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Abstract—Approximate Dynamic Inversion has been estab-
lished as a method to control minimum-phase, nonaffine-in-
control systems [1]. In this report, we re-state the main results
of [1], clarify some minor notational errors, and prove the same
results in an expanded form. In the large, the main results
of [1] still stand. The development follows [1] closely, and no
novelty is claimed herein. The purpose of this report is mainly
to supplement our existing results in [2]-[4] that rely heavily on
the results of [1].

Index Terms—Dynamic inversion, feedback linearization, ap-
proximate.

I. INTRODUCTION

N [1], an Approximate Dynamic Inversion (ADI) control
Ilaw was proposed that drives a given minimum-phase
nonaffine-in-control system towards a chosen stable reference
model. The control signal was defined as a solution of “fast”
dynamics, and Tikhonov’s Theorem [5, Theorem 11.2, pp.
439 — 440] in singular perturbation theory was used to show
that the control signal approaches the exact dynamic inversion
solution, and that the system state approaches and maintains
within an arbitrarily close neighborhood of the state of a
chosen reference model when the controller dynamics are
made sufficiently fast.

Previous results in [2]-[4] rely heavily on the results of [1].
This report re-state the main results of [1], clarify some minor
notational errors, and prove the same results in an expanded
form. The main purpose is to supplement previous results
in [2]-[4]. Importantly, no novelty of any form is claimed
herein. The main results of [1] are Theorems 2 and 3 (in [1]),
which establish the ADI method for single-input-single-output
(SISO) and multi-input-multi-output (MIMO) nonlinear sys-

tems respectively. These correspond in the present report to
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Theorems 4 and 5 respectively. The primary differences in the
statement of these theorems between [1] and the present report
are the first and third technical assumptions, arising from
some (minor) notational errors, but nonetheless can lead to
confusion or erroneous interpretations. We will show explicitly
that the assumptions stated in Theorems 4 and 5 herein
leads correctly to the desired results. Another key difference
between [1] and the present report is in the part of the proof
which verifies the second technical assumption. It was claimed
in [1] that the second technical assumption implies, together
with [5, Lemma 4.6, pp. 176], that the reduced system of
the associated singular perturbation model is input-to-state
exponentially stable, which is stronger than the conclusion
of [5, Lemma 4.6, pp. 176]. We will prove a stronger version
of [5, Lemma 4.6, pp. 176] as Lemma 1 in Section II-B,
to justify the claim. However, to establish Lemma 1, some
required intermediate results which are strengthened versions
of corresponding results in [5] must be established, which are
presented in Section II-B. Subtle differences between [1] and
the present report will be mentioned in passing, together with
some clarifications.

The report will proceed as follows. We recall Tikhonov’s
Theorem from singular perturbation theory, which is the basis
of the ADI method, in Section II-A. Strengthened versions
of corresponding results in [5] are presented in Section II-B,
leading to the sought Lemma 1. The main result for SISO
systems and its extension to MIMO systems are presented in
Section IIT and IV respectively. The final section concludes

this report.

II. PRELIMINARIES

Here, we present Tikhonov’s Theorem from singular pertur-
bation theory and some strengthened versions of correspond-
ing results in [5]. These will be needed to establish the main
results of ADL



A. Tikhonov’s Theorem from Singular Perturbation Theory

Consider the standard singular perturbation model [5,
Chapter 11]

:1.7 = f(t7:rﬁz7e)’

ez =gtz €),

z(0) = &(e),
2(0) = n(e),

where € is a small positive parameter, and £(e), n(e) depend

(D

smoothly on e. Assume that f and g are continuously differ-
entiable in their arguments for all (¢,z,z,¢) € [0,00) x D, X
D, x [0,€], where D, C R™ and D, C R™ are domains,
and ¢y > 0. By the standard singular perturbation model, it

is meant that the equation

0=g(t,z2,0) 2
has k£ > 1 isolated real roots

z=hi(t,z), i€{1,2,...,k},

for each (¢,z) € [0,00) x D,. We fix one particular ¢, and
henceforth omit the subscript <. Define

y=z—h(tz).

The reduced system is then obtained by setting € = 0, z =
h(t,x) in the first equation of (1) to get

j::f(t,x,h(t,m),O), x(O) =&o :g(O) 3)

Let 7 = t/e. The boundary layer system in the y coordinates

in the 7 time scale is then given by

d
= glt,a,y +h(t,2),0),

where 1o = 7(0). The following is the main result needed.

y(O) =1To — h(()?g())v (4)

Theorem 1 (Tikhonov [5, Theorem 11.2, pp. 439 — 440]).
Consider the singular perturbation problem of (1) and let z =
h(t,x) be an isolated root of (2). Assume that the following

conditions hold for all
(t,z,z — h(t,x),€) € [0,00) x Dy x Dy x [0, €],

for some domains D, C R"™ and D, C R™ which contain

their respective origins:

1) On any compact subset of D, x D,, the functions f,
g, their first partial derivatives with respect to (x, z, €),
and the first partial derivative of g with respect to t

. 0,
are continuous and bounded, h(t,x) and 32(t,z,z,0)
have bounded first partial derivatives with respect to
their arguments, %(t,x,h(t,x),O) is Lipschitz in =,
uniformly in t, and the initial data £(€) and n(e) are

smooth functions of e.
2) The origin is an exponentially stable equilibrium point of
the reduced system (3). There exists a continuously dif-

ferentiable Lyapunov function V: [0,00) x D, — [0, 00)

such that
Wi(z) < V(t,z) < Wa(x),
ov ov
i i < -
ot (t7x) + O (Lx)f(t,x, h(t,it), 0) = W3(SIJ)7

holds for all (t,z) € [0,00) X D,, where W1, Wy and
Wy are continuous positive definite functions on D,. Let
¢ > 0 be chosen so that {x € D, | Wi(z) < ¢} is a
compact subset of D,.

3) The origin is an exponentially stable equilibrium point

of the boundary layer system (4), uniformly in (t,x).

Let R, C D, be the region of attraction of the autonomous
system

dy

% - 9(07£O7y + h(07§0), 0);

and §y be a compact subset of R,,. Then, for each compact set
Oy C{z € D, | Wa(x) < pe,p € (0,1)}, there is a positive
constant €* such that for all t > 0, & € Qg, no — h(0,&) €
Qy, and € € (0,€"), the singular perturbation problem of (1)

has a unique solution x(t,¢), z(t,€) on [0,00), and

x(t,e) — Z(t) = O(e)
holds uniformly for all t € [0, 00), where Z(t) is the solution
of the reduced system (3).

Proof: See [5, Appendix C.18, pp. 706 — 708]. [ ]

Proposition 1 (See also [5, pp. 433], and [1, Remark 1]). If

the eigenvalue condition

Re ()\ (gg(t,x,h(t,x),O))> <-k<0 (5)

holds for some positive constant k and for all (t, ) € [0, 00) X
D, then the origin y = 0 of the boundary layer system (4)
is exponentially stable, uniformly in (t,z) € [0,00) X D,, for
y(O)].

sufficiently small initial conditions,

Proof: Since z = h(t,z) is the solution of (2), we
have g(t,z,h(t,z),0) = 0, which shows that y = 0 is
an equilibrium point of (4). It remains to show that it is

exponentially stable. Define

g(r,y) = gler,z(eT),y + h(er, z(eT)), 0),



so that the boundary layer system (4) can be rewritten as

dy .
i a(r,y), (6)

with z(er) viewed as an exogenous time-varying signal. Then

_ 99 g

A(r) = 2y (1,9) = —g(er,z(eT),h(eT,a:(eT)),O).

0z

y=0
When (5) holds, all eigenvalues of A(7) have strictly negative
real parts for all (7,z) € [0,00) x Dy, so that the origin is an
exponentially stable equilibrium point of the linear system
Y= Ay

By [5, Theorem 4.13], the origin is an exponentially stable
equilibrium point of the nonlinear system (6), which translates
directly to exponential stability of the origin of the boundary

layer system (4). [ |

B. Other Auxiliary Results

Some other intermediate results that will be needed are
established here. All of these are strengthened versions of cor-
responding results in [5]. The main result needed is Lemma 1,
but to establish this, the following are needed. Define the
closed ball B, as

By ={z e R" [ =]} <7},

and system

i= f(t,x), )

where f: [0,00) x D — R™ is piecewise continuous in ¢ and
locally Lipschitz in 2 on [0,00) x D, and D C R™ is a domain

that contains the origin.

Theorem 2 (See also [5, Theorem 4.18, pp. 172]). Let D C
R™ be a domain that contains the origin and V : [0,00)x D —

R be a continuously differentiable function such that

alzl* < V(t,z) < ||,
ov oV ) ®)
AT < >
Ot a) < —cslel®, Vel = >0,

Vit > 0 and VYx € D, where c1, co and cs are positive
constants, and ¢, < co. Take r > 0 such that B, C D and

0<,u<,/c—1r. 9)
C2

Then, for every initial state x(to) satisfying ||z(to)[| < /&,
there exists T > 0 (dependent on x(to) and ) such that the

suppose that

solution of (7) satisfies

C _ 83 (4—
lz(@)] < \/él\x(to)lle 23 (70t € [to, o +T), (10)

C2
le@Il </ —#
C1

Moreover, if D = R", then (10) and (11) hold for any initial

state x(to), with no restriction on how large p is.

Vi € [to + T, 00). (11)

Proof: Let p = c;r? and ) = cop? and define

Qt,n = {17 € B. | V(tvz) < TI},
Qt,p = {{E € B, | V(tax) < P}

Since n < p by (9), we have €, C Q, ,. A boundary point
x of Q, satisfies either ||z|| = r > \/ea/cipu > p by (9),
or cou® = 1n = V(t,z) < callx||* which implies [|z||> pu.
Similarly, a boundary point x of ), , satisfies either |z|=
r>porcir? =p=V(tx) <cyx||?> which implies ||z| >
MT > u by (9). Hence on all boundary points of € ,,
and Q ,, we have ||z|| > y so that V (¢, z) is negative by (8),
and all solutions starting in €2, or €); , cannot leave them.
[

Since cz||x(t0)]|* < p by assumption, we have

V(to,z(to)) < eallz(to)||* < p = x(to) € Uy p-

Then, x(t) € Q, for all ¢ > ty. A solution starting in € ,
must enter € ,, in finite time because in the set £ , \ ¢,
V satisfies

V(t,z) < —czpu® < 0.

The foregoing inequality implies that
V(t,x(t)) < V(to, z(to)) — cap®(t —to) < p— eap®(t — to),

which shows that V' (¢,z(t)) reduces to n within the time
interval [to, o+ (p—n)/(c3u?)]. For a solution starting inside
Q4. inequality (11) holds for all ¢ > %o, since for any
z(to) € Q. inequality cq||z(t)]|? < V(t,z(t) < n = cop?
holds for all ¢ > ¢y, which implies (11) with 7' = 0. For a
solution starting inside 2, , but outside €2, ,,, let ¢y 471" be the
first time it enters € ,,. For all ¢ € [to,to + 17,

V< —eslz)? < -2
Co

Hence, by the Comparison Lemma [5, Lemma 3.4, pp. 102],
V(t,z(t)) satisfies

V(t,(t)) < Vg, a(to)e 27", Ve € [to, to + T,
which gives for all ¢ € [to,to + T,

allz@)|* < V(L 2(t) < V(to,l’(to))efﬁ(t’tf’%



< calla(to)] e 7,
yielding (10). If D = R", then r can be chosen arbitrarily
large, and any initial state x(¢y) can be included in the set
{z e R |||e] < /2r). n
We will need the definition of input-to-state exponential
stability. Consider the system

&= f(t,z,u), 12)

where f: [0,00) x R" x R™ — R" is piecewise continuous

in t and locally Lipschitz in = and .

Definition 1 (See also [6] and [5, Definition 4.7, pp. 175]).
The system (12) is said to be input-to-state exponentially stable
if there exist a class K function v and positive constants k and
A such that for any initial state x(to) and any bounded input
u(t), the solution x(t) exists for all t > to and satisfies

lz()] < kllz(to)lle ") +7< sup IIU(T)H)' (13)

to<7<t
For definitions and properties of class K, Ko and KL
functions, see [5, Section 4.4].

Theorem 3 (See also [5, Theorem 4.19, pp. 176]). Let
V:]0,00) xR™ — R be a continuously differentiable function
such that

crllzl]* <Vt 2) < eof|2]?,
ov. IV
E + %f(tvx’u) < —63H.1‘||2, VHJJH > 04”“” >0,
forall (t,z,u) € [0,00) x R™ x R™, where c1, c2, c3, ¢4 are
positive constants with cy < ca. Then the system (12) is input-

to-state exponentially stable, and its solution satisfies (13) with

C2
y(r) =4/ . car.

Proof: By applying the global version of Theorem 2, we

C2 C3
k=2, A==
C1 262

find that the solution z(t) exists and satisfies

C2 83 (t—¢
[l < /= (||9€(f0)||6 72 (700) 4 sup C4||U(T)> ;
C1 T>10

for all ¢ > ¢,. Since z(t) depends only on u(7) for 7 € [to, t],
the supremum on the right-hand side of the above inequality
can be taken over [tg,t], which yields (13). [ ]

Lemma 1 (See also [5, Lemma 4.6, pp. 176]). Suppose
f(t,x,u) is continuously differentiable and globally Lipschitz

in (x,w), uniformly in t. If the unforced system of (12), namely
z = f(t,x,0), (14)

has a globally exponentially stable equilibrium point at the

origin x = 0, then the system (12) is input-to-state exponen-
tially stable. Its solution satisfies (13), and ~ can be chosen

to be a linear function

v(r) = er,

for some positive constant c.

Remark 1. Observe that all assumptions of Lemma 1 are
identical to those of Lemma 4.6 in [5, pp. 176], but the
conclusion is stronger, namely of input-to-state exponential
stability, with ~y of (13) being a linear function. Note that not
all class IC functions can be bounded above by a (class K)

linear function, e.g. v(r) = tan(r) for r € [0, 7).

Proof: View the system (12) as a perturbation of the
unforced system (14). The Converse Lyapunov Theorem [5,
Theorem 4.14, pp. 162 — 163] shows that the unforced
system (14) has a Lyapunov function V' (¢, x) that satisfies

aflz)* < V(t,x) < éollz]f?,

oV ov ~ 2
54-%}“(15,3:,0) < —ésllx|%, (15)
al <e || ||
ax S G4,

for some positive constants ¢i, Ca, C3, C4, With ¢1 < Co,
globally. Due to the uniform global Lipschitz property of f,

the perturbation term satisfies

1/ (&, u) = f(£,2,0)| < Liful,

for some Lipschitz constant L > 0, for all ¢ > ¢y and all
(z,u). The derivative of V' along solutions of (12) satisfies

.oV oV oV
V= E—'_%f(t’m’())—'_%

< —Gs|z )| + caLja|l||u]-

(f(t,w,u) - f(tvxv 0))»

To use the term —¢s||z||? to dominate ¢4 L| z||||u|| for large

g2

, we rewrite the foregoing inequality as
V < =& = 0)|al® — &b||z|* + EL|lz||ul,

where 6 € (0,1). Then,

. - caL||u
V< e -0ll? el > S

039
for all (¢,x,u). Hence, the conditions of Theorem 3 are
satisfied with
L
&0

c1=¢C, C2=20C, c3=0e(1-0), c4=

We conclude that the system is input-to-state exponentially



stable with solution satisfying (13), and

L [a é(1 - 0)

C &4[4 62
A = = —T.
C1 262 ’ ’Y(?”) 639 \l 51 "

Hence 7y can be chosen to be a linear function v(r) = cr, with

c> &l /a2 |
039 C1

III. TRACKING DESIGN FOR MINIMUM-PHASE
NONAFFINE-IN-CONTROL SISO SYSTEMS

Consider an n-th order SISO nonaffine-in-control system
of (constant and well-defined) relative degree p, expressed in
normal form

¢(p) = f(.’E,Z,U), iE(O) = To,
2(0) = zo,

(16)

z=g(x,z,u),

defined for all (x, z,u) € D, xD,x D, with D, C R?, D, C
R"™~? and D,, C R being domains containing the origins. The
(partial) state x is defined as = = [¢, PG P~ and
$@ denotes the ¢-th time derivative of ¢. The state vector of
the system is [z7, 2T]T, u is the control input, and f: D, x
D, xD,—R,g: D, xD, xD, — R" 7 are continuously
differentiable functions of their arguments. To ensure that its
relative degree is constant and well-defined, assume that % is
bounded away from zero for all (z, z,u) € D, x D, x D,,. That
is, there exists by > 0 such that |3L| > by for all (z,2,u) €
D, x D, x D,. This implies that sign(%) e{-1,+1}isa
constant, and that ¢: v — f(x, z,u) is a bijection for every
fixed (z,2) € Dy x D,. Additionally, assume that the function

f cannot be explicitly inverted with respect to u.

Remark 2. That 1) is a bijection means that the inverse of f
with respect to u exist for every fixed (x,z) € D, X D,. By
f being not explicitly invertible with respect to u, it is meant
that an analytical expression for u in terms of x, z, and the
evaluation of [ at (x,z,u) cannot be written. This happens

for example, when f is a transcendental equation in u, like
f(z, z,u) = sin(u) + 2u.

The problem is to design a controller so that = tracks the

state of a chosen p-th order stable linear reference model

O+ ap(p 1y 4 gy F arody = ber,  (17)
(2) (p—1)

Ty P

where x, = [d)r,gf)r, T € R” is its state, 7
is a continuously differentiable reference input signal with
bounded time derivative 7, and x,(0) = x,¢ is some chosen

initial state, possibly with x,.o = z(. Stability of the reference

model requires that all roots of the characteristic equation
s” + a?”(p—l)sp_1 +--tans+an=0

lie in the open left half complex plane, denoted by C_.

Define the tracking error ¢, = ¢ — ¢, and error vector
e =12 — I, = [¢e, e, §2>,...,¢2”*”]T € R”, and choose

the desired stable error dynamics

Ot 4y 1y Y+ e + acode =0, (18)

with initial condition defined by e(0) = ey = zg — Zyo-

Similarly, stability of the desired error dynamics requires that

all roots of
8+ Ge(p-1)s” "+ F a5 +ac =0

lie in C_. Observe that in [1], a.; was set equal to a,; for
i € {0,1,...,p — 1}. This is a minor extension of [1] that
allows the error dynamics to be specified independently of the

reference model dynamics.

For notational convenience in the sequel, define

o = sign g
— S B )

As observed above, o € {—1,+1} is a constant. The open-

T
Ar = [ar()a Arly ..oy ar(pfl)] )

T
Qe = [a’607 Aely -y ae(pfl)] 9

loop (time-varying) error dynamics are then given by the

system

d)gp) = f(e —+ xr(t)’ Z, 1,(,) + a?xr(t) - b'f'r(t)a
z :g<€+xr(t)7z7u)7

19)

with initial conditions e(0) = e, z(0) = z. Observe that
time variance in (19) is induced by the external signals z,(t)
and r(t) only.

We want to apply Theorem 1 to the system (19) with
an appropriate controller to be specified. The ideal dynamic

inversion control is found by solving

fle+x,(t),z,u) + afxr(t) —byr(t) = —age (20)

for u, resulting in the exponentially stable closed-loop tracking
error dynamics (18). Since (20) cannot (in general) be solved
explicitly for u, an approximation of the dynamic inversion

controller is constructed by introducing fast dynamics

eu = *O[f(tv €, z, u)? U(O) = Uo, (21)
where

f(t e, z,u) = fe+x,(t),z,u) + alz,(t) — br(t) + ale.

Here, € is a positive controller design parameter, chosen



sufficiently small to achieve closed-loop stability. Observe
that (21) relaxes the requirement for exact dynamic inversion
while increasing the control in a direction to reduce the
discrepancy (20) so as to approach the exact dynamic inversion
solution.

Let u = h(t,e, z) be an isolated root of f(t,e,z,u) =0.
In accordance with the theory of singular perturbations [35,
Chapter 11], the reduced system for (19), (21), obtained by
setting e = 0 and u = h(t,e, 2) is

¢(£,p) = _a’ere7

z = g(e + zr(t)a 2, h(ta €, Z))v

(22)
(23)

With v = u—h(t, e, z) and 7 = t/e, the boundary layer system

18
d ~
% = —Oéf(t, €, 2,V + h(tv 672))'

Applying Theorem 1 to (19) and (21) yields the following.

(24)

Theorem 4 (Hovakimyan et al. [1, Theorem 2]). Consider the
system (19) and (21), and let u = h(t, e, z) be an isolated root
of f(t,e, z,u) = 0. Assume that the following conditions hold
for all

(t,e,z,u— h(t,e, z),€) € [0,00) X D, x D, x [0, €],

for some domains D.,, C R"™ and D, C R which contain

their respective origins:

1) On any compact subset of D. . x D,, the functions f,
g, their first partial derivatives with respect to (x, z,u),
and r(t), 7(t) are continuous and bounded, h(t,e, z)
and %(:&z,u) have bounded first partial derivatives
with respect to their arguments, and g—i, g—f:, %, % as
Sfunctions of (e + x.(t), z, h(t, e, 2)), are Lipschitz in e
and z uniformly in t.

2) The origin is an exponentially stable equilibrium of the
system

Z2 = g(z.(t), 2, h(t,0,2)).

The map (e, z) — g(e + x,(t), z, h(t, e, z)) is continu-
ously differentiable and Lipschitz in (e, z) uniformly in
t.

3) (t,e,z) — ‘%(e + . (t), z, h(t, e, z))‘ is bounded from
below by some positive number for all (t,e,z) €
[0,00) X D ,.

Then the origin of (24) is exponentially stable. Let R,, C D,
be the region of attraction of the autonomous system

dv

E = —af(O, €0, 20,V + h(07607 ZO)),

and §, be a compact subset of R,. Then, for each compact
subset Q. . C D, ., there exists positive constants €* and T
such that for all t > 0, (eg,20) € Qe.z uo — (0, €0, 20) €
Q,, and € € (0,€*), the system (16), (17), (21) has a unique
solution x(t,€), z(t,€), x.(t), u(t,€) on [0,00), and

x(t,e) — z.(t) = O(e)
holds uniformly for all t € [T, 00).

Remark 3. The primary differences between Theorem 4 and
Theorem 2 of [1] is the first and third technical assumptions.
For comparison, we recall here these assumptions from [1]:
1) On any compact subset of D, , x D, the functions f
and g and their first partial derivatives with respect
to (e, z,u), and the first partial derivative of f with
respect to t are continuous and bounded, h(t,e,z)
and %(t,e,z,u) have bounded first derivatives with
respect to their arguments, % and % as functions of
(t,e,z,h(t, e, z)) are Lipschitz in e and z, uniformly in
t.
3) (t,e z,v) — %(t,e,z,v—kh(t,e,z)) is bounded below
by some positive number for all (t,e, z) € [0,00) X De .

Note that f and g are not explicitly functions of t and e.

Proof: The proof proceeds by showing that satisfaction of
the assumptions above implies satisfaction of the assumptions
of Theorem 1, whose result can be translated to the stated
conclusions. We identify x, z, y, and h(t,z) of Theorem 1,
(denoted here by xs, zs, ys, and hg(t, ) respectively for
distinction) with quantities in (19) and (21) by

xy ~[ef, 27T hs(t,xs) ~ h(t, e, z).

) ZSNu7 ySNU7

Also, f and g of Theorem 1 (denoted here by f, and g;) are
identified with quantities in (19) and (21) as

o
or

fs~ e R",

gpfl)

fle+x.(t), z,u) + alaz,(t) — ber(t)
gle+z. (1), z,u)

gs ~ —af(t e, z,u) €R.

Now, translate the first assumption of Theorem 1. Since
x,(t) is the state of the exponentially stable system (17), z,.(t)
and &..(t) are both continuous and bounded if 7(¢) and r(¢) are
continuous and bounded. To have f; and g5 continuous and

bounded for any compact subset of D, x D, requires that f,



g and r(t) be continuous and bounded for any compact subset
of D, . x D,. Similarly, to have the first partial derivatives of
fs and g5 with respect to (zs, zs, €) continuous and bounded,
we require that the first partial derivatives of f and g with
respect to (x, z, u) be continuous and bounded. The first partial
derivative of g, with respect to ¢, corresponds in the present
section to the first partial derivative of —af (t,e,z,u) with

respect to ¢ given by
af . T .
—a |5 (e + 2, (t), z,u)&(t) + a, T, () — bpr(t) ) .

Hence we require % and 7(t) to be continuous and bounded.
The requirement that h4(t,zs) have bounded first partial
derivatives with respect to its arguments translates directly
to requiring the same for h(t,e,z). Since 895 (t Zs, 2s,0)

corresponds to —agi (t,e, z,u), and given by

—a%(e + (), 2, u),

(x z,u) have bounded first partial deriva-

we require that 2
tives with respect to its arguments, and that 7 is bounded.
The remaining Lipschitz conditions of Theorem 1 on z are
straightforward. Also, since the initial conditions are inde-
pendent of €, the smoothness conditions are automatically
satisfied. Summarizing these gives assumption 1 above.

Next, we show that the second assumption of Theorem 1
holds. To show that the origin is an exponentially stable
equilibrium point of the reduced system (22), (23), we proceed
in a manner similar to the proof of Lemma 4.7 in [5, pp.
180]. Let tyo > 0O be the initial time. Clearly, e = 0 is an
exponentially stable equilibrium point of (22), and its solution
satisfies

le()]l < kelle(to)[| exp(=Ac(t = o)), (25)

for some positive constants k., A, and for all ¢ > t3. With
assumption 2 above, Lemma 1 shows that system (23) with e
as input, is input-to-state exponentially stable, and its solution
satisfies

[2(®)]] < k=llz(s)]| exp(=Az(t —5)) + sup c:[le(Q)], (26)

s<(<t

for some positive constants k,, A,, c,, and for all ¢t > s > .
Substituting s = (¢t + to)/2 into (26) yields

(550 oo (25

+ sup  cfle(Q)]l-
o <ot

12D < k-

27)

To estimate ||z (252)||, substitute s = ¢o and replace ¢ by

e in (26) to obtain

(55| st (25)

+  sup e le(Q). (28)
to<¢< e
Using (25), we have
sup  c:le(Q) < ezkelle(to)ll, (29)

t+tg
to<(<—52

el < exbeleta)exp (- 2C10) - o

sup
Ho<e<t
Let the composite state be z., = [eT,zT]T. Using (27), we
obtain
ze=@)I| < lle@®] + 2],
t+t A (t—t
< ()] + ks || = (222 ) | exp (2l t0)
2 2
+ sup  c.lle(Q)]],
Hre<est

which, on substitution of (25) and (30), and using the fact that
exp(—|a]) < exp(—4) for all a € R yields

e (0] < (04 e et exp (- 22220

() (H5).

Substitution of (28) into the preceding gives

+kz

lzes (DI < (1+ ez )kelleto) | exp (A(t{”)

Mt;t)) ( sup  efle(O)]
to<c< o

+ k|| 2(to) || exp (_W))

+ k., exp (—

and using (29) yields
Ae(t — to)
[ze- ()] < (1 + c2)kelle(to) ]| exp <20)

+ kol |le(to)| exp (”t?tO))
+ E2||2(to) || exp(— A= (t — to)).-

Finally, defining A\., = %min{)\e,)\z}, and using the facts

that [le(to) | < [laex (to)]l. [12(t0)l| < [lzes(to)]]. we obtain

[Zez ()] < kezll@ez(to) || exp(—Acz (t — to)),

where ke, = (1+¢,)ke+c.kk. +k2, valid for all t > tq > 0.
This shows that z., = 0 is an exponentially stable equilibrium
point of the reduced system (22), (23).



Hence by a Converse Lyapunov Theorem [5, Theorem 4.14,
pp- 162 — 163], there exists a Lyapunov function V': [0, c0) X
D, . — [0,00) that satisfies

01||$ez||2 < V(taxez) < CQerZHZa

oV ov .
T T eI thres) < sl
where
i Pe. ]
(2)
e )
f(t, xez) = ép—l) < R%
7&36,
_g(e —+ J,‘T(t), z, h(t; €, Z))_

It can be seen that the Lyapunov function condition of as-
sumption 2 in Theorem 1 is satisfied with Wy (r) = c1||7||?,
Wa(r) = cof|r
c sufficiently small, the set {z., € D.. | Wi(ze.) =

2, and W3(r) = c3]|r||?. Further, by choosing

cil|lwez||*> < ¢} can be made compact. We conclude that
satisfaction of assumption 2 in the current theorem implies

satisfaction of assumption 2 in Theorem 1.

We will use Proposition 1 to show that the origin is an
exponentially stable equilibrium point of the boundary layer
system (24), uniformly in (¢, e, z), so that assumption 3 of

Theorem 1 is satisfied. Define

g(tae7zau) = —ozf(t,e,z,u),

so that the boundary layer system (24) can be rewritten as

d
% =g(t,e,z,v+ h(t, e, 2)). (31)

Then, using the definitions of f in (21) and «, we have

9§ . (or\of
%(t,az,u) = —sign (8u) 5 (t,e, z,u),

= —sign (gﬁ) %(e + xr(t)7z,u),

=— ’gi(e—s—xr(t)?z,u)

)

and hence,

g __lof
a(t,e,z,h(t,e,z)) = ‘au(e + xr(t),z,h(t,e,z))’ )

From the preceding, assumption 3 implies that the eigenvalue
condition (5) holds. Proposition 1 then applies to show that
the boundary layer system (31) or (24), has the origin as
an exponentially stable equilibrium, uniformly in (¢, e, z) €
[0,00) X De_,.

Thus all assumptions of Theorem 1 are implied by the

current assumptions. Observe that the set
Qe,z - {xez S De,z | WZ(xez) = C2||mez||2 S PC, P S (07 1)}

is compact by the choice of ¢ above. Then, for each such
compact set ). ., there exists a positive constant €* such that
for all ¢ > 0, (e, 20) € Qe,z, uo — (0, €0,20) € £y, and
e € (0,€), the system (19), (21) has a unique solution e(¢, €),
z(t,€), u(t,€) on [0,00), and

holds uniformly for all ¢ € [0,00), where &(t) and Z(t) are
the solutions of the reduced system (22) and (23) respec-
tively. Since é(t) is the solution of the exponentially stable
system (22), and x,.(t) is the solution of system (17), using
the definition of e = x — z, in the above yields

x(t,€) — z.(t) — e(t) = O(e),
x(t,€) — x.(t) — exp(At)eg = O(e),

where
0 1 0
A= . . . c RPXP
0 0 .. 1
—Q0e)  —Qel —Qe(p—1)

Since (22) is exponentially stable, A is Hurwitz, so that for
any € > 0, there exists 7' < oo such that

llexp(At)eol| < e, vt >T.

Then for all ¢ > T, we reach the desired conclusion

z(t,€) — z.(t) = O(e).

Remark 4. Observe that if eo = 0, then T' can be chosen to
be 0, and x(t,e) — x,(t) = O(e) holds for all t > 0. This
can be achieved by setting x.,.c = xo. See also [1] for further

discussions.



IV. EXTENSION TO MINIMUM-PHASE
NONAFFINE-IN-CONTROL MIMO SYSTEMS

Consider the n-th order MIMO nonaffine-in-control system

expressed in normal form

qﬁgpl) = fi(z,z,u), x1(0) = x10,
0" = folw,2,u),  w2(0) = w2,

(32)
S = f(w,2,0), 20 (0) = Zmo,

229(1572,’&), Z(O):ZO7

defined for all (x, z,u) € D, xD,x D, with D, C R?, D, C
R"=?, and D, C R™ being domains containing the origins.
The (partial) state x is defined as x = [x1, 22, ..., 7,]T € R,
p = >, pi, with each z; = [qﬁi,q@i,...,gbgm_l)]T €
RP: for i € {1,2,...,m}, and ¢(9) denotes the g-th time
derivative of ¢. The state vector of the system is [#T, 2T]T,
u = [ui,us,...,u,|T € R™ is the control input, and
fi:Dy x D, x Dy — R fori € {1,2,...,

D, x D, — R"™ 7 are continuously differentiable functions

m}, g: Dy x

of their arguments. Define

f(I,Z,’UJ) = [fl(I,Z,U),fQ(I,Z,U), N .,fm(x,z,u)}T. (33)

Assume that the inverse of the function u — f(x, z,u) exists
for each fixed (x,2) € D, x D, but that it cannot be written

in closed form.

The problem is to design a controller so that = tracks the
state of a chosen p-th order stable linear reference model
described by the following set of linear ordinary differential

equations

¢(p1) + a?lxrl = bpi71, 2r1(0) = 2710,

T
¢(p2 + apotro = brora,  xp2(0) = 200,

(34)

T
¢(Pm + Ar Trm = brmrmv Lrm (0) = Trmo0,

where for each ¢ € {1,2,...,m}, the corresponding vectors
are a,; — [ario,am-l,...,ari(pi_l)]T € RP and x,;, =
[¢Ti,q5r¢, .. .,¢£§i_1)]T € Rri, r; is a continuously differ-
entiable reference input signal with bounded time derivative
,rm]T. Here, p; corresponds to those

defined for system (32) so that z,; is of the same dimen-

7. Let r = [ry,79,...

sion as z; in (32), and the state of the reference model
[x;rlv 337?2, te 7x;1“m]T
in (32). Stability of the reference model requires that for each

T, = is of the same dimension as x

i €{1,2,...,m}, all roots of the characteristic equation

) 1
8P 4 Qi —1)8"T T o rin S F Ao = 0

lie in C_.

Define the tracking error ¢ = x — x,, which can be

decomposed as
_1,T T T
e=le;,e5,... 6]

Tpj = [qbeiy(beh .. ~>¢$i71)]T, 1€ {1,27

)

€, =T — .,m}.

Choose the desired stable error dynamics as described by the

following set of linear ordinary differential equations

¢(p1) + arerle] — 07
¢(p2) + a/’eTQB2 — 07

e1(0) = e10 = 10 — Zr10,

e2(0) = ea0 = @20 — Tr20,
(35)

T
(bé%l) + Ao €m = 07 em(o) = €m0 = Tm0 — Trm0>

where for each ¢ € {1,2,...,m}, the corresponding vectors
,aei(pi_l)]T S pr

corresponds to those defined for system (32) so that e; is

are ae; = [@eio, Qeil,y - - - Similarly, p;
of the same dimension as z; in (32), and the state of the
desired error dynamics e is of the same dimension as z in (32).
Stability of the desired error dynamics requires that for each

1€ {1,2,...,m}, all roots of the characteristic equation

i i—1 —
87"+ ei(p,—1)8"" T+ F Aeit S + eio = 0

lie in C_. Similar to the SISO case, observe that this is a
minor extension of [1], wherein a.;; is set equal to a,;; for

1€{1,2,...,m}, j€{0,1,...,p; — 1}.

The open-loop (time-varying) error dynamics are then given

by the system

o8 = file+ o (t), 2,u) + )y 2,1 (1) — b (2),
052 = fale+zp(t), 2,u) + afy3,2(t) — brara(t),

(36)
3 = finle + (L), 2,u) + A Ty (£) = by (1),

Z= 9(6 + xr(t)vzau)v

with initial conditions e(0) = eq, z2(0) = zo. Similarly, observe
that time variance in (36) is induced by the external signals

x,(t) and 7(t) only.

The ideal dynamic inversion control is found by solving the



system of m equations

file +x.(t), z,u) + afy 2,1 (t) — b (t) = —alier,
fale +x,p(t), z,u) + aloxpo(t) — bpora(t) = —akes,
(37
fm(e+z,.(t), z,u) + ar T (t) — brmrm ()
= —al em,

for v € R™, resulting in the exponentially stable closed-
loop tracking error dynamics (35). Since (37) cannot (in
general) be solved explicitly for u, an approximation of the
dynamic inversion controller is constructed by introducing fast

dynamics

eiv = Pf(t,e,z,u), u(0)=up, (38)

where P € R™*™ is a chosen constant matrix, and with (33),

f(t7 e, z,u) = fle+ x.(t), z,u) + A, (t) — Bpr(t) + Aee,
(e, 0 ... ... 0
0 % 0 ... 0
A= . . . € R™*7,
L 0 0 ay,
b1 O 0
0 bo 0 0
B7‘ = . . € Rm,xm’
L 0 0 bem
[, 0 0
T
A= e ° | emmre
L 0 0 agy,

Let u = h(t,e, z) be an isolated root of f(te,z,u) = 0.
The reduced system for (36), (38), obtained by setting e = 0
and u = h(t,e,z) is

6% = —alien, e1(0) = e,
¢(p2) —ales, e2(0) = ez,

(39
PUm) = —al em, em(0) = emo,

z = g(e + xr(t)a Z, h(ta €, Z))v

With v = u—h(t, e, z) and 7 = t/e, the boundary layer system
is
dv
dr
Applying Theorem 1 to (36), (38), and noting the definition

of f in (33) yields the following.

= Pf(t,e,z,v+ h(t,e, 2)). (40)

Theorem 5 (Hovakimyan et al. [1, Theorem 3]). Consider the
system (36) and (38), and let uw = h(t, e, z) be an isolated root
of f (t,e,z,u) = 0. Assume that the following conditions hold
for all

(t,e,z,u— h(t,e, z),€) € [0,00) X D, x D, x [0, €],

for some domains D, , C R" and D, C R™ which contain

their respective origins:

1) On any compact subset of D, ., x D,, the functions f,
g, their first partial derivatives with respect to (x, z,u),
and r(t), 7(t) are continuous and bounded, h(t,e,z)
and %(m,z,u) have bounded first partial derivatives
with respect to their arguments, and gi,t R g’; s % gg as
Sunctions of (e + x,(t),z,h(t, e, z)), are Lipschitz in e
and z uniformly in t.

2) The origin is an exponentially stable equilibrium of the
system

zZ= g(xr(t)’ 2, h(taov Z))

The map (e, z) — g(e + x,(t), 2, h(t, e, z)) is continu-
ously differentiable and Lipschitz in (e, z) uniformly in

t.
3) For every (t,e,z) € [0,00) X D ., all the eigenvalues
of
of
P—(e+z.(t),z,h(t e, z2))

ou
have negative real parts bounded away from zero.

Then the origin of (40) is exponentially stable. Let R, C D,

be the region of attraction of the autonomous system

d ~
% = Pf(o7 €0, 20,V + h(oa €0, ZO))’

and ., be a compact subset of R,. Then, for each compact
subset €. . C D, ., there exists positive constants €* and T
such that for all t > 0, (eg,20) € Qe uo — h(0,e9,20) €
Qy, and € € (0,€*), the system (32), (34), (38) has a unique
z(t,€), xp(t), u(t,e) on [0,00), and

SC(t, 6) - xr(t) = O(E)

solution x(t,€),

holds uniformly for all t € [T, c0).

Proof: Similar to the proof of Theorem 4, we show that
satisfaction of the above assumptions imply satisfaction of
those of Theorem 1 to get the desired conclusions. In the same
way as the proof of Theorem 4, it can be shown that the first
assumption of Theorem 1 is implied by assumption 1 above.

For the second assumption, note that the first m equations

of (39) represents m decoupled exponentially stable linear time



invariant systems with composite state ¢ = [e],ed ... el ]T.

Hence for each i € {1,2,...,m}, the solutions satisfy

tO))a

for some positive constants k.; and A;, for all ¢ > ¢y. Using
the facts that

lei (@ < Keillei(to) | exp(—Aei(t —

le@l < lles®)ll, les (D < [le(®)]],
i=1
and for all ¢; > ¢g > 0,

exp(—ci(t —tg)) < exp(—ca(t — to)), Yt > to,

we have for all ¢ > tg,

m m

le@)] < ZHei(t)H < Zkei\lei(to)H exp(—Aei(t —to)),

< Jle(to)| Y kei exp(=Aeit = to)),
i=1

< lle(to)llexp(=Ae(t = 10)) D Kes,

=1
= kelle(to) ]| exp(—Ae(t — to)),

where 0 < A = min{Ae1, Ae2, ..., Aem } and ke = >0 ke
Hence the verification of assumption 2 proceeds as in the proof
of Theorem 4.

We will use Proposition 1 to show that the origin of
the boundary layer system (40) is an exponentially stable
equilibrium point, uniformly in (¢, e, z). Define

g(taeazvu) = Pf(t,e,z,u),

so that the boundary layer system (40) can be rewritten as
d
% =g(t,e,z,v+ h(t, e, 2)).

Then, taking derivatives,

99 _pof _pof
6u(t,e,z7u) = P(?u (t,e,z,u) = P@u(e + x,(t), z,u),
and hence,
o} B g
%(t, e, z,h(t,e,z)) = P@u (e+ (1), z,h(t, e, 2)).

Hence assumption 3 implies that the eigenvalue condition (5)
holds, and Proposition 1 applies to show that the boundary
layer system has the origin as an exponentially stable equilib-
rium, uniformly in (¢, e, z) € [0,00) X D, ,.

The stated conclusions follow immediately from Theorem 1
in a similar manner to the proof of Theorem 4. [ ]

CONCLUSIONS

The statements of the ADI method are re-stated with some
minor notational corrections, and the proofs are expanded.
This is to supplement our existing results in [2]-[4]. As such,
Theorem 1 and 2 in [3] should be replaced by Theorem 4
and 5 in the present report respectively. Also, Theorem 1 in [4]
should be replaced by Theorem 4 in the present report.
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