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Abstract:

This paper addresses two related issues: the equilibrium pricing of default risk in foreign

exchange forward contracts and the optimal use of such contracts for hedging given that

the forward price reflects default risk. A model is developed where the motivation for

hedging is to avoid deadweight losses associated with bankruptcy. In this model, not all

firms that would hedge if forward contracts were default-free will be willing to hedge.

We show which firms should hedge and discuss the relationship between forward hedging

and hedging with tutures.
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Place, Regent's Park, London NWl 4SA, England
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discussions.





1. DMTRODUCnON

Forward exchange markets are used extensively for hedging foreign exchange risk, (Levi

and Zechner (1989)). The price quoted for forward exchange transactions includes a bid-

ask spread which varies with the maturity of the contract. This spread is, at least partly,

to compensate the bank offering the forward contract for default risk. Thus to fully

explain forward exchange pricing it is necessary to have a model of the pricing of forward

contract default risk.

Models of optimal hedging using forward exchange contracts such as Smith and Stulz

(1987) typically assume that the forward contract is either priced ignoring default risk,

or that the price is set exogenously to the particular hedging application for which it is

used. Neither assumption is particularly appealing. The former simply ignores the issue;

the latter raises complex questions of moral hazard and potential rationing since low

grade (high default risk) hedgers will, presumably, find a particular rate more appealing

than high grade hedgers.

The hedging behaviour of forward contracts can also be replicated by a variety of other

transactions. These include foreign exchange futures contracts, international

borrowing/lending transactions, and currency swaps. These transactions perform at least

two functions related to forward contracts. They provide the banks offering forward

contracts the means to hedge the resulting rate exposure. They also provide substitution

possibilities for the users of forward contracts.

A complete model of foreign exchange forward pricing and use must, therefore:

1. Explain the equilibrium pricing of default risk,

2. Derive optimal hedging strategies when forward prices are set to include

default risk.

3. Explain why forward contracts will be preferred to other hedging

instruments by some hedgers.

The purpose of this paper is to examine these three issues.

The paper is organised as follows. Section 2 states the basic assumptions used

throughout the paper. Section 3 derives distribution-free results. Section 4 examines the

default risk spread in the forward market, and its relationship to the spread in the debt

market. Section 5 gives a simple analytically tractable model to illustrate which firms will

hedge. Section 6 examines the impact of hedging with more realistic assumptions.

Section 7 contains the summary and conclusions.





Section 2: ASSUMPTIONS

We are concerned with a corporation that is attempting to hedge the economic exposure

arising from the fact that part of its value is correlated with the value of a foreign

currency. This could arise in many ways, including the ownership of foreign assets,

foreign currency sales or competitors based in the foreign currency area. The source of

the risk is not important, but the reason for hedging is important to us. We assume that

the corporation is hedging to raise its equity value by avoiding bankruptcy costs. This is

the simplest to model of the three reasons given by Smith and Stulz (1985) for corporate

hedging.^

The corporation with which we are concerned is similar to the corporation analysed by

Merton (1974). It has a collection of assets with current value V^ and zero coupon debt

of face value D maturing at a future date T The corporation will pay no dividends to

its equity holders prior to T. If, at T, the value of the assets, Vj, is below the promised

debt payment, D, then there is a deadweight loss of K as the corporation goes through

bankruptcy and the residual assets are claimed by the debtholders.'

The assumptions about the corporation prior to hedging are, therefore:

Al: The corporation has assets with current value V^ and random value at time

T of V-j..

A2: The corporation has a single zero coupon debt claim payable at T with

face value D.

A3: The corporation will pay no dividends and raise no new equity prior to T.

A4: In the event of default, there will be deadweight loss of K, and the

remaining value will be claimed by the debtholders.

With these assumptions, the payoffs to the debt and equity holders are given in Table 1,

and the values of the equity and debt are:

E„ = C(V-r,D) (1)

B„ = D/(1 + Rd) - P(Vt-,D) - KW(V^<D) (2)

where:

Ej, is the value of the equity

Bg is the value of the debt



Rq is the riskless total interest rate between time zero and time T

C(Vj,D) is the value of a European call option maturing at T with an

exercise price of D, exercisable into the asset V.

P(V-pD) is the value of a European put option maturing at T with an

exercise price of D, exercisable in the asset V.

W(Vy<D) is the value of a claim that pays at $1 time T conditional on

V^<D.

Table 1 approximately here

The motive for hedging in this case will be to reduce the expected cost of bankruptcy.

The hedging vehicle is a forward exchange contract on a face value of foreign currency

of an amount F. The contract exchange rate is Xp (dollars per unit of foreign currency).

At the maturity date of the contract, time T, if no default occurs the corporation will

receive a net amount equal to F(X-j-Xp) dollars, where Xj is the random spot rate for

this foreign currency at time T. This is summarised by the following assumptions:

A5: The corporation can costlessly enter a forward exchange agreement to pay

FXp and rereive FXj at time T.

A6: The supply of forward contracts is competitive

We will later make assumptions that ensure that V-j- is correlated negatively with Xj, so

that this transaction is a hedge which potentially reduces the probability of bankruptcy.

Finally, we assume perfect markets, no taxes and continuous price paths:

A7: Capital markets are perfect and competitive. Trading is continuous and

costless. There are no taxes. Asset values and exchange rates follow

diffusion processes.

This completes the basic assumptions of the model. We now proceed to analyse the

effect of default risk on the forward contract price and the optimal amount of hedging.

Secrion 3: PAYOFFS TO CLAIM HOLDERS AND HEDGING

There are two aspects of the forward contract settlement that will be important in

modelling default risk. One is whether the contract is treated as an exchange of gross



amounts or net amounts. The other is the priority structure of claims in default.

Throughout, we make the assumption:

A8: The bank granting the forward contract is riskless

We analyse three alternative settlement rules:

Assumption AG: Gross Settlement.

Settlement of the forward contract will occur by the "bank" paying the corporation the

amount FXj and then becoming a creditor for the amount FXp. The bank's claim is of

equal priority to the debt claim.

Assumption ANE:

Settlement of the forward contract will occur by the "bank" paying the corporation the

amount (FXj -FXp) if it is positive. If (FXj - FXp) is negative, the bank becomes a

creditor for this amount with priority equal to the debt holders.

Assumption ANJ: Net settlement, junior priority.

As assumption ANE except that the bank's claim is junior to the debt claim.

We now proceed to derive the distribution-free payoffs to the various claimants on the

company and then solve for equilibrium forward pricing.-'

Under the assumption AG, the sequence of events is shown in Table 2A. The payoffs

to the three claimants: debt, equity and the bank holding the forward contract are shown

in Table 2B. The debt claim has a payoff of D unless default occurs, in which case it

receives its share of the value of the firm's assets plus the payment of FXj minus the

deadweight loss. K. The forward claim always loses FX-p and then receives back FXp if

there are sufficient assets. If not, the forward claim receives back its share of the firm's

assets net of default costs. The equity simply receives any surplus once the debt and

forward claims have been settled. The aggregate of all claims is the value of the firm's

assets less any deadweight loss arising from bankruptcy.

The value of the claims are given by:

Bj = dD-[D/(D-FFXF)](P(VT.+ FX-i-,D + FXp) + KW(VT.+FXT<D + FXp)) (3)

H = -FXg -hdFXp-[FXp/(D+ FXp)](P(V-p+FXT-,D + I^<p) +KW(V^+FX-p<D + FXp)) (4)

El = C(Vt-^FXt-,D-hFXp) (5)

where:



d = 1/(1 + Rd) (6)

Bj is the value of the debt, given a forward contract of face value F

H is the value of the forward contract

Ej is the value of the equity given a forward contract of face value F

Xg is the value of a default free claim that pays Xj at time T

In addition, it is straightforward to see that:

B, +H+Ei = V„-KW(V^+FX-r<D+FXF) (7)

Thus the total value of all claims is equal to the value of the assets of the firm minus the

present value of expected bankruptcy costs.

Tables 3 and 4 show the payoffs to the claim holders under the alternative settlement

rules ANE and ANJ. Both of these rules involve net settlement, so that the bank pays

(FX-j- - FXp) if it is positive, and is a creditor for (FXp - FXy) if FX-p is less than FXp.

The rules differ from each other in that the bank's claim is subordinated to the debt

claim under rule ANJ, whereas it has equal priority under rule ANE.

The issue in hedging is whether the equity value, Ej, can be raised by initiating a forward

contract. It will turn out that the constraints imposed by the debt holders are crucial in

determining whether hedging is viable. We use two alternative assumptions about the

behaviour of debt holders:

A9: Debt holders price their debt assuming that no hedging will occur, but write

covenants to protect their claim against any fall in value as a result of "hedging"

A9: Debt holders price their debt claim including the effect of the optimal hedging

policy, and can costlessly bond and monitor the managers pursuing this policy.

The difference between these two assumptions is that the former excludes any hedging

behaviour that expropriates the debt holders' claim, but does allow hedging to affect the

wealth of debt holders. Thus the only impact of hedging on the wealth of the debt

holders that is possible under A9 is that debt holders are subsidised by hedging.

We now define a viable hedging strategy under A9:

Definition:

Under A9, a viable hedging strategy is a pair, (F, Xp), such that:



1. H = O (equilibrium in the forward market)

2. E, > Eg (hedging increases the equity value)

3. Bj ^ Bg (hedging does not expropriate debt holders)

Under A9 , a viable hedging strategy is one which reduces the expected loss from

bankruptcy. If debt holders price the debt to include the optimal hedging strategy,

raising the value of the equity will be equivalent to raising the total value of the firm,

which is equal, given the equilibrium condition that H=0, to:

E,+B, = Vo-KW(Vt+FXt-<D4-FXp) (8)

Thus, under A9 , a viable hedging strategy is a pair, (F,Xp), such that:

1. H =

2. E, + Bi>E„+B„

The sequence of analysis will be as follows. We shall first impose the competitive

condition, H=0, to determine the equilibrium forward contract price, Xp, corresponding

to a particular amount of hedging, F. We shall examine the behaviour of Xp as F varies.

We shall then derive the impact on the equity value of hedging with different levels of

F. Finally, we shall derive the amount of hedging that maximises the equity value, E.

Throughout, the values E, and B, and the contract rate, Xp, will be functions of the

amount of hedging, F. The impact of hedging will be to:

a) Reduce the probability of bankruptcy and the associated

expected deadweight loss.

b) Change the risk of the debt and its value.

Thus the total value (Bj +H+EJ will rise as the corporation hedges. The equilibrium

condition, H=0, means that (Bj + E,) will rise. Under A9, B, will itself possibly rise if the

debt becomes less risky, so that the net effect on the equity value will depend on whether

the gain from avoiding bankruptcy is greater or less than the wealth transfer to debt

holders.

This leads to the following proposition:

Proposition PI: For viable hedging, the risk-adjusted probability of bankruptcy must fall.'*

Proof: Under A9 and A9 viable hedging requires:



Bi + Ei>B,+E, (9)

Which implies:

W(V-r+FXT<D +FXp)<W(V^<D) (10)

Both claims W are spanned by the assets V and X, so that their values are proportional

to the risk-adjusted probabilities of default.

This completes the proof.

Proposition PI states that hedging will be viable only if it decreases the probability of

bankruptcy. The condition that debt is not expropriated is important in this regard. If

we did not impose this condition, "hedging" could increase equity values by simply taking

the form of speculation that increases the variance of (V-p + FX^) and hence the value

of the equity which is a call option on this variable. In this case, however, the "hedging"

would be simply a way of expropriating the wealth of debt holders. Note that this

sufficient condition for viable hedging is distribution-free. It applies to any distributional

forms of Vj and Xj that have continuous price paths.

Under A9 the following proposition obviously follows:

Proposition P2: With costless bonding and monitoring by the debt holders (A9 ), the

optimal hedging strategy is the one that minimises the risk-adjusted probability of

bankruptcy.

Proof: Obvious from the maximisation of (8)

In some cases, the bank granting the forward contract may own some of the existing debt

of the firm. Under A9, such banks will be willing to grant the forward contract at a

better price than banks not holding debt. The negative NPV of the forward contract will

be offset by a gain from the subsidy to the debt holding.

We define the minimum rate charged by a bank holding a proportion a of the firm's debt

by Xp(a), the solution to:

a(Bi-BJ +H = (11)

Where B^ and H are evaluated at FXp(a). We now prove:

Proposition P3: The forward rate offered, Xp(a), is non-increasing in a.

Proof: H is increasing in Xp; Bi>Bo; H=0 at Xp; so (11) is satisfied at Xp(a)<XF.

Corollary: The best forward rate will be offered by the bank holding the most debt.

Proposition P3 and its corollary demonstrate a common feature of forward markets.
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Forward contracts are typically granted by banks that already have a relationship with the

hedger. In this model that is because the forward market is an imperfect instrument.

It hedges the firm, in the sense of decreasing the probability of default but, as a direct

consequence of this, it also subsidises the existing debt holdings.

Note that the phenomenon here is what is commonly known as "relationship banking",

whereby certain contracts are offered more competitively by those banks having a pre-

existing relationship with the firm, in the sense that they already own claims on the firm.

The motivation for relationship banking in this case is that the granting of the forward

contract inevitably increases the value of the existing debt claim. One can imagine many
situations of this type where the best rate will be offered on a new contract by a bank

holding a security that will be subsidised by the granting of the new contract.

It is, perhaps, worth pointing out what type of contract would not have this effect. Such

a contract would have to reduce the probability of default without subsidising the existing

debt holders. It is hard to see exactlv what such a contract could look like.

SECTION 4: Default risk spreads in the forward market

Under AG, the relationship between the default spreads on the debt and on the forward

contract is very simple. We define:

Sd = In (dD/Bi)/T (12)

sp = In (Xp/Mx))Ar (13)

where M^ is the equilibrium default-free forward rate, s^ is the continuous annual rate

spread for default risk on the debt after the forward conract is undertaken, and Sp is the

equivalent for the forward contract.^ We now demonstrate:

Proposition P4: Under AG, the equilibrium forward rate, including the possibility of

default, is set by adding the equivalent of the debt market default spread to the riskless

forward quote:

Sp = Sd (14)

Proof:

H = -FX„+dFXp-(FXp/D)(B,-dD) (15)

In Equilibrium:

H = and X„ = dM^ (16),(17)



So:

(cIFXf-FXJ/FXf = (B,-dD)/D (18)

(Xf-Mx)/Xp = (Bi-dD)/dD (19)

Xp/Mx = dD/Bj (20)

This completes the proof.

Note that the forward spread is equal to the debt spread after the forward contract is

undertaken. If the forward contract subsidises the debt, the forward spread will be less

than the debt spread prior to hedging. This result is not surprising, as the payoffs to the

bank holding the forward contract are identical to those resulting from a transaction

where it borrows debt of a face value FX-j- and lends debt of face value FXp to the

hedging firm.

With net settlement (rules ANE and ANJ) spreads in the forward market will, in general,

be different to spreads in the debt market. In the case settlement rule ANE, the

direction of the difference is unambiguous:

Proposition P5: Under ANE, the forward spread will be less than the debt market

spread after hedging.

Proof: Comparison of the payoffs to the forward contract in Tables 2 and 3 shows that

the payoff to the bank under ANE is always at least as great as that under AG, and is

greater in some states. H is increasing in Xp, so the forward rate under ANE is less than

that under AG.

This completes the proof.

This proposition results from the fact that net settlement (ANE) is more favourable to

the bank than gross settlement, as the exposure to default is limited to the net difference

between FX^- and FXp, rather than the gross amoiunt FXp.

Under ANJ there are two differences to AG. One is net settlement which will make the

spread lower. The second is the juniority of the forward claim, which will make the

spread higher. Neither of these effects will, in general, dominate, so we cannot say

whether the forward spread under ANJ will be greater or less than the debt spread.

Section 5: NORMALLY DISTRmUTED PAYOFFS

The most commonly used assumptions for the distributed form of V-j- and Xj are that

they are lognormal. Analysis with this assumption is possible only numerically, and is

given in Section 6, To illustrate the general nature of the results, we first make the more

•-ractable assumption that Xj and V^ are jointly normal (ie. X, and V, perform



arithmetic Brownian motion;.

AlO: V^.- N(Mv,Sv) (21)

All: Xj~ N(Mx, Sx) (22)

A12: Corr (X-r,VT) = r (23)

Combined with the continuous trading assumption, this assumption allows us to price any

claim contingent on only V and X as if the world is risk-neutral (Cox, Ross and

Rubinstein(1979)).

Thus we can set:

dMv=V„ (24)

dMx = X„ (25)

We value all claims by taking expected payoffs and multiplying by d. Solving for H in

this way and imposing the equilibrium condition, H=0, gives (under AG):

-FMx + FXp - [FXp/(D + FXp)][(D + FXp+K- Mv-FMx)N,+SzNf] (26)

Where:

N, = N[(D + FXf- Mv-FMx)/Sz] (27)

Ni= N'[(D+FXp- Mv-FMx) /S^] (28)

N(.) is the standard normal distribution function

N (.) is the standard normal density function

Z^ = V^+FXt (29)

M^ = My +FMx is the mean of Zq- (30)

S^ - (Sy + F^ Sx + 2 FSy Sx)''' is the standard deviation of Z^- (31)

Evaluation of E^ and Bj gives:

Ei/d = (Mv+FMx-D-FXp) (l-N^+S^Nj (32)

Bi/d = D-[D/(D+FXp)][(D + FXp+K-Mv-FMx) Ni+ S^NJ (33)

10



Summing the values gives:

Bj +H+E, = V„-dKNi (34)

Expressions (32) and (34) hold regardless of the settlement rule, and the following two

propositions hold for all rules.

Proposition P6 demonstrates, under the normality assumption, that no firms will find

hedging viable.

Proposition P6: There are no viable hedges without bonding if the bank granting the

forward contract owns no debt of the hedging firm.

Proof: Appendix

Proposition P6 demonstrates, under relatively weak assumptions, that hedging will not be

viable using forward contracts if the bank granting the forward contract does not own
any of the debt of the hedging company and the hedging company cannot bond itself to

hedge. The reason, given our assumptions, is fairly straightforward. As demonstrated

by Proposition PI, hedging must reduce the probability of bankruptcy to be viable, in the

sense that it does not expropriate debt holders. If hedging reduces the probability of

bankruptcy it will subsidise debt holders and increase the combined value of debt and

equity. It is not possible, however, for the increase in the total value of the firm to

exceed the subsidy to debt holders, so viable hedging is impossible.

Figures 1 and 2 approximately here

Figures 1 and 2 show numerical illustrations of this effect. The firm involved has assets

with current value of 100 and volatility of 40% per annum. It is hedging a currency with

a volatility of 15% per annum and the maturity of the debt and forward contract are

both five years. The deadweight loss parameter, K, is 5, and the face value of the debt

is 50. Figure 1 shows the total expected value at the maturity date of the combined debt

and equity claims for correlations, r, of -1, 0, 1. For a correlation of -1 between V and

X, the value of the firm rises as it hedges because the total variance of the hedged firm

falls as a result of hedging. The equity value of this firm, shown in Figure 2, falls,

however. The reduction in the variability of the hedged asset makes the call option

feature of the equity less valuable, so that the increase in the firm value benefits only the

debtholders. In the case where the correlation is +1, the call option feature of the

equity is made more valuable by "hedging" but the value of the equity falls because the

total value of the firm is falling faster than the increase in equity value as a result of its

option characteristic.
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Given that the bank holding some of the existing debt of the firm will offer a better

forward rate, it might seem that there is a viable hedging strategy if a bank owns enough
debt. This is certamly the case, but it is still a situation which is unlikely to be seen, as

a result of the following proposition:

Proposition P7: Even when banks hold some of the existing debt, there will be no viable

hedging at a positive spread in the forward market if there is no bonding.

Proof: Appendix

We now turn to the conditions under which there will be viable hedging at a positive

spread. These are:

1. Debt is priced at the time of issue to reflect an "optimal" hedging policy and the

monitoring and enforcement of this policy is costless.

2. Equity holders or their agents, the managers, derive utility from a reduction in the

variance of the firms asses, independent of an impact on the share price.

When the holders of the debt of the firm can costlessly bond the firm to pursue a

particular hedging strategy and costlessy monitor this contract, they will be willing to

price the debt to include the impact of the hedging strategy. Thus the problem becomes
one of choosing the hedging strategy, F, to maximise the value of equity given that the

debt is priced to have zero NPV including the impact of hedging. Since the forward

contract, by assumption, has zero NPV, maximising the equity value is equivalent to

maximising:

B,+H+Ei =-• V„-dKN, (35)

Note that now hedging may be viable at a positive spread, because the forward contract

rate will be set by equation (16) rather than equation (11). In the case where the bank
granting the forward contract holds some of the debt, hedging is made viable by offering

a more advantageous forward rate, as reflected in (11), which leads ultimately to a

negative spread for viable hedging. In this case, the forward spread is positive because

of the chance of forward contract default, but hedging is made viable because the

holders of debt are willing to pay a price that reflects the value of hedging.

Firms are trying to maximise (35) in this case, so they will be willing to hedge if they can

find a value of F for which the probability of default with hedging, N,, is less than the

probability of default without hedging, N^. We now generate a sufficient condition for

firms to be willing to hedge, under AG:

Proposition P8: Under AG, a sufficient condition for some hedging is that:

r < -[(Xf-Mx)Sv]/[Sx(Mv-D)] . (36)

Where Xp is evaluated at F=0

12



Proof:

The firm will be willing to undertake a forward contract of face value dF if:

dN,/dF<0 evaluated at F=0

Ni is monotonic in [(D + FXp-FMx-MyVS^]

d[(D+FXp-FMx-Mv)/Sz]/dF=

(Xf-Mx+FXf)/Sz - (FSx+rSvSx)(D + FXp-FMx-Mv)/Sz (37)

Evaluating (37) at F=0, the sufficient condition for hedging becomes:

(Xf-Mx)/Sv - rSvSx(D-Mv)/Sv^ < (58)

Rearranging gives (36).

The importance of proposition P8 is made clear from the following corollary:

Corollary:

Other things being equal, firms will be more likely to hedge if:

a) They can find a contract with high correlation (large Irl
)

b) (Xp-Mx) is small

c) Sy is small

d) Sx is large

e) (My-D) is large

Note that (b), (c) and (e) imply that default risk is low, (a) implies that the hedging

instrument is higlily correlated with the firm's assets, and (d) implies that the hedging

instrument gives a lot of hedging per dollar of face value. In addition, (b) could be

caused by a settlement or priority rule that reduces the forward contract default risk.

Thus the firms that we would expect to see hedging in the forward markets are those

with assets highly correlated to the available forward instruments, and low default risk.

Other firms may wish to hedge, but the terms on which they can hedge (Xp-Mx) ^° ^°^

allow them to do so with positive value to their equity holders. Not all firms hedge even

with bonding because the spread (Xp-Mx) ^^^ increase the probability of bankruptcy

even if Var(Z) is falling.

These other low quality firms may, presumably, hedge using other instruments such as

futures. For a properly margined futures contract there will be no default risk, so that

(35) becomes:

13



r'<0 (39)

where:

1l is the correlation between the futures price and V.

Note that Ir'l will, in general, be lower than Irl for two reasons. First, futures

contracts have basis risk. Second, futures contracts are written on a smaller range of
currencies than forward contracts. Thus, even if there is a forward contract for which

r<0 there may not be a futures contracts for which r'<0 . Note also that, although

(39) appears a less stringent condition than (35), it does not mean that high quality

hedgers should use the futures market rather than the forward market, since we would

normally expect that lr'l<lrl .

We now examine the optimal level of hedging and compare it with a commonly
proposed hedging strategy, that of minimising the variance of the firm's assets including
the hedge. The optimal hedge amount, if it exists, satisfies:

dN,/dF =
(40)

Which implies:

dA/dP =
(41)

Where:

A = (D+FXp-FMx-Mv)/S, (42)

Differentiating gives:

(dA/dP) = [XF-Mx+P(dXp/dP)]/Sz - (A/Sz)dSz/dP (43)

The condition for minimum variance is:

dS^/dP = (44)

The equilibrium condition is:

14



(dH/dF) = [Xp-Mx+FCdXp/dF)]

-[D(Xp+F(dXF/dF))(FXF-FMx)]/[FXF(D+FXF)]

-FXF[Ni(XF-Mx+F(dXp/dF))]= (45)

which implies:

Sign(XF-Mx-F(dXF/dF))

=Sign(l-D(FXF-FMx)/[FXF(D+FXF)]-FXFNi/(D + FXF)) (46)

At the minimum variance value of F, from (43) and (44):

dA/dF = XF-Mx-F(dXF/dF) (47)

Combining (46) and (47); at the minimum variance value of F:

Sign(dNi/dF) = Sign((FXF)^(l-Ni) + DFMx)>0 (48)

Thus the minimum variance hedge ratio results in an increasing value of Nj. If there is

a value of F that gives a minimum for Nj, it must be below the minimum variance value

of F. This proves the following proposition:

Proposition P9: The optimal amount of hedging under AG is less than the minimum
variance hedge ratio.

The main reason for proposition P9 is that the forward rate, Xp, is not equal to the

riskJess forward rate, Mx- When the firm hedges, it promises to pay a spread, (Xp-Mx).

This spread becomes a liability of the firm, and affects the bankruptcy probability. As
the amount of hedging, F, rises and decreases the varaince of Z. the spread is offsetting

part of the effect of the falling variance on the default probability. Thus the optimal

level of hedging occurs where dZ/dF<0.

SECTION 6: Lognormal payoffs

In section 5 we analysed the behaviour of the model with a normally distributed firm

value and exchange rate. Such an assumption leads to a finite probability of negative

values for these variables and is, therefore, unappealing. In this section we investigate

whether the general results derived with normal distributions hold with the more realistic

assumption of lognromal distributions.

Tables 3 - 17 approximately here
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To do so we numerically integrate the payoff functions given in Tables 2-4, using the

trapezoidal quadrature given in Press, Flannery, Tenkolsky and Vetterling (1986).

Tables 3-14 shows the resulting values of debt, equity, firm value and the contract rate,

Xp, for representative parameter values and varying levels of hedging, F.

In all cases, for the parameter values we have investigated, the results derived with

normal distributions remain true with the more realistic lognormal assumption. In

particular, there is still, given the other parameter values, a minimum absolute

correlation, H, that is necessary to generate some hedging. The size of the necessary

correlation varies with the settlement rule and is 0.43, 0.23 and 0.16 for rules AG, ANJ

and ANE respectively. Thus for all rules a significantly positive correlation between the

assets of the firm and the hedging instrument is necessary to generate hedging.

In Figures 3 -6 the gross settlement rule, AG, is examined under the assumption that the

firm value and the exchange rate follow lognormal processes. In Figure 3, the firm value

increases as a result of hedging if the currency has a negative correlation with the asset

value. Figures 4 and 5 show the effects of this upon equity and debtholders. In Figure

4, the equity value is decreasing as the firm hedges with the currency that has a negative

correlation with the firms asset value. The reason for this can be seen in Figure 5.

Hedging in this case rapidly raises the value of the debt to its riskless level. This debt

subsidy exceeds the value increase from avoiding bankruptcy, and the equity is made less

valuable as a result of hedging.

Figures 7 - 10 and Figures 11-14 show that these effects hold under the alternative

settlement rules, ANE and ANJ respectively. Thus the difficulty of generating viable

hedging without costless bonding does not appear to be peculiar to the assumption of a

particular settlement rule.

Figures 15-17 show the level of the forward rate spread, in basis points per annum.
Figure 15 is the case where the hedging is reducing the risk of default, and gives a

spread of a few basis points per annum for levels of hedging that minimise the

probability of default. Figure 17, however, represents the case where the "hedging" is in

fact speculation, and gives spreads that are higher by an order of magnitude. In the

latter case, it can also be seen that the rule used to settle the claim is very important

when the default risk is large.

SECllON 7: Summary and Conclusions

We have developed a model of hedging when forward contracts are subject to default

risk. We have shown how the forward contract rate and the values of debt and equity

vary with the amount of hedging. We have identified the characteristics of firms the will

find it profitable to hedge, and shown how the optimal size of the hedge relates to the

minimum variance hedge.

We discover that the ability of debt holders to bond the hedging behaviour of the firm

is crucial to the amount of hedging undertaken. Without bonding, some firms will not

be able to use forward contracts to hedge in a way that satisfies both bondholders and
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shareholders. In particular, low grade firms may suffer from this problem and be forced

to use alternative hedging instruments, such as futures. The model we use is limited in

that the benefit of hedging is to avoid a pure bankruptcy cost rather than some more

general cost of financial distress. Most of the results obtain, however, with a more

general specification of distress costs.

The paper has two important empirical implications. It predicts a relationship between

bid/ask spreads in forward markets and bid/ask spreads in debt markets. This

relationship depends upon settlement and priority rules and fundamental characteristics

of hedging firms such as their asset volatilities. An important feature of the model, from

a empirical point of view, is that it relates the forward spread to the net asset volatility

of the hedging firm including the impact of the hedge on volatility. It is this volatility

that is potentially observable through the share price of the firm, and not the gross

volatility of the assets excluding the impact of hedging.

The second empirical implication of the paper is that the model predicts which firms will

use the forward markets to hedge and which will not. In particular, high quality, low

leverage firms with values closely correlated with the hedging instrument will use the

forward markets. Other firms will, presumably, either not hedge or use some other

instrument.
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Appendix : Proof that there is no viable hedging strategy when the bank selling the

forward contract holds no debt.

From proposition 2: for viable hedging:

P,(V^<D)>P,(Vt+FXt<D + FXp) (Al.l)

where:

Pr(V^<D) is the risk-adjusted probability that V-j.<D

Thus viable hedging must result in a decreased probability of bankruptcy.

This result is independent of the distributional assumptions about Vj and Xj. We now
impose the normality assumption. Al.l is equivalent, under this assumption, to:

(A1.2)

(A1.3)

(A1.4)



C(Vt,D + FXp-FMx)<C(Vt,D) (A1.9)

Which contradicts A1.7, so viable hedging is not possible at a positive spread.

This proves P7. P6 follows from the fact that the spread will be positive if the bank

granting the forward contract holds no debt.
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Footnotes

1, We restrict our attention to hedging currency risk using forward contracts

so that we can use no-arbitrage pricing to evaluate the contingent claims

arising in the hedging. Those results of the paper that do not rely upon
continuous trading of the instrument underlying the forward contract

would also, presumably, apply to hedging other exposures using forward

contracts. All the results of the paper could also be extended to apply to

hedging interest rate risk using FRA's and swaps if the model were

extended to include stochastic interest rates.

2. Although we analyse a pure bankruptcy cost, where the deadweight loss is

incurred only if the firm goes bankrupt, the first nine positions, PI to P9,

hold true also if there are more general financial distress costs. Thus if

the firm suffers a fixed deadweight loss, K, when its assets value falls

below some multiple of the fixed claims on the firm, propositions PI to P9
still obtain.

3. If the forward contract is senior to the debt, or matures prior to the debt

with no debt covenant to protect the bondholders' claim from dilution, the

spread on the forward contract will be reduced, and the other results of

the paper will be affected. We leave this case for later analysis.

4. The fact that the hedge must reduce the risk-adjusted probability of

bankruptcy does not mean that it must reduce the actual probability of

bankruptcy. Whether it does will depend upon the prices of risk of the

asset, V, and the currency, X.

5. In this case, we are measuring the forward rate spread from the difference

between tht offer side of the forward market and the mid-market interest

rate parity rate. If we wished to get the bid/offer spread we would analyse

the transaction where the firm pays FXj and receives FXp in the forward

market, solve for the equilibrium rate and this would give us the bid

quote.
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Table 1: No Hedging. Payoffis at Time T to Debt and Equity

State Debt Equity

V-r<D Vt-K

Vt>D D Vt-D
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Table 2: Event Sequence and Payoffs: Gross Settlement (Assumption AG)

2A: Event Sequence

Time

K

Event Forward

contract

initiated

a) Bank pays FXj
b)IfVT+FX-r<D + FXFassets shrink by

c) Claims settled

2B: Payoffs



Table 3: Payoffs: Net settlement. Equal Priority (Assumption ANE)

State

1

2

3

4

State

1

2

3

4

State

1

2

3

4

Debt Payoff

D
Vt+FXx-FXf-K
D
[D/(D+FXf-FXt-)](Vt-K)

Forward Payoff

-FXt+FXf
-FX-r+FXp

-FXt+FXf
[(FXF-FXT-)/(D+FXF-FXx)](V-r-K)

Equity Payoff

V^+FX-p-D-FXf
o
Vt-+FXt-D-FXf
o

State Definitions:

State 1

State 2

State 3

State 4

FX-i->FXf and Vt+FXx>D+FXf
FX-r>FXF and Vt+FXx<D+FXf
FXx<FXf and Vt-+FXx>D4-FXf
FXx<FXf and VT+FX-r<D + FXF
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Table 4: Payoffis: Net Settlement, Forward Contract Junior (Assumption ANJ)

State Debt Payoff

1 D
2 Vt+FX-t-FXp-K
3 D
4 D
5 V-j-K

State Forward Payoff

1 -FX-r+FXp
2 -FXt+FXp
3 -FX^+FXp
4 V-p-D-K

5 O

State Equity Payoff

1 Vt+FXt--D-FXp
2 O
3 Vt+FXx-D-FXp
4 O
5 O

State Definitions:

State 1: FXt>FXp and Vt+FX-i->D+FXp
State 2: FXt>FXp and Vt.+FXt-<D+FXp
State 3: FX-r<FXp and Vt+FXt->D+FXf
State 4: FXt-<FXp and Vt+FXt-<D+FXp and Vt>D +K
State 5: FXt<FXp and V^+FXt-<D + FXp and Vt<D + K
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