , 100192997081088 , 400771988324352 .
T 5764801 93T T 823543 98T T 823543 B
890604418498560 , 1187472557998080 , 949978046398464 |,
93~ 823543 98 T go3543

© 823543
As before we can check that these forms are defined over Z[1/6]. For example

the g-expansion of d; is

(216 (1- 504Zaﬁ(n)q +128)

= -1-(1-&8- + 224 Z as(n)q™)

n=1

164 32205 (n)qg".

p=11:
We give one more calculation, for p = 11. Again from appendix B we have

ajl = —2560ggg3

a1z = —27269955863891842040040639802690764845°
14 9

+7219652029057513905578187246891344980869120009;" g5

+38443459611963324456100955940478173315072009593"
16,6

—159592308010745044228570454931282362735001600g5 g,
8 18

—64449329349467926294051602606095761145856000959,
10 15

+4006906876126920217595893922024696464382361604g5 g,
18 3

+641899680284545175378865580417425290035200095°95

—78349442143946992777379665639561494528000g3592*
12_12

—920779105372600353033399865919816611764633600g5°g,

—101352581 09755976453350509164485662474240g3°
2 27

+4285781450609066271583161197377722777609395" .

Therefore
do =2

2560 2048

e TR e v
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349485996472393858691826872186165211955200 4 ,,
dy = 11 9392
583545163895041068526241436743113900032000 4
+ 11 93 92
65633200264159217323438065880830408916992000 ,, )
920779105372600353033399865919816611764633600 ,, 12
921387100886906950304591742225969315840920
B 11 3
712267655854063570703451505814195404800094924
11
, 36426426146608365614508126563860876948930560 e
11 93
_5850029940860720572186509327826887376896000 4
11 939>
38961649550991511559846919976161116160 ,
+ 11 392
1450839163734045856623367772102566933954560091696
11 8
_ 24790868967174401854582399820627968 "
11
 68953501833760746541571357357938184604037939200
3138428376721
 30948500082134506872478105600000000000 ,, 1,
3138428376721 93 92
_ 24758800785707605497982484480000000000 ;5 19
285311670611 95 92
 99035203142830421991929937920000000000
285311670611 9592
237684487542793012780631851008000000000 4
285311670611 9392
 380295180068468820449010961612800000000 ,
285311670611 9392
_ 425930601676685078902892277006336000000 ¢
285311670611 9392
, 340744481341348063122313821605068800000 ,
285311670611 9392
_ 194711132195056036069893612345753600000 , ,
285311670611 9392
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| 778844528 78022414427957444938301440000
285311670611 9293

| 20769187434139310514121985316880384000 ,
285311670611 9392

3323069989462289682259517650700861440

285311670611

Let us try to show that the g-expansion of —2%0gyg, + 228 has coefficients in

Z[1/6]. If we multiply by 11 then the constant term is 2332 9560 9 + 2048 = 165968

Since 165968 = 11 x 15088 this coefﬁment is okay For n 1 the coefficient of
g" is 82(24003(n) — 50405(n) —240- 504 0'3(’9)0'5(7’& k)) so it is necessary
to show that the term inside the parentheses is divisible by 11. Reducing mod
11, then dividing by 2 this becomes o5(n) — o3(n) — 22:;: o3(k)os(n — k)
which should be divisible by 11. A direct proof of this congruence has proved
to be elusive, which demonstrates how remarkable it is that every coefficient
in these g-expansions lies in Z[1/6]. In the course of searching for a proof we
did however uncover the following fact.

9392-

Proposition 4.2 Half the number of integer solutions to the equation
2 +ry+3P=n

is equal to os(n) mod 11.

Proof

The form z? + zy + 3y? has discriminant 1 — 4-3 = —11. The number of
equivalence classes of quadratic forms of discriminant —11 is equal to the
number of triples (a,b,c) of integers satisfying b> — 4ac = —11 and either
—a<b<a<cor0<b< a=c (See [Ken82] p323) In this case we see
that b2 — 4ac < b% — 4b?> = —3b% so we must have b = +1. In either case the
inequalities force @ = 1 and ¢ = 3. However for b = —1 we contradict & > 0
and b > —1 so we must have b = 1. It follows that z2 4+ zy + 3y? represents
the unique class of forms of discriminant —11. A theorem due to Dirichlet
([Ken82] p307) states in this case that for n > 0 prime to —11, the number
s(n) of solutions to 22 + zy + 3y? = n is given by

s(n)—22( )

din

where ( ”) is Kronecker’s symbol. Specifically ( ) is zero if 11 divides n, 1
if n is a quadratic residue mod 11 and —1 if nisa qua,dratlc non-residue mod
11. Both this expression and o5(n) are multiplicative so we can assume that n
is a prime power. If n = p" where p is not 11 then o5(n) =>,_,p*. fp’is a

40



quadratic residue mod 11 then p®° is a tenth power so is 1 mod 11. Otherwise
p% = —1 mod 11. It follows that o5(n) mod 11 = s(n)/2 in this case.

If n = 11" we claim that there are exactly 2 solutions to 2 + 2y + 3y = n
and so the formula holds in this case too. For n = 11 it is easy to see that the
only solutions (z,y) are (—1,2) and (1, —2) so this is okay. For higher powers
of 11 we will show that both z and y are divisible by 11 and so by dividing by
121 and using induction on r we will be done. (We should note that the only
solutions with n = 1 are (1,0)and (—1,0).) To prove that z and y are both
divisible by 11 we use the standard algebraic reduction that says for a solution
(z,7) to % + zy + 3y® = n we obtain a solution (X,Y) to X2 +11Y2 = 44n
where X = —11y and Y = 2z + y. If 11 divides n then 121 divides 11Y2 and
so 11 divides Y. Now for r > 1 we have 11® divides X2 and so 11 divides .
This and the fact that 11 divides 2z + y allow us to conclude that 11 divides
z. O

The same proof will show that o3(n) mod 7 is half the number of integer
solutions to z? + zy + 2y* = n. Indeed whenever we have a prime p of the
form 4k + 3 (k > 0) for which z? + zy+ (k + 1)y? represents the unique class of
forms of discriminant —p, we will find that o9x+1(n) mod p is half the number
of solutions to 2+ zy + (k + 1)y? = n. Note that p = 3 doesn’t work because
the automorphism group of 2 + zy + y? has 6 elements rather than 2. The
next primes that work are p = 19, p = 43 and p = 67. A necessary condition
for 2 +xy+ (k+1)y? to represent the unique class of forms of discriminant —p
for larger primes is that both k+1 and k + 3 must be prime, for if either were
composite, the factors would give different values for a and c that represent a
different class of forms of discriminant —p. The only part of the proof which
is not clearly the same is that (—1,2) and (1, —2) are the only solutions for
n = p. To see this we change the equation to (2z + y)? + py? = 4p. It follows
that |y| is at most 2. The values y = 1,0, —1 are easily ruled out if p > 3 since
neither 3p nor 4p is a square. This just leaves us with the two stated solutions.

Higher Primes

The formulae for a, in appendix B for larger primes p will give many more
congruences mod p between o3(m) and os5(n) for various m and n. These
formulae will be quite large for any primes bigger than 11, and so are per-
haps most useful simply stated as congruences for the g-expansions of various
polynomials in g, and gs.

4.4 D as Kgtmf.

In section 4.2 we defined the ring of divided congruences and explained how
its p-adic completion can be viewed as the coordinate ring of a certain mod-
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uli problem. Next we show that this ring is precisely Kotmf. We give two
related but philosophically different approaches to this calculation, based on
two different characterisations of tmf. The first constructs tmf directly as a
homotopy inverse limit and then uses various homotopy theory results to cal-
culate Kotmf as an inverse limit. The second approach is to describe K Atm f
directly as a stack of trivialized elliptic curves, as considered above, and then
to prove that this stack is in fact a scheme. This approach is more direct, and
in fact will be used to complete the calculation from the first approach, but
the first approach has the advantage of being described using only homotopy
theory.

The following lemma is the key algebraic step.

Lemma 4.1 If J is an elliptic curve and T + O(T®) is a coordinate near
infinity. Then there exists a unique pair (z',y’) of Weierstrass coordinates for
J such that ¢’ /y =T mod T®.

Proof
If we choose an arbitrary pair (z,y) of Weierstrass coordinates then any such
coordinates (z’,y’) are related to (z,y) by a transformation of the form 2’ =
A2z +7,y = A3y + A2sx + t. We can expand z and y as Laurent series in
T to get £ = T2 (up +wT +ueT?+---) and y =T 3(vg + 1T+ v T2 +- - )
where uo and vg are invertible and u3 = v2. Substituting these power series
into 2’ and 3 and expanding 2’/y’ as a power series in T (with the help of
Maple) gives
_ l_’LLgT _ l(-—’u,l’Uo + u20v1 + lsug) T2

Vo U

xl / yl

M~ ugVovz — 2ugUo Aty + U +rUE A2 — U vy +ugv? + 2udvy As+ A% s%uf) 8

3

—M2ugusus A + ugulus + ugUg APt — Uzl + ur1vie + uiviAs — 2vguouive
—dugugui Asu; — 20pAsuvy — 3upAZsPudu; + usvgr + TN, + TvdA3sug
—uyvp¥? + ugv? + 3udv? s + 3udviAs® + AsPug) T fug + O(T®)

We have to solve for A, r, s and ¢ such that this expression is 7’ mod 7°. This
gives us 4 equations in 4 variables (from the coefficients of T', T2, T3, T*) with
Jacobian matrix

Lo 4 *
UO)\ZZ
07?-0'* *
0
3
0 0-;‘; *
4
0 0 0 -—uwr
0



The first equation gives A = 2 and so the Jacobian is invertible. The in-
verse function theorem therefore tells us that there is a unique solution to the
equations. In fact with some more algebra we find that this solution is

()
A= 2
Ug
(3 (75}
§ = ———
Vo Ug
.- (—uzugvo + v2u2 — ujv U + udvg)up
v
= (—uzugvp + v3ud — uv1Up + U g U
v3 |

O

The spectrum tm f is constructed to have the mapping properties of a universal
elliptic cohomology theory. Specifically, we can construct a functorial diagram
of Landweber exact elliptic cohomology theories, E;, each of which is an E
spectrum satisfying further properties from obstruction theory. This means in
particular that each E; is complex orientable, and the formal group associated
to this orientation comes with an isomorphism to the formal completion of
an elliptic curve E over E}. Furthermore on finite CW-complexes X we have
EX¥(X) = Ef ®uu« MU*(X), where the MU* action on E} comes from the
complex orientation. For any spectrum R, there is a map from R A tmf to
the homotopy limit Holim(R A E;). The first result from homotopy theory is
that this map is a homotopy equivalence. A proof of this statement would
involve the nilpotence theorems of [Smi88] but it is certainly reasonable given
the relation of E; to MU.

This equivalence means that for any R, there is a spectral sequence
lim? (R A E;) = m_s(RAtmf).

The second result that will allow us to calculate m (K Atmf) = K. tmf is the
following.

Proposition 4.3 If R is complex orientable then the derived functors lim?_
are zero for s > 0. In particular,

(R Atmf) = lim R, E;.

Proof
We may assume that R is even and periodic, so that we can associate to
it a formal group Gg. This is sufficient because it is true for the periodic
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version of MU, which we denote MU{u*!}, and we can extend to other R by
naturality. In this case R Atmf can be identified with the stack of elliptic
curves E together with an isomorphism of E with Gp. (For R = K this would
be the stack of trivialized elliptic curves.) If J is the universal trivialized
elliptic curve over W then this stack is naturally identified with the stack
of isomorphisms [ so(J G R) (since such isomorphisms classify such E). We
can think of the R A E; as forming an etale cover of this stack. Then by
definition, the s** cohomology group of the stack is the lim? that we want.
A basic fact about the category of stacks is that it contains the category of
schemes as a subcategory, and that the st cohomology of a scheme is zero
for s > 0. Therefore it remains to show that I'so(J,Gpg) is a scheme. If we
choose a coordinate on Gr then pulling back that coordinate defines a map
from Iso(J,Gr) to the stack A of coordinates on Jr. A can be identified
with MU {uil} Atmf. We claim that A is an affine scheme and so this map
identifies Iso(J, Gr) as a closed subscheme. This follows from the lemma: If
we let b, denote the coefficients of 7" for n > 5 then

A = SpecZ|a;, a3, a3, a4, ag)[ut'][bs, bg, --.]-

The details of this can be found in [Rez]. Note that an element of mgy, is
identified with an element of 7y by multiplying by u=". O

Corollary 4.1 For any p-adic ring B, the ring Ko(tmf; B) can be identified
with the p-adic completion of ring of divided congruences Dp, that is Vp.

Proof

The previous proposition gives us two different ways to see this statement. The
direct approach is to observe that Specmo(K Atmf) =1 s0(JB, Gm) = Spec Vp
Under this identification, forms of weight 2¢ must be multiplied by v~! (v being
the Bott class) to put them in mg. The alternative method is to calculate K, E;
directly as in [Lau99] and use the statement of the proposition to obtain K, tm f
as a limit. : ]

Corollary 4.2 There is an isomorphism of Z,-modules
K°(tmf; Z,) = limhom (Vz,, Z/p")
for any prime p.

Proof
This follows from proposition 4.1 and the previous corollary. One simply needs
to note that the continuous character must map p*-torsion to pi-torsion. O

In section 5 we will expand upon this description and then apply Bousfield’s
theorem to obtain K*(Qtmf;Zy).
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4.5 Diamond operators

The ring of divided congruences has a natural action of ZX by what are called
diamond operators. The p-adic K-homology of a spectrum also has an action
of Z; given by the stable Adams operations. In this section we define each of
these actions and show that they correspond under the identifications of the
previous sections. :

The diamond operators act on generalized p-adic modular functions through
varying the trivialization. Specifically, given a generalized p-adic modular
function f and a € Z we define () f by the equation

(@) f(E,¢) = f(E,a"'¢).

This action preserves the ring V' and so gives rise to an action on D. If
(a)f = oFf then f is said to have weight k. Under the identification of
classical modular forms as generalized p-adic modular functions, a form of
weight k& becomes a function of weight k. It follows that if f = Y. f; € D
where f; has weight i then (a)f = o’ f;.

The stable Adams operations are natural transformations of K-homology. For
an integer k they can be defined axiomatically as follows. From the work of
Miller [Mil89] it follows that natural transformations of a Landweber exact
homology theory are determined by their action on coefficients and on line
bundles. As we noted in section 3, the operation %* acts by sending the Bott
class v to kv, while it acts on line bundles by raising them to the k*h power.
We remark that Miller phrased this in the language of formal group laws.
In this language 9* is described as the ring endomorphism of K, = Z[p*!]
determined by sending v to kv, together with the strict isomorphism

%[k] : G — WG

of the multiplicative formal group law. To see this we just have to note that the
multiplicative formal group law z + y — zy corresponds to the tensor product
of the line bundles (1 — z) and (1 — y). Of course this definition requires us
to be able to divide by &k so over the integers we only obtain two operations.
Working with p-adic K-theory we obtain 9* for any k prime to p. We can
then extend this to any p-adic unit by continuity.

Given this description of the stable Adams operations, we can easily prove the
result that we want. ‘

Proposition 4.4 Under the identification of Kotmf with the completion of
D, the Adams operation * A 1 corresponds to the diamond operator (k~1).
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Proof

We showed above that if f = ) fi € D where f; has weight ¢ then (o) f =
Y aifi. Thus (k7!)f; = k™" f;. Our identification of Kotmf with D requires
us to multiply f; by v~* to put it in degree zero. Therefore we have (¢*F A
D™ f;) = Wk fi = k™' f;, and so 9% A 1 also acts by multiplying f;
by k~*. a -

In terms of the representing spectra, if we think of K A tmf as the stack of
trivializations of the universal elliptic curve, then the diamond operator (k~!),
which act by multiplying the trivialization by k is represented by a map of the
spectrum K. This map is precisely the Adams operation .

5 The K-cohomology of tmf and Q°tmf

5.1 Hecke Algebras and duality
In section 4 we showed that there is an isomorphism of Z,-modules
K*(tm ; Z,) & lim hom (Vi Z/7)

for any prime p. There is a duality between the ring of generalized p-adic
modular functions and the ring of Hecke operators acting on V. Given the
formula above we can expect there to be a relation between the K-cohomology
of tmf and this Hecke algebra. We will use this relation below to obtain a
description of the K-cohomology of §°tmf.

For the moment let us assume that p > 5 and that [ is an integer prime to p.
We recall the definition of Hecke algebras from [Gou88] The Hecke operator
T; acts on the ring V of generalized p-adic modular functions as follows. If
(E, @) is a trivialized elliptic curve then for every subgroup H of order [, the
projection 7 : E — E/H induces an isomorphism on formal groups. Therefore
we obtain a trivialized elliptic curve (E/H,¢n~!). If f € V then T} f is defined
by the formula

1
Tif (B,¢) = 7 > f(B/H,¢n™")
where the sum is over all subgroups of order [. If f has g-expansion f(q) =
> ang™ then
n 1 1
Tif (@) = Y amg” + T((HD)(d).

For | = p it can be shown [Gou88] that there is a linear operator U, on V

which on g-expansions sends ) ang™ to Y anpq™. If we denote U, by T, then
we obtain T} for all I according to the following formulae:
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1. T3 is the identity.
2. If | and m are coprime then T}, = T}T,.

3. If | is a prime distinct from p and k£ > 2 then

Ty = TiTpes — 7 (D Te-s

4. For any k > 0, T =Tzf

It follows from these formulae that any 7; can be written as a polynomial in
the T, for g a prime dividing !. Furthermore the T; commute with each other.
It is clear from the modular definitions that the Hecke operators commute
with the diamond operators as well.

Definition 5.1 If V' C V is a subring that is preserved by the Hecke and
diamond operators then the Hecke algebra Ty+ of V' is defined to be the com-
pletion of the commutative subalgebra of the space of Zy-linear endomorphisms
of V' generated by the T; for | prime to p, U, and the diamond operators. The
restricted Hecke algebra Ty, is obtained by omitting the U, operator.

As two particular cases we have T = Ty and Tpr, where D' is the ring of
divided congruences of forms of positive weight. To see that D’ is preserved
by the Hecke operators we can look at the effect on g-expansions. The only
concern would be the term %, but the effect of the diamond operator (I) on
a form of weight 7 is to multiply by I, so if we restrict to forms of positive
weight this will cancel the [ in the denominator.

Now let us consider the ring Vj for a p-adic ring B. For any V' as above there
is a bilinear form

TVIXV' — B
(T, f) — a(T))

where a;(Tf) is the coefficient of ¢ in the g-expansion of T'f. In particular
if T is the Hecke operator 7; and f has g-expansion f(gq) = > anq" then
(T1, f) = a;. Varying | we should be able to determine all of the coefficients
(except the constant term) in the g-expansion of f and hence determine f
itself up to an additive constant. This means, for example, that if we restrict
attention to space VA" of forms with zero constant term (parabolic forms)
then we obtain an injection

VE" < hom (Tyger, B)
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where the right hand side consists of continuous (with respect to the p-adic
topology) homomorphisms of B-modules.

There are several results which strengthen this observation; we mention two.

Proposition 5.1 Let B be a p-adic ring. Then the map f — (-, f) induces
an isomorphism of Zy-modules

V5" & hom (Typer, B)
P

(continuous Z,-module homomorphisms). Moreover f corresponds to an alge-
bra homomorphism if and only if it is an eigenform for the Hecke and diamond
operators and a1 (f) = 1.

Proof

We refer to [Gou88] for details. The condition a;(f) = 1 corresponds to the
condition that ring homomorphisms must respect multiplicative units. Notice
that the ring B occurs in the right hand side only as the target space, and not
as part of the Hecke algebra. m|

Proposition 5.2 LetV be a p-adic ring and define Vi = (Ve+Q,)/Qp. Then
the map f — (-, f) induces an isomorphism of Z,-modules
VB} = hom (TVz,, y B)

(continuous Z,-module homomorphisms). Moreover f corresponds to an alge-
bra homomorphism if and only if it is an eigenform for the Hecke and diamond
operators and a,(f) = 1. For B =Z, there is also an isomorphism

Ty, = hom (Vzlp, Zy)

induced by the same pairing.

Proof
See [Gou88]. We note that V3 has a dense subset consisting of sums of forms,
whose g-expansion lies in Q, + ¢BJ[g]]. O

We are interested in the inverse limit over ¢ of the spaces home, (Vz ¢, Z/p").
We remark that these spaces consist of module homomorphisms. If we con-
sider the subspace of algebra homomorphisms then this space would be exactly
the set of isomorphism classes of trivialized elliptic curves over Z/p*, by defi-
nition of V. Also we note that this inverse limit does make sense, since Vg is
contravariant as a functor of Z,-algebras B.
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Now let p be any prime and let p; : Z, — Z/p* denote the reduction mod p*
map. The map induced by p; on spaces of generalized modular functions is
denoted p}. For each 7 there is a map

hom (Va,, Z,) @3 hom (Va,, Z/5") & hom (Vaps, Z/p)
which give rise to a map
p : hom (Vz,,Z,) — limhom (Vg,,, Z/p").

The final statement in proposition 5.2 also shows that the inclusion of Vz, in
Vz, induces a map
¢ : Ty, — hom (Vz,, Zy)

when p > 5.

Proposition 5.3 The map p : hom (Vz,,Z,) — lim. hom (Vz/ps,Z/p") is an
isomorphism, while ¢ : Ty, — hom (Vz,, Zy) is injective but not surjective.

Proof

The map ¢ is not surjective as any map from Vz, to Z, which does not vanish
on the constants does not extend to Vzlp. It is injective because a map from Vzlp
to Z, must vanish on the constants so is determined by its restriction to Vz,.
To prove that p is an isomorphism we first note that Vz, is the direct limit of
the Vz/,+ as an algebra, but we can regard the same direct system as a diagram
of Zy,-modules and obtain the same object as a direct limit of modules. Given
this the statement follows by some definition chasing. Specifically an element
of the direct limit consists of a family of maps from Vz,,: to Z/p*. These maps
factor through each Z/p* for k > i and so factor through Z,. But such a
family of maps is precisely a map from the direct limit of the Vz/,: to Z,. O

Corollary 5.1 There is an isomorphism
K*(tmf,Z,) = hom (Va,, Z,)
for all primes p and a split inclusion

Ty, = K*(tmf, Zy)
for every prime p > 5.

Proof

This is mostly just a restatement of proposition 5.3. To obtain a splitting of
¢ we note that elements of Ty, can be viewed as elements of hom (Vz,, Z,)
which vanish on the constants. Such an element can never be a multiple of
a map which doesn’t vanish on constants, and so we can construct a right
inverse to ¢ by extending the identity map to zero on functions which do not
vanish on constants. O
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5.2 K*(Q%tmf;Z,) for p > 2

From corollary 5.1, our calculation of the first and second cohomology groups
of tmf and Bousfield’s theorem, we have the following statement.

Theorem 5.1 For p > 3 there is an isomorphism
K*(Q5°tmf;Zy) = T(hom (Vz,, Zy))
while for p =2
K*(%°tmf; Zy) = W(hom (Vg,,Z2) — Z/2).
Let us recall the definitions of 7" and W to make this statement explicit. T is
left adjoint to the functor sending a connective Z/2-graded p-adic 6P-ring R

to the Z/2-graded p-profinite abelian group R. Therefore for p > 2 and any
connective Z/2-graded p-adic §P-ring R, there is an isomorphism

homg, (K*(Q°tm f; Zy), R) = homgy (hom (Vz,,Z,), R).

Similarly W is left adjoint to the functor sending a Z/2-graded 2-adic 62-ring
R to the map R — R/T2R. Therefore for any R there is an isomorphism

homgz (K*(Q%tmf; Zs), R) = homy (hom (Vg,, Zs) — Z/2, R — R/T?R).

Let us consider a particular example for p > 2. If Y is a connected CW-
complex with H*(Y;Z,) = 0 for ¢ < 3 then X = K*(Y;Z,) is a connective
Z/2-graded p-adic ¢P-ring. In particular Y = S? for n > 1 satisfies these
hypotheses and according to [Hat01] K*(S*") = Z generated by (H —1) *- - -
(H —1). It follows that the reduced p—adic K-theory of S?" is a single copy
of the p-adics and there is an isomorphism

homee (K*(Q°tmf; Zy), K*(5%; Z,)) 2 hom g (hom (Va,, Z,), Z,)-
There is a natural map
K* : 1, 0tmf — homg (K*(¥°tmf; Z,), K*(S*™; Z,))

given by applying K-theory to a representing map from S to Q°tmf. There
is also a map
e : Vz, — homy (hom (Vz,,Z,), Zy)

sending v € Vg, to the map which sends a map to its value at v.

Lemma 5.1 The evaluation map e is injective but not surjective.
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Proof

If e(v) = 0 then f(v) = 0 for all f € hom (Vz,,Z,). However if v # 0 then
since Vz, is torsion free, there is a map sending av to a and the rest of Vz,
to zero. Thus if e(v) = 0 then v = 0 and e is injective. It is not surjective
because the space of group homomorphisms is much larger than the space of
Z,-module homomorphisms. For any copy of Z, in Vz, we obtain a copy of
the completed group ring Z,[[Z5]] in the space of group homomorphisms. O

We remark that the copies of Zy[[Z;]] correspond to the action of the Adams
operations ¢F for k prime to p. The 67 operation on the other hand is intro-
duced freely on the left hand side.

A natural question to ask is whether any elements of the homotopy groups
of Q°tmf correspond to elements of Vz,. For p > 5 we have the following
theorem.

Theorem 5.2 With 6 inverted, the homotopy of Qg°tmf is

1
W*ngtmf = Z[E’E‘h Es]

Proof
For details of this computation and some history see [Bau]. !

Corollary 5.2 Forp > 5, the elements p'd; € Vz, correspond to elements of
the homotopy groups of Q¥tmf.

Proof

From our formula for d; in terms of a; in section 4.3 we know that p'd; is a
polynomial in g and g3 and so this result follows from the theorem and the
equations 1292 = E4, 21693 = Eﬁ. 0

The map ¢ : Ty, — hom (Va,, Zy) from corollary 5.1 gives us another way to
look at K*(Q°tmf;Z,). Applying the functor T we obtain a map

T$: T(Ty,,) — K*(QFtmf; L,).

The Hecke algebra Ty, is a module over the ring Z,[[Z;]] under the action
of the Diamond operators. It follows that each Hecke operator T; generates a
free A-ring on one generator when we introduce 6P freely with the functor T,
and this gives all of T(Ty, ).

Let us summarise:
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Theorem 5.3 For p > 3, K*(Q3°tmf;Z,) is the free 6° ring generated by
the group hom (Vz,,Z,). The A-ring structure is given by the Adams op-
erations, which correspond to the diamond operators on V. If p > 3 then
K*(Qtmf; Zy,) contains the free 0P ring generated by the Hecke algebra Tv,,
as a direct summand.

Proof

The only part which requires comment is the last statement. The map ¢ :
Tv,, — hom(Vz,,Z,) is a split inclusion of p-profinite abelian groups. It
follows that T'¢ is a split injection also. a

5.3 K*(QXtmf; Zs)
For p = 2 we found that there is an isomorphism
K*(Q°tm f; Zz) = W(hom (Vz,, Zs) — Z/2).

We have some understanding of the functor W from our examples in section
2.4. We know that

W(Z; — 2/2) £ L[z, 6%z, ...]],
and
W(Zp[[Z;]] — Z,) = Zp[[x,}\z(x), -

for all p. We are interested in Vz, as a Z[[Z3]]-module under the diamond
operators and so we would like to understand what we get if we apply W to

the composition
Lo||Z3]] = Z2 — Z/2.

More generally we have the following construction.

Lemma 5.2 For any composition M — H — K of p-profinite abelian groups
there is a composition

WM — H)—->W(M - K) > W(H - K).
Proof

" For any R there is an isomorphism between homg, W(M — H); R) and the
set of commutative squares

—_—

M T

M
!
H

|
st



and similarly for the other maps. Given such a square for M — K we obtain
a square for M — H since the left hand arrow factors through H. Given a
square for H — K we obtain a square for M — H by mapping M onto the H
in the square. This means that we have a composition

homg» (W (H — K); R) — homg (W(M — K); R) — homgs (W(M — H); R)

for any R. Now if we take R to be W(H — K) we obtain a map W(M —
H) - W(M — K) as the image of the identity of W(H — K). Similarly
we obtain a map W(M — K) — W(H — K) as the image of the identity of
W(M — K). 0

We could also view the maps in the lemma as the result of applying W to the
squares

M — M
l !
H — K
and
M — H
) l
K — K

which are maps in the category of maps. This allows us to deduce the following
result.

Proposition 5.4 The maps
W(Z[[Z5]] — Z2) — W(Z:[[Z3]) — Z/2)
and
W (ZlIZ5]) - Z/2) — W (Z; — 2/2)

are surjections. The latter is split.

Proof
The functor W is a left adjoint and so is right exact. This means in particular
that it takes surjections to surjections. The inclusion of Z, in Z,[[Z5]] gives a
square

Z, — ZL[[Z3]]
! l
Z/2 — @ Z/]2
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and applying W to this square gives the desired splitting map. m]

We could replace Z,[[Z5]] in the above with hom (Vz,, Z,) and reach a similar
conclusion. This allows us to say the following.

Theorem 5.4 The A-ring K*(QQ°tmf; Z) is a quotient of the free Z/2-graded
p-adic A-ring generated by hom (Vz,,Z;). As a 0 ring is contains the free 67
ring on one generator as a direct summand.

Proof
We only remark that W(Z; — Z/2) = Zy[[z, 6z, ...]] is the direct summand
coming from the split surjection from proposition 5.4. ]
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A Combinatorial proof of the formula for P,

In this appendix we give some more details on the calculation of the polynomial
P3p = P3n(e1, ..., €3n) from the definition of a A-ring. Let us recall the formula
for P .

Proposition A.1 Letw = —1+ 3?@ be the cube root of unity. Then for alln

-1
Psn(er,...,e3n) = E c;?_,,k_lelejek
1<k, I4+j+k=3n

where ¢t , = 2R(w") unlessr = 0,1,3t/2. Ift > 0 then forr = 0,3t/2 the value
of ¢t , is 1 while for r = t it is 2R(w") + (—=1)**1. Ift = r = 0 the coefficient
18 zero.

The definition of P;,, that we use is that it is the coefficient of 3 in the prod-
uct [Ty c.ci,<an(l + iy - - - i, t), Where e; is the ¢** elementary symmetric
function in the indeterminates z;. Note that the highest exponent of any z;
that can occur in the coefficient of ¢* is 3 so the degree of P, is 3. Let us
introduce the notation z™%* to represent the monomial

T8t 3 3 2

2
T =Ty LTyt Ly g Trtbstl T Tristt,

which is a typical monomial in the coefficient of £3. In the polynomial P, there
are two types of monomial that may occur. There are the degree 3 monomials,
which are also exactly those of the type e;;1€;41€x41 for eje;e, a monomial that
may occur in Ps,_;, and there are monomials of the form exes,_x. Notice that
the coefficient of z"+** in e;y1€j41€k41 is the same as the coefficient of z™%¢

in ejejex. In fact in both cases it is equal to 3o, () (,__,) >, ) (;:fi;t’;)
where the sum is taken so that all the numbers are non-negative. Here p is the
number of the terms from e; that are chosen to lie between r + 1 and r + s.
Once these are chosen the terms from e; must include the other s — p such
numbers, but then may also have q of the original p as well. We can also see
that the coefficient of z™+1%¢ is zero in the degree 2 monomials, and that its
coefficient in P, is equal to that of 2™ in P;,_;. Taking these three facts
together we conclude that the coefficient of e;4ie;11€k41 in Psy, is equal to
the coefficient of ejejex in Ps ;. This means that we only need to determine:
the coefficients of the monomials exesn—k in P3,. We remark that if we had
made this same observation when dealing with P»,, the calculation would have

become trivial, as we would only have to determine one coefficient.

We have reduced ourselves to dealing with the monomials z%%3"~%_ Conve-
niently these are equal in number to the monomials exes,_ so we expect to
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obtain an invertible linear system for the unknown coefficients. In fact it will
turn out to be triangular. The full system has the form

(28)(:)-(2)

In this equation c is the vector of known coefficients for the monomials e;e;ej
with | > 0 and Bc = b is precisely the set of equations that we have in the
n —1 case. The matrices A and L contain the coefficient of z%%%"~% in e;e ey
for | > 0 and [ = O respectively. The vector d contains the coefficients of
20437=2 in P, . and so the system that we have to solve is Lv = d — Ac.

We can give explicit formulae for the entries of d, A, and L. In the formulae
below we adopt the convention that (7';) = 0if m > n or either term is negative.
These values correspond to counting impossible choices so in our context they
should be zero. This will allow us to have cleaner formulae without affecting
our calculation. For example with this convention the formula

m+n ' (m n
("7") -2 ()6)
holds for any positive values of m and n.

Lemma A.1 If the it* row of d corresponds to x%%3"~% then it contains the

BRI {6 [t
_Z n— 21 n_—iz
ifn#1and = S
3In—21\ (2(n—1+1
(EOGINeEN )
ifn=r1.
Proof

The coefficient of 2%43"~% in P;, is the number of ways of partitioning the
numbers 1,1,2,2,...,1,4,i+1,i+2, ..., 3n—1 into three distinct sets of n distinct
numbers. Let us suppose that we put / numbers less than ¢4 1 in the first set.
Choosing the first set involves first picking ! from %, then n — [ from the other
3n — 2i so it can be done in (}) (¥~ 2') ways. The second set must contain all
the numbers from 1 to ¢ that weren’t in the first as we cannot have two equal
numbers in the third. Therefore we just have to pick n — ¢ + | numbers from
the set containing the ! numbers less than 7 + 1 that are in the first and the
3n — 2i — (n — I) numbers bigger than ¢ that are not in the first. Note that by
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our convention we do not need to worry about whether all this is possible. The
product (}) (**~%) (2(:"::1”) therefore gives the number of ordered partitions.
We don'’t care about the ordering so we have to divide by 6. The final thing
that we have to worry about is that our three sets are all distinct. This will
be automatic unless two of the sets do not contain any numbers bigger than
i. This can only happen if n = ¢ and either [ =0 or [ = n. If [ = 0 the second
and third sets are both {1,2,...,1} so this should not be counted. If | = n we

just have to exclude the 2 cases where either 0 or n of 1 through n are in the

second set. This leads us to the expression in the second formula. O
Next we consider the coefficient of 2%%3"~% that occurs in e;e;ey.
Lemma A.2 Ifl < j <k then the coefficient of z%%3"=% that occurs in eje;ex
¥ Z’:<z) <3n—2i> (3n—2i+2a—l)

“—~\a l—a j—i+a )
Proof

The argument is the similar to the previous lemma. This time however the
sets do not need to be distinct and the partitions are ordered by [, 7, k so we
neither have to divide by 6 nor rule out any cases. a

The previous lemma give us the entries of both A and L from our system of
equations. However we should take a closer look at L which has columns that
correspond to the monomials exez, k.

Proposition A.2 Let the (k + 1)* column of L correspond to the monomial

ex€sn—k- LThen L is an upper triangular of dimension 3’2 and in the i row

and j™ column it contains (3" %). Furthermore let vy be the vector whose

(k + 1) component is 2%(62"'"/ 3). If n is even we modify vy by replacing the
2 in the final component by 1. Then every component of Ly is (—1)™.

Proof

The formula for the entries of L comes from the previous lemma. To prove
the second claim about L we let w = €>™/3. Consider the i** entry of Lv,. For
n odd it is given by

3n
2 (30— 28\ T 130 -9 bt
2‘%2(k—z‘)“’ = 2%}%2( ) +
— (1+w)3n—2z

wi(_@)3n—2i
(__ 1 )3n&}3n—3¢

= (1
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Here the key observation for the second equality is that we sum over exactly
half the terms in the binomial expansion of (1 + w)3~%, but we multiply by
two to account for the other half. The binomial coefficients and the real parts
of the powers of w match up perfectly so that the real parts of the two halves
are equal. It is not true that the imaginary parts are equal though. For n even
the calculation is essentially the same. This time instead of being between
consecutive occurrences of —1 in the sequence 2,-1,—-1,2,—1,—1,2,—1... we
would have a 2 in the final position. Our modification to vy splits this 2 evenly
between the two halves and so the second equality still holds. O

With these results in hand we see that the formula for P;,, reduces as in the
n = 2 case to some identities among binomial coefficients. The formula for
Ly is our guide as to how to proceed with the calculation. We can generalise
it to the case | > 0 (where we are looking at monomials e;e;e).

Lemma A.3 With w as above we have

3n—1

S5 (O () (e ey = (),

j=0 a=0

In this formula when w¥™9/2 = 2 we replace it by 1 as before.
Proof

First we assume that [ < 7 and 3n — 27 > [. We can sketch the region of
summation in the (7, a) plane as shown.

i GBn-D72

i-1 i j

From this we can see that we can interchange the order of summation and

obtain -
3n-1

l . N oo .
I\ [3n—21\ ~— [3n—21+2a—1 il
;(a>(l—a)j§a( j—i+a )zm(“” )
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3n—l-2i+2q

l . K 3 .
_ 1\ [(3n — 2t — 3n—2i+2a—1 kti—a—l
“Z(a)(z—a) ( k )2%(“’ )

k=0

= i (;) (37:52) WO (] 4 )B4 2at
— zl: (;) (3?:?) (—1)3r=lyi=a=l(g)3n-2i+2a-1
-3 () Crz ) iy

— (=1 <3nl— z)

exactly as above. In this proof we use the identity that

m+n L /m n
("7") -2 ()6
a=0
To see this one just considers how to distribute ! items among m + n positions
by putting a in the first m and ! —a in the remaining n, for various a. From this
point of view we can see that if with our convention on binomial coefficients

the above equalities will still hold even if we change our limits on a and j to
ensure that all the terms make sense for arbitrary values of [ and 1. a

This calculation is very similar to that following proposition 2.1. It is reason-
able to expect that in calculating P, , by this technique we would be able to
use the trick of taking real parts of powers of a primitive m* root of unity in

the same way to complete the calculation.

The expression on the left hand side in this lemma, is close to what we have
when we multiply the part of A corresponding to each I by a vector like vy, of
appropriate dimension. The difference is that the sum in the lemma includes
all the terms corresponding to ejejer with j < I as well. These columns of
A are present but are in a block corresponding to the smaller value j. The
next lemma is a key observation that allows us to rearrange the triple (I, §, k)
without affecting the formula above.

Lemma A.4 Letl+j+k=3n. If p is the difference between 2 of I, j, k then
R(wP) is independent of which 2 we choose.

Proof
We simply note that working modulo 3 we have just 0 and +1 to worry about
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and R(w) = R(w™?) so the order of the pair that we choose does not matter.
Then, for example, we have k =3n—j—Ilsoj—k=2j4+1-3n=1—3
modulo 3. g

Let us now consider how the product Ac + Lv relates to what we obtain by
summing the formula in lemma A.3 over I. If we sum over / from 0 to 3n
and for each  for j from 0 to 2= ' we obtain an alternating sum of binomial
coefficients which of course is zero In this sum the sum of the coefficients of
terms corresponding to ejejex is —3 if I — j is not a multiple of 3. This follows
from the previous lemma. If [ — j is a multiple of 3 then the total coefficient
is 6, 3 or 1 according to whether [, 7,k are all distinct, 2 are equal or all are
equal respectively. Note that the coefficient 3 when two are equal consists
of a 2 from [,,3n — 2] and 1 from 3n — 2l,1,1, which is how we modify our
coefficients to make the formula work. Now what about Ac+ Lv? Our formula
for the coefficient of eje;ey is that it is 1 if two of 1, j, k are equal, and 2R(w*)
otherwise, except when j = n, in which case we have to add (—1)" as well.
There is also the exception that the coefficient of e,e, e, is zero. Putting this
altogether we see that with the coefficients as we claim we have the formula

s s () () ()

a=0 7
+2Z ( ) (3n 21) (Z(n—’i—I—a))-
pamrd n—1+a
In fact by lemma A.4 if we sum of all [ and rearrange the terms we arrive at
3 times the sum from ! = 0 to n minus twice the term with | = j = k = n.
This sum is zero on the one hand and 3(Ac + Lv); minus 3 times the j = n

terms minus twice the n,n,n term on the other. Taking 3(Ac + Lv); to the
other side gives the formula above.

If we denote the expression on the right hand side as 3z + 2y then we see that
y is 6 times the expression for the i** component of d (unless i = n) so it
remains to show the identity 2z = —y. We remark that if n > ¢ each term in y
is even so this is certainly reasonable. For n = ¢ we instead want 2z = —y — 1.

At the moment the binomial identity that we have to prove is somewhat diffi-
cult but it will become clear once we see an alternative expression for the term
labelled z. This is supposed to be the sum over [ of the coefficients of 2037~
in ejepesn—~; and was arrived at by first considering the terms from e;. If we
first consider e, and so reverse n and ! in the formula we instead arrive at the

expression
=2 G (E)

=0 a=0
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=3 (G S ()

a=0 l=i—a

We observe that 23, (—1)*F1(37Ha)) = (1 — 1)Hn-i+e) _ (An—ita)) o
if n > ¢ we have 2z = —y as required. If n = 7 then the same holds for all
a except a = 0 since 0° is not well defined. However if we look at the a = 0
. term we have 22 = —2 = —1—-1= —y — 1 as required. Note that here only
the I = n terms contribute. If ¢ > n we should have a similar problem when
a = 1 — n. However in this case we still only get a difference from the | = n
terms and having a = ¢ — n means that all ¢ of the numbers 1 through 7 must
go in the third set. However this set has only n members since | = j = n so

in this case the problem goes away and we have 2z = —y as required.

This completes the combinatorial proof of the formula for Ps,,.
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B The canonical differential

In this appendix we calculate the modular forms ay_; (in the notation of
Katz) that occur as the coefficients of the differential on an elliptic curve, as
polynomials in g2 and gs3. Katz gave formulae up to a;;, which we will extend
to aj01, and indeed we will note a correction to the formula for a;;.

We recall that in Weierstrass form the curve is given by an equation
y? = 4a® — gz — g3

and the canonical differential is w = dx/y. If we define ¢ = z/y then the
modular forms a; are defined by

w=Y gt ldt.

To calculate this series we introduce s = 1/y and divide the Weierstrass equa-
tion by 3 to obtain

5 = 41> — go5°t — g3s®.
This formula can be recursively substituted into itself to determine s as a
formal power series in ¢ to whatever order of ¢ we require. Indeed if we define
so =0 and s, = 4t3 — gos2_;t — g3s>_, for n > 0 then we claim that s, = s,,_;
mod t4*~!. This is true for n = 1 since s; = 4t3. Now if s, = s,_; mod t*
then s = s™; mod t*+3™ because the smallest term occurring is 3. This
means that the definitions of s,.; and s, agree mod t*+* so they are equal for
4 extra terms. The conclusion is that the sequence s, converges to a unique
power series that is s and that s, =s mod t**13.

To determine the differential in terms of ¢ we first calculate that
dz/y = dt + tdy/y

from the quotient rule. Also ds = i}dy so dy/y = —yds = —ds/s and we

obtain
w=dz/y=dt—tds/s.

Next we differentiate s = 4¢3 — go5%t — gas® to obtain
ds = (12t* — gas®)dt — (2gast + 3gss?)ds
and we substitute this in the above, which gives

t(12t% — go5?)
8(1 — 2gast + 3gas?)

w=dt—

We can replace s in this formula by the power series calculated above and then
formally invert the denominator to obtain the series that gives the formulae
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for the ;. We note that we have to divide out by ¢ before performing the
inversion. This means that if we use s, instead of s we will obtain a formula
for w that is accurate mod t4".

We carried out this calculation with the aid of Maple and found that the first
50 terms of the series are:

—2 + 16g5t4 + 96g5t5 — 1929218 — 25609395t + 2560(g3 — 3g2)t12
+53760g395t™* — 71689,(593 — 4893)t'® — 344064g5(393 — 293)t'®
+51609692(g3 — 20g2)t% — 2703360g392(—7g3 + 16g2)t2
+1081344(240g39% — 745 — 60g3)t%*

—337379328g2g3(g5 — 592)t% + 187432969, (695 — 3159393 + 28094 )%
+131203072g3(489% — 4009392 -+ 4595)t*°

—56229888092(395 + 44893 — 224g392)t%2

—18538823689,93(336g5 — 7709392 + 5595)¢34

+463470592(20160g595 — 134495 + 5595 — 5544g395)t36
+158506942464393(224g% — 2249397 + 11g5)t%®
—27095203849,(109200g495 — 2688095 — 187209295 + 14393)t4°
—32514244608093(4704g4 95 — 25489295 + 9195 — 192985)242
+45519942451292(—10560g5 — 21459295 + 1345 + 18480g3g3)t*
—5484069257216g39, (153695 — 100809393 + 33609295 — 91g3)¢46
+997103501312(633645 + 2365449395 — 2217609495 + 184809299 — 91942)*8
—2393048403148809293(35g5 — 264095 + 73929393 — 1650g245)t>°

Note that the coefficient of t%* is agy;. We calculated as far at t'2¢ which
requires determining the 31° iteration of s. For the purposes of section 4 we
include these terms below.

1173062942720092(11993% + 8236845 — 8168169395 + 4667529495 — 291729293 )t
+182997819064320g3(—190080g395 + 352098 + 2827444598
—44880g2g5 + 765g42)t>

—25338159562752092(320320g5 — 247529295 + 85942 — 13453449348
+510510g4985)t®

~12031921383014409392(9152098 — 1304160g39S + 11737444493
—13856792g9 + 1938g42)t58

—~257826886778880(25625691° + 44089591293 + 4260256095 ¢S
—11411400g3g5 — 1292935 — 1921920093 ¢5)t5°
+399631674507264009393(912912g3 95 — 15375364598 + 25625695
—82992g2g5 + 969g32)t%2

—532842232676352092(9699° — 615014409595 — 38304092932
+12172160g495 + 461260809593 — 2342912440)¢54
—34101902891286528093(201344098g3 — 63423369595 — 19968g3°
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+2642640g395 — 19019092932 + 1881g,°)£56
+140670349426556928092(5793° + 74680329895 — 65345289595
—2584092g1% — 905216g1° + 990080g395)t%
+63014385777377280g2g3(—22364160g3° + 5893888009595 — 1111418880g545
+340372032g4 95 — 1983520092912 + 16824594°)t™

—259471000259788800( 3584655369393 + 480741® + 11272060893294
+2715648932 — 247737693°93 — 9447060487395 + 15458826249595 )17
+19749449848345067520g392(792064093° — 871270409593 + 10735296048 g8
—25049024g393 + 120428092932 — 8855935)t™
+438876663296557056g2(—14277943680g595 + 31925836800g595 — 2574148592415
+1372879200g494% — 1241560320093%93 + 361181184932 + 44275918)¢76
+2501596980790375219295(115115928 + 2924544432 — 1789216092915
+44405088093 932 — 49424793691%93 — 2427110400g5g3
+2831628800g54g5)t™

—3423237973713145036892(555663360932 + 885548 — 7945986048993
+é?;zgiggzgo?%gg§ — 4514764800953 + 35659200095 4>

- 9392° )%

—959676970408471429120g595(—1729316160g593 + 2766905856598
+§?gggggzggg:g;§)4; 2493359,%}3 — 869193092935 + 18522112912

- 93 93)t

+95967697040847142912(168551219209394% — 79380480944
—3851658720094295 — 1251492802569593° — 3579030091842
+145262557440g3g5 + 253955520091°g4 + 49335421)1%4
+173317660855769940099072g393(—24078745693093 + 3023280095 922
—fgggggg(g)g;; )Jtrs ?320972809393 — 2515368969893 + 4485918

+ 93

+569187720380196847616g2(—8438730300g493° + 10450440092918
—712903935744g5g5 + 151222046976 95912 + 84492318310493°9S
3492741120934 — 192027996160g3%g3 — 130065921 )18
—5008851939345732259020893(—5640862592g4° + 2209413024 94915
—3927845376093%9S + 60008748800g595 — 2209413024095 912

—15876096g3* +4167475200932g3 + 254475g21)t%
+10245378966843543257088092(—1001500592928 + 1131092 — 2677768192934
+6091922636893295 — 17351101081693°95 — 1911047846445932
+9133684569394° + 1104160977929843)t%
+79392506545934553841664 9295 (262957543 + 11693133337609843
—343434685440g5g32 + 28977301584g494° — 105568100352091%98
—647927280g292® + 18948120576093293 — 2794192896g34)1%
—20711088664156840132608(1510796813926495932 + 14669567278080g4298
+87121298880g339% — 210639940403292°95 — 296763659878409591° + 87652593
—1285328732160g3934 — 851561568922 + 4016652288916)1%
—46392838607711321897041929295(736281 93" + 5901550054409843
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—141053531520g5g42 — 70818600652891%95 + 101641515369594°
+196815962112g12g3 — 702914150493 ~ 200608254 g2g38)t%®
+270624891878316044399411295(—111655800g2g2 — 352633828800g892°
+12737032000g4938 + 29183489280009892% + 5221647974400g31%gS
+912875520094% — 753122304000g3493 + 1051832
—741909149696093%93 )%
1933034941987971745710080093(451067904936 — 8661181769292
—173811499008g34g3 + 4013054036992¢895 — 621376108953693°95
—793790908416g5945 + 2888487g2* + 49368736032g393®
+250940351692893295)t102
—17886782563310924722497126492(—1661433446400g14g3 + 4886568960096
+8279070800g5948 — 2603625024009592° + 5663792 + 25292357376009595>
—7919499427840g1%g3 + 7424530713600g3%g5 — 654472009292" 2104
—8523910880190160209883168768g392(—3515090092g2! + 322191360g1°
+2239960800g3948 — 48545008512091%3 + 271580467200g3%g8
+106981g2* — 31950643200934g3

—413432764809593° + 248948761600g5g12)1106
+(—735329975044195143945398445277729259520093 98
—435325558142483583481564010138377912320g5918
+49109537619023032827781967595334061260804591°
+22570545067328767612768480056441411993600g3%95
—18620699680546233280533996046564164894720910912
—915443479669088258880047862157148160g38
+42018855716811151082594196873013100544093%93
—87932877737813697479160016089907200g2g2*
+12274216864919649910194473970067046400g592"
+70145885374894117647193175228416927)¢108
+885175360635132021795559833609g392 (— 152990329856091%3
+114223549440093%95 + 16811392* + 4270858592g3948
—897470745609593° + 5119262720g3% — 602888009292
+635708444800g591% — 208865918976 91493 )11
—1949335128525816264214446080g,(—1896882300518409349S
—46711419955209894% + 117536852160g492' — 766544688g2g2*
—274323429918720g1%91% + 419553481052160g3293 + 1844191125504091693
—156370206720g38 + 565471927 + 60620579379360g594°)¢112
—5954332756224311497964126208093(4075291 3" — 18354092630016 345
+6882784736256094%93 — 71174251249920930932

+875393925120g18¢3 — 2957446566360g59:¢ + 1245240659524 92
+243765292742409893% — 158936349092¢2* — 1616609280918)¢114
+1616176033832313120875977113692(—15674856129292*
+173815013578752094%93 — 11641361691960g5g.% — 3281716838400g3°
+262933070400g392" — 91921401411840091°932 + 1723526276472009593°
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+15899918082048091%93 + 1072445927 — 1050530301849600g3%g5)¢116
+970272699609504473620630470656 g9 (—131398617692160 930932
—1722664944g292* — 3481927680093® + 160598310512640g32g5
+4075291g3" 4 37640229026400g5935 + 148579851420g4g3
—3962129371200g5938 — 595267869081609349S
+48377032704009g3%93)¢1'8
+(—27269955863891842040040639802690764893°
+7219652029057513905578187246891344980869120009493
+3844345961196332445610095594047817331507200g593
—15959230801074504422857045493128236273500160093%95
—6444932934946792629405160260609576114585600095g42
+40069068761269202175958939220246964643823616095g4°
+641899680284545175378865580417425290035200093393
—78349442143946992777379665639561494528000g593*
—920779105372600353033399865919816611764633600g5 2942
—1013525810975597645335050916448566247424092°
+428578145060906627158316119737772277760g293" )12
—122455106226578840463845086986240g392 (— 302425389926 4091012
+7338263137920g59.° + 4577249144832091293 — 67589265744095918
+22707856080g492" — 22714168688640g149S + 287781322752094593
—50487951360g38 — 2401792472934 + 525844927 )11
+99556996932177919076296818688g,(14726735444678400g5g48
+290884183154073600g1%932 — 105705234414024960g3%935 + 4311920843°
—609616768696320092893 + 88829872010035200g169S
—288697084032614400g1%g3 + 37563035811840932°
+14430842538840g392* — 780963243278400g5 93"
—172682814985g2927)1124
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C Tables of P, and F,,

=W N =3

Table of P,

P,

e1fi

elfo+eaff — 2exfs

el fs +ereafifo — dereafs + esfi — 3esfifo + 3esfs

—2e1e3f3 + 2eqf3 + deaf1fz — defeafs — 2€3 f1f3 — dea fEfo + deresfu
+efesfifs +eresflfo — eresfifs +elfa+ €3 f5 +2e3 fa + eaff — desfy
—5es fofs + 565f12f3 + 5esflf22 - 565fi9’f2 — Seges fs + Sefeafs + 5e1€3 fs
—56?62f5 - 565f1f4 - 56164f5 + 565f5 + G?fs + 65fir’ + 6?62f1f4
—3e1e3f1fs + er€sfofs — edesfifs — 2€ies fofs + eles fL f3

+ees f1f3 + Sesesfifs — exesfofs — 2esesfLfs + ereafifa

+5e1esfafs — ereafifz — 3ereaf1fE + ereafifo

efeafifs + eled fofs — delel fifs + eles [T fu — 2eles fofa

—elesfifs — Berezesfi +effo + €3 f3 — 23 fo + € f5 + 3ei f3

+3e5fs +eo f? — 265 f3 + 3eo f5 — Beofo — 263 fofs + 25 f1 f5 + 3e3f7 fu
—3¢€3 fofs — 3€3f1f5 + 3eTeaf; — 2esesf3 — esesfs + 2e1e5f3
—3eresf2 + erexe3f1 fofs — 3ereaes fLfa + dereaes fofa + Tereses fi fs
—3eififofs + eleafi fo — elea fi fa + 2eeafofu + eles fi fs

teses f2f2 — 2eseafd f3 + 2eseafifs + 2eses fofs — 6eseqfi fs

+eres fifo — deres [Lf5 — eres [P fs + eres f1fa — Beres fafa

—eres fifs — 12e1eze3f6 — 126 f1f2f3 — 3eleafifofs + deceafifofs
+7eres f1.f2fs — 6eleafs + 9e2es fo + 6edes fo — 6eles fo + Geaeq fo
+6e1e5f5 — bee f1 f2 + 9es f1f3 + bes fL f3 — 6eg f7 fa + 6eg fofa + Gesfifs
Tetesfr — Terfifs + 14€3ed fr1 — Ter f2 fo — Ter f3 fa — Teres fr

+76%83f7 — 76163f7 — 76?64f7 — 76265f7 + 7616§f7 + 767ff1f3

—78364f7 + 76%65f7 - 78?62f7 + 1467f?f22 + 767f22f3 + 7€7f1f32 — 767f3f4
+eles f1fo + eles fofs — Seled fi1fs + ered fafs — 3erel fofs

+5e1€3 f1fe + elesfifs — 2etes fofs — etesfife + edesfif3

—e3es fafs + 2e3es f2fs + 3eSes fofs — Tedes fife + erel f2 f3

—2e163 [1f] + Serei fafa + dered fi fs — Terel fofs — derel fifs

+6¥f7 + 67f]7 + 767f7 -+ 6%6263f1f2f4 — 36%6263f3f4 - 46%6263}"12]“5
+6eleses fofs + 9eieses fi fo — 2e3es fifafa — €163 f1fafa

+edeq f2fa 4 3edeafsfa — €leafLfs + 2€3eqfofs + edeafi fo

+esesf1f3 — eseafifs + Seses fuf2 + 3eseafd f4 — Seseafs fu
—Teseaf1fs + Teseqfofs + Teseaf1fo + €3es f1 f3 + 2e3es f3 fs

+efes fifi — elesfi fa — Teles fa fa + eles fi fs — 2etes fa fs

—efes f1fs + eaes f1 f3 — 3eaes 13 — 2eses f1 f5 + 3eaes f3 f

—Teses f1f2 + 2eqes [ fa + Teaes f3fa — 2ese5f7 f5 — 3eses fafs

+7eses f1fs + eresfT fa — Beres f7 f2 + Seresfifs — eresfifs
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—Teses f2 fs — deres frfs + eresfi fa + Teres fafa — eresfi fs
7eres fofs + ere6f1fs — 21eleses fr + 14ereseq fr — 21e7 f1 fo f3
+14er f1 fofs — 3€leafifofa + ereoesfLfafs — 2e1e2e4f3 f3
—ereseafif2 — 3erezesfi fa+ 8erezeafifafs — 2e1eze4f3f4
+3e1eseaf2fs — dereseafafs — Beieaeafi fo — 3esesfif2fs
—2esesfrfafa— 46§65f12f2f3 + 3€%€5f1f2f4 + 6eqes f1 fa f3
—degesfifofo + Oereafi fofs — Beresfifafa+ Ter fi fs — Terfafs — Terfife
—8epe2 fs + 8esfafs — BeSeafs — 8efes fs + 12es [T f3 + Besfif7
+206‘116%f3 + 2068f{1f22 - 1668f12f23 — 86%64f3 + 8ererfs — 863f{5f2
+8esf3 f5 + 8eses fs — Besfifo — Sesfs fa+ 8esf? f3 — Besfofd
—8eg fAfs + Besfafs + 12e3€} fs — 16elel fs — Befeafs + 8edes fs
1 8esesfo + 8etesfs — 2¢4fsfs + 265 fofs — 2¢5f1 fr + 2€3€3 ]
s T Ahenf? + 20823+ AC R — 433 s — DTS fs
_4e2fyfs + 42 f2 fo — A€l fafs — €l fifr — deles ff — 2esesf;
—46365.}(3 + 46%66f42 + 26266f§ — 462€6ff - 26187‘}"24 - 46167f42
ebey fifr + eled fofo — Beted fifr + eled fafs — 4eies fafo
+9e2ed f1 fr + Sesf2fo — 2e3eafafs — ejesfifr + S fs +e5f?
+2eifs + €2 f + 62 7 + deife +esfi + 2es f3 + elesesfrfafs
—36?6263f3f5 — 58?6263][12]05 + 86?6263f2f6 + 116?6263f1f7
_dere2esf? + €22 f2fa + 3eded fafs + Seiel [ fo — Oetedfafe
5622 f1 fr + €263 fofE — 2e2€3 f3 fa— Tese} fafs — Seaed f1 fo

1 2e0e2 fofs + 8eael fifr + ebea fi fs + Beleafs fs — eleafife
2k, fofe + eleafifr + delesea i + edefL1f3 — 2e3eafof3
+deleyf2 fs + 2e3ea i fs + 8edeafsfs — 2¢5ea [ fo — Aeseafafo
+8e2esfrfr — 8ereseaft — deifif3fs + 4eifT fafa — e f1f3 s
18¢2f1 fofs + E3es fifa + 2edes f3 fa — les T f5s — Belesfsfs
tedes f2fs — 2€ies fofo — €lesfifr + eredes fifsfa
—3616%83f1f2f5 + 66163€3f3f5 -+ 5616%63f12f6 — 17616%63f1f7
_262e2 f, fs fa — €33 f1fafs — e2€d [ fafu + Sezeififafs
_3edesfifofs + eleseafifofa — 26 eseafs fa — eleseafifafa
—deeqes f3 fs + 11€lesesfifafs — 9eeses f3fs + deteseafi fo
—6€2eseq fofo — 10€3eseafy fr — 2€5ea T fofu — dedeafifofs
tereseafif2fs — 2ereseafifs — ereseafaf; — ereseaft fofa
+10eseseaf1 fofa + dereseafi fs — 10eieseafifofs + ereseafssfs
—9616364f12f6 + 16616364f2f5 + 9616364f1 f7 — 48?65f12f2f4
+4edes f1fsfa + 3€des fifafs + erezesf5 fofs — 3erexes f1f3 fa
_erenes f2f2 + Sereges fofi — 3ereaes fi fa+ 11eiezes i fafa
_deqeses f2fa — 10erees f1f3fs + Bereaes f3 + esesfifa
+3esesf2f — Tesesfof + 3eses fifu+ 8eses f7fa — deses [ fs
FTeses fafs + 8eses f2fo — 8eses fofo — Beses fifr + eles i f3
+5e2eq f2 f2 — Beles foff — elesfifa — 2€ies f3 fa+ elec fi s
+8e2eq fafs — €2esf2fs + 2€3e fafo + Eesfi fr + eaes fi f3
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—deses [T f5 — 2ese5 7 f3 — Yeaeo [LfE + 2ese5 fof2 + 2065 f2 )
—dezes f3 fo — 2ese6 f3 f5 — 8eaes fafs + 2eaee f2f6 + deses fo fo
—8ezeq f1f7 + ele7f1 f2 — 66137f1 fz + 93167f1 f2 - 61‘37f1 VE
—beierfi fi +8erer fof3 + ererfifa + 8erer f2fu — ererfifs
—8eierfsfs + ererfifo — 8erer fofs — ererfifr — 32edeqes f
+24616263f8 + 24616264f3 - 16616364f8 - 168162€5f8 — 3288f1 f2f3
+24es f1f5 f3 + 24es f1 fafs — 16es f1 f3fo — 16esfs fofs + Sereses f3 fs
—8e1ez65 f1f2f5 + €16265 f3 f5s — Bereqes fEfe + dereses fofs
+9e1ezes f1 fr — 3eses f2 fofs + 66365f1f2 fs — 9eses [ fafa

+eses f1f3fa + eses fifafs — Seles [P fofs + Seles f1f2 fs
+defes fi fafa — 9e3es f1f3f1 — 3edes fifofs + 8eses f2 fofs
—6eses [ fafa + 16€2es f1fafs + deses fifofs + llejer fEfafs
~17ese7 f1f3 fs — 10e1e7 f2 f2 fa + 9erer fi fafs + Oerer fifofs
+deg f; — 8es fs

—3eqes f3 + 9eo f3 f5 + 6€3 f fo + 6636’6f3 — e f1fs + 9e3er fo
_306162f9 9eze7 fo — 30@9f1 f3 - 969f1 fa+ 363f2 fs+ 3‘33f1 fr
—9eles fo + eg f1f5 + 18eq f f3—9esfofr — 333f2f7 + 9etes fo
+18e3e3 fo — Yeseq fo + 9erel fo — Yeg fz fo + 9ebes fo + 3e1€3f3 — 9ey f3 f3
+96%65f9 363f4f5 - 969f1 f4 — 96465f9 + 969f1 f5 + 27e G%fg
+3e3f1fi — 3eSf1fs + Yeo f2f7 + 9eo f2 f3 — Yedes fo + Yered fo
—116?_}?6364]{7 - 96168f9 36267f3 — Qegfl f6 - 969f4f5 + 2769f1 f2
+3eier f3 — 9elen fo — 4el fleses fr — 11e3 flerfsfa + 969f1f4
—9elesfo — 36168f3 + 9¢i /7 €7f2 fa+ 962f1 esesfr — 3etes fafs
+3edes f§ — 2eies fafr + elfl esfr — elfrerfs — el free fr

—e} freafr + 6ed flef fr + e ifrerfs + 64fl esfr + 6eifierf;
+32f1 erfr + elfl esfo + 51f2 esfieqfs — 61@3f2f3€4f4

+es fieifseafs — exes fEfseafs — 2e1€3fofaeafs — 2eses f1 fRe4 fy
+eses fafiesfi + 62‘53fzf3€1f4 + 8€2€3f2f364f4 — 2¢f fleseqfs fa
_elfl eseqfofs + 5"31]01 esesfo + 31f1 esfs — 61./01 es fe

+e:1)’f1 e fs — elfl €6 fs + 31f1 e6.fo + elfl erfs — elfl e7fs

~dei fresfafs — €3 freses fafa — 4€3 fleses fs + 1561f1 ezes fafs
+461f1 ezes fo + 561f1 eef3fs + 4elf1 esfafs — 6€1f1 eses fr
+561f1€264f7 6el fierfofs + el fier fofu + €3 feseq fofs
—5€3 fleseqfo + elfleses fofa — 5€3 fles fofs — 4€? fier fofs
—e1fiesea ] — erfief f3 fa — Se1fred f2 + €] fieafs + €3 freqfs
—661f1 88f3 - 61f1 esfr — 761f162f8 76lfl 68f2 + 146lfl 6Bf:a
—etherfs +e1flesfo — e fiesfs + erfiesfe — e1fies fs

+ei1 fresfs — 6€d fre3fs + 14€3 fre3 fs + €5 freq fs — etfiesfs

—eb fieafs — Serfied fo + Bei fRed fr — 5elfies f2 + 52 frer f2
+5¢i fresea f7 + Se1 f2€2 fsfa + 19e1 freael fo — 10e1 f1es f2 fo
+19e¢, fredes fs — 10e1 fieses fs + 19e) fres f2 fa + 1961f168f2f3
—10e1 f1es f3fs — 10e1 freses fs — 3e1 freael f2 — 3e1fi€s fof2
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—6e, f1€2fsfs + lderfreifafs — 6ey fresesf2 + 14y freaes i

—Tey freh fs — Be1frelfs — ey fresfi — Seifiesfi +erfiesfs

+ed fresesfofe — 2€3 fred fafs — el fielfafe + 4e; frez€3 f3f5
+761f1626§f2f5 — 1261f12626§f7 - 36?f164f2f6 + 261f16%64f3f5
+5e1 fie2eafs — 1261 fiedeafafs — Serfiedeafr + erfieif2fs

+4e fres fafs + 3etfiesfafo + e2 fiedes fsfs — €3 freseafsfs
+146?f15264f2f6 - 361f126364f2f5 + 5e%f1€364f3f5 - 136%f16364f2f6
—3€%f1€265f§f4 + 62ff16265f42 - 261f{°1€365f32 + 461f1€365f2f§
+2e; fieses f2 fa + 4e, fleses fs + Se1freses fafs — 4e, fieses fo
+10e, freses fofs + 10e1 fieses fr + 53 fres f2fa — 4€3 fres fafs
_3e?f166f2f6 - elfia6266f?? + 751f16266f2f32 - 361f153266f4

—12¢, frezes f2 f1 + e fieses fs + 10e1 freaes f3 fs — 3e1flezes fo
+8e1 fres€6 fofs + 3e1fieses f1 — 12¢2 frer fof2 — 5€2 frer f3 fa
-|-106%f167f3f5 + 36%f167f2f6 + 136%f16263f3 — 306%f16%63f8
_12€3 freseafs + 11€2 freseafs + 11t fiezes fs + 13e1 flesfafs
—30e, f2es f3fs — 12e1fiesfofa + 1lei flesfafa + 1leyflesfofs
—15€2 fiezes fafs — 11€3 frezes fafe + erfleses f2fs — e1fleses fafa
+5e1 feses fafa — 15e, f2eses fofs + e1fieseefofs + 14e; fleses fofs
—13e; flezes fafa — 1ley fieses fofs — erel fifs +eresfifs

+6‘?6§ 22f5 — 3818365‘](‘3‘:3 — 3626364f§ — 3616265f§ + 116162f4f5
—9e,62 fafs — 9erelfofr + erehfafs — Seres fafs + Seresfafr
_9¢deseq f2 5 — Bedeses f3 fs + Deleaes fofsfu + 8e1eses f3 fs
—2¢,es5 f2 3fs — 2e163€5 f2 f3 + 6ere2eaf2fs — 2eseseafifslfs
—Begeseaf2fs + Desesesfifafs + desesesfifofe — dereses 113 f3
+4616266f22f5 + dejeses fofafa + 261€2€6f23f3 - 46%6363f1f2f6
—361626%f22f5 - 2616§f2f3f4 + 46‘?6264f4f5 — 126?6264f3f6
—86?6264f2f7 -+ 9€gfg + Cgflg + 369](9? + C?fg + 38%f9 + Cgfg’ + 76?6265f4f5
+9¢e2eqes f3 f5 + 6€Teses fofr + 2e1€3€5fufs — 18e;eses faf7
—3ere2esfufs + 9ereseafafo — ere2eqfofr — 2esesesf1f3
+2626384f4f5 - 5626364ff’f5 + 11626364f12f7 — 4626364f2f7
—18626364f1f3 - 18616286f4f5 - 4616265f2f7 — 136%6364_}04]05
+9e2esey fafs + 20eiesesfafr — de2edes fufs + 9e2ezes fafo
—5ee2es fofr + Tereaed fafs — 18ereaeifsfe + 13e1e2€3 faf7
—3edesesfafe + 10eesesfofr + ede2fofr + 2e3ed fafs + 3eiel fafo
—11e3e2 fofr + €€l fafo — 5e3e3 fafr + 36€3eseafo — 27e2eq¢e5 fo
+18616365f9 — 27616%64_](9 + 18626364f9 + 186182€6f9 - 276%6364]09
5de2eles fo — 27e160€3 fo — 45efe2esfo + 2etes f3 fs + 2¢e3es fifs
+eqes f2fs — 2e3esfifsfs + 2e3esfifofs — 3eZes frfaf3

+8¢2es f1fsfs — Bedesfifafs — besesfafsfa + 4ezes frf2fo

6e2es f1f2 s — 13eaes fifafa — deaes fif3 fs + Tesesf1fafi
+eges fi fafs — deaes fifs — eaesfifs — 2€3es f3 f5 + Beses ST fa
—egeq f2 fs — Beses fifs + Beses f3 3 + 2eter f3 fs — 2eder f3 f3
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+2ese7 7 fa + Seaer f3 f5 — 2eser fif5 — Seser f3 fs — 2eqe7 f8 f
—9eresf3 f5 + Teses [ fof5 + 2eses fofs fa — 18e4es fifofo — 3eses f1 /3 fa
—5etes fofsfa+ 9eses [T fafa + eses fLf2fs — 18eses fifof?
+9eses f1 ffs — Beses fi f2fs + eseo f1f2fa + 11eder fofs fa
+20ese7 f1 fa fa — Sezer T f3 fs + 13ezer fi fo f3 — 18eser f1 f3 fs
+6ese7 f1 fofs — deser fofs fa + 10eser fi fofs — deser fifafo

—eqer fLf2 fa — 18eres fofafa + 96168f23f3 — 3e3fifsfs — 3€ fafs f
—3e3 f1fafe — 2Teg f2 f3fa + Dles fEf2fs — 27eg f1fof2 + 18eq f1fs fs
—27eq f2 faf5 + 18eg fo f3f1 — 45eq f f2f3 + 18eq f1f2f6 — 27eg f1f2 f4
—2eSesfofr + edeaf1fE — e3esfufs + 3edesfs fo — 2edea f2f
—56263f2f7 -+ 96263f1f8 + 36164f3f6 + 26164f2f7 - 46%65f4f5
—eses fif7 + e3es [R 13 + e3es fafs — 2ees f2 fo — 9e2es f fo
+2ebes f1 fr + 5e3es fafr — 9e3es fifs + 1leses fif2 + eqes f1 [
+26465fi3f32 — 116465f4f5 +- 96465,}?]"{; + 96465f3f6 — 96465f12f7
+9eaes fofr + Yeses f1 fs + 9edes fafs + 3edes f3fo + 2edes faf
—9ezeq f1ff — Besesf1fs + Beses fLf3 + eses fif5 + Yeses fufs
+3eses fL fo — 9eses f3fo — esesfE fr + 9eses fofr + Jeseq f1fs
—9eler fufs — 9eler f3fo — 2e3er fafr — eser fr f7 + Seser fi f2
+eaer fU 3 — leser f f3 — Seaer f3 3 + Yeaer fufs + 2eser £} fo
+9eze7 f3fo — 2ese7 f7 fr — Seaer fofr + 9ezer fi fs + Yeres fafs + 9eres f fo
+9e1es f2fr + 36eq f3 fofs — 2€3es [ fofs + deses 2 fofs
—12e3ef3 fofs — Bezer f fofa

10e10f2fs — 2€1 freses fo — 106266f10 + 153164f10 2€2f1 esf2f4
—8¢€i fiesfofs — 1lea fles f2 + 10810f1f3 + 8eies fa€3 fo + 2e1€3 fif
—2e1€3f2 f2 + 10eq f3es f1 + 2eaff fies — 2esfles + 4€2 [, fseafs
—8esfieres fo — deafies ff fs — 12eafFee f2 fa — 18eafies f1 fs
+286%f2626§f8 + 26%f2266f32 - 46%f§66f4 + 262f268f4? + 682f268f8
—4e3 faeg f3 fs — A€} faes f1f7 + dex fierer fo — desflerer fo
—106%66']“10 + 46163f22f5 - 8€2f22616364f5 + 66?f136364f7

+5e2ei f2 — 2eafies — 2€3 fafs — 15€3€d fafr + €l fies fr
—8eu fi faes fu + 1264 f1 f3e6 fofs — Geafl fres fs — deded faes fo
+ed flerfa — 262f4f6 — bey f7 f266f6 + 15e10 f3 f5 + 8ei fiedeq fo
—|—2e3f2 erfo + 35€8 ezfm + detea faes fo — 12€2€2 freq fo

+16€3es faes fo + €3 feses fofs — 561f1 esesfo — 5el fleq fafs
—6el flesea fr + deres fes fo + €} fles fo + ef fles f5 — € fleo fo
—8eles faeafs + 126163 faeaes fo — bedes faes fs — 10e2e2 fro + 10eses f1o
+2¢} fleseq fa+ 6€1f2 exesfo + 125 frezes fs — 123 faedes f
—10€1f262€4f8 + 246 f26384fg — 261 26365f4 + 1061f2 63€5f6
+484f1 f265f4 + 1664f1 f266f5 + 26163f4f6 + 661f1 67f3f4

—ei fier fr + bedes f2 — Seaes f3 — Seaes f2 — € fies fr — Se2 fuf3
+256162f10 - 2261f26365f8 + 61f264f3f5 + 261f2€365f4

—6e3 faeaeo f7 + 9€3 faeh fs — 32 faed [} — 1162 faed fs
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—deyf2e2fo — Yeafresfi — 2esfleefs + 5e2f3 fo + 8el faeaes fs
——88?f226265f6 + 56§f12f8 - 56§f2f3 + 26%f26165f4? + 462f§6365f4
—4€2f226365f6 — 56169f52 + 26169]025 — 862f26163f8 — 2862f2816364f8
12e2 faeres fs — Beafaes f1fs — 28ex foes frfafa + 2e2 faes f1fs

462 f2ere5fs — Ser1€d f2 + 2eafifies — 2eif1fier + elesfufs

+de2f fleq + eafifaee — 8€sfaeef1f3 s+ delfiecfrfs
—10e10f3f6 — 10e10f7 fa + 25e10fLf2 + beles f2 — Seser fi + 2ezer f3
+10e;eq f10 + Seael f2 + Seles fa — 5e3er f2 — 6e3ea faeefo

—6eafles fofs — 2eafes fs — 2e3[Pesfs + 2ea fiesfo — 2e2flesfs
+2e, fOes fs + €3f2ea f3 + Beafie] fr — €5 fles fi — 6e2 fes f7

122 fresfs + Tel frea fs — 13exfles f3 — 2exfies fr + e fiesf3
—6eaflesfd + 2¢3 fleafs + €l fierfofs — €l frenfs + el flerfs

—6€3 fler fofs + 10eael fafr + 10eq€2 f1 fo — 10eqes f3 f7 — 10ezes f1 fo
+106263f32f4 - 106263f4f6 — 761](‘163(36‘]‘};3 + 1161f16267f9 + 1161f169f2f7
_der f1€3 fofr + 1lerfresesfo + 1le1fieo fafo + 3le frea f3 f3

—21e, fie2es fo + Serfred fufs + enfreafs — e1fiesfs — 8¢e$ f1€3 fo
17eif2ed fs — erfieafr — erfieafs + el freq fo — 16€2 fre5 fo
+e2fresfo + €1 fieafs — €l fienfo + 20e? f1€3 fo + 20e, fleo f3

ter fPeofs + €8 freafo — 16e1 fleafs — Teifieafs — €1 fiesfo
—76‘11f16§fg - Geffleﬁfg - 6{f163f9 — 106486flgf7 - 106466f3f7
—10e4e6 f1 fo + 10€2e6 f3 f7 + 10€3es f1 fo + 4€d faea fa f5 + €3 freafr fr
+deyfrereseaft + deafoeififafa + 2esf2ed fifs — eafreifi
—6eqf2e f + 9eafresfs — 2e3 fieafr + €2 foefs — Beafresfo

+6€3 faeafs — Bedfrecfs + deafles f3 fa+ 28eafresfafs
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