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CHAPTER I.

THEORY OF S1vtALL OSCILLATIONS.

In this study we assume:
(1)that the oscillations are small;
(2) that terms higher tilan first povlers are neglect-

ed;
(3) tllat there is a force of resti tu t10n proportion-

al to the first power of the displacement;
(~) that there is a force of resistance ~roportion-

al to the first power of verocity;
(5)that the above forces produce an effective

force :proportional to tlle first pov1er of
the acceleration of all the mass of the sys-
tem;

(6)that the state of equilibrium is a runction
of the force of restitution, the force of
resistance and tIleimpressed force, and the
final effect 1s the sum of these three for-
ces, tlleir products being neglected. since
the oscillations are small.

In symbOls the above assumptions can be con-
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+ 2 a ---
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tained in the equation
Q

d'- x
+ b x = 0 . • • ••• (1)

2.

when x denotes displacement, t, time, a and b

are constants. The first term is the effective
force; the second tel~, the forca of resistance;
the third.te~, the force of restitution.

Physical Derivation of Equation (1).

B

Fig. 1.

Let Fig. 1 represent an oscillating apparatus.
B is the support for the c011 of spring, to the low-

Wer end of which is attached a weight of mass
g

I
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slugs. When the s:Qring is deflected, the we1g11t

3.

oscillates back and forth in a fluid. Let us
ana~ze the motton from the instant when W starts

dxdownward. x gets greater and greater and ---
, d t

d2x '
1s positive. But ---2- is negative, the bodydt
getting slower in its motion as x increases.
I~ the ~tiffness of s~ring is SUCh that a force of
one ~ound elongates'it 11 feet, then for x feet

xthe upward torce will be --- pounds, vlhicllis the
h

il~ressed force. ~ D'Alembert's,prinCiple the
i~ressed force should be equal to effective force,

W d2X x
=- -g- -at2- h

is negative.since

or x
g -dt2- + -h- = 0 ..........

At the same time a force of resistance due to the
friction in the fluid is acting in.the same direc-
tion as the ~ull of the spring, being ~ro:portlon-

dx
al to its velocity, or k ---- • Hence vre need-dt
to add one more tel~fito equation (2)



W d2 x <Ix "'"A

----- + It ---- + --- = 0 ..... (3 )
g d t2 dt h

Equation (3) can be obtained by the direct

application of Dt Alembert 's princiJ/le. T11US if

Vleput the inertia or effective force c1n tIle left

hand side of tIle equation, and equate it to the al-

gebraic ~ of the impressed forces, we get
.

Effective force = ~ impressed forces

= Acting forces - resisting

forces.

The acting forces in this case are zero,
• effective force + res1stine; forces = 0.-

VI d2 x dX x_ ....... ---...... + Ie -- + --- = 0
g d t2 dt h

W
Div1ding through by --- ,we have

g

d2x . g k d x g
+ (--) --- + (---) x = 0

dt2 W d t W h
which is identicallY the same as (1)" if we put

g Ie
2 a = ---,

W

g
b = ---.Wh

Equation (3) is CaIJable of being further aIrl-
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plified by introducing another tennin conse-
quence of the motion of SUIJport B itself.
SUIlPose durine time t \711en vr has descended x

feet, support B also descends a distance of y

feet. Then the real dlsplqoement is x - y feet,
)f-y

and the real upvrard pUll is ----- J.) ounds.
h

lIence:

or

W d2x dX)( - y-g--dt2- + k dt + --h--
VI d2x <Ix x

--- + k -- + ---g dt2 dt h

= 0

y
• • • •• (1+ )

where y may be zero or f (t)..
Equation (3) re~resents Damped Free Oscilla-

tion, (l}) Darrrr>edForced Oscillation. When y

in (4) is zero, the forced oscillation at once be-
comes Free Oscillation.



Meaning of Terms in Equation (l~)--------~-~---~~--~-------------
In equation (}i-),

6.

d..x x
+ }: -- + ---dt h

y
= ---,

h

beginning at the left , the first tel1n is the iner-
tia force due to mass;. tIle seconcl, the daIaping
force due to friction; tIle tllird, tIle restoring
force due to the pUll of the spring; the fourth,
tIle external force due to the forcing of' tIle 08c11-
lat10n.

There are four tenms in equation (4).
Let us. study What will result from omitting some
of these terms either singly or in groups.

dx d2x
(a) -- = ° --'2 = 0, motion of W = o.dt dt x y
Spring is merelY compressed. =

h h

(b)
.,,.
A

h
= 0, x = 0,

ax
dt = 0, motion of a

Tile s1)ring is

rigid body under the influence of external force.
It l"esults in the lvell known forrrn.:tla

Vi d2x Yg dt2 = -11- = force.



of great stiffness, and it moves wi t11 the v[eight
xW as a "rigid body by virtue or ---a
11

dx Y
(c ) = 0, = 0 ue have tIle case of

dt 11 d2xVI x
S. H. :M. in frictionless medium: .;. --- = 0

g dt2 h

<Lx
(d) = 0, we have tIle case of superposed l1ar-

dt
monic motion in a frictionless medium:

7-

VI d~

g

x
+ ---

h
= Y

h

(e) \?hen all the terms are zero, it re~resents a
state of rest of a rigid bO~.

Vieare, 11owever, :particularly interested in
y

one condition, naJrlely, h = O. Equation (l~)

becomes
d2xW dx x

dt2 + k-- + --- = 0 ..... (5 )
g dt 11

vrllich is the case of Free Oscillations.

Equation (5) 1s exactly tIle srune as Equation (3)
and can be :put into fa.wiliar form like Equation (1)

by nl(.1.klng suitable substi tu tlon of cons ta..'Ylts •

Thus d2x dx

dt2 + 2 a -- +b ~~ -- o..1...

dt
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Arigular Motion.-------_ ....,,-_ .........-

Tllere is a well l:no,\llnanalogy between tIle equa-
tions for linear motion 2~d those for al~lar motion.

Linear Motion Al1gLt1arMotion.
Displacement . .... . x. . ............... .Q

dX d~Velocity .... .. ::: V ........... = LV
dt dt
d2x d~Accel~ration • • • • • • = a ... ........ ....-71 =0{
dt2 dtt:

1rass . . . . . • . . . • • •• rn

Time ..••••••••••. t

................

................
I

t

Displacement ..•.. x = 1/2 a t2 •••••• ~ ::::1/20( t2

K.E••.•...••.•••• 1/2 M v2 ....•..••.1/2 IW2

d~ d-)( • , 'Lv
Hence we infer that what --"2 + 2a-- + b~ ::::0 l,s., ..~

'to dt dt
IJ - . ~ ~ '-< d "# r fL« "'19 -I- ~ (/ .: 0 (~ )~~ 7F~ ~
tor angular oscillations. TIle constants a aJ:1d b

contain m vrhich, will be substi tu ted by I accord-

ingJ.y. That Equation (5) is correct can be ~rov-
ed by the direct application of D'A1embert's Princi-
ple, the procedure being the srune as for the linear



oscillations.
We shall~n fu :ure make use of Equation (6)~ ~ 0/- (,)

"sinc!e the o~cil ati0!l:sin tllis special in-vestiga-
tion are of an angular nature.

Electrical Oscillations.

Equation ( li- ) gives for mecllanical oscilla-
tions

d2xVI dx x y

dt2 + b + --- =g dt h 1 h
But it is well know'n°in electricity that

I)dt.:.v dv v e
L --0 + R -- + --- = --~.dtt.:. dt K K

Conlparing tlletVTO equations, we find
W

Tne mass --- corres~onds TIith self-induction L.
g

The friction per foot per second b, corresponds
with the resistance R.

The displacement x corresponds with volt8~e
V, V being a direct function of '6 vrhich is the
real electrical d1s~lacement.

Tilev:ant of stiffness of s:pring h corre-
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sponds v!it11 the capac1 ty of condenser K.

The forced d1s:placement y. corresponds witll

tlle forced E.M.F. of on alternator.'

Thu.s the theory of sm,),ll Oscillation is a:PI)11-

cable .to all forms of oscillation, be it mechanical,

electrical, etc.

Solution of Equation (6).-----~~-------~~----------
Equation (6) is linear, c~d can be solveu

d

tl1en Equation (6) becomes

--- ,
c1 t

• • • • •• (7)

D denoteLet

(D2.Q + 2 a D + b).Q ::: 0

The roots of (7)are

With the syrnbolic method.

A 1 and ~ 2 - - a .! la2 - b.

The nature of the roots depends upon tl1C c11aracter

of the constants under tlle rauical sien. Tllere are

four cases to be considered.

I. a2 > 0, roots. all real, all negative

II. a2 - b'" - , roots all real, negative, equal

- a".J - a



11.
III. 2a < .;,".b roots cOn1];)lex imaginiJ,ry

- g + h i, - g - 11 1

. 2 -_ 0a roots pure 1magina~
+ /bl~- {b i

In case I,. our answer is:

IV.

- 0{ t= A e
- {lJt

+ B e , (8)
In case II,

........
In case III,

G = e-~t (~sin h t + B cos h t) ..(10)
In case.IV,

~ = A s1n JOt + JS cos .,fbt , ... · .. (11)

vr.ae re A ~lnd B . in all cas cs are arl) i t rul"y CO!1-

stante. TIley can be determined .oy tIle condi tions
d~tl1at .g::: 0 when t = 0 and dt = Wt vlllen

t = o.
The graphs of equations ([5), (9), (10), (11)

are shoun 1n Fig. 2.
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Fig. 2.

It 1s evident botl1 fl"om the equations and
from their graphs that in order that the motion.may be oscillatory, the roots of (7)must be imag-
lna17 , cor~lex or pure. That 1s, tllG .quanti ty

illlderthe radical sign should be negative

l,~~~- b = Fe

In the four cases considered, the motions
are all stable. That this is so may be shown by

an inspection of the graphs in Fie. 2. lIone of
tJle grapl18 cxhi bi ts any tendency to increased cUflpli-
tude wi tll increase in time uhich is the callse of
instab111 ty.
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This stable concl1t10n is obt2ined by t1.l0 as-

sumpt i on tllCt t b 1n

d 2.Q d.Q
+ 2 a -- + b .g = 0

dt2 dt

is a J!osit1ve quanti ty, whicl1 renders tlle roots

of
D2 + 2 a D + b = 0

e1tller negative or imaginary '\'1111chare c1"1te-

riot' '. for stabili ty. Vrnen we assume ,- nnd it

does 11Cip1?en physica.lly,- that b is a negative

quanti ty, tllen the quanti ty under' the radical

will be Jlosi tl ve, and the roots are no longel" irnag-

inal'Y .

tiona

A real root means non-oscillatory mo-

The roots lYlcty be botll J.)osi tive or one

positive mld the other negative. In tIle form.er

case the solution of the equation becomes:
'0( a(

~ = A e 1 t + B e 2. t . . . . . •. (12)

't''111ere&(1 and ~ are I>0si ti ve roots of the equa-

tion. In the latter case the solution is

(31 t - (.3 2t
.g = .A e + Be....... (13)

"rhere cI> 1 and - (3 2 are roots of the equation.

A cmd Bare arbitra17 constants to be detennined.
Equation (12) shows that the displaceT;'~ent In-



creases with time. Hence it represents U11-

stable motron.
Equation (13) may be wri tten

~1t 1
.Q = .A e + B -~2t---.

e
lvhen t is large, the second tem may be neglect-
eel. When t is small, the first term may be
neglected. The fOl~er corresponds to unstable
motion, nnd the latter stable motion.,

therefore a case of doubtful stability.
It is

We have seen that when b is ~ositive a

negative quantity under the radical sign,

Ja~ - b,

means.oscillato~ and stable motion; and that
vihen b is negative, the quanti ty under the rad-
ical sign w1ll alwa~lsbe :pos1t1ve \7hicllmeans non-

oscillatory and unstable motion. It is clear
then that the dynronical s~ab11ity depends upon
whether b 1s positive or negative.

Let us examine the mecnine of b. Referring



to the original equation
a2

G d.Q
----- + 2 a --- + b G = 0

d t2 d t

we f1nd,paralle~1ng the inte!!Jret2tion of the tel~ls
d2.Q ~1-on page 6 ---- represents a11bJUlarmomentum;;, d t2 . A

c1 .Q
2 a --- damping moment; b~, static restoring

d t

moment. As a matter of fact, ,b.Q does not
represent static restoring moment alone; it repre-
sents the algebraic SUlU of all static moments
which has ~ as.a multi~lier. The final nmner-
ical result may be positive or negative. Usual~

.we call a static restoring moment posi tive. Tl1en
all static upsetting moments \Vil1 be negative.
It is eVident that when b.Q is negative, the ~
ot static upsetting moment is greater tllan the sum
of static restoring moment, which 1s a condition
of static instability. Hence when b ~ is posi-
tive, i.e., b is positive, the machine is stati-
cally stable. \Vhen b is negative, the machine
1s statically unstable. Eut a posi tive b and
a negative b also account for dynamical stability



and instability. Hence the de~endance of dy-
namical stability u~on static stability.

The ~receding discussion only a~plies to the
case of free oscillation. For :forced oscillation
vTherethe forcing and naturel oscillations rr~aysyn-
chronize, there may be dynandc instability without
static instability.

~~J.?::~.

The foregoing conclusions may be suwnarlzed
in tabular form for reference.

16.
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eRA P T E R I I.

APPLI CATI OlT OF THE THEORY TO THE

STABILITY OF AEROPLANES.
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CHAPTER II•

APPLICATIOlf OP TIiE THEORY TO THE

STABILITY OF ,:,;",-AEROJ?LAJirE.5

The present investigation is undertal:en wi th
a view to determining e~erimentally certain of the
rota~ coefficients necessary for the solution of
differential equations as set forth in ~rofessor
G. H. Bryants boolc "stability of Aeroplanes".
In particular, attention was directed towards ob-
taining the damping coefficient due to pure pitchi~~.
However, the methods developed and the apparatus de-
signed are equally applicable to the deter~1l1na.tion
of other rotary coetficients wllere the oscillations
are not of a fOl"ced nature.

The system of c~ordinate6 and the notations
used are the same as that used in British Blue Book
1912 - 1913. Report No. 77, page 142-.

~Technical Report of the Advis017 Coy~uttee for
Aeronautics 1912 - 1913.
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l?ig. 3.

TllP'usr:.al mathematical conventions are observ-

ed a.s to signs. Forces are !Josi t1 ve r:llcn acting

along the ~ositlve directions of the Dxes, angles

and moments are :Pos1t'ive when turning occurs
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or tends to occur from oy to OZ, oz to ox,
and ox to oy.

---i-...&.;:;;:;..L-?'Iro_..:;,;;.---,,.....--. -------- x

Fir: lJ.u. .•

(l~~le ~ is exageerated for the sake of clear-

ness ).

Let PiG' ~ re~resent an a~paratus for ~roduc-
ing smELll oscillations.' Thn model of Dn o.e1"o-



plQne is n~unted on the top of an upright piece

which 1s rigidly attaclled to tl18 horizontal rod.

Tile whole rests on a l{l1ife edge, held Clownby two

powerful helical spri~~s.

Let tile horizontal and vertical pieces be

3~es of x and z, and the angular displacement be

called Q; C be the distance of c.g. of the

whole apparatus from the Clxis of rotntion;

a, a, the moment ann of springs s, s, 1 tlle

distance of force X from axis of rotation.

Let tIle Ct:P.l)aratusbe deflected on(~way "by

giving i t ~1, Sli{;ht push. A stl"OIl[; restoring mo-

ment 0 a will bring it back to its original po-

si tion. The lnerti8~ of tIlo apparatus, hov18vcr,

carries it further th8n the original position.

It is brought back again by s a, and carried

farther by tIle inertia and so on. Thus VIe ob-

tain a motion of oscillation.

It has been noted that a :p0l'lerful spring

was used. This is necessary in order t11<:"tan

osclllatol~ motion c~ be produced. For consid-

er egaln the original equation
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d 2

.Q d .Q
+ 2 a --- + b Q = 0

d t2 d. t

01" 1)2 + 2 a D + b == 0

the roots of which are - a t I a2 - b •

VIe rrn.:tstmake b lurge so that tIle roots
~ill be imD~inal~ c~d the motion oscil1atoly.
A powert'Ltl,s:p-rinegives a large b. Wi tl1 tIlis
arrangement Yie expect the solution of EquRtion
(6)to come under Case III, ~age 11, viz.:

-c-te U (A sin ht + B COS ht)
01" what is tho same thing

.Q = C e-gt cas (11t+ t)
where C and Dare 2.rbi tral~ constants.

The motion of an aeroplane in space is
three-dimensional. W11atever effect a small va-
riation of one quantity in one direction tas
'7111 also set up variations of different amount
in other directions.



lience X, Y, Z, L, Y, N, are functions of

u, v, vr, 1>, q, r, .Q, ~ ,Jnd \f' W'11ich,hovlever,

cen not be expressed in any simple form.
For the study of small oscillation such as the
~roblem in hand, the general e}~ression con be
reduced to the form:

x = g sin .Q + Xo + uXu + vX'v + ~X7'

+ 1''1<.1'+ qXq + 'rxr ••• (11~)

Y =-g cos ~ sin ~.+ Yo + UYu + VYv + WY~'1
+ :pYp + qy + rY ... (15 )q r

Z =-g cos ~ cos p + Zo +uZu. +v~ + wL\v

L =

M=

N=

+ 1>Zp' + q Zq + rZr .•• (16)

Lo + uLu + vLv + wLv,
+PLp + qLq + 1"L ... (17 )r

Mo + u.Mu +. vI.'Tv + ~'l1Jw

+ P1ftp + q!Eq + r1;tr ••• (18 )

No + ul\1 + V1Tv + WlrW'

+ PITp + qHq + rn ••• (19)r

Equations (l)t), (15), (16), (17), (18), Rl1d (19)

are obtained by expansioninto 1i:aclaur1nseries to

terms of ~he first order, all tenr~ higher than
first power c~d all :products of first :powers are



neglected. Tilis assumption is funda.rnental
in Differenti~l Calculus.

In the ~resent investigation, Y = 0,
L = 0, N = 0, g = o. The aerodyn~ic force
and momont acting on the model are res~ectlve~
X and M. Again with this s~eCi~l arrangement
of tIle apparatus, :P = 0, r = 0 J V = 0, VI = O.

Hence
x = Xo + uXu + qXq • • • • • • • • • • •• • ••• (20)

:M = I.ia +ul\t + ql!q • • • • • • • • • • • • • •• • (21)
Since drift = mx

.~ Drift = IDXo + m uXu + m qXq ••••••••• (22)
Again since pitching couple = m M

....J?1tching couple = m lIo + m UMu + ill q1!q (23)

Having simplified so far, let us analyze
the forces and couples actine on the model in a
new :position of equilibrium after being displaced
.Q to the right J Fig. }~. T'ne.force of the \'Jind
con be resolved.into a force of drift and a cou-
ple of :pitching. .They are moments acting about
the pivot. TO tilis Im.lstbe added tllemoment
due to the dovm pull of gravity at c.g. The



resisti~~ moment is the moment of s~ril1g. ~
D'Alembert's Princi~le,

Effective :Moment = Acting l,romentc"
Resisting Mon~nts

or in symbOlS
d2 .Q

I---- = D 1 + G + 0 W sin ~ - Sa ....• (2~)
d t2

and S = So + K a.Q where
the s~ring, we obtain

d2.g
I--- =
dt2

~

(m Xo+ m uXu+ m qxq) 1 + (m l.io+~fu+mq1fq)

+ C vr ~ - soa - K a2.Q •••• (25)

For initial condition

In (21i-) I stands for Uoment of Inertia in
Slug-ft2, D, for drift; 1, the distance from
e.g. of model to ~ivot; G, the ~itch1ng cou~le;
G,the distance of C.G. of.whole a~~aratus to
the :pivot; VI, the mass of the whole aJ.)J?aratus;
S, the :pUll in the spring; a, tho moment arm of
the s:pring. . Making sUbstitution of (22) for D,
(23) for G, .Q for sin .Q since ~ is very small,

K is the stiffness of

. rnXo 1+ nt1\10 = So a

o r (rnXo 1 + rn1!o) - So a = 0 • • • • • • • • •• (26)



Subt l"acting (26 ) from (25), there remains
d2.Q

I--- = (m uXu+ m qXq)l + m uXu+ m qMqdt2
+ C Vi ~ - K a2 .Q •••• (27)

No,'! we know, using / = '1J )
• •

, u = -G 1, q = .Q • :Making the sub-
..I.

\. .. \.,

sti tution, we h'ave
I" • • • •

I~If = (m~ 1 Xu+ ill .Q Xq) 1 + m .Q' 1 1\1+ m .e.? 1fq
+ C VI ~ - K a2 .Q •• ( 28 )

•collecting terms of -G ~ and .Q, ne obtc~in
,.,

IQ" = (m 12:xu+ m 1 Xq+ m 1 1fu+ m ~Iq) ~.\
+ (c W - K a2) -G •••••• (29)

previous exper1ment~ shows that the value
for Xq is negligible' when com~ared With lAq.
Also from the consideration of horizontal steady

Hence (29) 'may be siJ111)lif1ed

or

flight, ~ = o.
rurther fo

I ~., = (m 1'Iq+ m 1 2x,.,,) ~ '+ (c W - K a2)Q (30)
~

.'.. m IVIq+ ml Xu). K a2_ CW
~"- (----------- ~ + (--------- ).Q:=O •• (31)

+ I

~British Report 1912-1913, page 159.
Xu = - O.l~; Xq = Z 0.05; 1~ = - 210.
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Let V'o +A) ~, = -(~1114-}.,-iX;;;.) Q, v,l1ere
.1 , /

• e~ ~. and ,/"~.Q', stand for darnping moments of
tIle a:PJ?ara~'tusvi.i thaq.t the model and of the model
alone respectively.

d2
.Q

dt
•for ~),pu ttiI1..g for •t,

-Q'" J

Therefore (31) becomes,
d~

cl2.g Vo+~)
+ ---.-----

d t2 I

d.Q K a2_ OW
+ (--------) .Q = 0dt I ....

which is exactly similar to equation (6) page 8.

The solution of (32) falls tUlder Case III, page 11.
It .is to be re~embered that the apparatus was de-
signed to make the solution of the differential
equation representing the ,motion of the system,
come under Case III~
is

Hence the solution of (32)

e = C e ~~~~ t .Cos fi. ~~=:~-- ~~~~)~+ rtLf~ I 2 I f
(33)',.

whe 1"e C and '( are arbi trary constants, the first
,

depending u~on initial displacement the second de-
pending u~on initial velocity. At the moment
when .Q becomes ~o' the amplitude of the swing



valocity 1s zero. Revrritil1g (33), VIe obtain

~o+~The expression ------- is called loga-2 I
ritmnic decrement. The expression

gives ~eriod, i.e.,

27T
= ---~----~~~---~~-----~I~~:.:-:~!_~~L~)2

I 2 I

Which one to.Measure_,__Logari thmic Decre-
ment or Pel"1of!.

It 1s very easy to find p and it laoles
as though this is the way to find the coeffi-
cients Xu and Mq which are connected With

~ and ~ by the relatio~oY= nlMq+ m12xu ~ .
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assuming that the moment of inertia of the whole
apparatus is .lalown. But the eXJ!ression in~
volves quantities like 1<;, the stiffness ot: the
spring, and C, the distance of c.g. of \'lholeappa-
ratus from the pivot, both of Wl1ich are difficult
to get, eSI>eciaf~ K.

Turning now to the expression for logarith-
mic decrement, we find that it contains coeffi-

cient of
d.Q
dt only which does not involve K

and C. It contains I which must be deterw~ned
just as I in the expression for period must be
dete nn.ined. We see, therefore, there is every
a(lvantage in ma1cing use of the expression for log-
arithmic decrement for the determination of rnXu
and rn1~. It is to be noted that Xu can be de-
termined by a static test of a model, and therefore
the onlY unlmown quantities in the expression are

. rn1~iq and I.

Referring to equation (33), if we draw a
curve through the points of oscillation correspond-
ing with



j 2Ka - OW
cas --------

I

~o +.p- 2( L"__ ) t
2 I I ,',= :; ......

3.1
(36 )

............
i.e., through the highest points, its equation is

~~~t
.Q=.Q e 2Ia

or
.g

log ---e .g

°
= ~o+~

-------- t2 I ........

on theIf we :plot a curve of
.Q

100' ---°e
.go

time t as base, the slope of the CU1~e which is
.ALo ~a straight line lvill give ~..:;:..------, from Which,

2 t. ·
when I is kn01m, rnMq can be obtained.

This decision of observing logarithmiC de-

crement instead of period suggests the des~gn ot

an ap:paratu8 such as above outlined wi th tIle addi-

tional aux11ial~ a:pparatus to nk~kesuch observation

:possible. In the next cl1a:pter, we 011<:1.11de-

8cr1be tIle apparatus and tIle ma.'rlIlerin which 1t

was handled to perfonn an experimont.
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CHAPTER III.

DESCRIPTION OF APPARATUS
AND 1rtETHODOF EXJ?ERI1t!EHT.

Reguisites of a Good Apparatus.'

Tllevalue of (m Mq + m 12 Xu) obtained
from the logarithmic decrement gives the total
damping effect of the ap:paratus cmd the model,
i.e. '~o +~,. In order to find the damp-
ing of tIlemodel, we have to subtract~o from
tIle observed values of the total damping. It
is clear then, that the smaller the apparatus
damping the greater the accuracy of the result
for the model do~p1ng.

Apparatus daJ1IDingis itself composed of
two items, viz.: friction damping and wind damp-
ing. To reduce the fo~er, all pivots were point

.contact J!ivots; to reduce the latter, :parts of the
apparatus were shielded.

The a:pparatus mst have means for adding a
lmOln1 ..moment of inertia to the system Viitllout dis-
tUl~ing the position of e.g. either horizontal~
or vertically. This adding or subtracting of
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moment of inertia from the system ~erm1ts the ad-
justment of long or short ~eriod which is ve~ nec-
essary in view of the fact the oscillations are to
be observed with eyes instead of a ~hotographic
plate.

TIle apparatus nD.1sthave means to indicate
the oscillation ,in. a magnified degree. ' A mechan-
ical magnifier, such as a lone stick will offer too
IlUlchapparatus damping by the air, and it is also
impossible to obtain a stick of small mass rigid
enough. . We are to use a beam of. light in place

f
.r
I

of a stick to do the magnification.
The apparatus'.must have means to :produce

the oscillation.:
DfJrl( I3IJX

J;tle h'/nclow

Jide V/eh"
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Tlle sketch ShOVlS in lfw.:tIJ vieriS tIle a1"-

rangement of tIle apparatus for ).)1telling ex:per1-

ments in the middle portion of tho l~foot wind
tunnel in the .Aerodynamic LaboratoI"j of tIle r.I2.SS~.

t, '

ell1..1Setts Insti tu te of Teclmology.

On tlle trtlrrlJ?et of the balance whiell forms

the vertical axis is screwed a special fittir~

\'Tllicl1 gives the su:p:port to two r>ivot IJOints.

Above the points and across the tmmel rests a

horizontal bar in well shu:ped shalloIT cavities •.
The line j olnl:ne the tVlo :point s is tIle 8xi s of

rotation for the system. A 11orizontal rod

at right angles to the horizontal bar is secured

to the latter, on "rhich are made a number of cav-

ities for the placing of the pointed ends of

hooks attached to the vertical s~rings ~hich

maintain tIle' oscillation. TIle tension in

s:prings can be adjusted by turning the butter-

fly nuts at tIle lower ends of tIle 8I>ring.

To the two horizontal :pieces is rigidly

secured a vertical piece \7ith such C'.ttachment

at its tal) as to permi t the mounting of Dn c~'3ro-

:plnne model.



,,~
The transverse horizontal bar has a total

reflecting mirror at its 2nd. A beam of light
coming from outside the vrindow tllrouglla double
convex s~ectacle lens from a long f11an~nt 1ncen-
descent lamp is reflected t1.J?vrards to the glass
ceili~ of the tunnel Emd is received on a piece
of fine ground glass. t~en experiments are
:pa:rfOljfl.ed during day time , it is necessary to
cover, the glass window and ceilil~ with black
cloth, leaving: o~enings for the artificial
light to J?ass through. The ground glass
screen is also enclosed in a darI<:box.' When
the a~paratus rocks about the lateral ~cis,
i.e., 0 y , the reflected light is mad~ to de-
viate'from its normal or zero position. The
oscillations are thus exactly reproduced and
indicated on the ground glass screen. The an-
gular motion is transformed to linear motion on
the screen whicll can be observed ,-IDdrecorded.
For this purpose a scale is devised 1'iherebytIle
lin ear displacements can be measured.

We have referred to the fact tllat tile apI'a-
ratus should include a deVice for ~roducing the
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motion. This is accomplished by the bell
crank lever and cord underneath the floor of
the tunnel, "'Therebytlle spr1:ngis eiven a slight
jerk througll the chord by the observer on tIle
top of the tU!Ulel. The spring reacts u~on
the ap~aratus and, upon releasing, sets the sys-
tem to oscillation, which is a free or natural
one since the supports for the springs are fix-

,ed during the motion.



The model used in this ex~er1ment 1s the
model of a bi~lane hydroplane su~p11ed by a co~
~any. It has a single ~ontoon, and the engine
and passengers are enclosed in a short, blunt,
sUdden-tel~nating body, to the rear of which 1s
placed a 1>ro1,)e11e1'"which is, however, absent on
the model. TIletail and elevator are ca.rried.
at the end of foUr sticks attached to the roar
struts, suff1cient~ se~arated to allow the turn-
ing of the propeller. The ends of the stiCks
are collected t~oand" two verticallY, which, When
covered, form a horizontal Imife edge, but which
is not covered in this case. The distance of
the tail from e.g. of the model is about 6.5
inches. TIlemachine has a small -tail 8!ld a
short lever arm for tho tail.

The model is first mounted on the top of
the uJ/rig11t:piece with the nose towards the wind
Dnd With correct altitude. This arraneement
is good for eA~erin~nts in"pitching on~. For



ya~1ingJ \71th tilenose heading tllewind as be fore,
the wings TIill be placed vertical. For rol11~~,
tIlepresentation and a:;.titudeof the model being
the same as for pitching; the whole apparatus
has to be turned 900 in the horizontal plm1e, so
that the rolling will take place about an axis
in the direction of 'the wind. It is to be not-
ed that this shifting of apparatus necessitates
a corresponding char~e in the arro~ement of
spring attachments and in the optica~ ~art or
the aPl!aratus.

Tne model having been mounted in the
manner above described, the springs are then hook-
ed on to the horizontal rods. If the period
is too rapid, we can do one of the fOllow'ing
things or the combination of them.

(a) Slacken up the sprir~.
(b) ~lt the hooks closer to tIle axis

of rotation.
(c) :Move,out the weigIlts on the horizon-

tal rods.
(a) and (b) diminish the restor1p~ moment of the,
spring, 1.e., make K a2 Snk~llin Equation (35).



40
27T

= --~-~-----~~~~-~-------~J ~~:-i-~'!!- (2"~_~) Y
resultillg in a larger ~. (c) increases the mo-
ment of inertia I in the srone equation which af-
fects the period directly.

The zero is seen to have ch,unged when the
vrind is on. This is due to the drift of tlle

TJ,~ ~pt!.,./m~H 10/-
wind u:pon the model. ~ S110uld not shift the
box to adjust the new zero. He should signal
to the other person to tighten or slacken the
s~ring by turning the butterfly nuts. \Vhile
his assistant is d01!l..gthat he should watch the
movement of the light till it comes back to the
or1g1nal zero, and then sign~l to the assistant
to stop- This insures a true zero 8n~le of
incidence of the :planes With the ~ind.

The dan~1ng effect of the tail is to be
investigated at different s:peeds of tllevlind,
and the wider the range of s~eed8 the more 1"e-
liable will be the result. This tunnel gives.
a wind of forty nules per hour as the highest
speed. Let us say the s:peeds are to be liD,



35, 30, 25, 20 and 10 miles ~er hour.
4/

It is
preferable that we use tIlehigh speed first and,
then SlOVT it down.

The observer nO\1 signals to hts assistant .
to give him a wind of forty miles pel" hour to be-
gin with. The assistant makes the necessa~ ad-
justrnent for the ne~'Tzero. The obsel~er then
gives a pull on the cord to set the apparatus to
oscillate, counts the beats, and jots them dm~.
He repeats the smae process for at least a dozen
times Ylhile his assistant is l:eer>lngthe vrind con-
stant)and gets a dozen sets of nmnbers. If

they come out prettyunifOrffi, he need not repeat
any further. He now takes up a stop watch Dnd
gets the ~eriod of the oscillation at that speed
of the wind. (See Equation (35).)

He now signals to his assistant to slow
down the wind to a speed previously agreed upon;
tells him to ma~e the adjustment of the new zero
since the drift i8 Che~ed With change of wind
speed. Then he does the pUlling of the cord,
counting of tIlebeats, and the taldng of the :pe-
riod us described above. The ~hole thing is
~f~~.



The Detel~lination of Moment of Inertia

Thus far we have dealt with the problem
of finding the logarithmic decrement. In 01"-

del" that~ and~. can be determined it is
necessary to eliminate I by direct ex~eriment
or by calculation. The latter method is i~
practicable inasmuch as the aero~lane model is a

complicated structure and tIlev;ol"kis laborious
as well as inaccurate.

There is a well known experimental method
of finding tIle moment of inertia of a body that
does not admit of geometrical treatment. The
body 1s mOtUlted on some oscillating a~paratus and

the period of oscillation is observed. TIlequan-
tities 'Period and moment of inertia are connected,- ,
according to Equation (35)

2,,-

The correction da.rrrpingterm (~_~)2
2 I can be



neglected since the experiment is alw~s ~erfol~
ed in still air and apparatus friction is either

zero or vel~ sraall. Hence,

2-';-
= -----~----~-- ..•••••••••••

By adding a mOv'Tn moment of inertia Ii' we get
a new period,

27T .............

From (39) and (ltO) we can find I provided

.K.a2 - OW does not change in tIle two e:h.J.)eri-

ments, and is equal to soma unknO\7n constant K

whicll CDn be eliminated since VIe have tVfOequa-

ti 011S for two unl:nowns K and I.

't 1'2 I
1>2 = ------- ( )t'l ).................

K

From (40)

1)2 =
-1 K

• • • • • • • • •• (42)

Dividing (42) by (4-1), we have



Pi 2(---) =
11

I + Ii------ ,
I

...........
From which we obtain

I = 11 [(-~:!l -11..... (I~4)

The condition that Ka2- OW n~tst not
chcmge during tIle t'70experiments imIJlies the
fact'tllat the setting of the spring must not
chc~e both as to its tension and moment al1n;
cuid further that the adding of the known moment
of inertia Ii t~lst not change the mass of the ap-
~aratus nor the vertical position of the c.g.
The first condition is easily rr~t. The second
condition suggests that we r~lst not' introduce any
extra r~~8S from outside into the system, and that
in order not to cha.nge the vertical c~g. the

,shifting tveiehts must lie in tIlehorizontal
plane containing the axis of rotation. Both
are satisfied by.shiftine the weights on the hor-
1zontal rods outwards prefernblY in equal amounts
&lthough not necessa~.

~le :precaution taken for the constant e.g.
is not absolute~ necessary in view of the fact
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that the influence of gravitational moment is
small compared with s~ring and aerodynamic mo-
ments for small oscillations.

From Equations ()+l) and (1+2)Vle see tllat
the ~erlod is affected by the square root of mo-
ment of inertia. It is eVident, therefore,
that in order to obtain an ap~reciable difference
in period in the second experiment, we need to
add a large known moment of inertia. This is
done by substituting long arms for the short ones
used in the e~eriments for logaritlmuc decrement,
taking care tllat in doing so we have not introduc-
ed ~~ extra mass into the system. By shifting
the original weight s on tIlenelC;long rods to a
good distrinc.eoutward, we add a large moment of
inertia. We mst remember that I oc m x2,
P ex' Jf c:<'; m x J and a change in x is nmch
more powerfUl than a Change in m as far as its
influence on the period is concerned.~

~The statement is only general. m is not
permitted to change in this case in accordance With
the restriction stated on page ~,.



Elimination ot~.------~~~-~~~~--~
We have on page 28 se~arated the a~paratus

damping and the model dam,ping by calling the for-
me~ and tIle latte~. It remains for us
to determine the nurnerical value o~o vii th a
view to determining the numerical value Of~
which may be used for stability calculations after
~roper correction for a scale of model and speed
of wind. To do so, we must take away tIlemode 1

and repeat the experiments of logaritlWllc decre-
ment and those or moment of inertia, the ~arts ex-
posed to the wind as well as the'mass of the appa-
ratus being different from before. The equation
eXDress1ng the motion 1s s1~lar to Equation (32),
page 28.

d2.Q dQ K a,2 - C'VI'
. + ~- -- + (-----------) ~ = 0 ••• ('+5)dt2 It dt I'

the primes denoting nel'l values of.tile quanti ties
when the model 1s off the apparatus. The dif-
ference of ~ ~)) obtained from the first set
of eJq)eriments With the model, an~oobtai~ed



from the second set of experiments withmtt the
model, gives net for the model.

47
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CHAPTER IV.
METHOD OF COliPUTATION FROM

OBSERVED DATA AND ANALYSIS OF RESULTS.

Data for Logarithraic Decrement
when the Model is on.

TABLE I

••••••. - .. .... .... ....0.000

0.301

0.699

0.1+77

oPeriod of
CompletesW'ing in
Seconds.

C~;;;~~-Q-t---N~~~f-c~;Pi~t~-S;i;g~~t-wl~d-SP~~d~
Scale ------------------------------------- _log.Q Q'~'=7 0 10 20 25 30 35 1+0

0.846 ~ ~L~:_~L~:_~L~:_~L~:_~~L~:_~~L~
8. 0 6 •0 6 •0 6 • o' 5. 0 It. 1t )~. 0---~---~~~~-~~~~--~-~~~---~---~~

17.9 11.0 '9.0 7-7 7.1~ ,.6 1~.3-~--~---~~~~-~~~~~~~-~---------~~~~-
18.5 10.6 ~.O 7.9' 6.6? 6.6 )~.8-~----~~-----~------~~-~~----~-~~---~-
27. 1 17. 1+ 11ta2 15. 0 111-.1t? 8. 5 7• It

~InteTPolated.
-f e in Column tw'o are half a.IIl]?litUdes.
-tt COIIJ.I>leteSVring = A'" .. B

Note:- The values of number ot swings are the aver-age values of a number of observations as ~~Qwn
.~Qgr oagh W1R~ _P9@Q.

Cowmon logs are used for convenience.
Tlley should be llUlltiplied by 2.30 to get loge.Period in seconds was obtained with a stop-watch.



on :page 29 we find the solution of tIle dif-
ferential equation to.be

-~~t~ = e e 2'! coso

If we draw a curve through the I>01nts of oscilla-
tion corresponding With

J Ka2- OW . 0 + 2
cos -------- - (--------) t, I 2 I = I,

i.e., through :practicallY the highest :points its
equation is

.Q = -G eo

Taking logarithms on both sides, we have

- -~Q-~t
. 2 I

If vIe:plot 10geQ on a base of t, the gra:ph vT1-1l
....,ALa +,AoL- .be a straight line and -------- will be the

2 !

slope' of the line. Chart I shows the general
disposition of the curves. The ordinates repre-
oent tIle COnmlon log of the half am:Plitude, [tlldthe
abscissae the number of complete swings which is a
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function ot time.

5/
A ~oint A on the chart has

the meaning that it takes little over 13 com~lete
sW'ings to reduce the half' cunplitude 7 on tIle scale
to the half roi~lltude 2 on the smne scale. Re-
ferring to Table I, we find the ~eriod of oscil-
lation for ~o miles ~er hour to be .727 second.
Therefore, it takes 13 X -727 = 9.~5 seconds for
the wind to dam:p the motion to 5/7 of Wllut it was.
The rate ot darnping is:

loge 5/7 _lOee 5 - loge 7 2~3(10g 5-10g107)~ -------- =~-------------- = __ ----_10- ~__
9 - 1~5 9. 11-5 9. '+5

2 •3(o. 7-0. 81~5) - _33
'
l-- ~ -~~~-~~~~~~~-~ = - ---~-

9. ~5 9.11-5

= -'.3lto 10per second.

The follow'ing table shows the rate of dmn.p-
1ng in 10per second at different uind speeds, whicll
is evidently tIle tangent of the ul1g1esIn2.de by the
straight lines with the axis of abscissae in Chart
I. In calculating the taneent, the sides of the
largest triangle made by the inclined line with the
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axes have beeil used. For instance, for tan c(

B C B E(see C:nart I) - --- is just as good as - ---
CAE D •

l3Ut tIle latter 1s 'Preferred for the reason that

we CDnmeasure J3 E, E D mU.chmore accurately

thE1l1 Be, C A.

,
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TABLE II. (See Cllart I).

S:peed of Wind
1;111e8:per Hr.

o . .,....

Tan 01...

2.30 X .8-_..._------- =
72 X .834-

2.30 X .8

A.L +~~::._Q_-----
2 I

.......

10 .......... oo --------- = oo.... •• o. Ol.j.;99
4-5 X .820

2.30 X .85
20 •••••• = •••.••• 0.067456.5 X .794-

.......

-- .....---------... =.... . .. o. 081~0

26.5 X • 73't-

33.5 X .77'+

2.30 X .82

-------_ ..........,.,.=

30 X • 7'+7

2.30 X .80

25 ••••••

35 '...... • • •

30 ••••••

)~o ••••••
2.30 X .80
...--------~--- =21 X -727

..... .. 0.1177

e:1art II ChO:78tho ro12ti'on 'Q9tWQOn tile

In saying that tan c( is the rate of d<.1.mp-

1ng expressed in per cent per second, we are as-
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signing 0., un! t to ~_Q_Z, whicl1 is equal to

2 I
tan el, and'which is hitherto undefined. That

the unit is correct may be seen from the eA""]!res-

sion :~~g_~12
9.14-5

on :page 51, vll1icll is similar to

those under column of tan c( in Table II. TIle

numerator. expresses the ratio of the half am~ll-

tudes and the denominator expresses the time 1n

seconds during \'lhic11.this change takes place.

From this 1t 1s obvious tl1at 11e are inter.ested

only in the ratio of the arnp11 tudes CJlld not 1n tIle

absolute value of the individual eJ1lplltudes, and

tllat 1t 1s 1rnmaterial as to the un! t of tIle scale ,-

inches, feet, radians, degrees, etc.

}!erra1.ts cllanging the scale at rr11l.

Tills fact

For example,

the scale for tIle experiment v;1tllout model was dif-

ferent from the one ~ith the model.

Reference has been made to the fact tl1at Vie

were taking the l1alf amIJlitUdes. It is :possible

that the two halves are not syrrwEtrical. In or:..

del" to elhNinltk this error, tIle above e:q)orimc?nt

was re~eated and the other half arr~11tude was taken.
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The f'ollou1ng tables are identical with

Table I, :page 1~9, and Table I I on :9age 53.

TABLE III.

Common.Q Ho.of Complete SVlings at Wind of Speed
log.Q Scale

.Q =7o--------~----~-----~--~---------~----~--------~------~~-o 10 20 25 30 35 )1-0mi!hr mi!hr mi!hr mi!hr mi!hr mi!hr
<:>

0.000 I

0.301 2

o. It77 3

0.699 S

o. glt(5. 7
l")eriod of
COmPlete
Suing in
Seconds.

-----~~---~-----~-~--~----~~------~----~--~
-------------~~~--~~-------~~-~-~~-----~--~

28 8.5 7.8 6.5 6.1 6.7-------~--~-~-----~~--~~-------~--~-~------31 9.5 8.8 6.7 6.7 7.0
21 7.5 7.0 5.7 5.0 5.0--------~-~----~-------------------------~~-0.830 0.775 0:755 0.740 0.700 0.678

---~~~-~------~-~~-----------------~---------------~~---
:M: In te r.90 10.te d •



Speed 'Of Wind
Hiles ].)e1" Hr.

TABLE IV.

Tan

Sb
(See Cl1art I I )•

o .
116 X .83

...... 0.0202

20 .
I) 3 'V 8115l-' ""~ II r

38.5 X .775
..... 0.0650

25 ----------- ' 0 ..0691j.
37 X ..755

30 •••••••• --- ...------ ........-~•• · .••

t') 7, V cel' hl
'-'... .J~ • () to ...35 .....••• --~~--~~---~ .21.5 X .10

0.0920

0.1010

'j.O . ------~----~ .
27 X .678 .

0.1060

It is necessalj' to c2,lculate tIle mOTil0nt of

inert1aof tIle c.:pparatus and tl113 model together

in ~.Q_~~as a u111t to oliminate I 8110\711
2 I

in Tal) 1e I I and IV.
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TIle distribution of mass is shonn in Fig.6)

CJ.nd the values of lJ1or;n maTi"l0nt of inertia are given

in Table V.

--------:.9~

I~
I

A

s"--- ....J
I~"

D

i.-----D-I
~ 2 .....-,
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TABLE V.

I terns l:Iass in Slugs

B + n 0.0161

c + C 0.0051

.,
E+ ~ ~ 3 o. 0062
F 0.0340

l~odel &
Fitting 0.0323

x2 in ft.
1/-.5 2

(--- )
12
1.1 -2

(---- )
12

)
v~(6/12 "~:

(----- .:

3

3

..,
I in slug-ft'""

0.000135

0.OOO'i.2'i-

0.027200

'"(; I
~,1 ~./ 1

0.00292
negligibly
small.

Total O.l66't- slugs = 5.36 pounds.

:;\':Tnemoment of inertia of 2. slender rod about

an Bxis pel~endicular to it Gt its cnd is
12
..lo

m ---, \'!11ere 1 is tl19 length of the rod.
7,.-



~o
Let I be tIle moment of inertia of' tIle ap-

1?urc.ltusciTld the model together. Tl1en

I - (A A + J3 B + C C) gives tlle moment of inej."-

tia " .r t1"~e.UIJl"igll t 8ncl the model ~Jllic11are fixedUJ..

in tIle e:tp!Jaratus. The value of fu\, BB, CC,
are found in Table V to be

.A .JrA

B B

.........

..' . . 0.000135

c c .. . . . . . .. o. 00011.24

Total 0.005999 = ~.006 sny
. Hence, in the. exyeriment for moment of inertia,

1711en A A, J3 B, C C are removed and longer rods

D Dare sUbstituted,and lihen A.Ji are no longer

9ff f~J!art but some otller diatance (sr:.y 10" in this
eXIJeriment ), tIle moment of lnertia of tIle system

(I - 0.006)
-----v---"
Fixed J)arts

t)

+ 0.0054-]t X (5/1~i3)t..
~

Hew I of A A

+ 0.0272
~
I of long rods.

(see Table V) . = I + 0.0279.

vnlen in the second e:~eriment A A are fur-

ther removed from t11e axis of rotation (It-:pr a11art

in this case), the moment of inertia is, by the



tOl
same reEsolling,

I - 0.006 +
'----y--.-/

t
I of Fixed :Parts.

= I + 0.1508

t")t"I
t-C- t")o. 0051~)~X (.----)'-

f
HeTl I of A .A

+ 0.0272
~

tI of long rods.

These two moment of inertia of tl18 two syst'9m.s

are to eacll othe r as the squa.re s of tlle 1;e l~iods.

Hence

in Yil1i eh p 1.,. p.

I + 0.1508= - .. -..........---_ ....
I + 0.0279

Wefincl tllat :Pi = 1. 113 .Jee.

I' co. C.7(;, S~C •

1.113 2 I t 0.1508
(-----) = ---------- = 2.720.676 I + 0.0279

From this rle find I = o. 0)~38
2slug-ft.

We Hill take the average values of

~~-~~
2 I

in Tables II and IVan pages 53 ~nd 56

nnd multiply them by 2 I to get rid of I.



T.A13LE VI.

Speed
~~~) ~+~ +of e--2---- , AVl~.~~L~) ~o+~Wind 2 I 1 2 I '2 2 I

mi !11r.

0 0.031j.0 0.0202 0.0271 0.00238

10 0.01.j.99 I •••••• 0.0';-99 0.00J4-37

20' o.067lt 0.0650 0.0662 0.00580

25 0.075lt o. 0691~ 0 ..072}4- o. 006.:;14-

30 0 ..OSJi{) 0.0920 Q.0380 0.00770

35 o 09% 0.1010 q.0978 0.00856

lto 0.1177 0.1060 .0.118 0..00980

I = 0.0'4038 2 I = 0.0876



It remains for us
to get rid of ~ in tIle last column of Table VI.

The model was removed and readings for 10gaTithmic
decrelnent both wi th and wi tl10U t wind were taJ:en,

for a~~aratus danIDing is~itself com~osed of fric-
tional dmn:ping and aerodynanlic darUIling.

TABLEVII.

-----~-~~----~~-~~~~-~~-~~~~~--~-----~~-~-~---~
log "...{:) ~ No. of corrrplete SYJilJ.gS

10 Scale at Wind speed of
{:) =6o-----~--~-~-~--~~-~~---~-~~-~--~~---~-

0.778 6

o. 601~ It

o. It77 3
0.301 2

0.000 1
0-

Period in Sec.

o 30 mi /11r.~--~--~~~--~--~---~----~-~~~-
111-.0 10

17.1

------~~~--~~~--~~-~--~~-~--~~~~-------~-----~-
On Chart III ue find curves similar to

those in Chart I and II, from 1';hio11we obtain tl1e

following:
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lfO wind

30 mi/hr.

2.30 X -788

2.30 X .788

.~

2 I
= 0.0632

in vihich I is tIle moment of inertia of t1le appa-

ratus alone. The difference of the two gives
0.0218 .which must be intel~reted as additional
dam~ing due to the 30 mi/hr. wind. If rTe as-

sume,- Dnd that asstUnption is probably correct.
for the I)arts exposed to tvind streara W"2revery

small,- tl1at Hind dc..rnpingis a linear function or

\lJind s:oeed, tlll2n for other sJ!eeds J the wind clam:Q-

111[; Fill .oe
0.0218
------ X speed. Thus

'30



GG
TABLE VI I I •

Wind Prictonal Aerodynmrtlc Total ~o
SJ?eed DDJD.]?1ng. .JJ<.JlfLJ? 1ng (2 I=O.018)mi /111". ~Q0.0218 2 I-------XS1!eed30

0 0.0632 0 0.0632 0.00114
10 " 0.0073 0.0705 0.00127
20 " 0.011i-5 0.0777 0.0011j.Q
25 ff 0.0182 0.0814 o. oOll.~7
30 If 0.0218 0.0850 0.00153
35 fI 0.0254- 0.0886 0.00160
1~0 ft 0.0291 0.0923 0.00166

l~ment of Inertia

A A

:B :B

c c
E

Total I =

0.000135
o.000)~24
0.002920
0.008919 = 0.009 slug-ft?



combining Tables VI 8lld VIII, 17e obtain

TABLE IX.

Wln<.l Sl')eed Ft./ Sec. ~o +~ /t ~hetml!111".

0 .... 0 .... 0.00238 0.00111!. o •• O. 0012'4-
10 .... 114-.5 o. Ool~37 . . 0.00127 .•0.00310
20 .... 29.0 • • • 0.00580 •• 0.0011;.0 • .0. OOl~ltO

25 .... 37.0 ... 0.006314- ,. . 0.0011.J.7o •• o. ool~e7
30 .. .. 4lt.0 ... 0.00770 .. 0.00153 .. o. 00617 .

35 • • • • 51.0 ... 0.00B56 .. 0.00160 ••0.00696
ItO .... 58.5 ... 0.00980 •• 0,,0.166 •• o. 0081'1.

In Chart IV, 1'7e :plot ~net against sl?eed

in miles per hour. Wi tl1 due allovJ2nce for eXIJer- ,

1mental errors, a straight line C2Jl be. drawn
throug11 these points. Then t118 t311.gent = ~

U

\'T111 be constants for all s]?eeds, where U is the

relative velocity of the \'find to the model or to

Cin 0.,9 1"0].) 1<:1..ne • Taking ~ at 30 miles pel' L.our,
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We find the constant rate to be

if' U is in tt./sec.

0.00617 = 0.000206
30

0.00617or ------- = 0.000140

if' U is in ml/hr.

Hence, using ft.sec. units,
= O.00011i-0 U .................

Since~ = - (roMq+ m XU), r>age Z8

From (4-7) \Vl1en Xu 1 S }J1own, rn Wtq may be

tound. .In general Xu is vel~ small conwal~
ed '.~!ith Mq and mny 'be neglected.

~.. m 1\~ = - 0.00014- U ••••••••••••• (4-8)
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ste~~ing u~ of the Result for Model----------~~-----------------------J

m l\!q in (~8) aP111ies to model only.
It is necessary to consider tl1e dimension of

In the original equation

:Eachterm expresses a moment and has the dimen-
sion

d ~
~o +~) d t = moment

= force X dlstMce
1 ,12

= m -~ X 1 = m---
T2 X2

T

12 1= In --- = m' 1 (---)T T
131m }'

= ill 1(--~= --- 1t v
13 T 13

= r 14- v •. · · • • • • • (4-8)



7/
nhere ? is the densi ty of the fluid. This

is correct ~rovided a certain runction
•v 1 1.Q

f (---, ---)
JJ v

is f:e:pt a1!:Proximc~telyconstant, in vr11ich ., i8

the kinetic viscosity of the fluid.

From (49) it is evident that~ 16 :pro-

port1onal to ll~. If the scale of tl1e model

1s 1/20. of the fU.ll 81ze macl1ine then

22 ..~. U

If U = 80 ft. I sec. (55 ml p •h.. ),

m = )to slugs, then

22.1t X 80

l~O



Discussion of the Result.-----------~-----~-----~
In Report No. 78 of "Technical Re:port of

the AdviS~ry Con~ittee .~/Aeronautics, 1912-1'13Y
an eJq)orimental investigation fi:s>£ a similar cl1ar-
acter 11as undertaken u~on a model of a monoplane

,of the Bleriot Type. The drawing of the model
is found in Fig. ~ Report No. 75. The logarith-

Among other tl1ings',

roie decrement was photographed instead of being
observed '\71th .the ;r,w.Ft eye, as in the case of tIle

present investigation.
the Report gives for m Mq

m Nq = -......- = - 0.00069 u lor /"fiot/e./

on top of :page 177 J nh1ch is about 1'ive tirnes
larger than the value obtained in this experi-
ment.

- 0.00069
--------.... =
- 0.00014

5

This d1scre:pancy can be eA~la1ned by the
fact that the two models differ a great deal both
in the disI>0sition of tail surfaces, and in ~he



character of the body.
73

The British model has
a large tail far removed from the e.g. and has an
enclosed body viith its knife-edge horizontal.
Not only the damping surface is large but also
the moment al"l1lof tIle de.unpingmoment is nm.CIllon-
ger.!i On the other h8nd, ~lr model has a small
tail conwarativelY close to the e.g. of the model,
and has not anything like a body to s~eak of •.
(See Frontispiece). We naturally expect less
clam:pil1gin our model tllrtnthat in the Bri tish
model.

If we take into consideration tlle scale of
linear dimensions of tho moment arms of tIle d()Jll1?-

ing moments of tIle two models, ~':eshall find tIle
results agree very well. The dam~ine coeffi-
cients are to each other as tl19 fourth 1)owo1"of
the linear dimensions.

f
:.!_~~::~:.:~_~r~:::)711~ - 5
12 (our model) f
_:1: = ":rs = 1.5 approximately

1,.,
'-

=



11 = 11j. inches 1., =
'- 1.5 = 9-3 ins.

12 actual~ measured = 8 inches.
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Conclusion ..

In tile absence of otller coefficients Wllich

are necessa~ for the calculation of stability,

it i s difficult to say whetl1er the L"achine i"Till

be longitudinallY stable or unstable. one

tIling is certain, 110wever, tllat the dnmping coef-

ficient for pi tching for this particular maclline
,

is only one-fifth that of tlle Bleriot Mono:plane

as r8~orted in the British Report.

TIle End.
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