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Abstract

Let X be a nonsingular projective variety with an algebraic action of a complex
torus (C*)*. We study in this thesis the symplectic quotients (reduced phase
spaces) and the quotients in a more general sense. As a part of our program,
we have developed a general procedure for computing the intersection homology
groups of the quotient varieties. In particular, we obtained an explicit inductive
formula for the intersection Poincaré polynomial of an arbitrary quotient. Also,
explicit results were obtained in the case of the maximal torus actions on the flag
varieties G/ B.
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INTRODUCTION

0.1. The aim of this thesis is to study the geometry and the topology of the
quotient varieties of torus actions in algebraic geometry.

As a part of our program, we developed a general procedure for computing the
intersection homology groups of the quotient varieties. In particular, we obtained
an explicit inductive formula for the intersection Poincaré polynomial of an arbi-
trary quotient, which involves only polynomials. ( Kirwan ([Ki]) has a formula
for symplectic quotients which involves power series because of the use of equiv-
ariant cohomology. However, our formulas apply not only to symplectic quotients
but also to more general quotients in question and our main tool to this end is
the decomposition theorem of intersection homology of Beilinson, Bernstein and
Deligne [BBD]. See also [GoM3]).

Also, explicit results were obtained in the case of maximal torus actions on
homogeneous space G/ P, especially on the flag varieties G/B. (Historically, we
first worked out the case of maximal torus actions on G/B, and generalized the
results there to the general case later on.)

0.2. Let X be a projective algebraic variety with an effective action of an
algebraic torus H = (C*)". Assume the torus action extends to a linear action
on the ambient projective space PV. Choose a Kihler metric on PV which is
invariant under the compact torus T' = (S')" C (C*)" and let p : X — R" be an
associated moment map, then it is known that p is T-equivariant and u(H - z) is
a convex polyhedron in R" for any z € X. We therefore get a decomposition of
X into invariant subspaces, X = Ugez X, as follows: two points z,y are in the
same stratum if and only if u(H - ) = u(H - y). Note that = is a collection of
polyhedra in R™.

There is a natural decomposition of u(X) into a union of convex polyhedra in

Rn
wX)=UF
FeT
where T is the index set consisting of the following specified polyhedra: every top
dimensional open polytope F in T is a connected component of the regular values
of the moment map u, and the other open polyhedra are just the faces of those
top dimensional polyhedra.

0.3. Symplectic Quotients. Since the ordinary topological quotient (or,
orbit space) of the action is non-Hausdorff, to define an appropriate “quotient”
variety in the category of algebraic geometry, some “bad” orbits have to be left
out. Unfortunately, there is no canonical way to do this. As a consequence, we



may have many quotient varieties associated to this action. One of the classes of
quotient varieties can be obtained in the following way: let p be a point in p(X),
the moment map image of X, define

up = U{Xclpe C}y

then U, is a Zariski open subset of X and the categorical quotient U,//H in the
sense of Mumford’s geometric invariant theory [MuF]| exists. Furthermore, if p is
in the interior of u(X), then U,//H has the “correct” dimension, that is, it is of
dimension dim X —dim H. In this case, we call i,/ / H a nondegenerate quotient.
Otherwise (i.e, p is in the boundary of (X)), then the dimension of U,//H is
strictly less than dim X — dim H. In this case, we call it a degenerate quotient.
An extreme example of degenerate quotients is the case when p is a vertex of
p(X), in this case, U,//H is a point variety.

Up//H is often called a symplectic quotient because U,//H can be naturally
identified with p~!(p)/T which is a reduced phase space [MaW] when p is a regular
value of p, where T = (S')* C (C*)" = H is the compact part of H.

Let P denote the set of symplectic quotients. Then there is a natural partial
order < on P. Actually, given F' € T,p € F, then U, does not depend on p, i.e,
Uy = Uy, if p,q € F. So we also write Ur instead of U, sometimes. Then, the
partial order < in P can be characterized as follows: Ug//H < Up//H if and
only if G is a face of F.

Theorem (1.4, 1.5). (1). If U,//H < U,//H, then there is a canonical
algebraic projective map f : U,//H — U,//H which often corresponds to a
blowing up map (it may be a fibration, for example). (2). P together with the
canonical morphisms forms a nicely connected category, i.e, any two objects in the
category can be connected by a finite chain of some nice morphisms of the category.
(For the definition of the nice morphisms, see chapter 1.) (3) Consequently, any
two non-degenerate symplectic quotients are related by a sequence of canonical
blowing-ups and blowing-downs.

We point out that for a fixed moment map p (i.e, an equivariant embedding of
X in some ambient projective space, or a metric for simplicity),U,//H (p € p(X))
do not give all symplectic quotients. So to get all of symplectic quotients, we have
to vary the metric on X and to consider u~'(p)/T for various corresponding
moment maps u.

0.4. Algebraic Quotients. There is another important and interesting class

of quotient varieties, “geometric” quotients and “semi-geometric” quotients, which
was first defined by A. Bialynicki-Birula and J. Sommese [B-BS2]. The definition
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of such a quotient is, like that of a symplectic quotient, also combinatorial and
depends only on the moment map. (We point out that the whole theory presented
here has a moment-map-free presentation, that is, we can work out the same
results without using moment maps. This indicates that many of our results
are also true with appropriate modifications in characteristic p > 0. The trick
is that the fixed point set of the torus action can be used to play the role of
a moment map.) In fact, we can define the quotients in the sense of B-BS in
terms of the decompositions of #(X) into disjoint unions of moment map images
of torus orbits. Since the quotients in the sense of B-BS must be non-degenerate,
we give, in section 2.3, a slightly generalized version of their quotients so that
the generalized quotients can be degenerate. We shall call these (generalized)
quotients algebraic quotients.

Let P* denote the set of all algebraic quotients, then P C P*. One can
define the canonical algebraic maps among the quotients in P* and prove that P*
together with canonical morphisms forms a category. The following theorem is an
analogue of the above theorem for P*, although its proof is combinatorially much
more complex than the previous one.

Theorem (2.4, 2.6). The theorem (1.4,1.5) is also true when replacing P by
P*. Moreover, (P, <) is a proper subposet of (P*, <*), in general.

As we shall see, the connectedness of P is almost obvious, but the connect-
edness of P* is far more vague. Also given an equivariant algebraic map from
one variety to another, one can “push-forward” and “pull-back” the quotients in
the category of P* via the equivariant morphism. But one can not “pull-back”
the quotients in the category of P, in general. In other words, the pull back of a
symplectic quotient may not be symplectic in general.

Theorem(3.1, 3.2). There is a canonical “biggest quotient variety” Q with
the following properties: (1). Q is a natural compactification of the space of the
closures of generic orbits. (2). For any algebraic quotient & //H, there is a natural
sujective algebraic map from Q to U//H.

To save space in this introduction, in the following, we shall mainly mention
the properties of quotients in P with the understanding that similar properties
also hold for quotients in P*. The reader should not think that it is easy to
generalize results from the category of P to P*. The only reason to restrict our
attention, in this introduction, to the category P is that the quotients in P* need
more terminologies and descriptions to deal with.

iii



0.5. Stratifying Canonical Maps.The main theme of this thesis is then to
investigate the algebraic maps defined in the theorems of 0.3 and 0.4 in an ex-
plicit way, and to apply the decomposition theorem ( in the theory of intersection
homology) to the above algebraic maps to connect intersection homologies. For
this purpose, we have

Let p € u(X) be a general point, ¢ € #(X) be in the interior of a codim 1 wall
M. Assume also there are two G, F € T, G is a face of F such that p € F,q € G.
Now let Hys = stabilizer of W HM = H/Hpy, then HM acts effectively on
XM, Let also U,(M) = U{XDI g € D C M}, and B = U(M)/H™, then
B=UnXM/H M can be considered as a geometric quotient of XM with HM
action (Note that XM is nonsingular), and B C U,//H.

Theorem (5.1.1, 2). (1) If M is a face of u(X) (i.e, ¢ is on the boundary of
#(X)), then B =U,//H, and the natural projection 7 : Up,/H — U,//H is a fiber
bundle whose fiber is a weighted projective space.

(2) If p is an interior point, 7 : U,/H = X — Y = U,//H is the natural
projection, and A = 7~!(B), then 7|A: A — B is a fiber bundle whose fiber is a
weighted projective space, and 7 is a isomorphism off B.

(3) The fiber of = in (1) and 7|A in (2) are ordinary projective spaces if the
action is quasi-free, i.e, any finite isotropy group is trivial.

The fact that #|A : A — B is a weighted projective bundle over B can
be derived from the decomposition theorem of Bialynicki-Birula [B-B]. In fact,
dimHpy = 1 since dimM = n — 1. Hence Hys gives a (C*)-action on X. Let pp
be its associated moment map, then pups is a non-degenerate Morse function [A1],
hence up induces a Morse stratification X = (J, S, and each S, is a cell-bundle
over a certain connected component of the critical point set of ups (which is the
same as the fixed point set of Ha). In [B-B], Bialynicki-Birula proved more, he
concluded that each cell-bundle above is actually a complex vector bundle, and
the induced (C*)-action on the fiber of the vector bundle is equivalent to a linear
action. The proof of (3) is immediate.

The theorem above takes the following version when p, ¢ are arbitrary interior
points.

Theorem.(5.1.3,4). Let p,q be two interior points, and F,G € T such that
G < Fand p € F,q € G. Then there is a canonical stratificationon Y = U,//H =
Ug Cp such that the natural projection 7 : U,//H — U,//H becomes a stratified
map. More precisely, for each 8, n|r~1(Cp) : #~1(Cs) — Cj is a fiberation tower
whose fibers are all weighted projective spaces.
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0.6. Small Resolutions. There are many small maps among the canonical
algebraic maps of the quotient varieties. In particular, we have

Theorem (5.3, 5.4). (1). If p is a general point, then U,//H — U,//H is a
rational resolution of singularities (i.e, a resolution up to finite quotient singular-
ities) of U, //H. (In fact, a resolution if the action is quasi-free.)

(2) For any interior point r € u(X) , there exists a general point p € u(X) such
that U,/H — U,//H is a small map. Consequently, H.(U,/H) = IH.(U,//H).

The following is a consequence of the above and the decomposition theorem
of intersection homology theory.

Corollary. (5.6, 5.7). Let the notations be as in theorem (5.1.3,4). Then for
any 3, and y € Cp, the local intersection homology groups at y are determined
by the following equality:

IP,(Y) = P(n7'(y)) = P(IIL,P*) = I, P(P%)

for somem and d; >0, =1---m.

In virtue of theorem (5.3,5.4) above, to calculate the intersection homology
groups of quotient varieties, it is enough to focus on rationally nonsingular quo-
tients U,/ H (where p are general points).

0.7. Homological Formula. Now we start to formulate our (intersection)
homology formula.

Let ¢ be a general point in the interior of 4(X) and p a point on the boundary
of u(X). Let also p, q be a piece-wise linear path from p to ¢ such that it does not
meet any codim < 2 wall. Suppose p, ¢ meets exactly k codim 1 walls My,---, M;
in the points ry,---,r; and we have

p—=e(M)M; = - = e(M)M — q

where ¢(M;) = %1 (depending only on the direction of p, g and M;). We also make
the following convention:

H; = H/(stabilizer of XM in H),

T; = T/(stabilizer of XM; in T),

and L{,j(Mj) = L(,,. NXM = U{XDI r; € D C MJ} (Note that Zz(,-j(Mj)/Hj =
p~'(r;) 0 XM [T; is a symplectic quotient of Hj-action on XM, j = 1,..-,k).
Then we have



Theorem.(5.7). (An inductive homological formula.)
P(Us/H) = Bjar,... ke(M;)Qu(M;) Po(Usr;(M;)/ H;)

or

P(p™(@)/T) = Tjm1,he(M;)Qu(M;) P (rs) 0 X5 /T5)

where Qy(M;) = t3+2 +... 4 ¢%  or 0, where d; < e; are two integers depending
only on M; (They are the codimensions of certain subvarieties determined by
M;. Also in other words, the pair (2d;, 2e;) is the signature at XM of the Morse
function pyy;.)

0.8. Vanishing Theorem and Cycle Maps. Let X be a compact com-
plex variety, H;(X) be the ith integral homology group and Ax(X) be the group
generated by k-dimensional irreducible subvarieties modulo rational equivalence,
then there is a canonical homomorphism (cycle map, see [Fu]):

CIX : A,(X) —_ Hg,(X)

A variety X is said to have property (IS) if
(a) Hi(X) = 0 for 7 odd, H;(X) has no torsion for 7 even.
(b) Clx : Ai(X) S Hy(X) for all 4.
A variety X is said to have property (RS) if
(a) Hi(X) ®Q =0 for 7 odd.
(b) Clx ® Q 3 Hy(X) ® Q for all .

Theorem. (6.3.) Let «//H be an arbitrary algebraic quotient, then

(1) the rational intersection homology groups of //H vanish in odd degree
and have no torsion in even degree if the fixed point set has the same property.

(2) the integral intersection homology groups of U //H vanish in odd degree
and have no torsion in even degree if the fixed point set has the same property
and the action is quasi-free.

Theorem. (6.4). Let U //H be an arbitrary algebraic quotient, then

(1) The rational cycle maps of U//H are isomorphisms if the rational cycle
maps of the fixed point set are isomorphisms.

(2) The cycle maps of U//H are isomorphisms if the cycle maps of the set of
the fixed points are isomorphisms and the action of the torus H is quasi-free.

As a consequence, one can see:
Let U//H be an arbitrary nonsingular algebraic quotient, then (1)///H has
the property (RS) if the fixed point set has (RS). (2) «//H has property (IS) if
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the fixed point set has (IS) and the action of torus H is quasi-free.

0.9. Flag Manifolds. The case when X = G/B is a flag variety and H is a
fixed maximal torus contained in B deserves detailed study in its own right.

In this particular case, we have: The closure of XM where M is a wall of u(X),
can be naturally identified with P/B, where P D B is a parabolic subgroup.
Hence, all the fibrations in the theorems of 5.1 are trivial bundle because the
normal bundle of P/B in G/B is trivial,

We described, in the thesis, the moment map images in the case of G/B in
terms of parabolic subgroups of the Weyl group W or coxeter complexes, together
we also described the torus strata closures for some interesting moment map im-
ages.

The case G = SL(n + 1,C) is particularly interesting.

Theorem. (7.2). One of the geometric quotient of maximal torus action on
the variety of full flags in C™*! can be identified (not canonically) with the variety
of full flags in C". As a consequence, any other geometric quotient can be derived
from this flag variety by a finite sequence of blow-ups and blow-downs.

As expected, one can describe, in the case when G = SL(n + 1,C), the mo-
ment map images and their strata closures in terms of both symmetry group and
Schubert conditions.

0.10. Homology of Complements of Subspaces. Naturally associated to
a torus action, one can study the following three kinds of spaces: 1. The quotient
varieties. 2. The torus strata. 3. The closures of torus orbits as toric varieties.

In this thesis, we mostly only study the quotient varieties. An attempt to
study torus strata has led us to consider arrangements

A= {Al""aAm}

in R", where A;,---,A,, are closed subspaces of R" satisfying the following 2
conditions: (a) each A; is either homeomorphic to Euclidean space R* of dimension
k or to the sphere S* of dimension k, for some k < n. (b) each connected
component of an arbitrary non-empty intersection A;, N --- N A;, satisfies also
condition (a).

Associated to every arrangement A = {A;,---,An}, there is a ranked poset
L(A) = (L£,=<,r) which can be constructed explicitly from the combinatorial
data of the intersections of A. Then the combinatorics of £(A) = £ determines
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completely the homology of the complement, M(A) = R" — U, A;, of A.

Theorem. (A) (Homological formula for the complements of subspaces.)

H.‘(R" - U:’;l Ag‘; Z) = @ Hn_r(v)_i_l(K(‘C)v)’ K(‘C(v,T)); Z)
vel

where T is the unique maximal element in £ representing R* , H~'(#,4) = Z as
a convention, and K(P) denotes the order complex of the poset P.

When each A; in A is an affine linear subspace in R", our formula coincides
with the one obtained by Goresky and MacPherson [GoM4|
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Chapter 1

Symplectic Quotients and Their
Properties

The main object of this chapter is to collect a few well-known results. The fact that
the symplectic quotients together with the canonical morphisms form a category
is pointed out. Furthermore, we prove that this category is nicely connected, that
is, any two objects in the category can be connected by a finite chain of some
“nice” morphisms in the category.

1.1  Notation and Conventions

Let X be a complex projective variety with an action of an algebraic torus H =
(C*)". We assume the torus action extends to a linear action on the ambient
projective space PV. Choose a Kaehler metric on PV which is invariant under
the compact torus T = (S')" C (C*)" and let p : X — R" be the associated
moment map (i.e, the restriction to X of the moment map associated to the
ambient projective space PV. So we can talk about moment maps for X even
if X is singular.) Then for any z in X, it is known that u(H - z) is a convex
polyhedron C in R", and H - z/T projects homeomorphically to the interior C°
of C under pu. ([Al], [GuStl]).

Convention. Let = denote the collection of u—images of torus orbit closures.
Then this is a collection of compact polyhedra in R™.

1.2  The Torus Stratifications

Definition. Let C be a p — image of a torus orbit closure. A point z € X is in
the torus stratum X¢ if u(H -z) = C, i.e.

XC={zeX|u(H z)=C.}



Then
X = U X°,
Ce=
which we shall call the torus stratification of X. We should warn the reader
that this is not a Whitney stratification but merely a decomposition of X into a
union of locally compact subspaces.

Let D,C € =. If D is a face of C, then there is a unique algebraic map
pcp : R° = X¢/H — RP = XP/H which can be characterized as follows:
suppose z € X€ is a lift of Z € XC/H and suppose y € XP isa lift of j € XP/H,
then pcp(Z) = § if and only if y € H - z (see [GoM1]).

1.3  The Definition of Symplectic Quotients

Definition. Let O = u(X), and p € O, define

U, =J{XpeC}

then U, is a zariski open subset of X, and the categorical quotient U,//H in the
sense of Mumford’s geometric invariant theory exists. It is also very common to
denote U, by X,* in accordance with geometric invariant theory. (the subscripts
“ss” stand for semi-stable, hence X, means the collection of “semi-stable” points
with respect to point p.) Moreover, if p is in the interior of y(X), then U,//H has
the “correct” dimension, that is, it is of dimension dim X — dim H. In this case,
we call U,//H a nondegenerate quotient. Otherwise (i.e, p is in the boundary of
p(X)), then the dimension of U,//H is strictly less than dim X — dim H. In
this case, we call it a degenerate quotient. An extreme example of degenerate
‘quotients is the case when p is a vertex of u(X). In this case, U,//H is a point
variety.

we make a convention that the interior of a polyhedron is called an open
polyhedron. We shall often use D° to denote the interior of a polyhedron D. And
if D is a face of C, then we write D < C.

There is a natural decomposition of O = y(X) into a union of convex polyhedra

O=|JF

FeT

where T is the index set , Such that every top dimensional open polyhedron F in
T is a connected component of the regular values of the moment map 4, and the
other open polyhedra are just open faces of those of top dimension.



Given a F' € T,p € F,U, does not depend on p, i.e.
Uy =Uy, if pg € F.

So sometimes we write Ur instead of U,. When p is in a top dimensional F), i.e,
p is a regular value of u, U,//H coincides with the ordinary orbit space U,/ H.

It is known that U,//H can be identified with u~*(p)/T, T = (S')" C (C*)".
If X is nonsingular, the torus action is quasi-free (i.e., all the finite isotropy
subgroups are identity subgroup), and p is a regular value of g, then p=1(p)/T is
a nonsingular symplectic manifold, called a reduced phase space of the torus
action. If we do not assume that the action is quasi-free, then x~!(p) may have
finite quotient singularities. However, if p is not a regular value (i.e, p is in the
g — image of a torus orbit of dimension less than n), p~!(p)/T may have serious
singularities in general, it is a singular symplectic space. We shall call p~!(p)/T
or U,//H a symplectic quotient.

Remark. The decomposition

o= rF

FeT

depends on the moment map (or the metric on X) very much . Hence for a fixed
moment map g (or a metric), p~(p)/T (p € p(X)) do not give all symplectic
quotients. To get all of symplectic quotients, we have to vary the metric on X
and consider p~!(p)/T for various corresponding moment maps u. Note also , for
two different moment maps g and u,, some Uy(p € p1(X)) may be identical to
U, (for some q € pa(X))!

1.4 What Happens When Passing Through Singular Values

Definition. A codim d p —image of a torus orbit closure,M, is called a codim d
wall if M is not contained in any other codim d p —image of a torus orbit closure.
A wall is called an interior wall if it is not a face of u(X).

Remark. If X is nonsingular and M is a wall, then X™ is a nonsingular
subvariety of X with the action of H/Hys where Hys is the isotropy subgroup of
XM This fact follows from two arguments as follows:

(1) The connected components of fixed point set of a torus action on a non-
singular variety are nonsingular.

(2) XM is a connected component of the fixed point set of the action of Hp
on X.



As pointed out in 1.3, when a point p varies within an “open” polytope of T,
then the homeomorphic type of u~!(p)/T does not change. This fact was first
observed by Duistermaat and Heckman for regular p, where they even showed
that the symplectic form on u~!(p)/T changes in a simple fashion if p moves in
a simple fashion. In [GuSt], it was proved that when p goes from one side of an
interior codim 1 wall to the other, then the diffeotype of u=!(p)/T changes by a
blowing down followed by a blowing up. These blowing up and downs are in fact
canonical. This was done explicitly in [GoM1]. One of the advantages of [GoM1]
is that it tells us not only what happens when passing through a codim 1 wall,
but also what happens when passing through higher codim walls.

Theorem. [GoM1, GuSt3]. Let Fy,F; € T, and F; be an open face of Fj,
then there is a unique map f from Ug, //H to Ur,//H which corresponds to a
blowing up map if the both quotients are non-degenerate.

Given a p € IntO. Let C € =, and p € C. Define

UC)= U X°,
peDCC
then we have
U(C) C U
l !

U(C)/[H C Up//H,

which is a commutative diagram. U,(C)//H can be thought as a categorical
quotient of the variety XC.

Convention. Two points a and b in u(X) are said to be “close enough” to
each other if there is an open polytope F in T whose closure contains both a and
b and (at least) one of a and b is contained in F itself.

Let r be a (relatively) general point in a wall M, and p, ¢ be two general points
on two different sides of M and close enough to = ( in the other words, there are
two top dimensional Fy, F; € T such that p € Fy,q € F;, and r € Fy N F, C M).
Suppose also there are two M*, M~ in = with M as their common face such
that for any F € Z, if r € E, then exactly one of the following three is true:
1). E contains both of p and ¢; 2). £ C M*; 3). E C M~. So without loss of
generality, we assume F; C M*, F; C M~. Then the following proposition follows
immediately from the definition.



Proposition. The diagram
Upy(M¥)/H — U(M)[H — Uy(M")/H

! ! !
U, H LU, J|H < U,/H

commutes,where the vertical maps are closed embeddings, and f is an isomorphism
off U,(M*)/H, g is an isomorphism off U,(M~)/H. In fact,U,/H -U,(M*)/H =
U//H -UM)/H =U,/H —U,(M~)/H, so f and g are actually identities over
Uy/H — U,(M*)/H and U,/H — U,(M~)/H, respectively.

Remark. In the case of a homogeneous space G/P with a maximal torus

action, the conditions preceding the proposition above are fulfilled automatically.
(see 7.7).

1.5 Symplectic Quotients with Algebraic Maps

Let P = P(X) denote the poset of all symplectic quotients (for various metrics
on X) ordered by projection characterized in the theorem of the previous section
(note also the remark before that theorem ). clearly, P together with the canonical
algebraic maps forms a finite category. We shall still use P to denote this category.

Definition Let f : U,//H — U,//H be a canonical morphism. f is called
nice if the dimension of the isotropy subgroup of H on U, is not great than the
dimension of the isotropy subgroup of H on U, plus 1. For example a morphism
from a quotient variety to a point variety is, in general, not nice, for there is no
usuful information contained in this morphism. To see “how nice” a nice morphism
can be, see chapter 5.

Theorem. P as a category is nicely connected. In other words, any two
symplectic quotients can be connected by a finite chain of some nice morphisms.

Proof. For a given metric, let 4 be a moment map determined by this metric
(note that any two moment maps under the same metric only differ by a constant
in R", so it is enough to consider only one fixed moment map for each metric),
and let

P ={Uy//H| g € p(X)},

then, it is quite clear that P, gives a nicely connected category. Since

P=U,P,



and we have only finitely many different P,’s, it suffices to show that P, NP, # 0.
where

Py, = {Uy| p € Int(u:(X))}
P,, = {Uy] g € Int(p2(X))}

We want to show this by induction on the dimension of X.

If dimX = 0, then the assertion is trivial. Now let dimX = N, and assume
that the assertion is true for varieties of dimension less than N. Take two codi-
mension 1 faces 0y and g3 of p1(X) and pz(X) respectively so that X1 = X2
i.e

puy ' (vertices of 01) = ;' (vertices of a3),
then
dimXo = dimX°? < dimX,

so by the induction hypothesis, there are two (relatively) general points ¢, and g,
in 0y and o3 respectively, such that

Uy (01) = Uy, (a2)

Now let p; and p; be two general points in g;(X) and pz(X), close enough to ¢;
and ¢, respectively, then

Uy, = {z € X| Hz D (£)Hyfor some y € U, (a1)}
Up, = {z € X| Hz D (£)Hyfor some y € U, (02)}

Since

Uy, (01) = Uy, (02),
the above implies that U,, = U,,, that is

P, NP, #0.

SO

P NPy, # 0.

Corollary. Every two symplectic quotients are connected by a sequence of al-
gebraic maps characterized in theorem 1.4. In particular, any two non-degenerate
quotients are connected by a sequence of blowing-ups and blowing-downs charac-
terized in theorem 1.4.



Chapter 2

Algebraic Quotients and Their
Properties

In this chapter, the algebraic quotients (both non-degenerate and degenerate)
are defined and the canonical morphisms among these algebraic quotients are
characterized. The algebraic quotients together with the canonical maps form
a finite category. Furthermore, we prove that this finite category is “nicely”
connected.

2.1 Admissible Polyhedral Decompositions of u(X)

Let us follow the notation in the previous chapter.

Definition. Let Int(0O) be the interior of the convex polyhedron O = u(X).
A decomposition of Int(O) into a union of “open” subpolytopes is said to be
admissible if it is a disjoint union of g — images of some torus orbits.

There are various decompositions of Int(0) into disjoint union of u — :mages
of some torus orbits. The number of such decompositions is finite. Similarly,
we call a decomposition of u(X) into a union of disjoint y- images of torus or-
bits an admissible polyhedral decomposition of u(X), or simply admissible
decomposition of u(X). Actually, the two concepts determine each other in
a unique way, which we shall formulate in lemma 4.2. In their paper [B-B,S],
A. Bialynicki-Birula and J. Sommese constructed a class of Zariski open subsets
that have Hausdorff compact normal quotients. In their construction they used
the terminology of moment cell complex. In what follows, we shall interpret their
construction in terms of decompositions of Int(0) into disjoint union of 4 —image
of torus orbits, and generalize them to some Zariski open subsets whose Hausdorft
compact quotients may have (“incorrect”) smaller dimensions.



2.2 Definition of Geometric Algebraic Quotients

Definition-Proposition. (An interpretation of geometric quotients in the sense
of B-B,S). Let =, be a collection of top dimensional polytopes in =, and

U= J{XP|D e Z,},

such that the collection {D°|D € =;} meets each admissible decomposition of
Int(0O) in exactly one pu — image of torus orbit. Then U is Zariski open and the
orbit space U/H is Hausdorff and compact. In the case that X is nonsingular,
U/ H has (possibly) only finite quotient singularities (caused by the finite isotropy
subgroups).

We point out that such a quotient must be non-degenerate.

2.3 Definition of Semi-Geometric Algebraic Quotients

Definition-Proposition. (An interpretation of semi-geometric quotients in the
sense of B-B,S). Let =, is a collection of polyhedra in = and

U= J{XP|D ez}

such that no polyhedron in =; lies on the boundary of O and the collection
{D°|D € =;} meets every admissible decomposition of Int(O) in exactly one
open polytope, then U has Hausdorff compact quotient «/H (which may have
serious singularities).

In general, U is not a open subset, to remedy this, we define I/ O U as follows,
U = U{XC|C has a face in Z,}, in other words, whenever X2 C U, but D is not
top dimension, we add those strata X€ where D is a face of C. Then I/ is a Zariski
open subset of X, and the categorical quotient Z///H in the sense of Mumford’s
geometric invariant theory can be identified with & /H. Actually, there is unique
map from U to U//H whose fiber at every point is a connected union of orbits
with only one closed orbit in the union. So if we write I as a union of torus strata

" = J{XP|D e &)

where =, is a subcollection of =, then we have:

(1). Z; meets every admissible decomposition of Int(u(X)).

(2). Suppose Z; meets an admissible decomposition in exactly r polytopes,
say, Dy,---, D,, then there is a unique minimal polytope among Dy, --, D, under
the face relation.



Again the quotients defined above must be non-degenerate. For degenerate
quotients, we have the following generalized version of 2.2 and 2.3:

Proposition. Let every assumption be as in definition-proposition 2.2 and
2.3 except that we replace the admissible decompositions of Int(u(X)) by the
admissible decompositions of px(X). Then the quotient U//H still exists (but
may be degenerate), where the open set U is defined in a similar way as before.

For convenience, we shall call the Zariski open subsets in section 2.2 and I
above algebraic open subsets, their corresponding quotients algebraic quo-
tients, and the polyhedral collections =; C = defining them admissible poly-
hedral collections, or simply admissible collections. Clearly, any symplectic
quotient is an algebraic quotient.

Convention. We want make a useful convention here. In what follows, when
we say an admissible collection of subpolyhedra we shall either mean =; or =, de-
pending whether we use “tilde ” or not. However, when we say their corresponding
algebraic open subset, we shall only mean U.

2.4 Algebraic Maps among Algebraic Quotients

Definition. Let =;,=, be two admissible collections of polytopes in =. We say
=2 < 5, if for any D € =,, there is C € Z; such that D is a face of C (they may
be equal). Note that the definition is equivalent to : for any C € Z,, there is
D € =; such that D < C (they may be equal).

An alternative definition is: let =; and Z; be two admissible collections of
polyhedra in =. We say that Z; < =, if =, C Z;. (Do not confuse this definition
with the proposition in the next section. Consult with convention 2.3.)

Proposition. Let =;,=; be two admissible collections of polytopes in =, U
and U, be their corresponding open subsets. Then there is a unique algebraic map
pz, =, from Uy /H to Uy/H. pz, =, often corresponds to blow up map.

Proof. pz, =, is induced from various algebraic map pcp. In fact, U is
included in U, and the map pz, =, is just the induced map from that inclusion.

Definition Let f : U;//H — U,//H be a canonical morphism. f is called
nice if the dimension of the isotropy subgroup of H on U, is not great than the
dimension of the isotropy subgroup of H on U; plus 1. To see “how nice” a nice
morphism can be, see chapter 6.



2.5 Propositions of Admissible Collections of Subpolytopes

Now We shall give a proposition of admissible collection: Let =; be an admissible
collection and A € =;. If B € = and B® O A° then B € =,. The proof goes
as below: Assuming that B ¢ Z;. Choosing an admissible decomposition
containing BY, since B ¢ =, then there is C such that C € Z;, C°N B® = §,
C° € 3, Now replace B® in & by an admissible decomposition of B® (think of
XPB as a variety) that contains A°, then we get an admissible decomposition R of
p(X) which contains both A° and C°. Clearly A° # C°, contradiction, that is,
B e =,.

Proposition. For any two admissible collections of polyhedra in =, say =,
and =, if Z; C =,, then Z; = =,.

Proof. Assuming there is a polytope C in =; — =i, then there is a admissible
decomposition R of Int(0) containing C. Take the unique D in R that belongs
to =, then we got two distinct polyhedra C and D in =,, contradiction.

Definition. We call an admissible collection =; of polyhedra in = general if
it only consists of top dimensional subpolytopes.

Theorem. Let =, be an admissible collection of polyhedra in =, then there
exists an admissible collection =; of polyhedra in = such that =, < =3, =; is
general.

Proof. Pick up all the codim 1 walls containing some polyhedra in Z; of non
top dimension. Let M be such a codim 1 wall, then spanc M divides R" into two
half space Hj; and Hj;. Clearly, Z,(M) = Z; N M is an admissible collection
for XM, Here we can apply induction to assume that there is an adimissible
collection (M) for XM consisting of polytopes of dimension n — 1, such that
Z1(M) < Z3(M). Now we define =; to be the set of top dimensional D € =, such
that for any above selected codim 1 wall M, we have either DN M° # 0, or D is in
Hj3; and has a face in =5(M). It is obvious that Z; < Z;. As we can check directly
=, must meet every admissible decomposition of Int(0). Now assuming there is
admissible decomposition R such that two elements Dy, D; in =, are contained in
the union R, then by the construction of =, there must be C;,C; € Z3(M) such
that Cy < Dy,Cy < D;. Then C; must equal to C; because C},C; can be in one
admissible decomposition (see lemma 4.2 for an explict reason). So the fact that
D, and D, are both in Hj; implies that they must intersect. This contradicts
with the definition of an adimissible decomposition of u(X).
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Remark. In the case that X is nonsigular, then the theorem tells us that
U2/H - L(l//H

is a rational resolution (in fact, a resolution in the case the action is quasi-free).

2.6 Algebraic Quotients with Algebraic Maps

Lemma. Let (C*)* act algebraicly on a compact complex variety X, and p be
an associated moment map. Then the moment map image of any torus orbit is a
face of the moment map image of a top dimensional torus orbit. In other words,
for each point z € X, there is a y € such that (C*)* . y is of top dimension and
z € (C*)*.y.

Proof. Take 2 to be a generic point on X. From [B-BS2] (see also §3.3), we
have the following diagram of morphisms

Z, 5 x

fl
Q:

where Z, and @), are compact complex spaces, ¢ is surjective, and the image under
¢ of a fiber of f is a union of top dimensional orbit closures, therefore X is the
union of torus orbit closures of top dimension. The theorem hence follows because
¢ 1s surjective.

Let P* = P*(X) be the set of all algebraic quotients (or the set all admissible
collections of polytopes in =, equivalently). Then P* together with the canonical
algebraic maps forms a finite category. We shall still use P* to denote this cat-
egory. Also by 2.4, the relation “ <” among the quotients gives P* a partially
ordered structure.

Theorem. P* as a category is nicely connected. As a consequence, any two
algebraic quotients are connected by a sequence of canonical nice algebraic maps
defined in 2.4.

Proof. By theorem 2.5, we need only to prove that two admissible collections
of top dimensional polyhedra in = can be connected by a successive chain of
admissible collections.

11



So let =; and =; be any two admissible collections of top dimensional polyhedra
in =. Assume we have

Dez-=Z1NnZ;

Now given any admissible decomposition < of Int(0) = Int(u(X)) that contains
D, there should be C € =, such that C is not equal to D and C (depends on )
is also in the decomposition J. Now take two (very) general points p and ¢ in C
nad D respectively, such that the segment p,q does not meet any codimension 2
polyhedra of =. Then by the lemma, we have

D>-E <E;»>--->E<C

where E;,i = 1,---,k are some polyhedra in < of dimension n — 1 or dimension n
such that every E; meets 7, and E; # E; if ¢ # j. Since the number of polytopes
in = is finite, the maximum of k’s above is also a finite number, denote it by k.
Now extend the chain above to a chain with kg + 2 polytopes,

D>E <E; >+ Ex < Eg1--+ < Ey <C,
where Ex4y = -+- = Ey, = C. Then we have
= > =0 -<322>'"'>32k0 <=3

where Z;; is an admissible collection of polyhedra in = obtained from =; by
replacing only D by E’s, =;; is an admissible collection of polyhedra in = obtained
from =3; by replacing E}s by E,’s, and so on. Now we have to show that =5;,¢ =
1,---, ko are really admissible collections of polyhedra. We start from =j;.

Let R be an arbitrary admissible decomposition of Int(0), if R does not contain
an element of =; — =, N Z,, then the unique polytope in RN =, is also the unique
polyhedron in ® N =;; by our construction of =3;; If R contains an element D of
Z2 — Z1 N Z; , then =3, must contain a E; in R with E; < D. This shows that
=21 meets every admissible decomposition of Int(0). Now assuming =;; contains
two E; and E} in a single admissible decomposition ®. Then ® should contain an
element D of Z; — Z; N =3, from our construction of =2, Ey < D, E] < D, this
implies E; = Ej. Similarly, we can show that E»;, is also an admissible collection,
and so on.

Now we have

=ZINZ=Z,CzZ Nz, and |El N Egl < |31 n Eal,

Now let =3 plays the role of =;, and do the same for =3 and Z,, as we did before
for =, and =;. Since the number of subpolyhedra in = is finite, and

2iNZ < |Z1NZ; <eee-ee ,

12



we should finally end up with a chain

COR IR SO S R =t
with 2, —=ZE,NZ) = @, that is, =, = Z, N =, i.e, E, C Z,. Hence, Z,, = =, by
Proposition 2.5. So the theorem is proved, as desired.

Corollary. Let =; be an admissible collection of top dimensional polyhedra in
= and U, be its corresponding zariski open subset. Let =; be another admissible
collection of polyhedra in = and U, be its corresponding zariski open subset.
Suppose that =; covers =, that is, Z; < Z; and there is no admissible collection
=" so that =, < =/ < =, then

(1) There is a codim 1 wall M so that the codim 1 polytopes in =; make of an
admissible collection Z3(M) for XM,

(2) Let =] be the subpolytopes in =; such that they have faces in Z3(M).
Then =; — =] = Z; — Z3(M), and Z] lies in one of half spaces divided by Py,
where Py be the hyperplane generated by M.

(3) We have a fiber square

A~—>L(1/H

1 Lr

B—U,//H
where B is defined to be (U{XP; D € Z,(M)})/H which is a geometric quotient
in XM and A = f~!(B). Moreover, U, //H — A is isomorphic to U,/ /H — B (they

are actually identical).

Proof. Let C be a codim 1 polyhedron in Z; and M be a codim 1 wall
containing C, then the corollary follows from the proof of the theorem above and
the fact that =; covers =,.

Remark. This corollary is the starting point of our statement that the alge-
braic quotients have all the properties that symplectic quotients have. We shall
make this explicit in the rest of the paper.

2.7 Counting Algebraic Quotients

In what follows, we give a method to count the number of non-degenerate elements
in P* if it is interesting at all.

The collection A of admissible decompositions of Int(u(X)) (resp, p(X)) has
a partial ordering by refinement.

13



Lemma. Let =, C = be an arbitrary admissible collection, ® and I be two
admissible decompositions of Int(u(X)). If R < S, then Z; N Y is determined
uniquely by =; N R.

Proof. It suffices to note that if D € =, N R, then the unique polytope C in
S containing D must belong to =;.

So if Q; -+ - I, denote the minimal elements in A and |S;](1 < 7 < r) denotes
the number of (open) polyhedra in J; which are not contained in the boundary
of u(X). Then by the lemma, we have

Proposition. The number of non-degenerate quotients is given by

9] % -+ x |3

Example. X = SL(3,C)/B. In this case we have that the number of non-
degenerate elements in P* is 3 x 3 x 3 = 2T.

14



Chapter 3

The Space of the Closures of
Generic Orbits

The most part of this chapter is independent of the rest of the paper and has its
own interest.

From now on and henceforth, the generic points of X will always refer to
the points in the biggest stratum X*(X) unless indicated otherwise. Accordingly,
the generic orbits shall be the orbits of the generic points above. Note that the
space of generic orbit closures equals to the space of generic orbits because both
of them are just X*(X)/H by definition.

As we have known, there is no canonical compactification of the space of generic
orbits, which can also be regarded as an algebraic quotient variety. However, in
their papers [B-BS1,2], A.Bialynicki-Birula and J. Sommese used the work of
A.Fujiki and D. Lieberman on compactness of components of the Douady space
of Kahler manifolds and constructed a canonical compactification Q of the space
of generic orbit closures.

In this chapter, we shall show that Q can be regarded as a “biggest quotient
variety” in the sense that there is a surjective morphism from Q to any algebraic
quotient. Also we shall prove that the space Q is the Chow quotient (Almost at
the last moment when I prepared to submit this thesis to M.I.T, I got a copy of
Kapranov’s preprint [Ka]. Once I read the first few pages of his preprint, soon I
realized that the space Q that I studied in this thesis is the same as the Chow
quotient defined in his preprint.) The proof of this last statement leads to the
following two results: (1) An alternative construction of Bialynicki-Birula and
Sommese’s theorem, which is much simpler and easier. (2) A generalization of B-
B,S’s theorem to any reductive algebraic group action. The author believes that
this generalization should enable us to extend most results in [B-BS] to arbitrary
algebraic group actions. Consequently, we should be able to construct many more
categorical quotient varieties other than the quotients that can be identified with
symplectic reduced spaces in the sense of [MaW].
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3.1 A Theorem of Bialynicki-Birula and Sommese

Theorem. Let X and H be as above. There is for any z € X with dimH -z = n
a diagram

Z. 2 x
f=l
Q=

with the following properties

(a). f: is a flat surjective morphism of connected compact complex spaces Z,
and Q;,

(b). the restriction of ¢, to the fiber f71(q) of f. at every point ¢ in Q is an
embedding, and there is ¢ in Q such that ¢.(f7'(¢q)) = H - ,

(c) there is a natural action of H on Z, making f. and ¢, equivariant with
respect to the trivial action of H on Q. and the given action of H on X,

(d). there is a dense Zariski open set O, C Q. such that for each ¢ € O;,
f-1(q) is reduced and ¢.(f;!(q)) is the closure of a H orbit,

(e). the reduction of every fiber of f. is pure K dimensional and for fibers

{/77(9), f77(¢')} that are reduced, 4-(f*(q)) = ¢:(f7(¢')) only if ¢ = ¢/,
(f). given any diagram

74 x
fl
Ql
that satisfies properties (a) through (e), there is a holomorphism map:

c: Q' — 9,
such that the diagram of (f) is the pullback of the diagram in the very beginning.
It should be pointed out that any two points in a single torus stratum indexed
by a top dimensional subpolytope define the same diagram in the theorem. So

when z € X*#X)| we will drop the subscripts of the diagram in the theorem and
therefore get the following diagram:

Z-2x

fl
Q

for generic points (or, for the stratum X#(X)),
Clearly Q contains O as a zariski open subset which can be identified with

16



XHX)/H by
o— ¢f Y o)=H -z,0€ 0O,

where z is some point in X*(X),

3.2 The Space Q and Quotient Varieties

The following theorem says that Q can be regarded as the biggest “quotient”
variety of X in the sense that there is natural morphism from @ to any of the
algebraic quotients.

Theorem. Let U be an arbitrary algebraic open subset, then there is a natural
surjective morphism % from Q to &///H. This can be illustrated by the following
“commutative” diagram:

Z5X>oU
fl Tl
Q- u//H

where 7 is the natural projection from U to U//H. In the case that ¢//H is not
degenerate, h is birational.

Proof. Given q € Q, then ¢(f~'(q)) is a union of torus orbits,
H.zyu---UH - z,,.

Using [B-B2], one can see that the moment map images of these orbits gives rise
to a disjoint union of u-images

p(X) = T p(H - ).
So by the definition of a algebraic quotient, we can define a map h by

g — [o(f7 () N,

where ¢f-1(¢) NU is a non-empty union of orbits with a unique closed orbit in
U and [¢f~1(q) N U] denotes the induced point on U//H. It is easy to check
that h is a well-defined morphism from Q to & //H. To see the birationality and
surjectivity of A, it suffices to note that h sends a zariski open subset O of Q to
a zariski open subset X*(X)/H of U//H.

Remark. (1). In the case that h is projective, then h should correspond a
blow-up map from Q to U//H. (2). The map Z Ao gives rise to a family of

17



algebraic variety parametrized by Q, whose generic fiber is a toric variety, H - z,
z € XHX),

The space Q has a canonical stratification

Qzura

a€A

where A is a finite index set, such that two points ¢; and ¢, of Q are in one
stratum if and only if f~'(q;) is isomorphic to f~!(g;) as varieties, this amounts
to requiring that u(¢(f~*(q1))) and p(é(f~*(g2))) give the same decomposition of
p(X) into disjoint union of u-images of torus orbits.

Let U be an algebraic open subset of X defined by admissible collectionZ; C Z,
and h be the morphism from Q to U//H characterized in theorem 3.2. Then for
each stratum T', of Q, h(Ty) should be of form X?/H, where D € Z,. So

U/[H = h(Q)= |J h(T.)

a€A

gives a natural stratification of U//H, which can also be induced from the torus
stratification X = Upe= XP.

Since the stratification Upe=z X° does not satisfy the axiom of the frontier
in general, neither does U//H = Uye h(T'a) in general, this suggests that the
stratification

Q = U Por
a€A
do not satisfy the axiom of the frontier in general either.

3.3 The Space @ and Chow Quotients

We have two aims in this section: (1) To generalize B-B,S’s theorem to any reduc-
tive algebraic group action. This generalization gives automatically an alternative
construction of B-B,S’s theorem, which is much simpler and easier. (2) To prove
that the space Q is the Chow quotient.

Let G be an algebraic group acting on a projective variety X. There is an
invariant zariski open subset &{ C X of generic points such that for all points
t € U, the varieties G - z have the same dimension, say, r and represent the
same homology class § € H,.(X,Z). Let C.(X,6) be the Chow variety of all r-
dimensional algebraic cycles in X which represent the homology class §. The map
G-z ~— G-z defines an embedding of #/G to C.(X,6) and the closure of the
image U/G in C,(X, 6) is the Chow quotient ([Ka]). We use M to denote & /G.
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Now we define

S={(C,z) € C.(X,6) x X |z € C; for some1,C = Zm;C; € M}

where C;’s are irreducible subvarieties of dim r. Then we have a diagram
s4 X

gl
M

where g, are the first and second projections respectively. It is straightforward
to check that we have the following generalization of B-B,S’s theorem.

Theorem. For the diagram above, we have:
(a). ¢ is a flat surjective morphism of connected compact varieties S and M,
(b). the restriction of ¥ to the fiber g~!(m) of g at every point m in M is an
embedding, and there is m in M such that y(g7!(m)) = G - z for some z € U,
(c). there is a natural action of G on S making g and % equivariant with
respect to the trivial action of G on M and the given action of G on X,
(d). there is a dense Zariski open set O C M such that for each m € O,
g~'(m) is reduced and ¥(g~'(m)) is the closure of a G orbit,
(e). the reduction of every fiber of g is pure r dimensional and for fibers
{g7}(m),g~}(m")} that are reduced, ¥(g~'(m)) = ¥(g~*(m')) only if m = m’,
(f). given any diagram
s x
gl
MI
that satisfies properties (a) through (e), there is a holomorphism map:
c: M — M
such that the map ¢’ is the pullback of the map g.

Proposition. In fact, for any z € X such that G - z is of top dimension, we

have a diagram
S; — X

!
M,
such that the theorem holds for this diagram.
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The definition of M. and S; are similar to those of M and S. Let U, be a
“sufficently large” invariant subset containing G- z such that for ally € U, G - y
lie in the same Chow variety Cy(X,r), then define M, is the closure of U /G in
Ch(X,7). Sz can be defined similarly.

Corollary. Let G be a torus. Then the diagram in the theorem above coin-

cides with the diagram in 3.1. In particular, the space Q is the Chow quotient
M

Proof. By the properties (f) in both theorems, we conclude that they must
coincide.

For the action of (C*)*! on G(2,C"), we shall know in 9.1 that P"~3 is an
algebraic quotient of this action. Since for this action M is isomorphic to Mg,
of the moduli space of n-pointed stable curves of genus 0 ([Ka]). So by theorem
3.2, Mo, is a blow up of P™~2. (This blow up was described explicitly in [Ka].)
3.4 Special Admissible Decompositions and Some Conjectures

For any point p € Q, we shall call u(é(f~*(q))) a special admissible decomposition
of p(X).

Proposition. For any D € Z, there is ¢ € @, such that D° is contained in
the decomposition
#(8(f(9)))

of u(X) as an open polytope.

Proof. Choose an algebraic open subset & containing X, then by theorem
1.3.2 and argument above, there is stratum I" of Q so that

h(T) = XP/H,
take ¢ € T', then the proposition follows easily.

Conjecture. A collection =; of polytopes of = is admissible if and only if
{D° D € =} meets every admissible decomposition of the form

w(X) = p(6(f(q))),q € Q

in exactly one open subpolyhedron. (If we do not want to consider degenerate
quotients, we can add the following extra condition: every polytope of =; is not
contained in the boundary of u(X).)
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The “only if” part of the conjecture is trivial. The “if” part will be an imme-
diate consequence of the following conjecture:

Conjecture. For any decomposition © of u(X) into disjoint moment map
images of torus orbits , there is a point ¢ € Q such that the decomposition
p(X) = p(4(f~1(q))) subscribes the decomposition ©, that is, any open polytope
in the decomposition u(X) = u(é(f~(g))) is contained in some open polytope of
o.
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Chapter 4

Equivariant Morphisms

Given an equivariant morphism between two compact algebraic varieties with
torus actions, one can push forward or pull back algebraic quotients. The point
is that we have a deformation retract from the moment map image upstair to
the moment map image downstair which “keeps the face relation and inclusion”.
However, the pull back of a symplectic quotient may no longer be symplectic.

4.1 Moment Cell Complexes

Definition Let X be an arbitrary compact algebraic variety with a torus (C*)" =
H action. Let u be an associated moment map, = be the collection of all moment
map images of torus orbit closures. Then the collection

{Int(D)|D € =}

is a collection of cells of various dimension, the moment map induces boundary
maps for these cells, hence makes a cell complex, which we denote it by C(X),
and call it moment cell complex. We make convention that D° = Int(D) and
the stratum indexed by D, XP = XP°. We advise the reader to refer [B-BS2]
for another version of the definition of C(X). Note that for any D € C,z € XP,
H -z /T is homeomorphic to D° under g. With this identification, we got a map A
from X to C(X), which is usually discontinuous. Obviously, C(X) is a regular cell
complex, and there is a continuous surjective map m from C(X) to u(X) C R"
induced by u such that the composition of A and m is p.

Remark. Contrary to the remark in 1.3, the moment cell complex associ-
ated to X does not depend upon the moment map (or the metric on X) up to
cell-preserving homeomorphism, actually the moment cell complex can be defined
without using the moment map (or the metric). Accordingly, the set of all ad-
missible decompositions of Int(u;(X)) can be identified with set of all admissible
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decompositions of Int(u2(X)) for our purpose (where u; and p; are any two
moment maps associated to the torus action). So unlike the case of symplectic
quotients, we do not have to vary the metric in order to get all algebraic quo-
tients (although the set of symplectic quotients is a subset of the set of geometric
quotients), we only need to care for a fixed moment map.

Theorem. Let X,Y be compact algebraic varieties with actions of H = (C*)".
Suppose f : X — Y is an equivariant morphism with respect to the actions of the
torus, then there is a cell-preserving surjective map ¢ from C(X) to C(Y') so that
the following diagram

x Ly
Ax | LAy
C(X) AN C(Y)

commutes.

Proof. Given a cell D° in C(X), let z € XP°, then H - /T is homeomorphic
to D° under the moment map, then we define ¢ on D° as follows

D°*S =H.2)T L H . f(e))T % =E°

where E° = u(H - f(z)) and f is induced from f. It is straightforward to check
that the diagram commutes.

Corollary. For any €’ € C(Y),
= U xe

o(e)=¢'

Proof. For any z in f~'(Y*'), that is, Af(z) € €, or A(H - f(z)) = ¢, let
e = A(H - z), then

p(e) = pMH -z) = M(H-z) = A\H - f(z)) = ¢

hence f~1(Y®') C Ug(e)=er X°-
On the other hand, Af(X’) = pA(X’') = p(e), so if p(e) = €, then f(X*¢) €.

X< hence
= U oXe

w(c):C'
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Corollary. For any €' € C(Y), there is a unique distinguished cell e € C(Y)
such that

YY) = 1Y) = X5
Proof. By the above corollary,
)= UJoxe,

w(er)=e’

among the cells e; with ¢(e;) = €/, there is biggest one e which can be character-
ized as follows: A\(H - z) = e, if and only if

H -z Fiz(X, H) = f~{(Y5) 0 Fiz(X, H)

where Fiz(X, H) is the H — fized point set of X.

4.2 Deformation of Admissible Decompositions

Theorem. Let f,X,Y be as before. Let © be a decomposition of x(X) in to
a union od disjoint u-images of torus orbits, then there is a deformation from ©
to a decomposition @’ of (YY) into a union of disjoint y-images of orbits, which
sends finally a moment map image in © to a moment map image in ©'. Moreover,
the deformation keeps the face relation “<” and inclusion.

Proof. Let Fiz(Y,H) = {b;,---bn}, then
Fiz(X,H)= $U---U S

where S; = Fiz(X,H)N f~'(k),1 <i<m.

Note that each S; spans a face o; of u(X), so to get the deformation, we
simply shrink each o; gradually to the point &;, and simultaneously, shrink each
(homeomorphic) cell C° in © gradually to a (homeomorphic) cell D® in ©’, where
D° is determined by C° in the following way: let z € X¢, if H -z intersects
precisely the sets S;,,---S;,, then D is the convex hall of b;, ---b;,. Hence, we
obtain a deformation which keeps the face relation, as desired.

Remark. The theorem above also have a natural version for admissible de-
compositions of Int(u(X)) and Int(u(Y)) due to the following easy lemma. (The
interested reader can give that natural version very easily).

Lemma. Let © be a decomposition of x(X) into a union of u-images of torus
orbits, then if D° is in ©, every open face of D° is also in O.
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Sometimes we state the theorem above as follows:

Theorem’ . We have
x Ly
Ax | LAy
c(X) % C(Y)
mx | lmy
p(X) ~ u(Y)
where the compositions of A and m give the moment maps, p = m o A\. That

is, given an admissible decomposition © of p(X), then my o ¢ o m3'(©) gives an
admissible decomposition of p(Y’). (Note that m induces a homeomorphism from

m=1(0) to 0.)

4.3 Pulling Back Quotients

Suppose compact algebraic varieties X and Y both have actions of a algebraic
torus H = (C*)". Suppose also f : X — Y is an equivariant surjective morphism
with respect to actions of H. One may want to know if f induces morphisms on
quotients, furthermore if f induces fibrations if f is.

Proposition. Let V be an open subset of Y consisting of only torus orbits
of the top dimension. Then if V has a compact hausdorff quotient V/H, then so
does U = f~1(V). Moreover, f induces a morphism from &/ H to V/H.

Proof. Clearly f induces a map f fromi/H to V/H. Givena point y € Y, let
H, be the stabilizer of H at y, then H, acts on fiber f~!(y) since f is equivariant.
Now let y be a lift of a point § on V/H, then H, should be a finite subgroup of H,
it is straightforward to see the fiber of f at § is just f~!(y)/H,, which is compact
hausdorff, hence {/ H is hausdorff and compact.

Remark. Since the isotropy subgroups are not locally constant in general, we
can not hope that f is a fibration even if f is.

Corollary. Let the notation be as in the proposition. Suppose f is an equiv-
ariant fibration with the typical fiber Z. Assume all the finite isotropy subgroups
at points on Y are identity, then /H — V/H is also a fibration with fiber Z.
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Remark. The assumption in the corollary is satisfied for the maximal torus
action on G/B when G is type of A,.

In fact we have: Given any algebraic quotient V//H on Y, then U = f~1(V)
is an algebraic open subset on X and f induces a map f :U//H — V//H. We
call U//H is the full-back of V//H by f. In particular, if V//H is nondegenerate,

then U//H must also be nondegenerate. Otherwise is not true.

Theorem. Let X,Y, f be the same as in the very beginning of this section,
then if V is an algebraic open subset of Y, then & = f~1(V) is an algebraic open
subset of X.

Proof. Given an admissible decomposition O of u(X), let ©’ be the admissible
decomposition of u(Y) deformed from ©. If # = f~!(V) misses any polytope in
O, ©' will also miss any polytope in ©’ by corollary 4.1. On the other hand, if «
meets polyhedra C; - -- C, in ©, and C) - - - C, have two minimums C; and C; under
the face relation ” <”,1 <1t # j < r, then by theorem 4.2, the deformation images
of C; and C; will be two distinct minimums of deformation images of C; - -- C..
This contradicts with the fact that V is algebraic. Hence the theorem follows.

Remark. In the next chapter, we shall give an example showing that theorem
1.5.8 is not true for symplectic quotients, that is, U //H = f~(V)//H may not
be, in general, a symplectic quotient, even if V//H is.

4.4 Pushing Forward Quotients

Now given an algebraic open subset & on X, one may suspect that f(V)//H
exists. Indeed, this is true.

Theorem. Let U//H be an algebraic quotient of X, then f(V)//H is an
algebraic quotient of Y, and f induces an algebraic map f: U//H — f(U)//H.

Proof. Let © be any admissible decomposition of p(Y). Let © be an admissi-
ble decomposition of x(X) which can be deformed to ©’. Suppose U meets a poly-
hedron C in ©, then f({) meets my-p-m%'(C) in ©'. Assume f(U) meetsCj---C.
in © and C!,C! are two distinct minimums. Then U meets mx - ¢~! - my'(C}),
mx - ¢~'-my'(C}). Since the deformation keeps the partial order of both “inclu-
sion” and “face relation”, so a minimum in my - ¢~! - my'(C!) is uncomparable
with a minimum in myx - ¢~! - my'(C}), hence, contradiction.
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We point out that f(U)//H may not be nondegenerate even if i //H is. This
is true because an interior point of x(X) can be deformed into a boundary point
of u(Y).

But contrary to the remark for pulling back quotients, we have : if U//H is
symplectic, thenf(U/)//H must also be symplectic. In fact, if i = U, p € p(X),
then f(U,) = Uys), f(p) € u(Y). To see this is true, notice that

U={ce X |peuH- T)},
fU) ={f(=) | f(p) € 1(H - f(2))},

and the fact that f is surjective.
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Chapter 5

The Topology of Symplectic
Quotients

Historically, after the discovery of the theorems in 7.2, Professor Robert MacPher-
son pointed out to me that using the idea behind Atiyah’s Morse theoretic argu-
ments in [A1], we should be able to see that (suitable versions of) above-mentioned
theorems also hold for arbitrary nonsingular compact algebraic varieties (or Kahler
manifolds) with complex torus actions. Hence by employing the decomposition
theorem, we shall be able to give an inductive cohomological formula for an arbi-
trary symplectic quotient. This is exactly what we are going to do in this chapter.
In what follows we shall “rebuild” the theorems of 7.2 in a more general context.
But instead of employing Morse theory alone, we will also apply a decomposition
into subvarieties theorem of Bialynicki-Birula.

5.1 The Statements of Results

Now again like what we did in chapter 1, we assume that X is a nonsingular
compact algebraic projective variety with complex torus H = (C*)" action , and
H = A x T is a canonical decomposition with A = (R>)® and T = (S")".

We remark again that X™ is nonsingular subvariety if M is a wall in p(X).

Convention. Let M be a wall and U be an algebraic open subset. Then
define
UM) = {z € U|p(H-z) C M}

Theorem 1. Let M be a codim 1 face of u(X), r be a (relatively) general
point on M, and p be a general point in u(X) and clos enough to r, then the
canonical projection

o Up/H — U(M)/H(=U[[H)
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is a fibration whose typical fiber is a weighted projective space of dimension
codimc XM — 1.

Theorem 2. Let r be a (relatively) general point on an interior codim 1 wall
M and p be a general point close enough to r. Now let B = U,.(M)//H and
A = f~Y(B) where f is the canonical projection from U,//H to U,//H. Then we
have the following diagram

A—U//H

Lol
B—U,//H,

where the horizontal maps are inclusions. Moreover A — B is a fibration whose
fiber is a weighted projective space while f is an isomorphism oft B.

Using the idea above repeatedly , we shall see that the theorem above takes
the following version when p, ¢ are arbitrary interior points.

Let p, q be two interior points, and F,G € T suchthat G < Fandp € F,q € G.
Then there is a canonical stratification on Y = U,//H = Uz Cp such that the
natural projection 7 : U,//H — U,//H becomes a stratified map. More precisely,
for each B, w|r~1(Cp) : #=}(Cp) — Cp is a fibration tower whose fibers are all
weight projective spaces.

In what follows, we shall construct each stratum Cj explicitly as in the spirit
of the theorem above. And one can easily read off the fibers through our con-
struction.

Let Ny,---, N, be all the codim 1 walls containing the point g. Then any wall
containing ¢ is of the form N;; N---NN;, ;1 < h < I. It should be point out that
an intersection N;, N --- N V;, may not be a “wall”, that is, it may not be the
moment map image of a torus orbit closure. We introduce the notation Nj;,..i,) to
denote N;; N---NN;,. In fact, if I = {i;---1p} C {1,---,1}, we set Nf = Nj,..ip)-
As before we have ¢ € Ny and

U, (N1) C U,.

In the case that Ny is not a “wall”, we agree that U,(N1) = 0. Therefore we have
the following subvarieties of U,//H,

U(N1)//H, Forany I C {1,---,1}.
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Clearly
{Si=U(N))//H,i=1,--,1}

are [ divisors of U, //H, and any U,(N;)//H is of the form S;, N---NS;, = Siy.ip,
where {i1---i4} = I.

Now we can define the stratification as desired.
Define
Chygp=S10---N0 Sy

For 1 <t <, define

a

Chig=51N0---50---0N5 = Cp,..p5
For 1 <i < j <1, define
Choiwgog=51N"-- Si++-8;---N S — the union of the previous strata;

---------------

For 1 <1 <, define
Cuiy=Si-— the union of the previous strata;

And define
Co=Uy//H—-5U---US,.

Then
U,//H = CyU Hlsix<~-~<Ck_<_lC[i""‘*]'

And each C; ( I C {1,---,1} ) is clearly nonsingular. ( In fact this is a Whitney
stratification although this result is not necessary for us. To see that they satisfy
Whitney conditions, the interested reader can consult with [CuSj] although the
language used there appears very different from ours.)

The fact that the projection 7 : U,//H — U,//H restricted to any C; is a
fibration tower with weighted projective spaces as fibers follows directly from the
previous theorems.

Theorem 3. Let the notation be as above. Then there is a canonical strati-
fication Uy //H = Urcqa,.;y Cr such that the natural projection 7 : Up — Uy //H
becomes a “stratified” map. More precisely, for each subset I C {1,---,1}, the
map 7/7~1(Cy) : #~1(Cr) — C is a fibration tower whose fibers are all weighted
projective spaces.

The theorem above has the following interpretation.
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Theorem 3. Let the notations be as above. Then

Up/[H =y HUelM)//H

is the the same stratification as the one in the previous theorem, where U [M] is
defined as follows: = € U,[M] if and only if z € U, and there is C € M N = such
that C < u(H - z) and M is a minimal wall with this property. We should point
out that U,[M] is often empty (unless M is an intersection of M; --- M; or u(X)).

5.2 The Proofs of Some Theorems in 5.1

Our proof in this section is somehow different from the proofs in chapter 7 where
the proofs are clearly direct computations by using group structures. But in
this section, the proof is a combination of the idea behind Atiyah’s Morse the-
oretic arguments [A1] and Bialynicki-Birula’s “plus-decomposition” and “minus-
decomposition” theorems for C* (or G,,) actions. Of course, with this general
proof , we can not make our conclusions so explicit as what we will have in chap-
ter 7.

We first remark that there are “ parallel wall phenomena” in u(X) when
X = G/B (we shall describe this in chapter 7) which asserts that for each isotropy
group in H, we have a collection of walls of the same dimension, which are
parallel to each other and contain all of the vertices of u(X).

In a general case (even in the case of Grassmannian), the exactly same assertion
is no longer true, instead, we have

Obervation. Given a wall M, there is a collection of walls (of possibly various
dimensions) such that they are parallel to each other and contain all of the vertices

of pu(X).

Proof of the theorem 5.1.1. Let My = M be the wall in the theorem, let
also 3 be a point on My so that the line Ls through the origin o and g in R"
is perpendicular to M,, (we can take the origin o to be the barycenter of u(X)
without essential loss of generality, this amounts to requiring that the integral of
the moment map u on X is zero). Then T = {ezptf|t € R} C T is the isotropy
subgroup of XMo in T, and in the mean time, the complexification Hp of Tj is
the isotropy subgroup of XM in H.

Let ug = p- B, i.e, for any z € X, pg(z) = p(z) - B, then pg is actually a
moment map associated to the action of Hp (or Tp). This can be described by
the following picture
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X 5 R

e\ Lp
Ls =R,

where p is the natural projection from R™ to Lg.

The connected components of the fixed point set of Hj are precisely the strata
closures, XMo, XM ... XM where {My, M, --, M} are the parallel walls char-
acterized in the observation above.

As indicated by Atiyah [Al], ps is a non-degenerate Morse function in the
sense of Bott with the critical manifolds XMo ... XMx since the critical set ofo
g is precisely the fixed point set of Hs [Ki].

Without loss of generality, we assume the wall M is the other one (except for
Mo) which is a face of u(X), assume for simplicity that XMo is the source of the
action of Hy and XMk is the sink of the action of Hy ([B-B]). Then by Bialynicki-
Birala [B-B], we have two decompositions called (+) and (—) decompositions as
below:

X=XtuXxtu---uXxt,
X=X;UX[U---UXj,

such that for each 0 < i < k, there is (unique) fibration ;" : X} — XM (resp.
v : X7 — XM) whose fiber is isomorphic as a scheme to a vector space, the
action of Hp preserve each fiber, and in fact the induced action of Hg on any fiber
is equivalent to a linear action. Furthermore , X§ and X} are two zariski open
subsets in X.

In the mean while, the non-degenerate Morse function pg in the sense of Bott
gives a Morse stratification

X=5USU---USk

where each S; is the “unstable’ manifold” of pg at the critical manifold XM, that
is, if we let ¢, denote the gradient flow pg, then we have

(1) For any z € M, the gradient flow #,(z) has a unique limit point @doo(z) in
the critical set of yp ast — co.

(2) Si ={r € M| ¢po(z) € XM}, 0< i< k.

By the uniqueness of B-B’s (+)-decomposition theorem, we conclude that the
decomposition

X=5US5U---US

coincides with the decomposition

X=XfuXxtu-..uXx}t
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in an apparent way.

(We remark that the (—)-decomposition can be obtained from the (4)- decom-
position by considering the (C") — action induced from the group isomorphism
A — A71) X € C*. So similarly, we have also a comparison between a Morse strat-
ification and the (—)-decomposition, but we do not need this for our purpose.)

Note that the gradient flow ¢; of u3 commutes with the torus action, so each
Morse stratum S; (0 < ¢ < k) is H- equivariant, hence so is each X', (0 < i < k).

Now as in the theorem, let r be a (relatively) general point on My, and p be a
general point close enough to r, then &, CU, C X. In fact,

U, =U, — U, N XM

where XMo can be regarded as the zero section of the vector bundle 47 It is not
hard to see that
Ur — ur n XMO

is also a vector bundle. (The serious reader can refer to [BH]. [BH] contains a
proof for an arbitrary C*-stable subvariety, not only U,). Now the fiber of

U/ H — U NXM)//H =U,[/H

is just the fiber of the morphism 4§ modulo the induced action of Hp, hence it
is a weighted projective space since the induced action is equivalent to a linear
action (on a vector space).

It is clear that the dimension of the fibers is codimc X M_1.

Proof of theorem 5.1.2. The same argument as above except that we replace
the morphism 7 by 47 (or 77) for some i.

Convention. Given any wall M; as above, then M; separates u(X) into two
regions. We denote the that meets u(X}) by M, and the other one by M;.
Sometimes, we also use M and M7 to denote these two regions.

5.3 Small Resolutions: the Simple Cases

Definition . A proper surjective algebraic map f : Y — Z between irreducible
complex n-dimensional algebraic varieties is small if Y is (rationally) nonsingular
and for all r > 0,

codimc{z € Z|dimcf~'(z) 21} > 2r

A small resolution f : Y — Z is a resolution of singularities which is a small map.
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In the case that Y is rationally nonsingular, we shall say f is a rational resolution.

An alternative definition of a small map goes like this: An algebraic map
f:Y — Z is small if there exists a stratification of Z by locally, closed, smooth
subvarieties (Z;)1 < i < m such that for any z € Z;, we have

dimf~1(z) < %(dimZ —dimZ;).

Let M be a wall, r € M be a relatively general point, and p, ¢ be two general
point close enough to r. Let f be the projection from U,//H to U,//H, and ¢ be
the projection from U, //H toU,//H. Let also B =U,(M)//H, A= f~}(B),A’ =
g~'(B). Then by the facts that we have got before, A — B is a (rational) P4-
bundle,while A’ — B is a (rational) P°- bundle. We have the following fact
about small maps.

Proposition. Suppose d < e without the loss of the generality, then
f:U/[H - U[[H

is a (rationally) small resolution.

Proof. We follow the notations in the previous section. We assume our wall
M is the wall M; there, i.e, M = M;

Let a be a point in XM, then by theorem 4.1 [B-B], there are two subspaces
T.(X)* and T,(X)~ of the tangent space T,(X) at a, such that

Ta(Xi—’.) = Ta(w) @ Ta(X)+’
Ta(X:) = TG(W) D Ta(X)—a

and L

To(X) & To(XM) = T.(X)* & T.(X)".
Thus

dim X}t + dimX; = dimX + dim XM,
So we have

(dim X} — dimX™M — 1) + (dimX; — dimX™ - 1)

=dimX — dimXM — 2.

From the previous section, we know that one of d and e is dim X} —dim XM -1
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and the other one is dim X7 — dim XM — 1. So we have d + ¢ = dim X —
dim XM — 2. Now U,//H = BU (U.//H — B) is a stratification by smooth
subvarieties. To check the smallness of f, we only need to focus on stratum B
since f is an isomorphism over U, //H — B. Now suppose z € B, then

dim f'(z) =dim P* =d < 1/2(d + )

= 1/2(dim X — dim XM — 2)
< 1/2(dim X — dim XM —1)
=1/2(dim U,//H — dim B).

So in an explicit way, we have

(1). If dim X}* < dim X[, then U,/H — U,//H is a small (rational) resolu-
tion.

(2). If dim X < dim X}, then U,/H — U, //H is a small (rational) resolu-
tion.

(3). If dim X} = dim X, then both U,/H — U,//H and U,/H — U,//H

are small (rational) resolutions.

As an immediate consequence we have:
ITH.(U,//H) is isomorphic to H.(U,/H) if d < e (i.e, dim X} < dim X[), or
isomorphic to H.(U,/H) if e < d (i.e, dim X[ < dim X}").

5.4 Small Resolutions: the General Case

In general, we have,

Theorem. For every singular quotient U,//H(q € u(X)), there exists a gen-
eral point p in u(X) such that p is close enough to ¢ , and U,/H — U, //H is a
(rationally) small resolution .

Proof. We shall first present a detailed proof for v where v is general in a
codim 2 wall and then give a general proof without too much detail so that the
reader can grasp the point hiden behind the technique. As one may see already,
the proposition 5.3 is our very first step.

Solet v € N = M, N M; where N is a codim 2 wall, M;, M, are codim 1 walls.

Now for each M;, one of XM and XM has a smaller dimension, denote it by
C;, then

Take u to be a general point in C; N C;, so that u is close enough to v. Let
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also py € My,p; € M; be two relatively general points in M; N C, and M, N C;
respectively, and close enough to v, then we will show now that

f:UJH - U,]IH

is a small resolution.
The (serious) singular locus of X, is

= U,(My)/H\JU,(M2)/H

and

Ty =U,(M)/HNU(M)/H =U,(My N M;)/H
Note that f is an isomorphism off £ and f~1(Z).

F7HE) = 1 UMY/ HY £ (U (M)/ H)

d; z€U,(M)/H -5,
dsz‘l(x) = d2 T e uu(Mz)/H — 21
dl + dg T € 21

where d; is the dimension of the fiber of
U(Ci)/H — Uy, (M;)/H.
Now we have
UJ[H = (U/[H = Z)U (U(M)/[H = 1) U (U(M5)//H = T1) U,

=SOUSIUSQU512

Now pick up u;, u, general in My, M; resp. such that u,u;, U, v are all close
enough to each other. Then

UJ/H - U,//H

is the composite

U/H S uy, J/H B U, /H.

Similarly, it also the composite

u/H B u, /5B u,/m.

It is fairly clear that fi, fi2, f2, f21 are small maps. We can regard S as a subva-
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riety ofl(,,,(Ml)//H So 1fy € Sl,
dim f~(y) = dim fi'(y) < 1/2(dimly, /[ H — dimld,, (M)//H)

= 1/2(dim U,//H — dim S,).
Similarly, for y € 53, there exists y, € U,,(M;)//H,

dim f~(y) = dim f7'(y2) < 1/2(dim U,//H — dim Ss).

If Y € 512 = Ela let g be uul(ﬁ’ll)//H — uv(Ml)//H and n € UU,(Ml)//H,
then ‘

dim f~)(y) = dim g7 (y) + dim 7 (1)
< 1/2(dim U,(My)]/H — dim U,(My N M;)//H)
+1/2(dim Uy, //H — dim U,,(M,)//H)
= 1/2(dim U,,[[H — dim Sy3).

Hence we conclude that f is small.

The proof of smallness in general.

We follow the notation as in 5.1. Let Nj,.--,N; be all the codim 1 walls
containing the point ¢. Then Ny,---, N; divide u(X) into many connected com-
ponents. We pick up a connected component of u(X) — U!_; N; such that it has
the following property: if u is a point in this component, v is a point in N; (for
any 1), and u, v are close enough to each other, then U, //H — U, //H is a small
map. This can be done by using 5.3. We start with Ny, p(X) — N; has two
components, one of them has the following property: if u is in this component,
v € N; and u,v are close enough to each other, then U,//H — U,//H is a
small map. Now fix this connected component of u(X) — N;, then N, divides
it into two components, we apply the above procedure again, and get a desired
region. Repeat this procedure, we finally end up with a connected component of
p(X) — UN; with the desired property.

Now we pick up a point p in the selected component of u(X) —U N; such that
p and q are close enough to each other. We claim now that

frUp/[H —U/[H

is a small map.

To prove our assertion, we recall that there is a stratification Urcqa,} C; of
U,//H (see 5.1 for the definition of C;) such that f restricted to f~!(Cj) is a
fibration tower over C| whose fibers are rationally projective spaces.

In fact, if we pick up points r; € N;j,J C {1,--+,1}, (re = p,r(1,...; = q) such

37



that all r; are close enough to each other, then the map
f:l/|H— U //H
is the composite:
S, f:
Upl [H 2 Usig [ [H 5 Uiy [[H — - 5 Uo [ H

where {i1,---,%} is any permutationof {1,.--,{}. Let I = {3y,---4x} C {1,---,1},
then f|f~*(Cy): f~}(Ci) — Cy is the composite:

Seflen S s e Bo

where each fj is induced from_ fr(1 € h < k) and each fj is a projective bundle.
We assume that the fiber of f; is of dimension d;. Then by the smallness of f,
(this is an implication of proposition 5.3), we have

dh < 1/2(dzm u"(.‘".,._.'h_l) (N{l,--'.ih_l})//H - dzm u"(.“,...,.‘h) (N{il."',ih})//H)?
for 1 < h < k. Now for any point y € CJ,
dim f'(y)=dy + -+ di < 1/2(dim X — dim C})

Since dim U, (Ng)//H = dim X and dim U, . (Ngiy,i))//H = dim C1.

Remark. In fact we have proved that
dim f~'(y) <1/2(dim X —dim C1) + k

or
codim Cp > 2dim f~'(y) — 2k

which shows that f is “very” small.

Remark. As one can see from this section that there are many small maps
in the canonical maps among symplectic quotients which can be told explicitly in
practice. Proposition 5.3 is the key to tell small maps. The same comments are
also true for algebraic quotients.
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5.5 The Decomposition Theorem

In this section we recall the decomposition theorem of intersection homology the-
ory. This powerful theorem was conjectured by S.Gelfand and R. MacPherson, and
proved by Beilinson, Beinstein and Deligne. Thoroughout this thesis, we restrict
our attention to (co)homology over rational numbers unless indicated otherwise.

Theorem. (The decomposition theorem.)

Let f: X — Y be a projective algebraic map. Then there exists:

(1) A stratification Y = {J, Y, of Y,

(2) A list of enriched strata Eg = (Y3, Lg) where Yj is a stratum of Y and Lg
is a local system over Yj, and

(3) For each enriched stratum Ej, a polynomial in t, ¢ = ¥; 0? ¢/ such that
for any open subset i C Y

TH(f\U) =P D TH(UNY5Ls) @ Q4.
B i+j=k

In particular, .
TH(X) =P P TH(Ys Ls) ® Q47
B i+j=k
f wetakeld =Y.

We shall next present a popularized version of the decomposition theorem for
some special cases, which is useful for us in the latter calculation of the intersection
Poincaré polynomials of quotients. This popularized version is taken from some
lectures given by R. MacPherson in the intersection homology seminar at MIT in
1989.

Theorem. (A special version of the decomposition theorem.)

Let f: X — Y be a projective algebraic map, and X is a nonsingular variety.
We follow the notation in the theorem above. Assume that every local system Lg
in the theorem above is trivial, then there exists a collection of polynomials ¢g
for all strata such that

P(X) =%:1P(175) - 98,

and foreachy €Y _
IPf'(y) =D I1Py(Ys)- 5.
g

Futhermore, ¢ shares the properties of I H(V') where V is a projective variety of
dimension dimc X — dim Yj (e.g, Hard Lefschetz, Poincare duality).
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5.6 The Formulas for Intersection Homology: the Simple Cases

Let M be an interior codim 1 wall in p(X). Let r € M be (relatively) general,
P, q € p(X) be general in p(X) close enough to r, but in different sides of M, then
we have as before

A— X,

Al fL
B—_*Xry

where X, =U,/H, X, =U,[/H, B=U.(M)/H, A = f~}(B). It is known that
AL

is a fibration whose fiber is a rationally homological projective space of dimension

d.

Let Sy = B, So = X, — B, then X, = So U S;. Now we can apply the special
version of the decomposition theorem because any weighted projective bundle has
no monodromy over a field.

By decomposition theorem, there exist two polynomials g, and ¢, , such that
P(f7'(y)) = ¢s I P(S0) + s, 1 Py($1), Yy € X,

and . .
P(X;) = ps,1P(S0) + 95,1 P(51)

l.e,

P(X;) = 95, IP(X;) + 5, TP(B).

Now we want to determine s, and yg,.
Take yo € So, then f~(yo) is a single point, hence

1 =514+ ps -0

because I Py, (3;) =1 (since yp is a regular point in So = X,, that is, Sp is regular)
and I P, (So) = 0 (since yo & S1). So ps, = 1.
Take y; € Sy, then f~!(y,) is a weighted projective space of dimension d, hence

l+t2+...+t2d=lpyl(s—o)+99sl'1

that is
@s, =1 +t2 4.+t - IP, (X,).
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Similarly, we have

A — X,
gl lg
B — X,
where X, =U,/H, A' = g~1(B), and
A2 B

is a fibration whose fiber is a rationally projective space of dimension e, then,
again by decomposition theorem, there are two polynomials ¢, and ¢ so that

P(97'(y)) = ¢'s,1P,(So) + %5, IP,(S1),Vy € X,

and
P(X,) = ¢, IP(X;) + @5, IP(B).

So repeat the calculation presented above with the same choice of yp and y;, we
have ¢, =1, and
’ 2 2e
s, =1+t + .-+t - 1P, (X,;)

Thus subtract the two equations below
P(X,) = IP(X,) + ¢, IP(B)
P(X,) = IP(X,) + 5, 1P(B)

we have

P(X,) = P(Xp) = (¢5, — #5,) I P(B)
= e(M)Q.(M)P(B)
where Q(M) and ¢(M), as before, are defined by

24 44 g% ifd<e
QuM)={ ) 4 ... 112 ifd>e
0 ifd=e

1 if d,' <e
e(M)=4¢ -1 ifd;> e
0 ifd;=c¢;

We summerize above results as follows

Theorem. Let y be any point in B. Then,
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(1) P(X,) = IP(X,) + (1 + 2+ --- + t* — [P, (X,))P(B)
(2) P(X,) = IP(X,) + (1 + £ +--- + t* — [P, (X,))P(B)
(3) P(X,) = P(X,) + (M)Q(M)P(B).

Corollary. Let the notations be as in the beginning. Let y be a point in
U.(M)/H, then

1+t24-..4+t9 fd<e
IP,,(L(,//H)={ 14+t24..-+1t% ife<d

Now if M is a codim 1 face of u(X), 8 € M is a relatively general point in M,
and a is is a general point in p(X) and close enough to 6, then

U /H — Uy(M)/H(= Uy /| H)
is a fibration whose fiber is a rationally homological projective space of dimension
m = codimc X M _ 1. So We know by the decomposition theorem:

Lemma. P(U,/H) = P(P™) - P(Us(M)/H).

Like before we define a polynomial Q,(M) for the face M by
Qi(M)=PP™) =1+t*4... 4 t*"

and agree that (M) = 1.

5.7 The Formulae for Intersection Homology: the General Case

So now let ¢ € Int(u(X)) be general, and let My < p(X) be a codim 1 face of
p(X). Take a point ry € M, such that rq is (relatively) general in My and the
vector Tg,q from r¢ to ¢ does not meet any codim < 2 wall (this assumption is
for technical reason, and is not necessary). Also we pick up a general point p in
©(X) so that p is close enough to ro. Then as before, we assume that the change
from rg to ¢ is described as follows

r0 € Mo — p— e(My))My — -« = e(Mi)M; — q,

where M,,---, My are exactly the walls that p,q meets. Then apply theorem 5.6.
(3), and lemma 5.6, we get
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Theorem. (An inductive homological formula)
P(Uy/H) = Zjzo..ke(M;)Q(M;) P(Us,(M;)/ Hj)

P(u™(@)/T) = Zjco..ke(M;)Q(M;) P(u~" (r;) N X™ [ T;)
where r; = p,gN M;,

H; = H/(stabilizer of XMi in H),

T; = T/(stabilizer of XMi in T).

Remark. Note again that for any wall M, XM is a nonsingular compact
projective variety with the action of torus H/(stabilizer of X™). Hence induction
applies indeed.

Then we have the following three essential situations.

(1) p and q are general. Then
P(X,) = P(X,) + 5., eM)QUM,)P(B;)
where B; = U, (M;)/H; o; = M; N p,q.
(2) p general, ¢ is on a wall , then we take ¢’ general so that p, ¢, ¢’ are colinear
and we have the following situation,
p— e(M)M; — -+« = (M) My 5 ¢ — ¢'(general),

then,

1P(x) = { POX)+ Dottt M)QUMG)P(BS) i e(My) = 1
V= P(X,) + Sy (M)QM;)P(B;) if (M) = ~1

(3)p, g both on walls, then we take p’, ¢’ general so that p', p, ¢, ¢’ are colinear
and we have the following situation,

P —p€e(M)M — e(M))My > -+ = (Mi)Mi 3 g —> ¢
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Then,

IP(X,) + Tz, k€(M;)Q(M;)P(B;)  if e(M1) < 0,¢e(Mi) <0
IP(X;) + Zjz1, k-1 6(M;)Q(M;) P(B;) if e(My1) <0,e(Mi) >0
IP(X,) + Zj=a,.. s €(M;)Q(M;)P(B;)  if e(M1) > 0,e(Mi) <0
IP(Xp) + Tj=2,.. k-16(M;)Q(M;) P(B;) if (M) > 0,e(My) >0

IP(X,) =

Proof. They are all simple applications of propositions in the beginning of
this section.

Remark. In (2) of the theorem , (a) if ¢(Mj) = 0, the two formulae in the
expression are the same.
(b) If q general, p is on a wall, just reverse the diagram

(general)p' —p— (—e(M))M; — -+ — (—e(Mg)) My — q

and apply the existing formula , we shall get a desired one.

We shall do some examples in chapter 7.

5.8 Comments on Kirwan's Formula

In her book [Ki], Kirwan was able to present a cohomological formula for u=*(0)/T
(actually her formula applies for general compact reductive Lie group) by employ-
ing Morse theory. The basic idea is to view the norm square of the moment map,
||x||?, as a Morse function in an appropriate sense, and therefore get a Morse
stratification (which is equivariantly perfect)

X = U Ss
peB

with index set B = set of connected components of critical subsets of ||u|l.
It is observed that, in the case of torus actions, her arguments only valids for
1~ (p)/T, where p is the barycenter of u(X) and is in general position.

So let o be the barycenter of u(X) and be general. Then B is the set of the
barycenters of the various walls in u(X) so that if 3 € B, then o, § is perpendicular
to the wall that 3 belongs to. Then Kirwan’s formula can be restated as follows

Pi(u™(0)/T) = P(X)P(BT) ~ Egest @ P,”(X™ 0 p7(8))
where d(f) is the codimension of the stratum Sg, Mg is the wall that 8 belongs
to, and T = T/(stabilizer of XMs in T).
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We point out that In Kirwan’s formula, there involves equivariant Poincare
“polynomials” (that is, power serious). But, in our formula, there are only poly-
nomials. Also our formula applies for arbitrary algebraic quotients. Moreover, in
order to apply her formula to singular quotients, considerable efforts were made
by Kirwan on their desingularization. However, these efforts are not required in
order to apply our formula.

5.9 Comments on Ordinary Homology

In this section, our goal is to understand the ordinary homology groups of singular
quotients (so to this end, “small maps” do not give any help!). Our argument will
depend on the following observation: if p, ¢ are two points in the interior of u(X),
p is general in a codim r — 1 wall N, and p, ¢ are “close enough” to each other,
then we have the following commutative diagram:

A= U//H

! I f
B—U,//H

where B = U,(N)/H, A= f~'(B).
Lemma. Suppose we have a diagram of algebraic varieties

Ao X

I Lf
B—oY

such that A — B is rationally a projective bundle and f is an isomorphism off B.
Assuming B,Y — B have vanishing homology in odd degrees, then

H.(X) ® H.(B) = H.(Y) ® H.(A).
In particular, P(X) + P(B) = P(Y) + P(A).
Proof. By [Fu] 19.1. (6), we have a long exact sequence
Hin(X — A)(8Q) — HiA(®Q) — H; X(®Q) — Hi(X — A)(®Q) — Hi_1(A).
So by the vanishing assumptions, we have

H.(X) = H(X — A) ® H.(A).
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Similarly,

Hence,

H.(X)® H.(B) = H.(Y) ® H.(A).
because X — A is isomorphic to Y — B.

From now on, we assume that the fixed point set of H has vanishing homology
in odd degrees. Now let g be an interior point in u(X), and general in a codim r
wall N. We take a sequence of interior points ¢,_1,-+-,q1,qo in u(X), such that
g is general in a codim ¢ wall N; (0 <¢<r—1),

NCN,.,C--CN; CNy=p(X),

and g¢;, q; are close enough to each other for any 0 < ¢,5 < r, where we agree
N = N,,q = ¢,. Hence for each 1 < i < r, we have

Ai— X,

VY £
Bg‘—*X,'

where Xi_y = Uy,_,[/H, Xi = Uy /[H, Bi = U (N:;)/H = p~Hg) N W/Ha
A; = f71(B;) which is a fibration over B; whose fiber is a weighted projective
space of dimension d;. If we assume that all X; — B; has vanishing homology in
odd degrees, then by the lemma and induction on the walls of u(X), we have

P(Xi—l) _P(X!) = P(Bi)(t2+"°+t2di)ai = 1,"',1'

Add these r equations together, we get
P(Xo) = P(X;) = 3 P(B)(t* + -+ 1*%).
i=1
Hence, we have

Proposition. (An ordinary homological formula.) Let the assumptions be as
above. Then

P(X.) = P(Xo) = Y P(B)(E +--- +17%)

Combine this proposition with theorem 5.7, we have
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Proposition. (An inductive ordinary homological formula for singular quo-
tients.) Let assumptions be as in above, and let

ro € My — e(M)My — -+ - — e(Mi)My — ¢

be a diagram for qo as defined in 5.7. Then

k
P(X,) = 3 (M) QUM Pty [ Hy) — Y- P(B(E + -+ %)
or k L
PG~ an)/T) = 32 e(M5)Q(M;)P(u~ r5) 1 X5 /T)

—ZP ) N XN YT (8 + - - - + £3%)

where unspecified notations are same as in theorem 5.7.
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Chapter 6

The Topology of Algebraic
Quotients

We reformulate the theorems of chapter 5 for algebraic quotients. We shall find
that all quotient varieties enjoy the property that their cycle maps are all isomor-
phisms.

6.1 Statements of Results

Let M be codim 1 face of u(X). Let =(M) be an admissible collection of top
dimensional polyhedron in M, and U(M) = Ucez(m) X, then U(M)//H is a

(rationally) nonsingular quotient of XM. Define
Z1={C €Z|3D € Z(M) such that D < C}

=, =5, — E(M)

then clearly we have =; < =;. Let U, U, be the corresponding algebraic open
subsets resp. Then it is not hard to see that ¢, //H =U(M)//H.

Theorem 1. The natural map
w:U//H — U J[H
is a fibration whose typical fiber is a weighted projective space of dimension

codim. XM — 1.
Now we follow the notation in corollary 2.6. Suppose we have two admissible
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collection of polyhedra in =, say =, and =;, and Z; covers =;. We have also

(1) =; consists of top dimensional polyhedra.

(2) The collection of codim 1 polyhedra in = forms an admissible collection
Z1(M) for XM,

Let Uy, Uy, Uy (M) be corresponding “open” subsets of =;,=Z; and =, (M) resp.
We have

Theorem 2. Let B = Uiy(M)//H and A = f~(B) where f is Uy//H —
U//H. Then

l l
B—u//H

is a fiber square where A — B is a fibration whose fiber is a weighted projective
space and f is an isomorphism off B.

For two arbitrary algebraic quotients, we have : let U;,U; be two arbitrary
algebraic open subsets such that there is a canonical nice map f from U;//H to
Ui//H. Then there is a canonical stratification Uy //H = Uz Cp of Uy//H such
that over every Cjp, f is a fibration tower whose fibers are all weighted projective
spaces.

It would be very tedious to give an explicit construction of strata Cs as what
we did in 5.1. Nevertheless, in practice, given any quotient, we will be able to
obtain such construction using the same idea as we did before. Conceptually,
however, we still have

Theorem 3. Let the notations be as before. Then

U/H = J [M]//H
Wall M

is a Whitney stratification such that over each stratum U [M)//H (if Ur[M] is
not empty), f is a fibration tower with weighted projective spaces as fibers, where
U, [M)] is defined as follows: a point z is in U;[M] if and only if z € U, and there
exists C C M N = such that C < u(H -z) and M is a minimal wall with this

property.

All the proofs in this section are essentially the same as in chapter 5. It is
fairly straightforward to write down these proofs once one carefully reads section
2.6 and the proofs in chapter 5. So we omit this unnecessary duplicate to save
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time and space.

6.2 Small Resolutions

We continue to follow the notation in corollary 2.6 and the notations in the pre-
vious section. Suppose =] lies in M*. Then

Theorem 1. Suppose dim Xjf; < dim Xj;, then
f:U//H— U[[/H
is a (rationally) small resolution.

Proof. same as that of proposition 5.3.
In general we have

Theorem 2. For every singular quotient U, //H, there is a (rationally) non-
singular quotient U//H such that the canonical map U,//H — U,//H is a small
map.

Proof. The idea to find out s is essentially the same as in section 5.4. The
key is that: given a codim | wall N and a codim | — 1 wall M such that N C M,
then N divides M into two regions, and (at least) one of these two regions gives
a “small map”. So let =, be the admissible collection defining U;. Let Ny--- N
be all the codim 1 walls containing some polyhedra in Z;. Recall the construction
in the proof of theorem 2.5. The definition of =; there involves three kinds of
data: codim 1 walls containing some polyhedra in =;, some admissible collections
of polyhedra on these walls (chosen by induction), and some selected half spaces
divided by these codim 1 walls. Now we construct our =; here in the same way
as we did in 2.5 except that for any codim 1 wall above, we choose the half space
that gives small maps (see the theorem above) and when we use induction we put
an additional “smallness” hypothesis. Let U, be the corresponding open subset
of Z;. The proof of the fact that Uo//H — U;//H is small should be completely
an analogy of the proof for symplectic quotients. It will be fairly apparent once
one grasps the idea behind the previous proof.

6.3 The Vanishing of Homology in Odd Degrees

Let X be an algebraic variety, we denote by Ax(X) the group generated by k-
dimensional irreducible subvarieties modulo rational equivalence (see [F],1.3.) Let
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HPM(X) be the (Borel-Moore) integral homology of X; this is the singular ho-
mology of X if X is compact. There is a canonical homomorphism (“cycle map”,
see [Fu], 19.1):

clx : Ai(X) — HEM(X).

Definition. A variety X is said to have property (IS) if
(a) HEBM(X) = 0 for i odd, H;(X) has no torsion for i even,
(b) clx : Ai(X) = Hyi(X) for all i.

A variety X is said to have property (RS) if

(a) HBM(X)® Q = 0 for i odd,

(b) clx ® Q: Ai(X) ® Q = Hy(X) ® Q for all i.

Obviously, (IS) implies (RS) since (RS) is just a rational version of (IS).
We now formulate a known result (see [DeLP], for example).

Theorem. ([DeLP]). Let X be a smooth projective variety with an action
of a complex torus H. Then X has property (IS) (resp. (RS)) if X has property
(IS) (resp. (RS)).

The proof is essentially based on B-B’s decomposition theorem and the lemma
below.

Lemma. ([DeLP], 1.8). If X has a-partition into pieces which have property
(IS) (resp. (RS)), then X has property (IS) (resp. (RS)).

Recall that a finite partition of a variety X into subsets is said to be an a-
partition if the subsets in the partition can be indexed X;---X,, in such a way
that X; U---U X; is closed in X fori=1,---,k.

Now the theorem follows easily since B-B’s decomposition is an a-partition.

The question in which we are interested is whether a quotient variety has
property (IS) ( resp. (RS)) or not. To answer this question partially, we have

Proposition. (The vanishing of intersection homology in odd degrees). Let
X be a smooth algebraic projective variety with an action of a complex torus
H. Then the rational intersection homology groups of an arbitrary categorical
quotient vanish in odd degrees. Moreover, if the action of the torus is quasi-
free (i.e, there are no non-trivial finite stabilizers), then, the integral intersection
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homology groups of an arbitrary categorical quotient vanish in odd degrees and
have no torsion in even degrees.

Proof. It follows straightforwardly from our inductive homological formula
before.

6.4 Cycle Maps

Lemma. Let Z C X be a closed embedding, and &/ be the complement of Z.
Suppose also that Z has property (IS) (resp. (RS)), then clx (resp. clx ® Q) is
isomorphism if and only if cly (resp. cly ® Q) is isomorphism.

Proof. Combine [Fu], 1.8 and 19.1(6), we have the following commutative
diagram,

AiZ(8Q) — AX(8Q) — AUBQ) — 0
l ! ! !
— HyuZ(8Q) —» HuX(8Q) » H:U(®Q) — 0,

hence the lemma follows.
Now we can state our main theorem in this section.

Theorem. Let U//H be an arbitrary categorical quotient. Then,

(a) the rational cycle map of &///H is an isomorphism if the rational cycle
map of X has the same property.

(b) the cycle map of U//H is an isomorphism if the cycle map of X has the
same property and the action is quasi-free.

Proof. We need to show that the cycle map
cuyyp®Q: A(U//H)®Q — Hyu(U//H)®Q
is isomorphism for all ¢, or
cluyyis + AU /H) — Hy(U//H)

is isomorphism for all 7 if the action is quasi-free.
First all of , let U = U, where p is a general point close enough to a relatively
general point r in a codim 1 face M of u(X). Then we have that

U,/H — U,(M)/H

is a weighted projective (resp. projective, if the action is quasi-free) bundle over

U.(M)/H. Using induction (the trivial case is X*), we can assume that U, (M)/H
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has the desired property. Hence U,/H has also the desired property (see [Fu],
19.1).

Now let M be an interior wall, and r,p be as before, then we have a fiber
square

A—U/H =X
! !
B=U(M)/H—U|/H=Y

where A is a weighted projective (resp. projective, if the action is quasi- free)
bundle over B, and X — A is isomorphic to Y — B.

Hence by the lemma and induction, X has the desired property if and only
if Y has. Since any two quotient varieties are connected by a sequence of fiber
squares like above, so the theorem follows our assertion in the beginning.

As a corollary of proposition 6.3 and theorem 6.4

Corollary. Let U//H be an arbitrary nonsingular algebraic quotient. Then
U[/H has property (RS) if X¥ has (RS).
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Chapter 7
The Case of Flag Varieties

Historically, we first worked out the results in this chapter.

7.1 Weighted Projective Spaces

Definition. Let Q = {qo,*--,qa} be a finite collection of positive integers, S(Q)
the polynomial algebra &[Ty, - -,Ty] over the complex number C, graded by the
condition

deg(Ti) =q.',i =0a"’$d’

then the space P(Q) = Proj(S(Q)) is called the weighted projective space
with weight Q = {qo0,*-,q4} .

Alternatively, P(Q) can be defined in a geometric way. Let C* acts on C**!

by
A (207' . ,Zd) = (/\qOZOa te a’\qrzd)’

then P(Q) is just the orbit space of C**! — 0 under this C* action. Clearly for
any positive integer a,

P(aqu e aGQd) = P(qu ) qd)

and P(1,---,1) is just the ordinary projective space Pe.

We remark that a weighted projective space is a rational manifold with (pos-
sibly) only finite cyclic quotient singularities. It is also a compact toric variety
whose associated cone decomposition is combinatorially isomorphic to the cone
decomposition associated to the ordinary projective space of the same dimension,
in particular, the rational (co)homology groups of a weighted projective space of
dimension d are isomorphic to the (co)homology groups of P*
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7.2 Statements of Some Results

Let G be a reductive algebraic group over complex number, H a Cartan subgroup.
Let also @ be a root system of G with respect to H, Il = {ey,---,a,} a simple
root system, and ®* the set of positive roots. We use B to denote the Borel
subgroup containing H with respect to ®* . In this section we shall deal with the
left action of H on the flag manifold G/B.

We will prove in a later section that every wall M (including face ) of u(X) is
determined by a unique standard parabolic subgroup W; of the Weyl group W of
H, where J is a subset of {1,---,n}, and W is generated by simple reflections s,;,
i € J. And the stratum closure XM is H-equivariantly isomorphic to Py - [B] =
P;/B, where Py is the standard subgroup of G corresponding to W, [B] is the
base point of G/ B representing the B orbit through the identity element. In above
case, we shall call M a wall of type J.

We use @ to denote the roots in ® which can be written as linear combinations
of simple roots a;, 1 € J.

Theorem 1. Let M be a codim 1 face of u(G/B) of type J. We set J¢ =
{1,---,n}—=J =r, and let By, - - -, B, be all the positive roots whose a, coefficients
in their linear combinations of simple roots, ng,,---,nga, , are nonzero. Let r be
a relatively general point on M, and p € u(G/B) is general and close enough to
r, then we have (a)

@ :Up/H — U(M)[H(=U.[/H)

is a fiber bundle whose fiber is the weighted projective space P(ng,,---,ng,) of
dimention v, and v = dim X — dim XM — 1.

(b). Let L, be the weight lattice of G, H; be the hyperplane generated by
{e;|t € J}, then ¢ is an ordinary projective bundle if and only if the lattice
L, N Hy is generated by {a;|i € J}.

Remark. Moreover, we have the following precise results listed according to
the type of the group G (see the next page for the Dynkin diagrams).

An. o is an ordinary projective PY-bundle for any codim 1 face of any type.

B,. ¢ is an ordinary projective bundle if and only if the face M is of type J,
where J¢ = {1}.

Ch.  is an ordinary projective bundle if and only if the face is of the type J,
where J¢ = {n}.

D,. ¢ is an ordinary projective bundle if and only if the face is of the type J,
where JC = {1}, or {n — 1}, or {n}.

Eg. ¢ is an ordinary projective bundle if and only if the face M is of type J,
where J¢ = {1}, or {6}.
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E7. ¢ is an ordinary projective bundle if and only if the face M is of type J,
where J¢ = {7}.

For Eg, Fy, and G, , p is not an ordinary projective bundle for any codim 1
face.

1 2 n-1 n
o o—— ----- O o
1 2 n-1 n
o o—— ----- O——=0
1 2 n-1 n
o O—— ----- O=——=0
1 2 n- 2 n-1
O o—— -----

O 2 n
1 3 4 5 6
O O O @ O

O 2
1 3 4 5 6 7
O O O O O O

Let M be an interior wall of u(G/B), then we shall see later that M defines
two moment map images of torus orbit closures, say M> and M <, which satisfies
the conditions in proposition 1.4, that is, M> N M< = M, and if r is a relatively
general point on M, and p € M<,q € M> are two general points and close enough
to r, then any u — image of torus orbit closure with a face on M and containing
r is either contained in M< or in M?, it all depends on if the u — image contains

por q.

Theorem 2. We have the following commutative diagram
U (M) H 5 t(M)/H & Uy(M)/H
! ! !
Up/ H < o/ [H <~ Uy /H
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where f; and g, are restrictions of f and g, respectively. Moreover, f; is a fiber
bundle over Up(M)/H whose fiber is a weighted projective space of dimension d,
and g, is a fiber bunndle over Uy(M)/H whose fiber is a weighted projective space
of dimension e, where d = dimXM* —dimXM 1, e = dimXM> —dimXM -1, and
d+e = dim X —dimXM™ —2. Furthermore, the weights of the weighted projective
spaces above are induced from the coefficients in the linear combinations of simple
roots for positive roots. In particular, if the group G is of the type A,, then all the
weighted projective spaces above coincide with some ordinary projective spaces.

Remark. We shall see that both XM < and XM> are “nice” Schubert varieties.

Let G be SL(n +1,C), then the flag manifold G/B can be identified with the

space of flags of vector subspaces,
Vic...cVrcCrml,
in C™*! or the space of flags of projective linear subspaces,
PPcP'c...c Pl cPm,

in P". We will use the two interpretations of SL(n+1)/B alternatively, whichever
is convenient. Chosen a coordinate system {e; - - - €541} in C**! (or in P*). We say
a subspace V™ is in general position if V" does not contain any ¢; (i = 1,--+,n+1),
a subspace V! is general if V! is not contained in any n—dim coordinate subspace.
It is known that all the general n — dimensional (respectively, 1 — dimensional)
subspaces make of a single torus orbit.

Theorem 3. Let

U(1) = {flags in C**| V! is general},
U(n) = {flags € C™*| V" is general},

then both U(1) and U(n) are geometric open subsets, and their quotient spaces
can be identified with the flag variety of flags in C*, SL(n)/B.

Proof. The fact that Z(1) and U(n) are geometric is an immediate conse-
quence of the theorem 4.3 by considering the following projections

G/B —s P™ = {V! C C™*1}

and

G/B — P™ = {V" C C™1}.
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However, we can also show directly that they are geometric quotients after we
describe the moment map imges of SL(n + 1,C)/B (see section 3.4). To prove
that ¢ (n)/H is isomorphic to SL(n,C)/B, we fix a general n-space V7. Consider
the projection

SL(n+1)/B={V'c...c V" cC'}

fl
P" = {Vn C Cn-H}

then the following map defined for flags (V! C ... Cc V® c C**') where V™ are
general:

H-{Vlc..-cvrccr}
!
H-{V'C...cvrcC*"' I F(V)

identifies U(n)/H with the space of complete flags in V;* since H-(V;*) = the set of
all general n-spaces and the finite isotropy subgroups of H are identity subgroup.
Similarly, 24(1)/H can be identified with the space of flags in C**? that their first
subspace are a fixed general 1-space V!, or the space of flags in C**!/V]l.

7.3 Moment Map Images of G/B

X = G/ B thorough out this section till section 16 (although many results hold for
other homogeneous spaces G/ P with appropriate modifications. We shall indicate
this whenever the situation applies).

Let N(H) be the normalizer of H in G, then W = N(H)/H is by definition
the Weyl group of G' with respect to H. Let ¢ be the root system associated to
H and 7 = {1+ - a,} be a fundamental system in ¢ (it amounts to choosing a
fundmental Weyl Chamber C*). Using the Killing form of Lie G , we identify Lie
H with its dual space (Lie H)*.

It is known that the fixed point set of H, X¥ can be identified with W. Suppose
K is the maximal compact subgroup of G, then we know that the K — invariant
Kahler metrics on G/B are in one-to-one correspondence with the elements in

interior of C*, Int(C*).

Proposition. Fix a point 7 € Int(C*), hence a Kahler metric on G/B,
let 4 be a moment map associated to H action under this metric, then after a
translation if necessary, u(X) = convez hall of {w - r|lw € W}.
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7.4 Parabolic Subgroups of W

Definition. Let J C {1---n}, we shall call the subgroup of W, W;, generated
by the fundamental reflections s,, with r € J, a standard parabolic subgroup
of W.

The subgroups W; and their conjugates in W are all called parabolic sub-
groups of W.

We shall quote the following propositions from [Carter], which are useful for
us later.

Proposition. Given J C {1:--n}. Let D; be the set of elements w € W
such that w- s,, € ®* for all r € J, then

1) W = lep,dW;.

2) W = HceDj’ WJC.

3) d ( or c ) is the smallest element in dW; (or Wjc) under the usual Bruhat
order on W.

The Weyl Chambers give rise to a rational cone decomposition of R”. Given
a subset J C {1---n},

Cs={v;(v,a,) =0 forr € J;(v,0,) >0 forr € {1.--n} = J = J°}

is a codim |J| face of the fundamental Weyl Chamber, and all the faces the
fundamental Weyl Chamber are of this form.

Proposition. The stabilizer of C; in W is Wj.

7.5 Parallel Walls and Faces of u(G/B)

Given J C {1---n}, there is (induced) Bruhat order on the cosets {dW; | d €
Dy} (or {Wic | ¢ € D7'}) where diW; < d;W; (Wier < Wie) if and only if
di < d; (a1 € ¢2). And there are always a unique minimal element eW; = W;
(or,Wje = Wj) and a unique maximal element doW; (or, Wjco).

Before we state our theorem we need a lemma which is an easy consequence

of [C].

Lemma. The Lie algebras of isotropy subgroups of H are precisely the sub-
spaces generated by the faces of Weyl Chambers.
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Theorem. Given J C {1---n} and W, a parabolic subgroup of W, then we
have

(1) For each ¢ € D3, the convex hall M, of {w-c-7|w € W,} is the moment
map image of a torus orbit closure of dim |J|. And for any two ¢;,¢c; € D7', M.,
and M., are parallel. Moreover, such convex halls give rise to all walls.

(2) For each d € Dy, the convex hall Fy of {d-w - 7|w € W;} is the moment
map image of a torus orbit closure of dim |J|, it is actually a face of p(X). Such
convex halls give rise to all faces of u(X).

Roughly, the theorem says that the right cosets of W; give rise to parallel walls
of the same type, while the left cosets give rise to faces of the same type.

Proof (1) We denote G/B by X. Then the fixed points set of H, X is equal
to W. Let P; be the parabolic subgroup of G associated to Wj, then for any
c € D3,

(Pyc- [B))Nn XH = W;ec- [B]

where [B] is the base point of X = G/B, since P;-[B] is a H — invariant closed
subvariety, and u(Pjc- [B]) = convez hall of Wjc- T, hence M, is the moment
map image of a torus orbit closure (in P; - ¢[B]). We remark that Pj - ¢[B] is
actually XMe (which will be a consequence of some results later). To prove that
M., and M,, are parallel for any c;,c, € D7', it suffices by the consideration of
dimensions to show that M. (of dim |J|) is perpendicular to the face of a Weyl
Chamber, C; (of codim |J|).
The linear subspace V parallel to M, is given by

V =span{wc -1t —c-r|lw € Wy},

but for any v € Cj,w € Wy,

(we-T—c-1,v) = (we-7,0) = (c- 7,v) = (c- 7w

cv)—(c-7,v)=0
Since Wj is the stabilizer of C;. Hence we proved that M, is perpendicular to Cj.
The last statement should be clear by the lemma above and a basic property
of moment map.
(2) Similarly, we notice that for any d € Dy,

(dP; - [B))N XH = dW; - B]

hence, the convex hall of dW; - 7 = u(dP; - [B]) is the moment map image of a
generic torus orbit closure in dPj - [B]. To show that it is a face of u(X), it suffices
to consider the convex hall of W; - 7 since for any w € W, the map a — w - a,(
for any @ € Lie H ),gives an isometry form Lie H to itself. Hence if the convex
hall of Wj - 7 ia a face of pu(X), so is that of dWj - 7. It is also enough to consider
the cases of maximal parabolic subgroups because for any J, there are maximal
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Ji+--Jrsuch that J =J;N---NJ, and
(dWJ,) N---N (dWJ'_) = d("V_]l NN WJ,.) = dWJ,n...nJ, = dWj,

and because an intersection of faces of a polytope is still a face. To complete the
proof we claim here that it will be an immediate consequence of the assertion
below.

Claim. Let ¢;,¢;,c3 € D7' where J is a subset of {1---n} with n—1 elements.
If ¢; < ¢2 < ¢3 under the Bruhat order, then the wall M,, is in between the wall
M., and M,,.

There are many ways to prove this. One simple proof will appear in section
7.7

I suspect the claim holds under a even weaker assumption on ¢;, ¢z, ¢3 (but I
could not prove it), it is stated as follows.

Define the rank function r on W with the Bruhat partial order by setting
r(w) = l(w), the length of w, then r induces a rank function (also denoted by
r) on the cosets {Wjclc € D3'} (or {dW;|d € D;}) with the property that
r(Wic) = r(c) (r(dWy) = r(d)).

Conjecture. Let ¢1,c2,ca € D3', where J is maximal, If r(¢;) < r(c;) <
r(c3), then the wall M., is in between the wall M., and M,,.

7.6 More Properties of Parallel Walls and Faces of u(X)

We observe by theorem 7.5 that

Corollary.. Let J C {1---n}, and f : G/B — G/P; be the natural projec-
tion. Then for any fixed point d on G/P; (d € Dy), f~'(d) = dP; - [B] is the
stratum closure whose moment map image is the convex hall of dW; - 7. And all
faces of u(G/B) can be described in this way.

Sometimes we will say that the convex hall of Wjc- 7, a wall of type J, and
the convex hall dW; - 7, a face of p(X) of type J.

Given J C {1---n}, let Wjco be the maximal element of {Wc|c € D3'},
then W - ¢ is a face of u(X), hence there is K C {1---n} with |K| =|J| and a
d € Dg such that Wjcy = dWk. Because both ¢y and d are the smallest element
in Wyco and dWk, respectively, hence d = ¢y by uniqueness. Wx = c5'Wjco. On
the other hand, if c7'W,c = Wk, then Wjc = cWk gives a face, hence ¢ = co.
This shows,
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Corollary. Among the conjugates of Wy, only W; and ¢3! W) ¢y are standard
parabolic subgroups.

Finally, we remark some intersection properties of walls to close this section.

Proposition. Given J,K C {l:--.n}, and d; € D,,d' € Dk, c € D7,
d € Di', then
(1) dW;Nnd'Wy # @ if and only if d = d' € Dy N Dk. In this case
dW;nNndWg = d(WJ n WK) = dWjnk.
(2) WisenN Wk # 0 if and only if c = ¢ € D' N DE'. In this case
WicN Wic = (WJ N WK)C = Winkec.
(3) dW; N Wke # 0 if and only if d = c € Dy N DR, In this case

dW; N Wke = (CWJC_l N WK)C.

Proof. By the uniqueness of the smallest element in each coset.

7.7  Half Regions and Their Torus Strata

Let Wy,5 C {1---n}, be a parabolic subgroup of W. The induced Bruhat order
on the posets {Wjc|c € D7'} is actually the same as the Bruhat order on the
Schubert varieties of G/P;.

For any c;,c; € D3', we will say that the wall M., defined by Wje, is less
than the wall M., defined by Wjc; if ¢; < ¢;. Clearly, there is no element in
Wje, is “greater” than some element in Wjc; and the maximal element of Wje,
is “greater” than any element in Wj¢, if M., < M,,.

Definition. A wall M defines two regions M> and M< in R" as follows,

M?> = Convez hall of {wall M' | M' > M}

= Conver hall of vertices of walls M' with M' > M,

M< = Convexz hall of {wall M' | M' < M}

= Convexz hall of vertices of walls M' with M' < M.
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We shall call them the half regions defined by M.

Proposition. M< and M> are the moment map images of some torus orbit
closures. Furthermore, if M = convez hall of Wjc, let u,v be the maximal
element and the smallest element in Wjc¢, respectively, then

XM< =5, = BuB/B,
XM> = §* = B*vB/B,
where B* is the oposite Borel subgroup of B.

Proof. Since S, N X¥ = {w € W|w < u}, hence u(S,) C M<. On the other
hand, if £ € XM<, but z is not in Sy, then there exist w € W with w is not
less than u such that z € S, a direct computation shows that w € H - z, this is
impossible sin@ C XM=, Therefore XM< C S,. Hence, S, = XM<,

Similarly, XM> = Sz.

We remark, as a consequence of the proof above, we have
Corollary. Every Schubert variety is a union of torus strata.

7.8 Intersections of Half Regions
Let M, N be two parallel walls with N < M, define

CM = convez hall of walls Q with N < Q < M.
Then clearly, C¥ = M<N N>,

As a consequence of the proof proposition 7.7, we have

Corollary. C¥ is the moment map image of a torus orbit closure. And if
M = Wje,, N = Wjc,, and u is the largest element of Wj¢, v is the smallest
element of Wjc,, then

XN 5 05T = XM A X,

Remark. In the case of G = SL(n + 1,C), we shall describe M<, M>,C¥ in
terms of Schubert conditions on flags.
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Proof of the claim in 7.5. Let ¢; < ¢; < c3 be as in theorem 5.2, by
corollary 3, M., C M3 N M7, this shows that M., must be in between M, and
M., since M< N M> = M for any wall M.

Lemma. The moment map image of any orbit closure is contained in a wall
of the same dimension.

Proof. This is a consequence of the classification of the isotropy subgroups of
H (lemma 5.1) and a basic fact of a moment map.

Proposition. The moment map image of every orbit closure is an intersection
of half regions.

Proof. Let C be the moment map image of a torus orbit closure. Without
loss of generalities, we assume that C is of top dim. Let oy ---0; be the exactly
the codim 1 faces of C that are not on original faces of u(X), this is, they are
contained in interior walls M, -- -, M;, respectively. Now each M; defines two half
regions, and by their properties, exactly one of them contains C, say E;, then it
is an easy fact of polytopes that

C= ﬂi:l,...'[Ei

Remark. Follow the notation above, it is clear

Xec._,  X&

1=1,.,

We have known that for every half region, its stratum closure is union of strata,
hence an intersection of strata closure defined by half regions is also a union of
some strata. But it is possible that XC is not a union of strata, so XC could
be a proper subset of ﬂ,-=1,.,,,,ﬁ. If this happens, ;z,,.. ;X% should not be
irreducible since both X€ and ﬂ‘-=1’,,,',ﬁ contain an open subset X€.

Definition. A Schubert variety is call of first class if its moment map image
is a half region defined before.

As a consequence of the corollary 7.7 and the proposition above, we have

Corollary. Every Schubert variety is an intersection of some Schubert vari-
eties of first class.
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7.9 Regions Defined by Faces of u(X)

Let W; (J C {1,---,n}) be a parabolic subgroup of W. Then the convex hall
of dWj (d € D;y) gives a face of u(X) of type J. Then the Bruhat order on
{dW,|d € W} induces a poset structure on the faces of u(X) of type J.

As in section 6, we define two regions associated to a face F of type J.

Definition . Let F be a face of u(X) of type J, we define
F~ = convez hall of faces F' of type J with F' < F

F* = convez hall of faces F' of type J with F' > F
Clearly, F~ N F* = F by the definition.

Proposition. Suppose F is the convex hall of dW;(d € D;). Let f : G/B —
G/ Py be the natural projection. f maps dW;(d € Dy) to a fixed point d of H on
G/Pj. Let u,v be the largest and smallest element of dW}, respectively, (in fact
v = d), then we have

(1) F~ and F* are the moment map images of some torus orbit closures,
respectively.

(2)

XF- = f~Y(BdP;/P;) = BuB/B
where BdP;/ Py is a Schubert cell on G/ Py indexed by E(: f(dWy)). and

XF* = f_l(B-EPJ/PJ) = B‘UB/B
where B* is the opposite Borel subgroup of B.

Proof. The proposition follows immediately by the proof in 7.7 if

f~Y(BdP;/P;) = BuB/B and
f~Y(B*dP;/P;) = B-vB/B
are proved. But it is straightforward to check that
F~Y(BdP;/P;)n X¥ = BuB/Bn X*,

and

f~Y(B*dP;/P;)n X¥ = BvB/Bn XH.
Since they are all Schubert varieties on G/B, so the two equalities hold.

65



Let d € Dy, d be the corresponding image of f on G/B, we use S; to denote
the Schubert cell BdP;/Py, and S} to denote the Schubert cell B*dPj/P;. Now
as a consequence of the above, we have

Corollary. Let dy,d; € Dy, and d; < da, let Fi(F;) be the convex hall of
diWy - z(d2Wj - z), then the convex hall of faces F' with F} < F' < F3, say C, is
the moment map image of some torus orbit closure. In fact,

C=F'nF;

XC = f71(53 nSg).

Remark. Although the use of regions defined by faces in this section is not so
clear as the regions defined by parallel walls, I suspect the two are equally useful,
in other words, we may substitute the half regions of 7.7 by the regions defined
in this section so that the result in section 7.8 still hold.

7.10 The Star Constructions and Their Applications

Let M be an interior wall of codim 1, r be a relatively general point on M. Let
also p be a general point in M<, and ¢ be a general point in M, then theorem
7.2.2 states that the following diagram

UMS)/H D uo(M)H & Uy(M>)/H
! ! !
U,/ H - Uy JH < U,/H

commutes, where the vertical maps are closed embeddings, and f; is a fiber bundle
whose fiber is a weighted projective space of dim d. g, is a fiber bundle whose
fiber is a weighted projective space of dim e. d + e does not depend on parallel
walls. Moreover (and clearly), f is identity off U,(M<)/H and g is identity off
Uy(M>)/H.

Now we shall develop some notations and observe some fact in order to prove
the theorem.

Definition . Let a be a vertex of u(X), define

star(a) = U{Xcla € C}.
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Lemma. (1) Star(a) is a biggest Schubert cell for any a.

(2) If a € C, the moment map image of torus orbit closure, then star(a) N XC
is contractible.

(3) Let S, be a Schubert variety, C = u(S,), and @ = g(w). then

star(a) N XC = star(a) N S, = S,

Proof. (1) Let a = u(w),w € W. Choose Borel subgroup B’ containing H
such that B'wB/B = G/B. Denote B'wB/B = S|, then we have to show that
star(a) = S, :

Now for any z € S, since w is the only fixed point of the torus action in
S,,, an easy argument of Morse theory or a simple direct calculation shows that
H -z 5w, hence a € p(H - z), that is, = € star(a), we got S’ C star(a).

Now if y € star(a), that is @ € p(Hy) or w € Hy. Assume that y ¢ S, then
Jue W,u<' w,andy € S, = B'uB/B,so HynW C S.nW = {v <' ujv € W},
which contradicts with that w € Hy.

(2) This is a consequence of [B-B] or a simple application of Morse theory.

(3) The same argument as in (1) shows that

S, C star(a) N S,

For the other direction of inclusion, if z € star(a)NS, , then w € H - z, assuming
r € Sy, since z € S, then as in (1), we have H-z C S,, for some u < w,
contradiction.

Remark. The lemma above holds for every homogeneous space G/P without
any modification.

Lemma. Let C be a half region defined by a wall M, and M; C C is a wall
which is parallel and closest to M. Then we have

(1) Let p € C and is in between M; and M, thatis,pe M7 NM<if M; < M,
or p € M> N MS if M < M, then U,(C)/H is a rationally nonsingular compact
variety with only finite quotient singularities. Particularly, it is nonsingular in the
case that G is of type A,.

(2) Let r be a relatively general point on M, p is a general point in C' which
is in between M; and M and close enough to r, then the algebraic map

[ U(C)/H = U(C)/H

described before is an isomorphism
(3) Let g be general point close enough to r as pictured above, then U,(C)/H
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is also rationally nonsingular or nonsingular in the case that the torus action is
quasi-free.

Proof. (1) By lemma 1, for each vertex a of C, star(a) N XC is a Schubert cell
with respect to a suitable Borel subgroup containing H, whose closure is just X€.
In other words, star(a) N XC is a smooth open cell of XC. Now by the position
of p, it is clear that

U,(C) c U{star(a) N XCla € vertez set of C},

th right side is a smooth open subset of XC since it is a
union of smooth open subsets, now U,(C) is an open subset of the right side,
hence is also smooth, therefore we conclude that ¢,(C)/H is nonsingular.
(2) This is because for each moment image D between M; and M, the algebraic
map
pp,pen : XP/H — XPM 1|

has to be isomorphism since it is birational and finite.
(3) The assertion is justified if we notice that 2, (C)/H is the blow up of the
nonsingular variety U,.(C)//H along the nonsingular variety U, (M)/H.

7.11 A Direct Proof of Theorem 7.2.1

We follow the notation in sections 7.3,4,and 5. We can assume that the face M is
the convex hall of W - 7 without the loss of the generality, whereJ C {1,---n},
and |J| = n — 1. As we have known

XM = Py - [B]

Now let » € M be a relatively general point, and p € p(X) be a general point
close enough to r. Then we have clearly that

U, C | J{star(a)|a € vertex set of M}

U.(M) c |J{star(a) N XM|a € vertez set of M}(= XM).

Now we will work on open sunsets star(a) N U, of U, and U,(M) N star(a) of
U,(M) for each vertex a individually. We shall consider the restriction,p,, of the
projection

@ :U/H - U(M)/H
to the open subset star(a) NU,/H of U,/H , and prove that

@a : (star(a)NU,)/H — (star(a) NU.(M))/H
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is a weighted projective bundle of a fixed type for every vertex a of M. If this is
proved, so is the first part of the theorem.

Now each Schubert cell star(a) is a top Schubert cell with respect to some
suitable Borel subgroup. For simplicity, we can assume that star(a) is the top
Schubert cell with respect to the action of the Borel subgroup B (that is, we take
a = z). Then star(a) is equivariantly isomorphic to the unipotent radical & of B
equivariantly with respect to the action of Maximal torus.

Let Lie G = Lie H + Y ,c¢ 8 where g* are eigenspaces.

Now :

U= Lield =1l e0+8% = Haet+ne, 8% X Hpeo+-o,8°

where @ is the set of roots that can be written as linear combinations of a;,% € J.
Let H; be the subgroup of H whose Lie algebra is generated by a;,i € J. Let
H, be the subgroup of H whose Lie algebra is N;es af, then H; is the stabilizer
of XM = P,. [B] and
Lie H = Lie H; @ Lie H,
H = HJ X Hl

Now for any element h of H, h can be written as
h = expl - exp\ = exp(6 + A)

where 0 € Lie Hy, A € Lie H,.
Let
u = Ilieotne, 9o X gea+-0,98

be an element in U, where g, € g%, gs € g°, then h - u

= llaeotna, go X Hpeo+_a, g8

= lacotne, ega x Mpeas_q,e@Per g,

where ng is the coefficients of a,,r € JC, in the expression of gs.
Under the equivariant isomorphism from star(a) to U, the projection ¢, from
star(a) NUp/H to star(a) NU,(M)/H is equivalent to the projection given by

Hae¢+n¢19a X ngq>+ -%,90

!
Hae¢+n¢,ga
So given a H(or Hj) orbit in U, (M) N star(a),

Hy. (nae¢+n¢_,!]a)-
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The fiber of the projection ¢, is the orbit space of Igce+_g,95 by the torus H,
with the action given by

ezp) - Tpeo+-a,95
= Mzelrorins gg, for any A € LieH,.

So the fiber of ¢, is the weighted projective space P(ng,,--+,ns,). By the defini-
tion of (ng,,---,np,), it is easy to see that the sequence of the integers does not
depends on the choice of each vertex on M, it depends only on the type of the wall.
Hence ,we proved that ¢ is a fiber bundle with the typical fiber P(ng,,--,ng,).

To see the rest of the theorem is true, it suffices to look at the coefficients of
the maximal long root for G of every type. The maximal long roots for all types
of group G are listed below.

Anay+ -+ oy

Bn.ay+ 203+ -+ + 20,

Cn2ay 4+ +20n_1 + a,

Doy +202+ -+ +2an_2 + an_1 + a,

Es.oy + 205 + -+ - + 203 + 3ay + 205 + ag

Er7.20q 4 205 + 3a3 + 4ag + 3as + 206 + a7

E3.2(11 + 3(12 + 4(13 + 604 + 5(15 + 4&6 + 307 + 205

F4.2Cl!1 + 302 + 403 + 204

G2.3a1 + 2(12

7.12  The Triviality of Some Canonical Bundles

As one can see from the proof in the previous section, we have:

(1) @a : Up N star(a)/H — U,(M) N star(a)/H is a trivial bundle.

(2) In particular, if both r and p are close enough to a vertex of M then
p:U,/H - U,[/H is a trivial bundle.

(1) is clear from the proof above. (2) is because if p and r are close enough to
a vertex a of M, then U, C star(a), U,(M) C star(a), so ¢ = @,.
In fact, this triviality is not coincident: the reason is:

Proposition. The normal bundle of P/B in G/B is trivial where B is a Borel
subgroup of a reductive group G and P is a parabolic subgroup of G containing

B.
Proof. The normal bundle of P/B in G/B is

P xpg/p
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where g and p are the Lie algebras of G and P respectively. Note that P acts on
g/p. Now take a basis of g/p, then this basis generates, by applying the action
of P, a group of global sections which will trivialize the normal bundle.

The same statement is false for the tangent bundle. The tangent bundle of
P/B in G/B is
P xpp/b

where p and b are the Lie algebras of P and B respectively. But P does not act
on p/b.

Consequently, we have
Corollary. All the fibrations characterized in 7.2 are trivial.

Remark. It seems for me that the corollary is true for any smooth variety
with the torus action. But I have no proof.

Now we are ready to prove the theorem 7.2.2. We would like to present two
very different proofs . The first proof is totally analogous to the proof of the
theorem 7.2.1, although it needs a little more effort. This proof is valid for G of
every type. However, we shall also provide an alternative proof for the case that
G = SL(n + 1,C) without using the group structure of G, and therefore it may
fit some general context (if there is a similar situation there).

7.13 The First Proof of Theorem 7.2.2.

As assumed r € M, p € M<, we only prove the statement concerning p because
the other half is totally analogous, and the fact that d + e = constant is just a
simple calculation of dimensions of some Schubert varieties. In fact

d = dimXM* — dimH — (dimX™ — (dimH — 1))

e = dimXM” — dimH — (dimXM — (dimH - 1))

S0,

d+e=dimXM £ dimXM” —2dimXM -2
= dimG/B — dimX™ - 2

since

dimG/B = dimXM* 4+ dim XM~ — dimX™
by the results in §6.
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So, to prove the theorem, it suffices to show the following claim:
Up(M<)/H — U.(M)/H
is a fiber bundle whose fiber is a weighted projective space.

We remark that U,(M<)/H is a quotient on XM< where XM< is a “nice”
Schubert variety whose moment map image is just M<, a half region.
As before .
U, C {star(a) N XM |a € vertez set of M}

U.(M) C {star(a) N XM|a € vertez set of M}

since no vertex of M is more special than the other vertices of M, it is sufficient
to show that

%a : (star(a) N XM NU,)/H — (star(a) NU,(M))/H

is a weighted projective space-bundle. But star(a) N X< is a Schubert cell S,

for some y € W, and it is well-known that S, is H—quivariantly isomorphic to

UNyU*y~! where U,U" denote the unipotent radical of B and B* (see [KL]).
Let

¢y ={yed*|y-yed},
then U N yU*y~! is H—equivariantly isomorphic to
Meo,8" = Maco,ne,8” X Npeo,-0,8°

In what follows, we just need to translate the corresponding part of the proof of
theorem 7.2.1 word for word. So we omit them:.

7.14  The Second Proof of Theorem 7.2.2 when G = SL(n + 1,C)

Let the notations be as before. Now let M < M; < .-+ < Mj be a maximal chain
of parallel walls, that is, My is a face of u(X), and r(M;y1) = r(M;) — 1,1 =
0,---,k—1. We agree that M, = M.

Let
Ai=U,(MS)/H,i=0,---,k

Bi =U,(MS)//H,i =0, k.

Then we have the following diagram of varieties
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L{p(M<)/H = Ao‘—* A1 <——>A;,=L(,,/H

! ! Lo l
U(M)/H = By — By -+ — By = U/ H,

which commutes. Furthermore, each square
Ai = Aip

! !
B; — B,

is the diagram of a blow up in the sense that B; is the center of the blow up and
A; is the exceptional divisor. Now we only need the first square for our purpose.
By lemma 2, we conclude
Ao — A]

! !
Bo‘—’Bl

is a blow-up diagram of non-singular varieties. Now because By < B, is a regular
embedding, by a fact of algebraic geometry, Ao — By has to be a projective

P — bundle. (see [ES-B].)

Remark. In the case that G is not of type A,, the varieties in the last
diagram may not be nonsingular varieties due to the existence of the nontrivial
finite isotropy subgroups. What we can say is that the varieties have only finite
quotient singularities. In this case (with possibly a non-quasi-free torus action), I
do not know if we can deduce from algebraic geometric arguments that A9 — By
is fiber bundle whose fiber is a weighted projective space.

7.15 The Singular Loci of Singular Quotients

Corollary. Let M be an interior wall, and r be a point in the interior M. Then
(1) if M is next to the boundary of u(X), and r is relatively general on M,
then U, //H is rationally nonsingular or nonsingular when G = SL(n + 1,C).
(2) Otherwise, U, // H is seriously singular. In fact, the singular locus of i, // H
is just U, (M)/H if r is a relatively general point on M.

From the proof in this chapter, we can see easily that most results in this chap-
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ter hold for any Schubert variety of first class (see section 7.8 for the definition).

7.16 Intersection Homology of Symplectic Quotients
Example 1. X = Sp(C*)/B.

PU,/H) =1+ +t)+ () + () + (tH) =1 + 48> + 4.

Similarly,

IP(U, /H) = P(U,,/H) =1+ 3t* + t4,
IPU,,/H) = P(U,,/H) =1 + 2t* + t*.

Figure 7.1: The moment map image of Sp(C*)/B.

Example 2. G,. X = G2/B.
P(Up/H) = (1 + 17+t +1° +1°) + (2 + 11 4+ 1°) + (¢)

F(82 4t +8) + (2 + ¢ +15) + (¢*) + (¢ + (¢*) + (¢Y)
=1+ 4t% + 9t* + 446 + ¢8

Similarly,
IPU, [H) =1+ 4¢% 4 8t* + 44° + ¢8,

IP(U,,/H) =1+ 4t% + Tt* + 4¢° + 8.
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Figure 7.2: The moment map image of G/B.
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Chapter 8

Explicit Results for G/B,
G=SL(n+1,c)

The Schubert-like conditions are frequently used in this éhapter.

8.1 Parallel Walls in Terms of Symmetry Groups

We use two interpretations of the flag manifold SL(n + 1,C)/B as follows.
(1) The space of all flags in C**?

ocVicVvVic...cvrcyntt

where V' is a dimension ¢ linear subspace of C™*?.
(2) The space of all flags in P"

POCPIC"'CP"_ICP"

where P’ is a dimension i linear projective subspace of P™.

Choose a basis {e1,---,ent1} in C™*1 then a coordinate flag is a flag where
each subspace is spanned by some of basis vectors. When working in the projective
space P", a basis amounts to choosing n + 1 points {a,---,an41} that span P,
and a coordinate flag in P" is a flag when each subspace is spanned by some of
base points. We shall work on C™*! or P™, alternatively, it depends on whichever

is convenient for us.

The H — fized points can now be identified with the coordinate flags, which,
in turn, is identified with elements of symmetry group S,41 (Weyl group). The

identification is indicated as follows.
C . {ei1} C C . {6:'1,3:'2} C PPN C C . {eil,...,ein+]}

1
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(P15 y2In41) € Snpr

where 1 < % < n + 1, and C{z,y,2,---} denote the subspace spanned by

x’ y’ z’
We still need more conventions.

Definition. Let S,T C {1,2,---,n}, with |S| = |T|, define M§ = set of per-
mutations (hy -+ - Ant1) in Sp41 such that elements of S only occur in the positions
indexed by elements in T'.

That is, if § = {i1,--+,i}, T = {j1,-+-,Jjx}, then M$ consists of those per-
mutations (hy - - - hn41) where ¢4, -, occur only in the jith,---, jith positions.

Now we can interpret our results in chapter 7.

Theorem. M3 (precisely, the moment map images of the corresponding flags)
is the vertex set of a wall in u(G/B). To abuse the notations, we use M3 to denote

the wall also. Then for any S,T,T’ C {1,---,n + 1} with |S| = |T| = |T"|, M3

and M3, are parallel. Moreover, every wall is of this form.
We shall call M¥ a wall of type .5' Note by our convention, My = M

Example. G/B = SL(4,C)/B. Then the boundary of the moment map
images of G/B consists of 6 square faces and 8 hexagonal faces. Hence every
the codim 1 wall is either square or hexagonal polytope. The following gives all
hexagonal walls: 1 < a < 4,

ME) = {(a + + %))

M) = {(xa * %))
MG = {(x * a#))
M{{:}} = {(* * xa)}
The induced Bruhat diagram on the walls is
{a} {a} _, aria} {a}
Myy — My — Mgy — M

And all square faces are given by

M{{f:}} ={(ab * x),(ba * %)}

M{{:;}} ={(a * b*),(b * ax)}
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MED = {(a * +b),(b » % a)}
M{zs}— (*a b*),(xba*)}
M{{;:}} ={(xa * b),(* b * a)}

M{{;:}} ={(* * ab),(* x ba)}
1 < a # b <4, and the Bruhat diagram on the walls is

{8 — < > i

We remark that

Corollary MT is a face of u(X) if and only if T = {1,2,---,k} or T =
{1,2,--,k}° = {k+1,---,n+1}.

Therefore, the following is a face-diagram

M{23}
(12} ~_
(12} {13} [24} {34}
M2y = M{12}< {14,/ (12) — M{12)
[12]
reverse this diagram we get
M{14}

M3 — MH . }> [%3]___ M[
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Use the Canonical projection from GL(4,C)/B to G,(C*), we can see that the
above two diagrams descend to

{23}
(12— {13/ (24}— (34)
N (14)

which is exactly the Bruhat diagram of Schubert varieties on G,(C*).

8.2  Schubert Conditions and Strata Indexed by Parallel Walls

Now we want to construct XM7 in terms of flags in P".

Given a wall of type S, with |S| = k. Then S determines a coordinate linear
subspace C° spanned by {eils € S} and a coordinate subspace C°° spanned by
{a;]j & S} with C° N C5 = 0. Then our following arguments will show that any
flags in a given stratum closure X7 (S fixed) can be constructed from two flags
in C5 and C*° by a specific method determined by 7.

Now given arbitrary two flags in C® and C%°, respectively,

(1) 61 C7°’°7C6k_l ka =C?%

(2) 771 C,-+,C Un—k C nn—k+1 = C5°

To construct a new flag

¢c,,cPcett

from flag (1) and flag (2), we have the following choices:
¢ =8 or 7,
(? = €2, 0r span of £'and n*, or 72,
¢® = &%, 0r span of £%and n, or span of £'and p?,or 73,

(" = span of t¥and ™%, or span of ¢*~1and y*F+,

Theorem. Suppose now T = {j;,---,jx} C {1,---,n + 1}, then any flag in
XMF,

Cl Cv""CCnCCn+1’

can be constructed from a flag in C%,
él Gy ey C {k-—l Cgk = CS,

and a flag in C%°,
771 C,--,C nn-k Cnn—k—{-l — CS ,
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as follows:
¢l =qlye (17T =g
¢ = span of £'and n1, .-, (%71 = span of £'and 7272
C” = span of £2and n??~%,... (! = span of £2and n»2~3

(J" -1 = span of ¢¥and pik-1=k+1 ... (k-1 = span of ¢¥-1and nix-1
(I = span of ¥ and p*=*,... (" = span of tFand "

Obviously by our construction,the spaces of flags constructed in this way for
various T all have the same isotropy subgroup (depending only on S). Hence by a
basic property of moment map, their moment map images are parallel, therefore
they exhaust all strata closures indexed by parallel walls of type S according to
section 7.5.

In fact , the above method of constructing new ﬂags are the only method that
can make C‘ ¢%,---, (" flags.

Let C5 be the coordinate subspace spanned by {e;|i € S}. Then in terms of

Schubert conditions, XM# is described as follows

Theorem. XM? = all flags V! C,--.,C V™ C C"*! satisfying the following
conditions;

(1) dimV*NCS =0,1 < p < jy, dimViNC® =1

dimV*NCS =1,j; < p < j2, dimV2NCS =2

dimVPNCS =k —1,jk1 < p < Ji, dimVi*NC5 =k
(2) dimV*NDS+dimV*NCS° = p, 1 < p <n+l. (& VE=V*NCS@VEN
c5°%)

As a corollary of our construction, we observe that XM? is equivariantly iso-
morphic to the product of the space of flags in C* and the space of flags in C*~**1
with respect the obvious actions of the torus H.

8.3 Schubert Conditions and Strata Indexed by Half Regions

As before, let S C {1,--- n+ 1} with |S| = k.
It can be shown by (for example) checking their vertex sets that we have the
following:

Theorem. (a). Let C = (M{;, _.;.,) be bounded by M7, _,, and M{;

,...‘J‘k}’
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then XC consists of flags
Vl c--.cV*cC Cn+l
satisfying the following conditions

dimVinCS>1

dimV*NC% > k
(b). Let 12 = (Mﬁ-h"_"-k-_})> be bounded by M7, .. and M{‘s;.,.g_k...nﬂ}, then
by M3 = M3:, we have XD consists of flags

Vl C--C vn C Cn+l
satisfying the following Schubert conditions

dimVh nCS > 1

dimVhnt1-k O CS° >n+1—-k

where {hy - hny1ok} = {i1---ix}°.

(c). Now if (41,-+,4x) < (j1,---,Jk) under the Bruhat order on S,y (this
means i; < ji,+++, i < ji), then C N D is the region bounded by M, ., and
M{SJ-“_,,J-“} , and X¢"D consists of flags

Vic...cvrccrt!

satisfying . .
dimvVi'nCS > 1; dimVM nCcS >1

dimVi* N C% > k; dimVhnti-c N C5° > n 41—k,

We have shown that the moment map image B of a orbit closure is an inter-
section of half regions, so X2 is contained in an intersection of strata closures
indexed by half regions, however it is very difficult to characterize when a set of
Schubert-like conditions gives nonempty set of flags satisfying those Schubert-like
conditions.

A simple case (corresponding to intersection of two half regions) presented
below seems already requiring a lot of effect to solve it, that is,
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Is there any flag satisfying

dimVh nCS > 1; dimVincT >1

dimV* N CS > k; dimV"nCT >m
where S,T C {1,---,n + 1} with |S| = k,|T| = m. Of course, when k + m =

n+1,T =S¢ and (43, - ,i,,,)c =< (715, J), this is just case (c) in the theorem
4.3.1.

8.4  On the Zariski Open Subsets /(1) and U(n)
Recall that
U(1) = {flags in C™*'|the first subspace V' is general}

U(n) = {flags in C**'|the last subspace V™ is general}

In this section we shall prove 2/(1) and U(n) are geometric open subsets, explore
some other quotients on G/B and give some relations among these quotients,
especially in the case when G = SL(4,C).

Let fi be the projection form G/B to G(k,C"*') defined as follows

fe:Vic...cVkc...cVrcC! s Vk,

We have known that all the codim 1 faces of u(G/B) are given by the mo-
ment map images of f;! (a coordinate k — space), 1 < k < n. We shall call
p(f' (a coordinate k — space)) a face of type k.

Theorem. Under the convention above.
UQ) = U{XDID meets every codim 1 face of type 1}

U(n) = [J{XP|D meets every codim 1 face of type n}

Clearly, U(1) and U(n) consist only of strata indexed by top dimensional poly-
topes.

Proof. We only prove the statement for {(1). For any = € U(1), let D =
p(H - z). The moment map image of P* = {V! ¢ C"} can be thought as obtained
from p(G/B) by collapsing each type 1 face to a vertex. Consequently, if D misses
a type 1 face of u(G/B), then u(H - fi(z)) will miss a vertex of u(P"), but fi(z)
is general. So u(H - fi(z)) = u(P™). Hence D meets every type 1 face of p(X).
On the other hand, if D meets every type 1 face, and z € X?, the same argument

shows u(H - fi(z)) = u(P™), hence fi(z) is general. This completes the proof.
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A direct proof of the first part of theorem 7.2.3 First of all, by the
consideration of parallel walls, it is impossible that an admissible decomposition
of u(G/B) contains two open polytopes which meet every codim 1 face of type 1
(resp. n). On the other hand, given any admissible decomposition & of u(G/B),
since there is only one top dimensional polytope A in any admissible decomposi-
tion of the moment map image of P™*!| there should be (at least) one polytope
in ¥ which can be collapsed to A, so this polytope must meet every codim 1 face
of type 1 (resp. n).

Remark. In fact, the proof can be made more explicit in terms of symmetry
group Snp41. That is , if D € = contains vertices

A = {some(il, Ty in+l)}

(where we identify each element of S,4+; with a vertex of u(G/B)), then the 7,’s
that appear in A should range all over from 1 to n + 1 if D meets every face of

type 1.

It is quite obvious that the Weyl group W sends a face to a face of the same
type , hence U(1) and U(n) are both W — invariant since w- X2 = X*'D for each
w € W, and therefore W acts on U(1)/H and U(n)/H.

Now let us assume a general metric on G/B is taken so that the barycenter
0 of u(G/B) is a general point in x(G/B), then Up is W — invariant since W -
0 = 0, hence W acts on Up/H also. I don’t know if Up,U(1),U(n) are all the
W — invariant geometric open subsets.

Proposition. Let G = SL(4,C).

(1) U,/ H is isomorphic to P! xP? if p is general and close enough to a hexagonal
face.

(2) U,/ H is isomorphic to P? if p is general and close enough to a square face.

83



Chapter 9

Miscellaneous

We have a little discussion on torus strata in 9.4.

9.1 On the Grassmannian G(k,Cc™*!)

By [G-G-MacP-S], under a specific moment map g, the image of G(k,C"*!) is a
hypersimplex defined below:

A'n+’l,k = {(mly e ,xn+1) € Rn-'l-llz Ty = k}'

There are various descriptions of faces of Any1 . (in terms matroids, for example).
Below we will give descriptions for their strata closures in terms of subspaces and
show that they are all Grassmannians, as expected. We observe

Proposition. Suppose a coordinate system on C™*! is chosen, and Vi C V{§
are two coordinate subspaces with ¢ < k < j. Let

I'={V* e Gu(C) |V c VF C V)

Then the moment map image of T' is a face of A,41 4, which is isomorphic to
Aj_ik-i- In fact, T is the closure of the stratum indexed by that face. Clearly I’
can be identified with

Gi-i(C™) = {0 C V*)V§ C V§ V)

Moreover, every face of Gi(C™*!) comes from this way.
Now we want to say something about the quotients on Grassmannians.

Conjecture. There is zariski open subset &/ on Gx(C™*!) such that I/ has a
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he dorff quotient «/H which can be identified with Gx_,(C™™1).

This conjecture is trivial for G2(C*) since every quotient in this space has to
be P'. In fact, the conjecture is true for any G(2,C"*!). This can be seen from
theorem 5.1.1 and the proposition above. Indeed, we can actually construct such
quotients.

Proposition. Define a Zariski open subset & C G(1,P") = G(2,C"*!) as
follows: Pick up a coordinate system in P™ (i.e, n +1 linearly independent points,
called vertices). Choose two coordinate hyperplanes Py, P; of P*. Let PP denote
the generic part of P;. Define

U ={spanof pand q|p € P,q € P, — P, N P; — coordinate verteces}
Then the ordinary orbit space ¢ /(C*)" of U is isomorphic to P*~Z,
Proof. Pick up a generic hyperplane in P,. It can be checked that U/(C*)"
can be identified with this hyperplane.
9.2 Homogeneous Spaces that Project to P"

In this section, we consider the space of partial flags {V* C -.- C Vi* ¢ C**'}
such that either z; =1 or i = n. -

Just as what we did for the space of complete flags {V! C --.- C V™ C C**1},
we have

(1) Let . _
G/P={V"C...cV*cV"cC'}
U={V?C...CV* CV"V"is general}
then ' ‘
U/H=Z{V?r C-..CcV* C V' |Vy'is fized}
(2) Let _ .
G/P={V'cV*cC...cV*cC"}
U={VICV"C...C V¥ Vs general}
"n

{(Vicvic...cV* cC*|V}is fized}
= {(Vi/Vy C--- CVHVE c CHYV Y

hese homogeneous spaces share many results with the complete flag manifold,
as parallel wall phenomena and hence a belowing up and belowing down
.ures when crossing a wall, etc. Since there is no need to develop new tools to
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prove those results, we will not list them explicitly here.

9.3 Fibrations G/P; — G/P; and Weight Diagrams.

Let P = P; C G be a standard parabolic subgroup. Consider a finite-dimensional
irreducible representation p of G on a vector space V with highest weight

A= Zn,’);,’ng > 0.
1gJ

where Ay,---, A, are fundamental weights.

Then the homogeneous space G/P =Y can be identified with the orbit of a
principal vector vy (in V) in the projectivization P(v) of V. Sometimes, we call
JC¢ ={1,---,n} — J the support of A.

Choose an K — invariant (recall K is a maximal compact subgroup of G)
Hermitian metric on V. It induces a Kahler metric on P(V), hence on G - vy, =
G/P. It can be proved that under this metric the moment map image p = p; of
G/P is the convex hall of W - X in n* = R".

Now let 7(A) be the set of weights of the representation p of G. Let P’ = P; be
a parabolic subgroup of G containing P, that is, J C I. We are trying to compare
the moment map image of G/P and the moment map image of G/P'. Then we
have the following observations.

Choose A = Y ;¢ jc niA; general enough (i.e, with large enough coefficients) so
that there is a positive weight v € 7(A) such that v = 3,;cjc m;A; with m; > 0,
then

(1) Convex hall W - v is the moment map image of G/P; with respect to the
chosen metric on V, which is contained in the moment map image of G/P; as an
interior subpolytope.

(2) The closure of a connected component, (hence its faces), of regular values
of p is spanned by some weights in m(}).

In fact let G/P, - G/P, — --- — G/Px be a sequence of fibration, i.e,
P, C P, C .-- C Py are all standard parabolic subgroup, then we can make a
similar statement as the one above, that is, for some choice of A, and with respect
to the chosen metric on V, we have the moment map image of G/P; contains the
moment map image of G/P,31(1 < ¢ < k—1). To do so, we have to make A to be
more general.
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9.4 Some Examples on Torus Strata of G = SL(n +1,C)/B

A. In [G-G-MacP-§], an example is given to demonstrate that the closure of a
torus stratum on Gg(C®) is not a union of torus strata. Use this example, the
natural fibration SL(9,C)/B to Gs(C?), and corollary 13.5, it is straightforward
to pull back the counterexample on Gg(C®) to SL(9,C)/B.

B. Let f : X = SL(n,C)/B — P" =Y be the natural projection. Given a
stratum I’ on X, clearly f(I') is a torus stratum on P™. Since every stratum on
P" is a single torus orbit, the restriction of f on I, I' — f(I'), is a fibration . It
is wished that a torus action can be introduced on the fiber Z of f according to
the coordinate system on C™*! so that the fiber of I' — f(T) is dense open in a
torus stratum of Z. If this could be done, by the induction on the dimension of
G/B, we would be able to show that every stratum on G/B were nonsingular.
However, the following example shows that we can not do that (see the next page
for a picture).

This is a picture for a flag P° C P! C P? C P23 in P* visualized in this way:
the big tetrahedron stands for a general P® in P, the four triangle face of the big
tetrahedron and the smaller horizontal triangle are the intersections of P3 with
the five coordinate 3 — space in P*, the slopy triangle is P2, the long line is P!,
and the blank dot is P°.

C. Let X = the space of partial flags P> C P?in P® and f : X — G(P®) be
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the natural projection. The following example shows that the restriction of f to
a torus stratum on X may not be a fibration over a stratum on G,(P®).

Definition ([HM)]) Y? = {configurations of p+ q+ 1 points in PP~1.}
Now let
' = {P? C P%|P? C P5, P? avoids 2 faces of P°®}
be a stratum in G,(P®), where P® is a fixed coordinate 5 — space in P®. Then

1-\ g (C.)5 X )/23.

Let
I(T) = {P? C P® C P8|P? C P avoids 2 faces of P°, P® avoids 2 faces of P¢}

= {P? C P®%|P? avoids 2 faces of P}

Then,
I(T) = (C*)® x Y.

So I(T') — T is not a fibration because Y;> — Y is known not a fibration as
demonstrated below ([HM])

N N
X
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D. Sometimes, a torus stratum can be embedded into some C" as the comple-
ment of some hypersurfaces. In many case, these hypersurfaces are homeomorphic
to some flat hyperplanes, especially, when the space under the consideration has
small dimension, for instance, SL(3,C)/B. In a separate paper, we will give a
homological formula for the complement of such an arrangement in R™ in terms
of the combinatorial data of the arrangement in [Hu]. (see also appendix A.)

9.5 Real Parts of Symplectic Quotients and Real Moment Maps

Let X be a complex algebraic variety. The real part Xpg of X, if it ever exists, is
a real algebraic variety, such that

X = XR X,,.R) Spec(C)

Now a complex torus H = (C*)™ can be decomposed into the product of A = (R”>)"
and compact part T = (S!)™:

(Cx-)n. — (R>)n X (Sl)n.
Note that the real part of (C*)* is not merely (R”)", but
(R”)" x ({+1}, {-1})"
= (R” x ({+1}, {-1}))"
- Ry
=~ (R>)n X (22)n
=AxT

where {+1},{—1} are the only two real points of S§*, and I’ = (Z2)" C (S*)".

We say a H-action on X is compactible with the real structure of X if the real
part A x T' of H preserves the real part Xg of X. Now suppose X is endowed
with such an action of H, then we have an induced (R*)" = A x T' action on XR.
Let 4 be an associated moment map of H,

Definition. The real moment map up
KR . XR — R"

of (R")” action on XR is the restriction of 4 to XR.
Since T' = (Z;)" = (R™)* N (S')*, we have
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Proposition.

(1) pR is T equivariant.

(2) sup((R™)» - z) is a convex polyhedron in R™ whose vertices are the images
of (R*)"-fixed points in (R*)" - z, for any z € XR. In particular, pp(XR) = u(X)
is a convex polyhedron in R".

(3) u~1(p) has a real part p~'(p) N XR = pﬁl(p) for any p € R™.

(4) The symplectic quotient u~(p)/T has a real part pﬁl (p)/T for any p € R".

Still as in section 1.1, we have

pROXR) =u(X)= | F
FeT

Theorem. Let F}, F,; be two polyhedra in T, and F; be an open face of
Fi. Let p € Fi,r € F,, then the unique algebraic map f from u~!(p)/T to
p~1(r)/T restricts to a real algebraic map fg from pﬁl(p)/l" to yﬁl(r)/l‘ such
that fR corresponds to a real blowing up map. The statement can be illustrated
as follows:

LR (P)/T — p~'(p)/T

ri fl
R (r)/T — p~!(r)/T

where the vertical maps are natural projections.

In the case that X = G/B with the action of a maximal torus H. The above
theorem applies since the action is compactible with the real structure of G/B. In
fact, almost all theorems in chapter 5 and 6 concerning symplectic quotients have
word-for-word translations for their real parts - the real “symplectic” quotients.
Of course, it is harder to study the topology of real quotients since there are few
theorems for real algebraic varieties.
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Appendix A

The Homology of the
Complements of Subspaces

Spaces Associated to Torus Actions. Naturally associated to a torus action, one
can study the following three kinds of spaces: 1. The quotient varieties. 2. The
torus strata. 3. The closures of torus orbits as toric varieties.

Complements of Subspaces. In this thesis, we mostly only study the quotient
varieties. An attempt to study torus strata has led us to consider arrangements:
A= {Ay,---,An} in R", where A;,---, A, are closed subspaces of R" satisfying
the following 2 conditions: (a) each A; is either homeomorphic to Euclidean
space R* of dimension k or homeomorphic to the sphere S* of dimension k, for
some k < n. (b) each connected component of an arbitrary non-empty intersection
A;, N---N A; also satisfies condition (a).

Associated to every arrangement 4 = {A;,---, A}, there is a ranked poset
L(A) = (L,=<,r) which can be constructed explicitly from the combinatorial
data of the intersections of A. Then the combinatorics of £L(A) = £ determines
completely the homology of the complement, M(A) = R® — U, A;, of A. We
have the following homological formula for the complements of subspaces:

H;(R* — U, A3 Z) = @ H " YK (Ls), K (Liwy)); Z)
vel

where V is the unique maximal element in £ representing R, H~1(0,0) =Z as a
convention, and K(J) denotes the order complex of a poset J.

When each A; in A is an affine linear subspace in R", our formula coincides
with the one obtained by Goresky and MacPherson [GM4]. In fact, in this par-
ticular case, we have proved that the formula still holds even if we consider the
arrangements of the acyclic subspaces in an ambient acyclic space provided that
every space in consideration satisfied Lefschetz duality with compact support. We
shall not give proofs in this thesis. The proof will appear elsewhere.
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Appendix B

Extention to General Group
Actions

Symplectic Category. Since my work is restricted in the category of algebraic
geometry, one may ask whether it works in the symplectic category. There will
be no essential difficulty when a symplectic manifold carries a Kahler structure,
because in this case a compact Lie group action can always be extended to a
complex Lie group action [GuSt2]. Now, what can we say if we do not know
whether X carries a Kahler form or not.

General Group Actions. Geometric invariant theory assigns projective “quo-
tient” varieties to any linear action of a complex reductive algebraic group G on a
projective variety X. In my thesis, we restricted to the case when G is a complex
torus (C*)" and studied the geometry and the topology of quotient varieties of
this (C*)" action. It is now very natural to ask: To what extend does the method
we developed in the case G = (C*)" apply to the case of a general linear algebraic
group action and what can we say beyond?

It is observed that in some nice cases, the K ( a compact Lie group ) reductions
can be reduced to T ( a maximal compact torus of K) reductions. The condition is
that the moment map image u(X) does not touch the walls of the Weyl chambers.
In this case there is a decomposition of X in the level of symplectic category:
X = Kxrp~1(D), where D = p(X)N(a fized Weyl chamber). The K reductions
on X can be reduced to T reductions on p~1(D). In the case X has a Kahler
structure, u~1(D) has also a Kahler structure (very hopefully), therefore T" action
on u~!}(D) can be extended to (C*)" action on u~!(D), hence by my thesis, the
question for these particular actions can be solved completely. So the real question
is now: what can we do when p(X) touches the walls of Weyl chambers?

My speculation is that in this case, the K reductions on X should be reduced to
T reductions on a singular space (u~!(D)), while the singularities of this singular
space do not provide serious trouble when considering quotients. Nevertheless,
much more efforts must be made when studying general group actions.
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Appendix C

Combinatorics of the Posets P
and P*

In this section we shall give more combinatorial properties of P and P* defined
in the previous two sections.

For any partially ordered set £, we may consider its order complex K (L)
whose vertices are the elements of £, whose simplexes are the linearly ordered
subsets of £, vp < - -+ < vg. We have known that K(P) and K(P*) are connected
simplicial complexes. It would be interesting to know more topologies about
K(P) and K(P~). In the case that X = SL(3,C)/B with the action of a maximal
complex torus in SL(3,C), we have P = P*, and K(P) = K(P*) is homeomorphic
to a closed solid 3-ball.

We say a finite poset £ satisfies the Jordan-Dedekind chain condition if all
maximal chains between elements a and b have the same length, for all pair of
elements a and b. An absolutely maximal chain is a chain which is not expendable.
one may expect that P and P~ satisfy the J-D condition. In fact, this is not true.
Take X = SL(4,C)/B, H = a mazimal complez torus, then one can check that
the (absolutely) maximal chains of P (or P*) do not have the same length.

Definition. A pseudo-lattice is a poset £ such that for any two elements
u,v of L:

(a) the subset {w : w > u,w > v} is either empty or has a unique minimal
element, denoted by u V v and called join of u and v.

(b) the subset {w : w < u,w < v} is either empty or has a unique maximal
element, denoted by u A v and called meet of u and v.

If we further require that {w : w > u,w > v} and {w : w < u,w < v} are
non-empty, then £ will be called a lattice.

Clearly, a lattice has a unique minimal element o and a unique maximal ele-
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ment 2. Moreover, if a poset £ has a unique minimal element o, then the height
h(v) of an element v € L is defined to be the least upper bound of lengths of
chains 0 = v < v; < +-+ < vx = v between 0 and v.

Theorem. P and P* are pseudo-lattices.

Proof. We first prove our statement for P. Clearly, we do not have to consider
two comparable elements.
So let u,v be two incomparable elements of P, if

S={w:u<w,v<w}#0

then there should be a metric on X and hence a moment map g such that u,v
correspond to polytopes Fy and F; of collection T (where u(X) = Upey F defined
in 1.1) and there is (at least) a polytope of T having F; and F;, as its faces. It
is an easy fact from polyhedron theory that among the polytopes of T having Fy
and F;, as their faces, there is a unique minimal one under the order ” <” (i.e,
D < C if and only if D is a face of C). In other words, S has a unique minimal
element under the order induced from P.
Now we consider
T={w:u>w,v>w}

if T # 0, then there should be a moment map u such that u,v correspond to
polytopes F; and F; of T associated to u and Fj, F; have a common face. Clearly,
F, N F; is the unique maximal one among their common faces, that is, T has a
unique maximal element.

It will be a little harder to show the statement for P*.

Take any two incomparable elements u,v of P* abd assume that they corre-
spond to admissible collection Z; and Z;. Now if S = {w: w > u,w > v} # 0,
then there will be an admissible collection Z’ such that

= == =!
\—al‘<-—4,|—u2'<|—-.

Therefore for any admissible decomposition R of Int(0), there should be C € Z',
D, € Z,, and D, € =;, such that C, D, and D, are all in R. By the properties
that =Z; < =Z/,Z; < =’ and the admissibilities of =; and =;, we have

Dy, <Cand D, < C

In other words, elements of =; and =; can be paired, (D1, D,;) € Z; X =, by
the property that D,, D, are faces of exactly one polytope C in an admissible
decomposition for such R, we select E to be the unique smallest polytope in R
that has D; and D, as their faces, then clearly, th collection =), of such E’s is

94



admissible, and corresponds to the unique minimal element of S.

Now assume that
T={w:w<uw<v}#£0,

then there should be an admissible collection =* such that

—

—_ ——, =
= <o, e < S

So for any admissible decomposition R, there should be B € =Z* ,D, € Z;,D, € =,
such that B, Dy, D, are all in R. Then as before , we have

B%D]GﬂdB'(Dg.

Now take F’ to be the unique largest polytope in ® which is a common face of D,
and D2, then clearly, the collection =}, of such F’s is admissible, and corresponds
to the unique maximal element of T'. Hence the theorem is proved, as desired.

From 3.2, we know that the space Q of generic closed orbits and their limits
projects to any geometric quotient variety, therefore we define

B PU{@Q}, if P has a unique minimal element
| PU{Q}U{o}, if P does not have a unique minimal element.

where o is spec(C) as a scheme. Then P is a poset ordered by “projection” and
contains P as poset.
Similarly, we define

Pr — PU{@}, if P* has a unique minimal element
— | P*U{Q}U{o}, if P* does not have a unique minimal element.

By the theorem in this section, we have,
Corollary. P and P+ are lattices.

Let £ be a poset with a unique minimal element o, then an atom is an element
which covers o ( we say u covers v is u > v, and if u > w > v, then either u = w,
or w = v).

Convention. Suppose £ is a poset, let L~ denote the poset obtained from
L by reversing the order.
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Proposition. Every element of (PU{Q})™! or (P*U{Q})~! is a join of atoms
That is, every element of P~! or (P*)~! is a join of minimal elements.

Proof. For (P U {Q})7, let u € P~1. Then there is a metric on X, and
hence a moment map p, such that there is a polytope F' in the T associated to u
(where p(X) = Uper F) so that F corresponds to u. Now Ugey F is an n-circuit
of polytopes, and it is easy fact of the theory of n-circuit of polytopes that F is
the intersection of some n-polytopes in T and F is the unique common face of
these n-polytopes. In other words, this implies that u is the join of some atoms
because n-polytopes of T correspond to atoms of (P U {Q})~1.

For (P*U {Q})7!, let w € (P*)~!. We fixed a moment map u. Then for each
admissible decomposition R of Int(u(X)), there should be exactly one polytope
D in R belonging to the admissible collection =; of polytopes that corresponds
to w € (P*)"!. Similar to the argument as before, we conclude that D is an
intersection of n-polytopes in X because R can also be regarded as an n-circuit
of polytopes. It is fairly clear that from this we can deduce that w is a join
of atoms since admissible collections of n-polytopes of = correspond to atoms of

(Pru{@}.
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Figure C.2: The moment map image of Sp(C®)/B
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