Comments on the 7th problem set

As remarked in the answers to the 7th problem set, some parts of #3 require more patience
than I gave them when I set those problems.

§

Before going into that, here’s an erratum in the answer to #3(b) that was pointed out by

an alert student. It says:
We can let S? =312, (W, — W)Q, so that
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[Here is the error.]

It should have said: o
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[This version is correct.]
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(Either way, “7” cancels out.)

§

Here is a better way to think about #3 than what is suggested by the way I first posed the
—

problem.



Let U; be the average of the two scores earned by the first- and second-born children in
the 4! family in the sample. Let V; be the difference between the first-born’s score and the
average of the two, so that U 4V = first-born’s score and U — V' = second-born’s score. Let
u=EU~+V), v=EU-V), o =var(U), o3 =var(V).
Then in part(a) we have:

X = U +W ~ N(IU'7U%+O'§> = N(/.L,O’Q)

= U12+‘/12 ~ N(M, U%+O’§) = N(M? 02)
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minus
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= Us—Vis ~ N(v,0?2+03) = N(v, 0%

Yio = Uy —Voy ~ N(VMT%"‘U%) = N(v, 02)
so that (X7, ..., Xjs) is independent of (Y7,...,Y1s),

whereas in part (b) we have:

X1 = Ui +Vi ~ N(p,oi+03) = N(p, o?)

= Upp+Vig ~ N(M70%+U§) = N(MU?)
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= Ui -Vi ~ N(,ot+03) = N, 0%

Yig = Ulg—‘/lQ ~ N(V, U%‘FU%) = N(V, 0'2)
so that (X7i,..., X12) is not independent of (Y7,...,Y1s).

The solution to part (a) then procedes just as in the written answers distributed earlier. We
get a t-test with 22 degrees of freedom.



Then in part (b), just as before, we set W; = X; — Y;. Then
Wi=X,—Y;=2V,~ N(u—v, 403) = N(u— v, 7°)

(so T = 203). From there we procede as in the answers distributed earlier (except that
this time we won’t forget the missing “v/117), to get a confidence interval for 1 — v whose
endpoints are

- = S
X -Y+£1796—F—=
Vv12v/11
based on the t-distribution with 11 degrees of freedom.
§

In parts (¢) and (d) I wrote very hastily. The answer turns out to be that when the data are
paired then the length of the confidence interval varies greatly as the order of the scores of
one sibling gets permuted. Try it with these two data sets, in which the two second columns
are identical and the two first columns differ only in the order in which the numbers appear:

182 133
263 280
166 227
258 191
150 165
244 231
220 224
148 149
183 217
173 186
215 204
196 192
258 133
183 280
196 227
263 191
215 165
166 231
182 224
150 149
173 217
148 186
220 204
244 192



Potentially one gets a much shorter confidence interval when the pairing is taken into account,
and that can indeed be anticipated without considering technical details.



