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ABSTRACT

There is a niche for a sub-Kelvin cryogenic refrigeration unit that is simple, efficient, and

does not require gravity. The superfluid Stirling refrigerator was developed in response

to this demand. The refrigerator has cooled to 168 mK while exhausting heat at 383 mK,

demonstrating the potential to cool to temperatures well below that attainable with a

continuous 3He evaporation refrigerator. The refrigerator has also been successfully

operated with mixtures of up to 36% 3He concentration with proportionately higher

cooling powers, though we suspect that the flow exceeding the critical velocity poses a

lower limit on the temperature attainable with high concentration mixtures. Superfluid

pulse tube version of the refrigerator has been successfully operated, though the

efficiency is found to be significantly lower than that of the Stirling refrigerator.

Gravitational convection of fluid in the pulse tube necessitates the pulses be oriented cold

side up, contrary to convention in cryostats. The gravity and the temperature gradient in

the pulse tube dramatically thin down the viscous penetration depth, resulting in a slug

flow in the pulse tube and hence making this an essentially ideal pulse tube.

Thesis Supervisor: John G. Brisson

Title: Assistant Professor of Mechanical Engineering
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Chapter 1

Introduction

There is a niche for a sub-Kelvin cryogenic refrigeration unit that is simple, efficient, and

does not require gravity. The superfluid Stirling refrigerator was developed in response

to this demand. Kotsubo and Swift9 ,10 built and successfully operated the first SSR in

1990, proving the feasibility of a sub-Kelvin Stirling refrigerator with a 3 He-4 He liquid

mixture as a working fluid. Brisson and SwiftlA built the second generation SSR in 1992

that achieved a significantly lower temperature. However, the ultimate performance of

the SSR will be limited by the thermodynamics of the 3 He solute as it approaches

complete Fermi degeneracy below the Fermi temperature. These considerations led us to

undertake the work presented here, to investigate the SSR's performance in the Fermi

regime. We also explored the SSR's performance using mixtures of higher concentrations

than in the previous SSR's in an effort to increase the SSR's cooling power

proportionately. Pulse tube version of the refrigerator attempts to reduce the complexity

by eliminating one of the two pistons of the Stirling cycle.

1.1 The Superfluid Stirling Refrigerator (SSR)

The need for cryogenic cooling in satellite applications has brought about a strong

requirement for efficient and reliable refrigeration units. There are currently several

techniques for cooling below 1 K. The 3He-4 He dilution refrigerator utilizes the

endothermic heat of mixing of 3 He into 4 He to reach temperatures below 10 mK.

However, the dilution refrigerator typically has a power consumption rate of kilowatts,

and relies on gravity to phase separate the less dense 3He phase over the 3 He-4He phase.

The continuous 3 He evaporation refrigerator has the advantage of being relatively simple,
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but can only reach a minimum temperature of around 0.3 K. It also consumes around a

kilowatt of power and relies on gravity to maintain the free surface between the liquid

phase and the gaseous phase. Adiabatic demagnetization of a paramagnetic salt often

requires magnetic shielding between the refrigerator and the object to be cooled. In short,

there is a niche for a low energy consumption cryogenic refrigeration unit that

outperforms the 3He evaporation refrigerator and does not require gravity or magnetic

shielding. The superfluid Stirling refrigerator (SSR) was developed in response to this

demand.

Kotsubo and Swift9 ,10 built the first SSR in 1990 that cooled to 0.6 K with the

heat rejected at 1.2 K, proving the feasibility of a sub-Kelvin Stirling refrigerator with a
3 He-4He liquid mixture as a working fluid. Brisson and Swiftl4 built the second

generation SSR in 1992 that cooled to 0.3 K with the heat rejected also at 1.2 K,

demonstrating the SSR's potential to outperform the continuous 3He evaporation

refrigerator. However, the ultimate performance of the SSR will be limited by the

thermodynamics of the 3 He solute as it approaches complete Fermi degeneracy below the

Fermi temperature. For example, in a 6% solution, a model based on an ideal Fermi gas

suggests that the cooling power is about half that of a classical ideal gas refrigerator at 0.2

K and rapidly drops to zero at lower temperatures.

These considerations led us to undertake the work presented here, to investigate

the SSR's performance in the Fermi regime. We also explored the SSR's performance

using mixtures of higher concentrations than in the previous SSR's in an effort to increase

the SSR's cooling power proportionately.

A schematic diagram of the four processes of a Stirling refrigerator is shown in

Fig. 1.1. Two pistons, one at high temperature TH and the other at low temperature Tc,

are connected by an array of high heat capacity capillary tubes, the regenerator. We

assume here that the working fluid is an ideal gas, that the piston clearance volumes and

regenerator volumes are negligible, and that the regenerator has a linear temperature

profile from one end to the other with negligible streamwise thermal conduction.

Initially, the working fluid is entirely contained by the hot piston, as shown in Fig. 1. (a).

The refrigerator then goes through the following cycle, where (a)-(d) refer also to Fig.

1.2.

(a) The hot piston isothermally compresses the fluid. Conservation of energy for a

closed system implies

dU = dQ-dW (1.1.1)

12
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Figure 1.1. Four steps of a Stirling cycle refrigerator.

where U is the internal energy of the fluid, Q is the heat added to the fluid, and W is the

work done by the fluid. Since dU = 0 for an isothermal process of an ideal gas, an

amount of heat

(1.1.2)-dQ = -dW = dWhot piston
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Figure 1.2. Representation of a Stirling cycle on a p-V diagram.

must be removed from the fluid, where dWhot piston is the work done by the hot piston on

the fluid. This is the compression stroke. This process is represented by curve (a) in Fig.

1.2.

(b) Both the hot and the cold pistons move to the left and displace all of the fluid to the

cold piston at constant volume. By virtue of the regenerator's high heat capacity and high

thermal conduction with the fluid, the fluid is at Tc and a correspondingly lower pressure

when it enters the cold piston This process is represented by line (b) in Fig. 1.2. Since

there is no change in the fluid's volume,

dW = p-dV =O0
dU =dQ
mCv(Tc-TH) = dQ (1.1.3)

where p and V are the fluid's pressure and volume, respectively, m is the mass of fluid in

the refrigerator, and Cv is the fluid's specific heat at constant volume. The regenerator

absorbs an amount of heat mCv(TH-Tc) from the fluid during this process.

(c) The cold piston isothermally expands the fluid. Since dU = 0 for an isothermal

process of an ideal gas, an amount of heat

dQ = dW = -dWcold piston (1.1.4)

14



must be added to the fluid, where dWcold piston is the work done by the cold piston on the

fluid. Note that dW is positive, as work has been done by the fluid on the piston. The

fluid hence removes an amount of heat dQ from the surroundings of the cold piston. This

is the refrigeration stroke. This process is represented by curve (c) in Fig. 1.2.

(d) Both the hot and the cold pistons move to the right and displace all of the fluid to the

hot piston at constant volume. The fluid is at TH and a correspondingly high pressure

when it enters the hot piston because of the regenerator's high heat capacity and good

thermal contact with the fluid. This process is represented by line (d) in Fig. 1.2. Since

there is no change in the fluid's volume,

dW= p.dV = 
dU =dQ
mCv(TH-Tc) = dQ. (1.1.5)

The regenerator returns to the fluid the amount of heat it absorbed from the fluid in

process (b). The net heat transferred from the fluid to the regenerator over a cycle is

therefore zero. The regenerator simply maintains the same linear temperature profile

from the hot end to the cold end during the refrigerator's cycle by virtue of its large heat

capacity.

The cycle then repeats. Real Stirling refrigerators differ form the simplified model

described above in several significant ways. The pistons execute harmonic motions

rather than discontinuous motions in order to simplify the drive mechanism. The

regenerator has a finite volume, and the heat transfer between it and the fluid is not

complete, resulting in the fluid entering the pistons at temperatures different from TH or

Tc. The clearance volumes in the hot and cold pistons is not zero. The fluid in the

pistons is often not isothermal owing to a limited heat transfer between the fluid and the

surroundings. The working fluid may not behave as an ideal gas. Heat exchangers are

placed between the pistons and the regenerator in order to enhance the heat transfer.

Nevertheless, the essential principle of operation is as described above, with the net result

being the cooling at the cold piston.

The superfluid Stirling refrigerator (SSR) uses a 3He-4He liquid mixture as a

working fluid in the Stirling refrigeration cycle. Fig. 1.3 shows the phase diagram1 4 of
liquid 3 He-4He mixtures. The mixture forms a homogeneous normal fluid above the X

line. A mixture of more than 6.4% 3He phase separates and forms a two-phase mixture if

15
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Figure 1.3. The 3 He-4He phase diagram

cooled below the phase separation temperature, where a concentrated 3 He phase floats

above a dilute phase. The SSR operates in the superfluid homogeneous mixture region

between the X line and the phase separation line where the 4 He component of the working

fluid is superfluid. Fig. 1.3 also shows the Fermi temperature7 as a function of the

mixture's concentration. This is a measure of the temperature below which the fluid

behaves as a Fermi gas. Fig 1.4 shows a superleak-equipped piston used in the SSR. On

the left side of the piston is a mixture of 3 He and 4 He, and on the right side, pure 4He.

Superfluid 4He can freely flow through the superleak by virtue of its zero viscosity, while

the 3He component which has a finite viscosity is confined to the left of the piston.

Therefore, using pistons equipped with a superleak bypass, it is possible to compress and

expand the 3 He component alone. Above the Fermi temperature and for low 3He

concentrations, the 3 He component of the working fluid, to first approximation, behaves

thermodynamically as an ideal gas in the inert background of superfluid 4He. 19 Osmotic

pressure, which can be thought of as the 3He component's pressure, is hence

approximated by

Pos n3RT
Pos = R (1.1.6)

V
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Piston
Cylinder I

.

Superlea I

Figure 1.4. The superleak-equipped piston. The heavy arrow through the superleak indicates the direction
of 4 He flow corresponding to the direction of piston motion shown.

where n3 is the number of moles of 3 He particles, R is the universal gas constant, T is the

temperature, and V is the volume. Pos is the difference in pressure between the fluid on

the piston's left side and the fluid on the piston's right side. The 4He component does not

contribute significantly to the thermodynamics of the mixture, except at temperatures

above 1 K.

The SSR is a Stirling machine equipped with these superleaked pistons to take

advantage of the properties of the 3He solute to cool below 1 K. The proof of principle

was shown by Kotsubo and Swift9 ,10 in 1990.

1.2 The Superfluid Orifice Pulse Tube Refrigerator
(SOPTR)

The orifice pulse tube refrigerator replaces the Stirling refrigerator's cold piston with

passive components consisting of a thermally insulating pulse tube and an orifice, thus

reducing the refrigerator's complexity. The orifice pulse tube refrigerator is a relatively

new technology, first developed by Mikulin et al. in 1983. They reached a low

temperature of 105 K while exhausting waste heat at room temperature. More recently,

Radebaugh et al.1 5 has reached a temperature of 60 K under similar conditions. The

orifice pulse tube refrigerator is not expected to surpass or even match the Stirling

refrigerator in terms of efficiency or minimum temperature achieved. Its strength lies on

its simplicity through the reduction in the number of moving parts.

17
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Figure 1.5. Schematics of (a) Stirling and (b) orifice pulse tube refrigerator, where the cold piston of the
Stirling refrigerator is replaced by passive components.

In the Stirling cycle, the phasing of the cold piston's motion relative to the

oscillating pressure is such that the cold piston expands the fluid while the pressure is

high, and compresses the fluid while the pressure is low. The net effect averaged over a

cycle is that the cold piston removes work from the fluid. The cold piston can therefore

be replaced with a passive device with no external work input that maintains the same

phasing between the pressure and the fluid flow. Fig. 1.5 shows the schematic of the

orifice pulse tube refrigerator. Fluid in the pulse tube is connected via an orifice to a tank
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that maintains a constant pressure. The orifice is a resistive flow impedance which passes

oscillatory fluid flow in phase with the oscillatory pressure in the pulse tube. A heat

exchanger near the orifice is thermally anchored at high temperature to dispose of this

heat. The pulse tube is a simple tube full of the working fluid, connecting the cold heat

exchanger to the orifice. It thermally isolates the orifice's dissipation from the cold end,

while transmitting fluid motion. In other words, the fluid in the pulse tube can be thought

of as an imaginary piston that duplicates the motion of the Stirling refrigerator's cold

piston.

The orifice pulse tube refrigerator is less efficient than the Stirling refrigerator.

Mechanical power is deliberately dissipated into heat in the orifice of the pulse tube

refrigerator whereas it is efficiently recovered at the cold piston of the Stirling machine.

This increases both the heat load on the hot platform and the amount of net mechanical

power input required to give the same amount of cooling power as that of a Stirling

refrigerator operating under similar conditions. The thermal conductance of fluid in the

pulse tube exaggerates the loss mechanism. The reduction in the number of moving parts

is a significant advantage, however, which may outweigh the disadvantages for some

applications.

As discussed in Chapter 2, we modified our existing Stirling refrigerator,

replacing the cold pistons with orifice pulse tube components, and operated the system

with 17% and 6% mixtures. For simplicity, all numerical estimates of performance

presented for the superfluid pulse tube refrigerator will model the 3He in the mixture

using the equation of state of a classical ideal gas.

1.3 Overview of Following Chapters

In Chapter 2, the design and instrumentation of both the SSR and the SOPTR as well as

the surrounding equipment will be described in detail.

Chapter 3 will focus on the design and performance of mechanical actuators for

the low temperature valves used to seal the fill lines into each of the two SSR's. They

replaced the pneumatic actuators used previously in an effort to improve the refrigerator's

efficiency. The operation of the refrigerator with the mechanical valves in place will be

described, with an assessment of its advantages and disadvantages. Suggestions for

future mechanical valve actuators will conclude this chapter.

In Chapter 4, we will discuss the SSR's "cooling power" operated at uniform

temperature (heat exhaust temperature is equal to heat absorption temperature) in order to

19
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simplify the analysis of the refrigerator. Detailed analytical models will predict the heat

absorbed at the "cold" end and the work done by the fluid on the pistons. This will be

followed by the experimental results, and their deviation from the analytical models will

be discussed.

In Chapter 5, the SSR's cooling power as a function of the cold platform

temperature will be presented. A simple model which assumes an ideal working fluid

and isothermal compressions and expansions in the hot and cold pistons will give us the

analytical framework. Deviation of the experimental results from the ideal behavior,

including a loss mechanism, will be discussed.

In Chapter 6, the effect of the SOPTR's frequency on the cooling power will be

investigated. The entire refrigerator will be held at a uniform temperature in order to

simplify the analysis of the refrigerator's operation as much as possible. An analytic

model based on a classical ideal gas will predict the cooling power. This will be followed

by the experimental results, and their deviation from the analytic model will be discussed.

This chapter will provide an insight into the pressure's phase lag from the piston motion,

which is a key to the pulse tube's refrigerator's operation.

In Chapter 7, the effect of gravity on the fluid's oscillatory motion in the pulse

tube will be investigated. The fluid's approximate velocity profile with and without

gravity will be predicted, and the indicated cooling power with the cold platform held at a

slightly lower temperature than the hot platform will provide an indirect evidence of the

fluid's velocity profile in the pulse tube. A question of practical interest is how to set the

piston displacement volume in order to maximize the cooling power.

In Chapter 8, the SOPTR's cooling power as a function of temperature will be

presented. Results from the previous chapters will be used as a guideline to select the

various parameters in order to maximize the SOPTR's cooling power. A simple model

based on a classical ideal gas will predict the gross cooling power, which is the expected

cooling power in the absence of losses, and the loss mechanism will be discussed.
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Chapter 2

Experimental Equipment and
Instrumentation

In this chapter, the design and instrumentation of both the SSR and SOPTR as well as the

surrounding equipment will be described in detail.

2.1 The Superfluid Stirling Refrigerator

The first superfluid Stirling refrigerator was built by Kotsubo and Swift9 ,10 in 1990.

Brisson and Swift1 4 built the second generation SSR in 1992 with several key

improvements such as having two SSR's operating 180 degrees out of phase with each

other. This design allows the use of a counterflow heat exchanger to serve as a

regenerator by having the fluid in each half of the SSR regenerate each other. The design

also takes advantage of both sides of the piston, eliminating the inert volume on the back

side of each piston (shown in Fig. 1.4) that collects the 4He that flows through the

superleak. The apparatus used in this experiment is a slightly modified version of that

built by Brisson and Swift. Improvements include a pumped 3He evaporation refrigerator

on the hot platform and improved shutoff valves on the fill lines.

Fig. 2.1 shows an overview of some of the equipment surrounding the SSR. The

cryostat consists of three platforms: the platform cooled by a pumped 4 He pot which will

also be called the 1 K platform, the platform cooled by a pumped 3He pot which serves as

the hot platform of the Stirling refrigerator, and the cold platform of the Stirling

refrigerator. They are suspended inside a vacuum can for thermal insulation. The

vacuum can is submerged in a liquid 4 He bath that is maintained at 4 K.
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Figure 2.1. Schematic of the three platforms in the refrigerator and some of the surrounding equipment

The 4He platform, cooled by the 4He evaporation refrigerator, serves as the first

stage cooler of the cryostat. A five horsepower vacuum pump at room temperature

pumps on the 4He pot through the 4He pumping line. The 4 He boils and lowers its

temperature following the vapor pressure curve. There are a total of three valves placed

in parallel, consisting of a large gate valve and two smaller valves, between the 4 He pot

pumping line and the vacuum pump, all of which are closed before the 4 He pot is

22



depressurized. During startup, the pump is turned on and the smaller valves are slowly

opened in order to prevent the liquid 4He in the 4 He pot from foaming up and quickly

evaporating. When the temperature falls below 2 K, the 4He becomes superfluid and

does not foam up by virtue of its high thermal conductivity. The large gate valve may

then be opened. A vibration damper placed between the vacuum pump and the 4 He

pumping line isolates the cryostat from the pump's mechanical vibration. The 4He pot's

source of liquid 4 He is the 4 He bath. A length of flow impedance is placed between the

siphon and the 4 He pot in order to control the flow rate into the 4 He pot while

maintaining a pressure gradient between the liquid 4He bath and the 4 He pot. The length

of flow impedance was made by inserting a thin SS wire inside a CuNi tube so as to

block most of the cross sectional area inside the tube. The CuNi tube was then stretched

in order to create a tight fit between the tube and the wire, thus maximizing the flow

impedance. The 4 He platform maintains a temperature of slightly above 1 K and mounts

several instruments and devices described subsequently, reducing the heat load on the
3 He platform.

Fig. 2.1 also shows the 3He platform is cooled by a recirculating 3He evaporation

refrigerator. The recirculating 3He is liquefied in the CuNi capillary inside the 4He pot.

A length of flow impedance is placed upstream of the 3He pot in order to control the flow

rate into the 3 He pot while maintaining a pressure gradient between the 3He entering the

cryostat and the 3 He pot. The amount of flow impedance for the 3He pot and 4 He pot

must be carefully balanced against each other through trial and error for reliable

operation. The 3He pot's flow impedance must be small enough to control the amount of
3He flow so as not to overheat the 4 He pot, but large enough to provide enough cooling

power for the 3 He pot; the 4 He pot's flow impedance must be chosen to provide the

maximum cooling power under the given 3 He flow rate.

Fig. 2.2 shows the room temperature part of the 3 He circuit. A 1.5 horsepower

vacuum pump pumps on the 3He pot through the 3He pumping line. A gate valve

between the 3He pumping line and the vacuum pump throttles the flow and controls the

cooling power. A gate valve was chosen in order to minimize the flow impedance in the

pumping line and hence maximize the cooling power at wide open throttle operation. A

cold trap submerged in liquid Nitrogen and an oil trap, located downstream of the

mechanical pump, filter out the elements that enter the circuit which would freeze and

plug the capillaries in the cryostat. The length of flow impedance just upstream of the
3He pot is especially susceptible to ice plugs due to the small cross sectional area. The

in-line over pressure valve diverts the flow of 3He downstream of the pump into the tank
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Figure 2.2. The room temperature part of the 3 He circuit

in case an ice plug formed in the capillary. The pump would otherwise build up a

dangerously high pressure in the circuit. Pressure gauges at various locations monitor the

pressure. The amount of 3 He in the circuit is approximately 0.3 mole.

Fig. 2.3 shows the SSR. It absorbs heat from the cold platform and rejects it to

the hot platform. There are two refrigerators operating in parallel. The top refrigerator

consists of the hot piston above the hot platform, the regenerator, and the cold piston

above the cold platform. The bottom refrigerator consists of the hot piston below the hot

platform, the regenerator, and the cold piston below the cold platform. The two

refrigerators operate 180' out of phase with each other. The counterflow regenerator

consists of a total of 238 0.305 mm O.D. CuNi tubes with 0.038 mm walls. These tubes

are silver soldered in a hexagonally close packed array with alternating rows
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Figure 2.3. The SSR. Pressure gauges are delineated with a "P", thermometers with a "T". The pumped
4 He platform, which is located above the hot platform, is not shown. The arrows in the regenerator indicate
the direction of fluid flow corresponding to the direction of piston motion shown.
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corresponding to each half of the SSR. The fluid in one half of the refrigerator flows

through the recuperator opposite to the fluid flow in other half and the two fluids

regenerate each other. Silver solder was used to insure that the solder does not become a

superconductor at the operating temperatures which would reduce the thermal

conductivity between the tubes. The length of the regenerator is approximately 20 cm.

A Dayton model 4Z534A permanent magnet DC gearmnotor drives a camshaft

which has two cams with adjustable strokes and phase angles. The cams in turn drive the

pistons' pushrods made of 6 mm O.D. SS tubes. A leather strap wrapped around a pulley

at the end of the camshaft puts a brake on the camshaft in order to eliminate the slack in

the driving mechanism; the camshaft would otherwise turn discontinuously during the

cycle and put a significant heat load on the refrigerator.

The hot platform pistons are rigidly connected together and driven sinusoidally

from room temperature by the pushrod. The cold platform pistons are similarly driven.

The pistons are made with welded bellows which have convolutions that nest into one

another. A large volume displacer press fit into the large copper block is placed inside

each bellows to minimize the piston clearance volume. The effective cross sectional area

of the bellows 16 is 3.16 cm2.

The superleaks are cylinders of Vycor glass approximately 3.6 mm in diameter

and 7.4 cm long epoxied into place. These allow the superfluid 4He to freely flow

between each half of the SSR while confining the 3 He.

The heat exchangers are copper cylinders press fit into the large copper blocks.

The hot platform heat exchangers are 1.14 cm long with four 0.8 mm diameter holes

drilled longitudinally through the cylinder. The cold platform heat exchangers are 1.14

cm long with 12 0.51 mm diameter holes.

The linear position sensors are mounted on the 4 He platform to monitor the

positions of the pistons. They consist of two counter wound copper coils on a thin walled

stainless steel tube. A pick-up coil wound on a ground stainless steel rod rides inside the

counter wound coils. They are driven by a 1 mA 1 kHz signal and the output voltage of

the pick-up coils is monitored as a measure of position by Princeton Applied Research

model 5301A lock-in amplifiers. The resolution of the system is better than 0.025 mm.

Each position sensor is calibrated using two electrical switches of known positions

mounted on the large copper platforms.

The two fill lines into each of the SSR halves are sealed with low temperature

mechanical valves mounted on the 4 He platform. Their purpose is to prevent the mixture

from oscillating up and down the fill lines which puts a thermal load on the hot platform
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and to create a well defined closed volume in the refrigerator. The construction and

operation of the valves are described in more detail in Chapter 3.

Flexible diaphragm pressure gauges are connected to each half of the SSR on the

hot platform. Their outputs are measured with Stanford Research System model SR530

lock-in amplifiers.

Calibrated germanium thermometers are mounted on each of the hot and cold

platforms. Each thermometer is monitored by S.H.E. corporation model PCB

potentiometric conductance bridge. Heaters controlled by Linear Research model LR-

130 feedback controllers allow a precise control of the hot and cold platform

temperatures.

Fig. 2.4 shows the 3He-4He mixture tanks and surrounding equipment at room

temperature. Each tank contains a mixture of a known concentration. The SSR is filled

with a mixture from one of these tanks. The liquid Nitrogen cold trap is used to filter out

any contaminants present in the mixture that could plug the fill lines to the SSR in the

cryostat. The concentrations of the mixtures are determined using an acoustic gauge5 ,8

that measures the gas' speed of sound at 0°C. A Wallace and Tiemrnan model FA145

pressure gauge monitors the pressure downstream of the tanks.

An IBM PC monitors the outputs from various sensors.

Pressure
gauge

ire
SSR

Figure 2.4. Room temperature 3He-4He mixture storage tanks and surrounding equipment
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2.2 The Superfluid Orifice Pulse Tube Refrigerator

The superfluid orifice pulse tube refrigerator (SOPTR) is shown in Fig. 2.5. This

refrigerator is a slightly modified version of the superfluid Stirling refrigerator. The

bellows on the cold platform were replaced by pulse tubes, heat exchangers, and an

orifice. Because of the 180' temporal phase shift between the two halves of the

refrigerator, a single orifice linking the two halves of the refrigerator was used, so that

each half of the refrigerator served as the tank of the other half. The heat exchangers at

the hot ends of the pulse tubes, adjacent to the orifice, were thermally anchored to the hot

platform. Other parts of the refrigerator are essentially identical to the superfluid Stirling

refrigerator.

Stability against gravitational convection in 3He-4He mixtures requires that the

cold end of the pulse tube be up, in contrast to convention in cryostats. Choice of

dimensions of the pulse tubes was a rough compromise among several considerations.

The total fluid volume in the pulse tube should be significantly larger than the fluid's

volumetric displacement through the pulse tube, so that warm fluid that enters the pulse

tube form the orifice does not enter the cold platform. The peak to peak volumetric

displacement of each of our hot pistons was Vs<2 cm3, so we expected peak to peak

volumetric displacements in the pulse tubes to be somewhat smaller than that. However,

if the pulse tube volume is too large, the pressure amplitude will be reduced significantly

for a given piston stroke, resulting in a correspondingly lower cooling power.

Erroneously, we had believed that the pulse tube diameter should be significantly larger

than the mixture's viscous thermal penetration depth

(2.2.1)
= rf(m*/m)p

where I is viscosity, f is operating frequency, m* and m are the effective and true mass of

a 3He atom, and p is the mass density of 3He, so that the imaginary piston could move

with a slug flow where the velocity is essentially independent of radial location within the

pulse tube. The origin of Eq. 2.2.1 is discussed in Section 7.1. For the operating

frequencies accessible with our drive motor (4 mHz<f <50 mHz), 0.5 mm< 8v<1.6 mm

for a 17% mixture at 1 K. The thermal load on the cold platform due to thermal

conduction of fluid in the pulse tube, given approximately by
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Figure 2.5. The SOPTR. Pressure gauges are delineated with a "P", thermometers with a "T". The
pumped 4 He platform, which is located above the hot platform, is not shown. The arrows in the
regenerator and the pulse tubes indicate the direction of fluid flow corresponding to the direction of piston
motion shown.
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Qcond = AT (2.2.2)
L

where xc is the fluid's thermal conductivity, A and L are the cross sectional area and

length of the pulse tube, and AT is the temperature difference across the pulse tube,

should not be too large, so the area to length ratio of the pulse tube should be kept

reasonably small. Finally, we were limited in the space below the existing cryostat,

limiting the length of the pulse tube if major reconstruction of the refrigerator was to be

avoided. We chose a 6.3 mm O.D. CuNi tube approximately 8 cm long with walls 0.15

mm thick.

4.8 mm O.D. Cu tubes were used to connect the cold platform or the heat

exchanger to the pulse tubes. Their I.D. was approximately 3 mm, minimizing the

connecting tube volume. Copper screens of approximately 25 mesh per cm at each end of

each pulse tube served as flow straighteners in order to prevent possible flow separation

of fluid as it entered the pulse tubes from the heat exchangers or 3 mm inner diameter

connecting tubes, where the Reynolds number was of order 1000. The two pulse tubes

are essentially identical. Details of the pulse tubes' geometry are found in Appendix J.

The approximate amount of flow impedance in the orifice was calculated as

= Pi (2.2.3)
VIPL

where P1 is the fluid's pressure amplitude, Xr is the refrigerator's period, V1 is the volume

amplitude of piston motion, and g is the mixture's viscosity. The origin of Eq. 2.2.3 is

discussed in Section 6.1. As a rough estimate, we assumed Pl = 0.25x105 Pa, Xr = 15 s,

V1 = 1 cm3, and g = 10-6 kg/m-s, which yielded Z = 4xl1011/cm3. Research orifice pulse

tube refrigerators usually use needle valves as orifices so that the impedance can be

varied during the course of the experiment. For our superfluid pulse tube refrigerator,

with small displaced volume and low frequency, the required impedance was far higher

than those of commonly available valves. Hence we used a fixed impedance. A length of

flow impedance, the amount of which was adjusted at room temperature to match the

value given by Eq. 2.2.3, was installed in the SOPTR and the refrigerator was cooled

down. However, the flow rate through it was much lower than desired, possibly due to

the difference in thermal contraction between the CuNi tube and the SS wire. The

amount of flow impedance was therefore adjusted by trial and error. The orifice used to
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measure most of the data presented in Chapters 6 through 8 was made by inserting a 0.15

mm diameter SS wire into a 2.7 cm long, approximately 0.2 mm inner diameter CuNi

tube to block most of the area and achieve the desired flow impedance. We placed 16

such capillaries in parallel.

The hot heat exchangers at the ends of the pulse tubes are made of solid copper

blocks with four 0.8 mm diameter holes 1.14 cm long drilled through the blocks. They

are bolted on to the hot platform via brackets for thermal contact.

The SOPTR is otherwise identical to the SSR.
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Chapter 3

Low Temperature Mechanical Valves

The fill lines into each half of the refrigerator are sealed with low temperature valves.

Previous superfluid Stirling refrigerator used low temperature pneumatic valves activated

by pressurized 4He. While these were simple devices, they had several disadvantages,

some of which would have been exaggerated by the addition of the 3He pot on the hot

platform. Mechanically actuated valves, though significantly more complex than

pneumatic valves, improve the refrigerator's performance by reducing the heat load to the

1 K platform. Added complexities arose from the requirement that the valve drive

mechanism fit into the existing cryostat without major modification, and a need to

thermally disconnect the drive mechanism from the 1 K platform when not in use.

3.1 Design and Construction

Previous superfluid Stirling refrigerator used low temperature pneumatic valves, shown

in Fig. 3.1, on the SSR's fill lines that used pressurized 4 He as the actuating fluid. The

piston with a tip made of Teflon is attached to the seat via a bellows, and a cap attaches

over the piston and the bellows. 3 He-4He mixture flows through the seat. Pressurized
4 He under the cap presses down the piston, which makes a seal with the seat and closes

the 3He-4He mixture's path. Part of the 3He-4He mixture that flows into the valve goes

up into the gap between the seat and the piston, and occupies the space inside the

bellows. This space, including the narrow gap between the seat and the piston, is 0.29

cm3. The bellows acts as a spring to keep the piston open when not being pressed down,

and separates the 3 He-4 He mixture from the actuating fluid. Note that it is the differential
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Figure 3.1. Schematic of the pneumatic valve and surrounding platforms

pressure between the 3He-4He mixture and the actuating fluid that pushes the piston

down.

While this was a simple device, the actuating column of pure 4 He in the capillary

between the vacuum can and the valve put a substantial thermal load on the 1 K platform

due to superfluid counterflow; the effective thermal conductivity of superfluid 4 He is1 9

above 4000 W/m-K, while the thermal conductivity of normal 4He is around1 9 0.02

W/m-K. The addition of the 3 He evaporation refrigerator on the hot platform of the

refrigerator put a significantly higher thermal demand on the 1 K platform over the

demand of the previous refrigerator, since the 4He pot has to liquefy the recirculating
3He. The 4He pot used in this apparatus is capable of handling either the 3He pot's

thermal load or the heat leak due to the column of actuating pure 4 He for the valve.

However, the thermal load on the K platform with both the 3 He pot and the pneumatic
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valves in place has proven to be beyond the 4 He pot's capability. One option was to

utilize pressurized 3He in place of 4He to actuate the valves, since the 3 He's thermal

conductivity of around17 0.01 W/m-K is significantly lower than that of superfluid 4He.

However, this was not economically feasible. Additionally, the pneumatic valves did not

seal reliably, even though a pressure of 100 psi was used to actuate them. It was

necessary to press down the piston with a greater amount of force in order to achieve a

tighter seal. Therefore, the means of sealing the valves was changed from pneumatic to

mechanical. The cap was removed and the piston was exposed in order to allow a

mechanical actuator to press down the piston directly.

Mechanical valves usually work as follows. A socket attached to the end of a

shaft that runs down from room temperature turns a screw which pushes down the

piston. The socket can be disconnected from the screw when not in use in order to

minimize the thermal conduction. The shaft passes through rubber O-rings at room

temperature which maintain the pressure difference between the vacuum can and the

atmosphere. A knob attached to the end of the shaft is manually turned. Lifting the knob

disengages the socket from the screw, thus thermally disconnecting the valve from the

drive gear.

For this cryostat, however, there was another requirement. There was only room

for one shaft to run from room temperature to the cryostat through the struts and flanges

supporting the vacuum can, while there were two valves in the cryostat, one for each half

of the refrigerator. They had to be actuated simultaneously with a single drive

mechanism, as making room for another shaft would have resulted in a major

reconstruction of the struts and flanges. The drive mechanism is shown in Fig. 3.2. A

socket at the end of a shaft made of a 7.9 mm O.D. SS tube that comes down from room

temperature turns the nut which is welded to the bolt. The socket is normally lifted from

the nut in order to reduce the thermal conduction from the vacuum can, which is at 4 K,

to the 1 K platform, but may be lowered to engage and turn the nut. The bolt pushes

down a bridge which in turn pushes down and seals both of the valves. Universal joints

were placed between the shaft and the socket, as the location of the shaft, which passed

through a tube that had previously carried electrical wires only, did not match that of any

of the existing holes in the top flange of the 1 K platform. A socket guide bolted to the

vacuum can placed the socket in the correct location. This guide had to be attached to the

vacuum can, as attaching it to the 1 K platform would have thermally loaded the 1 K

platform by creating a thermal path between the vacuum can and the 1 K platform. The
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existing threads in the 6 mm thick copper flange, spaced out in a square matrix 12.7 mm

apart from one another and tapped for 4-40 screws, were deemed insufficient to hold up

the required load. We therefore attached a 12.7 mm thick block of brass underneath the

copper flange to engage the bolt's threads and utilized an 8-32 bolt. One of the existing

holes in the copper flange was enlarged so that the 8-32 bolt could pass through it. In

order to keep the bridge in place, a dimple was machined on top of the bridge and the tip

of the screw was pointed to fit into the dimple. Similarly, dimples were machined on top

of the pistons and pointed tips on the bridge fit in them.

The tightness of the valves' seal relies on the correct spacing between the top and

the bottom flanges of the 1 K platform. There were three struts connecting the top and

the bottom 1 K platform flanges, one of which was next to the valves, but another one

was placed on the other side of the valves in order to provide more rigidity between the

two flanges in the vicinity of the valves. Without the additional strut, the top and bottom

flanges of the 1 K platform may plastically deform and separate from each other over a

period of time, compromising the tightness of the seal.

3.2 Operation of the Mechanical Valves

The valves sealed more tightly when mechanically actuated. The pressure oscillation

observed by the Wallace and Tiemrnan gauge at room temperature during the SSR's

operation when pneumatic valves were used was no longer present.

The reduction in thermal load on the 1 K platform due to the absence of the

column of 4 He may be estimated as:

= 2cA dT (3.2.1)
dx

where Ic is the effective thermal conduction due to thermal counterflow19 and A is the

cross sectional area of the capillary. The factor of two comes from the fact that there

were two pressurizing capillaries. Assuming a Kc of 4000 W/m-K, a 0.2 mm diameter

capillary, and a thermal gradient of 5 K/m, Eq. 3.2.1 yields 1.3 mW.

One operational idiosyncrasy that was discovered while operating the cryostat

was that closing the valves would temporarily surge the 1 K platform's temperature. The

temperature would rise by a fraction of a degree and come back down in a few minutes.

This may be due to the compression of the 3He component of the mixture between the
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piston and the bellows. As the valve is closed, the volume between the piston and the

bellows decreases, forcing the mixture in the volume to flow out through the gap between

the piston and the seat. 4He would easily flow out by virtue of its lack of viscosity while
3 He would initially be confined to the volume. The resultant compression of 3He would

result in the warming of the 1 K platform. Another possibility for the temporary

temperature rise is the friction generated by the threads.

Thermal conduction between the vacuum can and the 1 K platform through the

bolt and the socket was almost negligible. The refrigerator was operated at times with the

socket unintentionally engaging the nut and thus creating a thermal path between the

vacuum can and the 1 K platform. However, the additional heat load on the 1 K
platform, estimated to be of the order of 200 gW, was so small that it was usually

unnoticed. The poor thermal conduction may have resulted from thermal boundary

resistance among the various moving parts in the complex drive mechanism.

3.3 Conclusions and Suggestions

Mechanically actuated valves seal more tightly than pneumatic valves, helping to create a

well defined closed volume for the SSR. Another advantage of the mechanical valves

over the pneumatic valves is the reduced heat load on the 1 K platform due to the

elimination of the capillary between the vacuum can and the 1 K platform that carries the

fluid, usually 4 He, that actuates the valves.

A secondary advantage would be the reduced thermal load on the 1 K platform

when closing the valves. In pneumatic valves, the incoming 4 He that presses down the

piston would liquefy, rejecting heat to the 1 K platform. Though the mechanical

actuators also generate some heat when closing the valves, it is suspected to be small in

comparison.

The primary disadvantage of the mechanically actuated valves is the added

complexity, especially if two or more valves are to be actuated with a single drive

mechanism. This particular conversion from pneumatic to mechanical actuators took

about a week to design and assemble, excluding the amount of time spent waiting for the

parts to be machined and the universal joints to arrive. It also requires a path for the drive

shaft through the struts supporting the cryostat. A conversion from pneumatic to

mechanical valves is virtually impossible without a preexisting path. However, future

mechanical valves may be significantly simplified as stated below.
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It would be worthwhile to consider in the future a simple mechanical drive system

where the bolt is permanently attached to the hollow SS shaft. Such a design should have

as much of the shaft between the vacuum can and the 1 K platform made from SS tubes

as possible to minimize thermal conduction. In designing future cryostats, paying

attention to the alignment between the shaft that runs down from room temperature and

the bolt used to press down the valve would eliminate the need for universal joints in the

drive mechanism.

This particular design demands a high structural rigidity between the top and the

bottom 1 K platforms flanges, but such a requirement may not be necessary in a design in

which a bolt attaches directly to the valve as opposed to the top 1K platform flange. Such

a design, however, would make it difficult to actuate two valves with a single shaft, as

there would be two bolts to turn.
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Chapter 4

The SSR Uniform Temperature
Measurements

The ultimate performance of the SSR is limited by the thermodynamics of the 3He as it

becomes Fermi degenerate. A model based on an ideal Fermi gas suggests that the SSR's

cooling power rapidly drops to a fraction of that of a classical, ideal gas refrigerator

below the Fermi temperature. In order to explore this phenomenon, the SSR was

operated with the cold platform held at the same temperature as the hot platform so that

the temperature was essentially constant throughout the apparatus. This greatly

simplified the analysis of the operation and allowed us to analytically predict the cooling

power and the work done by the fluid on the "hot" and "cold" pistons. Both the

thermodynamic table of 3 He-4 He mixtures by Radebaugh14 and an ideal Fermi gas model

were used as the equations of state. The refrigerator was operated with a 5.9%, 17%, and

36% mixtures, and the results support different predictions at different regimes.

4.1 Theory

We will first present the formula by Brisson and Swift, which accounts for both the 3He

and the 4 He components' contribution to the cooling power and is hence a

thermodynamically accurate expression throughout a wide range of temperatures.

Radebaugh's tables of thermodynamic datal4 will be used to evaluate this expression.

We will then derive a different model that assumes that the 4 He component does not

contribute to the thermodynamics of the mixture. The latter model was derived in order

to simplify the expression for the cooling power and enable us to use the equation of state

of an ideal Fermi gas.
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We will assume throughout this chapter that VH,the hot piston volume, and Vc,

the cold piston volume, are:

VH = VO + Sw cos cot = VO + VIcos cot
2

Vc = Vo - w sin cot = V - Vlsin cot (4.1.1)
2

where V0 is the average piston volume, Vsw is the piston swept volume, and V1 is half of

the piston swept volume. Brisson and Swift3 have shown that, for isothermal operation,

the heat absorbed by the fluid in the cold piston per cycle is given by

Qc = Wc+Hc= ( - 2 (4.1.2)
LpRT c T,#4 RT dc T,. 4 ,(2VO+Vr) 2

where Wc is the work done by the fluid on the cold piston per cycle, Hc is the enthalpy
that flows out from the cold piston through the regenerator per cycle, p is the mixture's

total mass density, R is the gas constant per mass of 3He, T is the temperature, p is the
pressure, c is the mass concentration of the mixture, p4 is the chemical potential of 4He,

co is the average mass density of the mixture in the refrigerator, hos is the osmotic

enthalpy of the mixture, m is the mass of 3He in each half of the refrigerator, and Vr is the

volume of the regenerator. Eq. 4.1.2 accounts for both the 3He and 4He components'

contribution to the cooling power and is hence a thermodynamically accurate expression

throughout a wide range of temperatures. The heat divided by the work is

Qc _ [(dhos '~ (dhos/C)T~p_ (c 4h/dc)C)Tcp
QC I c - -p -co co) (/) 

WC dP ~ ( osdlc)Tp (dPOs/dc)Tp

(4.1.3)

which can be evaluated by taking differences between entries in tables1 4 of

thermodynamic data. For a reversible operation with the hot and cold platforms held at

an equal temperature, the work done by the fluid on the hot piston is the negative of the

work done by the fluid on the cold piston. For an ideal gas, the first quantity in the

square brackets in Eq. 4.1.2 is unity and the second quantity is zero, and Eq. 4.1.3 is

unity. In other words, in a reversible ideal gas refrigerator operating at uniform
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temperature, the heat absorbed at the cold end is equal to the work done by the fluid on

the cold piston.

We will now derive an expression for the cooling power in which we assume a
monatomic 3 He gas as a working fluid in a Stirling refrigerator operating isothermally.
We will ignore the contribution of 4 He to the thermodynamics of the mixture in order to
simplify the expression and enable us to use an ideal Fermi gas model to predict the
cooling power. In cyclic operation, conservation of energy of fluid in the cold piston
implies that Qc=Wc+Hc, where QC is the heat absorbed by the fluid per cycle, Wc is the
work done by the fluid on the piston per cycle, and Hc is the enthalpy that flows out
through the regenerator per cycle. Our approach will be to find Qc by adding Wc and

Hc.
We can find Wc from the integral p. dVC . Eq. 4.1.1 implies that the total

volume of the refrigerator is

Vtot = 2Vo+Vr+Vl(cos on-sin cot) = (2VO+Vr)4-F2Vlcos(ot+n/4). (4.1.4)

Since the fluid's viscous dissipation and inertial forces are negligible, the pressure
throughout the refrigerator is

P = PO +a (V, - Po. cos(t + r / 4) (4.1.5)d Vto) (2V0 + Vr) 

where Po is the average pressure, Vtot is the average total volume of the refrigerator, and

ic is the isothermal compressibility. Using Eqs. 4.1.1 and 4.1.5, we find that the work

done by the fluid on the cold piston per cycle is

Wcf= p-dVC = - irv,2 (4.1.6)
ic(2VO + Vr)'

HC is calculated as follows:

dnHc= -fh tdt (4.1.7)
dt

where h is the enthalpy per mole and nc is the number of moles of fluid in the cold

piston. h and nc are given by
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( = [o ]to = )o o~t+z/4 (4.1.8a)
Tv T n n d T n

nc = pVc = n -V c (4.1.8b)
Vtot

where ho is the average enthalpy per mole, v is the molar volume, n is the number of

moles of working fluid in the refrigerator, and p is the fluid's mole density. Expanding

Eq. 4.1.8b to first order in V1 and substituting into Eq. 4.1.7, we obtain
2V +Vr

HC V1
2 (A) (4.1.9)

Hc = (2V + Vr) dv T'

To find d ) ,we use the thermodynamic relations6

aVT

dh = Tds+vdp

Tds = CvdT+ T ] dv (4.1.10)

where s is the fluid's entropy per mole, Cv is the specific heat at constant volume, and 1 is

the thermal expansion coefficient. We obtain, after some manipulation,

) TP-1 (4.1.11)
7V T K

Combining Eqs. 4.1.6, 4.1.9, and 4.1.11, we find

Qc = Wc+Hc =E 7v 2

IC (2VO + Vr)

QC = T. (4.1.12)
WC
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4.2 Procedure and Results

The SSR was operated at a constant speed with the cold platform temperature held equal

to the hot platform temperature, and the heat absorbed at the cold end and the work done

by the fluid on the pistons were measured as a function of the temperature.
As the mixture approaches the X line, the critical velocity of 4 He in the superleaks

decreases rapidly. Exceeding the critical velocity in the superleaks results in the

compression of 4He in each half of the refrigerator and a rapid warming of the fluid;

therefore, the critical velocity limits the maximum temperature at which the SSR is able

to operate. The relatively long 300 second period for the 36% measurements was chosen

in order to keep the 4 He below the critical velocity at high temperatures.

The SSR's period, the time necessary to complete one cycle, was manually

controlled by varying the current passing through the drive motor. The period was found

by measuring the time required for the camshaft to make one or more turns with a

stopwatch. The period could be controlled to within ±1%.

Tc was actively controlled by a feedback temperature controller that delivered a

voltage to the heater mounted on the cold platform. The circuit used to measure the

amount of heat is shown in Fig. 4.1. R1 is the resistance of the heater in the cold platform

of the cryostat, and R2 is a resistance of known value, either 1 kQ or 10 kM. The power

dissipated in the heater is

P = VIi = VV2(4.2.1)
R2

P was averaged over five to ten periods to give Q, the cooling power of the SSR. The

results are shown in Figs. 4.2 through 4.5.

TH was controlled by a combination of the 3He pot and the heater mounted on the

hot platform. The 3He pumping line was throttled at high temperatures with the gate

valve upstream of the vacuum pump in order to prevent the excessive boiling of 3He.

The heater mounted on the hot platform controlled by a feedback temperature controller

similar to that used for the cold platform precisely maintained TH. The amplitude of

oscillation of TH and Tc during the refrigerator's cycle was a few inK.

The work done by the fluid on the hot and cold pistons shown in Figs. 4.2 through

4.5 were calculated from
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Figure 4.1. The circuit used to measure the cooling power.

1 n:WH=-1 *Ap-dVH
nr 

c= ApdVc (4.2.2)
r 0

where n is an integer between five and ten, Ap is the difference between the pressure in

the top refrigerator and the bottom refrigerator, and Xr is the refrigerator's period. VH and

Vc were measured using the linear transducers mounted on the 1 K platform. Fig. 4.6

shows an example of p-V diagram from which the piston powers were calculated.

The compressions and expansions of fluid in the refrigerator in reality are not

isothermal. This enhanced the amplitude of the pressure oscillation and the cooling

power above the values predicted for isothermal operation. We have adjusted the

theoretical cooling power and piston powers for this phenomenon by substituting the

effective volume for the geometric volume in Eq. 4.1.2. We define as effective volume

the volume of fluid that would yield the same amount of pressure rise in isothermal
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compression as that of the compression of the actual volume of fluid. For instance, for an

ideal gas, the relative changes in pressure for a small adiabatic compression and a small

isothermal compression are

(dp dVy (4.2.3a)
P Adiabatic VeffCdp -th (4.2.3b)
P Isotermi Vactual

where y is the ratio of specific heats and Veff and Vactual are the effective and actual

volumes of the fluid. Equating Eqs. 4.2.3a and 4.2.3b, we obtain

gactu~alVeff = ,Vual (4.2.4)
9'

so the effective volume for a small adiabatic compression of an ideal monatomic gas is

3/5 of the actual volume. The effective volume of the refrigerator was found from the

measured pressure amplitude as follows. We assume that a volume of (2 V0+Vr)eff, or

Veff, experiences isothermal compressions and expansions to yield the observed pressure

oscillation. The pressure in the top and bottom refrigerators is therefore

d = p mRT
Prp(t) = pRT cc )T,#4 Veff + 42V1 cos(ot + / 4)

Pt(t' = WUdRT (4.2.5)
pRTPbot c T 4 Veff - 4V2V1 cos(ot + r /4)

where p is the mixture's total mass density, R is the gas constant per mass of 3He, c is the

mass concentration of the mixture, 4 is the chemical potential of 4He, and m is the mass

of 3 He in each half of the refrigerator. The normalized isothermal compressibility may be
evaluated using tables of thermodynamic data by Radebaugh.1 4 We use Ap=top-Pbot to

find the amplitude of pressure oscillation. This may be understood as follows. The total

volume of the two halves of the refrigerator changes slightly during the cycle because the

effective cross sectional areas of the four bellows are slightly different from one another.

This results in the compression of the total liquid 3He-4 He mixture which distorts the
pressure of the mixture from that of Eq. 4.2.5. However, Ap, the difference between the

two, is unaffected since the compression affects Prop and Pbot equally. Fig. 4.7 is a plot of
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the measured Ptop, pbot, and Ap, as a function of time. Note that Ap is a clean harmonic

function while Ptop and Pbot are somewhat distorted due to the compression of the liquid
3 He-4He mixture. We will therefore use only Ap when finding the amplitude of the

pressure:

Ap = Ptop - Pbot

1 (9p) mRT MRT
pRT C)T, 4 Veff + ~V1 cos(ct + X / 4) Veff - V cos( t + X / 4)

(4.2.6)

The maximum Ap occurs at cot = 3t/4 and the minimum Ap at ot = 7x/4, so

mpRT ~c -4 Ve-V Vef+Vl
APmax .(P) RT Vl rffcc VJ

APmin pr4 Vf +V V -1 'l (4.2.7)
pRT d[Veff +7=V, Veff -\2 -V1

Solving for Veff using Eq. 4.2.7,

Veff [ (~) - + 2V121 (4.2.8)
pRT c u4 max - APmin 

where Apmax and APmin were obtained directly from the readings of pressure gauges.

Veff as a function of temperature for the 5.9% and 17% measurements are shown in Figs.

4.8 and 4.9. The "theoretical" piston power and cooling power were then calculated,

where Veff was substituted for (2V0+Vr) in Eq. 4.1.2. Radebaugh's tables14 of

thermodynamic data were used to evaluate the various quantities in Eqs. 4.1.2 and 4.1.3.

Details of evaluation are found in Appendix E. The solid and broken lines in Figs. 4.2

through 4.4 are thus a hybrid of theory and experiment, where experimentally determined

effective volumes are used in a theory to predict the piston powers and cooling power in

order to compensate for the non-isothermal operation of the refrigerator. Eq. 4.1.2 was

not evaluated for Fig. 4.5 due to the lack of thermodynamic data for 36% mixtures.

In an attempt to account for the dissipation represented by W tot, we have added

IWtotl/2to boththe measured Qc and the measured Wc in calculating (Q/Wc), the
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cooling power divided by the power extracted by the cold piston in a reversible cycle.

This may be understood as follows. We imagine a Stirling refrigerator with both the hot

and cold pistons held at approximately the same temperature T undergoing four

discontinuous movements similar to that described in Section 1.1. The refrigerator goes

through a compression stroke at the hot end, a displacement stroke to the cold end, an

expansion stroke at the cold end, and a displacement stroke to the hot end. We assume

that the piston clearance volume and the regenerator volume are zero. During process (a)

which is the compression stroke, we assume that the hot piston changes its volume from

Vi to V2 and that the temperature is somewhat higher than T due to imperfect heat

transfer between the fluid in the piston and the surroundings. The work done by the fluid

on the hot piston is

a V2 ~~~v2 dV VW( fV= RT aT) V2pwH)= p dV = nR(T + AT) = (T AT)Iln (4.2.9)
V1

v V V1

where we assume an ideal gas as the working fluid for simplicity. The temperature

returns to T at the end of the compression process so dU=0 and

QH=a ) W(a) = nR(T +AT)ln V2 (4.2.10)
V 1

where QH is the heat added to the fluid in the hot piston. During process (b) which is the

displacement stroke to the cold end, we assume that the hot piston changes its volume

form V2 to 0 and the cold piston form 0 to V2, all under temperature T. The work done

by the fluid on the hot and the cold pistons are

W(b) = pAV = nRT (_V2) = -nRT
V2

W(b) =- W(b ) = nRT. (4.2.11)

During process (c) which is the compression stroke, we assume that the cold piston

changes its volume from V2 to V1 . We further assume that the temperature is somewhat

lower than T due to imperfect heat transfer between the fluid in the piston and the

surroundings, so the work done by the fluid on the piston is
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VI V dV V
= p dV = nR(T- AT) - = nR(T- AT)ln -. (4.2.12)

v 2 V2 V v 2

The temperature returns to T at the end of the expansion process so dU=O and

Q C) = nR(T-AT)n VI. (4.2.13)
V 2

where Qc is the heat added to the fluid in the cold piston. During process (d) which is the

displacement stroke to the hot end, we assume that the hot piston changes its volume

form 0 to V1 and the cold piston form VI to 0, all under temperature T. The work done

by the fluid on the hot and cold pistons are

W(d) = nRT

W( d) = -nRT. (4.2.14)

The total work done by the fluid on the hot piston over a cycle is

WH =-nRT In VI - nRATln VL. (4.2.15)
V2 V 2

The first term is the work if the refrigerator operated reversibly. The second term is a

correction for the irreversible heat transfer in the refrigerator. Similarly, the fluid's work

on the cold piston is

WC = nRTln V - nRATln i1 (4.2.16)V2 V2 ~~~~~~~~~~~~~(4.2.16)
The total work done by the fluid on the pistons is therefore

Wtot = - 2nRATln . (4.2.17)
V2

Comparing Eqs. 4.2.16 and 4.2.17, we find

WCrev = WC + IWtotl/2 (4.2.18)
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where the subscript "rev" refers to the work in the reversible cycle. The total heat

absorbed by the fluid at the cold end is

Qc = nR(T- AT)ln VI = Qcrev-nRATln V (4.2.19)
V2 V2

so the heat absorbed in the reversible cycle is

Qc,rev = Qc + IWtotl/2. (4.2.20)

The heat divided by work in the reversible cycle is

Qcrev = Qc + IWtol/2 (4.2.21)

WCre, WC + I Wtot 1/2

Note that Qc, WC, and Wtot may be replaced by Qc, Wc, and Wtot .

Finally, we must account for the heat generated in the background in order to find

the total heat absorbed by the fluid in the cold pistons. Eq. C.5 gives an expression for

the background heat due to friction generated by the bellows, which was added to the

measured cooling power in calculating (c/Wc) shown in Figs. 4.10 through 4.12:

(-I -r QC'measured + Qbackground + jlVtt/2 (4.2.22)
t~~c~r Wc~~wneasured~~~l~totll2 ~(4.2.22)

where QC,,,easured and WC,measured are the measured cooling power and cold piston

power.

The error bars in Figs. 4.9 and 4.10 are two standard deviations calculated from

A(&L)= (AC (t) 2(4.2.23)~~Wc ) Q~[ Wc 
where Eq. C.5 gives the uncertainty in the background heat and Eq. F.3 gives the

uncertainty in W/c. Error bars calculated for Fig. 4.12 in a similar manner were so small

that they were omitted.
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The solid curves in Figs. 4.10 through 4.12 were calculated from Eq. 4.1.3 using

tables of thermodynamic data by Radebaugh. The broken curves were calculated from

Eq. 4.1.12 using approximate values of p3(p,T), which may be obtained by using the ideal

Fermi gas equation of state. Details are found in Appendix E.
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Figure 4.2. Cooling power and piston powers for a 5.9% mixture and a period of 100 s as a function of the

common temperature T of the hot and cold platforms. Symbols are measured values. Qc is the heat

absorbed at the cold end per unit time, Wc is the work done by the fluid on the cold piston per unit time,

WO, is the total work done by the fluid on the pistons per unit time, and WH is the work done by the fluid
on the hot piston per unit time. The hot and cold piston swept volumes were both 0.78 cm3. The solid
curve and the broken lines are the theoretical cooling power and piston powers, respectively, calculated
from Eq. 4.1.2 using Radebaugh's tables. Eq. 4.1.2 is multiplied by twice the operating frequency because
our apparatus consists of two Stirling refrigerators operating in parallel.
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Figure 4.3. Cooling power and piston powers of the SSR for a 17% mixture and a period of 100 s as a
function of the common temperature T of the hot and cold platforms. Symbols are measured values. Q is

the heat absorbed at the cold end per unit time, Wc is the work done by the fluid on the cold piston per unit

time, WOT is the total work done by the fluid on the pistons per unit time, and WH is the work done by the
fluid on the hot piston per unit time. The hot and cold piston swept volumes were 0.76 cm3 and 0.82 cm3,
respectively. The solid curve and the broken lines are the theoretical cooling power and piston powers,
respectively, calculated from Eq. 4.1.2 using Radebaugh's tables. Eq. 4.1.2 is multiplied by twice the
operating frequency because our apparatus consists of two Stirling refrigerators operating in parallel.
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Figure 4.4. Cooling power and piston powers of the SSR for a 17% mixture and a period of 80 s as a
function of the common temperature T of the hot and cold platforms. Symbols are measured values. Q is

the heat absorbed at the cold end per unit time, Wc is the work done by the fluid on the cold piston per unit

time, Wt is the total work done by the fluid on the pistons per unit time, and WaH is the work done by the
fluid on the hot piston per unit time. The hot and cold piston swept volumes were 1.02 cm3 and 0.98 cm3,
respectively. The solid curve and the broken lines are the theoretical cooling power and piston powers,
respectively, calculated from Eq. 4.1.2 using Radebaugh's tables. Eq. 4.1.2 is multiplied by twice the
operating frequency because our apparatus consists of two Stirling refrigerators operating in parallel.
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Figure 4.5. Measured cooling power and piston powers of the SSR for a 36% mixture and a period of 300
s as a function of the common temperature T of the hot and cold platforms. Symbols are measured values.

Qc is the heat absorbed at the cold end per unit time, Wc is the work done by the fluid on the cold piston

per unit time, Wo,, is the total work done by the fluid on the pistons per unit time, and WH is the work done
by the fluid on the hot piston per unit time. The hot and cold piston swept volumes were 0.76 cm3 and 0.80
cm 3, respectively.
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Figure 4.6. Indicator diagrams of the hot and cold platform pistons for a 17% mixture at 1 K. The
pressure difference in Fig. 4.2 is plotted as a function of the hot and cold piston displacement volumes. The
arrows show the direction in which the diagrams are traced during the operation of the SSR. The pressure
difference is not centered around zero due to a shift in the pressure gauge's calibration.
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Figure 4.7. The pressures and piston volumes during the cycle. This is for a 17% mixture at 1 K. The top
figure shows the hot and cold piston displacement volumes, where V0 is the time average of the volume in
the piston. The center figure shows the readout of the pressure gauges for the top and bottom refrigerators
and the bottom figure shows p' pPbot. The pressure difference is not centered around zero due to a shift in
the pressure gauge's calibration.
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Figure 4.8. The effective volume for the 5.9% measurements, calculated using Eq. 4.2.8, as a function of
the common temperature T of the hot and cold platform temperatures.
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Figure 4.9. The effective volume for the 17% measurements, calculated using Eq. 4.2.8, as a function of
the common temperature T of the hot and cold platform temperatures. The black and the white symbols
correspond to the measurements of Figs. 4.3 and 4.4, respectively, which differ only in the piston swept
volumes.

56

0 0 0 07.0 -

6.5 -

E 6.0 -

>5.5-

5.0 -

4.5-

4.0 -

0 0 0

0.8
0.8

1.0
1.0

T (K)

1.2
1.2

1I
1.4

6.5 -

F 6.0-

5.5-

5.0 -

-



2.5 -

2.0 -

1.5-

1.0-
1.0 -

0.5 -

0.0 -
I I I I I I

0.4 0.6 0.8 1.0 1.2 1.4
T (K)

Figure 4.10. Ratio of reversible cooling power to reversible mechanical power extracted by the cold piston
for the 5.9% measurements. The circles are calculated from Eq. 4.2.22 using measured values. Fermi
Temperature for this concentration is 0.34 K. The solid line is Eq. 4.1.3 using Radebaugh's tables and the
dashed line is Eq. 4.1.12 using an ideal Fermi gas. Error bars are two standard deviations.
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Figure 4.11. Ratio of reversible cooling power to reversible mechanical power extracted by the cold piston
for the 17% measurements. The symbols are calculated from Eq. 4.2.22 using measured values. The black
and the white symbols correspond to the measurements of Figs. 4.3 and 4.4, respectively. They differ only
in the piston swept volumes. The solid line is Eq. 4.1.3 using Radebaugh's tables and the dashed line is Eq.
4.1.12 using an ideal Fermi gas. Error bars are two standard deviations. Fermi temperature for this
concentration is 0.74 K. The effective phase separation temperature discussed in Section 4.3 is 0.45 K.

58



5-

4-

3-

2-

1-

0-

o
:)

I I I I I I I
0.7 0.8 0.9 1.0 1.1 1.2 1.3

T (K)

Figure 4.12. Ratio of reversible cooling power to reversible mechanical power extracted by the cold piston
for the 36% measurements. The symbols are calculated from Eq. 4.2.22 using measured values. The solid
line is Eq. 4.1.3 using Radebaugh's tables and the dashed line is Eq. 4.1.12 using an ideal Fermi gas. Fermi
temperature for this concentration is 1.19 K. The effective phase separation temperature discussed in
Section 4.3 is 0.71 K.

4.3 Discussion

Fig. 4.2 shows a good agreement between the "theoretical" and the measured cooling

power and the piston powers at the highest temperatures, where we put the word

theoretical in quotation marks because the lines are, as stated in Section 4.2, hybrids of

theory and experiment.

The negative total power is due to the irreversible pressure oscillations experienced

by the fluid. This phenomenon is analytically treated in the previous section, but we will

seek a physical interpretation of it here. In a piston with a constant mass of fluid in which

the fluid behaves perfectly isothermally or adiabatically, the fluid acts as a reversible

spring. It removes a certain amount of work from the piston when the piston compresses

the gas, and gives the same amount of work back to the piston when the piston expands
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the gas. The net work done by the piston is therefore zero. In a piston in which the fluid

behaves neither isothermally nor adiabatically, however, the fluid heats up when the

piston compresses the gas because the compression is not isothermal. Some of this heat

is released to the surroundings because the compression is not adiabatic, thereby lowering

the fluid's pressure. Thus, the fluid's pressure when the piston expands the gas is

somewhat lower than the fluid's pressure when the piston compresses the gas, and the net

work done by the piston on the fluid is positive. The fluid in the regenerator is essentially

isothermal, so its pressure oscillations are reversible. In contrast, fluid in the pistons
about a thermal penetration depth Bx from the nearest massive solid surface experiences

irreversible pressure oscillations, absorbing work and releasing it to the surroundings as

heat.

In Fig. 4.2, the measured cooling power at lower temperatures is well below the

values predicted by Eq. 4.1.2 using Radebaugh's tables14 for the equations of state, even

though the piston powers show a good agreement with the prediction. Some of the

reasons are the background heat generated by the friction in the bellows and the entropy

created by irreversibility. The data above 1 K, on the other hand, show an excellent

agreement with the theory. The cooling power is significantly enhanced above the values

predicted based on an ideal working fluid due to the phonon and roton excitations of 4 He.

Fig. 4.10 shows the ratio of the cooling power and the piston power corrected for

those two phenomena. It becomes apparent below 0.6 K that the cooling power agrees

better with the prediction using the ideal Fermi gas as the equation of state, although
there is a considerable amount of uncertainty due to the 1 W uncertainty in the

background heat. Fermi temperature7 for a 4.9% concentration is 0.34 K, which is only
slightly below the lowest data point for this set of measurements. Note that (Qc / WC)rev,

predicted by Eq. 4.1.12 is valid only at low temperatures where the contribution of 4 He to

the thermodynamics of the mixture is negligible.

Fig. 4.11 shows the reversible gross cooling power divided by the reversible piston

power for the 17% mixture. The measurements show a fair qualitative agreement with

the prediction based on the equation of state using Radebaugh's tables for temperatures

over 0.9 K, although they are about 20% higher than the prediction. The measurements
start deviating at lower temperatures, however, where (Qc / WC)r,,ev does not increase

with decreasing temperature as the solid curve suggests. (Qc / WC)rev remains flat at

around 1.35 until near the phase separation temperature, where it exhibits a sharp drop.
(Qc / WC)r,,ev does not resemble that predicted using either Radebaugh's tables or the

ideal Fermi gas. It is somewhere between the two, although it is closer to the former than
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to the latter. Fermi temperature7 for a 17% mixture is 0.74 K, so some of the data points

are well into the Fermi regime.
Fig. 4.12 shows the (c / WC)rev for 36% mixture. Radebaugh's tables only give

the mixture's properties up to a molar concentration of 30%, so (c / WC)re,, was

extrapolated linearly based on the values at 25% and 29%. The extrapolated

(Qc / WC)re, given at discrete temperatures in increments of 0.1 K, was curve fitted

using an exponential function, yielding the curve shown in Fig. 4.12. The measured
(Qc / Wc)rev,, show a fair agreement with the values predicted using Radebaugh's tables at

all temperatures except near and below the phase separation temperature, though they are

about 20% higher than the predicted values at temperatures above 1 K. Fermi

temperature for a 36% mixture is 1.19 K, so virtually all of the data points are in the

Fermi regime.

The effective volume in each half of the refrigerator for the 5.9% measurements

shown in Fig. 4.8 is uniformly lower than the geometric volume of 7.3 cm3, implying that

the compressions and expansions of the fluid are not isothermal. This is due to both the

thermal resistance in the fluid itself and the thermal boundary resistance between the

copper block and the fluid. The former effect may be understood by considering the

thermal penetration depth of the 3He-4He mixture

$ = Ic (4.3.1)
7rpCf

where x is the thermal conductivity of the mixture, p and Cp are the density and heat

capacity of the total mixture, and f is the frequency of the refrigerator. Using published
figures12 ,14 for Cp and iC, ti is found to stay essentially constant at around 7 mm below

0.9 K. However, it decreases sharply above 1 K due to the rapidly increasing heat

capacity of the 4 He component of the mixture, to 3.8 mm at 1.4 K. Since the fluid in the

convolutions in the bellows is as much as 6 mm away from massive solid surfaces, some

of the fluid is farther away from massive solid surfaces than the thermal penetration depth

at temperatures above 1 K. The compressions and expansions therefore become more

adiabatic above 1 K and lower the effective volume. We do not understand the decrease

of the effective volume below 0.8 K.

The effective volume for the 17% measurements shown in Fig. 4.9 is significantly

lower than that for the 5.9% measurements. In fact, it is closer to the adiabatic limit than

the isothermal limit at the lowest temperatures. This is partly due to the shorter thermal
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penetration depth of about 4 mm below 1 K that results from the 17% mixture's higher

heat capacity14 and lower thermal conductance.12

It is apparent from some of the figures in the previous section that the cooling

power exhibits a sharp drop as the temperature approaches the phase separation

temperature. We will take a closer look at this phenomenon.

30

_ 20

10

0

0 20 40 60 80 100
Time (s)

Figure 4.15. Pressure difference between the top and bottom refrigerators as a function of time in the
phase separated regime. The refrigerator's period was 100 s, the hot and cold platform temperatures were
both 0.425 K, the mixture was 17%, and the hot and cold piston swept volumes were 0.76 cm3 and 0.82
cm3, respectively. The effective phase separation temperature, explained in Section 4.3, is 0.45 K. The
pressure difference is not centered around zero due to a shift in the pressure gauge's calibration.

Fig. 4.15 shows the pressure as a function of time in the phase separated regime.

We can gain an insight into the dynamics of phase separation in the SSR from Fig. 4.15.

If the time constant for the phase change were much shorter than the SSR's period, some

of the phase separated pure 3 He would "evaporate" into the mixture as the pistons expand

the fluid and "condense" into pure 3 He as the pistons compress the fluid. Since the mass

of 3 He in the dilute phase would decrease when the pistons compress the gas, we would

expect the pressure's peaks to be flattened if this were the case. If, on the other hand, the

time constant for the phase change were much longer than the SSR's period, the amount

of phase separated pure 3 He would remain approximately constant throughout the SSR's

cycle, resulting in an undersaturated mixture in the cold piston through most of the cycle.

The pressure's peaks would not show any flattening if this were the case. The time

constant for the phase change may be estimated using the following model. We assume a
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3He-4 He mixture in a vertical cylinder of cross section A of 3 cm2 , with a puddle of pure
3He in the top whose thickness is h. The concentration of the dilute phase14 at this

temperature is around 14%, while the concentration of the concentrated phase is close to

100%. Assuming that one mole of 17% mixture has phase separated into a mole of 14%

mixture and (l-a) mole of 100% mixture, the amount of 3 He before and after the

separation are equal, which means

1 mol x 17% = a mol x 14%+(1-a)mol x 100%, (4.3.2)

yielding a=--0.97 mol. This results in 0.03 mol of 100% mixture. In other words, 3% of

the mixture is in the concentrated phase. The cold piston contains 3.2 cm3 of mixture, so

we have approximately 0.1 cm3 of 100% mixture in the cold piston. This corresponds to

a thickness h of 0.03 cm. In order for this pure 3 He to dissolve into the mixture, an

amount of heat

Q = -LA dh/dt -LA h/t= -. A dT/dx -A dT/h (4.3.3)

must flow into the puddle of pure 3 He, where L is the latent heat of phase change, t is

time, X is the time constant for the pure 3 He to dissolve into the mixture, KC is the thermal

conductivity of 3He, T is the temperature, and x is the vertical coordinate. Solving Eq.

4.3.3 for r, we obtain

- -Lh2 /cdT. (4.3.4)

This is the amount of time it takes for the puddle of pure 3 He to completely dissolve into

the dilute phase. We assume that the thermal boundary resistance is negligible. L is 0.9

MJ/m3 at this temperature, and Ic is 0.04 W/m-K.12 We assume that dT is 10 mK, which

is the order of magnitude of a temperature difference we can expect in the refrigerator.

The above expression yields a time constant of 800 s, which is much longer than the

SSR's period of 80 s. This suggests that the amount of pure, phase separated 3 He in the

refrigerator does not change significantly during the cycle, and that consequently the

pressure's peaks would not show a significant amount of flattening. This explanation is

consistent with the observed pressure oscillations on Fig. 4.15.

Figs. 4.3 through 4.5, 4.11, and 4.12 show that the cooling powers drop sharply

when the SSR approaches the phase separation temperature. However, several
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phenomena imply that the drop in Q/W is not caused by phase separation of the 3He-4 He

mixture. First, Eq. 4.1.4 implies that the volume of the SSR is

V(t) = (2V0+Vr)4-Vlcos(ot+x/4). (4.3.5)

The minimum volume during the cycle for the conditions of Fig. 4.11 is therefore 6.6 to

6.7 cm3 , which is approximately 10% lower than the time average volume of 7.3 cm3.

The maximum 3He concentration during the cycle is therefore approximately 1.1 x 17% =

19%, corresponding to a phase separation temperature1 4 of 0.45 K. However, Fig. 4.11

indicates that Q/W for the 17% mixture starts dropping at around 0.47 to 0.48 K, which is

somewhat higher than the phase separation temperature appropriate to the refrigerator.

This effect is also seen on the 36% data. The maximum concentration in the refrigerator

for the measurements with the 36% average concentration is 1.1 x 36% = 40%,

corresponding to a phase separation temperature of 0.71 K, while Fig. 4.12 indicates that

Q/W starts dropping at around 0.73 to 0.74 K. Further, phase separation of the mixture

would result in the decrease of the effective concentration of the working fluid, lowering

both the cooling power and the piston power and thus preserving Q/W to first

approximation. The decrease in the effective concentration of the working fluid that

results form phase separation is inadequate to explain the drop in Q/W in the vicinity of

the phase separation temperature. The above two phenomena imply that the drop in Q/W

is not caused by phase separation of the mixture, but by some other sudden change in the

fluid's properties.

This transition may be caused by the critical velocity. We suspect that the critical

velocity decreases as the mixture approaches the phase separation temperature, causing

the mixture to exceed the critical velocity and lower the cooling power. For a saturated

mixture below 100 mK, Zeegers et al.20 empirically found a critical velocity of

Vc = (K/d)ln(d/do) (4.3.6)

where K=--0.05 cm2 /s, d is the diameter of the capillary, and d0=15 gm. Although both the

temperature and the concentration used to find Eq. 4.3.6 are significantly lower than those

used in our refrigerator, we are unaware of any other published figure for the critical

velocity of superfluid 3 He-4He mixtures. This formula would nevertheless allow us to

compare the critical velocities calculated at various locations. Three possible locations

were chosen: the capillary that connects the heat exchanger to the piston, the holes in the

cold heat exchanger, and the regenerator. The maximum 3 He velocity, which is the
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maximum velocity the normal component of the fluid would attain during the

refrigerator's cycle, was numerically estimated from the formula3

Avn = VCVIH - (VH +Vr)V c (4.3.7)
Vc +Vr + VH

where A is the cross sectional area of a path between the cold piston and the regenerator.

Eq. 4.3.7 gives the instantaneous volume flow rate of the normal component of the

mixture averaged over the cross section of the path. The results are shown in Table 4.1.

Having both the highest maximum 3He velocity during the cycle and the lowest critical

velocity given by Eq. 4.3.6, it appears that the capillary connecting the heat exchanger

and the piston is the most likely place where the flow is exceeding the critical velocity.

Location Path between piston Cold heat exchanger Regenerator
and heat exchanger 

Diameter 10.8 mm 0.51 mm 0.229 mm
Max. vn 14.3 cm/s 0.9 cm/s 0.23 cm/s

~~!VC 23.5 cm/s 6.0 cm/s 6 m/s
Table 4.1. The maximum 3He velocity and the critical velocities at various points in the refrigerator The
maximum v,, during the refrigerator's cycle was calculated for the conditions of Fig. 4.15 using Eq. 4.3.7.
The critical velocity is calculated from Eq. 4.3.6 using the diameters shown.

Note in Figs. 4.8,4.9, and 4.11 that the magnitude of the total work done by the

fluid on the piston increases very slightly when the SSR cools below the phase separation

temperature. It has been indicated above that the amount of phase separated,

concentrated 3He does not change significantly during the cycle, but some phase change

still occurs. Some of the mixture in the dilute phase "condenses" and increases slightly

the amount of pure 3 He during compression, which increases the mixture's temperature.

Some of the pure 3 He "evaporates" and dissolves into the dilute phase during expansion,

which decreases the mixture's temperature. The presence of phase separated pure 3He in

the refrigerator thus exaggerates the temperature oscillation of the mixture during the

cycle. This increases the entropy created by irreversibility and consequently the

magnitude of the total work done by the fluid on the piston. This slight increase in

magnitude of the total piston power may be used as an indication that the mixture in the

refrigerator has phase separated.
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4.5 Conclusion

The cooling powers for the 5.9% and 17% mixtures above 1 K are significantly enhanced

above the values predicted based on an ideal working fluid due to the phonon and roton

excitations of 4He.

The cooling power for the 5.9% mixture near the Fermi temperature is lower than

the values predicted based on an ideal working fluid due to Fermi degeneracy. For the

17% and 36% mixture measurements, on the other hand, the cooling power below the

Fermi temperature is higher than the ideal gas values and does not resemble the

predictions based on the ideal Fermi gas, casting doubt on the validity of the Fermi gas

approximation. They resemble instead the predictions based on the equation of state of

Radebaugh's tables.

Further observations include the following. The compressions and expansions of

fluid in the refrigerator are found to be non-isothermal due to imperfect heat transfer

between the copper platform and the fluid. The mixture exceeding the critical velocity is

suspected be the cause of the drop in the measured cooling power near or below the phase

separation temperature.
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Chapter 5

The SSR Cooling Power Measurements

Using a 6.6% mixture, Brisson and Swift achieved a temperature of 0.3 K with the SSR

with the heat rejected at 1.2 K. In this chapter we investigate the SSR's operation with

the heat rejected at around 0.4 K, which would allow a significantly lower temperature.

We also investigate the cooling power with high concentration mixtures which would

increase the cooling power proportionately. We use Schmidt analysis in order to gain a

rough analytic estimate of the cooling power with the cold platform temperature different

form the hot platform temperature. This model assumes an ideal working fluid and

isothermal compressions and expansions in the pistons.

5.1 Theory

Professor Gustav Schmidt of the German Polytechnic Institute published in 1871 his

analysis of the Stirling cycle. 18 The principal assumption of his analysis is that the gas in

the hot piston is at a constant hot temperature and that the gas in the cold piston is at a

constant cold temperature. Assuming an ideal gas, this isothermal assumption makes it

possible to generate a simple expression for the working gas pressure as a function of the

volume variations. He also assumed a linear temperature profile in the regenerator.

We assume identical average volumes Vo and swept volumes Vsw for the hot and

cold pistons with a 90' phase between the pistons so that the hot and cold piston volumes

(VH, Vc) are:

V
VH = VO + Vsw sin ot

2
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Vc= Vo + cos t. (5.1.1)
2

Under these circumstances, cooling power, which is the amount of heat absorbed at the

cold platform per unit time, is found to be

(rV; )2 [1a ]2

VO -1+aJ
QSchmidt - (5.1.2)

V, alna] 2

to lowest order in (Vsw/Vo), where f is the refrigerator's operating frequency, n is the

number of moles of working fluid in the refrigerator, R is the universal gas constant, TH

is the hot platform temperature a is TC/TH, TC is the cold platform temperature, and Vr is

the volume of the regenerator. We have multiplied the standard Schmidt result by twice

the operating frequency because our refrigerator consists of two Stirling refrigerators

operating in parallel. Details of derivation are found in Appendix H.

5.2 Procedure and Results

The SSR's cooling power was measured as a function of the mixture's average

concentration, hot platform temperature, cold platform temperature, and the operating

speed. Tc was actively controlled by a feedback controller that delivered current to the

heater mounted on the cold platform, and the heat delivered averaged over five to ten

periods determined the cooling power. With the exception of the 4.9% mixture, TH was

actively controlled by a combination of the 3 He evaporation refrigerator and a feedback

controller delivering current to the heater mounted on the hot platform. For the 4.9%

mixture, TH was kept as cold as the 3He evaporation refrigerator allowed. This was done

in order to find the performance of the 3He evaporation refrigerator-SSR system as a

whole. The maximum frequency of SSR operation was limited by the 3He refrigerator's

cooling power in all of the runs. Running the SSR too fast put too large a heat load on

the hot platform and resulted in the 3 He pot quickly running dry. The methods used to

measure the cooling power of the SSR here are analogous to the methods used for the

uniform temperature SSR measurements described in detail in Chapter 4. The results are

shown in Figs. 5.1 through 5.4.
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Figure 5.1. The SSR's cooling power versus Tc for a 4.9% mixture. Here and in the following figures,
each set is labeled with the SSR's period, and the lines are only guides to the eye. The hot and cold piston
swept volumes were 1.53 cm3 and 1.56 cm3 , respectively. The hot platform temperature was
approximately 0.450 K, 0.4OA17 K, 0.407 K, 0.400 K, and 0.387 K for the period of 18, 30, 40, 60, and 100
seconds, respectively.
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Figure S.2. The SSR's cooling power versus Tc for a 17% mixture and a hot platform temperature of 1 K.
The hot and cold piston swept volumes were 0.763 cm3 and 0.811 cm3 , respectively.
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Figure 5.3. The SSR's cooling power versus Tc for a 36% mixture and a hot platform temperature of 1 K.
The hot and cold piston swept volumes were 0.767 cm 3 and 0.811 cm 3 , respectively.
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Figure 5.4. The SSR's cooling power versus Tc for a 36% mixture and a hot platform temperature of 0.9
K. The hot and cold piston swept volumes were 0.767 cm 3 and 0.811 cm 3, respectively.
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5.3 Discussion

Fig. 5.1 shows the SSR's cooling power at various speeds as a function of the cold

platform temperature for a 4.9% mixture. With no external heat load, the SSR reached a

minimum temperature of 168 mK with a period of 100 seconds and hot platform

temperature of 383 inK. Fig. 5.1 also shows that there is an optimum operating speed at

each temperature to maximize the cooling power. The upper envelope of the lines

defines the SSR's maximum cooling power as a function of temperature.

Note that the SSR has achieved its lowest temperature with a relatively long

period. This may be understood as follows. The net, or measured, cooling power is the

difference between the gross cooling power and the various losses. Most of the losses

arise from the inefficiency of the regenerator. During the displacement stroke to the cold

end, fluid slightly warmer than Tc enters the cold platform from the regenerator, thus

thermally loading the cold platform. Brisson and Swift4 made an estimate of the loss in

cooling power due to imperfect thermal contact in the regenerator. One model assumes

Schmidt flow through the regenerator with a constant thermal gradient on the regenerator

walls and the hot and cold pistons operating 180 degrees out of phase. This model

predicts a heat load on the cold platform of

&regen= TH- Tc ]PrcVsw)2f2 (5.3.1)
L2US

where U is the heat transfer coefficient between the fluids in each half of the refrigerator,

S is the surface area in the regenerator, and p and Cp are the fluid's density and specific

heat. Experiments have shown the actual heating rate to be an order of magnitude greater

than that predicted by this analytic model, but Eq. 5.3.1 nevertheless implies that the

frequency dependence of the loss in the cooling power due to imperfect heat transfer in

the regenerator is proportional to the square of the frequency. Eq. 5.1.2, on the other

hand, shows that the gross cooling power, which is the expected cooling power in the

absence of loss mechanisms, is proportional to frequency. The net cooling power can

therefore be expressed as

Qmeasured QSchmidt - Qregen = Af- Bf2 (5.3.2)
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where A and B are the proportionality constants for the gross cooling power and the

regenerator heat loss, respectively. The frequency at which the maximum net cooling

power is delivered is determined by setting to zero the derivative of Eq. 5.3.2 with respect

to frequency. There exists, then, an optimum frequency where the net cooling power is

maximized, a frequency where the gross cooling power and the heat loss are properly

balanced out.

It is of interest to model the mixture's concentration as a function of position in

the refrigerator corresponding to the experimental conditions measured above. Because

of the temperature difference, the concentration in the cold platform pistons is higher than

the "nominal" concentration, and that in the hot platform pistons is lower. For low

concentrations of 3 He, the mixture should obey 1

P3(p,T)+Pf = constant (5.3.3)

throughout the refrigerator, where P3 is the osmotic pressure of 3He, p is the mixture's
3He density, T is the temperature, and Pf is the fountain pressure. Approximate values of

P3 (p,T) can be obtained by using the ideal Fermi gas equation of state described in

Appendix E. It was assumed that the hot piston volume and the cold piston volume are

3.2 cm3 . The regenerator, which has a volume of 1.0 cm3 , was modeled as six discrete

volumes with a linear temperature profile. The number of 3 He particles in the refrigerator

is constant, which means

p(T)i Vi = Pavg Vtot (5.3.4)

where p(T)i and Vi are the 3 He density and volume at various points in the refrigerator,

Pavg is the average 3 He density in the refrigerator, and Vtot is the total volume of the

refrigerator. With Eq. 5.3.4 as a constraint, we can solve iteratively for the mixture's

concentration as a function of position in the refrigerator, given the hot and cold platform

temperatures and average concentration. Fig. 5.6 shows the results of the calculation for

four sets of operating conditions, superimposed on a 3 He-4He phase diagram. The top

point in each curve is the state of the mixture in the hot piston, the bottom point is the

state of the mixture in the cold piston, and the six intermediate points represent the

mixture states in the regenerator.
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Figure 5.S. The mixture's state as a function of position in the refrigerator; for four different average
concentrations superimposed on a phase diagram. Each curve is labeled with the mixture's average
concentration. Three of the curves are for operating conditions of this paper. The 6.6% curve is for the
conditions of Ref. 2. The 3 He Fermi temperature as a function of concentration is also shown. The top
point in each curve is the state of the mixture in the hot piston, the bottom point is the state of the mixture
in the cold piston, and the six points in-between these points represent the mixture states in the regenerator.

We can make several observations using Fig. 5.5. The first is that for all the

conditions modeled the state of the 3 He in the cold piston is in the Fermi regime. In

addition, when the SSR was loaded with an average concentration of 36%, the entire

refrigerator was operated below the Fermi temperature.

Fig. 5.5 also indicates that there is a small amount of phase separated mixture in

the cold piston for the run with the 17% mixture. Based on the analysis of the

refrigerator's operation with a phase separated mixture in Section 4.3, we would expect

the cooling power to drop and the total piston power to increase slightly in magnitude

when the mixture is phase separated. However, the cooling power where the mixture is

suspected to have phase separated is so low in this case that a drop in the cooling power

would be undetectable. Further, the piston powers were not recorded for the runs with no

external heat load. We therefore cannot infer from the available data whether the mixture

has phase separated or not in the 17% data run shown in Fig. 5.5.
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The experimental cooling power results for the 36% mixture, shown in Figs. 5.3

and 5.4, show a "cutoff' temperature where the cooling power drops off sharply as a

function of temperature. Clearly, this is not due to phase separation of the mixture, as a
3He-4 He mixture does not phase separate at 0.92 K regardless of the concentration. 1 4 Yet

the sharpness of the transition suggests that it is caused by an abrupt transition in fluid

properties, such as the critical velocity. Based on the analysis of critical velocity in

Section 4.3, we suspect that the mixture is exceeding the critical velocity in the 0.8 mm

diameter capillary connecting the piston to the heat exchanger.

Except for this unusual behavior at 36% concentration, cooling power exhibits

remarkable linearity in Tc. This linearity may be understood as follows. For a given TH

and Vr/Vo<<l, the temperature dependence of Eq. 5.1.2 is

QSchmidt [oa/(1+oa)]2 (5.3.5)

where a is TC/TH. This expression is very nearly linear in a for a > 0.2. We can write

Qmeasured = QSchmidt - Qlosses (5.3.6)

where Qmeasured is the measured cooling power and Qlosses accounts for thermal loads

on the cold platform due to thermal conduction from the hot platform, imperfect thermal

contact in the regenerator, and other, smaller losses. Eq. 5.3.1 suggests that the heat loss

due to the regenerator losses is proportional to TH-TC, and thermal conduction is also

approximately proportional to TH-Tc. Since Q Schmidt and Qlosses are both

approximately linear in Tc, Eq. 5.3.6 predicts that Qmeasured will also be approximately

linear in Tc.

The measured cooling powers normalized by those given by Schmidt analysis are

plotted in Fig. 5.6. The normalized cooling powers extrapolate to between 1.1 and 1.6

near TH=TC, where the regenerator losses are predicted to be negligible. If the 3He

behaved as an isothermal ideal gas with no regenerator losses, the normalized cooling

power would be 1. The deviation from this value can be attributed, in part, to the

deviation of the working fluid's thermodynamic behavior from that of an ideal Boltzmann

gas. The deviation is enhanced further by the non-isothermal compression and expansion

in the real refrigerator. The latter effect can be estimated by considering the thermal

penetration depth in the 3 He-4He mixture, given by
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Figure 5.6. The measured cooling powers normalized by the cooling power calculated from Schmidt
analysis. The measured cooling powers are not adjusted to give the reversible values, in contrast to some
values presented in Chapter 4. The symbols correspond to those shown in Figs. 5.1 through 5.4. The
dashed lines represent the normalized cooling power of data of Brisson and Swift.2

li ppf(5.3.7)
,'c=I pCpf

where K is the thermal conductivity of the mixture and p and Cp are the density and heat

capacity of 3 He. We assume that Cp=5R/2=20.8 J/mol-K. This is a good assumption
below 1 K where phonon and roton excitations of 4He are negligible. Using published
figures12 for Ki, we calculate 8 min corresponding to the minimum period min and §max
corresponding to the maximum period Tmax for the conditions of each concentration. The

results, shown in Table 5.1, shows that 8K varies between 1.3 mm and 4.2 mm for our

operating conditions at K. Since the fluid is as much as 6 mm away from isothermal

solid surfaces, part of the fluid behaves more adiabatically than isothermally. This

increases the pressure amplitude above that predicted by the Schmidt model, leading to a

significant cooling power enhancement.

The normalized cooling power for the 36% mixture extrapolates to a higher
number than those for the 6.6% and 17% mixtures near TH=TC, even though 8c does not

appear to be much shorter than those for the latter concentrations. This may be due to the
uncertainty in 81c, as K(X) is interpolated from the values at X=1.3%, 5%, and 100%,

resulting in a significant amount of uncertainty. Other possible reasons include the
stronger deviation from ideal gas behavior and higher Kapitza boundary resistance at

75



X 4.9% 6.6% 17% 36%
: 0.06 W/m-K 0.06 W/m-K 0.04 W/m-K 0.03 W/m-KIC~~~~~~~~~~~~~.
p 1750 mo/m 3 2350 mol/m3 5900 moVm3 11800 mol/m3

Tmin/fmax 18 S/ 100 19 s / 45s 20 S / 80 S 40 s/ 150 s

Sin/rnax 3.1 mm/7.3 mm 2.7 m/4.2 mm 1.5 mm/2.9 mm 1.3 mm/4.2 mm
Table 5.1. Thermal penetration depths at various operating conditions calculated from Eq. 5.3.7.
Minimum and maximum thermal penetration depths for each concentration corresponding to the maximum
and minimum periods were calculated using the variables shown.

higher concentrations. No reliable data for liquid 3He-4 He mixture's thermodynamic

properties or boundary resistance at high concentrations exists to verify these claims.

Fig. 5.6 nevertheless indicates that the cooling power is roughly proportional to the

concentration of the working fluid.

5.4 Conclusion

The SSR has cooled to 168 mK with the hot platform being held at 383 mK,

demonstrating the potential to cool to temperatures well below that attainable with a 3He

evaporation refrigerator. The cooling power at a fixed operating speed is linear to the

cold platform temperature. The SSR has also been successfully operated with mixtures

of up to 36% concentration with proportionately higher cooling powers, though we

suspect that the flow exceeding the critical velocity poses a lower limit on the

temperature attainable.
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Chapter 6

The SOPTR's Frequency Response at
Uniform Temperature

We will derive a simple model for the superfluid orifice pulse tube refrigerator and

compare the model with data. Of particular interest is the pressure's phase lag from

piston motion, which is the key to a pulse tube's refrigerator's operation. To that effect,

we regulated both the hot and the cold platform temperatures to 1 K so that the

temperature was essentially uniform throughout the apparatus, and operated the

refrigerator with a 17% mixture. This greatly simplified the analysis of the operation and

allowed us to analytically predict the pressure's phase lag and the cooling power as a

function of the operating frequency. The working fluid was assumed to behave as an

ideal gas to model the operation of the refrigerator.

6.1 Theory

We will derive a simple model based on an ideal working fluid for the pulse tube

refrigerator operating with the hot platform temperature equal to the cold platform

temperature. This will enable us to gain a rough understanding of the effects of various

parameters such as the pulse tube's volume, the flow resistance through the orifice, and

the operating frequency on the cooling power.

We first model the flow of gas through the orifice using the model shown in Fig.

6.1. The pressure drop for a steady state flow in a capillary is given by

dp -ZQ (6.1.1)
dx L
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Figure 6.1. The flow of gas across a flow impedance

where g is the fluid's viscosity, Z is the geometric factor of the capillary, Q is the volume

flow rate, and L is the length of the capillary. Assuming an incompressible flow and a

volume flow rate that is constant throughout the capillary's length, Eq. 6.1.1 becomes

Ap = -ZQ (6.1.2)

where Ap is the pressure drop across the capillary. However, the volumetric flow rate for

a steady isothermal compressible flow through a capillary varies from one point to

another as the fluid's density varies with pressure. We will therefore express the pressure

drop across a capillary for an isothermal compressible flow as a function of the molar

flow rate, which is constant throughout the capillary's length. Using the ideal gas law

and the relation Q=pi where p is the molar density and i is the molar flow rate, we can

rewrite Eq. 6.1.1 as

dp - [ ] (6.1.3)
p LRT

where R is the universal gas constant and T is the temperature. The quantity in square

brackets is constant, so we can integrate Eq. 6.1.3 over the length of the capillary and

obtain

= RT In PI (6.1.4)
PZ P2
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where pi is the upstream pressure and P2 is the downstream pressure. We must now find

the relationship between Pi and P2 appropriate to the SOPTR. We assume that the gas

flows isothermally from an upstream reservoir with volume V, pressure Pi, and nl moles

of gas, to a downstream reservoir with volume V, pressure P2, and n2 moles of gas. V

corresponds to the volume in each half of the refrigerator. Neglecting the volume of

capillary, the ideal gas law requires

(Pl+P2) = (nl+n2).

Then P1+P2 is constant because T and nl+n2 are constant. We therefore let

P1 = po+dp

P2 = po-dp

(6.1.5)

(6.1.6)

where po is the average pressure of the gas. Substitution into Eq. 6.1.4 yields

=~~~~~~~=lnP - P = T[2 dpo +2dp .......
pZ po - dp pZ L Po 3 o J (6.1.7)

The molar flow rate responds linearly to small pressure differences across the capillary,

even though the fluid is compressible. Therefore, in the following model for the SOPTR,

we assume a linear mass flow rate.

Imaginary
cold

Heat
exchanger
1 nf 

Hot
piston

- Regenerator

volume Qc
Control
volume

Figure 6.2. Schematic diagram of pulse tube refrigerator with an imaginary piston in the cold end. Heavy
arrows indicate the net energy flow per cycle.
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We now estimate the refrigerator's cooling power using the schematic diagram of

pulse tube refrigerator shown in Fig. 6.2. Part of the fluid in the refrigerator behaves

isothermally and part of it behaves adiabatically. However, we can model the entire fluid

in the refrigerator as an isothermal volume of fluid and then use the effective volume

discussed in Chapter 4 for the purposes of calculating the fluid's approximate pressure as

a function of volume. This model, which is a linearized model for small compressions

and expansions, will enable us to analytically estimate the pressure amplitude and phase

with a minimum of mathematical tedium. We hence assume an isothermal oscillating

volume

V(t) = Vo-V 1 coscot (6.1.8)

of gas is weakly linked by a resistive impedance Ro to a location of constant pressure po,

where Vo is the effective volume of the refrigerator and V1 is the geometric volume

amplitude of the hot piston. For our refrigerator, the point of constant pressure po is

approximately the midpoint of the capillary, or orifice. Viscous pressure drops outside

the orifice and inertial forces are negligible, so that p(t) is spatially uniform. Assuming

an ideal gas, the number of moles of gas in a volume is proportional to pV, so assuming a

mass flow rate response to a pressure we find

d(pV) _ P- Po (6.1.9)
dt Ro

where Ro is the resistive flow impedance of the orifice. Using p = o+ Ipllcos(cot+0) and

the ideal gas law, we find

'pI' PO VI 1 (6.1.Oa)

1+ RoVo

* = tanj1 ) (6.1.lOb)

to first order in (V1/Vo). Wp, the work done by the piston on the fluid per unit time, is

the negative of the work done by the fluid on the piston per unit time:
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d
WP = -- WHp dt H (6.1.11)

This is an expression for average work hence

1 (14/v ) 2 Po_
Wp = 1-lp * V = d (vl/Vo) Po 7rfVllpllsinO (6.1.12)

1 + (WOVo)2R

where r is the refrigerator's period and f is the frequency. Details of the derivation are

shown in Appendix I.

We can find the refrigerator's cooling power from the piston power using an

energy balance. Assuming no streamwise heat transfer in the fluid in the pulse tube, the

only energy flow out of the cold end of the refrigerator through the fluid in the pulse tube

is mechanical work WC. The fluid in the pulse tube can then be treated as an imaginary

piston. We draw a control volume around the cold end of the refrigerator as shown in

Fig. 6.2. During each cycle, heat Qc is absorbed by the fluid, work Wc is done by the

fluid on the imaginary cold piston, and enthalpy Hc flows out through the regenerator. In

cyclic operation, conservation of energy implies Qc= WC+HC. Neglecting kinetic

energy, the total energy flow in a fluid is the enthalpy flow, so

-H = Afpvh -dt (6.1.13)

where A is the cross-sectional area of the gas in the regenerator, p is the mole density, v

is the gas velocity, and h is the gas enthalpy per mole. For ideal gases, h depends only on

temperature, so in an isothermal location, such as the left end of the regenerator, h is

independent of time. Thus

Hc = hi Apv -dt. (6.1.14)

But Apv is the instantaneous mass flow rate; its integral over one cycle must be zero,

because the mass of gas in the control volume returns to its original value after each

cycle. Hence Hc = 0 and

Qc=Wc (6.1.15)
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for a classical ideal gas. A similar relationship holds at the hot end. Further, entropy

balance in an ideal cycle requires

c + =__0 .(6.1.16)
TC T

Combining Eqs. 6.1.15 and 6.1.16, and taking the time derivative, we obtain

QC TcP (6.1.17)

where Qc is the heat absorbed at the cold end per unit time and W p is the work done by

the hot piston on the fluid per unit time. Hence Qc =Wp in reversible operation with

TH=Tc.

6.2 Procedure and Results

The SOPTR was operated with a 17% mixture with both the hot and the cold platform

temperatures maintained at 1 K. IplI was measured directly from the readouts of pressure

gauges. The maximum and minimum values of Ap = Ptop - Pbot during the refrigerator's

cycle were recorded, and the difference between the two divided by two gave the pressure

amplitude, since Ipll is half of the peak to peak amplitude.

The phase between pl and V1 was calculated from the data using the Fourier

transform. We first calculated ~p, the pressure's phase, as follows:

pl(t) cos(cOt+p)

p= -tan [Op (t)sinotdt (6.2.1)
[op 1 (t) co s oxtdt

where 'r is the refrigerator's period. Details of derivation of Eq. 6.2.1 are shown in

Appendix I. We calculated Ov, the phase of the piston displacement volume, in a similar

fashion and then found

= p - Ov. (6.2.2)
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Tc was actively controlled at 1 K by a feedback controller that delivered current

to the heater mounted on the cold platform, and the heat delivered averaged over five to
ten periods determined the cooling power Qc- Wp, the average work done by the piston

on the fluid per unit time, was calculated from -ljoAp dV. The methods used to
'F

measure the cooling power and piston power of the SOPTR here are analogous to the

methods used for the uniform temperature SSR measurements described in detail in

Chapter 4. The results of the measurements are shown by the symbols in Fig. 6.3.

We can easily estimate the parameters in Eqs. 6.1.10 and 6.1.12 used to predict

the pressure and piston power. First, we use the ideal gas law to find po = 366 torr, the

pressure of a classical ideal gas at 1 K with number density equal to that of a 17%

mixture. The total effective volume of the refrigerator is

V = Veff piston + Veff regenerator + Veff pulse tube + Veff connecting tubes (6.2.3)

where Veff piston, Veff regenerator, Veff pulse tube, and Veff connecting tubes are the effective

volumes of the piston, regenerator, pulse tube, and connecting tubes, respectively. The

regenerator tubes' diameter is much shorter than the fluid's thermal penetration depth, so

the fluid in the regenerator behaves isothermally. The regenerator's effective volume is

hence equal to the geometric volume of 1.0 cm3. In Chapter 4, the effective volume of

the SSR with a 17% mixture at 1 K was found to be around 6 cm3. This implies that

Veff piston is 2.5 cm3 , which is somewhat smaller than the geometric volume of 3.2 cm3 .

Geometric volumes of the piston and regenerator are found in Appendix B.

The fluid in the pulse tube and connecting tubes behaves adiabatically since the

heat capacity of the tubes can be neglected. This can be shown by comparing the heat

capacities between the 3 He-4He mixture and the solid walls in the pulse tube and

connecting tube wall:

D2-4pC,
pDtC (6.2.4)

where D is the tube's diameter, p and Cp are the fluid's total density and specific heat at

constant pressure, t is the thickness of the wall, and C is the solid's specific heat. Based
on published figures, 1 2 1 4 this quantity is 2 x 104 for the pulse tube and 2000 for the

copper connecting tubes, indicating that the heat capacity of the solid walls is negligible
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compared to that of the fluid. The fluid in the pulse tube and connecting tubes is

therefore assumed to be adiabatic. Eq. 4.2.4 suggests that Veff pulse tube and

Veff connecting tubes are 1.20 cm3 and 0.33 cm3, respectively, for small adiabatic

compressions. The geometric volumes of the pulse tube and connecting tubes are found

in Appendix J.

Using Eq. 6.2.3, the total effective volume of the refrigerator, Vo, is 5.0 cm3 , even

though the comparable geometric volume of the refrigerator is 6.8 cm3. V1, which is half

of the piston swept volume, is 0.56 cm3. Finally, we estimate Ro from the pressure decay

time constant:

Ro = o/VO = 11 s/5.0 cm3 = 2.2 s/cm. (6.2.5)

,o, the pressure decay time constant after an abrupt change in piston position as the fluid

flows out through the orifice, is 11 s based on measurements. We use the refrigerator's

effective volume in Eq. 6.2.5 in order to account for the fact that part of the fluid in the

refrigerator behaves adiabatically. Details of derivation of Eq. 6.2.5 and the

measurements for the pressure decay time constant are found in Appendix K.

With these values for po, V0 , V1, and Ro, Eqs. 6.1.10a, 6.1.10b, and 6.1.12 yield

the solid curves in Fig. 6.3. IplI and Wp were multiplied by two since our apparatus

consists of two refrigerators operating in parallel.
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Figure 6.3. The SOPTR's frequency response with a 17% mixture. The hot and the cold platform
temperatures were both 1 K, and the piston swept volume was 1.12 cm3 . Symbols are measured values.
The solid lines indicate the theoretical values calculated from Eqs. 6.1.10 and 6.1.11. Error bars are one

standard deviation calculated from Eqs. F.2 and F.3, where measured values were used for t and * in Eq.
F.3.
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6.3 Discussion

Fig. 6.3 shows a good qualitative agreement between theory and measurements,

supporting the validity of the calculations presented above.

The observed pressure amplitude shows a good agreement with the theory except

for the fact that it is somewhat lower than predicted. It is suspected that most of the

difference between the theory and the measurements is due to our use of ideal gas

approximation in the theory. Assuming for the moment that the refrigerator has a

geometrical volume of 5.0 cm3 and undergoes isothermal compressions and expansions,

we can rewrite Eq. 6.1.10a as

P11=PO' [I (d)] V1 1 (6.3.1)

where po' is the actual osmotic pressure of 3He and the expression in square brackets is

the normalized isothermal compressibility, which is unity for an ideal gas. This

expression differs from Eq. 6.1.10Oa by a factor of

IPlIEq631 PO' 1 (9P)T° =0.67. (6.3.2)
IP1Eq.6.1.lOa po pRT c n4

Radebaugh's tables14 were used to evaluate Eq. 6.3.2. On average, the observed pressure

amplitude is smaller than the theoretical pressure amplitude based on an ideal gas by a

factor of 0.72, which is close the value calculated in Eq. 6.3.2. However, as stated earlier,

Eq. 6.3.1 is an isothermal approximation, whereas part of the fluid in the refrigerator

behaves adiabatically and not isothermally. A better understanding of the pressure

amplitude would require a more detailed cycle analysis.

Phase to first approximation is unaffected by the fact that the working fluid is

non-ideal, and Fig. 6.3 shows an excellent agreement between theory and experiment.

According to Eqs. 6.1.12 and 6.2.5, maximum heat is absorbed at the cold end per

cycle when the refrigerator's period is

= 2wxo (6.3.3)
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where co is the pressure decay time constant after an abrupt change in piston position as

the fluid flows out through the orifice. We will label this quantity as 'On, the SOPTR's

natural period. Eq. 6.1.10b suggests that phase between the piston motion and the

pressure is 45 at this frequency, which is identical to the prediction based on Schmidt

analysis with a 90 phase between the hot and the cold pistons. The pulse tube

refrigerator therefore mimics the Stirling refrigerator's operation at this frequency. This

is one measure of the pulse tube refrigerator's optimum frequency, the natural frequency

based on how the Stirling refrigerator works. However, in a pulse tube refrigerator with a

fixed flow impedance at the orifice, the cooling power keeps rising beyond the natural

frequency because cooling power is also proportional to frequency. In fact, according to

Eq. 6.1.12, the cooling power is a strictly increasing function of frequency, and

asymptotes to a maximum value of (V1/Vo)2p0/2Ro at the limit of infinite frequency.

Numerical substitution into Eq. 6.3.3 yields Tn = 69 s, corresponding to a natural

frequency of 15 mHz. The measured cooling power, contrary to prediction, reaches a

maximum at around 30 mHz, which is about twice the natural frequency, and decreases at

higher frequencies. The behavior of piston power at high frequencies is obscured by the

uncertainty.

We do not fully understand the observed decrease of the measured cooling power

at the highest frequencies. One candidate is irreversible pressure oscillation of fluid. The

fluid in the regenerator is essentially isothermal, so its pressure oscillations are reversible.

The fluid in the center of the pulse tube experiences essentially adiabatic pressure

oscillations, which are also reversible. In contrast, fluid about a thermal penetration

depth 8x from the nearest massive solid surface experiences irreversible pressure

oscillations, absorbing work and releasing it to the surroundings as heat. It is possible

that the heat transfer between the fluid and the refrigerator has been negatively affected

due to high frequency, thus thermally decoupling more of the fluid in the piston.

We devise the following model in order to estimate roughly the decrease in the

cooling power due to irreversible pressure oscillation. We assume that the piston shown

in Fig. 6.4 undergoes a harmonic motion, where W is the work done by the piston on the

fluid per cycle and Q is the heat released to the surroundings per cycle. W is given by W

= Ap.V, where Ap is the difference between the fluid's pressure during the compression

stroke and the expansion stroke and V is the piston swept volume. Ideal gas relation
implies Ap/p = AT/T, where AT is the difference between the fluid's temperature during

the compression stroke and the expansion stroke. In cyclic operation, conservation of

energy implies Q=W. Using the above results and multiplying Q by twice the frequency

because the apparatus consists of two Stirling refrigerators operating in parallel, we find
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that the heat released to the surroundings per unit time is 2fVpAT/T. We can subtract this

value from the reversible cooling power in order to account for the irreversible pressure

oscillation in the refrigerator. Assuming a AT of 10 inK, this expression yields 50 gW

for the conditions of Fig. 6.3 at the highest frequency, which suffices to explain the

decrease in the measured cooling power. Because of the extremely complicated

fluid/solid geometry in the bellows, heat exchangers, and connecting tubes, this should be

regarded as only a rough estimate showing plausibility of this explanation.

Figure 6.4. Work and heat flow in an irreversible oscillatory motion

Another possibility responsible for the observed decrease of the measured cooling

power is non-linear flow of fluid in the orifice. In fact, in one measurement with a

different orifice geometry than the one used in this set of measurements, pressure

relaxation time constant for the orifice varied between 56 s and 14 s depending on the

magnitude of the pressure difference across the orifice. Such non-linear flow may

increase the effective flow impedance of the orifice at high frequencies and result in the

decrease of the measured cooling power.

A combination of the above two phenomena would also lead to a decrease in the

cooling power.

6.4 Conclusion

A model that assumes an ideal gas working fluid, a linear mass flow rate through the

orifice, and perfect heat transfer ini the piston and the regenerator suggests that the

cooling power of a pulse tube refrigerator with a fixed flow impedance through the orifice
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is a strictly increasing function of frequency that asymptotes to a limit as frequency

approaches infinity. Measurements taken with the refrigerator shows, however, that

cooling power drops at high frequencies. Suspected reasons for the drop in the cooling

power include imperfect heat transfer between the solid walls and the fluid and non-linear

flow of fluid in the orifice.
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Chapter 7

Effects of Gravity in the Pulse Tube

A question of practical interest is when, if ever, the imaginary piston, the insulating

column of fluid in the pulse tube that does not leave the pulse tube during the cycle,

would disappear. When this happens, fluid in the pulse tube thermally loads the cold

platform and reduces the measured cooling power. It will be shown that gravity coupled

with thermal gradient has a profound effect on fluid flow in the pulse tube, affecting the

length of the imaginary piston. The results from this chapter give us a guideline on how

to set the piston displacement volume in order to maximize the cooling power.

7.1 Theory

Imaginary piston is the slug of fluid that executes a harmonic motion near the middle of

the pulse tube. It does not contact either the hot or the cold heat exchanger as it oscillates

in the pulse tube. It can be thought of as a long, thermally insulating piston, and we will

derive an analytic expression for its approximate length in order to find when it would

disappear.

Due to the fluid's compressibility, the magnitude and phase of the fluid's

oscillatory motion are different near the pulse tube's hot end and cold end, and hence the

length of the imaginary piston varies slightly during the cycle. However, we can obtain

an approximate analytic expression for the imaginary piston's length by assuming an

incompressible oscillatory motion in the pulse tube. Under these assumptions, the length

of the imaginary piston is given by
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Li= L- 2 (7.1.1)

where L is the length of the pulse tube, IV311 is half of the peak to peak volume amplitude

of fluid executing a harmonic motion near the middle of the pulse tube, and Aeff is the

effective cross sectional area of the pulse tube. Aeff is the cross sectional area of the

pulse tube that is not blocked by the viscous boundary layer, so it is given approximately

by

Aeff = n(D-258v)2 /4 (7.1.2)

where &, is the thickness over which the fluid velocity becomes comparable to the free

stream value. For a given volumetric displacement of fluid in the pulse tube, then, the

length of the imaginary piston would decrease with increasing viscous boundary layer

thickness. We expect the imaginary piston to disappear for large enough piston

displacements. When this happens, part of the warm fluid that enters the pulse tube from

the orifice would flow into the cold heat exchanger, thereby thermally loading the cold

platform and reducing the measured cooling power.

Figure 7.1. Fluid motion in the SOPTR.

We now find IV311 in order to evaluate Eq. 7.1.1. We follow the fluid particles

indicated by the dashed vertical line in Fig. 7.1 executing a harmonic motion near the

middle of the pulse tube, the amplitude of which is IV311. The volume of the fluid to the

right of the dashed line will be called V2, and the volume of the fluid to the left of the

dashed line will be called V3 . Their sum is the total volume of the refrigerator. Our

approach will be to find V3 by subtracting V2 from V. V3 may be expressed as
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V3 (t)= V(t)-V2 (t) - V30 +Re[V3 1ei(ot].

Even though we neglected the fluid's compressibility in deriving Eq. 7.1.1, we

revert to compressible flow in order to evaluate IV311. Part of the fluid in the refrigerator

behaves isothermally and part of it behaves adiabatically. However, we will model the

entire fluid in the refrigerator as an isothermal volume of fluid and then use the effective

volume discussed in Chapter 4 for the purposes of calculating the fluid's displacement

amplitude. This model will enable us to analytically estimate the displacement amplitude

of a fluid particle in the refrigerator with a minimum of mathematical tedium. Note also

that TC/TH=--0.9 in the measurements. Neglecting the difference between TH and Tc in the

model would result in error of the order of 10%.

With these assumptions and the ideal gas law, V2 is

V2(t)= n2 RT (7.1.4)
p(t)

where n2, the number of moles of fluid in V2, is constant, R is the universal gas constant,

T is the temperature, and we use Eq. 6.1.10 to find p(t). Eq. 6.1.8 implies

V = Vo-Vle i0 (7.1.5)

where V1 is real. Combining Eqs. 7.1.3 through 7.1.5, we find

lvi = 11 V~1f~IV I Vv20 1/ 0 V

IV31 =[ +l/cVo) 2 V 1+/(o RV 0 J (7.1.6)31 I+ (coRvo)2 VOI + I/ (Movo

to first order in (V1/Vo), where V20 is the time average of V2 and Ro is the flow

resistance of the orifice. Details of derivation of Eq. 7.1.6 are shown in Appendix L.

Next, we find 8v, the boundary layer thickness in the pulse tube, from the

equation of motion of fluid in order to evaluate Eq. 7.1.2. Consider the x-component of

the equation of motion, l l where x is parallel to the axis of a vertical pulse tube:

m* au - V2UX + (VU)+fx
m p[--+(u.V)uxI -P + !.V.+ (7.1.7)M~~~~~~O .5 0'3 X
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where m* and m are the effective mass and true mass of a 3 He particle, p is the mass

density of 3 He, u is the velocity of the 3He component of the fluid, p is the pressure, j is

the viscosity of the mixture, and fx is the net body force acting on the 3 He component.

We have multiplied the inertial term by m*/m in order to account for the virtual mass

effect of a 3 He particle in the background of 4He. We assume a small, oscillatory motion.

For simplicity, we assume that the pressure is essentially time-independent. Though this

assumption contradicts the model in Fig. 7.1, pressure oscillations and the resultant

density oscillations are spatially uniform and hence have no effect on the shape of the

velocity profile. We also assume that the fluid has a negative thermal gradient dT/dx

(fluid on top is colder than fluid on bottom). Finally, we assume that the temperature of a

fluid particle is constant; we assume only convective heat transfer, and no diffusion heat

transfer. Under these conditions, we have

u = ux +yy+uzi = Re[ul(r)ei°Otf, uy = uz =---0 (7.1.8a)

P = po+Re[p1eiO t] P0 (7.1.8b)

T = To+Re[Tei t°t] (7.1.8c)
p = po+Re[p1eiot] (7.1.8d)

DT T dT dT o~T
-0-D 7 = atuX T9 +uy ,9> , +uz UZT = (7.1.8e)

Dt=&-u- + ux ' x x-~-+ u y=O0

where r is the radial coordinate. The effective body force acting on 3 He is found from the

effective thermal expansion coefficient of a superfluid 3 He-4 He liquid mixture, defined

as 1 3

13ef p3 (T 1p414 (7.1.9)['¢ff =P3 ~E P,4

where P3 and p are to the 3He mass density and the total mass density, respectively, and

4 is the chemical potential of 4He. Assuming an ideal gas behavior and neglecting the

small change in the mixture's molar density with concentration, we find

[3eff = 3T (7.1.10)
3T

This is a third the magnitude and of opposite sign compared to that of a classical ideal

gas. The minus sign comes from the fact that 3 He has a smaller mass density than 4He.
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Details of derivation of Eq. 7.1.10 are shown in Appendix L. The effective body force

acting on 3He is therefore

fx geff=(-)(-g) = g/3 (7.1.11)

where g is positive. With these results and the ideal gas approximation, we can expand

Eq. 7.1.7 to first order and find:

ito @ *OUl = gV2Ul: p dT ulm0-poul = aig. (7.1.12)
m ~~~3T '& iw g

Usually, the gravitational term can be neglected, in which case Eq. 7.1.12 becomes

m * 9~~2 u1iM -poul = V2Ul v
m

ul -exp (1+ (7.1.13)

&v, the distance over which the fluid velocity becomes comparable to the free stream

value, is given approximately by the distance over which the viscous term becomes

comparable to the inertial term:

8v 1 2,u (7.1.14)
=V w(m */m)Po

However, the inertial term is negligibly small compared to the gravitational term in Eq.

7.1.12 in the superfluid pulse tube, so Eq. 7.1.12 becomes

p dT u11=l--P S -g
3T dx ixo

Ul exp ±+(1 -
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Note that the quantity inside the square root is positive because dT/dx is negative. We
can define Sv,eff, the effective boundary layer thickness, as the boundary layer thickness

in the presence of gravity. It is given approximately by the distance over which the

viscous term becomes comparable to the gravitational term:

ev,eff =pg(- ' / d) (7.1.16)

We can substitute these results into Eq. 7.1.2 to find Aeff.

7.2 Procedure and Results

The refrigerator was operated with a 17% mixture at a fixed speed and with TH and Tc

maintained at 1.0 K and 0.9 K, respectively. Vsw, the peak to peak piston displacement

volume, was varied by changing the setting of the cam driven by the drive motor. Vsw

was measured with the linear position sensor. The maximum Vsw was limited to around

2 cm3 in our apparatus. Ipll was measured from the readouts of pressure gauges. The
maximum and minimum values of Ap = ptop - Pbot during the refrigerator's cycle were

recorded, and the difference between the two divided by two gave the pressure amplitude,

since Ipll is half of the peak to peak amplitude. The phase between P1 and V1 was

calculated from the data using the Fourier transform. T was actively controlled at 0.9 K

by a feedback controller that delivered current to the heater mounted on the cold

platform, and the heat delivered averaged over five to ten periods determined the cooling
power QC . Wp, the average work done by the piston on the fluid per unit time, was

Ircalculated from -JJAp. dV. The methods used to measure the cooling power and

piston power of the SOPTIR here are analogous to the methods used for the uniform

temperature SSR measurements described in detail in Chapter 4. The results of the

measurements are shown by the symbols in Figs 7.2 and 7.3, where we normalized Vsw

by Vpt, the pulse tube volume.
For the conditions of Fig. 7.2, Eq. 7.1.14 gives 8v = 1.8 mm where g is17

1.5 x 10-6 kg/m-s and m*/m is14 2.6. Eq. 7.1.16 gives Sv,eff = 10 gm.
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L 6.8cm
D 6.0mm
VO 5.0 cm3

V20 4.2 cm3

V30 0.8 cm3

Ro 2.2 s/cm 3

Vvt 2.0 cm3

Table 7.1. The refrigerator's parameters calculated from geometry

Table 7.1 shows the refrigerator's various parameters calculated from geometry.

V1 is half of the geometric piston swept volume. Geometric and effective volumes of

various parts of the refrigerator are found in Chapter 6 and Appendix J. Using these

values in Eqs. 7.1.1, 7.1.2, and 7.1.6, we can numerically find the piston swept volume

where Li, the length of the imaginary piston, becomes zero. The vertical dashed lines in

Figs. 7.2 and 7.3 indicate the piston swept volumes where L would be zero if the viscous

boundary layer given by Eq. 7.1.14 blocked the fluid in the pulse tube near the wall. The

vertical solid line in Fig. 7.2 indicates the piston swept volume where Li would be zero if

8v were replaced by kv,eff given by Eq. 7.1.16. For the conditions of Fig. 7.3, the solid

line would be at (Vsw/Vpt)2 = 1.7.
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Figure 7.2. The SOPTR's pressure amplitude, phase between piston motion and pressure, cooling power,
and piston power as a function of piston displacement volume. Here we normalize the peak to peak piston
displacement volume V,,w by the pulse tube volume Vpt=2 .0 cm3. 17% mixture was used, TH and Tc were
1.0 K and 0.9 K, respectively, and the period was 300 s. Lines are only guides to the eye. The vertical
solid and dashed line indicates the piston swept volume above which the imaginary piston disappears in the
presence and absence of gravity, respectively.

97

0m

--------------------



70-

60-

50-so

,40-
. 30-

20

10

N-

80-

t 60-

40-

20 -

0-

200 -

150 -

b100-

50-

O-
0.0

0.0

* * : * A

.4

- -- Cooling power
- Piston power

I I I I 

0.2 0.4 0.6 2 0.8 1.0
(V./Vp,)

Figure 7.3. The SOPTR's pressure amplitude, phase between piston motion and pressure, cooling power,
and piston power as a function of piston displacement volume. Here we normalize the peak to peak piston
displacement volume Vw by the pulse tube volume Vp,=2.0 cm3 . 17% mixture was used, TH and Tc were
1.0 K and 0.9 K, respectively, and the period was 80 s. Lines are only guides to the eye.

98

-8 6

v

1-:

I
9

I
I

I

I

I

I

I

I

5F



7.3 Discussion

(a) Cold (b) Cold3He-rich (b) 3 H-rich

4 He-rich 4 He-rich

Figure 7.4. Oscillatory flow of 3 He-4 He mixture in a pipe

For the conditions of Fig. 7.2, Eqs. 7.1.14 and 7.1.16 show that the effective gravity

acting on the 3He component of the mixture reduces the viscous boundary layer thickness

by two orders of magnitude, from 1.8 mm to 10 pm. We will now find a physical

interpretation for this phenomenon. Consider an oscillatory motion of superfluid 3 He-
4He mixture in a vertical pipe with cold fluid on top and warm fluid on bottom, and

consequently a higher 3He concentration on top than on bottom. The fluid's total mass

density would then be higher at the bottom than at the top, as 4He has a higher mass

density than 3 He. We first assume a classical parabolic flow profile shown in Fig. 7.4(a),

where the velocity is given by u=ul (r)sin cot. We assume that the line of equal 3He

concentration is flat at t=to and parabolic at t=tl. Then, the pressure at point A at tl

would be higher than that at point B because the greater mass density of the mixture

above point A would result in a greater hydrostatic pressure. The pressure gradient

would tend to accelerate the fluid particles to the left, resulting in the flow profile shown

99

9



in Fig. 7.4(b). Gravity coupled with thermal gradient thus flattens the velocity profile of

an oscillating superfluid 3 He-4He mixture.

Some indirect evidence of this flattening may be seen in Fig. 7.2. If the viscous

boundary layer thickness were 1.8 mm as given by Eq. 7.1.14, part of the warm fluid that

enters the pulse tube from the orifice would flow into the cold heat exchanger when the

swept volume is above the dashed vertical line shown in Fig. 7.2. When this happens, the

resultant thermal load on the cold platform would reduce the measured cooling power.

The fact that there is an amount of cooling power comparable to the piston power where

the piston swept volume is greater than that indicated by the dashed line suggests that the

viscous boundary layer near the pulse tube walls is indeed thinned down by gravity.

The flattening of the velocity profile increases the viscous dissipation in the pulse

tube by steepening the velocity gradient near the wall. This may be estimated as follows.

The instantaneous power dissipated by viscous shear stress per unit surface area is given

by

e = 2 ( dr = 2 3 (7.3.1)
2v,eff

where g is the fluid's viscosity, Eq. 7.1.15 was used to evaluate u, and U is the free-

stream velocity. Assuming 17 a g of 1.5x 10-6 kg/m-s, approximating U by fVsw/A,

where A is the cross sectional area of the pulse tube, and integrating over the surface area

of the pulse tubes, Eq. 7.3.1 yields an average power dissipated by viscous shear stress of

the order of 1 W, which is negligibly small.

The flattening of the velocity profile also helps make this an essentially ideal

pulse tube. The virtually flat velocity profile makes the imaginary piston model

reasonably accurate. The strong stability enforced by gravity and the temperature

gradient may also suppress flow separation and the resultant turbulent mixing of the fluid

when it flows from the 3 mm diameter connecting tubes to the 6 mm diameter pulse

tubes. This may eliminate the need for the flow straightening screens at the ends of the

pulse tubes. This leaves ordinary conduction in the streamwise direction as the only

significant loss mechanism in the pulse tube.

Fig. 7.3 shows the cooling power to be very nearly proportional to V 1
2 . This is

not unexpected since the pulse tube refrigerator should, to first approximation, behave as

a Stirling refrigerator, and the Schmidt analysis presented in Chapter 5 predicts a Stirling

refrigerator's cooling power to be proportional to the square of the piston swept volume.

The cooling power increases linearly with Vsw2 until the maximum piston displacement
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without showing any signs of loss, in contrast to the frequency response of the cooling

power in Chapter 6 where the cooling power started to drop at frequencies higher than

around 30 mHz. The phase is near 45° , though we do not understand the observed

decrease in the phase as Vsw increases.

7.4 Conclusion

Gravity couples with temperature gradient in the pulse tube to dramatically thin down the

viscous penetration depth, resulting in a slug flow in the pulse tube and hence making the

SOPTR behave as an ideal pulse tube. Consequently, the piston swept volume above

which the insulating slug of fluid in the pulse tube disappears increases substantially,

allowing a larger swept volume and a higher cooling power than in the absence of

gravity. Viscous power dissipation in the thinned down viscous boundary layer is

negligible.
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Chapter 8

The SOPTR Cooling Power
Measurements

In this chapter we present the SOPTR's cooling power as a function of temperature.

Results from the previous chapters will be used as a guideline to select the various

parameters in order to maximize the SOPTR's cooling power. A simple model based on a

classical ideal gas will predict the gross cooling power, which is the expected cooling

power in the absence of losses, and a loss mechanism will be discussed. Comparison

with the SSR's cooling power will reveal the primary weakness of the SOPTR, and how

to improve the SOPTR's design in order to minimize the weakness will be shown. Most

of the data were taken with the pulse tube oriented cold side up, but one set of data with

the pulse tube oriented cold side down will be shown.

8.1 Procedure and Results

The refrigerator was operated with a fixed speed and hot platform temperature, and the

pressure's amplitude and phase, piston power, and cooling power were measured as a

function of the cold platform temperature. Vsw is the peak to peak piston displacement

volume. Ipll, the pressure amplitude, was measured directly from the readings of pressure

gauges. The maximum and minimum values of Ap = Ptop - Pbot during the refrigerator's

cycle were recorded, and the difference between the two divided by two gave the pressure

amplitude, since Ipll is half of the peak to peak amplitude. The phase between Pl and

Vsw was calculated from the data using the Fourier transform. Tc was actively controlled

by a feedback controller that delivered current to the heater mounted on the cold

platform, and the heat delivered averaged over five to ten periods determined the cooling
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power Qc. W p, the work done by the piston on the fluid per unit time, was calculated
1 'A

from -- 1JJAp dV. The methods used to measure the cooling power and piston power of

the SOPTR here are analogous to the methods used for the uniform temperature SSR

measurements described in detail in Chapter 4.

Fig. 8.1 shows the cooling power measured with the pulse tubes oriented cold side

down before they were inverted to the cold side up configuration that was used to

measure all the other data presented in Chapters 6 through 8. For this set of

measurements, each pulse tube was approximately 11 cm long, corresponding to a pulse

tube volume of 3.0 cm3. The orifice was a single length of flow impedance 2.5 cm long

as opposed to 16 of them being in parallel for the measurements with the pulse tube

oriented cold side up. The refrigerator was operated with a 17% mixture.

The cooling power in Fig. 8.2 was measured near the SOPTR's natural frequency

of 15 mHz as discussed in Chapter 6. Eq. 6.1.17 gives, for a lossless cycle with an ideal

gas,

or
Q = c p, (8.1.1)

Tn

where Qc is the cooling power and W p is the average work done by the piston on the

fluid per unit time. Hence we expect the gross cooling power, which is the expected

cooling power for an ideal lossless cycle with an ideal gas working fluid, to be Tc Wp.
TH

The dashed lines in Fig. 8.2 is this expected gross cooling power. We also display in Fig.

8.2 Stirling refrigerator data taken before we replaced the cold pistons with the pulse

tubes, for the same 3 He concentration and operating frequency. To account as well as

possible for the slightly different piston stroke used in the earlier data, we multiplied the

earlier cooling powers by 0.85 to bring them into agreement with the piston power at

TC=l K.

Fig. 8.3 shows the result of measurements with optimum parameters in order to

maximize the cooling power. It was shown in Chapter 6 that the maximum cooling

power for a 17% mixture and TH=1 K is achieved when the frequency is around 30 mHz.

It was also discussed in Chapter 7 that the cooling power increases linearly with (Vsw)2

up to the maximum Vsw attainable with this refrigerator. Hence we operated the

refrigerator with a frequency of 1/40 s = 25 mHz and a Vsw of 1.80 cm3 in an attempt to

maximize the SOPTR's cooling power with a 17% mixture and TH=1 K.
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The SOPTR's cooling power was also investigated at lower temperatures in order

to find the 3He evaporation refrigerator-SOPTR system's minimum temperature. A 6%

mixture was chosen in order to avoid phase separation. It was indicated in Chapter 6 that

the maximum cooling power is obtained when the refrigerator is run at a higher speed

than the natural frequency, and that there is a loss mechanism at high frequencies.

Though the loss mechanism is not fully understood, we chose for this set of

measurements a frequency several times higher than the natural frequency in an attempt

to maximize the cooling power. The pressure decay time constant after an abrupt change

in piston position as the fluid flows out through the orifice, shown in Appendix K, is 50 s
based on measurements. This gave us a natural period of 2X(50 s)=314 s. A period of

120 s was therefore chosen. Similarly, Vsw was set near the maximum at 1.60 cm3

following the guidelines presented in Chapter 7. TH was maintained at 0.374 K. The

result is shown in Fig. 8.4.
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Figure 8.1. The SOPTR's cooling power and piston power with a 17% mixture, TH of 1 K, a period of 84
s, and Vsw of 198 cm3 . This set of data was measured with the pulse tubes oriented cold side down. The
lines are only guides to the eye.
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Figure 8.2. The SOPTR's pressure amplitude, phase between piston motion and pressure, cooling power,
and piston power with a 17% mixture, TH of 1 K, a period of 80 s, and Vsw of 1.12 cm3. Diamonds are
scaled cooling powers under similar operating conditions for conventional Stirling configuration. The solid
lines are only guides to the eye. Dashed line is expected gross cooling power for a reversible machine
calculated from the SOPTR piston power.
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Figure 8.3. The SOPTR's pressure amplitude, phase between piston motion and pressure, cooling power,

and piston power with a 17% mixture, Tu of 1 K, a period of 40 s, and Vsw of 1.80 cm3. The lines are only

guides to the eye.
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8.2 Discussion

Fig. 8.1 shows that the refrigerator has only achieved a Tc of 0.95 K with the pulse tubes

oriented cold side down. However, the fact that there is an amount of cooling power

comparable to the piston power when both the hot and the cold platforms are near 1 K

suggests that there is a significant amount of gross cooling power in the refrigerator. Fig.

8.1 also suggests that there is some form of loss mechanism that precludes the refrigerator

from cooling below 0.95 K. We find the loss mechanism as follows. We can write

Qmeasured = Qideal - Qlosses (8.2.1)

where Qmeasured is the measured cooling power and Qlosses accounts for thermal loads

on the cold platform due to loss mechanisms. Using Eq. 8.1.1 to approximate Qideal,

linear regression of data reveals Qlosses = 45.6+1120(rH-TC) [gW].

Cold heat
exchangerHnt heat

(a)

(b) Ideal
tempe
profile

I

I

TC
.. _m - I

TH, ' I

(c) Actual I
temperature I
profile TCI

Tcl / /I~_I
I s 4

I Vsw I
I

Figure 8.5. The fluid's temperature profile in the pulse tube. The heavy lines indicate the fluid's
temperature in the pulse tube during the refrigerator's cycle.
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The loss mechanism arises from turbulent mixing of the fluid in the pulse tube

that destroys the insulating quality of the imaginary piston. Both the entrance of warm

fluid into the cold heat exchanger as the fluid in the pulse tube executes an oscillatory

motion and the convective heat transfer contribute to the heat load. We use the model

shown in Fig. 8.5 to find the approximate magnitude of the former effect. Particle A in

Fig. 8.5 (a) executes a harmonic motion inside the pulse tube with an amplitude of the

order of the piston swept volume. Ideally, as shown in Fig. 8.5 (b), its temperature

throughout the cycle is constant except for a slight variation due to adiabatic compression

and expansion. The solid line and the dashed line indicate the fluid's temperature profile

in the pulse tube during the leftmost and rightmost peaks of travel, respectively, ignoring

the phase difference between the fluid motions across the length of the pulse tube.

Ideally, the fluid particles that enter the orifice and the regenerator during the cycle

remain at TH and Tc, respectively, throughout the cycle. However, gravitational

convection mixes the fluid in the pulse tube and hence the temperature profile indicated

by the solid line in the ideal case, where the fluid is in the leftmost peak of travel,

becomes approximately linear from the hot end to the cold end, as shown in Fig. 8.5 (c).

As the fluid travels to the right, fluid near the right end of the pulse tube enters the cold

heat exchanger and cools to Tc. The amount of enthalpy represented by the dashed area

must therefore be absorbed by the cold platform during each cycle. This enthalpy is

given approximately by VswpCpT, where p and Cp are the 3 He's density and specific

heat, and T is the average temperature difference between the fluid in the dashed area

and the cold platform. Multiplying by twice the operating frequency because there are

two pulse tubes in this refrigerator, we obtain an expression for the heat load on the cold

platform due to the mixing of fluid in the pulse tube:

Qmixing = fVswPCp(Vsw/Vpt)(TH-Tc) (8.2.2)

where f is the frequency. For the operating conditions in Fig. 8.1, this expression yields

Qmixing = 1800 [IW/K (TH-Tc) which is close to the observed loss inferred from Eq.

8.2.1.

It is of interest to calculate the Rayleigh number, which is the ratio of the fluid's

buoyancy force to the viscous force:

R = 3gOh3p2 Cp/Sc (8.2.3)
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where 3 is approximately -1/3T, g is the gravitational constant, e is a temperature

difference, h is a length scale, p is the viscosity, and ic is the thermal conductivity. For a

17% mixture at 1 K, p is17 1.5x10-6 kg/m-s, and KC is12 0.04 W/m-K. It is not certain

whether the pulse tube's diameter or length should be used for the length scale, but IRI is
around 106 for the former and 5x109 for the latter. This suggests that the buoyancy force

far outweighs the viscous force in the pulse tube, thus leading to convective mixing of the

fluid.

In Fig. 8.1, note that the cooling power is significantly lower than the piston

power when the cold platform temperature is equal to the hot platform temperature.

However, they would intersect if we extrapolated the cooling power to around 1.03 K.

We believe that the hot end of the pulse tube is slightly warmer in reality than the hot

platform on which the hot thermometer is mounted due to an imperfect thermal contact

between the two parts. The heat dissipated in the orifice puts a thermal load on the hot

heat exchanger of the pulse tube, and the imperfect thermal contact would result in the

hot end of the pulse tube being slightly warmer than the hot platform. This imposes a

thermal gradient in the pulse tube which results in a thermal load on the cold platform

due to Qmixing discussed above. A 30 mK of temperature difference would explain the

disparity between the cooling power and the piston power when "TH=TC."

The cooling power in Fig. 8.2 was measured near the SOPTR's natural frequency

of 15 mHz as discussed in chapter 6. The phase between the piston motion and the fluid's

pressure remains near 45', which is the expected phase of a Stirling refrigerator operating

with TH=TC, isothermal compressions and expansions in the pistons, and a 90' phase

between the hot and cold pistons. Using Eq. 8.1.1 and 8.2.1, linear regression of the data

reveals Qlosses = -11.4+107(TH-TC) [W] at Tc below 1 K. Qlosses at TH=TC, where the

losses are predicted to be negligible, is non-zero because the working fluid and the

refrigerator's cycle are non-ideal. This is the sum of the heat loads due to the pulse tube

and the imperfect thermal contact in the regenerator. To estimate what fraction is due to

the regenerator, we compare the SOPTR's cooling power with the SSR's cooling power

measured under nearly identical operating conditions which are indicated by the

diamonds in Fig. 8.2. These data fall much closer to the gross cooling power line than do

the indicated cooling power of the pulse tube refrigerator, suggesting that the thermal

losses through the regenerator are negligible compared to the thermal losses through the

pulse tubes. Hence our data imply that the pulse tubes deliver a load of roughly (107
JW/K)(TH-Tc) to the cold heat exchangers. This heat load must match the various loss

mechanisms in the pulse tube. We estimate from thermal conductivity of the mixture that

heat load on the cold platform due to ordinary thermal conduction through the pulse tubes
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is 40 gW/K(TH-Tc) for the conditions of Fig. 8.2, which is of the same order of

magnitude as the observed loss.

Clearly, by using longer, thinner pulse tubes, it will be simple to reduce pulse tube

losses by an order of magnitude in future superfluid orifice pulse tube refrigerators, while

still keeping 8 v,eff much smaller than the pulse tube diameter and keeping viscous

dissipation within v,eff acceptably low. Hence, we expect that a ground-based superfluid

pulse tube refrigerator can approximate the performance of a superfluid Stirling

refrigerator, except for the added heat loads imposed on the heat sink at TH by the

dissipation in the orifice and the increased mechanical power input required to give the

same amount of cooling power as that of a Stirling refrigerator.

Notice the dramatic increase of the "cooling power" when TC>TH. This is due to

thermal convection in the pulse tube which tends to cool the "cold" platform through the

mechanism shown in Fig. 8.5, thus enhancing the cooling power.

The cooling power shown in Fig. 8.3, as expected, increased to several times that

shown in Fig. 8.2 due to the higher operating frequency and a larger piston swept volume.
The cooling power at Tc=1 K, for instance, is 278 ^tW, which is about three times the

cooling power of 92 gW under the same temperature in Fig. 8.2. The minimum

temperature achieved, however, is virtually identical at 636 mK versus 642 mK for the

earlier run, implying that the thermal losses have also increased proportionately.

Fig. 8.4 shows the cooling power measured with a 6% mixture. The SOPTR was

only able to reach a minimum temperature of 0.281 K, which gives a TCITH of 0.75,

whereas the SSR with a 4.9% mixture and a period of 100 s reached a TCfTH of 168

mK/383 mK=0.44. The low efficiency of the SOPTR can be attributed to the heat

conduction through the pulse tube, which is estimated based on thermal conductivity of

the fluid to be 70 gLW/K (TH-TC). This expression yields 6.5 gW for the coldest datum in

Fig. 8.4, which is of the same order of magnitude as the observed heat loss.

The 3He-4He mixture's thermal conductivity at this concentration is significantly

higher than that of a higher concentrated mixture, 12 while the gross cooling power to first

approximation is proportional to concentration. A 6% mixture therefore yields a lower

gross cooling power and a higher thermal load compared to a mixture of higher

concentration, resulting in a significantly lower net cooling power. The SOPTR is

therefore not suitable as a low temperature refrigerator unless the pulse tube's dimensions

are altered significantly.
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8.3 Conclusion

The SOPTR's net cooling power was found to be substantially lower than that of an SSR

operating under similar conditions due to thermal conduction through the pulse tube. The

use of a lower concentration mixture resulted in a lower gross cooling power and a higher

thermal loss compared to a mixture of higher concentration, resulting in a significantly

lower net cooling power. The use of longer, thinner pulse tubes would substantially

lower the thermal conduction, though such pulse tubes would not work in a zero gravity

environment. Operating the refrigerator with a positive thermal gradient in the pulse tube

resulted in a substantial thermal load on the cold platform due to turbulent mixing of the

fluid in the pulse tube.

112



Appendix A The 3 He pot's Cooling Power

The recirculating 3 He pot's cooling power was measured by applying a fixed voltage

through the circuit shown in Fig. 4.1, measuring V1 and V2 to find Q=V1V2/R2

dissipated by the heater, and finding the temperature T where the 3 He platform settled

down to. The steady-state cooling power versus temperature is shown in Fig. A. 1. R2

was 10,000 Q. With no current applied to the heater, the temperature would slowly creep

down to below 0.385 K, but we did not wait long enough for it to settle down. At

Q=3450 gW, the 3 He pot ran dry and the temperature rose rapidly.
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Figure A.1. The power delivered to the 3 He platform versus the temperature
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Appendix B The SSR's Volume

The SSR's volume was found from the amount of mixture it took to fill the refrigerator.

Neglecting the small volume (of the order of 0.1 cm3) in the connecting tubes, the total

amount of liquid 3 He-4He mixture in the refrigerator is

Vliq = 2 (VssR+Vvalve) (B.1)

where VSSR is the closed volume of each half of the SSR when the pistons are held at the

middle of their travel and Vvalve, the volume within the valve used to seal the SSR's

filling line which is outside the SSR's closed volume, is 0.29 cm3. Chapter 3 discusses

Vvalve in more detail. The factor of two comes from the fact that there are two SSR's in

parallel. Vliq may be calculated from the amount of mixture the refrigerator took from a

tank at room temperature to fill the refrigerator. We assume an ideal gas for the room

temperature tank:

pV=nRT (B.2)

where p is the pressure of the mixture in the tank, V, the volume of the tank, is 22.9 liters,

n is the number of moles of mixture in the tank, R is the universal gas constant, and T, the

temperature of the gas in the tank, is 293 K. We can write

plV = nRT

p2V = n2RT (B.3)

where the subscripts 1 and 2 refer to before and after the refrigerator was loaded,

respectively. During one filling, Pl was 688 torr and P2 was 267 torr, which means

(nl-n2) = (pl -p2)V/RT = 0.526 mol. (B.4)

The volume of liquid 3 He-4He in the refrigerator corresponding to this amount is

Vliq = p (nl-n2) = (28.8 cm3 /mol) (0.526 mol) = 15.1 cm 3 (B.5)

where p is given by Eq. D.4. Eq. B. 1 then gives
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VSSR = Vliq/2-Vvalve = 15.1 cm3 /2 - 0.29 cm3 = 7.26 cm3.

From this we can find the volume of the piston. Assuming that the hot and the cold

pistons have identical average volumes VO, the SSR's average volume is given by

VSSR = 2V0 + Vr (B.7)

where Vr is the volume of the regenerator. The latter is given by

Vr = NLxD 2/4 (B.8)

where N, the number of tubes, is 119, L, the length of the regenerator, is 20.3 cm, and D

is the inner diameter of the capillary. D is the capillary's outer diameter minus twice the

wall thickness:

D = 0.305 mm - 2x0.038 mm = 0.229 mm. (B.9)

So Eq. B.8 gives Vr = 1.00 cm3 . The dimensions of the regenerator are found in Ref. 4.

Eq. B.7 then gives

VO = (VSSR - Vr)/2 = 3.13 cm3. (B.10)

As a check, we calculate VO from geometry.
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0.34 cm

1.19 cm

latform

Figure B.1. The piston's geometry

Some of the dimensions are from the SSR's drawings, others are direct measurements.

The effective area of the bellows 16 is 3.16 cm2 . Vo is given by

V0 = 3.16 cm 2 (1.19 cm+0.34 cm) - (/4)(1.27 cm) 2 (1.19cm) = 3.32 cm 3

which shows a reasonable agreement with the value in Eq. B. 10.
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Appendix C The SSR's Background Heat

The friction generated by the bellows and other sources results in a background heat. The
background heat was measured in order to find the total amount of heat absorbed by the

fluid in the cold platform for the measurements in Chapter 4.

The procedure was as follows. The mixture in the SSR was removed and replaced

by a small amount of 4He. This created a thin 4 He film on the interior on the refrigerator

which thermally linked the hot platform and the cold platform weakly. The hot platform

was cooled with the 3 He pot and left overnight. The cold platform slowly cooled down

due to the thermal link with the hot platform. TH was raised with the heater mounted on
the hot platform to match Tc on the following morning and the virtually empty SSR was

operated with a period of 100 seconds and piston strokes identical to that used for the
4.9% constant temperature measurements. The friction generated by the bellows and

other sources slowly raised Tc. TH was manually controlled using the heater mounted on

the hot platform to match Tc at all times in order to eliminate thermal conduction from

one platform to the other. The background heat was calculated from the rate of

temperature increase of the copper platform:

Qbackground = nCpdTc/dt (C.1)

where n is the number of moles of copper in the cold platform and Cp is the copper's

specific heat. The volume of the cold platform was estimated from geometry as 240 cm 3,

resulting in the number of moles of:

n = (240 cm 3) (8.93 g/cm3)/(64g/mol) = 33.4 mol. (C.2)

The heat capacity of copper was approximated1 2 as

Cp = 1.24 T - 0.46 [mJ/mol-K] (C.3)

where T is in K. Fig. C. 1 shows the result of several runs where each symbol
corresponds to a run. The rate of heating is seen to increase with temperature, but this is

suspected to be due to the change in the rate of heating with time. The block of brass
attached to the top of the bellows is weakly linked to the copper platform via the bellows,
possibly resulting in an RC time constant for the rate of heating of the copper platform.
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In one run shown by the square symbols, the SSR was stopped at around 1.05 K. Tc kept

rising after the SSR was stopped, though at a slower rate than when the SSR was running

as shown by the black squares, supporting the above theory. This phenomenon is not

completely understood. The background heat was determined to be

Qbackground = 2±1 s.W (C.4)

where the uncertainty indicates two standard deviations. For the conditions of other

measurements, we assume that the background heat is proportional to the frequency and

the square of the piston swept volume, so

Qbackground = (100 S/x) (Vsw/1.55 cm 3)2 (2+1 W) (C.5)

where X is the refrigerator's period.
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Figure C.1. The SSR's background heat calculated from the rate of heating of the cold platform. Each
symbol corresponds to a run. The swept volume was 1.55 cm3 and the period was 100 s.
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Appendix D The Density of Liquid 3He -4He Mixtures

Radebaugh14 gives the following formula for the conversion between the mixture's

concentration and density:

l/p - 27.6/X + 7.6 + 1.65X2 (D.1)

where p is in moles of mixture/m3 and X is the 3 He molar concentration. However, this

formula has the disadvantage of being difficult to invert. Hence we create the following

simple model to find X from p.

.. . : 4--- Membrane

Figure D.1. Pure 3 He and pure 4He in a container separated by a membrane

We assume that pure 3 He and pure 4He are separated by a membrane in a

container and that the total volume will remain unchanged when the membrane is broken

and the two fluids mix together to from a homogeneous mixture. 3He has a molar

volume of19

v3 = 36 cm3/mole. (D.2)

4He has a molar volume of 19

v4 = (4 g/mole)/(0.145 g/cm3) = 27.6 cm3/mole. (D.3)
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Assuming X mole of 3He and (-X) mole of 4 He, the volume occupied by 3He is 36X

cm3 and the volume occupied by 4He is 27.6(1-X) cm3 . The overall molar density is

1 3 106 3
= mole / c 3 mole / m . (D.4)

36X + 27.6(1- X) 27.6- 8.4X

This formula is accurate to within ± 1% of Eq. D. 1 for X<0.8. Solving for X, we find

27.6-106/ p= 3.28- 1.9x5/p
wher8.4 1.19x r/p d (D.5)

where p is the overall density in mole/m 3 .
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Appendix E Numerical Evaluation of Qc/Wc

The normalized isothermal compressibility, - (I ) ' where p is the total mass
pRT dc 

density of the mixture, R is the gas constant per mass of 3He, and c is the mass

concentration of the mixture, is evaluated as follows. We first convert the expression to

partial derivative at constant temperature and pressure, as Radebaugh's tables1 4 list values

at constant pressure. We can write

dpos dp°i dc+ (') dT+ -Po' dp (E.la)
dc T~p O'T C'Prdp T

dp rP dc + - dT+ , d 4 4 (E.lb)
dcT-14 dTC, 4 ~'A4Tc

Substituting Eq. E. lb into Eq. E.la,

d-POS = [!2OS +rao dP ldc+ [(2EaC + ±-. Z () ldT
[ dc )TP ( dp ac /Tqt4 J dT )c,p ( dp )TC JL4 J

+ apo.s J Po. d4 . (E.2).up T,c'~~Is

Using the identity

(aC)T L 4 (dPo (E3)
TC~~ T O1 C T,z4'

Eq. E.2 yields

(dpo5A = po5 +(Ps dpol
dc JTJ 4 TC )TP dP )Tc k C T d 4

[_ (Pos ) l( o'S) =(ol . (E.4)[ 'aP Tc ,aCT4 aC T,p

However3 , dro ) <<1, whereby Eq. E.4 becomes
'c ,
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(apos = ( r. (E.5)
dC Tj 4 C T,p

The normalized isothermal compressibility can then be evaluated by taking differences

between entries in Radebaugh's tables. We take a 6.6% concentration mixture at 1.5 K as

an example. P. 109 of Radebaugh's tables gives the osmotic pressure of 6.4% mole

concentration mixture and 7.0% mole concentration mixture at 1.5 K as 207.9 torr and

226.7 torr, respectively. The mass concentration is related to the molar concentration as

C 3 3X1 (E.6)
3x + 4(1- x) +- 1

so the mass concentrations of 6.4% and 7.0% mole concentration mixtures are 0.0488%

and 0.0534%, respectively. The total mass density of the mixture is

Pm,m = Pm,nMm (E.7)

where the first subscript m refers to the total mixture and the second subscripts m and n

refer to the mass and the mole densities, respectively. Pm,n is given by Eq. D.4 while

Mm = [3X+4(1-X)]'10-3. [kg/mole] (E.8)

The normalized isothermal compressibility is therefore

1 (226.7torr- 207.9torr)133 PaI (dp)_ torr
RTc T4 1398 kg 8.314J /mo. -1.5K 0.0534-0.0488pRT ~~~~M ~ct 3' m0..'/kg"/ moil.5

=0.935. (E.9)

The results for other concentrations and temperatures are displayed in Table E.1.
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T (K) X=5.9% X=17% ' X=20%
0.3 0.86439 0.301995 
0.4 0.86439 0.416353 1
0.5 0.871266 0.501845 0.365036
0.6 0.880761 0.569942 0.453828
0.7 0.888947 0.621754 0.524298
0.8 0.8957 0.666165 0.579617
0.9 0.900407 0.700707 0.627028
1 0.908592 0.730561 0.664957
1.1 0.915289 0.754987 0.69868
1.2 0.916778 0.779043 0.726782
1.3 0.921815 0.795982 0.752079
1.4 0.926132 0.813673 0.773058
1.5 0.929874 0.829006 0.792555
Table E.1. Normalized isothermal compressibility using the equation of state by Radebaugh.

We now evaluate the heat absorbed at the cold platform divided by the work done

by the fluid on the cold piston for a reversible cycle, which is given by Eq. 4.1.3 as

(dhosl/c)Tp

-po (0 C)Tp
(d4/-o )Tp- P(1 - co) (os/C)p

where c is the mass concentration of the mixture, 4 is the chemical potential of 4 He, co

is the average mass density in of the mixture in the refrigerator, hos is the osmotic

enthalpy of the mixture. Eq. E. 10 is evaluated as follows using a central difference

formula. We use a 5.9% mixture at 1 K as an example. Eqs. E.6 and E.8 produce the

following table:

X C m Mm (k mol)
0.055 0.041825 0.003945
0.059 10.044526 0.003942
0.064 0.048780 0.003936
Table E.2. Conversion from molar to mass concentration

We first evaluate the osmotic enthalpy at X = 5.5%:

hos = 3 + TS/c (E.11)
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where g3 is the 3He's chemical potential and S is the entropy of the total mixture.

Radebaugh's tables gives the following, where the page numbers are indicated in the

parenthesis.

[3 = I.t3f +13' (p. 1)

= (-15.0630 J/mol - 0.3626858.314 J/mol*K) (pp.9, 98)
0. 003kg /mol

=-6026.12 , (E. 12a)
kg . He'

S=2.064 (p. 117)
mol * K 0.003945kg / mol so In

= 523.2 J/kg-K of soln, (E.12b)

1.OK. 523.2

hos = -6026.12 K kg- K-soln
kg 0.041825 kg.3He

kg so In
J

= 6483.0 kg 3 . (E. 12c)

The chemical potential of 4He and the osmotic pressure are

g4 = - 0. 4471 - I (p.108)
mol 0.004kg / mol

=-111.8 kg (E.13a)
kg.4 He

Pos = 118.8 tort = 15790 Pa. (p.108)

(E. 13b)

Similar calculation at X=6.4% yields

hos = 6401.6 g 3H
k.3He

4= -128.8 .5

Pos = 18250 Pa. (E.14)

Substitution into Eq. E.5 yields

Qc =-140.4 kg (1-0.044526) 1 1 8 kg
WC m- '-. 18250Pa-15790Pa
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-140.4 kg 0.044526
m

= 0.9270 + 0.2070

= 1.134.

6401.6 - 6483.0 o
kg kg

18250Pa - 15790Pa

(E.15)

Results for other temperatures and concentrations are shown below. Qc/Wc for the 36%

mixture was linearly extrapolated from the values at 25% and 29%.

T (K) X=5.9% [X=17% [X=20% [X=25% [ X=29% X=36%
0.3 0.973 2.28 _

0.4 1.004 1.782
0.5 -1.029 1.527 1.999 5.904 _____

0.6 1.016 1.391 1.655 2.765
0.7 1.029 1.294 1.468 2.060 3.116 4.96
0.8 1.047 1.234 1.35 1.730 2.209 3.05
0.9 1.072 1.193 1.278 1.543 1.795 2.24
1 1.136 1.181 1.240 1.428 1.580 1.85
1.1 1.248 1.207 1.228 1.378 1.450 1.58
1.2 1.446 1.237 1.259 1.362 1.390 1.44
1.3 1.715 1.328 1.315 1.393 1.379 1.355
1.4 2.116 1.458 1.429 1.455 1.415 1.345
1.5 2.652 1.648 1.575 1.570 - 1.494 1.361
Table E.3. Q/Wc using the equation of state by Radebaugh.

In Eq. 4.1.12, the thermal expansion coefficient,

= (dv)p (E.16)

was numerically evaluated using approximate values of p3 (p,T), which may be obtained

by using the ideal Fermi gas equation of state in Huang.7 The pressure is approximated

as

p = kT fs/512(z) (E.17)

where k is the Boltzmann's gas constant, g is degeneracy (2 for 3He). X, the DeBroglie

wavelength, is

X= 2rh 2 (E.18)
mkT
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where h is Planck's constant. z, the fugacity, is found from

= g f3/2(Z)- (E.19)
¥

The Fermi functions are defined as

dzf3/2(z) = z zz f2 (z)

f5 /2(z) -= 0"Jx2(1 + ze x 2)dx(E.20)
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Appendix F The Uncertainty in Piston Power due to
Phase Lag in Data Acquisition

There were time leads/lags among the various quantities (Ptop, Pbot,VH, Vc, etc.)

measured and recorded by the PC, which resulted in uncertainties in the piston powers

calculated. The uncertainties in time were estimated as follows. The SSR's drive motor

turning the camshaft was suddenly stopped or re-started while the PC was acquiring the

data, and the time at which the various quantities indicated by the data came to rest or

started moving were recorded. Measurements were recorded every 0.35 second. This

procedure was repeated several times over a course of about a week, with the results

shown below:

1) VH and Vc stopped at t = 15.1 s and 14.7 s, respectively.

2) Ptop Pbot, VH, and Vc stopped at t = 1.4 s, 1.4 s, 1.8 s, and 1.2 s, respectively.

3) Ptop, Pbot, VH, and Vc stopped at t = 2.3 s, 2.4 s, 2.4 s, and 2.3 s, respectively.

4) Ptop, Pbot, and VH stopped at t = 2.7 s, 2.7 s, and 2.9 s, respectively.
5) VH and Vc stopped at t = 10.3 s and 11.1 s, respectively.

It is seen that the phasing among the various quantities is a random and not a systematic

effect. For instance, VH lagged Vc in case 1) but VH lagged Vc in case 5). It is therefore

assumed that any two quantities recorded by the PC may be expected to be off by a

certain amount of time in a direction that we cannot predict. Further, if the timing

between VH and Vc tend to be off by a certain amount, then we will assume that the

timing between p and V will be expected to be off by the same amount in a random

direction. We therefore calculate the standard deviation

X(xi - )
an-l = -- (F.1)n-1

of the timing in each case and take the average of the five standard deviations in order to

find the time by which we can expect any two quantities recorded by the PC to be off by.
cn-1 for case 1 is found by substituting xl = 15.1 s and x2 = 14.7 s into Eq. F. 1, which

yields a standard deviation of 0.28 s. Similarly, cases 2 through 5 yield standard

deviations of 0.26 s, 0.06 s, 0.14 s and 0.57 s, respectively. The average of the five
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standard deviations is 0.26 s, resulting in the uncertainty in 4, the phase between the

piston motion and the pressure, of

AO = (0.26 s/r).360. (F.2)

Eq. 6.1.13 suggests that the piston power is proportional to sino. The relative uncertainty

in the piston power resulting from AO is therefore

AW/W = [sin(o+A4)-sin]/sin4 (F.3)

where the uncertainty in the timing between Ptop and Pbot has been ignored for simplicity.

* is 45' for the SSR, and AO was doubled for the SSR constant temperature measurements

in Chapter 4 in order to give two standard deviations.
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Appendix G The Uncertainty in QC/Wc due to
Uncertainty in Temperature

ITH-TcI was as large as a five mK when the SSR constant temperature measurements
were taken, which may lead to an uncertainty in the measured Qc / Wc. In order to find

the effect of TH-TC on Qc / Wc, the refrigerator was operated with Tc deliberately set

different form TH and Qc I Wc was measured. TH was set at 0.95 K and Tc was varied

by as much as 20 mK above and below TH. The result is shown below. Circles indicate
the measured Qc / Wc and the line, which is a linear interpolation of the measurements,

is

Qc / Wc = 1.243 + 0.544/K (TH-Tc). (G.1)

The shift in Qc / Wc for TH-TC= 5 mK is therefore 0.0027 or 0.2%, which is negligible.

The average of the absolute values of the difference between the measurements and the

line, which is a measure of the scatter of data, is 0.005 or 0.4%, which is still quite small.
The uncertainty in Qc / Wc that resulted from the uncertainty in TH-TC was therefore

ignored.
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Figure G.1. The effect of TH-TC on Qc / Wc . 17% mixture was used, and the refrigerator's period was 80
s. The hot and cold piston swept volumes were 1.02 cm3 and 0.98 cm3, respectively. The solid line is a
linear interpolation of the measured values.
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Appendix H The Schmidt Analysis

Schmidt analysis 18 shown below is based on ideal gas with sinusoidal piston motions. It

assumes a constant thermal gradient in the regenerator, no temperature gradient in the

pistons, no heat loss due to conduction from one platform to the other, and no frictional

losses:

Wc = Qc = tVswcpmeansin[[(l-b 2)0 5-1]/b

Pmean - nR/[s(1-b2 )0 5]
tan3 -(VswHsinfrH)/[(VswHcost/TH)+(Vswcfrc)]
c -O.5x[(VswH/TH) 2+2(VswH/TH)(Vswc/Tc)cosa+(Vswc/Tc) 2]0.5

S - (Vswc/2Tc)+(VCLC/Tc)+(Vh/TH)

+Vrln(THrTC)/(TH-T)+(Vk/TH)+(VLHf/TH)+(VSWH/2TH)

b c/s

VH = VCLH+VSWH[ 1 +cos(O+()]/2

VC = VCLC+Vswc(1+cos0)/2 (H.1)

where Wc is the work done on the cold piston by the fluid per cycle, Qc is the heat

removed from the cold platform per cycle, n is the number of moles of gas in the

refrigerator, R is the universal gas constant, TH is the hot platform temperature, Tc is the

cold platform temperature, Vr is the regenerator volume, Vh is the volume between the

hot piston and the regenerator, Vk is the volume between the cold piston and the

regenerator, VH is the hot piston volume, Vc is the cold piston volume, and e is the crank

angle. In our refrigerator, a( = -90°, Vh = Vk = 0, b < 0.3, and we assume

VH = V0 + - sin cot
2

VC = VO + Vcos cot (H.2)
2

where Vo and Vsw are the average volume and the swept volume common to the hot and
cold pistons. c, s, and sin3 then become

c-= VS I + 1
2 TH 2 TC 2
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vo +I+v r
S=TV°H C TH- TC

tan = V. / T = -TC/TH
V~. / Tc

IsinPI = 1
1 +1/tan2fi

sinp = 1
I + (TH / TC)2

(H.3)

Expanding Qc in Eq. H. 1 to first order in b and Vsw/Vo, and multiplying by twice the

operating frequency because our refrigerator consists of two Stirling cycles operating in

parallel, we obtain

QSchmidt = 2fQc

= 2f rVswnR [ I
s 1- b2

=2f.- rVsnR_ i
s I| + (THs

- frVswnRc

41 + (TH / TC)2s 2

fyrVs 2nR

/ Tc)2

1-b2-1
b

i)2
/TC)2 j b

11 1

' TC2
1

T f + 1 Vr TC 

TH TC VO TH -TCJ

(H.4)

The expression in the square brackets may be simplified using a = TC/TH, whereby Eq.
H.4 becomes

Q Schmidt =

7rVs2 a [ +2]

1 V ana 2

VO 
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Appendix I Derivation of SOPTR's Frequency
Response at Uniform Temperature

The pressure's amplitude and phase and the piston power for the SOPTR are derived as

follows. Eq. 6.1.9 states

d(pV) = p-PO (I.1)
dt Ro

where Ro is the resistive impedance of the orifice. Using

p(t)=po+Re[p eit']

p(t)V(t) = n(t)RT (I.2)

where Pl is complex, n(t) is the number of moles of 3 He in the volume, and R is the

universal gas constant, we find

(I.3)p(t) = n(t)RT n()RT 1
V(t) V0 l Vl e&

VO

where p(t) is the real part of Eq. 1.3. Eq. I.1 then becomes

d(pV) d(nRT) _ p-P _ 1 p let
dt dt Ro Ro

nRT= p le i dt =
Ro

-Pi eia + constant= - P e +poVo.
iR o iMRo

Eqs. 1.3 and 1.4 combine to give

p(t) =

po Vo P ei= o
oR 0 1 =PO_ _ _ i o eo

VO Il V e = oRoVOVO Pl/PO eiwV0

= PO + V PI/PO 1ea't

V0 ioRVYO)

P1 = V P/Po
po VO ioRoVo

]= po+plei t=po[l+ P e ]

LPi
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p 1 = V1 1

Po VO 1+ 1
ioRoVo

1- 1
V1 1 io)R o V _ V1 1

VO + 1 1- 1 Vo (1 2
iawROVO i cROVO I+ woRoVo 

C1+ i V
(OR*OVOJ

V 1 1

1+(RoVo )

= tai'(joVo)

to first order in (Pl/PO) and (V1/Vo), where

P = PO + lpllcos(cot+O).

(I.5Sa)

(I.5Sb)

(1.6)

The work done by the piston on the fluid is the negative of the work done by the fluid on

the piston. Using

P = PO+Ple i 'Ot = PO + pllcos(cot+O) =o[1 + P -cos(act + 0
PO

V = Vo-V1 ei° t = Vo-Vlcoscot

dV = oVIsincot dt,

the piston power is

=--JpdV

=V-Po 1 o I + P cos(ot + )]sincotdt~: Po

_ oVfpo .fsin t + IP- I sin xtcos(ot + )dt
*r PO

-_ olpo [P in sin 2 to + cos sin ot cos tdt
* Po

sin ¢ oVp 0 pI '
= T 1p1sin

=cf I f II sino

1 wVlpo

(I.7)

Vl/VO

41l +(wRoVO)2 2 V + (1 /ROVo) 2
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(V/Vo) Po (I.8)
l+((VoRV 0 )2 2R

where r is the refrigerator's period.

The phase between Pl and VI was calculated from the data using the Fourier

transform. We first calculated 4, the pressure's phase, as follows:

pl(t) - cos(ot+4p) = (-sinp)sinot + (cosp)cosot A sincrt + B coso)t

A= -sinp, B= cosp
A

BA = -tan p
Op _ n-(A )

J p(t) sincot dt oc J A sin2rcot dt + Jo B sincot coscot dt = A + 0
2

Jo' p 1 (t) coswt dt c co A sincot coscot dt + Jo B cos2cot dt = 0 + B-
2

tn = - - 1
2 - tan-1 fopl (t)sin otdt (1.9)

B lp 1 (t)cos i tdt

We calculated Ov, the phase of the piston displacement volume, in a similar fashion and

then found

* = - v. (I.10)
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Appendix J The Pulse Tubes' Volume

The top and the bottom pulse tubes had the following geometry.

Top SOPTR

14 4 3.4 cm-

A

Bottom SOPTR

+ To cold platform

A44-

Cu con
1 of 2
I.D.=--0.

O.D.=0

CuNi'
1 of 2

T
necting tube

32 cm
).48 cm

Tube

I.D.=--0.61 cm
O.D.--0.64 cm

Flow
straightening
screen 
1 of 4

i.1
I

L

¶

o.S cm

8.3 cm

7.7 cm

T

I.,..,.,.IIIIIIii111111111111

rTo hot
heat exch

To hot
heat exchanger -2.1

Figure J.1. The pulse tube's geometry

The top pulse tube had a total volume of

n/4[(0.32 cm)2 (3.4 cm) + (0.61 cm) 2 (7.7 cm)] = 2.5 cm 3

and the bottom pulse tube had a total volume of

ir/4[(0.32 cm)2 (2.1 cm) + (0.61 cm) 2 (8.3 cm)] = 2.6 cm 3
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yielding an average of 2.6 cm3. In each pulse tube, the volume between the flow

straightening screen

x/4(0.61 cm)2(6.8 cm) = 2.0 cm3 (J.3)

will be defined as Vpt, the pulse tube volume, and the remaining 0.6 cm3 will be defined

as Vconnecting tubes the connecting tube volume.
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Appendix K The Pressure Decay Time Constant for the
SOPTR's Orifice

Ro, defined as

d(p) = p-Po
di' -PO(K .1)

dt Ro

was found by measuring the pressure relaxation time constant after a sudden change in

piston position. Since the piston is stationary after it is stopped,

= pdV+VdP = Vdp (K.2)
di t = d.

We let

P = pl e-t/To
dp/dt = -(l/to)pl et/o = -p/to (K.3)

where 0 is the pressure decay time constant for the orifice. Combining Eqs. K. 1 through

K.3,

-Vp/to = V dp/dt = d(pV)/dt = -(p-po)/Ro = -p/Ro

-Vp/to = -p/Ro

Ro =o/V. (K.4)

To find o from the pressure decay curve, we assume it decays exponentially with a time

constant of o.

P =PI et/'To

ln(p/pl) = -t/Xo

to = -t/ln(p/pl). (K.5)

We plot this quantity against the elapsed time, which is shown below. The pressure is
labeled as Ap because it is actually the difference between the top and the bottom
SOPTR's pressure readings. For a 17% mixture at 1 K, o(t) decreases from 17 s at t-- to
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9 s at t 25 s. The flow of superfluid 3He-4 He in a capillary is apparently non-linear, as

the rate of decay of pressure across a capillary changes with time. We choose X0 to be 11

s. For a 6% mixture at TH--0.374 K and TC--0.345 K, we choose no to be 50 s.

15

010
ka

5

0
4

-0

-4

-8

10 20 30 40 50 60

Time (s)

Figure K.1. The SOPTR's pressure reading after a sudden shift in piston position with a 17% mixture at 1
K. Ap does not decay to zero due to a shift in the calibration of pressure gauges. To is the pressure
relaxation time constant based on the measured pressure decay.
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Figure K.2. The pressure reading after a sudden shift in piston position with a 6% mixture at TH=0.37 4 K
and Tc=0.345 K. Ap does not decay to zero due to a shift in the calibration of pressure gauges. NO is the
pressure relaxation time constant based on the measured pressure decay.
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Appendix L Derivation of the Length of Imaginary
Piston in a Pulse Tube

IV311 is evaluated as follows. Eq. 7.1.3 states

V3 = V-V2

where Eq. 6.1.8 implies

V = Vo-Vleiot.

The number of moles of fluid in V2 is constant, which means

V2 = n2 RT
p

n2RT

Po

. n2RT I Poe, )
Po TPo

V2 o0(1-

where p is from Eq. 6.1.10 and V20 is the time average of V2. Eqs. L.1 through L.3 then

combine to give

V3 = Vo-Vleiot-V21- P e-) =
Po

(VO-V 2 o)+ vlV 20 /Vo 0 V
I1 + iWRoVo

V31 = V1V20 /VO l-/ioRoVO V1
1 + ¥ioR oVo 1 - liwRoVo 1

VV20/vo +i VI V2 0 1wRoVo 1
l1+V((ROVO) 2 _ Vo 1+V(oRov0) 2

- [Re]+i[Im]

IV31 1 = 1Re2 + Im2 (L.4)

We now show the details of derivation of the viscous boundary layer thickness. Eqs.

7.1.8a through 7.1.8d are

m _= _
- p[ du. +(u*V)ux] = P +g.V2ux+- (V.U)+pfxm at ax 3d

u = Ux+uy+Uzi = Re[u(r)eiOmtR,

p = po+Re[plei9t] P0o

T = To+Re[TleiO)t

(L.5)

Uy=Uz =0
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p = po+Re[plei ot]

where r is the radial coordinate. p 1 can be approximated by the ideal gas relation:

P=M3PRT
P=M3

RT I + T eiv )

RTO To )

= po(1 TLei )

= po+pIleiOt

P1 = -P T (L.7)

T1 is found as follows:

DT TT dT dT dT dT dT
-t= +uxdy + dUz = dt dx

Ot = -
di' Xdi (L.8)

Eqs. L.6 and L.8 combine to give

ioT eiOt =-u (r)ei otdT
dx

T1 =ul dT (L.9)
iwdx

Substituting Eq. L.9 into Eq. L.7,

po u1 dT'
P1 = P 1 dT (L.10)

To io ot

Note that
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(u.V)u = (Uxa/dx)ux = UxaUx/dX = 0

V u = aux/dx = 0. (L.11)

Substituting the above results into Eq. L.5, we find

m [po+p1ei0 t]icu1ei °t = p° +tV2u eit+p0geff -pjgeffeiOt . (L.12)
moX

Using Eq. L. 10 for PI and expanding to first order,

0= -Px -P0geff

ico-poul = gV2u+LpddT g. (.13)
mn 3T dx w

We now derive an expression for fx by finding the thermal expansion coefficient. The

effective thermal expansion coefficient of a superfluid 3He-4 He liquid mixture is defined
as1 1

Peff 1 Pm(dpmmj) (L. 14)
P3,m dT P,#U4

where the first subscript of 3 and m refer to the 3He component and the total fluid

mixture, respectively, and the second subscript m refers to the mass density. The total

mass density is given by

Pm,m = Pm,nMm = Pmn[M3X+M4(1-X)] = Pm,n[M 4 +(M 3-M4)XI (L.15)

where the second subscript n refers to the number density, M is the molecular mass, X is

the mole fraction of 3He, and the subscript 4 refers to the 4He component. We use the

ideal gas law to express X in terms of p and T:

pV = n3RT

P = n3 RT
nm/V nm

P = XRT
Pm,n
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X P v(L.16)
Pm,nRT

Substitution into Eq. L.15 yields

Pmm = PmnM4 + (M 3 -M4)[T. (L.17)

Neglecting the relatively small change in m with temperature and concentration,

Neglecting the relatively small change in pmn with temperature and concentration,

(dp~M' = (M3-M4).= -(M3-M4RT 2.

The 3He mass density is approximated by

P3,m = P3,nM3 = P T M 3.

RTCombining Eqs. L. 14, L. 18, and L.9,

Combining Eqs. L. 14, L. 18, and L. 19,

Peff=
( 3 -M4)

P M3RT

(L.18)

(L.19)

(L.20)1 M4 = -l/3T
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Appendix M Tables of Data

(vo (vol V2 (volt) | Q=V1V2R2 ( TW) T (K)

0.0832 0.964 8.02 0.388
0.1603 1.860 29.8 0.394
0.2369 2.745 65.0 0.403
0.3164 3.660 116 0.415
0.3966 4.592 182 0.429
0.4762 5.514 263 0.441
0.5546 6.420 356 0.453
0.6310 _ 7.304 461 0.464
0.7122 8.243 587 0.474
0.7916 9.161 725 0.484
0.8669 10.03 870 0.493
0.9420 10.90 1030 0.502
1.022 11.83 1210 0.511
1.102 12.75 1410 0.520
1.182 13.67 1620 0.529
1.260 14.58 1840 0.537
1.336 15.46 2070 0.544
1.416 . 16.39 2320 0.551 
1.493 17.27 2580 0.558
1.573 18.20 2860 0.565
1.652 19.12 3160 0.572
1.728 19.99 3450 0.582
1.728 19.99 3450 0.597

Table M.1. The power delivered to the 3 He platform versus the temperature. V1 and V2 are the voltages

across the resistors shown in Fig. 4.1, Q is the heat dissipated in the heater mounted on the 3 He platform,

and T is the temperature of the 3 He platform. R2 was 10,000 .
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T (K) ]Veff (cm3)T (K) | Veff(cm 3 ) QC (W) | WH (W) J WC (9W) I WtOt (W) 
0.36 6.230677 9.6 -11.4 9.7 -3.5 
0W42 6.435842 10.7 -12.5 10.6 ''_-3.8
0.5 6.690144 12.1 -13.9 11.7 -3.7
0.55 6.730505 13.1 -14.9 12.8 -4.1
0.6 6.781264 14.1 -15.9 13.8 -3.9
0 7 6.864712 16.4 -18.2 5.9 -4.4
0.8 6.953167 18.7 -20.7 17.9 -4.9
0.9 6.88413 22.1 -23.4 20.6 -4.7
1 6.993842 25.4 -25.7 22.4 -4.7
1.1 6.97206 31.1 -29.1 25 -5.5
1.2 6.889334 40.4 -31.9 27.9 -5
1.3 6.804341 53.5 -35.3 31.2 -5.3
-1.4 6.729158 73 -39.3 34.5 -6.3
Table M.2. 5.9% SSR constant temperature measurements. The hot and the cold piston swept volumes
were both 0.78 cm3, and the refrigerator's period was 100 s. T is the common temperature of the hot and
cold platforms, Vff is the effective volume of the refrigerator, Qc is the heat delivered to the heater
mounted on the cold platform per unit time, WH is the work done by the fluid on the hot piston per unit
time, Wc is the work done by the fluid on the cold piston per unit time, and W., is the total work done by
the fluid on the pistons per unit time.
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T (K) Veff (cm3) QC (' W) WH (W) WC (W) Wt (w)

0.425 5.006367 36.1 -66.6 35.6 -31
0.45 5.333896 47 -65.4 40.5 -25
0.46 5.103482 57.3 -70.2 47.1 -23.1
0.5 5.211548 75.3 -76.7 56.3 -20.4
0.55 5.363014 84.5 -85.3 62.4 -22.9
0.6 5.493057 93.1 -94.1 68.6 -25.5
0.65 5.795029 104.1 -98.7 73.5 -25.2
0.7 -5.688197 110 -112.2 81.8 -30.4
0.8 5.824494 130.4 -131.8 97.5 -34.3
0.85 5.953823 136.9 -133.5 101 -32.9
0.9 5.943496 145.7 -143.1 109 -34.4
0.95 6.2301 160.7 -148 116 -32
1 6.054112 1 67.3 -158.2 124 -34.5
1.05 6.286614 184.7 -164.7 131 -33.6
1.1 6.194459 192 -170.3 139 -31
1.2 6.319887 222.7 -183.1 153 -30
1.25 6.307439 242.3 -191 161 -30
1.3 6.359518 264.8 -198 168 -30
1.35 -.- 6.376673 285.2 -204 173 -31
1.4 6.41833 316.2 -213 185 -28
Table M.3. 17% SSR constant temperature measurements. The hot and the cold piston swept volumes
were 1.02 cm3 and 0.98 cm3, respectively, and the refrigerator's period was 80 s. T is the common
temperature of the hot and cold platforms, Vf is the effective volume of the refrigerator, Qc is the heat

delivered to the heater mounted on the cold platform per unit time, WH is the work done by the fluid on the

hot piston per unit time, Wc is the work done by the fluid on the cold piston per unit time, and Wo, is the
total work done by the fluid on the pistons per unit time.

T (K) Veff (cm3) Q (1W) w (pW) W (p.W) W (oW)

0.36 4.988197 6.08 -22.3 13.5 -8.8
0.38 5.175474 11.2 -23.7 14 -9.7
0.4 5.261814 13.9 -25.1 15.1 -9.9
0.425 5.343826 18.09 -26.8 17.1 -9.7
0.46 5.393618 28.2 -29 21.9 -7.1
0.5 5.539035 32.3 -32.2 24.1 -8
0.575 5.800965 38.4 -37.4 27.8 -9.6
0.825 6.200779 58.6 -56.6 42.9 -13.7= __~~~~~~~~~~~~~..
1.15 6.497395 92.1 -79.3 64.4 -14.9
1.275 6.532278 114.3 -89.3 74.5 -14.8
1.375 6.594033 138.8 -95.5 81 -14.5
Table M.4. 17% SSR constant temperature measurements. The hot and the cold piston swept volumes
were 0.76 cm3 and 0.82 cm3 , respectively, and the refrigerator's period was 100 s. T is the common
temperature of the hot and cold platforms, Vff is the effective volume of the refrigerator, Qc is the heat

delivered to the heater mounted on the cold platform per unit time, W$'H is the work done by the fluid on the

hot piston per unit time, Wc is the work done by the fluid on the cold piston per unit time, and Wt is the
total work done by the fluid on the pistons per unit time.
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T (K) Q (W) VVH (W) W (iW) Wto t (IW) 

0.675 10.15 -12 2.40909 -9.4
0.69 12.6 -12._ 3.49091 -8.9
0.7 24.4 -12.6 4.79091 - -7.3
0.75 41.5 -17.8 8.72727 -8.2-.-.-
0.8 41.1 -19.1 10.1364 -8
0.83 40.4 -20.9 11.0818 -8.7
0.87 45.8 -25.4 13.9364 -10
0.9 45.7 -25.2 14.8636 -8.9
0.95 48.1 -29.3 17.7545 -9.8
1 51.5 -31.1 19.7545 -9.4
1.08 55 -36 22.7727 -11
1.15 58.9 -39 26.4455 -9.9
1.2 61.6 -40 27.7545 -9.4
1.225 60.6 . -41 28.9455 -9.1
Table M.5. 36% SSR constant temperature measurements. The hot and the cold piston swept volumes
were 0.76 cm3 and 0.80 cm3, respectively, and the refrigerator's period was 300s. T is the common
temperature of the hot and cold platforms, Qc is the heat delivered to the heater mounted on the cold

platform per unit time, WH is the work done by the fluid on the hot piston per unit time, Wc is the work

done by the fluid on the cold piston per unit time, and Wt, is the total work done by the fluid on the pistons
per unit time.
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.(s) TH(K) Tc(K) I (w )
100 0.168 0.383 0
100 0.190 0.387 2.84
100 0.240 0.390 8.75
100 0.289 0.388 14.7
60 0.180 0.395 0 
60 0.205 0.397 6.06
60 0.241 0.398 14.2
60 0.275 0.400 22.4
40 0.188 0.402 0
40 0.210 0.404 7.91
40 0.251 0.407 23.1
40 0.291 0.409 39.2
40 0.300 0.412 43.4
30 0.209 0.416 0
30 0.241 0.415 16.2
30 0.284 0.417 39.6
30 0.302 0.419 47.6
30 0.317 0.419 55
18 0.253 0.445 0
18 0.267 0.447 13.1
18 0.290 0.451 34.8
18 0.305 0.448 50.8
18 0.324 0.451 70.7
18 0.335 0.454 77.7
Table M.6. 4.9% SSR cooling power measurements. The hot and cold piston swept volumes were 1.53
cm3 and 1.56 cm3 , respectively. r is the refrigerator's period, TH and Tc are the hot and the cold platform
temperatures, respectively, and Qc is the heat delivered to the heater mounted on the cold platform per unit
time.
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'r (s) ITC (K) QC (9W)
20 0.466 0
20 0.520 38.4
20 0.600 112.1
20 0.682 179.2
20 0.761 241.2
20 0.840 301.5
20 0.920 356.5
20 1.000 411.1
40 0.455 0
40 0.500 14.2
40 0.581 51.5
40 0.660 86
40 0.743 114.5
40 0.830 144.1
40 0.920 172.5
40 1.000 189.6
80 0.535 0
80 0.571 12
80 0.600 24.5
80 0.640 32.9
80 0.680 40.9
80 0.761 55.7
80 0.840 68.2
80 0.920 81.2
80 1.000 92.9
Table M.7. 17% SSR's cooling power measurements with the hot platform temperature held at 1 K. The
hot and cold piston swept volumes were 0.763 cm3 and 0.811 cm3 , respectively. is the refrigerator's
period, Tc is the cold platform temperature, and Qc is the heat delivered to the heater mounted on the cold
platform per unit time.
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X (s) Tc (K) Qc (W) _

22 0.865 0
22 ' 0.880 '273.6
22 10.900. 512.5
22 1.000 747
40 0.871 0
40 0.880 115.3
40 0.890 208.1
40 0.900 309.7
40 0.910 392.6
40 - 0.920 409
40 0.940 434.8
40 0.960 453.8
40 1.000 495.8
75 0.883 0
75 0.890 50.9
75 0.900 113.9
75 0.910 170
'75 0.917 203.3
75 0.920 208.7
75 0.930 217.7
75 0.950 231.8
75 0.970 243
75 1.000 254.6
150 0.895 0
150 0.900 22.9
150 0.910 57.8
150 0.917 77.7
150 0.920 82.3
150 0.930 95
150 0.940 95.5
150 0.960 103.8
150 ' 0.980 109.9 
150 1.000 111.5
Table M.8. 36% SSR cooling power measurements with the hot platform temperature held at 1 K. The hot
and cold piston swept volumes were 0.767 cm3 and 0.811 cm3 , respectively. Xr is the refrigerator's period,
Tc is the cold platform temperature, and Qc is the heat delivered to the heater mounted on the cold
platform per unit time.
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'X (s) Tc (K) Q (W)

30 0.782 0
30 0.792 165.2 -
30 0.800 222.4
30 0.820 339.2
31 0.900 585.7
40 0.793 0
40 0.798 71.6
40 0.800 108.3
40 0.805 134.9
40 0.810 162
40 0.820 257.2
40 0.830 351 
40 0.840 377.4
40 0.860 408.7
40 0.880 430.1
40 0.900 453.3
75 0.808 0
75 0.815 51.6
75 0.822 110.4
75 0.830 153.3
75 0.835 183.5 ..
75 0.840 189.9
75 0.851 201.4
75 0.866 211.5
75 0.885 222.3
75 0.900 225.8
150 0.822 0
150 0.828 38.9
150 0.835 64.9
150 0.840 76.4
150 0.855 87.8
150 0.870 93.2
150 -- 0.885 98.1
150 0.900 99.9
Table M.9. 36% SSR cooling power measurements with a hot platform temperature held at 0.9 K. The hot
and cold piston swept volumes were 0.767 cm3 and 0.811 cm3 , respectively. is the refrigerator's period,
Tc is the cold platform temperature, and Qc is the heat delivered to the heater mounted on the cold
platform per unit time.
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' () , f (mHz) Ii (torr) (deg.) QC (W) |I ' (W)
268 3.73 11.5 80.4 10.5 9.16
196 5.1 17.5 71.6 23.5 18.9
139 7.2 26.1 61.2 45.9 36.9
108 9.3 32.9 52.3 67.2 55.9
80 12.5 40 43.1 91.7 78.6
59 16.9 45.7 34.6 111 101.3
44 422.6 49.4 28.1 124 121.4
29.9 33.4 52.4 21 129 149.4
21.4 46.7 54.4 19 122 187.1
17.2 58.1 55.4 17.8 102.6 232.7
Table M.10. 17% SOPTR frequency response with both the hot and the cold platform temperatures held at
1 K. V1 , half of the piston swept volume, was 0.56 cm3 . and fare the refrigerator's period and
frequency, respectively, Ipll is half of the observed peak to peak pressure amplitude, q is the phase between

the piston motion and the pressure, Qc is the heat delivered to the heater mounted on the cold platform per

unit time, and W, is the work done by the piston on the fluid per unit time.

QC (.W) Wp (gW) [ (deg.) [P1' (torr) VI (cm3)
10.3 16.5 56.5 13.9 0.279
19.8 25.7 53 18.5 0.343
40.9 _ 47.3 48.2 26.5 0.458
57.9 65.5 46 32.7 0.54
97.5 108.2 42.4 44.4 0.63
80.3 89 43.8 39.4 0.70
114.1 125.8 41.7 48.8 0.76
145.4 160 39.6 56.7 0.85
181.6 201.1 38.6 65.3 0.96
209.5 231.6 38.1 71.6 1.03
Table M.11. 17% SOPTR cooling power as a function of piston displacement with the hot platform and
the cold platform temperatures held at 1 K and 0.9 K, respectively, and a period of 80 s. Qc is the heat

delivered to the heater mounted on the cold platform per unit time, W, is the work done by the piston on
the fluid per unit time, q is the phase between the piston motion and the pressure, pllI is half of the observed
peak to peak pressure amplitude, and V1 is half of the piston swept volume.

Oc (W) Wp (gW) I (deg.) -p1 (tol-) V1 (cml)
3.0 9.76 81.7 10.8 0.70
5.5 12.7 80.7 12.9 0.76
5.8 ' 13 80.3 12.9 0.77
9.0 17 79.0 15.3 0.86
12.0 21 78.7 18.0 0.95
13.9 23 77.9 18.9 0.96
Table M.12. 17% SOPTR cooling power as a function of piston displacement volume with the hot and the
cold platform temperatures held at 1 K and 0.9 K, respectively, and a period of 300 s. QC is the heat

delivered to the heater mounted on the cold platform per unit time, WAI is the work done by the piston on
the fluid per unit time, 0 is the phase between the piston motion and the pressure, Ipll is half of the observed
peak to peak pressure amplitude, and V1 is half of the piston swept volume.
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Tc (K) Q (W) W (W)

0.949 0 110.6
0.961 16.2 109.4
0.969 28.0 107.5
0.979 40.0 110.9
0.989 52.9 115.0
1.000 64.6 1 09.9
Table M.13. 17% SOPTR cooling power with the hot platform temperature held at I K. The refrigerator's
period was 84 s, and V1, half of the piston swept volume, was 0.99 cm3. Tc is the cold platform
temperature, Qc is the heat delivered to the heater mounted on the cold platform per unit time, and W is
the work done by the piston on the fluid per unit time. This set of data was measured with the pulse tube
being cold side down.

Tc (K) I Qc W) W (j±w) (deg.) IPI (tor)

0.642 0 44.2 54.3 19.2
0.681 12.2 49.1 52.3 21.5
0.730 23.1 54.4 50.9 24.9
0.780 35.1 60.2 48.9 27.6
0.841 49.1 65.2 47.5 30.8
0.920 69.3 72.8 44.9 35.6
0.975 80.2 74.4 44.0 37.7
0.990 85.5 76.4 43.4 39
1.000 91.7 78.6 43.1 40
1.010 97.5 77.0 43.4 39.6
1.019 107.5 78.7 42.9 40.2
1.030 120.4 80.9 42.3 41.3
1.050 -147.1 80.5 42.4 41.7
1.070 185 84.3 42.1 43.3
1.099 243.5 __

1.130 307.3 86.9 41.6 45.9
Table M.14. 17% SOPTR cooling power with the hot platform temperature held at 1 K. The refrigerator's
period was 80 s, and V1, half of the piston swept volume, was 0.56 cm3 . Tc is the cold platform
temperature, Qc is the heat delivered to the heater mounted on the cold platform per unit time, and W is
the work done by the piston on the fluid per unit time, ~ is the phase between the piston motion and the
pressure, and IplI is half of the observed peak to peak pressure amplitude.
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TC (K) Q (W) [ W (W) | p (deg.) I PlI (torr)

0.636 0 216.6 32.5 43.9
0.681 41.3 233.5 29.9 50
0.731 83.7 247 28.1 56.2
0.78 122.8 259.2 26.8 61.4
0.84 166.7 272.7 25.4 68.2
0.92 223 291.7 23.9 76.2
0.989 270 302.1 23.3 82.4
1.000 278 301.6 23.1 83.5
1.011 291 304.5 22.9 84.5
Table M.15. 17% SOPTR cooling power with the hot platform temperature held at 1 K. The refrigerator's
period was 40 s, and V1, half of the piston swept volume, was 0.90 cm3 . Tc is the cold platform

temperature, QC is the heat delivered to the heater mounted on the cold platform per unit time, and W is
the work done by the piston on the fluid per unit time, ~ is the phase between the piston motion and the
pressure, and IplI is half of the observed peak to peak pressure amplitude.

T (K) c(*W WI (QW) I W4 (deg.) IpII (torr)

0.281 0 14.1 28.4 11.2
0.290 0.83 14.5 27.2 11.5
0.300 1.84 14.7 27.2 11.9
0.315 3.30 15.1 27.1 12.2
0.330 4.54 15.5 26.3 12.8
0.345 6.22 15.9 26.3 13.2
0.365 8.0 16.3 25.7 13.8
Table M.16. 6% SOPTR cooling power with the hot platform temperature held at 0.374 K. The
refrigerator's period was 120 s, and V1, half of the piston swept volume, was 0.80 cm3 . Tc is the cold

platform temperature, Qc is the heat delivered to the heater mounted on the cold platform per unit time,

and Wp is the work done by the piston on the fluid per unit time, is the phase between the piston motion
and the pressure, and IplI is half of the observed peak to peak pressure amplitude.
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