Monadi ¢ Predi cate Cal cul us

To progress any further, we are going to need an anal ysis
t hat goes deeper than | ooking at how conpl ex sentences are forned
out of sinple sentence. W' |l have to | ook at the interna
structures of the sinple sentences.

A good place to begin is the Sophist, where Plato gives an
account of what nakes nmekes the very sinplist sentences true or
false. Unlike the typical Platonic dialogue, where Socrates plsys
the dom nant role, the principal role is this dialogue is played
by an unnanmed stranger Elea. The interlocutor is the boy Theaete-
tus. Theaetetus will do on to distinguish hinself as a courageous
| eader in battle and also as a geoneter. It was Theaetetus who
first discovered the five regular solids —polyhedra all of whose
sides and angles are congruent —nanely, the cube, the tetrahe-
dron, the octahedron, the dedecahedron, and the icosahedron. But
| digress. Here's a quote from Benjamn Jowett’s transl ation:

Stranger. Then, as | was saying, let us first of
all obtain a conception of |anguage and opi ni on,
in order that we may have cl earer grounds for
determ ni ng, whet her not-being has any concern
with them or whether they are both al ways true,
and neither of them ever false.

Theaet et us. True.

Stranger. Then, now, |et us speak of nanes, as
before we were speaking of ideas and letters; for
that is the direction in which the answer may be
expect ed.

What they deci ded about ideas about ideas and about nanes was
that sone fit together and others don’'t. For exanple, you can’t
get a word by formng a string of consonants, but you can get a
word by conbi ni ng consonants and vowels in the right way.

Theaetetus. And what is the question at issue
about nanes?

Stranger. The question at issue is whether al
nanmes nmay be connected with one another, or none,
or only sone of them

Theaetetus. Clearly the last is true.



Monadi ¢ Predi cate Cal culus, p. 2

Stranger. | understand you to say that words which
have a neani ng when in sequence may be connect ed,
but that words which have no neani ng when in se-
guence cannot be connected?

Theaet et us. \What are you sayi ng?

Stranger. Wiat | thought that you intended when
you gave your assent; for there are two sorts of
intimati on of being which are given by the voice.
Theaetetus. What are they?

Stranger. One of themis called nouns, and the
ot her verbs.

Theaet et us. Descri be them

Stranger. That which denotes action we call a
verb.

Theaet et us. True.

Stranger. And the other, which is an articul ate
mark set on those who do the actions, we call a
noun.

Theaetetus. Quite true.

Stranger. A succession of nouns only is not a
sentence any nore than of verbs w thout nouns.

Theaetetus. | do not understand you.
Stranger. | see that when you gave your assent you
had sonmething else in your mnd. But what | in-

tended to say was, that a nere succession of nouns
or of verbs is not discourse.

Theaet etus. What do you nean?

Stranger. | nean that words |ike "wal ks," "runs,"
"sl eeps,” or any other words which denote action,
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however many of themyou string together, do not
make di scourse.

Theaet et us. How can they?

Stranger. O, again, when you say "lion," "stag,"

"horse," or any other words which denote agents
—neither in this way of stringing words

together do you attain to discourse; for there is

no expression of action or inaction, or of the

exi stence of existence or non-existence indicated

by the sounds, until verbs are m ngled with nouns;

then the words fit, and the small est conbination

of them forns | anguage, and is the sinplest and

| east form of discourse.

Theaet etus. Again | ask, Wat do you nean?

Stranger. \Wen any one says "A man | earns," should
you not call this the sinplest and | east of sen-
tences?

Theaet et us. Yes.

Stranger. Yes, for he now arrives at the point of
giving an intimtion about sonething which is, or
is becom ng, or has beconme, or will be. And he not
only nanmes, but he does sonething, by connecting
verbs with nouns; and therefore we say that he

di scourses, and to this connection of words we
gi ve the nane of discourse.

Theaet et us. True.

Stranger. And as there are sone things which fit
one anot her, and other things which do not fit, so
there are sone vocal signs which do, and others
whi ch do not, conbine and form di scourse.
Theaetetus. Quite true.

Stranger. There is another small matter.

Theaetetus. What is it?
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Stranger. A sentence nust and cannot hel p having a
subj ect .

Theaet etus. True.

Stranger. And nust be of a certain quality.
Theaetetus. Certainly.

Stranger. And now | et us m nd what we are about.
Theaetetus. W nust do so.

Stranger. | will repeat a sentence to you in which
a thing and an action are conbi ned, by the help of

a noun and a verb; and you shall tell ne of whom
t he sentence speaks.

Theaetetus. | will, to the best ny power.
Stranger. "Theaetetus sits" —not a very | ong
sent ence.

Theaet etus. Not very.

Stranger. O whom does the sentence speak, and who
is the subject that is what you have to tell

Theaetetus. O ne; | amthe subject.
Stranger. Or this sentence, again.
Theaet et us. What sentence?

Stranger. "Theaetetus, with whom | am now speak-
ing, is flying."

Theaetetus. That also is a sentence which wll be
admtted by every one to speak of ne, and to apply
to ne.

Stranger. W agreed that every sentence nust nec-
essarily have a certain quality.
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Theaet et us. Yes.

Stranger. And what is the quality of each of these
two sentences?

Theaetetus. The one, as | imagine, is false, and
t he ot her true.

Stranger. The true says what is true about you?
Theaet etus. Yes.

Stranger. And the fal se says what is other than
true?

Theaet et us. Yes.

Stranger. And therefore speaks of things which are
not as if they were?

Theaet etus. True.

Stranger. And say that things are real of you

whi ch are not; for, as we were saying, in regard
to each thing or person, there is nmuch that is and
much that is not.

Theaetetus. Quite true.

Stranger. The second of the two sentences which
related to you was first of all an exanple of the
shortest formconsistent with our definition.

Theaetetus. Yes, this was inplied in recent adm s-
si on.

Stranger. And, in the second place, it related to
a subject?

Theaet et us. Yes.
Stranger. Who nust be you, and can be nobody el se?

Theaet et us. Unquesti onably.
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Stranger. And it would be no sentence at all if
there were no subject, for, as we proved, a sen-
tence which has no subject is inpossible.

Theaetetus. Quite true.

Stranger. Wen other, then, is asserted of you as
t he sanme, and not-bei ng as bei ng, such a conbi na-
tion of nouns and verbs is really and truly fal se
di scour se.

Theaet etus. Mst true.

In our formal |anguage, individual constants, usually
| onercase letters fromthe early part of the al phabet, wll
play the role of nanmes, and predicates, usually uppercase
letters, will play the role of verb. Thus “t” will denote
Theaetetus, and “S” and “F’ will represent the actions of
sitting and flying, respectively. “Theaetetus sits” will be
synbolized “St,” and “Theaetetus flies” wll be “Ft.” The
sentence is true just in case the individual named by the
nanme perforns the action designated by the verb.

W want to start with Plato’s account and extend it, as
far as we can, beyond the very sinple sentences Plato consi-
ders. The first thing we notice is that sinple sentences of
the form

name + copula + adjective
or

name + copula + indefinite article + conmobn noun
Iike

Theaetetus is brave.
or

Theaetetus is a G eek.

can be readily covered by Plato's account. Thus, we take a
sinple sentence to consist of a proper nane, such as
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"Theaetetus,"” and a predicate, such as "sits" or "is brave"
or "is a Geek." The proper nane designates an individual,
and the predicate designates a property or action. The
sentence is true just in case the individual has the prop-

erty or perforns the action. We'll synbolize “Theaetetus is
brave” as “Bt,” and we’'ll use “@” to synbolize “Theaetetus
is a Geek.”

We can conbine the sinple sentences by neans of senten-
tial connectives, so that "Theaetetus is a brave G eek" wl|
be

(Bt O G)

"Theaetetus either sits or flies" will be

(St O Tt)

"Theaetetus sits but he does not fly" is

(St 0O -Ft)

"I f Theaetetus is brave, so is Socrates" is

It is tenpting to try to treat "Sonething flies" as
anal ogous to "Theaetetus flies." The tenptati on should be
resisted. One way to see that there is a big difference
bet ween "Theaetetus flies" and "Sonmething flies" is to
observe that "Theaetetus flies" and "Theaetetus is a man"
together inply "Theaetetus is a nman who flies," whereas
"Sonmething flies" and "Sonething is a man" do not inply
"Sonething is a man who flies."

The correct analysis, due to Frege, is this: \Woereas
"Theaetetus flies" and "Theaetetus is a man" are to be
understood as attributing a property (flying; manhood) to an
i ndi vi dual (Theaetetus), "Sonething flies" is to be under-
stood as attributing a property to a property. Nanely "Some-
thing flies" says about the property of flying that it is
instantiated. Simlarly, "Sonething is a man" says about the
property of manhood that it is instantiated. W represent
the property of flying in English by an open sentence "X
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flies,” and in the formal |anguage by an open sentence "Fx."
We indicate that sonething flies in the formal |anguage by
prefixing the existential quantifier "(X)" to the open
sentence "Fx," getting "(IX)Fx." "(IX)" is read "for sonme x"
or "there is an x such that," Simlarly, the property of
manhood is indicated in English by the open sentence "x is a
man" and in the formal |anguage by the open sentence "M."
We indicate that sonmething is a man by prefixing the exis-
tential quantifier to the open sentence "M, " getting
"(IXK) Mk." The property of being a man who flies is indicated
in English by the open sentence "x is a man who flies" or "X
is amn and x flies" and in the formal | anguage by the open
sentence "(Mk O Fx)." We indicate that sone nen fly by
prefixing the existential quantifier to the open sentence

"(M< O Fx)," getting "(X) (M O Fx)"

Simlarly, it would be tenpting to treat "Everything is
a man" as anal ogous to "Theaetetus is a nman." The resem
bl ance between the two is superficial, however, as we can
see fromthe foll ow ng exanple: "Theaetetus is either a nan
or a woman"” and "It is not the case that Theaetetus is a
woman" together inply "Theaetetus is a man," whereas "Every-
thing is either a man or a woman" and "It is not the case
that everything is a wonan" do not inply "Everything is a
man." Whereas "Theaetetus is a man" indicates that a certain
i ndi vi dual (Theaetetus) has a certain property (nmanhood),
"Everything is a man" attributes a property to a property.
Nanely, "Everything is a man" tells us about the property of
manhood that it is possessed by everything. W indicate that
everything is a man by prefixing the universal quantifier
"(Ox)" (read "for all x" or "for every x") to the open
sentence "M, " getting "(0Ox)M." W indicate that
everything flies by witing "(Ox)Fx." W indicate that al

men fly by witing "(Ox)(MK - Fx)," so that, for every Xx,
either x is not a man or else x flies.

We can use Venn diagranms to ill us-
trate quantified statenents. "Everyone
is a mn or a woman" ["(DOx)(M O W)"]
is indicated by shading Cell 4 in Figure
1, toindicate that there's nothing in

Cell 4. "Al men fly" ["(X)(M - Fx)"]
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is indicated by shading Cell 2 in Figure
2. "Everything that flies is a man"
["(Ox)(Fx - M)"] is indicated in
Figure 3 by shading Cell 3. "Everything
that flies is either a man or a wonman"
["(Ox)(Fx - (Mk O Wk))"] is indicated
by shading Cell 7 in Figure 4. "Everyone
who is either a man or a woman flies"
["(Ox)((Mk O W) - Fx)"] is indicated
by shading Cells 2, 4, and 6 in Figure
5. For "Everyone who is both a man and a
worman flies" ["(Ox)((Mk O W) - Fx)"]
we shade Cell 2 in Figure 6, while for
"Everyone who flies is both a man and a
woman" ["(DOx)(Fx - (M O W))"] we
shade Cells 3, 5, and 7 in Figure 7.
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How about sentences that begin with
an existential quantifier? If we want to
illustrate the sentence "Someone who is
either a man or a woman flies"
["(DX)((M OW) OFx)"], we want to
indicate that there is sonmething in at
| east one of the three Cells 1, 3, and
5. W can do this by drawi ng a curve
t hat passes through Cells 1, 3, and 5,
as in Figure 8 You can think of the
curve as like a train track; there is a
| oconotive sonewhere al ong the track.

"There are sone nmen who either sit
or fly" ["(IXK)(Mk O (Sx OFx))"] is in-
di cated by a curve that passes through
Cells 1, 2, and 3 in Figure 9. "There
are some nmen who both sit and fly"
["(DX)(Mk O (Sx OFx))"] is indicated by
a curve that is contained entirely wth-
in Cell 1, as in Figure 10. "There are
somre men who fly, and there are sone nen

who do not" [((x)(Mk O Fx) O (k) (M O
-Fx))"] is indicated in Figure 11 by
having a curve that is contai ned en-
tirely within Cell 1 and another curve
that is entirely within Cell 2. "There
are sone nmen who sit, sonme nen who fly,
and sonme nmen who do neither™ ["(((IX) (M
OSx) O(X)(M OF) O(X) (M O-(Sx O
Fx)))"] is indicated in Figure 12 by
having a curve that passes through Cells
1 and 2, a second curve that passes
through Cells 1 and 3, and yet anot her
curve that is contained entirely within
Cell 4.
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Sentences that contain proper nanes
are indicated the sane way, except that
now we | abel the curves. "Theaetetus is
a man who either sits or flies" ["(M 0O
(St OFt))"] is indicated in Figure 13
by having a curve marked "t" pass
through Cells 1, 2, and 3. Theaetetus is
a loconotive that is | ocated sonmewhere
along the track. "Theaetetus is a man

who both sits and flies" ["(M O (St O
Ft))"] is indicated in Figure 14 by a
curve marked "t" contained entirely
within Cell 1. "Ranbo, who is a nan,
does not fly, but Dunmbo, who is not a
man, does fly" ["((M O=Fr) O (-M O
Fd))"] is illustrated in Figure 15 by
two curves, one, marked "r," contained
within Cell 2, and the other, narked
"d," contained within Cell 3.

We can use Venn diagrans to show
that certain argunents are valid. For
exanpl e, consider this argunent:

Al terriers are dogs.
Al'l dogs are manmal s.
Therefore all terriers are
manmmal s.

I n synbol s,

(Ox)(Tx - Dx)
(Ox) (Dx - M)
O (Ox)(Tx - M)

We see whether it is possible to have
the prem se true and the concl usion
false. The first premise is indicated in
Figure 16 by shading Cells 3 and 4. The
second prem se is indicated by shading
Cells 2 and 6. If the conclusion were
fal se, there would be sonething either
in Cell 2 or in Cell 4; we indicate this
by a train track passing through Cells 2
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and 4. But, while the train track would
indicate that there is sonething either
within Cell 2 or Cell 4, the fact that
Cells 2 and 4 are both shaded indicates
that there is nothing in either of those
cells. So the attenpt to diagrama situ-
ation in which the prem ses are true and
t he conclusion fal se ends up with an

i mpossibility. So the argument nust be
val i d.

Anot her exanpl e:
Al l el ephants are manmal s.

Sone el ephants can fly.
Therefore some manmal s can

fly.

I n synbol s,

(Ox) (Ex - M)
(IX) (Ex O Fx)
O (Ix) (M O Fx).

In Figure 17, we try to diagrama situa-
tion in which the premses are true and
t he concl usion false. The first prem se
is indicated by shading Cells 3 and 4.
The second prem se is indicated by a
train track passing through Cells 1 and
3. To say the conclusion is true is to
say that there is sonething either in
Cell 1 or in Cell 5. Thus, to indicate
that the conclusion is false, we shade
Cells 1 and 5. But this has the train
track passing entirely through shaded
territory, which is inpossible. So the
argunent nust be valid.

Here is an i nference to consi der:

Dunbo is an el ephant.
Dunbo fli es.
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Therefore sone el ephants fly.
I n synbol s,

Ed
Fd

O (X) (Ex O Fx)

To represent the first prem se, we draw
a train track marked "d" through Cells 1
and 2. W indicate the second prem se by
crossing out the part of this train
track which lies outside circle "F." To
indicate the falsity of the concl usion,
we shade Cell 1. But this gives us a
train track every part of which is ei-

t her crossed out or shaded, which repre-
sents an inpossible situation.

Now consi der this inference:

Travel er is a horse.
Al horses eat oats.
Therefore Travel er eats oats.

I n synbol s,

Ht
(Ox) (- )
OaQ.

The first premse is indicated in Figure
19 by a curve marked "t" passing through
Cells 1 and 2, and the second premse is
i ndi cated by shading Cell 2. W indicate
the falsity of the concl usion by cross-
ing out the part of curve "t" which lies
inside circle "O " But this neans the
whol e curve is either crossed out or
shaded, which is inpossible.

As a final exanple, consider

Everyone is either a man or a
wonan.
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Not everyone is a man.
Ther ef ore soneone i s a wonan.

I n synbol s,

(Ox) (M O W)
=( Ox) Mk
O (IK) W

The first premse is indicated in Figure
19 by shading Cell 4. "(0Ox)M" says

that there is nothing in either Cells 3
or Cell 4. "-(0Ox)MW" denies this, so it
says that there is sonmething either in
Cell 3 or in Cell 4, a fact we can indi-
cate by drawi ng a curve passing through
Cells 3 and 4. The concl usi on says that
there is someone either in Cell 1 or in
Cell 3. So we can indicate the falsity
of the conclusion by shading Cells 1 and
3. But this has the train track passing
entirely through shaded territory, which
i's inpossible.

W now turn to a nore formal devel opnent. A | anguage for the
nonadi ¢ predicate calculus (MPC) is given by specifying two kinds
of things: individual constants (usually lowercase letters from
the early part of the al phabet), which play the role of proper
nanmes, and predicates (usually uppercase letters), which play the
roles of intransitive verbs, conmmon nouns, and adjectives. An
atomc fornmula consists either of a predicate foll owed by an
i ndi vi dual constant or of a predicate foll owed by the variable
"x." The fornmulas of the | anguage constitute the small est class
of expressions which

contains the atom c fornul as;

contains (¢ Ow), (¢ Ovw), (¢ - v), and (¢ - y) when-
ever it contains ¢ and y; and

contain -, (0Ox)e, and (IX)¢ whenever it contains .

Uni que Readability. A forrmula is built up from
atomc forrmulas in a unique way.
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The subfornulas of a particular fornmula are just the fornu-
| as that are contained within the given fornmula, where a fornul a
is counted as a subfornula of itself. If an occurrence of the
letter "x" within a particular fornmula is contained within a

subfornul a beginning wwth "(Ox)" or with "(Ik)," the occurrence
is said to be bound. O herwise it is said to be free. A fornula
with no free occurrences of "x" is a sentence. Wiere ¢ is a

formula and c is a constant, we wite ¢*/. for the sentence that
results fromrepl acing each free occurrence of "x" in ¢ by "c."

Exanples: In "(Fx O (Ox)(Gx O ~(0Ox)Jx))," the first occurrence
of "x" is free, and the other four are bound. "(Fx O (Ox) (& O
-(0Ox)Jx))"*/ 4 is the sentence "(Fd O (Ox)(Gx O =(0Ox)Jx))."

In "((OX) (FX o &) O ((X)Fx « (Hx OJc)))," the first
five occurrences of "x" are bound and the remai ning occurrence is

free. "((Ox)(FX o &) O ((IX)Fx o (Hx OJc)))"* ¢ is "((0Ox)(Fx
o &) OD((X)FX o (Hc OJc)))," which is a sentence.

In "(((OxX)FX o &) O (IX)(FXx o (Hx OJc)))," only the
third occurrence of "x" is free; the other five are bound.
"(((OX)FX o &) O(IX)(Fx o (Hx OJc)))"*e is the sentence
"(((OX)FX o &) O(X)(FX o (He OJc)))."

"Fc" and "(0Ox)Fx" are both sentences.

In general, if o is afornmula and c is a constant, ¢/. is a
sentence. Al so, every formula which begins with either "(0Ox)" or
"(X)" is a sentence.

Definition. An interpretation (of a |anguage of
the MPC)is a function 4 defined on {"O"} O {indi-
vi dual constants of the | anguage} O {predicates
of the | anguage} that neets the foll ow ng
condi ti ons:
A("0O"), also witten |4, is a nonenpty set,
call ed the universe of discourse or the do-
main of the interpretation.
If cis a constant, A4(c), also witten c4 is
an el enment of | 4| .
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If Ris a predicate, A(R), also witten R,
is a subset of |.1|.

The uni verse of discourse of a particul ar discussion con-
sists of the things we are tal king about within that discussion.
When | say, sitting at the dinner table with the famly, “Every-
body who finishes her Brussel sprouts will get ice cream” |I'm
not promsing to reward everyone in the whole world who eats her
Brussel sprouts, just everyone sitting there at the table. For
any formula ¢, there will be a set of nenbers of the universe of
A that satisfy ¢ in 4. If this set is nonenpty, the sentence
(X))o will be true in 4. If every nenber of [O40 satisfies ¢ in 4,
(Ox)e wll be true in 4. If the nenber ¢ of 02 satisfies ¢ in A4,
then the sentence ¢/ will be true in 4 It makes no sense to
tal k about a sentence of the formal |anguage being true or false
absolutely. A sentence is true or false under an interpretation.
Only a sentence can be either true or false under an intepreta-
tion; a formula with free variabl es cannot.

Intuitively, we have three fundanmental semantic notions,
truth, falsity, and satisfaction. A sentence expresses a thought
that is either true or false, whereas a fornula that is not a
sentence represents a property, and the fornula is satisfied by
those el enments of the universe that have the property. W shal
sinmplify our treatment by departing fromour intuitions a little
bit, applying the notion of satisfaction to all fornulas, whether
or not the fornulas contain free variables, stipulating that a
true sentence is satisfied by every nenber of the universe of
di scourse, whereas a false sentence is satisfied by nothing.
Specifically, we have the foll ow ng:

G ven an interpretation 4,

an atomic fornmula of the formRx is satisfied by
t he menbers of A(R);

an atomc fornula of the formRc is satisfied by
every nmenber of the universe if 4(c) is an ele-
ment of A(R);

otherwi se, Rc is satisfied by nothing;

a fornmula of the form (e Ovy) is satisfied by

t hose nenbers of the universe of discourse which
satisfy both ¢ and v;
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a fornula of the form (¢ Ovy) is satisfied by
t hose nenbers of the universe of di scourse which

satisfy either ¢ or y (or both);

a fornmula of the form (¢ - y) is satisfied by

t hose nenbers of the universe of discourse which
either satisfy y or fail to satisfy o

a fornmula of the form (¢ - y) is satisfied by

t hose nenbers of the universe of discourse which
satisfy both ¢ and y and al so by those nenbers of
t he domain which satisfy neither ¢ nor v;

a fornula of the form-¢ is satisfied by those
menbers of the universe of discourse which fail to
satisfy o;

if every nenber of the universe satisfies ¢, then
every nenber of the universe satisfies (0Ox)o;

if sonme nmenber of the universe fails to satisfy o,
not hi ng satisfies (0Ox) o;

i f sonme nmenber of the universe satisfies ¢, every
nmenber of the universe satisfies ([IX)o;

if no menber of the universe satisfies ¢, no nem
ber of the universe satisfies ([K)o.

Exanpl e. As an exanple of an interpretation, let's

| et

| 4] = {ani mal s}

A("b") = Bonzo the chinpanzee

A("c") = Celia the canary

A("r") = Reagan, the forner president

A("B") = {animals that bay at the

noon} A("D") = {dogs}

A("F") = {animals that fly}

A("C") = {chi pmunks}
Since Celia can fly, A4("c") is an elenent of
A("F"), and so every animal will satisfy "Fc."
A("r") O Aa("F"), since Reagan can't fly, so noth-
ing wll satisfy "Fr." "Bx" will be satisfied by

the animals that bay at the noon and "Dx" wll be

satisfied by the dogs. "(Dx OBx)" will be satis-
fied by the dogs that bay at the nmoon. "-Fx" wll
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be satisfied by the animals that don't fly. "(Dx

O-Bx)" wll be satisfied by the dogs that don"t

bay at the noon. Since sone dogs bay at the noon,

every animal will satisfy "(Ik)(Dx O Bx)." Since

no dogs fly, nothing will satisfy "(Ix)(Dx O Fx)."

Not hi ng satisfies "([Ox)(Dx - Bx)," since not

every dog bays at the noon. Since Reagan isn't a

chi pmunk, nothing satisfies "Cr." So every ani nal

satisfies ""=Cr." So every ani mal satisfies

"(Ox)-Cr. "X

Let's introduce sone technical jargon. A formula that begins

with "(Ox)" is a universal formula. One that begins with " (k)"
is an existential forrmula. Formulas that begin either with
"(Ox)" or with "(X)" are said to be initially quantified.
Conj unctions, disjunctions, negations, conditionals, and bicondi -
tionals are referred to as nol ecular formulas. Every fornul a
which isn't either atomc or initially quantified is built up
fromatomc fornmulas and frominitially quantified by neans of
t he connectives "0, "0O" "-," "5," and "o." W refer to those
atomic and initially quantified sentences out of which a given
sentence is built as its basic truth-functional conponents.

Definition. A sentence which is satisfied by every
menber of |'4] under an interpretation 42 is said
to be true under 4. A sentence which is satisfied
by no nmenber of |4 under 4 is false under 4.

Law of Bival ence. Gven an interpretation 4, ev-
ery sentence is either true under 4 or fal se un-
der 4.

Proof: Since every sentence is built up fromatom c sentences and
frominitially quantified sentences by neans of the sententia
connectives, it will be enough to show that, given an interpreta-
tion 4, every atomi c sentence and every initially quantified
sentence is either true or false under 4 and that every sentence
formed from sentences which are either true or false under 4 by
means of the sentential connectives is either true of false under

A.

An atom c sentence takes the form"Fc." Such a sentence is
true under 2 if 4(c) O 4(F) and false under 42 if 4(c) O 4(F). A
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uni versal sentence (Ox)¢ is true under 4 if every nenber of | 4
satisfies ¢ under 4, and it is false under 4 otherw se. An

exi stential sentence (K)o is true under 4 if at |east one nenber
of |4 satisfies ¢ under 4, and it is false under 4 otherw se.

A conjunction is true under 4 if both conjuncts are true
under 4, and it is false under 4 if either conjunct is false
under 4. A disjunction is true under 4 if either disjunct is
true under 4, and it is false under 4 if both disjuncts are
false under 4. A negation is true under 4 if the negatumis
false under 4, and it is false under 2 if the negatumis true
under 4. A conditional is true under 4 if the antecedent is
fal se under 4 or the consequent is true under 4; if the anteced-
ent is true under 4 and the consequent if false under 4, the
conditional is false under 4. A biconditional is true under 4 if
bot h conponents are true under 4 or both conponents are false
under 4; if one conponent is true and the other is false, the
bi conditional is false under 4. [X]

Corollary. For any sentence ¢, interpretation 14,
and elenment a of |4, ¢ is true under 2 iff a
satisfies ¢ under .

Proof: If ¢ is true under 4, then, by definition of "true," every
el ement of | 4| satisfies ¢ under 4. So in particular, a
satisfies ¢ under 4. If, on the other hand, ¢ isn't true under

A, then, by bivalence, ¢ is false under 4, so that, by defini-
tion of "false," nothing satisfies ¢ under 4, so, in particular,
a doesn't satisfy ¢ under .

The follow ng definition is taken over directly fromthe
sentential cal cul us:

Definition. A normal truth assignnment (N.T.A ) is
a function which assigns a nunber, either 0 or 1,
to each sentence, subject to the follow ng condi -
tions:

A conjunction is assigned 1 iff both conjuncts are
assi gned 1.
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A disjunction is assigned 1 iff one or both dis-
juncts are assigned 1.

A negation is assigned 1 iff the negatumis as-
si gned O.

A conditional is assigned 1 iff the antecedent is
assigned 0 or the consequent is assigned 1.

A biconditional is assigned 1 iff both conponents
are assigned the sane val ue.

Definition. A sentence is tautological iff it is
assigned the value 1 by every N.T.A. A sentence is
valid iff it is true under every N T.A

For the sentential cal culus, the words "tautol ogi cal" and
"valid" were different words for the same thing. Now that we've
started on the predicate cal cul us, we need to distinguish them
Validity is the notion we're really interested in, but we need
the notion of tautology as a technical notion.

Proposition. Every tautology is valid, but not
Vi ce versa.

Proof: Suppose that 6 is a tautol ogy, and take an arbitrary
interpretation 4. W get a normal truth assignnent by stipulat-
ing that, for any o,

O( ) 1if ¢ is true under
0 ot herw se

So 0(6) = 1. Hence 6 is true under 4. Since 4 was arbitrary, this
shows that every tautological forrmula is valid. On the other
hand, the tautol ogical formula "((Ox)Fx - Fc)" is not tautol ogi-
cal . X

A tautol ogical sentence is a valid sentence whose validity
is determned by the sentence's truth functional structure. If,
instead, the validity of a sentence depends upon the neani ng of
the quantifiers, the sentence won't be tautol ogical.
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We can test whether a sentence is tautol ogical by the nethod
of truth tables, exam ning each possible way to assign a truth
value to the sentence's basic truth functional conponents.
Alternatively, we can test the sentence by the search-for-

count erexanpl e met hod. For exanple, to show that "(((IK)Fx -
(Ox)&x) O (-Hc - (IX)Fx))" is tautological, we have the foll ow
i ng:

- (K) FX))
a) X

A4 A4 7X

(((KFx - (Ox)Gx) O (-~Hc
1 0

a) Al
A>4 A\>4

Definition. A sentence ¢ is a |ogical consequence
of a set of sentences I' iff ¢ is true under every
interpretation under which all the nenbers of T
are true. ¢ is a tautol ogi cal consequence of a set
of sentences I' iff ¢ is assigned the value 1 by
every N.T.A. which assigns the value 1 to every
menber of T.

The sane reasoni ng which gave us the |ast proposition yields the
fol | ow ng:

Proposition. Every tautol ogical consequence of a
set of sentences is a |logical consequence, but not
Vi ce versa.

The follow ng definitions and theorens are |ifted directly from
t he sentential cal cul us:

Definitions. A sentence is contradictory (or in-
consistent) iff it is false under every interpre-
tation. A sentence is indetermnate iff it is true
under sone interpretations and fal se under others.
A sentence ¢ inplies (or entails) sentence y iff
y IS true under every interpretation under which ¢
is true. o and y are logically equivalent iff
they are true under precisely the sane interpreta-
tions. An argunment is valid iff the conclusion is
true under every interpretation under which the
prem ses are true. A set of sentences is consis-
tent iff there is sone interpretation under which
all its nenbers are true.
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Theorens. A sentence is a valid iff its negation
is contradictory.

A sentence is contradictory iff its negation is
val i d.

A sentence is indeterminate iff its negation is
i ndet er m nat e.

A conjunction is valid iff both its conjuncts are
val i d.

If conjunction is contradictory if (but not neces-
sarily only if) either of its conjuncts is.

A disjunction is valid if (but not only if) either
di sjunct is valid.

A disjunction is contradictory iff both disjuncts
are contradictory.

A conditional is contradictory iff its antecedent
is valid and its consequent is a contradiction.

Two sentences ¢ and y are logically equivalent iff
the biconditional (¢ o y) is valid.

-(¢ Ovy) is logically equivalent to (-¢ O —vy).
-(¢ Ovy) is logically equivalent to (-¢ O ).

o inplies y iff the conditional (¢ - ) is valid.
A contradiction inplies every sentence.

A valid sentence is inplied by every sentence.

Two sentences are logically equivalent iff each
i nplies the other.

An argunent is valid iff the conjunction of the
prem ses entails the concl usion.
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An argunent is valid iff the conditional whose
antecedent is the conjunction of the prem ses and
whose consequent is the conclusion is valid.

¢ is a logical consequence of {vi,vy2,...,yn} if and
only if the argunent with vy, v2,...,v, as preni ses
and with ¢ as conclusion is valid.

A sentence is a |logical consequence of the enpty
set iff it's valid.

A sentence is a valid iff it is a logical conse-
guence of every set of sentences.

Each nenber of a set of sentences is a | ogical
consequence of that set of sentences.

If every nenber of A is a |ogical consequence of
I'and ¢ is a | ogical consequence of A, then ¢ is a
| ogi cal consequence of T.

If Ais a subset of T" and ¢ is a |ogical conse-
guence of A, then ¢ is a | ogical consequence of T.

For any sentence y and set of sentences I', yis a
| ogi cal consequence of T'if and only if T' and I' O
{vy} have precisely the sanme |ogical consequences.

(¢ Ovy) is a logical consequence of T iff ¢ and vy
are both | ogi cal consequences of T.

(¢ - y) is a logical consequence of T'iff yis a
| ogi cal consequence of I' O {¢}.

{vi,v2,...,yn} is inconsistent iff (y; O (y2 O..0
Yn)...) 1S an inconsistent sentence.

If ' is an inconsistent set of sentences, then
every sentence is a | ogical consequence of T.

A set of sentences I is inconsistent iff (P O =P)
is a logical consequence of T.
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A set of sentences I' is inconsistent iff every
sentence is a |ogical consequence of T.

If Ais inconsistent and A OT, then T is incon-
si stent.

¢ is a logical consequence of T'iff I' O {-¢} is
i nconsi stent.

Substitution Principle. For any interpretation 4,
i ndi vidual constant c, and formula ¢, ¢*/¢ is true
under 4 iff 4(c) satisfies ¢ under 4.

Proof: | amgoing to wite out this proof in excruciating detail,
just so you'll see what one of these proofs |ooks |ike when
witten out in utter detail. | promse not to do it again.

Let 4 be an interpretation and ¢ a constant, and let X be
the set of fornmulas ¢ such that ¢*/. is true under a2 iff 4(c)
satisfies ¢ under 4. Cearly {fornulas} O X But also, since
{formulas} is the smallest class of expressions which contains
the atom c fornulas and which is closed under conjunction,
di sjunction, formation of conditionals, formation of bicondition-
al s, negation, universal quantification, and existential quanti-
fication, if we can showthat X is a class of expressions which
contains the atomc formulas and which is closed under conjunc-
tion, disjunction, formation of conditionals, formation of
bi condi ti onal s, negation, universal quantification, and exi sten-
tial quantification, this will tell us that {fornmulas} O X. This
will tell us that {forrmulas} = X, which is what we want.

Atomc fornmulas are in X. If o is an atomc fornula, then either
it has the formFx or it has the formFd. If ¢ has the from Fx,
then ¢*/. is Fc. W have

¢/ ¢ is true under 1
iff Fc is true under A4

iff a(c) O A(F)
iff 4(c) satisfies Fx under 4.

If ¢ has the formFd, then ¢*/. = ¢. W have
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¢/ ¢ i's true under A4
iff ¢ is true under 4

iff 4(c) satisfies ¢ under 42 [by the corollary to the
principle of bival ence].

Y is closed under conjunction. Suppose that ¢ and y are both in
Y. Then (¢'y) */. is equal to (¢*/. O y*/c), and we have

(¢ Owy)*/¢ is true under

iff (¢/¢ O vy/c) is true under

iff both ¢/ and y*/. i s true under

iff 4(c) satisfies ¢ under 4 and (c) satisfies vy
under [because ¢ and y are both in %]

iff 4(c) satisfies (¢ O vy) under 4.

So (¢ Owy) isin X

Y is closed under disjunction. Suppose that ¢ and y are both in
Y. Then (¢'Ty) */. is equal to (¢ O vy*/¢), and we have:

(¢ Owy)*/¢ is true under 4

iff (¢/¢ Oy is true under 4

iff either ¢/ or /. is true under 4

iff either 4(c) satisfies ¢ under 42 or A4(c) satisfies
y under [because ¢ and y are both in %]

iff 4(c) satisfies (¢ O vy) under 4.

So (¢ Owy) isin X

Y is closed under the formati on of conditionals. Suppose that ¢
and y are both in Z. Then (¢'->'y)*/ ¢ is equal to (¢"/¢ - V'),
and we have:

(¢ - y)*/¢cis true under 42
iff (/¢ - y*/¢) is true under 4
iff either ¢/ isn't true under 4 or /. is true under
A
iff either 4(c) doesn't satisfy ¢ under 42 or 4(c) does
satisfies y under 4 [because ¢ and y are both
in X
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iff 4(c) satisfies (¢ - y) under 4.
So (¢ - y) isin X

Y is closed under the formation of biconditionals. Suppose that
¢ and y are both in X. Then (¢'o'y)*/ ¢ is equal to (¢/¢ o y/¢),
and we have:

(¢ o y)* ¢ is true under 4

iff (¢/¢ o y*/¢) is true under 4

iff ¢/¢. and y*/. are either both true under 4 or both

fal se under 4

iff either 4(c) satisfies both ¢ and y under 42 or 4(c)
satisfies neither ¢ nor vy under 4 [because ¢ and vy

are both in Z]

iff 4(c) satisfies (¢ o y) under 4.

SO (¢ o y) isin X

Y is closed under negation. Suppose that ¢ is in X. Then (-¢)*/
is equal to —=(¢*/¢), and we have:

(=@)*/ ¢ is true under 4

iff =(¢*:) is true under 4

iff ¢*/c isn't true under 4

iff 4(c) doesn't satisfies ¢ under 4
[ because ¢ and y are both in %]

iff 4(c) satisfies -¢ under A.

So ~¢ is in I

Y is closed under universal quantification. Suppose ¢ is in X
((Ox))*/ ¢ is equal to (Ox)e, and we have

((Ox)@)*/ ¢ is true under 4
iff (Ox)e is true under 4

iff 4(c) satisfies (Ox)oe under 4 [by the corollary to
t he principle of bival ence].

So (Ox)e is in X.
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Y is closed under existential quantification. Suppose ¢ is in X.
((X)o)*¢ is equal to (X)e, and we have

((X)g@)*/ ¢ is true under 4
iff (X)e is true under 4

iff A(c) satisfies ([X)o under 4 [by the corollary to
the principle of bival ence].

So (K)e is in X X

I f our |anguage has just three predicates,
"F," "G" and "H,/" then any interpretation of the
| anguage divides the universe into 8 cells, num
bered 1 through 8 in the figure (where sone of the
cells may be enpty). If two nenbers of the uni-

verse lie in the sane cell, they satisfy all the
same fornulas. This observation is perfectly gen-
eral :

I ndiscernibility Principle. Gven an interpreta-
tion 4. Any two nmenbers of |4 which satisfy pre-
cisely the same atom c formnulas under 4 satisfy
all the sanme formul as under 4.

Proof: Suppose that a and b satisfy precisely the sanme atomc
formul as under 7. Let X be the set of fornmulas ¢ such that a
satisfies o under 4 iff b satisfies ¢ under 4. W want to see
that X is equal to the set of all formulas. To show this, we need
to show that X contains the atomc fornulas and that it is closed
under conjunction, disjunction, formation of conditionals,

bi conditionals, negation, universal quantification, and existen-
tial quantification.

Atomic fornulas are in X. G ven.

Y is closed under conjunction. Suppose that ¢ and y are both in
Y. W have

a satisfies (¢ O vy) under 4

iff a satisfies both ¢ and y under 4

iff b satisfies both ¢ and y under 4 [because ¢ and vy
are both in %]
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iff b satisfies (¢ Ovy) in X
So (¢ Owy) isin X

Y is closed under disjunction, formation of conditional, and
formation of biconditionals. Simlar.

Y is closed under universal quantification. Suppose that ¢ is in
Y. W have

a satisfies (0Ox)oe under 4
iff (Ox)e is true under 4 [by the corollary to biva
| ence]
iff b satisfies (Ox)e under 4 [by the corollary to
bi val ence again] .

So (Ox)e is in X.
Y is closed under existential quantification. Simlar. X

To see whether a sentence is true under an interpretation,
you have to see what the universe of the interpretationis, and
you have to see what values the interpretation assigns to the
constants and predicates that appear within that sentence. That's
all you have to | ook at. You don't have to | ook at the values the
interpretation assigns to the constants and predicates that don't
even occur within the sentence. The followi ng theorem makes this
observation precise:

Locality Principle. Let 42 and ® be two interpre-
tations with the sanme universe of discourse that
assign the sanme values to all the constants and
predi cates that occur in the formula ¢. Then pre-
cisely the same individuals satisfy ¢ under 4 and
under @.

Proof: Gven interpretations 4 and @ with the sanme universe of

di scourse, let ¥ = {formulas ¢: if 4 and ® assign the sane val ues
to all the constants and predicates that occur in ¢, then the
sanme individuals satisfy ¢ under 4 and under ®. W want to show
that X is the set of all fornmulas. To show this, it will be
enough to shoe that X contains the atomc fornmulas and that it is
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cl osed under conjunction, disjunction, formation of conditionals,
formati on of biconditionals, negation, universal quantification,
and existential quantification.

Y contains the atomc fornmulas. Let ¢ be an atom c formula such
that any constant or predicate that appears in ¢ is assigned the

sa: ne value by 4 and by 8 Take a O |4 . Either ¢ has the form
Fx or else it has the form Fc.

If ¢ has the form Fx, we have

a satisfies ¢ under 4

iff a O 4(F)

iff a O 8(F)

iff a satisfies ¢ under @

If ¢ has the form Fc, we have

a satisfies ¢ under 4

iff a(c) O a(F)

iff a&(c) O B(F)

iff a satisfies ¢ under @

Y is closed under conjunction. Suppose that ¢ and y are both in
¥, and take a O | 4. Suppose that any constant or predicate that
occurs in (¢ Ovy) is assigned the sane value by 4 and by & Then
every constant or predicate that occurs in ¢ is assigned the sane
value by 4 and by 8 so that, since ¢ is in X, a satisfies ¢
under 4 iff a satisfies ¢ under 8 Simlarly for y. Hence

a satisfies (¢ O vy) under 4

iff a satisfies both ¢ and y under 4
iff a satisfies both ¢ and y under ®
iff a satisfies (¢ O vy) under @

Y is closed under disjunction, formation of conditionals, fornma-
tion of biconditionals, negation, universal quantification, and
exi stential quantification. Simlar. X
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Let _ be the | anguage whose predicates are "M" "W" and "F"
and whose only individual constant is "t," and |et be the

interpretation of _ given by:

| 4] = {ani mal s}
A("M) = {manmal s}

A("W) = {warm bl ooded ani nmal s}
A("F'} = {animals that fly}
A("t") = Tarmn the dog

This structure can be represented by a Venn diagramthat parti-
tions the universe into eight cells. There are animals in Cell 1,
bats, for instance. Tarm n, anong others, is in Cell 2. There
aren't any animals in Cells 3 and 4, because all manmal s are

war m bl ooded. Canaries are in Cell 5, and penguins in Cell 6. W
have our butterflies in Cell 7 and our banana slugs in Cell 8.
Thus the only enpty cells are 3 and 4.

W now want to create a second structure @ wth the sane
structural features as 4 whose only elenents are nunbers. To
represent the fact that in 42 there are animals is Cells 1, 2, 5,
6, 7, and 8, the universe of @ wll consist of the nunbers 1, 2,
5, 6, 7, and 8. Specifically,

|8 ={1,2,56,7,8}
a("M) = {1,2}

B("W) = {1,2,5,6)
®("F') = {1,5,7}
B("t") = 2

W set @("t") equal to 2 to represent the fact that Tarm n, who
is A("t"), isin Cell 2. It is not hard to convince ourselves*
that, if ais an animal in the kth cell, then, for any formula o,
a satisfies ¢ under 2 iff k satisfies ¢ under @ |In particular, a
sentence is true under 4 iff it's true under .

* A formal proof consists of setting X equal to the set of formulas ¢ such
that, for any animal a, if ais inthe kth cell, then a satisfies o in 2 iff k
satisfies ¢ in . Then show X contains the atonmic fornmulas and that it is

cl osed under conjunction, disjunction, formation of conditionals, formation of
bi condi ti onal s, negation, universal quantification, and existential quantifi-
cation.
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The procedure we used here is perfectly general. An
interpretation 4 of a |anguage with n predicates partitions the
universe of 42 into 2" cells, which we can nunber 1 through 2"
(Sonme of the cells may be enpty.) Forman interpretation @ as
foll ows:

| 88 = {nunbers k: under 4, the kth cell is nonenpty}.

B(F) = {nunbers k: the kth cell is a nonenpty part of

A(F)}, for F a predicate.

B(c) = the nunber k such that 4(c) is in the kth cell
for ¢ an individual constant

For any elenent a of |4, if ais in the kth cell, then, for any
formula ¢, a satisfies o under 2 iff k satisfies ¢ under 3 In
particular, if ¢ is a sentence, ¢ will be true under 2 iff it's

true under @ Let us call the nodel ® obtained in this way the
canoni cal nodel associated with 4. Since the universe of the
canoni cal nodel is a nonenpty subset of {1,2,3,...,2", we have
t he foll ow ng:

Theorem A sentence containing n predicates is
valid iff it is true under every interpretation
whose universe is contained in the set
{1,2,3,...,2".

G ven a language _ with n predicates and mconstants, we can
determ ne a canoni cal nodel of the | anguage by deci di ng which

el ements of {1,2,3,...,2" are to be elenents of the universe of
t he nodel and by deciding which el enent of the universe of the
nodel each of the mconstants is to denote. Thus the total nunber

of canonical nodels for _ will be:

2n
2
i =1

Corollary. There is an algorithm— that is, a
mechani cal procedure — for testing whether a sen-
tence is valid.

The al gorithm just described isn't at all practical, for the
interpretations are far too nunmerous for it to be feasible to
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exam ne themall. The theoretical possibility of testing a
sentence ¢ for validity by exam ning all the nodels of ¢ whose
universe is contained within {1,2,3,...,2" remnins only that, a

t heoretical possibility.

In the next chapter, we are going to learn a nore practica
met hod for showi ng valid sentences vali d.



