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Abstract

In this thesis, we show that single-petaled K-types and quasi-single-petaled K-types
for reductive Lie groups generalize petite K-types for split groups. First, we prove
that a Weyl group algebra element represents the action of the long intertwining
operator for each single-petaled K-type, and then we demonstrate that a Weyl group
algebra element represents a part of the long intertwining operator for each quasi-
single-petaled K-type. We classify irreducible Weyl group representations realized
by quasi-single-petaled K-types for classical groups. This work proves that every
irreducible Weyl group representation is realized by quasi-single-petaled K-types for
SL(n,C), SL(n,R), SU(m,n), SO(m,n), and Sp(n,R).
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Chapter 1

Introduction

In unitary representation theory, the classification of irreducible unitary representa-
tions has been a popular area of research. One of the natural motivations to study
unitary representations lies in harmonic analysis. If a reductive Lie group G acts
on a space X, it is often possible to prove abstractly that there is a direct integral
decomposition of L?(X) into irreducible unitary representations, even though finding
such a decomposition explicitly is difficult. Unitary representations have been ac-
tively studied for the last several decades. For compact GG, the Peter-Weyl theorem
proves that all irreducible unitary representations are finite dimensional and they
decompose L?(G) [17]. For noncompact G, the irreducible unitary representations
are generally infinite dimensional, and the situation is much more complicated. For
reductive G, Harish-Chandra proved that L?(G) could be decomposed using only the
tempered unitary representations, which are completely classified [22]; but for other
homogeneous spaces, like conjugacy classes in G, this is no longer true. We would

therefore like to understand all irreducible unitary representations.

This thesis contributes to expanding the previously known list of correspondences
between the irreducible representations of the Weyl group and the maximal compact
subgroup for classical groups. We can use the expanded list for the classification
of unitary representations. As a corollary, this work confirms the relation between

unitarity in the real setting and unitarity in the p-adic setting for split groups. (cf. [5])
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In Chapter 2, we explore the previous research in unitary representation theory.
We can reduce the classification of irreducible unitary representations to the following

situation thanks to the theorems of Harish-Chandra [16]:

e Every irreducible unitary representation is admissible, so it is enough to check

unitarity for irreducible admissible representations.

e Irreducible admissible representations are classified as the Langlands quotients

of principal series representations.

A general principal series representation depends on many parameters, but for spher-
ical representations, we can simplify the parameters significantly. Here, a spherical
representation is a representation with a copy of the trivial representation of the

maximal compact subgroup K.

e For the spherical case, the Langlands quotient is the unique irreducible spherical
quotient of the principal series representation I(r) indexed by just one param-
eter. This parameter v is a complex-valued linear functional on the real Cartan
subspace a. The Langlands quotient is uniquely determined, so we may write

it as J(v) [16].

e The problem of deciding whether J(v) is unitary or not can be reduced to the

case when v is a real-valued linear functional [16].

The remaining question is to find out which J(v) is unitary for real v. Harish-
Chandra proved that an irreducible admissible representation is unitary when we have
an invariant positive definite Hermitian form on it [16][25]. The invariant Hermitian
form is represented by a linear operator from I(v) to I(wy(v)), which is called the
long intertwining operator [19][20][21]. Here, wy is the longest Weyl group element.

Then, J(v) is unitary if and only if the corresponding long intertwining operator

A(v) - I(v) — I(wo(¥))

12



is positive semi-definite. We may pass the long intertwining operator A(v) to the
operator

Ay(v) : Homg (¢, 1(v)) — Hompg (¢, I(wo(v)))

for an irreducible representation of K, ¢. Irreducible representations of K are also
called K-types. The operator A(v) is positive semi-definite if and only if A4(v) is
positive semi-definite for all K-types ¢. Using Frobenius reciprocity, we can regard
A,(v) as a linear operator on the M-fixed vectors of ¢, where M is subgroup of K
that centralizes a. In this way, the long intertwining operator can be considered as
a linear operator on the M-fixed vectors of each K-type. If this linear operator is
not positive semi-definite, then the long intertwining operator fails to be positive
semi-definite, and therefore, J(v) is not unitary. We will call these calculations non-
unitarity tests using K-types. On the other hand, the Weyl group W acts on
VM, the M-fixed vectors of ¢. We can write Ay(v) as a Weyl group algebra element
A, (V) acting on V¢M for some special K-types. The main technique is to decompose
the long intertwining operator into the composition of simpler intertwining operators
[10][26][16]. If the representation of W, 7, is realized on the M-fixed vectors of the
special K-type ¢, then 7(A,,(v)) appears in the long intertwining operator on V¢M.
Irreducible representations of W are also called W-types. If 7(A,,(v)) is not positive
semi-definite, then the long intertwining operator fails to be positive semi-definite,
and J(v) is not unitary. We will call these calculations non-unitarity tests using

W-types.

We can relate non-unitarity tests using K-types with non-unitarity tests using W-
types in this way, and we can pass the calculation to the setting of affine Hecke
algebra [5][2]. To ensure unitarity, an infinite number of tests using K-types have
to be conducted. However, we can check non-unitarity even with a finite number
of tests. Therefore, we can use W-types corresponding to the special K-types for
non-unitarity tests [2]. One family of these special K-types is petite K-types, and
some of W-types <« K-types correspondences have been studied [6][25]. This thesis

contributes to generalizing petite K-types and expanding the known list of correspon-
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dences.

In particular, W-type tests ensure unitarity in the p-adic setting for split Gg, [4],
so W-types < K-types correspondences reveal some information about the relation

between non-unitarity in the real setting and non-unitarity in the p-adic setting.

In Chapter 3, we introduce single-petaled K-types and explain how they gener-
alize petite K-types and how we can represent A4(v) using a Weyl group algebra
element for single-petaled K-types ¢. Let A be the restricted root system for (g, a),
and let g, be the root space corresponding to aw € A. If @ € A and 2« ¢ A, then we

call o reduced. Let A; be the set of reduced roots.

Definition 1.1 A quasi-spherical K -type is a K-type with a nonzero M -fixed vec-

tor.

In [24], Oda defined an interesting family of K-types, which is called single-petaled
K-types, as the following.

Definition 1.2 For each simple root «, fix X, 0X,, and H, such that

H,, is the coroot of «
[(Xa,0X,] = —H,
Xa € 8o

Put Z, = Xo+0X,. Then a quasi-spherical K-type (¢, Vy) is single-petaled if and
only if

(Zo)(6(Z0)? — 4o =0' , Yo € VM, Ya € A,.

This family of K-types can play an interesting role in unitary representation theory:
it can be used to generalize petite K-types, for which we can construct a correspon-

dence between W-types and K-types for non-unitarity tests [2][25]. We explain how

n [24], the single-petaled K-types are defined in a different way, which is equivalent to this one.
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single-petaled K-types generalize the petite K-types. The definition of petite K-types

is given below.

Definition 1.3 For each simple root o, we define a real rank one subalgebra g gen-
erated by @na for nonzero n. The real rank one subgroup G* is the analytic subgroup

of G corresponding to g%, and K is the mazximal compact subgroup of G*.

Definition 1.4 Suppose that G is a split real group, and (¢,Vy) is a K-type. Since
G is split, G* is locally isomorphic to SL(2,R), and K* to SO(2,R). Note that
irreducible representations of SO(2,R) are one-dimensional and they are indexed by

7. Let
blga =P DG D ... D Py

be the decomposition of ¢ into irreducible representations of K% for a € ¢1. We call

¢ petite if ¢; is a character 0, £1, £2 of K* for all o € A;.

For a general rank one group G* (when G is not split), the group K* may not be
isomorphic to SO(2,R). For example, K is isomorphic to S(U(p — ¢+ 1) x U(1)) if
G is SU(p,q) and « is a short reduced root. Nevertheless, Kostant gave a complete
list of the quasi-spherical K*-types and calculated the long intertwining operator
on each of them [23]. As a consequence of his calculation, we show that the long
intertwining operator of G* for K*-type ¢ is given by a Weyl group algebra element
if ¢ is either the trivial representation or a subrepresentation of p@. Here, we use the
Cartan decomposition

gazea@pa

corresponding to a fixed Cartan decomposition g = € @ p. Note that p is the com-

plexification of p“.

We can write the long intertwining operator as a composition of simpler intertwin-

ing operators, which are the long intertwining operators of real rank one subgroups
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[10][26][16]. Therefore, we can represent the long intertwining operator using a Weyl
group algebra element for K-types satisfying the following condition. Since the long
intertwining operator action that matters is only on nonzero M-fixed vectors, this

condition, which is weaker than that of petite K-types, still works.

Condition 1.5 Let
Plyke =91 D P2 @ ... D Py,

be the decomposition of ¢ into irreducible representations of MK for a € Ay. If ¢;
has a nonzero M -fized vector, then we require that ¢;|k« is either the trivial repre-

sentation or the subrepresentation of (p N g%)c for every reduced root .

For real rank one groups, the single-petaled K-types are classified [24], and they are
the trivial K-type and a irreducible subrepresentation of K on pc. The definition of
the single-petaled K-type is given by the action of Z, € ¢, so a K-type ¢ is single-
petaled if and only if every irreducible quasi-spherical direct summand of ¢|y i« is
restricted to the single-petaled K“-types for all @ € A;. We obtain the following

theorem.
Theorem 1.6 Single-petaled K-types are the representations satisfying Condition 1.5.

We classify single-petaled K-types for SL(n,C) and SU(m,n) in 3.4.1 and 3.5.1 using
this theorem and the branching theorem 3.1.1.6 of Weyl [17]. We also calculate the

corresponding Weyl group representations in 3.4.2 and 3.5.2.

In Chapter 4, we generalize this argument and relate K-types and W-types for a
larger set of K-types, called quasi-single-petaled K-types, defined in [24].

Definition 1.7 Let (¢, V}) be a quasi-spherical K -type and define V(%mgle to be

{ve VM| 6(Za)(9(Za)? —4)v = 0,Ya € Ar}
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The K-type ¢ is called quasi-single-petaled if V(z)]gingle # 0. We call an M-fixed

vector v single-petaled if v € ngfgmg,e.

A Weyl group representation is defined on the single-petaled M-fixed vectors of a
quasi-single-petaled K-type ¢, and the action of the long intertwining operator sta-

bilizes the single-petaled M-fixed vectors.

Definition 1.8 A Weyl group representation v is called single-petaled (with respect
to G) if it appears in Vé}gmgle for a quasi-single-petaled K-type (¢, V).

Theorem 1.9 The long intertwining operator on V)5, . C VM ~ Homy (¢, I(v)) is

represented by a Weyl group algebra element A, (v).

Suppose 1 appears in the Weyl group representation on V¢M If (A, (v)) has a

,single*

negative eigenvalue, the long intertwining operator on Végmgle is not positive semi-
definite. Therefore, the long intertwining operator on Vd)M is not positive definite. We

obtain the following theorem.

Theorem 1.10 if ¢ is a single-petaled W -type and (A, (v)) has a negative eigen-

value, then J(v) is not unitary.

We classify single-petaled W-types for classical groups case by case. The notation for
W-types is from [11] and 2.4.4.

Theorem 1.11 For the following groups, every W -type is single-petaled:
SL(n,C), SL(n,R), SU(p,q), SO(p,q), Sp(n,R).
Theorem 1.12 For the following groups, we give the lists of single-petaled W -types:

e G=SL(nH), K=_Spn), W=>_5,:
Y is single-petaled
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< \=(ay,as,...,a,)" satisfies ay < 2.

e G=Sp(m,n), K= _Sp(m) x Sp(n), W =25, x (Z/2Z)":
M) is single-petaled
< 7=(1,1,...,1) and AT = (K1, ko, ..., kp»|) such that k; <2
or 7 =0 and A = (ky, ko, ..., k) such that ky <2

o G = 50(271 + 1,(:), K= SO(Qn + 1)7 W~ S, x (Z/ZZ)”:
M) s single-petaled
= A=k k=011 )Fn—k

e G=50(2n,C), K =502n), W C S, x (Z/2Z)":
T is single-petaled for A # 7
= A= (k,1,1,...,1), 7= (r)
or A= (k,1), 7= (r,1)
A AT g single-petaled when n = 2m
= A=(m)Fm
orA\=(m—-1,1)Fm

e G=5pn,C), K=>5pn)~Spn,C)nU(2n), W =5, x (Z/27)":
M7 is single-petaled
—T1=0, A= (k1,1,...,1)
or 7 = (1), A = (kq, ko, k3) such that 0 < kg, k3 <1
or7=(1,1,...,1), A = (ky, k2) such that 0 < ky <1

e G=50"2n), K=U(n), W =S5, x (Z/2Z)":
M) s single-petaled
A= (k,1,1,...;1), 7= (r)
or A= (r), 7= (k,1,1,...,1).

We confirm each single-petaled W-type by constructing a single-petaled M-fixed vec-
tor space that realizes the W-type.

In Chapter 5, we propose some future research.
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Chapter 2

Background

2.1 Irreducible Admissible Representations

2.1.1 Irreducible Admissible Representations

Let G be a reductive group with a fixed maximal compact group K. Note that K
may be disconnected. By K-types, we mean irreducible representations of K. The
irreducible representations of compact connected Lie groups are fully classified by

highest weight representations [17], and we denote the K-type with highest weight A
by ¢a.

Definition 2.1.1.1. An irreducible representation © of G is admissible if

Hom (¢, )

is finite dimensional for every K-type ¢.

If we restrict m to K, then it is expressed as a direct sum of K-types. Admissibility
means that, for each K-type ¢, only finite number of direct summands are equivalent
to ¢. The admissibility condition is not a harsh condition to add when we study irre-
ducible unitary representations because of the following theorem of Harish-Chandra

16).
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Theorem 2.1.1.2. Every irreducible unitary representation of a reductive Lie group

G is admissible.

(Classifying irreducible unitary representations is an important problem in unitary
representation theory, and we only need to check the unitarity of irreducible admissible

representations thanks to the theorem above.

2.1.2 Principal Series Representations and Harish-Chandra

Subquotient Theorem

As a step toward classifying irreducible unitary representations, it is natural to ask
the classification of admissible irreducible representations. The answer is given by
Langlands: any irreducible admissible representation is an irreducible quotient of a
“principal series representation” [16]. In this subsection, we will describe the principal
series representations induced from the minimal parabolic subgroup. In general, a
principal series representation is induced from a parabolic subgroup, not necessarily
minimal. However, it is enough to study the principal series representations induced
from the minimal parabolic subgroup to describe the spherical case, which is our

interest. We will discuss the spherical case in 2.1.4.

Definition 2.1.2.1. An irreducible representation m of G is called spherical if 7|k

has a copy of the trivial representation of K.

Let g be the Lie algebra of the reductive group G. Let us fix the Cartan involution 6
and the corresponding Cartan decomposition g = €@ p. Note that £ is the Lie algebra
of the maximal compact subgroup K. Let a be a fixed maximal abelian subalgebra

of p, and M the subgroup of K that centralizes a.

Definition 2.1.2.2. A K-type is called quasi-spherical if it has a nonzero M -fixed

vector.

Quasi-spherical K-types are useful when we study spherical unitary representations.

Using the abelian subalgebra a, we can obtain the restricted root space decomposition

20



of g. The nonzero linear functional o on a is a restricted root if
g ={X €g]a,X]=0aa)X for all a € a}

is nonzero. Let A be the set of restricted roots. If @ € A and 2a ¢ A, then we call «
reduced. Let A; be the set of reduced roots. The restricted root spaces g, together
with a and m span g, so we obtain the following restricted root decomposition of g
[17]:

g=mdad @ Ja-

acA
We can choose simple restricted roots II and corresponding positive restricted roots
A™. The minimal parabolic subalgebra q corresponding to the set of simple roots II
is

q=moad P g

acAT
The nilpotent Lie algebra @, .o+ 8o is also denoted by n. The minimal parabolic
subgroup @ is the normalizer in G of the Lie algebra q. The minimal parabolic

subgroup @ has the decomposition [17]
O = MAN

where A and N are analytic subgroups of GG corresponding to the Lie subalgebras a
and n respectively. The subgroup N of @ is normal, and Q/N ~ M x A. We can

construct a representation of ) = M AN which is trivial on N from representations

of M, A, and N:

0 is an irreducible unitary representation of M
v is an element in dual of a

triv is the trivial representation of N.

From these representations, we can construct the representation of @)

0 ® e’ triv
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For v in a*, we can construct a corresponding character of A, e” such that
¢’ (exp(a)) = e

for a in a. Because exp is a bijective map from a to A, the equation above defines a
character of A. Now, we demonstrate two ways to describe principal series represen-
tations [16][25].

e Induced Picture: The principal series representation I (d,v) is induced from
the representation d ® e” ® triv of the minimal parabolic subgroup in the following
way.

Ig(o,v) = Indg:MAN(é ® e’ @ triv).

Here, the representation space is the following Hilbert space:

Ho(d,v) = {F : G — Vs measurable | F(gman) = e~ *Plesl@)§(m)=1F(g)
forme M,a € A,ne€ N,g € G}

with the norm

|1F|? = /K (F (k) Pdk.

The representation of G is defined on Hg(d,v). Specifically, g sends a function F' €
Hg(0,v) to another function Ig(0,v)(g)F € Hg(0,v), which is defined below:

[1q(0,v)(9)F)(x) = F(g ).

e Compact Picture: The compact picture is simply the restriction to K of the
induced picture, and the restriction is one-to-one. The representation space is the

following Hilbert space:
HP = {F : K — Vs measurable | F(km) = 6(m)~'F(k) for k € K,m € M}

with the norm

I1F|? = / (P (k) dk.
K
22



Since GG equals K AN, we can decompose g € G correspondingly as
g = r(g)e"Wn.
The action of GG is defined as
[1o(8,1)(9)F)(k) = e~ MO P (1(g7 k).

Note that Ig(6,v) share the representation space H(? in the compact picture for all

v E a*.

We notice that every principal series representation is admissible due to Frobenius

reciprocity because the following space is finite dimensional for a fixed K-type ¢ [25]:
Hom g (¢, Indg:MAN((S ® e’ ® 1)) = Homg (¢, Ind};(6)) = Homyp (6, ).

Definition 2.1.2.3. A g-module (1, V),) is a (g, K)-module when the following holds.
o (1,V,) is also a representation of K.

o The differential of the representation of K s the same as the representation of
g restricted to €.

o IfXegandke K, then u(Ad(k)X) = u(k)pu(X)u(k™).

o Fuvery element v in 'V, lies in a finite dimensional K -invariant subspace.

We say a vector v in V), is K-finite when v lies in a finite dimensional K-invariant
subspace. Similarly, in a representation (w,V;) of G, we can define v € V, to be
K-finite when K translates of v span a finite dimensional space. When we study

admissible representations, it is often helpful to make use of K-finite vectors of them.

Proposition 2.1.2.4. For an irreducible admissible representation (w,Vy) of G, its

K-finite part is a (g, K)-module (m(x, Vr (k))-

Moreover, for a unitary irreducible representation of G, its K-finite part is a unitary

(g, K)-module [16].
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Definition 2.1.2.5. Two representations of G ' and 72 are called infinitesimally

equivalent if the (g, K)-modules 7T(1K) and 7r(2K) are isomorphic.

Two irreducible unitary representations of GG are unitarily equivalent if and only if they
are infinitesimally equivalent [16]. Therefore, classifying the spherical unitary dual is
equivalent to classifying spherical unitary (g, K)-modules. In order to study unitarity
of (g, K)-modules, we use the long intertwining operator, which is introduced in the
next subsection. For a principal series representation, the K-finite part is actually a

Harish-Chandra module [16], which is defined below.

Definition 2.1.2.6. A (g, K)-module (11, V,,) is admissible if

Hompg (¢, 1)

is finite dimensional for every K-type ¢. A (g, K)-module is finitely generated if
there exist finitely many K -finite vectors {v; | j € J} such that

YesU (g%, = V.

A finitely generated admissible (g, K)-module is called a Harish-Chandra module.

We call the vector space spanned by K-finite vectors of Hg (0, v),
{ve Hg(,v) | Io(d,v)(K)(v) is finite dimensional},

the Harish-Chandra module corresponding to I (0, ). The principal series rep-
resentation is not generally irreducible, but it partly classifies irreducible admissible

representations according to the following theorem of Harish-Chandra [16].

Theorem 2.1.2.7. (Harish-Chandra Subquotient Theorem) Every irreducible
admissible representation of G is infinitesimally equivalent to a composition factor of

a principal series representation induced from the minimal parabolic subgroup.

In other words, an irreducible admissible representation of G is infinitesimally equiv-
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alent to

M/ M,

for some subrepresentations M; D M, of a principal series representation I (4, v).

2.1.3 The Long Intertwining Operator and the Langlands
Quotient

The principal series representation is not an irreducible representation generally, and
the Langlands quotient Jg(6,v) is an irreducible quotient of the principal series rep-
resentation [16]. To define the Langlands quotient, we need to define the long in-

tertwining operator first. The minimal parabolic subgroup ) has the decomposition

MAN where
Lie(N) = €D ga

acAt
as in 2.1.2. We choose another set of simple roots II such that every root is uniquely
expressed as a sum of elements of I and the coefficient is all non-negative or all
non-positive. Let A* be the set of positive roots corresponding to II. Note that II is
expressed as w(II) for some Weyl group element w [13]. Then Q = MAN is another

minimal parabolic subgroup where
Lie(N) = P go-
aEAT

We have two principal series representations I (d,v) and I Q(é, v). Then an intertwin-
ing operator

A(Q: Q: 6:v): Ho(d,v) — Hg(0,v)

is defined such that

NNN

AQ: Q: 6: v)(F)(x) :/ F(azm)dn
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where

Lie(N)= P g

aEe—AT
If Re(v) is strictly dominant, A(Q: Q: §: v) converges [16][25]. This operator has an

analytic continuation to A(Q: Q: 8: v) for weakly dominant Re(v) [16]. Therefore,

we obtain the following theorem.

Theorem 2.1.3.1. For weakly dominant Re(v), A(Q: Q: 6: v) is well-defined, and

we can define the kernel and the image of this operator in a natural way.

For () given by w.Q, we will denote A(@: Q:0:v)as Aw: @Q: 0: v). We can factor-
ize the intertwining operator A(@: @: 6: v) into a product of simpler intertwining

operators [25][10]]26][16].

Theorem 2.1.3.2. Let Qo = M ANy, Q1 = MAN;, and Qo = M ANy be the minimal

parabolic subgroups satisfying
LZG(N()) N LZ@(NQ) C LZB(Nl) N LZ@(NQ)
Then,
A(Qa: Qo: 0:v) = A(Qa: Q1:0: V)0 A(Q1: Qp: 0: 1)
holds. Suppose that
w.Qo = Q2, w1.Qo = @1, and wy.Q1 = Q2

and that w = wewy satisfies l(w) = l(wy) + l(wa). Then,
Alw: Qo: 0: 1) = A(we: w1.Qp: 0: V)A(wr: Qo: d: v).

Definition 2.1.3.3. Let v be an element of a* such that Re(v) is weakly domi-

nant. Let A(Q: Q: d: v) be the long intertwining operator between Ig(0,v) and
I@(d, v). Note that Q is given by wo.Q for the longest Weyl group element wy, and

A(Q: Q: 0: v) is also denoted by A(wy: Q: d: v).
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Theorem 2.1.3.4. (Langlands and Milici¢ [7]) Let v be an element in af. such that
Re(v) is weakly dominant. Let Q = M AN be the minimal parabolic subgroup and §
be a representation of M. The image of the operator A(Q: Q: §: v) is an irreducible

submodule of 15(5’ v), and the image is isomorphic to

_ [Q_(é, V) '
Ker(A(Q: Q: 6:v))

JQ(&, I/)

Now, we are ready to define the long intertwining operator and the Langlands quotient

[16](7].

Definition 2.1.3.5. J(6,v) is the Langlands quotient of 1o(0,v). Note that the

Langlands quotient is defined if Re(v) is weakly dominant.

In this subsection, we described the Langlands quotient of the principal series rep-
resentation induced from the minimal parabolic subgroup. Generally, the principal
series representation and its Langlands quotient are defined for non-minimal parabolic
subgroups as well [16]. In this thesis, we will only use the principal series represen-
tation induced from the minimal parabolic subgroup and its Langlands quotient, so

we will not explain the general case.

2.1.4 The Spherical Case

Suppose that a principal series representation induced from the minimal parabolic
subgroup Ig(0,v) is spherical, which means that Homg (trivg, Io(d,v)) is nonzero.
By Frobenius reciprocity, Hom;(trivg, d) is nonzero, which means ¢§ is the trivial
representation of M. Therefore, we assume that ¢ is the trivial representation of M.

Notice that Hom,(trivg, trivys) is one-dimensional.

Theorem 2.1.4.1. [18/[16] Assume that Re(v) is weakly dominant. The lowest K-

type of Ig(0,v) is not annihilated by the long intertwining operator. In other words,

dim(Homg (trivg, Ig(6, v))) = dim(Homg (trivg, Jo(d,v))).
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For the spherical principal series representation, the lowest K-type is the trivial K-

type. The definition of the lowest K-type is given below [16].

Definition 2.1.4.2. Fiz a Cartan subalgebra b of & and a positive system for A(b®, €°).
Among K-types ¢ occurring in w, the minimal K-types of m are ¢ for which

|+ 26| is minimized by N = A.

From 2.1.2.7, an irreducible admissible representation 7 of G is infinitesimally equiv-

alent to My /M, for some subrepresentations M and My of (6, ). Also, because

Ig(trivay, v) o~ Ig(trivys, wr)

for a Weyl group element w [16], so it is enough to think the case where Re(v) is
weakly dominant. If 7 is spherical, then ¢ is the trivial representation of M. Since
the dimension of Hom(trivg, trivy,) is 1, the dimension of Homg (triv, M;/My)
is 1. Therefore, dim(Hompg (triv, M;)) is 1, and dim(Homg (triv, Ms)) is 0. Only
one composition factor of I (9, v) satisfies this condition, and the Langlands quotient

satisfies this condition. Therefore, we obtain the following proposition.

Proposition 2.1.4.3. The spherical irreducible admissible representation of G is

expressed as the Langlands quotient of I(v) := Io(triv,v),

J(v) = Jg(triv, v).

Here, Re(v) is weakly dominant.

Definition 2.1.4.4. The set of equivalence classes of irreducible unitary represen-
tations of G is called the unitary dual. Also, the set of equivalence classes of

wrreducible spherical unitary representations is called the spherical unitary dual.

Therefore, classifying the spherical unitary dual of GG is reduced to deciding whether
J(v) is infinitesimally unitary, which means that there is a positive-definite invariant
Hermitian form on it. We discuss this Hermitian form more specifically in the next

section.
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2.2 Unitary Representations and the Long Inter-
twining Operator
2.2.1 Unitary Representations and the Invariant Hermitian

Form

Suppose v € af is a complex linear functional. The problem of deciding whether
J(v) is unitary can be reduced to the case when v is a real linear functional on a [16].
Therefore, we focus on only real v. Note that for weakly dominant real v, the long

intertwining operator is guaranteed to converge.

Theorem 2.2.1.1. [16//25] A representation of G is unitary if and only if we have

a positive definite invariant Hermaitian form on it.

On a (gc, K)-module (7,V;), an invariant Hermitian form is the sesquilinear form

satisfying the following conditions [27]:
o <v,w>=< W, v >
o <(X)(v),w >=<v,7(—X)(w) > for X € ¢©
o < 7(k)(v),nm(k)(w) >=<v,w > for k € K.

Note that <, > is positive definite if and only if < v,v >> 0 and <, > is positive
semi-definite if and only if < v,v >> 0 for all nonzero v. We would like to check if
there exists a positive semi-definite invariant Hermitian on I(v), and to do this, we

need to know under what condition the invariant Hermitian form exists.

Proposition 2.2.1.2. If there exists an invariant Hermitian form on I(v), then the

following conditions hold: the longest Weyl group element wq satisfies
wod ~ 8, wor ~ —7, wy.Q = wyQuy ' = Q

This condition is called the formal symmetry condition [25].
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The formal symmetry condition is necessary because I(d, ) and I5(d, —7) should be
equivalent to define an invariant Hermitian form on I4(6, ). Suppose that the formal
symmetry condition holds for @, ¢, and v for the rest of the thesis. An invariant Her-
mitian form on Ig(triv,v) = I(v) is represented by an intertwining operator between
Io(v) and 1,,.o(wod, wor) [19][20][21]. By normalizing this intertwining operator as

in [25], we obtain an intertwining operator for weakly dominant real v.
AW) : 1) = I ).
We can obtain A(v) by normalizing the long intertwining operator [25]
Alwo: Q: triv: v) 1 Ig(v) — L,.p(v).

Likewise, by normalizing A(w: Q: triv: v), we can define A(w,v) : I(v) — I(w™(v)).
Note that A(wg,v) is A(v). We factorize A(w, v).

Theorem 2.2.1.3. Suppose that w = wyws, and l(w) = l(w1) + l(wa). Then,
Alw,v) = A(wiwy, v) = Alwy, wy 'v) o A(w,, V).

Note that A(wy: @: triv: v) and A(v) are the same linear operator, so we will refer to
both of the intertwining operators as the long intertwining operator. We will analyze

this operator using K-types in the following subsection.

2.2.2 Unitarity Tests Using K-types
We may canonically pass the long intertwining operator
AW) : I(v) — I(wy'v) = I(wov)

to the operator

A,(v) : Homg (¢, I(v)) — Hompg (¢, I(wor))
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for K-type ¢ [25]. Since I(v) is an admissible representation, Homg (¢, I(v)) is finite

dimensional. For the intertwining operator
Aw,v) : I(v) = I(w™}(v)),
we will write the produced operator as
Ag(w,v) : Homg (¢, I[(v)) — Homg (¢, I(w™*(v))).

The operator A(v) is positive semi-definite if and only if A,(v) is positive semi-definite
for every K-type ¢ [25]. Using Frobenius reciprocity, we can regard A,(v) as a linear

operator on M-fixed vectors of ¢, V¢M because
Homp (¢, I(v)) ~ V¢M ~ Hompg (¢, I(w™(v))).

In this way, the long intertwining operator can be considered as a linear operator
on M-fixed vectors of each K-type. Therefore, J(v) is unitary if and only if A,(v)
is positive semi-definite for every K-type ¢. If A,(v) is not positive semi-definite
for some K-type ¢, then the long intertwining operator A(v) fails to be positive
semi-definite, and therefore, J(v) is not unitary [25]. We will call this calculation
non-unitarity test using K-type ¢. Note that if the formal symmetry condition
holds, Ay(wo, V) on V¢M is a Hermitan operator. We choose a basis of V¢M to represent
this hermitian operator as a matrix A. Regardless of the basis that we choose, the
set of eigenvalues of A is fixed, and A,(wp,v) is positive definite if and only if the
eigenvalues of A are all positive. Therefore, to check that the invariant Hermitian
form on V¢M is positive definite, it is enough to check that every eigenvalue of A is

nonnegative: we will calculate an example for SL(3,R) in 2.3.3 and 2.4.3.
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2.3 Calculating the Long Intertwining Operators

2.3.1 The Long Intertwining Operators for Real Rank One
Groups

Throughout this subsection, let G be a Lie group with real rank one. For real rank
one groups such as SU(n, 1), SO(n,1), Sp(n, 1), and SL(2,R), every K-type has one
dimensional M-fixed vectors. For example, for G = SO(n, 1), the representation of K
on p has the M-fixed vector space a, which is one dimensional for real rank one groups.
Therefore, A4(v) is a scalar operator. Note that Ay(v) is positive semi-definite if and
only if the scalar is non-negative. The scalar is calculated by Kostant [23], which we
are going to explain in this subsection. For real rank one groups, the K-types with
nonzero M-fixed vectors are basically parametrized by two non-negative integers [23].
We will write the K-type corresponding to (7, j) as ¢; ;. For this paper, we will mainly
focus on the K-types corresponding to (0,1) and (0,0), and we will not discuss how
to generally parametrize the K-types with nonzero M-fixed vectors. Those who are

interested should refer to [23].

®0,0) © triv K-type

®(0,1) & irreducible subrepresentation of K on pc

The representation of K on pc may not be irreducible, but every irreducible subrep-

resentation corresponds to (0, 1) [23][1].

Definition 2.3.1.1. We call an irreducible subrepresentation of K on pc as a p-

representation.

Theorem 2.3.1.2. (Kostant) Let a be an element in a such that a(a) = 1. Note that

<v,aV>

5— = h. The long intertwining operator A(v)

a is a basis of a. Suppose v(a) =

acts on the M-fized vector of ¢; ; with the following scalar after normalization.

(m—h)(m—(h+2))(m—(h+4))...(m—(h+2(i+5)—2))
(m~+h)(m+(h+2))(m+(h+4))...(m+(h+2(i+7)—2))

(m—=(h—=s+1))(m—(h—543))...(m—(h—s+2i—1))
(m+(h—s+1))(m+(h—s+3))...(m+(h—s+2i—1))

X

Here, s = dim go,, and m = dlng“ +s.
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Note that

e This scalar is 1 for ¢g .

. i m—h _ m—<wv,a¥>
e This scalar is mth — mi<v.o’s

for ¢o1. Here, o is the simple root of G.

2.3.2 Decomposition of the Long Intertwining Operator

For groups of real rank higher than 1, a K-type has the M-fixed vector space whose
dimension is larger than one generally. If the M-fixed vector space has dimension
higher than 1, then the action of the long intertwining operator is not guaranteed to
be scalar anymore. However, we can still calculate the long intertwining operators by
decomposing it into simpler intertwining operators — the long intertwining operator
of real rank one subgroups [10][26][16]. In this subsection, we are going to explain
the decomposition and the calculation of the long intertwining operator. We need to

define a real rank one subgroup corresponding to a reduced root.

Definition 2.3.2.1. Fiz a reduced restricted root . The real rank one subalgebra
corresponding to « is denoted by g*. It is a Lie subalgebra of g generated by gna,
where n runs over nonzero integers. The real rank one subgroup corresponding
to « is the analytic subgroup of G with Lie algebra g%, and it is denoted by G*. The

maximal compact subgroup of G* is K¢. We define the Cartan decomposition

gazéa@pa

such that € = g* N € and p* = g* N p.

The subgroup G* has real rank one, so the long intertwining operator is a scalar
operator for each irreducible K“ representation. Here are the steps to decompose the

long intertwining operator [25].

e (Calculate a reduced decomposition of wy:

Wo = Sa;8a;_15a;_5 - - - San
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using Kostant’s cascade construction. Here, [ is the length of wy.

e Decompose the long intertwining operator A(wy, V) correspondingly:

A(wo, V) = A(SaySay_1Say_ -+ - Says V)

= A(Says Sar_1Say_g - - - San V) A(Say_1s Sar_y - - - Sar V) - - - A(Say, V).

e Decompose Ay(wp, V), the long intertwining operator for K-type ¢, correspond-

ingly:

A¢(w07 V) = A¢(Sa15a1715a172 - Sap V)

= Ay(Sars Sar_1San_s - - Sar V) Ap(Say_1» Sapg - - - San V) - - - Ap(Say, V).

e We can interpret the intertwining operators A,(ss, 1) as a linear operator on

M
VM.

e Decompose ¢ into irreducible representations of MK?: ¢ = @, ¢;. Then,
(Volares)™ = P V.

o A(sg,p) satisfying < u, 5" >> 0 can be interpreted as a long intertwining

operator for real rank one subgroup MG”.

o A(sg, ) acts on the M-fixed vectors of each direct summand by scalar. Calcu-

late the scalar using Kostant’s theorem 2.3.1.2.

2.3.3 Example of GL(3,C)

In this subsection, we calculate an example of 2.3.2, GL(3,C): we will calculate the
long intertwining operator for the K-type on pc N sl(3,C). The followings are the

notations that we will use in this subsection.
e G=GL(3,C)
e K =U(3)
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p={X[X" =X}

d 0 0

a={ 0 dy 0 |]|di,de,d3 e R} =spang < Eyq,FEs, F33 >
0 0 ds

M = U(1)?

reduced roots: A = {a; — ali # j} where oy(X5_,d;E;;) = d;

simple roots: II = {ag — ag, ap — az}

) (A o)
Gor—as — | Ae SL(2,C)}
0 1

(o)
FKemee = { | A e SU2)}
0 1

MG {( 40 ) | A€ GL(2,C), | det(A)| = 1, B € U(1)}
0 B

(02)
MK~ ={ |AeU(2),BeU(1)}
0 B
(o)
Gors = { | Ae SL(2,C)}
0 A
()
Kozmas = { | Ae SU(2)}
0 A

MGer—o2 =

~
o W™

Z ) | A€ GL(2,C), | det(A)| = 1, B € U(1)}

B 0

M- = | | AcU@),BeU)}
0 A

Wo = Sai—a3 = Sas—azSai—asSas—as
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e m = dim g, + 2dim go,=2
° V¢:{X€pc|tT(X):O}

) V¢M = {X € ac | tT’(X) = 0} = span < vy = El,l — E272,U2 = E272 — E3’3 >

Let us put

V=2x01 + Yyoas + z0g3.

Since we are assuming v is real and the formal symmetry condition holds, z, y, and z

is real and y = 0 and x = —z. We represent the following long intertwining operator.

A(WO’ V) - A(SOéQ—a:sSOél—azSaz—Oé:s? V) =

A(Sas—ass Sar—asSas—asV) A(Sai—as) Sas—asV) A(Say—asz, V)

We restrict ¢ to M K* 2. Then, it is expressed as a direct sum of irreducible rep-
resentations of M K ~*2. Only two direct summands have nonzero M-fixed vectors.
One copy is the trivial representation and the other copy is the representation on
Vg N g*1~*2. Each direct summand has a one-dimensional M-fixed vector space, and
Ap(Say—as, V) acts by scalar on M-fixed vectors in each direct summand. The scalar

is 1 for the M-fixed vectors of the trivial representations, and it is

2—< v, (al - a?)v

>
24 <v,(q —ag)¥ >

for the M-fixed vectors in V,, N g*~*2. The M-fixed vector space in V;, N g~ is

span < E1’1 — EQ’Q >,

and the trivial representation of M K“'~*2 has the representation space

span < E1’1 + EQ,Q — 2E3,3 >,

which are M-fixed. In the same way, when we restrict ¢ to M K>~ it is expressed

as a direct sum of representations of M K*>7*3. Only two direct summands have
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nonzero M-fixed vectors. One copy is the trivial representations, and the other copy
is the representation on V,, N g*?~*3. Each direct summand has a 1-dimensional M-
fixed vector space, and Ay (Sa,—as, V) acts by scalar on M-fixed vectors in each direct

summand. The scalar is 1 for M-fixed vectors of trivial representations, and it is

2— < v, (ag — ag)V

>
2+< V,(OéQ—O[g)v >

for the M-fixed vectors in V,, N g*~*2. The M-fixed vector space in V;, N g2~ is
span < Fgo — E33 >,
and the trivial representation of M K“>~*3 has the representation space
span < B9 + F33 — Fq 1 >,

which are M-fixed. Therefore, the action of the intertwining operators on the M-fixed
vectors are calculated as follows. For matrix representation, we choose {vy, vy} for

the basis of V¢M .

e The intertwining operator Ay(sa,-as, ) acts on V3 by

4 1 0 1 0 1 0
T 1 0 2-utz ~1
2 2+y—=z 2

since < v, (g — a3)” >=< oy + Yoy + za3, a0 — a3 >=y — 2.

e The intertwining operator Ag(sa,—ay, Sas—asv) acts on V3 by

11 1 0 I
A2: 2 2
0 1 0 3= 0 1

since < Say—as(V), (01 — )Y >=< xay + zag + yag, a1 — ag >= 1 — 2.
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e The intertwining operator Ay (Sa,—as, Sai—asSas—as?) acts on VM by

1 0 1 0 10
Al: 1 2—x+ 1
s 1 0 Sy -3 1

since < Sa,—aySas—as(V), (g — a3)Y >=< zag + xag + yas, as — ag >= 1 — Y.

Note that this operator is not generally Hermitian, but it is a similar linear operator
to the Hermitian operator that defines the invariant Hermitian form. The long inter-
twining operator A(wp, ) acts on V¢M by the matrix A;AsAs. The Hermitian form,
which is represented by the long intertwining operator, is not positive semi-definite
when one of the eigenvalues of A;A;As is negative. However, it is very hard to cal-
culate the eigenvalues of a product of many matrices. Therefore, we like to use Weyl

group algebra, which is explained in the next section.

2.4 Weyl Group Representations

2.4.1 The Long Intertwining Operators for Real Rank One
Groups

The long intertwining operator acts on the M-fixed vectors of each K-type as we
explained in the previous section. On the other hand, Weyl group elements act on
the M-fixed vectors of each K-type as well. Weyl group elements are represented by
Ng(a)/Zk(a), and the Weyl group representatives in Nk (a) stabilizes the M-fixed
vectors. Therefore, we can define a Weyl group representation on the M-fixed vectors
of each K-type. Let us denote the Weyl group representation on V¢M for
K-type (¢, Vy) by 4. In this subsection, we explain the real rank one case, and in

the next two subsections, we explain how we can extend this idea to higher real rank

groups.

Suppose that G is a real rank one group, and « is the unique simple root. Then

So acts on the M-fixed vectors of each K-type, by scalar +1 or —1. For example,
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for the trivial K-type, s, acts by 1, and for a p-representation of K, s, acts by —1.
Actually, these two K-types are K-types of our interest, because we can represent the
action of the long intertwining operator using Weyl group elements. As we explained
in 2.3.2, the long intertwining operator A(v) acts by scalar 1 for M-fixed vectors of
the trivial K-type, the K-type with Kostant’s parameters ¢« = 0, 7 = 0. The long
intertwining operator acts by scalar

m—<v,a’ >
m+ < rv,aV >

on the M-fixed vectors of p-representation of K, the K-type with Kostant’s parame-
ters i =0, j = 1. Here, m depends on the multiplicity of a and 2a. Specifically,

m = dim g, + 2dim ga,.

Therefore, we can write the action of the long intertwining operator as

m <v,a’ >

A, (v) = S
(v) m+ <v,a¥ > m+<v,a¥ > "

for the trivial K-type and a p-representation of K. Note that A, (v) is in the Weyl
group algebra Clw]|, and we extend the representation of Weyl group to the represen-
tation of Weyl group algebra canonically. The Weyl group representations v, and
¥y act on A, (v) by

m <v,a’ >

wtriv( S ) =1

+
m+ <v,a¥ > m+<v,a¥> "

m—<v,a’ >
m+ < v,av >

m <v,a’ >
+
m+ <v,a¥ > m+<rv,a’ >

Yy( Sa) =

respectively. For other K-types corresponding to Kostant’s parameter (i,j) with
2i+7 > 1, the scalar by which the long intertwining operator acts is more complicated,
and it is not possible to express the long intertwining operator action simply using a

Weyl group algebra element.
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2.4.2 The Long Intertwining Operators for Groups with Higher
Real Rank

For groups with real rank greater than 1, the long intertwining operator is not guar-
anteed to be scalar. However, roughly speaking, we can decompose the long inter-
twining operator into a composite of the long intertwining operators of real rank one

subgroups [16] as in 2.2.1.3 and 2.3.2:

Awo, V) = A(SaySay_1Say_s - - - Sars V)

= A(Says Say_1Say_s - - - San V) A(Say_1s Say_ - - San V) - - - A(Say, V).

Correspondingly,

A¢(w07 V) = A¢<Sa1504171504172 - Sap V)

= Ay(Says Sar_15a1_s - - - Saa V) Ap(Say_1s Say_g - - Sar V) - - Ap(Say, V).

Suppose that we can describe the action of A,(sg, ) using a Weyl group algebra

element for every p € v* and 3 € II satisfying
< p, Y >>0.

Then, we can describe Ay(wp, v) using a Weyl group algebra element. A K-type ¢ is
restricted to direct sum of irreducible representations of M K”, and suppose that the

A(sg, ) acts by

m7<“7ﬂv >

1 or BV

on M-fixed vectors of each direct summand. Here, m = dim gz + 2dim gos. Note
that sz acts by 1 or —1 on the M-fixed vectors of M K”-types. Suppose the following
condition holds for the K-type ¢.

Condition 2.4.2.1. The Weyl group element sg acts by 1 on an M -fized vector v if
and only if As(ss, i) acts by 1 on v. Also, sz acts by —1 on an M-fized vector v if

and only if Ay(sp, 1) acts by % on v.
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Proposition 2.4.2.2. [If 2.4.2.1 holds for K-type ¢, we can represent the action of

Ay(sg, p) using a Weyl group algebra element

B m < p, " >
S omt <, Y > mt < p, Y >

Asy () : 56-

If we can repeat this calculation for Ag(ss, ) that appears in the composite of
Ay(wo,v), then we can write the long intertwining operator as a product of Weyl
group algebra elements. Specifically, we replace each factor in the decomposition of
the long intertwining operator by the Weyl group algebra element of the form A, (u).

Now,

Acb(wU? V) = A¢<Salsal—lsal—2 e Sans V)

= Ay(Says Sar_1Sa1_s - - - Sar V) Ap(Say_1sSay_g - - Sar V) - - Ap(Say, V)

becomes

Ay (V) = As, (Sai_ 1 Say_y - - - so‘ll/)ASaH (Sap_g -+ San V) - Ay (V).

Note that A,,(v) does not depend on ¢. Since A, (v) is the multiplication of many
Weyl group algebra elements, it is also a Weyl group algebra element. Using this
Weyl group algebra element and an irreducible representation of W, we obtain a
unitarity test in the p-adic setting. Irreducible representations of W are also

called W-types. Using a K-type ¢ satisfying 2.4.2.1,

Ap(wo, V) = Ap(SaySay_1Say_s - - - Sars V)

= Ap(Sars Sar_1Sa1_ - - - Sar V) Ap(Say_y» Sayg - - - San V) - - - Ap(Say, V)

is represented by

¢<AWO(V)) = w(Asalsal_lsal_Q...sal (V))
= V(Asa, (Sar_1 5015 - S V) (Ase,_ (Say_y -+ Sy V) -+ (As,, (V)

where v is the Weyl group representation on V¢M . We note that Ag(wp, ) is positive

definite if and only if every eigenvalue of (A, (v)) is nonnegative.
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Definition 2.4.2.3. The unitarity test using W -type 1 is to check if every eigenvalue
of Y(Au, (V) is nonnegative.

We construct K-types satisfying 2.4.2.1 in Chapter 3.

Proposition 2.4.2.4. If a K-type ¢ satisfies 2.4.2.1, then A,(v) can be represented

by Y(Aw,(v)) for the Weyl group representation 1 on Vd)M.

2.4.3 Example of GL(3,C)

In this subsection, we calculate an example 2.4.2 for G = SL(3,C). The notation is
the same as 2.3.3. We will represent the long intertwining operator A,(r) using a

Weyl group algebra element. Since we are assuming
v=xFi1+yFEss+ 2Es3

is real, z, y, and z are real. Also, y = 0 and x = —z since we assume that the formal
symmetry condition holds. This is possible because every v € V¢M satisfies 2.4.2.1,

which we will check later in this subsection. Note that the following holds.

sg acts by 1 on v < Ay(sg, 1) acts by 1 on v

m7<ﬁu’7ﬁv >

mr<m,Bv> on v

sp acts by —1 on v < Ay(sg, i) acts by

We restrict ¢ to MK*~2. Then it is expressed as a direct sum of two irreducible
representations of M K*'~*2. One copy is the representation on V, N g* =2, and the
other copy is the trivial representation. Each direct summand has the one-dimensional
M-fixed vector space, and A(Sq,—a,, V) acts by scalar on the M-fixed vectors in each
direct summand. The scalar is 1 for the M-fixed vectors of the trivial M K*'~*2-type,
and it is % for the M-fixed vectors of the M K*~*2-type on V, N g*1—2.
On the other hand, s,,_q, acts by +1 on the M-fixed vectors of the trivial M K**~2-
type, and Sq,—q, acts by —1 on the M-fixed vectors of the M K*'~*2-type on V, N

g1~ 2. Therefore, A(Sq,—ay, V) acts on M-fixed vectors of ¢ by

2 <v, (o —ag)’ >
24+ <v, (g —ag)V > 24+ <v (g —ag)V >

al—ag -
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Likewise, if we restrict ¢ to M K*>~*3 then it is expressed as a direct sum of two
irreducible representations of M K“2~%. One copy is the M K“2~*-type on V;Ng*2~*3
and the other copy is the trivial M K*?~*3-type. Each direct summand has the one-
dimensional M-fixed vector space, and A(Sa,_as, V) acts by scalar on the M-fixed
vectors in each direct summand. The scalar is 1 for the M-fixed vectors of the trivial
MK*2~*_type, and it is % for the M-fixed vectors of M K*2~*-type on
Ve M g*?~*3. On the other hand, s,,—a, acts by +1 on the M-fixed vectors of the
trivial M K*>~“3-type, and S,,-q, acts by —1 on the M-fixed vectors of M K273

representation on VyNg*2~*3. Therefore, A(Sq,—ay, ) acts on the M-fixed vectors by

2 <v,(ag—az)’ >
2+ <v, (a2 —a3)" > 24 <v,(x —a3)’ >

Sas—as-

We note that 2.4.2.1 holds for ¢, so we can represent A,(v) by a Weyl group algebra
element.

We apply the computations above to the long intertwining operator A(v):

A(w()a V) - A(sazfaasalfazsazfaw V) =

A(Sas—as; Sa1—asSas—as”) A(Sar—ass Sas—asV) A(Saz—as, V)-
We proceed part by part.
® A(Say—ay, ) acts on VM by

2 <v,(ay —az)’ > 2 LY
as—az — S
24+ < v, (ag —az)V > 2+ <y, (ag—az)V > 7 24y—2z 24y—=z2

ag—as3

since < v, (ag — ag)Y >=y — 2
® A(Sai—ays Sas—asV) acts on VM by

2 n Tr—z
24 —2 24—z

Say—az

since < Say—as(V), (01 — )Y >=< zay + zag + yaz, () — ag)¥ >=x — 2
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® A(Saz—a37 3a1—o¢28a2—asy> acts on V¢M by

2

r—Y

2+x—y+

Saz—as

24—y

since < Sa,—agSas—as¥s (2 — a3)” >=< zay + xas + yas, (ag —az)¥ >=x —y

Therefore, the long intertwining operator A(wp, ) acts on V¢M by the Weyl group

algebra element

A= AUJO (l/) = (ﬁ + Qi;gysaz—a3)(2+i—z + 2+$—z80‘1_a2)(2+§—z

r—Zz

y—=z
24+y—=z Sag—as )

Note that A,(v) is positive semi-definite if and only if every eigenvalue of 1,(A)

is positive.

Since 14 is a standard representation on a, s,,_q, is represented by

Ei5 — Ey1 + E33 and sq,_q, is represented by Ey 1 + Ey3 — E35. Then, 1¢,(A) is

represented by By By B3 where

1 0 0 1 0 0
2 T —y
B =—- =7
! 24z -y 010 24—y !
0 0 1 0 -1 0
1 0 0 0 1 0
S 10 | +—25 10 0
T 24—z 24—z n
0 01 0 0 1
1 0 0 1 0 0
2 Yy— 2
Beo= —— _J =
3 S — 0 1 +2+y—z 0 0 1
0 0 1 0 -1 0

Note that every eigenvalue of B;ByBj is positive if and only if every eigenvalue of

1hy(A) is positive.

One of the benefits of using a Weyl group algebra element is that we do not need

to calculate “the change of basis” matrices, which keep track of M-fixed vectors in

each irreducible direct summand when restricted to K with varying simple root «.
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Another benefit is that we can make correspondence between the unitarity tests using

K-types and the unitarity tests using Weyl group representations.

2.4.4 Irreducible Representation of W

In this subsection, we introduce the parametrization of W-types for classical groups.

The details and proofs are provided in [11].

The Weyl groups of classical groups have the following forms:

e S,: SL(n,C), SL(n,R), SL(n,H)
generated by {sq, o, | 1 <1 #j <n}

o S, x(Z/2Z)": SU(m,n), SO(m,n), Sp(m,n), Sp(n,R), Sp(n,C), SO(2n+1,C)
generated by {sq, o, | 1 <i# j <n}U{s,, |1 <i<n}

e R,: Index 2 subgroup of S,, x (Z/2Z)™: SO(2n,C)
generated by {sq,+a, | 1 <i# j <n}.

We illustrate irreducible representations of S, S,, X (Z/27)", and R,,.
(1) irreducible representations of S,:
The irreducible representations of S,, are parametrized by partitions of n, which are
Young diagrams of size n. Let A\ = (aq,aq,...,a,) be a partition of n. Then the

Sp-type parametrized by A is a subrepresentation of

Indgz1 %Sy X oaSay, (TTTV @ BTV @ .. triv),
but it is not a subrepresentation of

Indg(’j1 %Sy XorSey, (TTTV @ tTIV @ . . triV)

for

(c1,09,C3,...,¢n) 2 (a1,a0,a3,...,a,).
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We denote the S, representation parametrized by \ by *. Then, the S,
representation 1)* ® sign is parametrized by @/J’\T. Here, \T is a Young diagram
such that ith column has a; boxes. For each Young tableau A of shape A\, we
define a vector

U =€z, X €z, X ... QK ez,

such z; is j if and and only if 7 is in the jth row of A.

Row(A) = {s € S,|s preserves the rows of A}
Col(A) = {s € S,|s preserves the columns of A}

Associated to a tableau A are the row symmetrizer
R(A) = ¥ Row(a)T
and the column skew-symmetrizer
C(A) = Xecca(aysgn(c)c.

We define T'(A) as follows:

Then, span yepapy < T(A)us > generated the S,-type ¢*.

Proposition 2.4.4.1. Let AT = (cy,¢a,...,¢,) Fn. The S,-type ¥ is a subrepre-
sentation of

Indg: X Sey X .. X Sep, (sign ® sign ® . .. ® sign)

but it is not a subrepresentation of
Sn : . _
Indg) 5, x..xs,, (Sgn @ sign © ... @ sign)

fO?" (dl,dg,dg, Ce 7dn> ﬁ (01,02,63, e 7Cn).

(2) irreducible representations of S,, x (Z/27Z)":

The irreducible representations of S, X (Z/27Z)" is parametrized by two Young dia-
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grams such that the number of boxes in each diagram sums up to be n. In other words,
the S, X (Z/27)"-types are parametrized by (A, 7) such that A -k and 7+ n — k for
some 0 < k < n, and we denote this representation by ¢*7). Note that )7
is the following representation:

S (2/22)" N S
Ind(Skx(Z/QZ)’“)x(Sn_kK(Z/QZ)"*’@)O’Z) X triv) @ (¢7 X sign).

(3) irreducible representations of R,:

The irreducible representations of R, are parametrized by unordered pairs of two
Young diagrams such that the number of boxes in each diagram sums up to be n.
Specifically, the R,-types fall into one of the following two categories.

(A) Tt is parametrized by {\, 7} such that A+ k and A # 7 F n — k, and we denote
this representation by 1/{}7}. Note that ¢/{*7} is just the restricted representation
of S, x (Z/27Z)"-type v*7) to R,.

(B) It is parametrized by {A, A}; or {\, A};; for A= 3 if n is an even number. Note
that A and A are two inequivalent representations of R, and their sum is

the restriction of the S, x (Z/2Z)"-type ™Y to R,

2.4.5 Petite K-type and Relevant W-types for Split Groups

Split rank one subgroups have various forms. They might be isomorphic to SL(2,R),
SL(2,C), or SU(n,1) [17]. However, for a special groups called split groups, the

split rank one subgroups are always isomorphic to SL(2,R).

Definition 2.4.5.1. The Lie group G is split when m = Zy(a) equals 0. In other
words, for the split group G, M s a finite group.

For split groups, the unitarity test using W-type can be considered in the setting of
affine Hecke algebra [5][2]. Moreover, unitarity tests using W-types ensure unitarity

in the p-adic setting.

Theorem 2.4.5.2. (Barbasch-Moy [4]) Let G be a split p-adic group of classical

type. Then, the Langlands quotient J(v)q, is unitary if and only if every eigenvalue
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of W(A,,(v)) is positive for every W -type 1.

We can represent the long intertwining operator using a Weyl group algebra element
for K-types satisfying 2.4.2.1 as shown in 2.4.1 and 2.4.2. For split groups, petite
K-types are such K-types [25][2][6].

Definition 2.4.5.3. Since G is split, G* is locally isomorphic to SL(2,R), and K*
to SO(2,R). Note that irreducible representations of SO(2,R) are one-dimensional
and they are indexed by Z. Let ¢lxo = ¢1 D P2 @ ... D ¢y be the decomposition of a
K-type ¢ into irreducible representations of K% for a € Il. ¢ s called petite if ¢; is
a character 0, £1, 2 of K% for all a € 1I.

For a petite K-type ¢, we can represent A,(v) using A,,(v) and 1,. Note that every
eigenvalue of ¢4(A,, (v)) is positive if and only if A,(v) is positive semi-definite. If G
is a split group over Q or Q,, we can define J(v)g or J(v)g, similarly as we defined
J(v) = J(v)r for minimal parabolic subgroup @, v satisfying the formal symmetry
condition in 2.2.1. By 2.4.5.2, we know that the J(v)g, is unitary if (A, (v)) is
positive definite for every irreducible representation of Weyl group ¢ [4]. Actually, it
is enough to check some W-types, called the relevant W-types [2]. If there exists a
K-type corresponding to each relevant W-type, the following relation between non-

unitarity in the real setting and in the p-adic setting holds:

non-unitarity in the p-adic setting
— (A, () is not positive semi-definite for some relevant ¢ € W
— A,(v) is not positive semi-definite for some ¢ € K

= non-unitarity in the real setting.

Note that petite K-types match all the relevant W-types for classical split groups.
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Chapter 3

Single-Petaled K-types

3.1 Generalizing Petite K-types

3.1.1 Generalizing Petite K-types

One benefit of using petite K-types is that we can make use of a Weyl group algebra
element to express the long intertwining operator. We repeat the definition given in

2.4.5.3.

Definition 3.1.1.1. Suppose that G is a split real group and (¢,Vy) is a K-type.
Since G is split, G* is locally isomorphic to SL(2,R), and K to SO(2,R). Note that
irreducible representations of SO(2,R) are one-dimensional and they are indexed by

7. Let
Olke =1 D P2 B ... D Py

be the decomposition of ¢ into irreducible representations of K¢ for a« € Ay. The
K-type ¢ is called petite if ¢; is a character 0, £1, £2 of K for all « € Ay for all

1.

We can generalize the petite K-types. Since A,(v) acts on M-fixed vectors, it can be
represented by a Weyl group algebra element if ¢ satisfies the following;:
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Proposition 3.1.1.2. Suppose

Plyge =P @ Ph D ... D Py

and ¢} has a nonzero M-fized vector only if ¢}|ke is a K representation (0), (£2)
or (2) ® (—2). Then ¢ is a single-petaled K -type of the split group G.

This adjustment seems to be small, but there are many more single-petaled K-types
than petite K-types. For non-split groups as well, we can think of A4(v) as a linear
operator on M-fixed vectors of a K-type ¢. For non-split groups, K is not guaranteed
to be locally isomorphic to SO(2,R). For example, K* ~ S(U(m —n + 1) x U(1))
for G = SU(m,n) (m > n) and short restricted root o. Kostant parametrized quasi-
spherical K-types of real rank one groups, and some “small” K-types play the roles
of character (0) and (£2) of SO(2,R) for split groups. They satisfy 2.4.2.1, and from
2.3.1.2, we notice that they are the K-types with a parameter of either (0,0) or (0,1).

They are

(0,0) < the trivial representation

(0,1) < an irreducible subrepresentation of pc-representation.

The representation of K on pc is sometimes irreducible, or it is a sum of two irre-
ducible subrepresentations of K. We call the irreducible subrepresentations of pc-

representation as p-representations. These K-types are discussed in 2.3.1.

We can interpret 2.4.2.1 and 2.4.2.2 as follows:

Condition 3.1.1.3. Suppose

Plyge =] B Py & ... D P

be the decomposition of ¢ into irreducible representations of M K®. If ¢! has a nonzero
M -fized vector, then we require that ¢}|xe be either the trivial representation or a

subrepresentation of (p N g¥)c for every a € Ay.
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Proposition 3.1.1.4. Suppose that the K-type ¢ satisfies the 3.1.1.3. Then we can

represent Ay(v) using a Weyl group algebra element.

We illustrate an example for G = GL(2,C): we calculate K-types ¢ such that A,(v)
can be represented by a Weyl group algebra element.

o K~ SU(2)

o MK®~U(2)

e M=U(1)xU(1)

Throughout this thesis, we use the equivalence classes in the character of U(1)" to
denote the highest weight of a SU(n)-type which is a character of S(U(1)"). The
character of U(1)" is denoted by (a1, as,. .., a,) where a; are integers. We denote the

restriction of this character to S(U(1)") as

(CLl,CLQ, e ,an)

as well. Because the two characters of U(1)"
(ay,a9,...,a,) and (a1 + k,as + k, ... a, + k)

have the same restriction to S(U(1)"), we can write a character of S(U(1)") as an

equivalent class
[(a1,as,...,a,) € Z"]/[(a1,as,...,a,) ~ (a1 + k,as + k, ..., a, + k)]
For the highest weight of SU(n), we use a dominant integral weight which is
(a1, as,...,a,) where a; > a;41 and a; € Z.

The highest weight representation of SU(n) with highest weight (aq,as,...,a,) can
be extended to the representation of U(n) with highest weight (a1 +1, as+1, ..., a,+I)

with integer [. We use the following proposition.

Proposition 3.1.1.5. The restriction of a quasi-spherical U(2)-type is a quasi-spherical
SU(2)-type, and a quasi-spherical SU(2)-type can be extended to a quasi-spherical
U(2)-type.
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Proof: We prove the first part in 3.4.1.3, so we omit the proof. We prove the second
part. We denote an SU(2)-type ¢ is denoted by the highest weight

A= (A1, A\2)

for \; € Z, \y > Xo. The U(2)-type with highest weight (A1, \2) restricts to the
SU(2)-type with highest weight (A1, A2), which is equivalent to the SU(2)-type with
highest weight (A; + k, Ao + k) for k € Z. Therefore, the SU(2)-type with highest
weight

(A1, A2)

can be extended to the U(2)-type with highest weight
(A + kAo + k)

for integer k. From 3.1.1.5, the quasi-spherical SU(2)-type can be extended to a
quasi-spherical U(2)-type. If ¢ has a nonzero S(U(1) x U(1))-fixed vector, then the
U(2)-type with highest weight

(M +k, Ao+ k)

is quasi-spherical for some k € Z, which means that
M+ k+ X+ k=0 for some k.
Therefore A\; + Ay is even. We may view the SU(2)-type with highest weight (A1, A\2)

as the SU(2)-type with highest weight

)\1+)\2 )\14‘)\2
7A2_
2 2

(A1 — )

if A\; + A2 is even. Then, this representation has a U(1) x U(1)-fixed vector. This is

because the quasi-spherical U(2)-types have the highest weights of the form

(a’ _a)
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for a € NU {0} due to the following theorem of Weyl. [J

Theorem 3.1.1.6. (Weyl [17]) If we restrict U(n) representation ¢ with highest
weight (aq,aq, ..., a,) to the representation of U(n — 1) x U(1), the representation
(b baybni1)(bn) With highest weight (by, ba, ..., bn—1)(by) has a nonzero multiplicity if
and only if

ap >by>ay>by > ... >b, 1 > ay

i=n __ yvi=ng

If these conditions hold, ¢, p,....b,_1)b,) has multiplicity 1 in ¢.

The trivial SU(2)-type has the highest weight (0,0). On the other hand, the SU(2)-
type on pc has the highest weight (1,—1). These two quasi-spherical SU(2)-types
are extended to quasi-spherical U(2)-types with highest weights (0,0) and (1, —1) re-
spectively. Therefore, the U(2)-type ¢ satisfying 3.1.1.3 has the highest weight (0, 0)
or (1,—1).

Proposition 2.4.2.2 suggests that we should study that K-types satisfying 3.1.1.3,
which turn out to be single-petaled K-types. In [24], Oda defined single-petaled
K-types.

Definition 3.1.1.7. For each reduced root «, fir X, ,0X,, and H, such that

H, s the coroot of o
[XOHQXOZ] - _Ha
Xa € ga-
Put Z, = Xo+0X,. Then a quasi-spherical K-type (¢, Vy) is single-petaled if and
only if
O(Za)(6(Za)* = 4o = 0", Yo € VM, Vo € A.

Note that the definition of single-petaled K-type is independent of the choice of Z,
[24]. Suppose that an M K*-type (E is quasi-spherical, and the K*-type in (}s'| Ko 1S

n [24], the single-petaled K-types are defined in a different way, which is equivalent to this one.
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parameterized by (7,7) in [23]. Then, Z, has eigenvalues £2k such that |k| < 2i + j
on V(ZM . Since

¢<Za>(¢(za)2 - 4)

is the same as

¢(Za>(¢(Za> - 2)(¢(Za> + 2)>

this operator annihilates a vector if the vector is expressed as a sum of eigenvectors

corresponding to eigenvalues +2 or 0 under the action of Z,.
Proposition 3.1.1.8. The single-petaled K -types are the K -types that satisfy 3.1.1.85.
Using this proposition and 3.1.1.2, we get the following theorem.

Theorem 3.1.1.9. We can represent the action of the long intertwining operator on

M -fixed vectors of a single-petaled K-type using a Weyl group algebra element.

3.2 Correspondence Between K-types and WW-types

3.2.1 Correspondence Between K-types and W-types

We can use K-types to test unitarity of a representation of (G, and it is often useful
to make a relation between tests using K-types and tests using W-types. We can
derive this relation naturally for single-petaled K-types, and this is one benefit of
classifying single-petaled K-types. As discussed in Chapter 2, we have a natural
Weyl group representation on M-fixed vectors of each K-type: the Weyl group is
realized as Ng(a)/M, and it acts on M-fixed vectors of a K-type, hence defining
a Weyl group representation. For single-petaled K-type ¢, the long intertwining
operator on Homg (¢, I(v)) is represented by a Weyl group algebra element because
of 3.1.1.4. From 2.4.2, this Weyl group algebra element is A, (v).
Ay, (V).

Definition 3.2.1.1. For single-petaled K-type ¢, A,,(v) is the Weyl group algebra

element that represents the action of the long intertwining operator on Hompg (¢, I(v)).
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We can apply the argument similar to 2.4.5 for single-petaled K-types. If the
Weyl group representation on V¢M is 14, then the long intertwining opera-
tor on Hompg (¢, I(v)) is 94(Au,(v)). In other words, the long intertwining operator
on Homp (¢, I(v)) is positive semi-definite if and only if every eigenvalue of (A, ())
is positive. Therefore, if 14(A,,(r)) has a negative eigenvalue, then the long inter-
twining operator on Homg (¢, I(v)) is not positive semi-definite, hence J(v) is not
a unitary representation. In this way, we relate unitarity tests using K-types and
unitarity tests using W-types as in 2.4.5. Using this relation, we relate non-unitarity
in the p-adic setting and unitarity in the real setting as in 2.4.5 for single-petaled
K-types of split groups. From 2.4.5.2, for split p-adic groups of classical type, it is
known (cf. [4]) that J(v) is unitary if and only if

(Au (V)

is positive semi-definite for every W-type 1. Note that we defined the unitarity test
using W-type v checking if ¥(A,,(v)) is positive semi-definite in 2.4.2.3. If J(v)q,
is not unitary, then ¥ (A,,(v)) is not positive semi-definite for some W-type . If
1 is a Weyl group representation corresponding to a single-petaled K-type ¢, then
Y(Au,(v)) is a linear operator on V, which is similar to A4(v), the long intertwining
operator on V¢M . Therefore, J(v) is not a unitary representation in the real group

setting either.

Therefore, it is interesting to figure out which Weyl group representations corre-
spond to single-petaled K-types. For example, for GL(n,C), the maximal compact
subgroup is U(n). The U(n)-types can be parameterized by their highest weights.
We will show in the next section that single-petaled K-types are the ones with the
highest weight

(@ —1,a0—1,...,a, — 1)

such that every a; is nonnegative and X7 ;a; = n. Suppose ¢ is the K-type with

highest weight (a1 —1,a2—1,...,a,—1) such that X ,a;. Note that we may interpret
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(ay,as,...,ay,) as a partition of n, or a Young diagram of size n. By (a1, as, ..., a,)7,
we mean the partition of n represented by a Young diagram whose ith column has a;
boxes. Let

(bl,bg, PN ,bn> = (CL17(12, ce ,CLn>T.

On the other hand, GL(n,C) has the Weyl group S,,, and irreducible representations
of S,, are parametrized by Young diagrams of size n as in 2.4.4. The Weyl group
representation on M-fixed vectors of ¢ is parametrized by (by,bs,...,b,). We will

prove this in 3.4.2. Therefore, all the W-types are realized by single-petaled K-types.

In the next section, we introduce a strategy to classify single-petaled K-types.

3.3 Strategy to Classify Single-petaled K-types

3.3.1 Strategy to Classify Single-petaled K-types

We introduce a strategy to classify single-petaled K-types using 3.1.1.2. Specifically,

we follow the next steps.

1. Calculate the real rank one subgroup G and its maximal compact subgroup

K corresponding to each a € A;.

2. Classify the irreducible representation $ of M K“ such that
(a) M is nonzero.
(b) @| ko is either the trivial representation or a p®-representation.

We denote 5 by triv or p@ respectively.

3. Classify quasi-spherical M K“-types: calculate M K“-types with nonzero M-

fixed vectors.
4. Classify quasi-spherical K-types.

5. Calculate the restriction of ¢ to the representations of M K“ using a branching

formula.
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6. Classify quasi-spherical K-types ¢ such that quasi-spherical M K“-types ap-

pearing in ¢|yrx« are triv or p. These are the single-petaled K-types.

3.4 Single-petaled K-types of SL(n,C) and Corre-

sponding Weyl Group Representations

3.4.1 Single-petaled K-types of SL(n,C)

A U(n)-type is irreducible when restricted to SU(n) as well. The representations of
SU(n) are parametrized by their highest weights in the manner introduced in 2.3.3.

Proposition 3.4.1.1. A quasi-spherical U(n)-type restricts to a quasi-spherical SU (n)-
type, and a quasi-spherical SU(n)-type can be extended to a quasi-spherical U(n)-type.

Proof: When a U(n)-type ¢ is given, it is irreducible as a representation of SU(n):

¢ = 5|SU(n)-

Then, V(EU(I)R # 0 implies V¢S(U(1)n) # 0, and a quasi-spherical U(n)-type restricts to

a quasi-spherical SU (n)-type.

An element u of U(n) can be expressed as s x d such that s € SU(n) and d is a
scalar matrix. When given a quasi-spherical SU(n)-type ¢, we can extend ¢ to a

U(n) representation ¢ by defining

To prove that this is a well-defined representation of U(n), we suppose that

u=sxd=s xd
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where s, € SU(n) and d, d’ are scalar matrices. Then

S—IS/ _ dd/—l

is an element of SU(n) because s, s’ € SU(n), and it is a scalar matrix because d and

d' are scalar matrices. Therefore,

_ _ 2kmi
sl =ddt=en I

for k € 7Z, and this is an element of M, so
¢(s7's") = ¢(dd™)

sends the nonzero S(U(1)")-fixed vector v to v. Also, it is a scalar operator because of
Schur’s lemma [17], so it is the identity linear operator on V,,. Therefore, ¢(s) equals
¢(s'), and ¢ is well-defined. Note that ¢ is a quasi-spherical U(n)-type. Suppose that
v E V¢S(U(1)n) and m € U(1)". We can write m = m’d’ such that m’ € S(U(1)") and

d’' is a scalar matrix. Because

a nonzero vector v is in VgU(l)n. Therefore, 5 is a quasi-spherical U(n)-type. [

A nonzero M-fixed vector v is the trivial representation with highest weight (0)"
of M ~ U(1)". Therefore, the U(n)-type with highest weight (a1, as,...,a,) has
a nonzero U(1)"-fixed vector if and only if it has a subrepresentation with highest

weight (0)” when branched to U(1)".

Proposition 3.4.1.2. The U(n)-type has a nonzero U(1)"-fixed vector if and only if
it has the highest weight (a1, as, ..., a,) such that X a; = 0.

Proof: (=) We prove by induction on n. If the U(n — 1) x U(1)-type with highest
weight
(b1,ba, ..., bp—1)(by)
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appears in the U(n)-type with highest weight

(a1, as,...,a,),

then
Nim1@i = 2 b;

from 3.1.1.6. If the U(n — 1) x U(1)-type with highest weight (b1, b, ..., b,-1)(by)
has a U(1)"-fixed vector, then b, = 0 and X7~ 'b; = 0 using inductive hypothesis.
Therefore, the U(n)-type has a nonzero U(1)"-fixed vector only if it has the highest
weight (a1, as, ..., ay) such that ¥ ,a; = X' ,b; = 0.

(<) We prove by induction on n. This is true for n = 1. Since X" ja;, = 0, there

exists k such that a; > 0 and a1 < 0. Note that
ak 2 Q + Q41 2 Agy-
We define by, by, b3, ..., b,_1 such that

by, = a + ag41,
bi:aifori<k,

bi = Q41 for i > k.
Then,
ap >by >ay>by> ... >b, 1 >a,and X7 =0

holds. From 3.1.1.6, the U(n)-type with highest weight

(al, as, ... ,an)
contains the representation of U(n — 1) x U(1) with highest weight
(b1,ba, ..., b,_1)(0).

From inductive hypothesis, we know that U(n — 1)-type with highest weight

(bla b27 b37 ceey bn—l)
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has a copy with highest weight (0)"~! when branched to U(1)*~!. Therefore, the

U(n)-type with highest weight (a1, as, ..., a,) has a nonzero U(1)"-fixed vector. [J

Proposition 3.4.1.3. Restriction of a U(n)-type to SU(n) defines a bijection from
quasi-spherical U(n)-types in GL(n,C) to quasi-spherical SU(n)-types in SL(n,C).
This bijection carries single-petaled representations of GL(n,C) to single-petaled rep-

resentations of SL(n,C).

Sketch of Proof: We use an argument similar to 3.1.1.5. From 3.4.1.1, a quasi-
spherical SU(n)-type ¢ can be extended to a quasi-spherical U(n)-type 5 from 3.4.1.1.
Therefore, ¢ has the highest weight (aq,as, ..., a,) such that ¥ ,a; is a multiple of
n: it X7 ;a; is a multiple of n, then ¢ can be extended to a with highest weight

_a1+a2+...+an _a1+a2+...+an _a1+a2+...—|—an

(aq - , Qo " e, A " ).

If 5 is a single-petaled l?—type, then the M-fixed vector in 5 satisfies Z,(Z2—4)v = 0.
When 5 is restricted to the SU(n) representation ¢, we have

umr _ S0t S0

and therefore ¢ is a single-petaled SU(n)-type.

Conversely, if ¢ is a single-petaled SU(n)-type, then we can extend ¢ to be a
quasi-spherical representation of U(n), 5 as in 3.4.1.1. Then, we have

swmm) _ 5w v
V¢ = V<5 = V(g .

These vectors are annihilated by Z,(Z2 — 4), and gl(n,C) and sl(n,C) share root
systems and Z,, so we conclude that (Z is a single-petaled U(n)-type. Therefore, we
may classify single-petaled U(n)-types for GL(n,C) instead, and they are the single-
petaled SU(n)-types for SL(n,C) when restricted to SU(n). [

Therefore, to classify single-petaled SU (n)-types in SL(n,C), it is enough to classify
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single-petaled U(n)-types in GL(n,C) and restrict them to SU(n).

Now, we begin to classify single-petaled U(n)-types for GL(n,C).
e G=GL(n,C)

e K =U(n)

o a~R™ {d1F\1 +doEss+ ... +d,E,, | di € R}

e restricted root system A:

{o; —aj|ln > 1 # j > 1} where a;(d1E1q + doEss+ ...+ dyEyy) = d;
e simple restricted roots: II = {o; — a1]i = 1,2,...,n— 1}
e Weyl group W =5,
® 0o, o, =Spang < E;;,iE;; >
¢ Zooy = Eij— I,
e g% ~ g[(2,C) with nonzero entries in (1, 1), (¢,7), (7,4), (4,7)
o G % ~ S[(2,C)
o £¥~% ~ gy(2) with nonzero entries in (i,1), (¢, ), (j,1), (4, 7)
o K % ~ SU(2,C)
o MK % ~U(2) x U(1)" 2

For n = 2, K% is isomorphic to SU(2) for a simple root . The representations
of U(2) with a nonzero M-fixed vector are the ones with the highest weight (m, —m)
with non-negative integer m. For m = 0, (0,0) is the trivial representation. For
m = 1, (1, —1) is the p-representation, and it is also p®representation. Therefore,

the U(2)-types with highest weight
(0,0) and (1,—1)
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are single-petaled for GL(2,C). A quasi-spherical representation of M K* ~ U(2) x
U(1)"~2 has a nonzero M-fixed vector annihilated by Z,(Z2 —4) if and only if it has
the highest weight

(0,0)(0)"2 or (1,—1)(0)"2

when restricted to K. From 3.3.1, to calculate single-petaled K-types for GL(n,C),
we need to calculate the representation of U(n) satisfying the following condition: if

the subrepresentation with highest weight
(m, —m) x (0)"~*

appears in the restriction to U(2) x U(1)""2, then m = 0 or 1.

Theorem 3.4.1.4. A single-petaled K -type of GL(n,C) has the highest weights of

the following form.:

(ay,a9,...,a,) — (1,1,...,1) where a; > a;41 > 0 and Xa; = n

or (1,1,...,1) — (a1, as, ...,a,) where a; > a;+1 > 0 and Xa; = n.

Proof: First, we show that the K-type with highest weight

(a1,a9,...,a,) — (1,1,...,1)

77777

has a nonzero M-fixed vector if and only if it has the highest weight
(1,—1) x (0)" 2 or (0,0) x (0)" 2.

We prove this by mathematical induction.
(1) For n = 2, the statement is true.

(2) For n = k > 3, the U(n)-type with highest weight

(al,GQ,...,an)—(1,1,...,1)
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contains U(n — 1) x U(1)-type with highest weight

(b1,ba, ..., bp_1)(bn).

The U(n —1) x U(1)-type with highest weight (b1, bo, ..., b,-1)(b,) has a nonzero M-
fixed vector only if b, is 0. If b, is 0, then E?:_llbi =0and b, >—-1forn—1>i>1
from the proof of 3.4.1.2. Therefore,

(b1 +1,bo+1,...,b,1+1)
is a partition of n — 1, and

(bb b27 R bn—l)

is the highest weight of a single-petaled U(n — 1)-type in GL(n — 1,C) by inductive
hypothesis. From (1), (2), and mathematical induction, the irreducible subrepresen-
tation of U(2) x U(1)" 2 that appears in @(a, as,..an)—(1.1,..,1) has a nonzero M-fixed
vector if and only if it the highest weight (1, —1) x (0)"2 or (0,0) x (0)"~2. We can

-----

Second, we show that every single-petaled K-type has the highest weight expressed

in the following forms:

(a1, a9,...,a,) — (1,1,...,1) where a; > a;11 > 0 and Xa; =n

or (1,1,...,1) — (ay,as, ...,a,) where a; > a;y; > 0 and Xa; = n.

If the K-type with highest weight (bq, b, ...b,) with a nonzero M-fixed vector is not

expressed in one of the above forms, then the following holds:
Zznzlbi = O, bl 2 2 and bn S —2.

Then the K-type with highest weight (by,bs,...b,) contains the representation of
U(2) x U(1)"2 with highest weight

(min([by], [bn ), — min(|ba, [ba]))(0)" 2.
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If this statement holds, then ¢, p,,...4,) is not a single-petaled K-type. We prove this
statement by induction on n.
(3) For n = 2, the statement is true.

(4) For n = k > 3, since X" ,b; = 0, there exists k (1 < k <n — 1) such that
br > 0 and by, < 0.

Note that
b > br + bry1 > by

We define ¢1, ¢, 3, ..., c,_1 such that

¢k = by + by,
c; =b; for i < k,

ci = by for i > k.
o If 1 <k <n—1,then |b| = |c1| and |b,| = |cn-1].
o If k=1, then min(|b1, [bn|) = [bn| = [cn—1| = min(|e1], [cn-1]).

o If k =n —1, then min(|by|, |b,]) = |b1| = |c1| = min(|eq], |cn_1])-

Then, the irreducible subrepresentation of U(n — 1) x U(1) that appears in ¢, p,,...5,)
has the highest weight (c1,ca, ..., ¢,-1)(0) satisfying

min(|b], b)) = min(jea], len i)

Therefore, we prove that the K-type with highest weight (b, bs, . ..b,) contains the
representation of U(2) x U(1)"~2 with highest weight

(min([by |, [bn]), — min([by], [b.]))(0)"~2.

from (3), (4), and mathematical induction. [
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3.4.2 Corresponding W-types for SL(n,C)

In this subsection, we calculate the corresponding W-type to each single-petaled U (n)-
type of G = GL(n,C). Using the argument in 3.4.1, we can show that the W-type
corresponding to single-petaled U (n)-type with highest weight (a; —1,a2—1,...,a,—
1) is the same as the W-type corresponding to the single-petaled SU(n)-type with
highest weight (a; — 1,a0 — 1,...,a, — 1).

Theorem 3.4.2.1. (Gutkin [12]) Suppose a single-petaled U(n)-type ¢ has the highest
weight

(e —lag—1,...,a, — 1)

such that a; > ay > ...a, > 0 and X' ya; = n. The Weyl group representation on
Vd)U(l)n 1S parametrized by

(ay,as,...,a,)".

By the partition (ai,as,...,a,) = n, we mean the partition (ai,as,...,a;) F n if

ar > 1 and a1 = 0. This is proved in [12], so we omit the proof.

3.5 Single-petaled K-types of SU(m,n) and Corre-
sponding Weyl Group Representations

3.5.1 Single-petaled K-types of SU(m,n)

Without loss of generality, we will assume m > n. Let M(G) be the subgroup of the
maximal compact subgroup of G that centralizes the maximal noncompact abelian
subalgebra of g. Specifically, for G = SU(m,n) and for G = U(m,n), M(G) is the

following;:

MU(m,n)) ={xx (1 X ... Xyp) X (zp X ... x 21) |z €U(Mm —n),y; =z, € U(1)}
M(SU(m,n)) = M(U(m,n)) N SU(m,n).

Proposition 3.5.1.1. The single-petaled S(U(m) x U(n))-types in SU(m,n) can be

extended to the single-petaled U(m) x U(n)-types in U(m,n), and the single-petaled
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U(m) x U(n)-types in U(m,n) restrict to single-petaled S(U(m) x U(n))-types in
SU(m,n).

The proof is similar to that of 3.4.1.3, so we just sketch the proof without details. To

show 3.5.1.1, we need the following lemmas.

Lemma 3.5.1.2. A quasi-spherical S(U(m) x U(n))-type can be extended to a quasi-
spherical U(m) x U(n)-type, and a quasi-spherical U(m) x U(n)-type restrict to a
quasi-spherical S(U(m) x U(n))-type.

The proof is similar to that of 3.4.1.1, so we omit the proof.

Lemma 3.5.1.3. A U(m) x U(n)-type ¢ is irreducible when restricted to S(U(m) x

Proof: An element u in U(m) x U(n) is expressed as s x d where d is a scalar
matrix and s is an element of S(U(m) x U(n)), and the ¢(d) is a scalar operator
on V3 due to Schur’s lemma [17]. Therefore, Vo = spalicy(mxum) < ¢(k)v > and
SPaALleg(U(m)xU(n)) < @(k)v > have the same dimension for a nonzero vector v € V7.

]

Lemma 3.5.1.4. The U(m) x U(n)-type with highest weight
(c1ycoe vy em)(dryda, ..o o dy)

has an M(U(m) x U(n))-fixed vector if and only if it contains an irreducible repre-

sentation of U(m —n) x U(1)" x U(1)"™ with highest weight
(0,0,...,0)(k1) (k) ... (kn)(=kpn) ... (—ko)(—k1).
Therefore, a quasi-spherical U(m) x U(n)-type satisfies
Yt +Xd; =0.

This lemma is true because

66



from 3.1.1.6 as in the proof of 3.4.1.2.

Lemma 3.5.1.5. Suppose that gg is a quasi-spherical U(m) x U(n)-type and

Dlsv(m)xsum) = -

Then,

MU(m,n)) 1 M(SU(m,n))
V$ = V¢>

and they are annihilated by Zo(Z* — 4) for a € A.

Proof: Suppose that a quasi-spherical U(m) x U(n)-type gz~5 has the highest weight
(c1,€y .o yem)(dy,da, ..., dy).

From 3.5.1.3, we may assume

lsWm)xu(n)) = ¢

for an S(U(m) x U(n))-type ¢. We note that VgM(U(m’")) is the sum of the represen-

tations with highest weight

(0,0, 0) (k1) (ko) - (kn)(=kn) ... (=k2) (k1)

when restricted to U(m —n) x U(1)" x U(1)". Likewise, the VgM(SU(m’")) is the sum

of representations with highest weight
(kKoo k) (k1) (K2) - o (Rn)(=kn) - .. (—k2)(—F1)

when restricted to U(m—n)xU(1)"xU(1)". From 3.5.1.4, if U(m—n)xU(1)*xU(1)"-
type with highest weight

(kky.oo o k) (k1) (k2) oo (k) (=kn) - .. (—k2)(—k1)
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appears in ¢, then k is 0. We conclude that the M (U(m,n))-fixed vectors in ¢ are
the same as the M (SU(m,n))-fixed vector in ¢.

YMWmm) _ yMSUmm) _ MU ()
; .

Because U(m,n) and SU(m,n) share the restricted-root system, we may assume that

they also share Z, for simple restricted root . Therefore, VgM(U(m’")) = V¢M(SU(m’n))

is annihilated by Z,(Z2 —4). O
A SU(m) x SU(n)-type with highest weight

(a1, a2,. .. am)(bi,ba, ..., by)
is equivalent to the representation with highest weight
(a1 +k,as+k,...;am+k)(bi+58,by+s,...,b,+5)

for k, s € Z. This representation can be extended to the irreducible representation of

U(m) x U(n) with the highest weight
(ay + k,ag+k, .. am+ k)b + 5,00+ s,...,b, + 5)

for k,s € Z from the proofs of 3.4.1.3 and 3.4.1.1. Likewise, S(U(m) x U(n))-type
with the highest weight

(a1, a2, .. am)(bi,ba, ..., by)
is equivalent to the representation with highest weight

(a1+k,a2+k,...,am—|—k)(b1+/{:,b2+/€,...7bn+k).
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Note that a quasi-spherical S(U(m) x U(n))-type with highest weight
(ar,as,...,am)(b1,ba, ..., by)
is extended to a U(m) x U(n)-type with highest weight
(a1 +k,as+k,...;am +k)(by +k,by+k,....b,+ k),
and it is quasi-spherical for unique k because
(m4+n)k+ X" a;, + X ,b; = 0.

Proposition 3.5.1.1 is immediate from 3.5.1.2 and 3.5.1.5. From 3.5.1.1, we may clas-
sify single-petaled U(m) x U(n)-types of U(m,n) instead of single-petaled S(U(m) x
U(n))-types of SU(m,n), and they are single-petaled S(U(m) x U(n))-types when
restricted to S(U(m) x U(n)). The next corollary to 3.5.1.5 is useful in 3.5.2.

Corollary 3.5.1.6. Suppose that 5 is the single-petaled U(n)-type with highest weight

(61,02, PN ,Cm)(dl,dQ, ce 7dn)

Then, ¢ = $|SU(n) is the single-petaled SU (n)-type with highest weight

(c1,C9, ... em)(dy,da, ... dy).

The W -type on V(ZM(U(m’")) is the same as the W-type on V¢M(SU(m’”)),

A U(m) x U(n)-type is denoted by a tensor product of a U(m)-type ¢; and a U(n)-
type ¢2:
P1 ® Pa.

We clarify the notations that we will use for the rest of this subsection.
e G=U(m,n)
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a b

o g=u(m,n)={ | a, ¢ are skew Hermitian m x m and n x n matrices
b* ¢
respectively}
0 =z ] )
o p=/{ | x is an m x n complex matrix}
zt 0
U . : : U
e a={ | x is an m x n real matrix, x;; is zero if i +j #m+ 1} Cp
¢ 0
0 =z ,
o o; €a*: oy ) = Tpy1—i; for 1 <i<n
z* 0

e restricted-roots:
{ta; £ajli #75,1 <i,j <n}U{F20;|1 <i<n}U{xa|l <i<n}ifm>n
{xaita;li #j,1<i,j<nU{R2aq]l <i<n}if m>nif m=n.

e positive roots: {a; £ ajln > 7 >1> 1} U{20n > i > 1} U {as|n > > 1} if
m>n

{oi£ajin>5>i>1U{2n>i>1}itm=n

e simple roots: {a; —a; 1|1 <i<n—1}U{a,}if m>n

{ai —ai1|1 <i<n—-1}U{2a,} if m=n

We describe the restricted-root spaces as in [17]. We first need to define the following

2 X 2 complex matrices:

The restricted-root spaces for +a; & o; with ¢ < j are 2-dimensional and are nonzero
only in the 16 entries corresponding to row and column indices m —j5+1, m —j + 1,
m + i, and m + 7, where they are

J(z) —1.(2) J(z)  Ii(2)

Baj—a; = { _ 3 }7 I—a;+a; = { 7 B }7
L) IE) () )
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b = { J(f) _I(f) b8 = J(f) I(f) N
—1_(z) J(Z) I_(z) J(z)

The restricted-root spaces for +2q; have dimension 1 and are nonzero only in the 4

entries corresponding to row and column indices m — ¢ + 1 and m + i, where they are

. 1 -1 , 1 1
920, = 1R and g_o,, = IR
1 -1 -1 -1

The restricted-root spaces for £a; have dimension 2(m — n) and are nonzero only in
the entries corresponding to row and column indices 1 to m —n, m—t+ 1, and m +1,

where they are

0 v —v 0 v wv
g, =1 —v* 0 0 |}andg o ={] —v* 0 0 [}
—v* 0 0 v 0 0

We can choose Z,, o, for i < j such that they are nonzero only in the 16 entries
corresponding to row and column indices m —i+1, m— 75+ 1, m+i and m—+ 7, where

they are

Likewise, we can choose Z,, for £a; such that they are nonzero only in the entries

corresponding to row and column indices 1 to m —n, m — i+ 1, and m + i. We may

choose
0 v O
Lo, = —vx 0 0 where v = e € C™ ™,
0 00

For m = n, 2¢; is a reduced root, and we can choose Zs,, such that they are nonzero
only in the 16 entries corresponding to row and column indices m — ¢+ 1 and m + i,

where they are



The Weyl group representatives in Nk (a) are defined as follows. Let A be a matrix
such that the entries corresponding to row and column indices m —j+1, m —j+ 1,

m+1 and m + j are

and all other entries are zero. Let B be a matrix such that the entries corresponding

to row and column indices m — 7+ 1, m —j+ 1, m+14 and m + j are

and all other entries are zero. Then the Weyl group representatives are given as

follows:
Waica, =1 =B+ Aand Wy, =1 = 2E, 44 mi-

A simple restricted root for U(m,n) is either a; — a;41 or «,. The real rank one
subalgebra g*» is isomorphic to su(m —n+1,1). We can calculate that M K is the

following:
{rxzx(y1 Xy2 X oo . XYn-1) X Yn-1 X ... Xyaxy1) | 2,4, € U(1),z € Um—n+1)}.

The M K*-type with a nonzero M-fixed vector restricts to U(m —n+1) x U(1)-type
with highest weight

(a,0,0,...,0,0,=b)(b—a)

where a, b are nonnegative integers. For real rank one group SU(m —n + 1,1), the
quasi-spherical S(U(m —n+ 1) x U(1))-types corresponding to Kostant’s parameter
(0,0) and (0,1) are extended to the U(m — n + 1) x U(1)-types with a nonzero
M(U(m—n+1,1))-fixed vector according to 3.5.1.1. They have the following highest

weight:

(0,0,0,...,0)(0), (1,0,0,...,0)(—1), and (0,0,...,0, —1)(1).

72



Therefore we should look for a U(m) x U(n)-type such that its restriction to U(m —
n+1)xU(1) x U(1)"! x U(1)"~! has the irreducible subrepresentation with highest
weight

(@,0,0,...,0,0,—b) x (b—a) x (k1)(ks) - (kn_1) X (kn_1) ... (ka) (k1)

only if (a,b) is either (0,0), (1,0) or (0, 1).

On the other hand, the real rank one subalgebra g®~®+! is isomorphic to a subal-
gebra of su(2,2), and M K*~*+! is isomorphic to a subgroup of U(m —n) x U(2) x
U)"2x U(1)"2 x U(2). Specifically, M K*~%+1 is the following:

{$1X$2X(y1><. . .Xyn_Q)X(yn_QX. . .Xyl)X1'3 ‘ xr1 € U(m—n),a:g = I_(l)J(1)$3[_(1)J(1)}

The real rank one subgroup G*~% which is isomorphic to a subgroup of SU(2,2),

has the maximal compact group

{Ax BeSWUEQ) xU®2)|A=I_(1)J(1)BI_(1)J(1)}.

Therefore, we conclude that K~ %+ ~ SU(2). The SU(2)-type corresponding to the
Kostant’s parameter (0,0) and (0, 1) have the irreducible subrepresentation (0,0) and
(1, —1) respectively. Therefore, we should look for a representation of U(m) x U(n)

¢ satisfying the following condition:

[l (m—n)xU(2)xU(2)xU(1)n—2xU(1)n—2 has a subrepresentation with highest weight

(0, 0, O, Ce ,0) X <¢1) X (¢2) X (/{31>(/{32) . (l{infg) X (—k’n,Q) . (-kg)(—kl)]
— [¢1 ® ¢ has a subrepresentation with highest weight (k, —k)
only if k =0or 1]

To classify single-petaled U(m) x U(n)-types in U(m,n), we use 3.1.1.6 and 3.5.1.4.

Proposition 3.5.1.7. For U(m,n) with m > n, a single-petaled K-type has the
highest weight

(a1,a9, ..., am)(b1,bay ... by)
such that
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[am Z O, bn Z —]_, E?:lbi —f- E;’ilai = O] or [Cll S 0, bl S ]_, E?:lbi —f- E?;lai = 0]
The proof is similar to the proof of 3.4.1.4, so we omit the proof.
For m = n, the simple restricted roots are {a; — a;41|n > @ > 1} U {2a,,}. We

can still make use of 3.5.1.5. A U(n) x U(n)-type ¢ that is quasi-spherical in U(n,n)
contains a subrepresentation of U(1)" x U(1)™ with highest weight

(a1)(ag) ... (an)(—ay)...(—az)(—aq).

Note that Zsa,(Z3, — 4) annihilates the M-fixed vectors in the U(1)" x U(1)"-type
with highest weight

(a1)(az) ... (ay)(—ay) ... (—a2)(—ay)
only if |a;| < 1. Using a similar argument as before, we get the single-petaled K-types
of U(n,n).

Proposition 3.5.1.8. A single-petaled K -type is the representation with highest weight

(a1, 05, @) (b1, bas -, by)

such that

[an Z 0, bn Z —1, Ebz +Zaz = 0] or [(11 S 0, b1 S ]_7 Ebl —I—Za, = 0]

3.5.2 Corresponding W-types for SU(m,n)

In this subsection, we calculate the corresponding W-type to each single-petaled
U(m) x U(n)-type ¢ of G = U(m,n). Because of 3.5.1.6, this calculation gives the
corresponding W-type to each single-petaled S(U(m) x U(n))-type ¢sw(m)xv(n)) in
SU(m,n). We make use 3.4.2.1: in GL(n,C), the U(n)-type with highest weight

(al—l,ag—l,...,an—l)
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such that
¥ ,a; =n and a; € NU{0}

realizes the Weyl group representation t)(41:92-n)" on its U(1)"-fixed vectors. Note
that G has the Weyl group S,,x (Z/2Z)", and its irreducible representation is parametrized
by two Young diagrams (A, 7), where A - ¢ and 7 F n — ¢. Suppose that

M = (ay,aq,...,a,) F qand 77 = (by, b, ... b, 4) Fn—q.

The representation of S,, ¢ is realized by U(q)-type with highest weight
(a1,aq,...,aq) —(1,1,...,1)

on its U(1)9-fixed vectors, and the representation of S,_,, 7 is realized by U(n — q)-
type with highest weight
(b, by - by y)”

onits (1,1,...,1) weight vectors. Here, we choose the same representatives for S,, as

in 3.4.2.

Let us illustrate two examples. Throughout these two examples, we assume that
X a; =n and a; > 0.

The reflections with respect to long simple roots generate a subgroup W; ~ S,, of

Weyl group. The Wi-type on the M-fixed vectors of K-type ¢ with highest weight
(0,0,...,0)(a; — 1l,as — 1,...,a, — 1)

is * where A = (a1, aq,...,a,)" from 3.4.2.1. The reflection with respect to the
short root generate a subgroup Wy ~ (Z/27)" of Weyl group, and its representation
on de is (triv)". Therefore, the Weyl group representation on Vf/ is parametrized
by

(A, 0).
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For another example, the representation of W7 on the M-fixed vectors of K-type ¢
with highest weight

(a1, a9,...,a,,0,0,...,0)(=1,—1,...,—1)

is (a1, as,...,a,) = AT. The representation of W, on VQM is (sign)™. Therefore, the

Weyl group representation on qu}f[ is parametrized by
(@, ).

Using there two examples, we calculate correspondences between K-types and W-

types.
Theorem 3.5.2.1. Let ¢ be the single-petaled U(m) x U(n)-type with highest weight
(bibay o bog,0,0,...,0)(a1 —1,a2 — 1,...,ag — 1,—1,—1,...,—1)
such that
ap > ay > ...aq>0,bp >0y >...b,_4 >0, and Xa; + Xb; = n.

The Weyl group representation on M(U(m,n))-fized vector of ¢ is

¢A,T

where

)\:(al,ag,...,aq)Tl—q

T:(bl,bg,...,bn_q)Tl—n—q.

Sketch of Proof: The irreducible representation ¥ of Weyl group is parametrized
by two Young diagrams (A, 7), where A - ¢ and 7 - n — ¢. Suppose that

M = (a1,aq,...,a,) F qand 77 = (by, by, ..., byy) F 0 —q.
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The S, % (Z/2Z)-type
P

is realized by U(q) x U(q)-type with highest weight
(0,0,...,0)(a1 —1,aa —1,...,a,— 1)

on the vectors fixed by {(z1,xa,...,2q) X (24, Tg—1,-..,21) | 7 € U(1)}.
The S,_, % (Z/2Z)" -type
@7

is realized by U(n — ¢)-type with highest weight
(b1, bay ... bpg)(—1,—1,...,—1)

on its vectors fixed by {(z1,xa, ..., Tn_g)(Tn—g; Tn—g-1,-..,21) | z; € U(1)}.

The U(m) x U(n)-type ¢ with highest weight
(bl,bg...,bn_q,O,O,...,O)(al—1,a2—1,...,aq—1,—1,—1,...,—1)

contains the U(m —n) x U(q) x U(n — q) x U(n — q) X U(q)-type ¢res with highest

weight
(0,0,...,0)(0,0,...,0)(b1,ba, ..., by_g)(=1,—1,...,=1)(a1 — Lag — 1,...,aq — 1).

Note that ¢ is a single-petaled U(m) x U(n)-type of U(m,n), so V' is annihilated
by Zo(Z2 — 4) for reduced root .. The representation of (S, X (Z/2Z)?) x (S_4 X
(Z/22,)"~9), which is a subgroup of W, on V;! “is

(A ® (triv)?) x (7 ® (sign)" 7).
Therefore, the S, x (Z/2Z)"-type

T Snx(Z/2Z)™ i ign)"~
2/J(A’ ) = Ind(SqD;((Z//2Z))q)><(Sn—qX(Z/QZ)n_q)()\ @ (triv)?) x (7 ® (sign)"™")
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is a subrepresentation of the representation of W on V¢M . In fact, we can prove that
the representation space of 1Y) has the same dimension with Vd)M . s0 A7) is the

representation of W on V¢M . We omit the detailed proof. [J
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Chapter 4
Quasi-single-petaled K-types

We classified single-petaled K-types for G = SL(n,C) and G = SU(m,n) in 3.4.1
and 3.5.1. For these groups, single-petaled K-types realize all W-types, but for
some classical groups, we do not have enough single-petaled K-types. Therefore, we
would like to generalize the single-petaled K-types to the quasi-single-petaled K-
types, which we will introduce in this chapter. Even for a K-type ¢ such that V¢M is
not annihilated by ¢(Z,)(¢(Z,)? — 4) for all o € TI, there often exists a nonzero M-
fixed vector annihilated by all of them. On these M-fixed vectors, it is still possible
to represent the long intertwining operator using a Weyl group algebra element, and
quasi-single-petaled K-types are the ones with such M-fixed vectors. In this chapter,
we define quasi-single-petaled K-types, associate W-types to the quasi-single-petaled

K-types, and classify which W-types can be realized in this way for each classical

group.

4.1 Quasi-single-petaled K-types

4.1.1 Quasi-single-petaled K-types
Definition 4.1.1.1. For a K-type ¢, v € V¢M is single-petaled if
AN Z)(D(Z0)? — v =0 for allVa € A;.
The vector space spanned by single-petaled M -fixed vectors of ¢ is denoted by V%mgze-
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The action of the long intertwining operator on Homg (¢, I(v)) ~ VM is not fully
represented by a Weyl group algebra element if ¢ is not a single-petaled K-type.
However, the action of the long intertwining operator on V%m gle Can be represented
by a Weyl group algebra element still. This is because Vdf"gmgle is stabilized by the

action of the Weyl group and the long intertwining operator.
Lemma 4.1.1.2. The action of the Weyl group stabilizes V(%mgle.

Proof: We prove that the Weyl group representatives in Nk (a) stabilize V¢M . Let us
denote the Weyl group representative for sz by 4.
Then, r3 acts on X,, 0X,, H,, and

Ad(rg)spang < H, >= spany < Hy(a) >
Ad(Tﬁ’)ga = Os5(a)
Ad(rg)0g* = 0(g>*)
Ad(rs)(Za) € €N g* = 2.

Suppose that
A={Z,|ae A} and B = {Ad(r3)(Z,) | @ € Ar}.

Since the definitions of single-petaled K-type and single-petaled M-fixed vectors do
not depend on the choice of Z,, the following holds:

v is single-petaled
S (X)) (P(X)2—4)v=0foral X € A
& O(X)(Pp(X)? —4)v =0 for all X € B.

Suppose v is single-petaled. We show that sg.v = Ad(rg)v is single-petaled as follows:

v E V¢M is single-petaled
& O(Z)(0(Za)* —4)v =0Va € Ay
& ¢(rp)d(Za)(0(Z4)* — 4)v = 0 Va € Ay
& ¢(Ad(rs) Za)((Ad(rp) Za)? — 4)p(rg)v = 0 Va € Ay
& O(Ad(rp) Zo)(0(Ad(rp) Zo)* — D) d(rg)v = 0 Va € Ay
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& P(X)(H(X)* —4)p(rg)v =0 for all X € B
& P(X)(A(X)? —4)p(rg)v=0for all X € A

& ¢(rg)v € VM is single-petaled.

We conclude that the Weyl group stabilizes quf/[ [

single*

Lemma 4.1.1.3. The action of the long intertwining operator stabilizes Vdf‘gmgle.

Proof: To prove that the long intertwining operator stabilizes V(%mgle, we use the

decomposition of the long intertwining operator. If v € V'L, ., then
v = Vg + Vg,

with vg an eigenvector of the eigenvalue 0, and vy a sum of eigenvectors of eigenvalues
+2 under action of Z,. Then

SqV = Vg — Vg,

and it is a single-petaled M-fixed vector. Because
A(Sa, V)V = vg + kvg

for some scalar k, it is a linear combination of vy +wv, and vg—wve. Therefore, A(s,, v)v
is a single-petaled M-fixed vector as well. Since the long intertwining operator is
expressed as a composition of A(s,,v) with varying o and v, we conclude that the

long intertwining operator stabilizes V%, ;. O

Definition 4.1.1.4. A K-type is quasi-single-petaled if it has a nonzero single-
petaled M -fixed vector.

Definition 4.1.1.5. We denote the a Weyl group representation on V(%mgle by Vg, single-
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4.2 Correspondence Between W-types and K-types

4.2.1 Correspondence Between IV-types and K-types

As discussed in 3.2.1, it is often useful to make a relation between unitarity tests
using K-types and unitarity tests using W-types. For a single-petaled K-type ¢, we
derived this relation naturally — we matched the W-type that is realized on the M-
fixed vectors of ¢. For quasi-single-petaled K-type ¢, the long intertwining operator
on Vq%mgla which is a subspace of V¢M ~ Hompg (¢, I(v)), is represented by the Weyl
group algebra element A, (v) defined in 2.4.2.

Lemma 4.2.1.1. For a K-type ¢, the long intertwining operator on V(%mgle 1

¢d),single (Awo (7/)) .

Therefore, if the long intertwining operator on Vd)]gingle is positive semi-definite, then

every eigenvalue of 14 singie(Aw, (7)) is positive.

Proposition 4.2.1.2. If there exists a K-type ¢ such that an eigenvalue of Vg singie(Aw, (V))

15 negative, then the long intertwining operator on
M M
V(b,single - Vd) = HOI’HK<¢, I(V))

is not positive semi-definite, so J(v) is not a unitary representation.

Proposition 4.2.1.3. Suppose the following:
(1) G is split.
(2) For each W -type T, there exists a K-type ¢ such that T is a subrepresentation of

wqb,single .

Then, if J(v), is not unitary, J(v) is not unitary either.

Sketch of Proof: From the theorem of Barbasch-Moy in 2.4.5.2, it is known for
split p-adic groups that J(v), is unitary if and only if (A, (v)) is positive semi-
definite for every W-type 1. Suppose that J(v), is not positive semi-definite. Then,
(Ay, (V) is not positive semi-definite for some W-type 1. From (2), ¢ is contained
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in 94 singie for some quasi-single-petaled K-type ¢. Then, 1(A,,(v)) is a block in the

long intertwining operator on
V(j)]};[ingle - quM = HOHIK(¢, [(V))a

so the long intertwining operator is not positive definite on Homg (¢, I(v)). There-

fore, J(v) is not a unitary representation in the real group setting either. [J

Therefore, it is meaningful to figure out which W-types are realized on the single-
petaled M-fixed vectors of quasi-single-petaled K-types. In 3.4.2 and 3.5.2, we proved
that the single-petaled K-types realize all W-types for SL(n,C) and SU(m,n).
We can realize all W-types using quasi-single-petaled K-types also for SL(n,R),
SO(m,n), Sp(n,R), which we show in 4.4.

4.3 Strategy to Classify Single-petaled W-types

4.3.1 Strategy to Classify Single-petaled W-types

In this subsection, we introduce a strategy to classify W-types realized on the single-

petaled M-fixed vectors of quasi-single-petaled K-types.

Definition 4.3.1.1. A W-type v is single-petaled for G if a K-type ¢ exists such

that Vg single 01 Ve a0 has 1 as a subrepresentation.

To classify single-petaled W-types, we use the following strategy: for each single-
petaled W-type, we construct a K-type that realizes the WW-type on its single-petaled
M-fixed vectors, or we construct a vector space spanned by single-petaled M-fixed
vectors which realizes the W-type. To construct such vector spaces, we use a tensor
product or a wedge product of simple representations, such as standard represen-
tations. To show a W-type ¢ is not single-petaled, we make use of the following

lemma.
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Proposition 4.3.1.2. Suppose that G s a Levi subgroup of G, K; is the mazimal
compact subgroup of Gy, and Wy is the Weyl group of Gi. Note that Wy is the
subgroup of W. If a Wi-type T is not single-petaled for G1 and a W-type ¥ has T as

a subrepresentation when restricted to Wy, then 1 is not single-petaled.

Proof: It is enough to show that if ¢ is a single-petaled W-type in G, then every
irreducible subrepresentation of 1) when restricted to W is single-petaled in G;. Sup-
pose 7 is a Wi-type in the restricted representation of ¥ to Wi. If v is single-petaled
in G, then there is a K-type ¢ that realizes ) on Végmgle- Suppose that

Pk, =01 R P2 @ ... D P,

M
Then, V'

single 18 & subspace of

s

MNK;
D Vi

i=1
Because 14 singie has 1 as a subrepresentation, it has 7 as a subrepresentation when
restricted to Wi. As a result, the W; representation on

MNK; MNK;y MNK;
Vdn,single S5 V¢2,single ©...0 V¢>S,single

VMﬂKl

41.single LOT SOme

has 7 as a subrepresentation. Therefore, the W-type 7 appears in

1, and 7 is a single-petaled Wi-type in G;. [

4.4 Classification of Single-petaled W-types

Using 3.3.1 and 4.3.1, we classify single-petaled W-types for classical groups in this

section.

4.41 SL(n,C)

In 3.4.2.1, we showed that, for each W-type of SL(n,C), there exists a single-petaled
K-type ¢ that realizes the W-type on V¢M = Vd)M

,single*
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Proposition 4.4.1.1. FEvery irreducible Weyl group representation is single-petaled

in SL(n,C).

4.4.2 SL(n,R)

Proposition 4.4.2.1. FEvery irreducible Weyl group representation s single-petaled

in SL(n,R).

Proof: Suppose a single-petaled U(n)-type ¢ of GL(n,C) has the highest weight

(al,ag,...,an)—(1,1,...,1)

such that
¥ ,a; =n and a; > 0.

Suppose that
Plsommr) = ¢1 @ P2 D ... D Py

is the decomposition of ¢ into a direct sum of irreducible representations of SO(n,R).

Then,
k

U@ s _ S(o)™)
Vo T CV = @ Vo, :

i=1
Because GL(n,C) and SL(n,R) share the restricted root system, we can assume that
they share Z,, for every reduced root a and the Weyl group representatives as well. In
fact, we can fix a subgroup isomorphic to SO(n,R) in U(n) and choose Z, and Weyl
group representative such that they are in so(n,R) and SO(n,R) respectively. We
may thus assume that Z, and Weyl group representatives act on Vy,. If v € Vd)U(l)n C

@levqi(o(l)n), then we can express v as
V=V +Vy+ ...+ Vi

such that v; € V(:(ou)n)‘ Then,
Zo(Z2 —4)v; =0 Va € A, Vi

«
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because
Zo(Z%2 —4)v =0 Va € A.
This means that a nonzero v; is single-petaled. Therefore, we can conclude that

omm)

k,single *

u@)n U@ )
qu Vq§ single - V¢1 szngle EB V¢2 szngle D Vq§

As we showed in 3.4.2.1, the Weyl group representation 1, on V¢U(1)n is 1" where
A= (ay,ag,...,a,)".

The Weyl group acts on V¢ W™, Therefore, it acts on @Z 1 VO™ - Because

szngle ¢L,szngle
™) (omm)
i szngle ) ,single for

14 is an irreducible subrepresentation of @ Vol it appears in V¢
some 4. Therefore, * is realized by a quasi-single-petaled SO(n, R)-type ¢;, and it
is a single-petaled Weyl group representation of SL(n,RR). Because every Weyl group
representation is single-petaled in GL(n, C), we prove the proposition. [J

Now, we specify which representation of SO(n,R) realizes the W-type 1* where
A= (ay,ay,...,a,)".

We make use of the fact that ¢* is the W-type on the U(1)"-fixed vectors of the
U(n)-type with highest weight

(al,aQ,...,an)—(1,1,...,1)

where a; > a;41 and a; > 0 from 3.4.2. The U(1)"-fixed vector space of the U(n)-type

with highest weight
(a1,a9,...,a,) — (1,1,...,1)

correspond to the (1,1,...,1) weight vector space of the U(n)-type ¢ with highest
weight

(al,ag, c. ,an).
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Note that

The Weyl group acts on both vector space, and we choose the same Weyl group
representatives for S, as in 3.4.2. Instead of O(1)"-fixed vectors, we think of O(1)"-

signed vectors in V,,. We say v € Vj is O(1)"-signed if

o(z)v = det(x)v

for z € O(1)" C O(n) C U(n). An O(1)"-signed vector is a sum of weight vectors and
each weight vector that appears in the sum corresponds to (by,bs, ..., b,) such that
each b; is odd. Because the only weight satisfying this condition in ¢ is (1,1,...,1),
the (1,1,...,1) weight vectors of ¢ are exactly the O(1)"-signed vectors. Note that,
for an O(n)-type ¢', ¢’ ® det has a nonzero O(1)"-fixed vector if and only if ¢’ has a

nonzero O(1)"-signed vector.

Lemma 4.4.2.2. Suppose U(n)-type ¢ has the highest weight

(a/17a’27 s 7an)

such that X7 ja;, =n and a; > 0. If

¢|O(n):¢1@¢2@...@¢r

is the decomposition of ¢ into a direct sum of irreducible representations of O(n).

Then, ¢; has a nonzero O(1)"-signed vector only for one i.
Proof: The W-type ¢* is realized on the O(1)"-signed vectors of ¢ where

A= (al,ag, ce ,an)T.

We can define a Weyl group representation v; (which may be 0) on the O(1)"-signed
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vectors of ¢;. Then,

P = @Y ®... O Y
and since 9" is irreducible, v; is 0 except only for one . []

Definition 4.4.2.3. ¢, is the representation of O(k) on the harmonic polynomial
of degree k.

The .7, is irreducible because it is an irreducible representation of SO(a;) for
a; > 2, and we can easily check that it is an irreducible representation of O(a;) for

a; =1 or 2.

Lemma 4.4.2.4. When the U(a;)-type ¢ with highest weight (a;,0,0,...,0) is re-
stricted to O(a;), only one irreducible subrepresentation has a nonzero O(1)%-signed

vector, and it is J,,.

Proof:  We can think of ¢ as representation of U(a;) on degree a; polynomials
on a; variables xq,xs,...,z,. The O(1)"-signed vector space is 1-dimensional and
it is spanned by z125. .. 2,,. When U(a;)-type with highest weight (a;,0,0,...,0) is
restricted to O(a;), only one irreducible subrepresentation has a nonzero O(1)%-signed
vector due to 4.4.2.2. The 4, appears in ¢, and it contains a nonzero O(1)%-signed
vector 212y ..., Tg,. U

Suppose S is a subgroup of U(n) isomorphic to II? ,U(a;). Because
Plar,a2,...an)| S
has the subrepresentation with highest weight
1 (a;,0,0,...,0),
we notice that gb(ah%m,an)|H?:10(ai) has the subrepresentation

H;ﬂ:ljﬁli'

88



Also, the representation of II? ,U(a;) with highest weight II7?_; (a;,0,0,...,0) has one
dimensional O(1)"-signed vectors because the representation of U(a;) with highest
weight (a;,0,0,...,0) has one-dimensional O(1)%-signed vectors. If a O(n)-type con-

tains the representation of O(a;) x O(ag) X ...0O(ay,)
H?:l‘%i

then it has a nonzero O(1)"-signed vector. Therefore, we look for a subrepresentation
of O(n) in the U(n)-type with highest weight (ay,as, ..., a,), which has a subrepre-
sentation of I ,O(a;) with highest weight II? ,.7%, . Note that this representation

has subrepresentation of 11" ;SO(a;) with highest weight

™, (a;,0,0,...,0).

We state the following lemma without proof.

Lemma 4.4.2.5. If a II?_,0(a;)-type appears in 117_,U(a;)-type with highest weight

HZ-L:1<CL7;,0,0, R 0)7

and it has a subrepresentation of 117, SO(a;) with highest weight

17, (a;,0,0,...,0),

then it is

H?:l ‘%i ’

Therefore, we look for a subrepresentation of O(n) in the U(n)-type with highest
weight (a1, as,...,a,), which has a subrepresentation of II?* ;SO(a;) with highest
weight 11", (a;,0,0,...,0).

Lemma 4.4.2.6. Fix a partition

n=a;+as+...+ay
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of n such that a; > a;1. Define k to be the number of nonzero parts of the partition
(the largest integer such that ar > 1) and s to be the number of parts of size at least
2 (the largest integer such that as > 2). Suppose o is an irreducible representation of

SO(n,R) with highest weight

(al — Qp,d2 — Qp—1,03 — Qp—2, - - )

Then,
(1) It is the subrepresentation of the U(n)-type with highest weight (a1, aq, ..., a,).

(2) o
weight 113_,(a;,0,0,...,0).

117, SO(a; R)~I15_, SO(a;,R) CONEAINS the wrreducible subrepresentation with highest

Proof: We prove this statement by mathematical induction on n.

(i) n=2:

(A) The U(2)-type with highest weight (2, 0) restricts to the sum of the three SO(2, R)-
types: (2), (—2) and (0). The SO(2,R)-type (2) restricts to the SO(2,R)-type (2).
(B) The representation of U(2) with highest weight (1,1) is the determinant repre-
sentation, and it restricts to the trivial SO(2,R)-type (0).

(i) n > 2:

Suppose that the statement is true for n smaller than m. We prove the statement for
n=nm.

(C-1) k> %, m is even:

Then, a; =1 and a,,_;+1 = 1 because a; > as > ... > a, and X" ,a; = m. Suppose
the U(m)-type ¢ has the highest weight (ai,as,...,an). Then, ¢|lymm—2)xu(2) has a
subrepresentation ¢,.s with highest weight

(CL17(12, oo Om—ky Am—k+25 - - -, Ak—1, Ak41, - - - 7am) X (17 1)

By inductive hypothesis, ¢,.s has the subrepresentation of I{_, SO(a;, R) with highest

weight 11, (a;,0,0,...,0), and it appears in the irreducible subrepresentation ¢/, of
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Gres| SO(m — 2, R) x SO(2,R) with highest weight

—

(al = Gy, A2 = Q15 - - -5 Am—k — Q41 Am—k+1 — Qs Am—k+2 — A1, - - ) X triv.

Note that ¢/, appears in the SO(m)-type ¢’ with highest weight

res
(al —Qm, G2 — Am—1y -+, Am—k — Qk4+1, Om—k+1 — Ak, Am—k42 — Ak—1, - - )

In the similar way, we can show that ¢’ appears in ¢. Therefore, the proposition holds
for n = m.

(C-2) k> %, mis odd:

Then, At is 1 because a; > as > ... > a, and X" a; = m. Suppose the U(m)-type
¢ has the highest weight (a1, as, ..., am). Then, ¢|ym-1)xv(1) has a subrepresentation
Ores With highest weight

(ay,aq, ... yAmot, Gmes, . .. s A1, Q) X (1).

By inductive hypothesis, ¢,.s has the subrepresentation ¢! .. of SO(m — 1) x SO(1)

Tes

with highest weight

(@1 — Gy G2 — A1,y - ., Am—1 — Gma3) X triv,
2 2

and ¢/, has the subrepresentation of IT?_, SO(a;, R) with highest weight II{_,(a;,0,0,...,0)x

Tes

triv. Note that ¢/, is a subrepresentation of SO(m)-type ¢’ with highest weight

res
(@1 — Ay G2 — A1, -+, Am=1 — Am3).

In the similar way, we can show that this SO(m)-type appears in ¢. Therefore, the
proposition holds for n = m.

(D) k< %

Suppose the U(m)-type ¢ has the highest weight (ay,as, ..., an), and @|u(m—a,)xU(as)
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contains a subrepresentation ¢,., with highest weight
(a1,a9,...,a45,...,a;,0,0,0,...,0) X (as0,0,...).

By inductive hypothesis, ¢,..s has a subrepresentation ¢’ . of SO(m —as, R) x SO(ay)

Tes

with the highest weight
(a1, a9, ... ,ds,...,a;,0,0,...,0) X (as,0,...),

and ¢’.__ has the subrepresentation with highest weight

I?_,(a;,0,0,...,0)

when restricted to 11, 50(a;) = 1I5_,S0(a;). Note that ¢! . is a subrepresentation

res

of the SO(m)-type ¢’ with highest weight
(al,ag,...,ak,0,0,...,O) = (al,ag,...,a[%}).

In the similar way, we can show that this SO(m)-type appears in ¢. Therefore, the
proposition holds for n = m.

By (i), (ii) and mathematical induction, the proposition is proved. [J

Corollary 4.4.2.7. The representation of O(n,R)

O(n,R)
IndSO(n,R) ¢(a1 —Qn,a2—0p—1,d3—0An—2,...)

has the subrepresentation I13_, 7, of 1I5_,0(a;).

Proposition 4.4.2.8. In SL(n,R), the W-type 1)(®1:92+9) js realized on the quasi-

single-petaled SO(n)-type with highest weight

(al — Qp,d3 — Qp—1,03 — Qp—2, - - )
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Proof: The representation of O(n, R)

1 (n,R)
¢" =1In dSO(n]R ¢(a1—an,az—an—1,a3—an—2,~-)

realizes the W-type ¢* on the O(1)"-signed vectors from 4.4.2.7. Therefore, the
W-type ¢ is realized on the O(1)"-fixed vectors of

¢" ® det
when we choose the same Weyl group representatives ke, o, for sq,—a, to be
Kay—ay =1 = Epp — Eqq+ Epgq — Eqp.
The O(n)-type ¢” is restricted to SO(n,R) such that
¢"somr) = ¢ © Py
Here, ¢} and ¢} are the SO(n,R)-types with highest weight
(b1, ba, . .. ,b[%]) = (a1 — Gp, a3 — Ap_1,03 — Ap_2, . ..)

and

respectively. Thus, we have

¢" ® det |somr) = ¢ & ¢

and
o nm)
Vqﬁ”,single - V i smgle EB V v smgle '
Because we have the Weyl group representations on Vi,( ) and V¢,,O(1)n) respec-

tively, we conclude that 1* is the subrepresentation of the Weyl group representation
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on V¢,S/1‘/(O(1)”) &) Vz/(ou)n)' Actually, the Weyl group representations on V;{(ou)n) and
Vd)*z,(o(l)n) are the same, so we obtain the proposition. [

4.4.3 SU(m,n)

By 3.5.2.1, every W-type is realized on the M (U(m,n))-fixed vectors of a single-
petaled U(m) x U(n)-type ¢ of U(m,n). By 3.5.1.1, $|5(U(m)xU(n)) is a single-petaled
S(U(m) x U(n))-type of SU(m,n), and it realizes the same W-type. We obtain the

following proposition.

Proposition 4.4.3.1. Every W-type is single-petaled for SU(m,n).

4.4.4 SO(m,n)

For G = SO(m,n), the maximal compact subgroup K is S(O(m) x O(n)), and
M = M(SO(m,n)) is

{ X (21 X 2o X o 2y) X (T X T X ... X x1) |2 € SO(Mm—n),z; € O(1)}

C SO(m —n) x O(1)" x O(1)™.
Let G be U(m,n), K be U(m) x U(n), and M = M(U(m,n)) be

{xx (e x e x ... xefr) x (e x et x ... xe®)|zeU(m—n)}

CUm—n)xUD)" x U(1)"
We make use of 3.5.2.1.
Proposition 4.4.4.1. Every W-type is single-petaled for SO(m,n).

Proof: For each W-type 1, we can find a single-petaled U(m) x U(n)-type gg in
U(m,n) such that the Weyl group representation on V<5M is ¢ from 3.4.2.1. Then,

VM = M

: M
5 S single 15 the subspace of Vq~5 . Suppose

Pl =01 PP @ ... D ¢
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is the decomposition of ¢ into a sum of irreducible representations of K. Then,

M _ yyM M M
vi=vievye. eV

holds.

Note that U(m,n) and SO(m,n) share the restricted root system, and we can assume
that they share Z, for all reduced root o and the Weyl group representatives as well.
In fact, we can fix a subgroup isomorphic to SO(m,n) in U(m,n) and choose Z,
and the Weyl group representatives of U(m,n) such that they are in so(m,n) and

SO(m,n) respectively. If v € VgM , then
V=1 +Vg+ ...

such that v; € V(b]l_‘[ . Then,
Za(ZC% - 4)1)1 = 0, A i, Yo € Al

because Z,(Z% — 4)v =0 and Z, acts on each ¢;. Therefore,

M

M M M
é,single C V(bl,single b vd)g,single ©...0 V(;Ss,single'

We note that the W-type 1 on Vé‘7 appears as a subrepresentation of @;_, V), ..
The Weyl group representation is defined on V¢]‘fsingle for each i, so 1 appears in
Vqﬁji-/{single for some i. Therefore, every W-type is single-petaled for SO(m,n). O

The S(O(m) x O(n))-type that realizes each Weyl group representation on its
single-petaled M (SO(m,n))-fixed vectors is given by the followings proposition. The

method of the proof is similar to 4.4.2.8, so we omit the proof.

Proposition 4.4.4.2. Suppose that
(1) A= (a1, as,...,a.)" Fq
(2) 7= (b1, ba,....,by_ )" Fn—q.
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The W -type ™) is realized on the single-petaled M -fized vectors of an irreducible

subrepresentation of

S(0(m)x0(n))
IndSO(m)XSO(n) (¢)

where the SO(m) x SO(n)-type ¢' has the highest weight A which is sorted

(B by 0

[*]

,0,0,...,0)(a},ay, ..., a(4,0,0,...,0).

q
2

where
(a1 —aq, a2 — ag—1,...) = (ay,db, ... ,a{%])

and (b1 = g, by = bug 1, ) = (B, By, bay).
2

4.4.5 Sp(n,R)

We start with clarifying notations that we will use in this subsection.

e G=25p(n,R)={g € GL2n,R) | ¢"Jpng = Jun}
0 I

where J,, ,, is a 2n-by-2n matrix
-1 0

e g=sp(n,R)={X €gl(2n,R) | X'J,,, + JunX = 0}
e K = 5Sp(n)NSp(n,R) ~U(2n) N Sp(n,C) N Sp(n,R) ~ U(2n) N Sp(n,R)
We define a Lie algebra isomorphism isomorphism f : € ~ sp(n,R) — u(n) by

f(Ek:,n-‘rs - En+s,k + Es,n—i—k - En-i—k,s) = Z.Ewlms + Z.Ejs,k:
and f(Ek,s + En+k,n+s - Es,k - EnJrs,nJrk) = Ek,s - Lisk-

Since sp(n, R) Nu(2n) is spanned by
(Ek,n+s - En—i—s,k: + Es,n+k - En+k,s) and (Ek,s + En+k,n+s - Es,k - En+s,n+k)7
and wu(n) is spanned by

(iE]f,S + iE57k) and (E]ﬁs — E&k),
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f is surjective, and it is a Lie algebra isomorphism. We can define a Lie group
isomorphism between Sp(n,R) = exp(u(2n) Nsp(n,R)) and U(n) = exp(u(n)) corre-

spondingly. We refer the corresponding isomorphism as f as well.

e a=spanyg < By — Eyipnir >

A 0
L] M:ZK<C1):{ 0 A |A::i:E171:|:E272...:|:En7n}

An element of K which centralizes a is a diagonal matrix, and the diagonal matrix

A 0
in K has the form of where A = £F,; &+ Ey5... £ E,,,. Note that

0 A
f(M) = j:El,l + E272 ...t En,n in U(n)

o a; (X} hip(Exg — Envipnyr)) =hjfor 1 <j<n

o Restricted roots: A = {£a; o |1 <k#j<n}U{+2a; |1 <k <n}
o I={ap—ap1 |1 <k<n-1}U{2a,}

® Jo o, =sSpang < Ejp — By jin >

® Gojta, = spang < Ejpin + B jin >

® g o, a, =spang < Ejk+ Fpyny >

® goo, = spang < By iy >

® g 9y, =spang < Eiinp >

e The Weyl group representative for sg,, is
I — Epp — Eniipnik + Expse — Engrr € Sp(n,R),
which maps to

I — Ek,k + iEk7k € U(n) by f
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e The Weyl group representative for so;_q, is
I = (Ejj+ Exk + Entjneg + Eniknir) + (Ejp — B + Entjnar — Enirnts),
which maps to
I—-F;;—Eppy+Ej,—Ey;€U(n) by f
e The Weyl group representative for sq; yq, is
I = (Ejj+ B+ Envjnti + Ensinin) + (—Ejnik — Erntj + Envjg + Ensng),
which maps to
I—FE;;—Epp—iE;, —iE,; € U(n) by f

® Zy,—a, maps to Ejj, — Ey; € u(n) by f
® Zuo,4a, maps to ill;, + ik, ; € u(n) by f
® s, maps to iEg € u(n) by f

The real rank one subgroup G*~“+! has the maximal compact subgroup isomorphic
to SO(2), and G*** has the maximal compact subgroup isomorphic to U(1). The
trivial representation and the p-representation have the following highest weights

respectively:

Ker=+1 ~ §(0(2): the trivial representation (0) and p-representation (2) or (—2)

Ko ~ U(1): the trivial representation (0) and p-representation (2) or (—2)
Proposition 4.4.5.1. Every W -type is single-petaled for Sp(n,R).

To prove this proposition, we need a few lemmas. The Weyl group of Sp(n,R)
is S, X (Z/27Z)", and the irreducible representations are represented by two Young

diagrams (A, 7) such that A+ ¢ and 7 F (n — ¢) for some ¢ as in 2.4.4. Suppose that
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A= (ay,as,...,a,)" and 7 = (b1, b, ..., bp_y)7,
which means that X_,a, = ¢ and X;_{by =n — q.

Lemma 4.4.5.2. For A = (a1, aq,...,a,)", the S, x (Z/27)1-type
M = A x (triv)?
is realized by the U(q)-type with highest weight
(1—ag1—ag1,...,1—a)

on its U(1)9-fized vectors.

Proof: Since (+1)? is a subgroup of U(1)?, a vector is (£1)9-fixed if it is U(1)?fixed.
Let Wi(q) be the subgroup of the Weyl group such that Wi(q) ~ S, is generated
by the reflections with respect to the short roots. Then, the representation of W;(q)
on the U(1)4-fixed vectors is 1* from 3.4.2. On the other hand, let W5(q) be the
subgroup of the Weyl group such that Ws(q) ~ (Z/27)? is generated by the reflections
with respect to the long roots. Then, the representation of Wy is (triv)? since the
U(1)%fixed vector has weight (0)?. Therefore, the Weyl group representation on the
U(1)%-fixed vector is ¢*?. O

Lemma 4.4.5.3. For 7 = (b1, ba,...,bo_y)", the S,_, X (Z/27Z)"9-type
P x (sign)"

is realized on the single-petaled (£1)"~9-fized vectors of U(n — q) representation ¢
with highest weight

(bi+1,ba+1,. . byg+1,1,1,...,1).
Proof: Suppose ¢y is the U(k)-type with the highest weight

(k+1,1,1,...,1).
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Then, ¢ has one-dimensional (41)*-fixed vectors spanned by v, and v is the vector

in the restricted representation of U(1)¥,

(2)".

Let Wy(k) be the subgroup of the Weyl group such that Wy (k) ~ (Z/2Z)* is gener-
ated by the reflections with respect to the long roots. Then, the representation of
Wa(k) is (sign)* since the U(1)*-fixed vector has weight (2)*. From this fact, we can
show that the representation of W(n — ¢) on the (£1)" %fixed vectors of ¢ is the

sign representation.

On the other hand,

(2,2,...,2)-weight vectors of U(n — q)-type with highest weight
(by+ 1,604+ 1,...,b,—g+1)

have one-to-one correspondence to

(0,0,...,0)-weight vectors of U(n — q)-type with highest weight
(by —1,by —1,... buy— 1),

which realizes the S,,_,-type ¥7 by 3.4.2.1 when we choose the Weyl group represen-

tatives in the manner of 3.5.1.

The restriction of ¢ to U(2) x U(1)"~%2 has a nonzero (+1)"%fixed vector only if
the highest weight is (3,1)(2)"7972 or (2,2)(2)" %2 From this fact, we can easily

check that v is single-petaled. [

Lemma 4.4.5.4. The W -type > is realized on part of the single-petaled M -fized
vectors of the U(n)-type ¢ with highest weight

(b1+1,b2+1,...,bn_q+1,1—aq,1—aq_l,...,l—al)

where
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T:(al,ag,...,aq)Tl—q

A= (b1, b2y ..., bp_g)t Fn—q.

Proof: Fix a subgroup A isomorphic to U(q) x U(n — q). Then ¢|4 has subrepresen-
tation ¢4 with highest weight

(1—agl—ag1,...,1—a1)(by +1,b0+1,....b,_4+1).
The (+1)"-fixed vectors in ¢4 are the weight vector corresponding to the weight
(0)*(2)*,
and these vectors realized the representation of (S, x (Z/2Z)9) x (S,—q % (Z/2Z)*"9),

(™ i (triv)?) x (¥7 x (sign)"™7)

from 4.4.5.2 and 4.4.5.3. Therefore, 97 is realized on some (+1)"-fixed vectors of

¢: we can prove this in the similar way to 4.4.7.4, and we skip the detailed proof here.

Now we show that the (&1)"-fixed vectors of ¢ which realize ¥»™ are single-
petaled. It is enough to show that the (41)"-fixed vectors in ¢4 are single-petaled.
First, since the (+1)"-fixed vectors in ¢4 are the weight vectors corresponding to the
weight (0)7(2)"79, they are annihilated by Z,(Z2 — 4) for long roots a.

Second, we show that (41)"-fixed vectors in ¢4 are annihilated by Z,(Z2 — 4) for
short root a. We note that

¢ _ ¢(b1,bz,...,bn_q,—aq,—aq_l,...,—al) ® ¢(1,1 ..... 1)'

Therefore, the (+1)"-fixed vectors in ¢4 is annihilated by Z,(Z2 — 4) for short root
« if and only if the (41)"-signed vectors in the U(q) x U(n — q)-type ¢/, with highest
weight

(—ag, —ag—1,-..,—a1) ® (b1, ba, ..., by_y)
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are annihilated by Z,(Z2 —4). The (£1)"-signed vectors in ¢/, are the weight vectors

corresponding to the weight

and we can easily check that these vectors are annihilated by Z,(Z2 — 4) for long
roots a. [

Proposition 4.4.5.1 is immediate from this lemma.

4.4.6 Sp(n,C)

We start with clarifying the notations that we will use in this subsection.

o (= Sp(n,@) = {g € GL(Qn’(C> | gt‘]n,ng = Jn,n}
0 I
-1 0

where J, ,, is a 2n-by-2n matrix

e g=3p(n,C)={X €gl(2n,C) | X"Jp,, + JunX =0}
o K =U(2n)N Sp(n,C)

We define a Lie algebra isomorphism isomorphism

f:t=u(2n)Nsp(n,C) — sp(n)

f(Exnts — Entsp + Esnsk — Ensks) = jEks + jEs,
f(iBgpys + iEnisr +iEs ik + 1B ) = kEps + kEsy,
f(Brs+ Envints — Esk — Enysptr) = Ers — Eg i, and
J(iEys —iEnipnts + 1 Es gy — 1By snik) = 1Bk + L,

Note that sp(n,C) Nwu(2n) is spanned by

Ek,n—i—s - En—i—s,k + Es,n—‘rk - En+k,57 iEk,n+s + z.En—&-s,k: + iEs,n—i—k + Z.En—i-k:,&

Ek:,s + En—i—k,n—i—s - Es,k: - En+s,n+ka and iEk,s - iEn—l—k,n—i—s + iEs,kz - iEn—l—s,n-i—ka
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and sp(n) is spanned by
iEk,s + iEs,lm jEk,s + jESJm kEk,s + kEs,ky and Ek,s - Es,k:-

Therefore, f is surjective, and it is a Lie algebra isomorphism. We can define a Lie
group isomorphism between U(2n) N Sp(n,C) = exp(u(2n) N sp(n,C)) and Sp(n) =

exp(sp(n)) correspondingly. We refer the corresponding isomorphism as f as well.

o M=Sp(l)" C K

e a=spang < F,, — Eyypnip >

o M = ZK(a)
A 0 . 4 4 —~
= { | A= 6101E171 + €Z€2E272 + ...+ 629”En7n7 B = Ail} cM

0 B

An element of M, which is an element of K which centralizes a, is a diagonal matrix,

A 0

0 A
e2Fyy+...+e%E,,. Note that f(M) = e E 1 +e2Eyy+... 4% E,,, in Sp(n).

and the diagonal matrix in K has the form of where A = €i91E1,1 +

d O‘CI(Z;:lhp(Ep,p - En+p,n+p)) = hq for 1 < q <n

A={Fo, +a, |1 <p#qg<nfU{F20, |1 <p<n}

I={ay —app1 [1<p<n—1}U{20,}

® Go,—a, = SPang < Eyq = Eqinpin, ((Epq — Eqinpin) >
® Gop+a, = Spang < Epqin + Eqpin, i(Epgin + Egpin) >
® 9-a,—a, = Spang < Eping + Egrnp, i(Eping + Egingp) >
® Qoa, = spang < Eppip, 1Eppin >

® g o, =spang < Fpipp, i, 0, >

W e~ S, x (Z/2Z)"
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e The Weyl group representative for sy, is
I'—Epp— Enipntp + Epntp — Enpp € Sp(n,C).

This maps to
I—-E,,+jE,, € Sp(n) by f

e The Weyl group representative for so,_q, is
I=Epp—Eq—Enipnip— Entgniat Epg—EqptEntpntg— Entgnip € Sp(n, C).

This is
I —Epp—Eqq+ Epqg— Egp € S’p(n)

® Zoy—a, maps to £, , — E,, € sp(n) by f
® Zopta, maps to jE, , + jE,, € sp(n) by f

® Zs,, maps to jE,, € sp(n) by f

Lemma 4.4.6.1. The Weyl group representation parameterized by (0,(2)) is not
single-petaled.

Proof: Suppose there exists an Sp(2)-type that realizes %) on its single-petaled

M-fixed vectors. Here, M is isomorphic to
{Al XAQXBl XBQ|Ap:6i6p,BZ‘:AZ-_1}

in K ~ Sp(2,C)NU(4). Since 1)) is a one-dimensional Weyl group representation,
it is enough to show that every M-fixed vector that realizes 1®®) is not single-
petaled. An irreducible representation of Sp(2) ~ U(4) N Sp(2,C) is realized by
a highest weight representation. A highest weight vector can be constructed using

wedge products of a direct sum of standard representations. Let

V¥ = spang < €7, €5, €5,€; >
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be the standard representation of K ~ U(4) N Sp(2,C). Then,

a direct sum of standard representations, is also a representation of K. Also, we can

define a representation of K on

For example, a highest weight vector of ¢(; ;) can be expressed as
el Nes e VIAVL
For another example, a highest weight vector of ¢(3) can be expressed as
eiNete (Ve VAHAVIiaV?).

The highest weight vector of Sp(2)-type with highest weight (a,b) can be expressed

(Aenn(Ne) e N@Vo.

A highest weight representation is generated by a highest weight vector, and we can
conclude that an M-fixed vector in this representation is expressed as a sum of wedge

products of this form.

The M-fixed vectors are generated by wedge products of the following forms:
et Nes es Nel, el Nef or el Ael.
If an M-fixed vector v realizes ¥(*(®) then
Woq, U = —0 and way,v = —u.

Therefore, v is generated by wedge products of the following forms:
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Plz(/\
a1 = (A

(e A el ) = (RN (657 Ael)) € N2 (B VY)
leg Ael)) = (RN (e5F Ael)) € A2 (B, VY)
where 1 < a,,b, <1

k
T
k
T

such that a, # a,, b, # b, if x # y, and
A={a, |1 <x<k}#B:={b, |1 <z <k}

Note that p; is the scalar multiple of

k k k k
P = /\ el” A /\ ey — (—1)* /\ es™ A /\ e
r=1 =1 =1 r=1

and ¢; is the scalar multiple of

k k k k
Go = /\ es” N /\ el — (=1)* /\ ey” N /\ ey
r=1 =1 rx=1

r=1

Note that p; and ¢; depends only on {A, B} (a set consisting two sets). Since A # B,
we may choose A", C C A and B’,C C B such that

ANC=0,BNC=0,and A’ NB" = 0.
Put
A ={d\,dh,... a,_ }, B ={b},b,,....,0,_.}, and C = {c1,ca,...,¢5}.

Note that ps is the scalar multiple of

s s k—s k—s s s k—s k—s
= ANemANe A Ne AN — (=D Ne A N\esn N et n N e
P3 = 1 3 1 3 3 1 3 1 -
=1 x=1 x=1 r=1 r=1 r=1 r=1 r=1

Likewise, ¢ is the scalar multiple of

s s k—s k—s s s k—s k—s
( b/) / b/
g3 = /\65“/\/\eff”/\/\eg”/\/\ef—(—l)k/\efff/\/\eg”’/\/\ei“/\/\62’”.
r=1 r=1 r=1 r=1 r=1 r=1

r=1 =1
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Note that p; and ¢; depends only on {A’, B’} and C. If an M-fixed vector v realizes
() then

Way—apV = V.

Therefore, v is spanned by wedge products of the form of ps A ¢3, which is the scalar

multiple of the following:

w:/\il /\/\xl /\/\:cl /\/\xl

k— k— b s pk— k—s b,
/\(/\m i a A /\ 1 - (_1>k S/\x queg A /\x iel )

k ’ k—s b, s £k " k—s b,
AN e AN i€4 — (P AR el AN ).

where

]‘ < abe/m7CIE S l?

o, # dy b, A i Ay
and a), # b, a), # ¢y, ¢z # b,

We notice that v is not single-petaled because v is not annihilated by Z,(Z2 — 4) for

the short root o = a1 — a. To show this, we find the eigenvectors in V*
X xX X X
Uy, Wy, Vg, and W=y

under action of Z, corresponding to the eigenvalues 1, 1, —1, and —1 such that

xr __ x T xr __ x x xr __ x x xr __ x x
el = v + 07, e5 =v] —v¥,, ef = wi +w”,, and €] = wi — w?;.

Rewriting w, v is generated by wedge products of the following form:
Noe1 (V77 +05) AN (Wi +wE) A NG (077 = v8) A Aoy (Wi — wy)

AN (017 + o) A NS (@ ™) — (=108 AR (i +w™) A A (0 +0™)
*ALZ

AN (07 —0™) AT (@ — wP) — (1R AR (wf — w™) A NS (o] — o)

which is the scalar multiple of

U/:/\z1 /\/\:v L WY /\/\x 1”1/\/\30 LW
k—s a; '1 —s ANk—s al, k—s/ b b,
/\(/\z:1( 1)/\/\35 1(w1 +7~U ) (— 1)k /\a: 1(“’1 7~U71)/\/\x:1(7]1 +v74))
k—s al, bl _s Nk—s/ al al, k—s/ b b,
AN (0 —0%5) AN (] —w?s) — (=1)F APZS (™ —w®) A AEZS (0] —0').

107



Note that v" only depends on {A’, B’} (a set consisting two disjoint sets) and C up

to scalar. Let

v = (AT o) AN () = (1R AST (i + ) AN (0 +0'5)

A(/\fﬁ i(”l - )A/\:p 1(“)1 — )= (= 1)k_s/\]; i(wl — )/\/\m 1(”1 — o 1)

It is enough to show that v” is not annihilated by Z,(Z2 — 4). Note that v” only

depends on {A’, B’} (a set consisting two disjoint sets) up to scalar.

(1) Suppose k — s = 1. Then, v” is not annihilated by Z,(Z2 — 4) because a term in

"
/U7

(v} /\w1 + wi? /\vl)/\( /\w1 + wi /\U1>—2UT1/\U)1 /\w /\v17

is nonzero. Since kK — s = 1, this term cannot be canceled in the nonzero linear
combination of the same form.

(2) Suppose k — s > 2. We can show that v” is not annihilated by Z,(Z2 —4). In
v = (NS +0) AN (0 ) = (=15 A (wf + o) AN (o +075)

ANEZ (@0 =0 5) AN (w7 — ™) — (=105 AP2S (wi — w®) ANEZS (0] — o)),

we have the following term

(A2 (08" +0™) A NS (] + ™)) A (ASZ (@i — w™) A NS (o} — 11%))
HASZ (0 — o) A AT (i — w™)) A AEZS (0 + w) A A (o +0™)),

and therefore we have the nonzero term which is the scalar multiple of
k—s k—s k—s k—s
(SO Va5, DA G\ ) A SN wizas, ) A\ 1)
y=1 =1 y=1 =1

This vector is not annihilated by Z,(Z2 — 4) because 2(k — s — 2) + 2(k — s) > 4.
This term cannot be canceled in the nonzero linear combination of the same form.

From (1) and (2), we conclude that () is not single-petaled. [
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We state the following lemmas without proof. We can prove them in the similar

way to 4.4.6.1.

Lemma 4.4.6.2. The W-type parametrized by ((1,1,1,1), (1)) is not single-petaled.
Lemma 4.4.6.3. The W-type parametrized by ((1,1,1),(1,1)) is not single-petaled.
Lemma 4.4.6.4. The W-type parametrized by ((2,2),0) is not single-petaled.

Therefore, from 4.3.1.2, the candidates for single-petaled W-types are ™) satisfying
the following:

[T:®7 A:(k7171a71)]
or [T = (1), A = (ki, ko, k3) such that 0 < ko, k3 < 1]
or [r = (1,1,...,1), A = (ky, k2) such that 0 < ky < 1].

Lemma 4.4.6.5. The W-type vM7) is single-petaled if
r=(1,1,...;,1)Fnand A = 0.

Sketch of Proof: Suppose that

x __ xr x x
V¥ =spang < ef,€3,...,€5, >

is the standard representation of K ~ U(2n) N Sp(n,C). Then,
n 4 2n n
= N\Gren+eane)e NPV
]:1 y:l =0

is M-fixed, and
SPall e Tab(r) < C(A) © R(A) oV >

realizes S, X (Z/2Z)"-type ¢ (L1L-1)) when the Young tableau




is A. Note that v is annihilated by Z,(Z2 — 4) for every root a.. This is true because
0A 1 0 1 0p L2 0 2 0p 1 0 1 0 2., .0 2
(e1/en e Ne) N eaAeg oten aNey)—(eaey oy ten Aes) A(E]Aen i1 F€p 1 NET)

in A* (V'@ V' & V?) is annihilated by Z,(Z2—4) for every root a. We can confirm this
by case-by-case calculation. Therefore, we conclude that there exists a quasi-single-

717"'71)

petaled K-type which realizes 1@ ) on its single-petaled M-fixed vectors. [J

Lemma 4.4.6.6. The Weyl group representation ™) is single-petaled if

r=(11,....,)Fkand A\=n—k—-1,1)Fn—k
ort=(L1,...;,1)Fkand A\=(n—k)Fn—k.

Sketch of Proof: We construct single-petaled M-fixed vectors which realize 7).
First, we define Tab(\, 7): we enter the numbers from 1 to n in each blocks of A or
7 exactly one time for each number, and those elements consists Tab(X, 7). By A4, ;,
we mean the number in the ¢th row and jth column of A. Likewise, by B; ;, we mean

the number in the ith row and jth column of B. We fix an element
(Ao, Bo) € Tab(\, 7).

Suppose that

x __ xr T x
V¥ =spang < ef,€3,...,€5, >

is the standard representation of K ~ U(2n) N Sp(n,C). Then,
Span 4, gyetab(r,r) < (B) o C(B)ovp >

realizes 9?7 from 4.4.6.5 for

k 2k

v = A\, Ay, + s Al € A(
=1 =1

V).

<.
Il >
(@)
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On the other hand,
SPan (4 py)eTab(r,r) < F2(A) 0 C(A)ovy >

realizes ™ from 4.4.6.6 for

VA :ze%lyl/\eglvﬁnevo/\‘/o fA=m—-k—-1,1)
and vg = 1if A= (n— k).

We notice that

U = spangs meranne) < (R(B) o C(B) 0 up) A (R(A) 0 C(A) 00,) >

AT)

realizes the Weyl group representation 1) We can prove this in the similar way

to 4.4.7.4, so we omit the detailed proof. Moreover, since v4 A vg is annihilated by
Zo(Z% — 4) for every root «, every vector in U is single-petaled. We conclude that

M) s a single-petaled W-type. O

Lemma 4.4.6.7. The Weyl group representation ™) is single-petaled if
T=1)F1, A= (ky, ko, k3) Fn—1

such that 0 < ko, k3 < 1.

Sketch of Proof: We construct single-petaled M-fixed vectors which realize ().
Let

x T x x
V¥ = spang < €7, €3,...,€5, >

be the standard representation of Sp(n) ~ U(2n) N Sp(n,C). We fix an element
(Ao, By) € Tab(\, 7).

Using the numbers that comprise Ay as coordinates, we fix a subgroup of G isomorphic
to Sp(n —1,C), and we call the corresponding Weyl group Wy, ~ S,,_1 X (Z/27Z)".
Likewise, we define Wp,.For (A, By) € Tab(\, 7), we define vy as follows:
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(1) if ky = ks =0, vy =1
(2)if ke =1, k3 =0, va =€} A€l 4, EVIAVD
(3) if ko = kg = 1,
va =€h  ANeh i Ay, Ny 0 — 6?4171 A 6?41714_” A 6?42714_” Ney,, € INUAEEYVA)
Then
span 4 py)etab(nr) < C(A) 0 R(A) ovq >

realizes the W4, -type Y.

Likewise, let
0 1 0 1 0 1 0 1
vp=¢€p, , Neg yntep mNeg, EV BVI)ANV BV

Then

SPAL( 4, B)eTab(A,r)€Tab(A,r) < UB >

realizes W-type 1?1,
Then,

U = span 4 gyetapnr) < (F(A) 0 C(A) ova) A (R(B) o C(B) ovp) >

realizes the Weyl group representation 1)*7). We can prove this in a similar way to
4.4.7.4, so we omit the detailed proof. Moreover, we can easily check that v4 A vg
is annihilated by Z,(Z2 — 4) for every root «, and therefore every vector in U is
single-petaled. We conclude that 7 is a single-petaled W-type. [

Using lemmas in this subsection, we obtain the following proposition.

Proposition 4.4.6.8. The W-type v s single-petaled if and only if (\,7) has

one of the following forms:

fr=0,A=(k1,1,...,1)]
or /7' — (1)’ )\ = (kl,kz,kg) S’LLCh th(lt 0 S kQ,k?, S 1/
or fr=(1,1,...,1), A= (k1 k) such that 0 < ky < 1].
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4.4.7 SL(n,H)

We start with clarifying notations that we will use in this subsection.
e G =SL(n,H)
e K = 5Sp(n) =~ Sp(n,C)NU(2n)
The Sp(n)-types are denoted by their highest weight
(a1, as,...,a,) such that ay > ay > ... > a, > 0.
o a={X" a;E;;|a € RE" ja; =0}
o M~ Sp(1)", m = sp(1)”

e simple restricted-roots: II = {o, —ap1lp=1,2,...,n — 1}

where a,(diEy 1 + doBso + ...+ dpyEny) = d,
e A=A ={a,—ayn>p#qg>1}
e Weyl group W = 5,
® o, o, = SPang < B, 1E, 4, JE, 4 kEp 4 >
® Loy, = Epg—Eqp

e The Weyl group representative for so, o, € W

=1- Ep,p - Eq,q + Ep,q - Eq,p

Sap—aq

o g%~ ~ gl(2,H) with all the nonzero entries in (p,p), (p,q), (¢,p), (¢,q)

o GO ~ SL(2,H)

o £~ ~ gp(2) with all the nonzero entries in (p, p), (p,q), (¢,p), (¢, q)

o Ko~ ~ Sp(2)

e mNEr 2 ~ {r x y|r,y € sp(1)} with all the nonzero entries in (p,p), (¢, q)
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o MK % ~ Sp(2) x Sp(1)"2

We can calculate the branching from Sp(n) to Sp(n—1) x Sp(1) using the following

theorem of Lepowsky.

Theorem 4.4.7.1. (Lepowsky [17]) The Sp(n)-type with highest weight
A= (CLl,CLQ,...,CLn)
restricts to the sum of Sp(n — 1) x Sp(1)-types with highest weights

p=(c1,co,...,cn1)(co)

with the multiplicities my(p) in the following. The multiplicity is 0 unless the integers

Ay = a3 — max(ag, 1)

Ay = min(ag, c1) — max(as, co)

An1 = min(an—1, Cp—2) — Max(ay, Cp_1)

A, = min(an, cp_1)

are all equal to or greater than 0 and also co has the same parity as ¥)_;a, — Zpgllcp.

In this case, the multiplicity s
mx(p) = P(Arer + ...+ Ape,, — coen) — P(Arer + ...+ Apen + (o + 2)ey).

Here, P is the Kostant partition function defined relative to the set {e,+e, |1 <p <
n — 1} where e,(iE, ) = 0pq-

Using this theorem, we obtain the following lemma.

Lemma 4.4.7.2. Suppose ¢q is an Sp(n)-type with highest weight

(n—1,1,1,...,1).

VSp(l)”

do,single is the sign representation.

The Weyl group representation on
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Proof: From 4.4.7.1, ¢, is restricted to the representation of Sp(n —1) x Sp(1) with
highest weight,
(Cl, Co, ... ,Cn,1>(0)

if and only if
(c1,¢0, . yen1) =(m—1,1,1,...,1,0) or (c1,¢2,...,¢h 1) = (n—2,1,1,...,1,1).

Each subrepresentation of Sp(n—1) x Sp(1) has multiplicity one. The Sp(n—1)-type
with highest weight (c;,¢o,...,¢, 1) = (n —1,1,1,...,1,0) does not have Sp(1)"~1-
fixed vector because it is not branched to Sp(1)"~!-type with highest weight (0)"~!.
Therefore, the irreducible subrepresentation of Sp(n — 1) x Sp(1) has a nonzero M-
fixed vector if it has the highest weight

(n—2,1,1,...,1,1)(0).

Using this fact repeatedly, we conclude that an irreducible subrepresentation of Sp(2) x
Sp(1)"~2 has a nonzero Sp(1)"-fixed vector if and only if it has the highest weight
(1,1)(0)"2. The Sp(2) x Sp(1)"2-type with highest weight (1,1)(0)"~? has multi-
plicity one in ¢y, so we have one-dimensional Sp(1)"-fixed vectors in ¢, and it is

single-petaled.

For n = 2, the Sp(2)-type with highest weight (1,1) has one dimensional Sp(1)*-fixed
vectors and kq,_q, acts by (—1) on the M-fixed vectors. Therefore, we can conclude

that £, o, acts by —1 on V(bi{) g,)l;e = quip " and the Weyl group representation on

VSp(l)"

o single 1 the sign representation. [J

Lemma 4.4.7.3. The Sg-type 1 >%?) is not single-petaled.

The proof is similar to that of 4.4.6.5 and 4.4.6.6, so we omit the proof.

From 4.3.1.2, the candidates for single-petaled W-types of SL(n,H) are ¢* where

M = (a1,aq,...,a,) Fn
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satisfies a; < 2. We prove that 1* is single-petaled.

Lemma 4.4.7.4. Let AT = (a1, a9,...,a,) be a partition of n such that a; > 2 and
as < 2. Let s be the number of entries in AT greater than 1. In other words, asiq > 2
and as o < 1. The W-type 1* is realized on the single-petaled M -fized vectors of the
Sp(n)-type ¢ with highest weight

hy=(a; —1,1,1,...,1,0,0,...,0)

with a1 + 2s nonzero entries.

Conversely, we define p such that p(¢"™) = .

Remark: Ifa; =ay = ... =a, = 1, then A = (n) and ¥ is the trivial representation
of the Weyl group. The trivial K-type realizes 1)*, so ¥ is a single-petaled W-type
of SL(n,H).

Proof: First, we show that ¢ is a single-petaled Sp(n)-type. The Sp(2)-type with a
nonzero Sp(1) x SP(1)-fixed vector has the highest weight

(m,m).

We note that the Sp(2) x Sp(1)"~2-type with highest weight (m,m)(b;)(bs) . .. (bp_2)
with m > 1 does not appear in ¢, and therefore, if the Sp(2) x Sp(1)"~2-type with
highest weight (m,m)(0)"~2 appears in ¢, then m = 0 or m = 1. We conclude that
¢ is single-petaled.

Second, we parametrize V¢M using Young tableau of shape A\. We write the highest
weight of Sp(n)-type ¢ as
hy=(by=a;—1,bo =1,b3=1,...,b412: =1,0,0,...,0).
We will show that the part of Vd)M realizes the W-type parametrized by
A= +1=a,by+1=2,...,by4+1=2dy=1,dy=1,....d, =1)" Fn
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where r =n — (s + 1) — 25Hb; = n — a; — 2s. We parametrize vectors in VM using

subgroups of Sp(n) isomorphic to

T4 Sp(b; + 1) x TT5_, Sp(d;).
Let S4 be a subgroup isomorphic to

I Sp(b; + 1) x IT_, Sp(d;)

corresponding to A € Tab(A) in the following way: the numbers in the ith column in
A denote the coordinates that comprise Sp(b; + 1) for 1 <i < s+ 1 and the number
in the (s 4+ 1 + j)th column in A denotes the coordinate that comprises Sp(d;) for

1 <7 <r. One irreducible subrepresentation of S in ¢ has the highest weight
It (b, 1,1,...,1) x (0)",

and it has one-dimensional M-fixed vector space from 4.4.7.2, which is
spanned by a vector that we denote by v4. The M-fixed vector v, is a single-
petaled vector because ¢ is a single-petaled K-type.

Third, we show that the Weyl group representation on spanjerpy) < va > is the
Sp-type 1.
e The action of S, on Tab()) is naturally defined such that s;; := (i,7) € S,

exchanges i and j in an element of Tab(\).

e Correspondingly, we define the action of S, on spancr,pn) < ua > such that
s.(up) = ug.a.
e We define an operator T(A) on A and on u4 correspondingly.

Note that uy and T'(A) are defined in 2.4.4. We define the free vector space V) over
C with basis Tab(\).

e The map

J VA — span yepgpny < ta >
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such that f(A) = uy4 is an .S,, homomorphism.

e We can define an S,,-homomorphism

g:Vy— SPan gemab(n) < VA > -

Since span,.g < s.A >= V), we can define g such that it is an S,-homomorphism.

e The restricted map of f
fospanyempy < R(A)A >— span yerp < R(A)ua >

is an S,-isomorphism.

e The restricted map of f
fospanyemapny < T(A)A >— spanyemuy < T(A)ua >

is an S,-isomorphism.

e The restricted map of g
g span yemyp(ny < T(A)A >— span yeppny < T(A)va >

is surjective and nonzero.(*)

e go f7! i spanjerpny < T(A)ua >— spanyemann) < T(A)va > is a well-defined
surjective S,-homomorphism.
e spanycrapny < T(A)ua > is an S,-type . [11]

1

e go f7 is injective, thus an S,-isomorphism.

Therefore, we conclude that the Weyl group representation on span yepupn) < 7(A)va >
is *. Since
SPan geran(n) < 1(A)va >C spanyemypn) < va >C V¢M
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holds, ¢ is quasi-single-petaled K-type that realizes ¢*. We prove (*) in the following
separate lemma. [

The notations in the two following lemmas are the same as in the proof of 4.4.7.4.
Lemma 4.4.7.5. For A € Tab()\), T(A)va is nonzero.

Proof: We prove using mathematical induction on n = |A|.

(1) If |A| =1, then T'(A)v, is nonzero.

(2) Suppose |A| > 1. An irreducible representation of Sp(n) ~ U(2n) N Sp(n,C) is
realized by a highest weight representation. A highest weight vector can be expressed
using a wedge product of a direct sum of standard representations as in the proof of
4.4.6.1. Specifically, let

x __ xr T x
V¥ = spang < e7,€3,...,€5, >

be the standard representation of K = Sp(n) ~ U(2n) N Sp(n,C). Then

a direct sum of standard representations, is also a representation of K. Also, we can

define a representation of K on
Ik
NPV
j=1z=1

We can realize the Sp(n)-type with highest weight (by,bs,...,b,) as a representation
spanned by the highest weight vector

b; E;'L:1l’j

n J bl
ANere N\ @V
j=1 i=1 z=1
We can express the highest weight vector of ¢ as follows:

/\z 1 61 A /\a1+25 1'

Without loss of generality, we choose A € Tab(\) such that
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Al; > Al, < (i,j) > k, 1 in the dictionary order.
(A) Suppose a; > 2. The M-fixed vector vy is a scalar multiple of

s 1 1 1 1
wa A /\y:l(ea1+2y71 N €a1+2y—1+n — Cay+2y A ea1+2y+n)

where wy is an Sp(1)*-fixed vector of Sp(a;)-type with highest weight
(a1,1,1,...,1)

and the highest weight vector

/\x 161/\/\y 2 y

We note that w,4 has the nonzero term which is a scalar multiple of

us N (eXNep o + v, Aes)

n+ai n+ai

where u, is an Sp(1)*~!-fixed vector of Sp(a; — 1)-type with highest weight (a; —
2,1,1,...,1) and the highest weight vector

/\a1 1 m/\/\ZI 21 61
Then, T'(A)vs has the nonzero term which is a scalar multiple of
(T(B>(UA N /\ (ei1+2y71 A eclzl+2y71+n - €i1+2y N €é1+2y+n))) N ( A 6nJrl + en+1 A 6%)
y=1
Here, B is the tableau of shape 7 such that 77 = (a; — 1, as, ..., a,) and B;;=A;;.

From induction hypothesis

S

T(B)(UA A /\(eclqunyl A eclz1+2y71+n - a1+2y A ea1+2y+n>> 7£ 07
y=1
and therefore T'(A)va # 0.
(B) Suppose a; = 2. The M-fixed vector vy is the scalar multiple of
s+1
/\y+1(62y 1 A e2y 1+n — e%y A eéy—i—n)
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Then, T'(A)va has a nonzero term which is a scalar multiple of
s+1
1 1
/\ (62y—1 A e2y—1+n)7

y=1

and therefore T'(A)vy # 0.
From (1), (2), and mathematical induction, we prove the lemma. [J

From lemmas in this subsection, we obtain the following proposition.
Proposition 4.4.7.6. Every irreducible Weyl group representation 1 is single-petaled

for SL(n,H) if A = (a1, as,...,a,)T satisfies ay < 2.

4.4.8 Sp(m,n)

We start with clarifying notations that we will use in this subsection. Without loss

of generality, we assume m > n.

e G= Sp(m7 n)

K = Sp(m) x Sp(n)

a b

g =sp(m,n) ={ | a, c are mxm and nxXn matrices over quaternions
b* ¢

respectively satisfying a + a* =0, ¢+ ¢* = 0}

0 =
o p={ | x is an m X n matrix over quaternions.}
x*
0 2 . : :
e a=/{ | x is an m x n matrix over real numbers, z; ; is zero unless
¢ 0

i+j=m+1} Cp.

0 =x
o € a*: oy ) = Toi—i
¥ 0

restricted roots:

(D)m>n: {F20; |1 <i<n}U{fa;|1<i<n}
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U{£a; £a;|,1<i#j<n}
(2)m=n: {a; £ a;li #Jj,1<i,7<n}U{X20; |1 <i<n}

e positive roots:
()m>n{outaj|n>7j>i>1}U{2a; | n>i>1}U{a; | n>i>1}.

2)m=n{vtaj|n>j>i>1}U{2a;|n>i>1}

e simple roots:
(H)ym>n: {oy —aq | n>i>1YU{a,}

2)m=n: {o; —a;41 |n>i>1}U{2a,}

We choose the Weyl group representatives as in 3.5.1. The Weyl group representatives
in Nk (a) are defined as follows. Let A be a matrix which is nonzero only in the entries
corresponding to row and column indices m —i+1, m— 75+ 1, m+i and m—+ j, where

they are

Let B be a matrix which is nonzero only in the entries corresponding to row and

column indices m —i+ 1, m — j + 1, m 4+ ¢ and m + j, where they are

Then the Weyl group representatives are given as follows:
Waifa]. == [ — B + A and Wai == Wa% == [ — 2Em+i,m+i-

In this subsection, we state the lemmas that we need to classify single-petaled W-
types in Sp(m,n) and skip the proofs. The method of proofs is similar to that of
4.4.6.1.

Lemma 4.4.8.1. The W-type (2229 s not single-petaled.
Lemma 4.4.8.2. The W -type ((LBD-W) 45 not single-petaled.
Lemma 4.4.8.3. The W-type »®®2) is not single-petaled.
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From 4.3.1.2, the W-types without a subrepresentation t(L11:(1) q)((2:22).0) op

) are candidates for single-petaled W-types. These W-types are 1) for

AT = (ky, ko, ..., kpn) such that ky < 2, 7 = (]
or (AT = (ki, ks, ..., ky) such that & <2, 7=(1,1,...,1)].

Proposition 4.4.8.4. The W-type v of Sp(m,n) is single-petaled if and only if
(A) or (B) holds.

(A) 7= (1,1,...,1) and \' = (k1, ko, ..., kpy) such that ky <2

(B) 7 =0 and X" = (ky, ks, ..., k) such that ky <2

To prove this proposition, we need a few lemmas. An irreducible representation of
Sp(n) ~ U(2n) N Sp(n,C) is realized by a highest weight representation. A highest
weight vector can be expressed using a wedge product of a direct sum of standard

representations as in the proof of 4.4.6.1. Specifically, let
V¥ =spang <ef,e5,....e0, [1fa, oo, [ >

be the standard representation of Sp(m) ~ U(2m) N Sp(m, C). Then,

a direct sum of standard representations, is also a representation of Sp(m). Also, we

can define a representation of Sp(m) on
Ik
NDV*
j=1 a=1

The Sp(n)-type with highest weight (by,0bs,...,b,) as a representation spanned by
the highest weight vector

m b YTLibi by
AN e N\ @V
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We can regard V* as a representation of Sp(m) x Sp(n) by defining that Sp(n) acts
trivially on V*.
Likewise, let

W* =spang < BEY, By, ..., B FY Fy, ... F) >

n

be the standard representation of Sp(n) ~ U(2n) N Sp(n,C). Then

k
D
r=1

a direct sum of standard representations, is also a representation of Sp(n). Also, we

can define a representation of Sp(n) on
Ik
NDW"
j=1 a=1

The Sp(n)-type with highest weight (by,bs,...,b,) as a representation spanned by
the highest weight vector

bj E?:lbj

/\(/\e;'.) e N\ @V

We can regard W7 as a representation of Sp(m) x Sp(n) by defining that Sp(m) acts
trivially on W*.

Lemma 4.4.8.5. The W-type ™7 is single-petaled where

N = (ki ko, ..., k) such that ky < 2 and 7 = ().

Sketch of Proof: From 4.4.7.4, S,-type ¢” is realized on the single-petaled Sp(1)"-
fixed vectors of a Sp(n)-type ¢. Suppose ¢ has the highest weight (ai,as,...,a,).
The S, x (Z/27)"-type

Y X (triv)™
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is realized by the K-type with highest weight
(a1,as,...,a,,0,0,...,0)(0,0,...,0)

on its M-fixed vectors. Therefore, ¢ @ (triv)" is a single-petaled W-type. [J
Lemma 4.4.8.6. The W -type vM7) is single-petaled where
A=0andT=(1,1,...,1).

Sketch of Proof: The K-type ¢ with highest weight
(n,0,0,...,0)(1,1,...,1)

realizes 17 on its single-petaled M-fixed vector. We can construct ¢ using the

highest weight vector

n n 2n n

(A n (N ED e NEDVHew!.

k=1 k=1

Let

vi= N\(eEAF— fEANE) € V)
k=1

Then, v is annihilated by Z,(Z2 —4) for all reduced root oe. We can define the action

of Weyl group on VM, so we can define C'(A)v where the Young tableau is

is A. Note that C(A)v is nonzero. In a similar way to 4.4.7.4, we can show that the
Weyl group stabilizes spange < C(A)oR(A)o fv >, and the Weyl group representation
on this vector space is the sign representation. Therefore, 1)% (11 is single-petaled.

]
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Lemma 4.4.8.7. The W-type ™) is single-petaled where
AN = (k1, ko, ... k) such that ky <2, 7=(1,1,...,1).

We skip the proof. The method of proof is similar to that of 4.4.7.4, and we use
4.4.8.5 and 4.4.8.6 instead of 4.4.7.2.

Proposition 4.4.8.4 is immediate from 4.4.8.5, 4.4.8.6, and 4.4.8.7.

4.49 SO(2n+1,C)

In this subsection, we summarize the steps to classify single-petaled W-types of

SO(2n + 1,C). We use the following lemmas.
Lemma 4.4.9.1. The W-type (50D 45 not single-petaled.
Lemma 4.4.9.2. The W-type (D:(22) s not single-petaled.

We skip the proof because the method of proof is similar to 4.4.6.1. From 4.3.1.2,
the candidates for single-petaled W-types are parametrized by the following pairs of

Young diagrams:

((k), (r,1,1,...,1)).

We can confirm that ((F)(LL1) i single-petaled in the similar way to 4.4.6.5,
4.4.6.6, and 4.4.7.4.

4.4.10 SO(2n,C)

In this subsection, we summarize the steps to classify single-petaled W-types of

SO(2n,C). We use the following lemmas.

Lemma 4.4.10.1. The W-type 1@ s not single-petaled.
Lemma 4.4.10.2. The W -type {0000} 45 not single-petaled.
Lemma 4.4.10.3. The W-type {222} s not single-petaled.
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Lemma 4.4.10.4. The W -type 1222241 s not single-petaled.
Lemma 4.4.10.5. The W -type p{0LDLDM s not single-petaled.
Lemma 4.4.10.6. The W -type p{GLD(LIDMT s not single-petaled.

We skip the proof because the method of proofs is similar to 4.4.6.1. From 4.3.1.2,
the candidates for single-petaled W-types are parametrized by the following pairs of

Young diagrams:

{(k,1,1,...,1), ()}, {(k 1), (r, 1)},
{(k’ 1)7 (k’ 1)}[7 {(k’ 1)’ (k’ 1>}U {(k>’ (k)}fv {(k)7 (k)}ll

We can confirm that these W-types are single-petaled in the similar way to 4.4.6.5,
4.4.6.6, and 4.4.7.4.

4.4.11 SO*(2n)

In this subsection, we summarize the steps to classify single-petaled W-types of

SO*(2n)-types. We use the following lemmas.

Lemma 4.4.11.1. The W-type »(LD-0D) s not single-petaled.
Lemma 4.4.11.2. The W -type (229 is not single-petaled.
Lemma 4.4.11.3. The W-type ¥ *22) is not single-petaled.

We and skip the proof because the method of proofs is similar to 4.4.6.1. From 4.3.1.2,
the candidates for single-petaled W-types are parametrized by the following pairs of

Young diagrams:

((k,1,1,...,1),(r)) or ((r),(k,1,1,...,1)).

We can confirm that these W-types are single-petaled in the similar way to 4.4.6.5,
4.4.6.6, and 4.4.7.4.
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Chapter 5

Future Research

In this chapter, we discuss how single-petaled K-types and single-petaled W-types

can be used in the future research.

One of the research projects is to complete the list of
quasi-single-petaled K-types < single-petaled W-types

for exceptional groups of type Eg, F7, Eg, Fy, and G5. Unitary representations are
fully classified only for G5 among exceptional cases [15], so the classification of single-
petaled Weyl group representations and quasi-single-petaled K-types will provide a
strong non-unitarity test for split real groups. Barbasch and Ciubotaru discovered a
great deal about spherical unitary representations for p-adic groups of type E and F
[3][9][8]. If we figure out the relation between W-types and K-types for these cases,
we will be able to conclude some non-unitarity for split real groups of type E and F.

Barbasch and Pantano identified the set of pairs
(petite K-types < relevant W-types)
for some exceptional groups [6], and we expect the set of pairs
(single-petaled W-types < quasi-single-petaled K-types)

to be larger. Therefore, identifying the correspondence between quasi-single-petaled

K-types and single-petaled W-types will provide a stronger non-unitarity test.
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The non-spherical unitary dual is still a mysterious field in unitary representation
theory. One of the available techniques is to use two pairs of irreducible representa-
tions of maximal compact subgroups in the bottom layers with matching signatures,
invented by Vogan [18][14]. Using this bottom layer argument, we can transfer in-
formation about signatures from spherical representations of smaller groups to non-
spherical representations of larger groups. To use this technique, it will be helpful to
have more K-types for which we can actually calculate signatures. It will be relatively
easier to calculate (some part of) the signatures for quasi-single-petaled K-types, so
we can make use of these K-types to determine non-unitarity in the non-spherical

case.
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Appendix A

Notations

G': reductive Lie group in 2.1.1
e g: Lie(G) in 2.1.1

e K: maximal compact subgroup in 2.1.1

g =t P p: the Cartan decomposition of g in 2.1.1

e a: the maximal abelian subalgebra of p in 2.1.1

(m, V;): an irreducible representation of G in 2.1.1

¢: a K-type in 2.1.1

K-type with highest weight A : ¢, in 2.1.1

W: Weyl group generated by restricted root reflections in 2.1.1

A: restricted roots in 2.1.2

Aq: reduced roots in 2.1.2

IT: simple roots in 2.1.2

A™T: positive roots in 2.1.2

0: an irreducible unitary representation of M in 2.1.2

131



v: an element in dual of a in 2.1.2

M: subgroup of K centralizes a in 2.1.2

A: analytic subgroup of G corresponding to a in 2.1.2
(): the minimal parabolic subgroup in 2.1.2

wp: the longest Weyl group element in 2.1.2

Vr(x): K-finite vectors in V; in 2.1.2.4

T(ky: (@, K)-module defined on Vy k) in 2.1.2.4
I(0,v): the principal series representation in 2.1.2
Jo(6,v): the Langlands quotient of I (6, v) in 2.1.3.4
I(v): principal series representation in 2.1.4.3

J(v): Langlands quotient of I(v) in 2.1.4.3

A(v): the long intertwining operator between I(v) and I(wpv) in 2.2.1

A(w,v): intertwining operator between I(v) and I(w™!,v) in 2.2.1

Ay(w,v): intertwining operator between Homy (Vy, I(v)) and Hom g (Vy, I(w™'(v)))

in 2.2.2
Ay(v) : Homg (¢, I(v)) — Hompg (¢, I(wor)) in 2.2.2

K-type tests (non-unitarity tests using K-types): checking if

Homg (¢, 1(v)) — Homg (¢, I(wor))

is positive definite in 2.2.2

p-representation: a irreducible subrepresentation of K in p¢ in 2.3.1.1
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e g“: real rank one subalgebra of g generated by g,., where n runs over nonzero

integers in 2.3.2.1
e p*: g*Nypin 2.3.2.1
o £ g*N¢tin 2.3.2.1
e (G*: analytic subgroup corresponding to g% in 2.3.2.1
e K*: maximal subgroup of G* in 2.3.2.1
e 14;: Weyl group representation on Vd)M for K-type (¢,Vy) in 2.4.1

o A, (v) = m___ o _<wal> o oin 241

m+<v,aV > m4<v,aV >

e . a W-type in 2.4.2

e W-type tests (non-unitarity tests using W-types): checking if every eigenvalues

of (A, (v)) is nonnegative in 2.4.2
e ) S,-type parameterized by \ in 2.4.4
o Yy S x (Z)Z)"-type parameterized by (X, 7) in 2.4.4
e R,: the index 2 subgroup of S,, x (Z/Z)" in 2.44
o M R _type parameterized by {\, 7} in 2.4.4
o M M R _types parameterized by A - n in 2.4.4
o VMinge: single-petaled M-fixed vectors in ¢ in 4.1.1.1

,single*

® 1y single: the Weyl group representation on V¢]§4 in 4.1.1.5

single
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