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Abstract

This thesis primarily consists of results which can be used to simplify the computation
of the equivariant cohomology of a GKM space. In particular we investigate the role
that equivariant maps play in the computation of these cohomology rings.

In the first part of the thesis, we describe some implications of the existence of
an equivariant map m between an equivariantly formal T'—manifold M and a GKM
space M. In particular we generalize the Chang-Skjelbred Theorem to this setting
and derive some of its consequences. Then we consider the abstract setting of GKM
graphs and define a category of objects which we refer to as GKM fiber bundles. For
this class of bundles we prove a graph theoretical version of the Serre-Leray theorem.
As an example, we study the projection maps from complete flag varieties to partial
flag varieties from this combinatorial perspective.

In the second part of the thesis we focus on GKM manifolds M which are also
T—Hamiltonian manifolds. For these spaces, Guillemin and Zara (|GZ]), and Goldin
and Tolman ([GT]), introduced a special basis for Hy(M), associated to a particular
choice of a generic component ¢ of the moment map, the elements of this basis being
called canonical classes. Since, for Hamiltonian T" spaces, Hy(M) can be viewed as
a subring of the equivariant cohomology ring of the fixed point set, it is important
to be able to compute the restriction of the elements of this basis to the fixed point
set, and we investigate how one can use the existence of an equivariant map to sim-
plify this computation. We also derive conditions under which the formulas we get
are integral. Using the above results, we are able to prove, inter alia, positive inte-
gral formulas for the equivariant Schubert classes on a complete flag variety of type
A, By, C,, and D,,. (These formulas are new, except in type A,). More generally, we
obtain positive integral formulas for the equivariant Schubert classes using fibrations
of the complete flag variety over partial flag varieties, and when this fibration is a
CP!—bundle one gets from these formulas the calculus of divided difference operators.

[GT] Goldin, R. F. and Tolman, S., Towards generalizing Schubert calculus in the

symplectic category, preprint.
|GZ] Guillemin V. and Zara C., Combinatorial formulas for products of Thom classes.
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Chapter 1

Introduction

1.1 Equivariant cohomology

Let G be a compact Lie group, and M a topological space on which GG has a continuous
action. Let EG be a contractible space on which G is acting freely, BG = EG/G the
classifying space for G, and EG — BG the classifying bundle. Since the G action on
EG is free, the diagonal action on M x EG is free as well.

By the Borel construction, the G' equivariant cohomology H.(M) of M is defined to
be the ordinary cohomology of the orbit space (M x EG)/G, i.e.

HE(M) = H (M x EG)/G).

In particular, when G acts freely on M, it is easy to check from this definition that

the equivariant cohomology of M coincides with the ordinary cohomology of M/G.

Observe that the equivariant cohomology of a point is particularly rich, since it

coincides with the ordinary cohomology of the classifying space BG
Hl(pt) = H*(EG/G) = H*(BG).

For example, when G is a circle S, then ES! is the unit sphere inside C*, which we

13



denote by S>; as a consequence BS? coincides with CP>, and

Hg (pt;C) = H*(CP>;C) = C[z] ,

where z is an element of degree 2, and can be thought as the curvature of the principal

S'—bundle S* — CP>. If G is a torus T = (S')?, then BT = (CP>)? and

Hi(pt;C) = Clxy, ..., x4 .

One can also think of C[zy, ..., x4 as the symmetric algebra S(t*) on t* = (Lie(T))*,
where {z1,...,z4} denotes a basis of t*.

The unique map m : M — pt induces a map in equivariant cohomology 7* :
HE(pt) — HE(M) which gives HY (M) the structure of a H (pt)—module. In this
thesis we will be particularly interested in spaces for which the equivariant cohomology
ring is a free H(pt)—module.

The equivariant cohomology ring also recovers information about the ordinary
cohomology ring. In fact, from the inclusion {e} < G, where e denotes the identity

element, one has a canonical restriction map

r:HL(M)— H*(M) .

In the next sections of this chapter we will exhibit categories of spaces for which the

map 7 is surjective, and the equivariant cohomology H (M) is a free H(pt)—module.

From now on we will restrict our attention to the case in which G is a d—dimensional

torus 71'.

If M is a manifold endowed with a smooth action p : T'x M — M, there is another
interesting description of the equivariant cohomology of M due to Cartan ([7]), called
the Cartan model for the equivariant cohomology of M.

Let {1, ...,&} be a basis of the Lie algebra t = Lie(T), and let {x1,...,x4} denote

14



the dual basis in t*. For every element £ in t, consider the vector field £# generated
by &, i.e.
d
§*(p) = —li=o(eap(t€) - p)

If Q*(M) denotes the ring of differential forms on M, every vector ¢ in t induces two

derivations on Q*(M), the Lie derivative

Le = Le# - QO (M) — (M) ,
and the interior product

e = tew : U(M) — QU H(M) .

Let (Q(M),d) denote the complex of de Rham differential forms, and (Q(M)T,d)
the subcomplex of (Q(M),d) composed by the differential forms which are invariant
under the Lie derivative of vector fields generated by the T" action. Then the Cartan
complex (Qr(M),dr) is defined to be

Qr(M) = QM)T @ S(t)

with differential .

dr(a® f)=da® f+ ja®af

j=1
where ¢; denotes ;.

This complex can be regarded as a double complex

QM) = QTP (M) ® S7()

with (anti)commuting differentials d = d ® 1 and § = ijl tja ® x;. Hence the

additive structure of H;.(M) can be computed using the spectral sequence associated
to this double complex (for further details, see [16], [6]).

Another way of computing the equivariant cohomology of M is by using the Leray-

15



Serre spectral sequence associated to the fibration

M < (M xET)/T

I (1.1)
BT

which is the topological analogue of the spectral sequence associated to the Cartan

double complex.

1.1.1 Equivariant formality

The FE; term of the spectral sequence associated to the Cartan complex, thought as
a double complex, is given by

H(M) ®S(t) .

More precisely E = HTP(M) ® SP(t*).
When this spectral sequence collapses at the E; stage, we will say that M is

equivariantly formal. So as vector spaces, as well as S(t*)—modules, we have

Hp(M) ~ H(M) ® S(t").

Observe that in general this is not an isomorphism of rings. But since it is an iso-
morphism of S(t*)—modules, and since the term on the right hand side is a free
S(t*)—module, this implies that whenever M is equivariantly formal Hr(M) is a free
S(t*)—module.

There are a number of inequivalent conditions that imply equivariant formality.
For example Goresky, Kottwitz and MacPherson analyse this property in greater

generality in [12]; one of their results can be stated as follows

Theorem 1.1.1. If the ordinary homology groups of M are generated by classes which

can be represented by T —invariant cycles, then M is equivariantly formal.

Another characterization of equivariant formality can be given in terms of the

canonical restriction map r from the equivariant cohomology ring to the ordinary

16



cohomology ring of M.

Theorem 1.1.2. M is equivariantly formal if and only if the canonical restriction
map

r: Hp(M) — H(M)

18 surjective.

Observe that if K is a closed subgroup of T" and M is T—equivariantly formal,
then by Theorem 1.1.2 M is K—equivariantly formal as well, since the restriction
map r : Hr(M) — H(M) factors through Hy(M).

When M is a symplectic manifold with symplectic form w, Kirwan ([19]) and
independently Ginzburg ([10]) proved the following

Theorem 1.1.3. M 1is equivariantly formal if it is compact and it admits an equiv-

ariantly closed extension of the symplectic form w.

1.2 Localization in equivariant cohomology

Let M be a compact manifold acted on by a torus 7', and let M7 be the fixed point
set of the T'—action. In this section we will review theorems that explore how much
information about the equivariant cohomology ring of M can be recovered from the
fixed point set data. In particular we will first recall a theorem of Borel ([5]) and
Hsiang ([17]) that studies the kernel of the restriction map Hp(M) — Hp(M7T) (in
the exposition we will follow [16]). Then we will recall a theorem which is due to
Atiyah and Bott ([2]), and Berline and Vergne ([3]), which gives an explicit expres-

sion for the push-forward map in equivariant cohomology m, : Hj(M) — Hiy(pt).

Let’s recall that if A is a finitely generated S(t*)—module, the annihilator ideal of
A is given by
Ly ={feS(t), fA=0},

17



and the support of A is the algebraic variety in t ® C associated to [4, i.e.
suppA={z €t®C, f(x)=0forall f € 4} .

From the definition, it is easy to see that if A is a free S(t*)—module then suppA =
t® C; moreover A is a torsion module if and only if suppA is a proper subset of t& C.

Observe that since M is compact, there are only a finite number of subgroups K
of T' occurring as isotropy groups of points of M; let € denote Lie(K), and Hr(+). the

equivariant cohomology with compact supports. Then we have the following

Theorem 1.2.1. Let M be a compact manifold acted on by a torus T, and let X be a
closed invariant T—submanifold. Then the S(t*)—modules Hr(M\X) and Hy(M\X).

have supports contained in the set

Jeec (1.2)
K
where the union is over all the subgroups K which occur as isotropy groups of points
of M\ X.
An important consequence of this theorem is the following

Theorem 1.2.2. Let M be a compact manifold acted on by a torus T, X a closed
inwvariant T'—submanifold, and ix : X — M the inclusion. Then the kernel and
cokernel of the map

are supported in the set (1.2).

Let’s restrict to the case in which X = M7T. First of all observe that
Hp(M") = H(M™) @ S(t) ,

hence Hr(MT) is a free S(t*)—module. Combining this fact with Theorem 1.2.2 we

obtain the abstract localization theorem

18



Theorem 1.2.3. Leti: MT — M denote the inclusion of the T—fized point set into
M. Then the kernel of the map

i* . Hp(M) — Hp(M7T) (1.3)

is the module of torsion elements in Hp(M).

We recall that if M is equivariantly formal then Hp(M) is a free S(t*)—module.

So one of the important consequences of equivariant formality is the following

Theorem 1.2.4. Leti: MT — M denote the inclusion of the T—fized point set into

M, and suppose that M s equivariantly formal. Then the restriction map
i* . Hp(M) — Hp(MT) (1.4)

18 injective.

This allows one to regard Hp(M) as a subring of Hp(M7T), which is a much easier
object to study. In particular, when M7 is discrete, Hp(M7T) is simply the ring of
maps from the fixed point set to S(t*), Maps(MT, S(t*)).

Suppose now that M is oriented and T acts on M preserving the orientation.
Observe that the fibration 7 : (M x ET)/T — BT gives rise to a push-forward map
in equivariant cohomology, 7, : Hr(M) — Hp(pt) = S(t*), which can be thought as
the integration along the fiber of 7.

In the Cartan complex (Q(M)T ® S(t*), dr), there is a natural integration opera-
tion on the equivariant forms in Q(M)T @ S(t*).

More precisely /
M

ariant cohomology

ax f=7f / «. This produces an integration operation in equiv-
M

/M : Hy(M) — S(¢)

which coincides with the push-forward map m, mentioned before.
Let F denote a connected component of the fixed point set M7*, ip : ' — M the

inclusion map and e(vp) the equivariant Euler class of the normal bundle vg of F.

19



The next theorem gives an explicit expression for the map 7, in terms of the fixed

point set data.

Theorem 1.2.5. (Localization formula).

For any o € H}.(M) )
ﬁ*(a):/Moz: 3 /Fel(f;j) (1.5)

FCMT
the sum being over all the connected components F of MT.

This theorem is due to Atiyah and Bott ([2]) and Berline and Vergne ([3]), and
we will refer to it as the ABBV Localization theorem.

Observe that when F' is just a point {p}, then e(vy,;) coincides with the product
of the weights ay p, ..., an, of the isotropy representation of 7' on T,(M). Hence if

M7 is discrete the Localization formula is particularly easy, and it is given by

fo= Z e

peMT

(1.6)
I, azp
where a(p) denotes if,,(a). Observe that this identity is a formal identity in which
the left hand side is an element of S(t*), whereas the right hand side is a sum of

elements of the ring
8¢9 = {§. g eS(t),h € S(6)\ {0} |

1.2.1 The Chang-Skjelbred Theorem

Suppose that M is a T equivariantly formal compact manifold, hence Hr(M) is a
free S(t*)—module. As we observed before, this implies that the restriction map
i* : Hp(M) — Hp(M7) is an injection. The theorem we are going to recall in this
section, due to Chang and Skjelbred ([8]), describes precisely what the image of i* is.

Let H be a subgroup of T" of codimension one which occurs as an isotropy group.

Observe that the inclusion i : M7 «— M factors through the inclusion iy : MT —

20



MH
This induces the following maps in equivariant cohomology

Hr(M) - HpM7T)

N A
Hr(M™)

So it is clear that i*(Hr(M)) C ﬂi*H(HT(MH)), the intersection being over all the

H
codimension one subtori H of T" which occur as isotropy groups. The Chang-Skjelbred

Theorem asserts that the converse is also true, i.e.

Theorem 1.2.6. The image of i* is given by

(Yin(Ho(M™)) (17)

H

where the intersection is taken over all the codimension one subtori H of T which

occur as 1Sotropy groups.

1.3 Hamiltonian actions

Let (M,w) be a symplectic manifold, i.e. a manifold endowed with a closed non
degenerate two form w, with a (smooth) action of a torus 7.

Then the action is said to be Hamiltonian if there exists a T'—invariant map
Vi M—t

which satisfies

erw = —dyt  forall £ € t,

21



where £% is the vector field generated by & and 1% is the (T'—invariant) function on
M given by ¢%(p) = (¢(p), £). When (M, w) is a Hamiltonian manifold with moment
map 1, we will refer to it as the triple (M, w, ).

Observe that every Hamiltonian manifold (M, w, 1)) is naturally endowed with an

equivariantly closed two form

w1 € Q2(M),

since the conditions that characterize the moment map are equivalent to saying that

w + 1 is in Q%(M) and is dr—closed.

Conversely, if (M,w) is a symplectic manifold with a smooth T'—action, then this

action is Hamiltonian if w can be extended to be a dr—closed two form in Qp(M).
A beautiful result about Hamiltonian manifolds concerns the geometry of the

image of 1, and is due to Guillemin and Sternberg ([16]), and independently Atiyah

([1)-

Theorem 1.3.1. (Atiyah, Guillemin-Sternberg) Let (M,w,) be a symplectic
manifold with a Hamiltonian action of a torus T. Then the image of the moment

map (M) is a convex polytope. More precisely it is the convex hull of the image of
the fized points of the T—action, (M7).

The existence of a Hamiltonian action on a symplectic manifold has many impor-

tant consequences.
For example the components /¢ of the moment map are (T—invariant) perfect Morse-
Bott functions, where the critical points are precisely the fixed points of the T'—action.
Hence one can use Morse theory to understand the (equivariant) topological invariants
of M.

This approach was used by Kirwan ([19]) to prove that every compact symplectic
manifold with a Hamiltonian action is equivariantly formal (cfr. Theorem 1.1.3).
As a consequence of equivariant formality, if M7 denotes the fixed point set of the
T—action, and i : M7 — M the inclusion, Kirwan’s injectivity theorem can be stated

as follows

22



Theorem 1.3.2. (Kirwan) Let M be a compact symplectic manifold endowed with

a Hamiltonian T action. Then the restriction map
i* . Hp(M) — Hp(MT)

induced by the inclusion i : MT — M is injective.

This is the analogue in the symplectic category of Theorem 1.2.4.

Another important result is the Kirwan’s surjectivity theorem.
Suppose that zero is a regular value for the moment map ¢ : M — t*. Then the
preimage of this value, Z = 171(0), is a T'—invariant submanifold of M, with a locally
free T'—action. In particular if the action is free, then the orbit space M,.q = Z/T is
a manifold. Marsden, Weinstein and Meyer (cf. [20], [22]) studied the properties of
M,.q, which is also known as the Marsden- Weinstein-Meyer quotient, or simply the

reduced space.

Theorem 1.3.3. Let (M,w, ) be a T—Hamiltonian manifold. Suppose that 0 is a
reqular value for v and that the action of T on Z = ¢~(0) is free. Letiy : Z — M
denote the inclusion, and Teq : Z — M,eq = Z/T the projection map. Then M,eq is
a manifold and the projection T,eq : Z — Myeq 18 a principal T'—bundle. Moreover

M,eq has a natural symplectic form wyeq satisfying i%(w) = 7k (Wred)-

Observe that since T acts freely on Z, then the T'—equivariant cohomology of
Z can be identified with the ordinary cohomology of the reduced space M,.qs. The

second crucial result of Kirwan is the Kirwan’s surjectivity theorem.

Theorem 1.3.4. Kirwan Let (M,w,v) be a T—Hamiltonian manifold, zero a reg-
ular value of the moment map v, and Z = ¢=*(0), with iz : Z — M. Suppose
moreover that T' acts freely on Z. Then the map

iy, Hi(M) — H}(Z) ~ H*(M,eq)

18 surjective.
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1.4 GKM spaces

Let M be a 2n—dimensional compact manifold endowed with an effective smooth

action of a torus 7.

Definition 1.4.1. We say that M is a GKM mansifold if the following conditions

are satisfied:
i) MT is discrete
ii) Hr(M) is a free S(t*)—module
iii) For every p in MT the weights
Q1py -y Oy (1.8)
of the isotropy representation of T on the tangent space at p, T,M, are pairwise

linearly independent.

We want to recall a condition that is equivalent to condition éii). For the exposi-

tion we will follow [16], Chapter 11.

Theorem 1.4.2. Let M be a 2n—dimensional compact manifold endowed with an
effective smooth action of a torus T, satisfying properties i) and ii) mentioned above.

Then iii) is equivalent to the following:

iii)’ For every codimension one subtorus H of T, the connected components of M*

are at most two dimensional.
We outline the proof of this theorem.

Proof. Since, by assumption i), Hp(M) is a free S(t*)—module, by Theorem 11.6.1 [16]
every connected component of M contains a T—fixed point; let X be a connected
component of M and let p be a T—fixed point in X. If we endow M with a

T —invariant metric g, then the exponential map

exp : T,M — M

24



intertwines the isotropy action of 7" on 1), M with the action of 7" on M. So it is clear
that
T,X = (T,M)" .

Since H is a subtorus of codimension one, its Lie algebra is given by
Lie(H) ={{ € tst. a(f) =0}

for some a € t*. Hence dimX > 0 if and only if « is one of the weights of the isotropy
action of T" on T,M. In particular, if this happens, then dimX = 2 if and only if

these weights are pairwise linearly independent. O

Now we want to give a description of these two dimensional components of M
where H is a codimension one subtorus of 7. More precisely we want to describe
their equivariant cohomology ring; then, as a consequence of the Chang-Skjelbred
Theorem (cfr. section 1.2.1), we will be able to describe the equivariant cohomology
of the whole manifold M. This is the famous result presented by Goresky-Kottwitz-

MacPherson in [12], concerning the equivariant cohomology ring of a GKM space.

Let X be a two-dimensional connected component of M¥ | where H is a subtorus
of codimension one, and let p € X be a fixed point of the T'—action. Observe that
X is a compact oriented submanifold of M; moreover it is easy to see that the fixed

point set X7 is discrete.

Theorem 1.4.3. X is diffeomorphic to a two dimensional sphere S?, and the diffeo-
morphism conjugates the action of T/H with the standard S* action on S?, given by

the rotation about an axis.

Proof. First of all observe that X is acted effectively by the circle T/H. In order
to prove that X is a two dimensional sphere S?, it is sufficient to prove that it has
positive Euler characteristic. But this follows from the fact that if £ is a non zero
vector in Lie(T/H), then the corresponding vector field £# on X has index one at

every fixed point ¢ in X7
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Now endow X with a T'—invariant metric. By the Korn-Lichtenstein Theorem
(cfr.[9]) this metric is conformally equivalent to the standard metric on S?. Hence
the diffeomorphism between X and S? intertwines the T'/H action on X with the
action of a one dimensional compact connected subgroup of SL(2,C), the group of
conformal transformation on S?. But these subgroups are all conjugate to each other.
So, up to conjugation, the 7'/ H action on X can be thought as the standard S* action

on S?, which is the rotation about an axis. O

The standard action of S' on S? has two fixed points, the “north pole” N and
“south pole” S.
Observe that if the Lie algebra of H is given by Ker(a), and £ € Zr is a primitive
element in the group lattice of 7" such that «(&) # 0, then «(§) can be thought as
the speed at which S! is rotating the sphere S2.

Now we want to study the equivariant cohomology ring Hr(X) of X.

First of all observe that X is equivariantly formal. In fact the spectral sequence
associated to the Cartan complex 7 (X) collapses at the F; stage, since the coho-
mology of X is non zero only in dimension zero and two. Hence in particular, if N
and S denote the fixed points of the T'—action, we have that the restriction map
i* HE(X) — HE({N,S}) = SF(t) @ Sk(t*) is injective. Hence we can view Hp(X)
as a subring of SF(t*) & S*(t*).

Let H be the codimension one subtorus stabilizing X, with Lie algebra given by
h =Ker(«), and let rg : S(t*) — S(h*) be the restriction map induced by the inclu-

sion fh — t. The next theorem studies the image of i*.

Theorem 1.4.4. An element (f,g) € S¥(t*) @ S*(t*) is in the image of i* if and only
if
ru(f) =ru(g) (1.9)

Observe that condition (1.9) is equivalent to say that

f—g=aP, for some P € S*71(t) (1.10)
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Proof. First of all notice that the following diagram

H{(X) —  Hy(X)

! !
H}({N,S}) — Hi({N,S})

commutes, where the horizontal arrows are obtained by restricting the action of the
group T to H, and the vertical arrows are induced by the inclusion {N, S} — X.

Since H acts trivially on X,
Hjy(X) = H(X) ®8"(h") @ H*(X) @ "7 (h") .
Hence an element @ in H¥(X) is mapped into an element of H%(X) of the form
1P +w® b,

where P, € S¥(h*), P, € Sk71(p*) and w € H%(X). So condition (1.9) follows from

the commutativity of the diagram, since

ra(f) =rulg) = P

Hence the subring of S*(t*) @ Sk(t*) given by the pairs (f, g) such that ry(f) = ru(g)
contains i*(H%(X)). In order to prove that the converse is also true, it is sufficient
to consider the dimension of these rings. In fact dimé*(HE(X)) = dim HE(X) =
dim(H°(X) @ S*(t*) & H*(X) @ SF1(t*)) = dim S¥(t*) + dim SF1(¢*).

If we replace condition (1.9) with condition (1.10), it is clear that the subring of
Sk(t*) @ S¥(t*) satisfying (1.10) has dimension dim S¥(t*) + dim S*~!(t*). So the con-

clusion follows. O

Observe that if @ is an element of H%(X), and i*(w) = (f,g), then condition
(1.10) is also a consequence of the ABBV Theorem (cfr. Theorem 1.2.5). In fact if «
is the weight of the isotropy representation at IV, hence —a the weight of the isotropy
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representation at S, then the ABBV Localization theorem gives

/~ w(N)  w(S) -9 GSk—l(t*).

Let M be a GKM manifold. Then by definition, the equivariant cohomology ring
of M is a free S(t*)—module. So Theorem 1.2.3 implies that the restriction map

i* : Hp(M) — Hp(MT) = Maps(MT,S(t"))

is injective.

Let X1,..., Xy be the collection of embedded spheres that arise as fixed points
of codimension one subtori of 7'. Let H; be the stabilizer of X;, and Ker(«;) its Lie
algebra, for some «o; € t*. Now we are ready to prove the celebrated theorem by

Goresky-Kottwitz-MacPherson, presented in [12] in greater generality.

Theorem 1.4.5. Let M be a GKM manifold, and let i* : Hp(M) — Hp(MT) =
Maps(MT S(t)) be the restriction map to the fized point set. Then an element
P € Maps(MT S(t*)) belongs to i*(Hr(M)) if and only if

P(p1) — P(p2) = a;Q, for some Q € S(t")

for every pair of fized points py and py such that {p1,p2} N X; = X, where X; is one
of the embedded sphere defined before.

Proof. 1t is sufficient to combine the Chang-Skjelbred theorem (cfr. Section 1.2.1)
and Theorem 1.4.4. O

1.4.1 The GKM graph of M

The information about the embedded two spheres X7, ..., Xy, as well as the equiv-

ariant cohomology of the GKM manifold M, can be encoded in a graph, called the
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GKM graph T' = (Vr, Er) associated to M, which is defined as follows.

e The set of vertices Vi is given by the fixed point set M7,

e There exists a directed edge e from p to ¢, where (p,q) € Vp x Vp, if and
only if there exists an embedded sphere X;, for some ¢ = 1,..., N, such that
{p,a}n X; = X[

Observe that if e = (p,q) is an edge in Er, then also € = (¢,p) is an edge in Er.
For every edge e = (p,q), we will refer to p (resp. q) as the initial point i(e) (resp.
terminal point t(e)) of e. Let X, = Xz be the sphere corresponding to the edges e
and e.

In order to encode the information about the action of 7" on M, we can assign to
each directed edge e in Er the weight of the isotropy representation of T on Ty X.

On the graph I' this assignment defines an axial function, i.e. a map
a:Br—t

which clearly satisfies a(e) = —a(e).
Now we want to define a connection V. along an edge e € Er. Observe that
the restriction of the tangent bundle T'M to X, splits equivariantly as a sum of line

bundles L;, i =1,....,n
TM,, = @Li
=1

Geometrically, a connection V. along e is a bijection between the (one dimensional)
complex spaces (L;), and (L;),, where the (LL;), coincides with the tangent space at
p of the sphere X,,, where i(e;) = p. We can define the connection combinatorially
in the following way. Let e = (p,q) be a directed edge in Er, and define E, (resp.
E,) to be the subset of Er composed by edges €’ such that i(e’) = p (resp. i(e’) = ¢q).
Then a connection along e is a bijection V. : E, — E,. A connection V on I is a
family of connections V = {V_}.cp. such that V., = V; .

Observe that, if H denotes the stabilizer of the sphere X., then the isotropy

representation of H on the normal bundle of X, doesn’t depend on the point = € X..
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In particular this implies that the weights of the isotropy action of T" at p = i(e) are
equal to the weights of the isotropy action of 7" at ¢ = t(e) modulo «a(e).
We will say that the axial function a is compatible with the connection V if for

every edge €' in E, we have

a(Ve(e)) — ale') = cale)

for some constant c. These constants are in this case integers. In order to see this,
observe that if ¢(L;) is the Chern class of the bundle L;, then ¢(IL;)(i(e)) = a(e;) and
c(L;)(t(e)) = a(Ve(e;)) for all the edges e; € E,. Hence, integrating c¢(IL;) on X, one
gets from the ABBV Localization theorem

So this constant coincides with the Chern number of I;, and hence it is an integer.

Given a GKM graph I' together with an axial function «, we can define the
cohomology ring H*(I") of the pair (I, «). Let f be an element of Maps(Vr,S(t")).
Then f is an element of H*(I") if and only if for every edge e = (p,q), f(p) and f(q)
have the same image in S(t*)/a(e)S(t*). Then Theorem 1.4.5 can be rephrased in the

following way.

Theorem 1.4.6. Given a GKM manifold M, let Hy (M) be the equivariant coho-
mology ring of M. Let I be the GKM graph associated to M, « the associated axial
function on Er, and HX(T") the cohomology ring of (I'; ). Then as rings, as well as

S(t*)—modules, we have

HE(M) ~ H*(D) (1.11)

1.4.2 Examples

Example 1.4.7 The complex projective space CP"
Let G = SU(n+1), with Lie algebra g, and let T" be the torus of diagonal matrices in
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G with Lie algebra t. Let {z;}/"]' be a basis of (R"*)* such that z;(&1, ..., &) = &
We can identify the dual of the Lie algebra of T', t*, with the subset of (R"*1)* given

n+1 n+1
by {Z wiz;  s.t. Z,uj = 0}. We choose as a basis of t* the vectors a; = z; — 241,
=1 j=1

for all j = 1,...,n. Define p to be the vector in R, u = (i1, ..., ftns1), such that
1 < pg = pi3 = ... = fipy1 and Z;L;l p; = 0. Let p be the point in t* given by
p = Z;‘Jrll w;zj. Consider now the G coadjoint orbit through p, O, = G -p C g".
This orbit is isomorphic to G/F,, where P, is the stabilizer of p, which is given by
S(U(1) x U(n)). This space is naturally isomorphic to the complex projective space
CP"™, with symplectic form inherited by its coadjoint orbit structure. Moreover T

acts on CP", and the T'—fixed points are given by

n+1

(crPmT = (G/P,)T" {Z [1jTo()s T € Supr} C

Observe that there are only n + 1 distinct fixed points p1,. .., ppy1, given by py) =
n+1

,ulxo(l)—l—,ug(z To@)), 0 € Sy, since all the permutation o in S,,41 such that o(1) = j
are determirii:rfg the same point p,.

It is easy to check that the weights of the isotropy action of T" at p; are a; = x;—x;,
for all j € {1,2,...,n}\ {i}; hence they are pairwise linearly independent.

It is well known that the action of T on G - p is Hamiltonian, with moment map
given by ¢ : G - p — g* — t*, where the first arrow denotes the inclusion of G - p in
g*, and the second arrow is given by the projection of g* onto t*. In particular the
moment map restricted to the fixed points set (G/P,)" is just given by the inclusion.

Since the action is Hamiltonian, by Theorem 1.1.3 this manifold is equivariantly
formal; in particular Hr(CP") is a free S(t*)—module. Hence we can conclude that

G - p ~ CP"™, with the torus action described above, is a GKM manifold. In what

follows we describe its GKM graph I' = (Vr, Er) and the associated axial function.

e The set of vertices is composed by n + 1 elements py, ..., pni1

e There exists a directed edge e between any two vertices p; and p; (with i # j);

this edge corresponds to the sphere stabilized by the subtorus with Lie algebra
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Ker(z; — z;).

o If (p;,p;) denotes the directed edge from p; to p;, with i # j, then a(p;,p;) =

LUZ‘—.CL’j
b3
To — T3
P2 L1 — T3

X1 — T2

y4!

Figure 1-1: The GKM graph associated to CP?

In the above figure, we represent the GKM graph associated to CP? and the
associated axial function. Observe that for every pair of vertices p;, p;, with i # j,
we are showing just one of the directed edges connecting p; to p;, the one from p; to

pj, with 7 < j.

Example 1.4.8 The variety of complete flags in C**1 FI(C™H1)

Let p = (p1, ..., fin+1) be a generic vector in R™*! such that p < pa < ... < flyia

n+1
and Z (; = 0. With the same notation as in the previous example, the G coadjoint
j=1
n+1
orbit through the point p = Z wizj, G-p, is diffeomorphic to the variety of complete

=1
flags in C"*!, FI(C™!'). The T—fixed points are in bijection with the elements of

Sni1, and they are given by
n+1

(FIC* )T =(G-p" = {Z WiTo()s O € Spy1}

Just like before, the symplectic structure is inherited by the structure of coadjoint or-

bit, and the action of T"is Hamiltonian, with moment map ¢ : G-p — g* — t*. More-
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over, if we identify the point Z?:ll [4j %o (;) With the permutation o = o(1)...0(n+1)
(written in the one line notation), then the weights of the isotropy action at o are
given by sign(o=(k) — o=(h))(x), — x1), for all the subsets {h, k} of {1,...,n+ 1}.
So FI(C") is a GKM manifold with respect to the T'—action described above. The
GKM graph I' = (Vr, Er) and the axial function are described below.

e The vertices are in bijection with the elements of the permutation group S,,11.
More precisely, the permutation 0 = o(1)...0(n + 1) represents the point

M1Zo(1) T H2To(2) T oo o F PUnt1To(n+1)-

e Two vertices 0,0’ € S, are joined by an edge e if and only if o and ¢’ differ

by a transposition, i.e. ¢’ = (h,k)o.
e The axial function is given by a(c,o’) =sign(c~ (k) — o= (h))(zn — 2.

We recall that the multiplication to the left (h, k)* is swapping the values h and k in
the one line notation of o, and the right multiplication (i, j) is acting on the position

i and j, i.e. o' = o(i,7) if and only if o' = (0(7),0(j))o.

321
231
r1 — I3
213
> 132
1 — T2
123

Figure 1-2: The GKM graph associated to FI(C?)

In the above figure, parallel edges are labelled with the same axial function.
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1.5 Results

In the second chapter, the first result is a generalization of Theorem 1.4.5 to spaces
M which are T'—equivariantly formal manifolds, and admit a T'—equivariant fiber
bundle 7 : M — M over a GKM space M (cfr. Theorem 2.1.6). In particular this
theorem asserts that we can compute the equivariant cohomology of M in terms of the
equivariant cohomology of the base, and the equivariant cohomology of the fibers over
MT. Then we consider the abstract setting of GKM graphs. We define the concept
of “GKM fiber bundle” between two abstract GKM graphs (I',«) and (B, ap), and
derive the combinatorial implications of the existence of such a map at the level of
their GKM graphs. In particular we prove a combinatorial analogue of Theorem 2.1.6
(cfr. Theorem 2.4.2), which can be interpreted as a discrete version of the Serre-Leray

theorem. Moreover we define the concept of “holonomy group” and “invariant class”

associated to a GKM fiber bundle.

In the third chapter we analyse in detail the example which was the source of
inspiration for the results above: the complete flag variety G¢/B fibering over partial
flag varieties G¢/P. First we recall the structure of the associated GKM graphs of
these spaces; then we define these projection maps combinatorially, and prove that
they are GKM fiber bundles. Then we apply all the results on equivariant cohomology
from the previous chapter to these examples. In particular we study the holonomy
group of these bundles, and prove its connection with the subgroup of the Weyl group
of G acting on the fibers. Then, by applying multiple times Theorem 2.4.2, we are
able produce equivariant cohomology classes on G¢/B which are invariant under the
action of the Weyl group, where G¢/B is a complete flag variety of type A, B, Cy,
and D,,.

In the fourth chapter we work with 7" Hamiltonian manifolds M which are also
GKM spaces. To a generic component of the moment map ¢, one can associate a

collection of equivariant cohomology classes «,, where p € MT, and show they form
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a basis of the equivariant cohomology of M as a module over S(t*). We refer to these
elements as the canonical classes associated to ¢ (cfr. [15], [11]). These classes do not
always exist, but when they exist they are unique. Since the equivariant cohomology
of M can be regarded as a subring of the equivariant cohomology of the fixed point
set M7, which is discrete in this case, it is important to be able to compute the
restriction of the canonical classes to MT. We first prove a Theorem (cfr. Theorem
4.2.3), which is a generalization of a result in [11], which allows us to compute these
restrictions using different equivariantly closed two forms of M; in particular this
results recover the result in [11], which only uses the equivariant symplectic form of
M. Then, if 7 : (M,w) — (]Tj ,w) is a T—equivariant map between T'—Hamiltonian
manifolds which are also GKM spaces, we define a category of maps, called “weight
preserving maps” (as a very particular case, GKM fiber bundles are weight preserving
maps). For this type of map we prove that we can use the pre-symplectic form 7*(@)
to compute these restrictions. Moreover we derive a formula that computes induc-
tively the restriction of the canonical classes on M in terms of the canonical classes
on the fibers over the fixed point set of M. F inally, we investigate how the integrality

of these formulas is related to the cohomology ring of M.

In the fifth chapter we apply the results in the previous chapter to the case in
which M is a complete flag variety. In this case, canonical classes exist and corre-
spond to equivariant Schubert classes. Combinatorial formulas which compute the
restriction of these classes to the fixed points of the T" action have already been stud-
ied in the combinatorics literature (cfr. [4]). The beauty of these formulas is that
they are manifestly positive and integral. In this chapter we use the structure of
weight preserving maps to produce formulas that are positive and integral in the case
in which M is a complete flag variety of type A,, B,,C, and D,,. These formulas
are not equivalent to the one found in [4], except in type A, (cfr. [25], where the
author proves the same formulas in type A, and C),, using combinatorial tools, and
the equivalence with Billey’s formula in type A,). We also prove a general positive

integral formula for canonical classes on generic flag varieties, which implies as a par-
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ticular case the divided difference operator identities.
The second and third chapters contain results from a joint work with V. Guillemin

and C. Zara (cfr. [14]), and the fourth and fifth chapters contain results from a joint
work with S. Tolman (cfr. [23]).
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Chapter 2

GKM fiber bundles

Let M and M be T —equivariantly formal manifolds; suppose moreover that M is
GKM. Then the existence of a T'—equivariant fiber bundle 7 : M — M gives informa-
tion about the equivariant cohomology of M in terms of the equivariant cohomology
of the base M and the equivariant cohomology of the fibers over the fixed point set
of M.

This is the content of the first section, in which we derive a generalization of the
Chang-Skjelbred theorem, which gives as a consequence a description of the equiv-
ariant cohomology of M in terms of the GKM graph of M and the equivariant coho-
mology of the fibers over the T'—fixed point set of M.

In the other sections we derive the graph theoretical implications of the existence
of a “GKM fiber bundle” between two abstract GKM graphs. In particular we prove

a discrete version of the Serre-Leray theorem.

2.1 The Chang-Skjelbred Theorem for fiber
bundles

Let T'=T", M and M be T—manifolds and 7 : M — M a T—equivariant fiber
bundle. Suppose that M is T—equivariantly formal and M is GKM. Let K, 1=

1,..., N be the codimension one isotropy groups of M and let ¢, be the Lie algebra
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of Kz

Lemma 2.1.1. If K is an isotropy group of M, then
LZe(K) = ﬂ?ir.

for some multi-index 1 <11 < ... <1, <N.

For K a subgroup of T let XX = 7=1(M¥X), where MX C M denotes the set of
points in M fixed by K. We recall ([16, Section 11.3]) that if A is a finitely generated
S(t*)—module, then the annihilator ideal of A, I4 is defined to be

Iy={feS{t), fA=0},
and the support of A is the algebraic variety in t ® C associated with this ideal, i.e.
suppA = {x €t®C, f(zr) =0forall f € I4}.

Then from the lemma and [16] Theorem 11.4.1 one gets the following.

Theorem 2.1.2. The S(t*)—modules H:(M \ X7) and H;(M \ XT). are supported

on the set

N
Yeuec (2.1)
i=1

where H}( - ). denotes the equivariant cohomology with compact supports.

By [16, Section 11.3] there is an exact sequence
HE(M\ XT), — HE(M) - HE(XT) — HEPY(M\ XT). (2.2)

Therefore since Hj.(M) is a free S(t*)—module Theorem 2.1.2 implies the following

theorem.

N
Theorem 2.1.3. i* is injective and coker(i*) is supported on U{%i ®C

i=1
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As a consequence we get the following corollary.

Corollary 2.1.4. Ife is an element of H:(X7T), there exist non-zero weights o, . . .,

s.t. a; =0 on some €; and

a1 age € i (H(M)) (2.3)

The next theorem is a fiber bundle version of the Chang-Skjelbred theorem.

Theorem 2.1.5. The image of i* is the ring

)=

i Hp (X (2.4)

1

<.
Il

where ig, denotes the inclusion of XT into X%i.

Proof. Via the inclusion i* we can view Hj(M) as a submodule of H;(X7). Let
€1,..., ey be a basis of Hy (M) as a free module over S(t*). Then by Corollary 2.1.4

for any e € Hx(XT) we have
Q- ape = Zfiei, fi € S(t) .

Then e = ) ﬁei, where p = oy --- ;.. If f; and p have a common factor we can
p

eliminate it and write e uniquely as

e=) e (2:5)

with g; € S(t*), p; a product of a subset of the weights «q,...,a, and p; and g;

relatively prime.

Now suppose that K is an isotropy subgroup of M of codimension one and e is in
the image of HA(X*). By [16] Theorem 11.4.2 the cokernel of the map H}:(M) —
H%(XX) is supported on the subset Ut; @ C, & # € of (2.1), and hence there exists
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weights 1, ..., (,, (; vanishing on some £; but not on €, such that

Bi--Bae=>_ fie:.

Thus the p; in (2.5), which is a product of a subset of the weights aq,...,a,, is a
product of a subset of weights none of which vanish on . Repeating this argument
for all the codimension one isotropy groups of M we conclude that the weights in
this subset cannot vanish on any of these #’s, and hence is the empty set, i.e. p; = 1.

Then if e is in the intersection (2.4), e is in H}(M). O

Now suppose that M = CP. This action of T on M is effectively an action of a
quotient group, T'/T}, where T} is the codimension one subgroup of 7" stabilizing M.
Moreover MT consists of two points, p;, i = 1,2 , and X = X7 consists of the two
fibers 77!(p;) = F;. Let T =Ty x S*. Then S acts freely on CP'\ {p1, p2} and the
quotient by S1 of this action is the interval (0,1), so one has an isomorphism of T}

spaces

(M\ X)/S'=F x(0,1), (2.6)

where, as a Ty —space, F' = I} = F.

Consider now the long exact sequence (2.2). Since i* is injective this becomes a

short exact sequence
0 — HE(M) — HE(X) — HE(M\ X), - 0. (2.7)
Since S acts freely on M \ X we have
Hyt (M X)e = Hi (M X)/S")e
and by fiber integration one gets from (2.6)

HEF (M N\ X)/S"). = Hf, (F)
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so the sequence (2.7) becomes
0— HE(M) S HE(R) @ HE(Fy) 5 HE(F) — 0 (2.8)

where 7 is the forgetful map H}(F;) — Hf. (F;) = Hy (F).

We can summarize the previous results in the following theorem, which offers a
generalization of the GKM condition for T'—equivariantly formal manifolds M fibering

equivariantly over GKM spaces M.

Theorem 2.1.6. Let M and M be T—manifolds and let m : M — M be aT— equivariant
fiber bundle. Suppose that M is T —equivariantly formal and M s GKM; let (V, E) be
its GKM graph. For everyp € V let F, = 7w '({p}) be the fiber over p. Consider the
ring of maps that associate to each element p € V' an equivariant cohomology class

fp € Hi(F,), and let R be the subring characterized by the following condition:

e For every edge e € E, if K denotes the stabilizer of the CP! associated to e,
then
rr(fae)) = rr(fue))
where v Hj(Fp) — Hie(Fie)) ~ Hic(Fye)), with p € {i(e),t(e)}.
Then H;(M) is isomorphic to R.

In [14] we also offer a sheaf theoretic interpretation of the previous theorem.

2.2 GKM graphs and cohomology of GKM graphs

Let I' = (V, E) be a graph, where V' denotes the set of vertices, and E the set of
directed edges. If e is an element of F directed from p to ¢, we will refer to p as the
initial point i(e) of e, and q as the terminal point t(e) of e. Hence every undirected
edge will appear twice in E, once as the edge joining p to ¢, and once as the edge
joining g to p. If e is the edge directed from p to ¢, we denote by € the “inverse” of

e, i.e. the edge e with opposite direction, joining ¢ to p.
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Let p be an element of V, and define £, to be the subset of £ consisting of edges
e such that i(e) = p. In this thesis we will mainly consider graphs (V, E) which are
regular, i.e. graphs for which the cardinality of £, doesn’t depend on p, for all the

vertices p in V.

Definition 2.2.1. A connection V. along an edge e € E is a bijection from Ejq to
Eyey satisfying V.(e) = €. A connection V onI' = (V, E) is a family of connections
{Ve}eeE Satisfying Ve = Ve_l'

Let t be a finite dimensional vector space over R, and let t* denote its dual.

Definition 2.2.2. An axial function o is a map from E to t* satisfying the fol-

lowing properties.

(i) For every vertex p € V', the vectors in the set {a(e), e € E,} are pairwise

linearly independent.
(ii) For every edge e € E, a(e) = —a(e)

Observe that these properties are automatically satisfied when I' = (V| F) is the
GKM graph associated to a GKM manifold, where the axial function is the one
described in section 1.4.1.

Consider a connection V on I'. We will say that an axial function o : E — t* is

compatible with the connection V if the following condition holds.

(iii) For every edge e = (p,q) in E and for every ¢’ € E, we have

a(Ve(€) —ale) = ca(e)

for some ¢ € R which depends on e and €.

Definition 2.2.3. Let I' = (V, E) be a regular graph, V be a connection on I' and

a: E — t° an azxial function compatible with V. Then the pair (I',«) is called an

(abstract) GKM graph.
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Example 2.2.4 The GKM graph (K11, @)

Let I" be the complete graph with n+1 vertices {1,2,...,n+1}. Define on this graph
a connection V in such a way that V; ;) : E; — Ej sends (i, 7) to (j,4) and (i, k) to
(4,k) for k # 4,j. Moreover let {z1,..., 2,41} be a basis of 7, ,, and consider the
axial function o : ' — ¢, given by a(7,j) = x; — x;. Then this axial function «

is compatible with V. Observe that the image of the axial function is given by the
n+1 n+1

subspace {Z Aix; €t s.t. Z)‘i = 0}. So (K41, @) is a GKM graph. This is
i=1 =1
precisely the GKM graph associated to the complex projective space CP™ described

in example 1.4.7.

Example 2.2.5 The permutahedron (S,41,a)

Let I' be the graph such that the set of vertices is in bijection with the elements of
the permutation group on n + 1 elements S,.1, and two elements o,0’ in S, are
connected by an edge if and only if they differ by a transposition, i.e. ¢ = o(i,7).
Such a graph is called a permutahedron, and we will refer to it simply as S,.11. We
recall that the action of the transposition (i, 7) on the right, (i, j), is swapping the
elements of o at positions i and j in the one line notation for o, 0 = o(1) ...0(n+1);
whereas the action of the transposition (h,k) on the left, (h,k)* is swapping the
elements h and k in the one line notation of o. Hence ¢’ = o(i,j) if and only if
o' = (0(i),0(j))o, and two permutations differ by a transposition on the right if and

only if they differ by a transposition on the left. For every edge e = (o,0’), where
o' = (h,k)o define V. : E, — E, to be

Ve(u, (a,b)u) = (v, (K, k' )v)

where (W', k") = (h, k)(a,b)(h, k). An axial function o compatible with the connection
V defined above is the following: if ¢/ = (h,k)o then «a(o,0’) = sign(c™'(k) —
o~ (h))(zp — xx). Hence (S,41,a) is a GKM graph; observe that it is precisely the
GKM graph associated to the variety of complete flags in C**1, FI(C"*1), described

in example 1.4.8.
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2.2.1 The cohomology ring of GKM graphs

Let (I", @) be an abstract GKM graph, where a : E — t* is an axial function compat-
ible with some connection V. We want to define the cohomology ring of an abstract
GKM graph. Let S(t*) be the symmetric algebra on t*; if {z1,...,2,} is a basis of
t*, then S(t*) can be identified with the ring of polynomials R[zy, ..., z,] (we will
use real coefficients unless otherwise stated). Then, inspired by the description of the
equivariant cohomology of a GKM manifold (cfr. Theorem 1.4.6), we want to define
the equivariant cohomology ring H(I') of a GKM graph (I', ). Consider the ring
Maps(V, S(t*)), where V' is the set of vertices of T'.

Definition 2.2.6. An element f of Maps(V,S(t*)) is in H:(T") if and only if for every
edge e of ' the following compatibility condition is satisfied

F(t(e)) — f(i(e)) = Pale), for some P € S(t") (2.9)

This can be rephrased by saying that both f(t(e)) and f(i(e)) have the same
image in S(t*)/a(e)S(t*), for every edge e of T'.

The ring structure on H}(I") is simply given by the ring structure on Maps(V, S(t*)).
Observe that H(T") is also an S(t*)—module, since for every class f € H*(T'), the ele-
ment Pf € Maps(V,S(t")) such that (Pf)(p) = Pf(p) still satisfies the compatibility
condition (2.9), hence it is an element of H(I").

As for the grading, if f is an element of H(I') such that f(p) is a homogeneous
polynomial of degree k in S(t*) for every p € V, then f has degree 2k in H}(T'). If
H?*(T") denotes the space of cohomology classes of degree 2k in H}(T"), then we have

H;(I) = P HHD)

k>0

and the cohomology of (I', &) vanishes in odd dimension.

As we saw in Example 2.2.4, the image of the axial function o : £ — t* might not
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be the entire space t*. Hence for every vertex p € V, define b, to be the subspace of

t* generated by the image of the axial function on edges e such that i(e) = p, i.e.

h, = span{a(e), e € E,} C t*

Since I' = (V, E) is a GKM graph, it is clear that if I' is connected then b, doesn’t
depend on p. Let t denote this common image; then if we define oy to be g : E — ¢,

then also (I', ap) is a GKM graph.
Definition 2.2.7. An axial function o : E — t* is called effective if = t*.

Let 'y = (Vp, Ep) be a connected subgraph of I' = (V| E') such that if e is an edge
in £ with i(e),t(e) € Vp, then e € Ey. Suppose moreover that the connection V
defined on I satisfies
V.(E,NEy) =E,NE

for all the edges e € Ey, with i(e) = p and t(e) = ¢q. Observe that in this case the axial
function « : E — t* restricts to an axial function «a : Ey — t* which is compatible
with the restriction of V to Ey. We will refer to the pair (I'g, o) as a GKM subgraph
of (I, ). From the definition it follows that Iy is a regular graph as well, and (I'y, a)
is a GKM graph on its own. Let (I'1,aq) and (I's, ) be two GKM graphs, where if
Iy =(Vi, E;), then o : B — tf, 0 =1,2.

Definition 2.2.8. An isomorphism of GKM graphs from (I'1,aq) to (I'y, ) is

a pair (®, V), where

(i) ® :T'y — 'y is an isomorphism of graphs

(ii) Wt — £ is an isomorphism of linear spaces

(iii) For every edge (p,q) of I'y we have

aa((p), ®(q)) = ¥(au(p,q))
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In particular, if F; and E5 denote respectively the set of edges of I'y and I'y, then
condition (7) implies that there exists a bijection ® between these two sets, and that

the isomorphism W intertwines the axial function on E; and E,, i.e. the following

diagram
o
E,——E,
all ml
1— b
commutes.

2.3 Fiber bundles of GKM spaces

In what follows we will first introduce some definitions concerning particular mor-
phisms between graphs. Then we will define the same morphisms, but in the GKM
category, i.e. in the definition we will introduce compatibility conditions on the axial

functions defined on the GKM graphs.

2.3.1 The complete flag variety FI(C"™!) fibering over the

complex projective space CP"

In this example we start with two GKM manifolds, the complete flag variety FI(C"*1)
and the complex projective space CP", exhibit a T—equivariant fibration between
these two spaces, and derive the graph theoretical implications of the existence of
such a map at the level of their GKM graphs. In the next sections, motivated by this
example, we will formalize some of these concepts in the abstract setting of GKM
graphs.

Let FI(C™™) be the variety of complete flags in C**! and let V. = (V4,..., V,11)
be a point in FI(C"*1), i.e. a complete flag in C"™, where V; is a complex vector

space of dimension ¢, and V;.; D V; for all ¢« = 1,...,n. Let CP™ be the complex
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projective space of dimension n. Then there is a natural projection map
7 : FI(C"Y) — CP"

which is given by
Vi, .., Vo) =WV1,

where the typical fiber is isomorphic to a complete flag in C", FI(C").

Consider the description of FI(C"™) and CP™ as GKM spaces given in section
1.4.2.

Let G = SU(n+1) and let T" be the torus of diagonal matrices in G with Lie algebra

t. Then we can identify t* with the subset of (R"*1)* given by {Z;L;l A\jzj s.b. Z;L;l N =
n+1

0}, where x;(&1, ..., &ne1) = &. Let pg be a point in t* given by py = Z,uixi, where
i = ({1, .-, fns1) is a generic vector in R satisfying py < pg < .Z.:.1< Mn+1 and
Z?:ll p; = 0. Using the Killing form we can identify the Lie algebra Lie(G) with its
dual Lie(G)*, and hence we can consider t* as a subspace of Lie(G)*. Then, the G
coadjoint orbit through py, G - po, is isomorphic to FI(C™**1), with symplectic struc-
ture w,, given by its coadjoint orbit structure. Moreover the action of T on FI(C™!)

is Hamiltonian, and the moment map 1 restricted to the T'—fixed point set is just

given by the inclusion, i.e. for all p = Z::rll LiTo@) € (G- po)’ we have

n+1 n+1

TP(Z i) = Zm%(i) :
i—1 i—1

where 0 € §,,41.

Let py be a point in t* given by py = pix1 + fio Z?:Ql x;, where 17 < piz and
i1 + npz = 0. Then the G coadjoint orbit through py is isomorphic to CP", with
symplectic structure wy, inherited by its coadjoint structure. The action of 7" on CP"

is Hamiltonian, and the moment map ’(Z restricted to the T'—fixed point set is just
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the inclusion, i.e. for all p = [112,(1) + fi2 Z?;l To(i)

n+1 n+1
Y(fzea) + Mo Z To(i)) = MTa(1) + 2 Z To(i) s
i—2 =2

where 0 € §,,41.

In this setting, the projection map 7 described before is given by

T (G'p()vaoaw) - (G'ﬁ()vwﬁoaw)
g- Do = g Po
It is well known that this projection map is a T'—equivariant fiber bundle, with typical
fiber isomorphic to a generic SU(n) coadjoint orbit, which we identify with FI(C").
Let I' = (V, E) and B = (V, Eg) be the GKM graphs associated respectively to

FI(C™1) and CP", with axial functions o and ap. Then the elements of V are in

bijection with the elements of S,,;1, and the bijection is given by

n+1
p= Z,Ui%(i) — o=o0(l)...0(n+1)
i=1

The set of vertices Vp is composed by n+1 elements {1, ...,n+1}, where i corresponds
to the T'—fixed point p; = p1x; + fio Z#i x;.

From the equivariance of 7 it is clear that
e Vertices of I are mapped to vertices of B

e If e = (p,q) is an unoriented edge in E such that 7(p) # 7(q), then (7(p), 7(q))

is an unoriented edge in Eg

In the next proposition we want to give a combinatorial description of 7 at the
level of the graphs I and B; in particular we want to describe how the axial function

behaves with respect to .
Proposition 2.3.1. The fibration m mentioned above has the following properties:
(i) If o is a vertex of ', then w(o) = w(c(1),...,0(n+ 1)) = o(1).
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(ii) An edgee = (0,0") in ', where o’ = o(i,7), i < j, is vertical, i.e. w(o) = 7(c’),

if and only if 1 > 1.

(#ii) If an edge e = (0,0") of E projects to an edge w(e) = (h,k) of Eg, with h # k,

then a(e) = ap(m(e)) =z — x.

Proof. First of all observe that the projection 7 restricted to the T'—fixed point set
is simply given by

T (G p)t  — (G- po)”

n+1 ~ ~ n+1
S WiTey m— [nTe(1) 2 Doisy Lol

So it is clear that, as a map from V to Vg, 7 sends the element o(1)...o(n+1) to o(1);
hence (i) and (i7) follow immediately. Consider an edge e of I' given by e = (o,0")
such that (7(o),7(¢")) = (h,k). This means that o(1) = h and o(j) = k for some
j > 1. Then by definition of axial function on I' we have that a(c,o’) =sign(c~!(k) —
o~ (h))(xp, — x1) = 2, — 21 = ap(h, k), and (iii) follows. O

Observe that the T'—fixed points in the fiber 77! (h) are in bijection with the ele-
ments of S,,; more precisely V N7~ (h) = {0 € S,41 s.t. o(1) = h}.

321
3 L2 =23 312
T9 — X3
231
s
2 xT1 — T3
213
e ne 132
Ty — T2 >
1
123

Figure 2-1: The projection 7 : FI(C3) — CP? from a GKM graph theoretical point of
view.
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In the above figure the darker edges correspond to the fibers of 7, which is CP*
bundle, over the fixed point set of CP2.

Inspired by this example, in the next sections we are going to define the discrete
analogue of a fiber bundle between two GKM spaces, and derive the graph theoretical

implications of the existence of such a map.

2.3.2 Morphisms of graphs
Let I" and B be connected graphs. Then 7 : I' — B is a morphism of graphs if
e it maps vertices of I' to vertices of B

e if e = (p,q) is an edge of I, then either 7(p) # 7(q) and (7(p), 7(q)) is an edge
of B, or m(p) = 7(q).

If e = (p,q) is an edge of I" such that w(p) = w(q) (resp. w(p) # 7(q) ), then we
will call e a vertical edge (resp. horizontal edge). In what follows we will be mainly
concerned with morphisms of graphs 7 which are surjective; so unless otherwise stated,
we assume that 7 is surjective.

For every vertex p of I', one has a natural “splitting” of E, w.r.t. m, i.e. let H,
be the set of horizontal edges of I" with initial point p and let EpL the set of vertical
edges in F,. Then E, = Epl U H,. Let Ep denote the set of edges of B. Then every

morphism of graphs 7 naturally induces a map

(dm)m,:  H, — (EB)xp)

(p,p') = (7(p),7(p'))

Definition 2.3.2. We will say that a morphism of graphs 7 : ' — B is a fibration
of graphs if the map (dr)g, defined above is a bijection for every vertex p in I'.

Observe that every fibration of graphs has the unique lifting property for paths. In
fact, given an edge (po,p1) in Ep, let gy be a vertex in I' such that 7(go) = po. Then,
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since (dm)y, is a bijection, there exists a unique lift (qo,q1) of the edge (po,p1) with
initial point gy, i.e. a unique edge e = (qo, ¢1) in E such that (dm),,(qo,¢1) = (po, p1)-
More in general, given a path v in B, i.e. a sequence of edges v = (eq, ..., ex) with
i(e1) = po, let go be a vertex in the fiber m=1(py). Then there exists a unique lift of
starting at go, which is given by (e, ..., e},), where €] is the lift of e; at qo, and €],

is the lift of the edge e;41 with initial point i(e] ) = t(e]), for every i = 1,... k — 1.

Consider now the fibers of the map m, 7 (p), for every vertex p of B. Let V, be
the set of vertices of the fiber over p, and let I', be the subgraph of I' with vertex set
V,. Then by definition of morphism of graphs the edge set of I', is composed entirely
by vertical edges. When 7 is a fibration of graphs it is always possible to define a
map ®,, between the set of vertices of I', and I';, for every edge (p,q) of B. More
precisely let p’ be a vertex of I',, and let (p', ¢') be the lift of (p, ¢); then &, ,: V, =V,
is simply defined to be ®,,(p') = ¢’. It is clear that ®,, defines a bijection between
V, and V for all the edges (p,¢) in B.

Definition 2.3.3. We will say that a fibration of graphs m : I' — B is a fiber bundle

if for every edge (p,q) of B the map ®,, is a morphism of graphs, ®,,: I, — T,.

So if (p1,ps) is a vertical edge over p then (®,,(p1), ®,,(p2)) is a vertical edge
over q. So for fiber bundles, the map ®,, , defines an isomorphism between the graphs
corresponding to the fibers over p and g, i.e.

®,,:T, — T,

)

2.3.3 Morphisms of GKM graphs

Now we want to define the same concepts in the GKM category. In order to do so,
we first give an example of fibration between two GKM manifolds, and derive the
properties that are naturally implied by the existence of such a map at the level of

their GKM graphs. Then we formalize the previous properties in the category of
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abstract GKM graphs.

Suppose that (M,w, J) and (]TJ/ L0, J ) are symplectic manifolds with compatible
almost complex structures, acted by the same torus 7', and suppose that they are
GKM spaces with respect to this action. Let 7 be a surjective T'—equivariant map
of almost complex manifolds 7 : (M, J) — (M, J), with surjective differential (dm),
T,M — Tw(p)]f\z . Let (I', @) and (B, ap) be the GKM graphs associated to M and
M. Observe that 7 restricts to a morphism of graphs 7 : I' — B since it is a
T—equivariant map and, since (dn), : T,M — Tw(p)M is surjective, it is a fibration
of graphs. In fact, let p be a vertex of I, and let (dm)p, : H, — Ery) denote the
isomorphism defined before. Then this isomorphism can be canonically defined using
the axial functions o and ap. In fact, if (p,¢) is an edge in H,,, by the equivariance
of m we have that a(p,q) = +ag(7w(p),7(q)); since 7w is a map of almost complex
manifold, then in this case we have a(p,q) = ag(m(p),7(q)). Since M and M are
GKM manifolds, the map (dm)g, : H, — Erp) can be canonically defined by saying
that

(dm)m,(e') = e if and only if «(€') = agp(e)

Now consider a connection Vg on B compatible with the axial function ag. For all
the horizontal edges ¢’ in E, we can define a connection V. on the set of horizontal

edges H,, with i(¢’) = p, by imposing the commutativity of the following diagram

(dﬂ)le (dﬂ)qu
(EB)rry —= (EB)x(q)

By definition of (dm)g,, it is also clear that the axial function « is compatible with
Ve 1 H, — H,. Now we can extend the connection V to be a connection defined on
the whole edge set of I, in such a way that it sends vertical edges into vertical edges,

horizontal edges into horizontal edges, and so that « is compatible with V.
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In what follows we want to define the previous concepts in the category of abstract

GKM graphs.

Definition 2.3.4. Let (I',a) and (B,ag) be GKM graphs with connections V, Vg
compatible with o and ag. Then a map 7 : (I',;a) — (B,ap) is a GKM fibration
(w.r.t. V and Vg ) if the following conditions are satisfied:

(i) ™ is a fibration of graphs.
(i) For every edge e of B, if € denotes any lift of e, then a(e') = ag(e).

(i1i) For every edge e = (p,q) of I', V. preserves the splitting of E, into horizontal
and vertical edges, i.e. V. sends horizontal edges into horizontal edges, and

hence vertical edges into vertical edges.

(iv) For every edge e of B, if € = (p,q) denotes its lift, the following diagram

commautes.

Consider now a GKM fibration 7 : (I', &) — (B, ag), which satisfies the compat-
ibility conditions mentioned above w.r.t. V and Vp. Let I', be the graph with set
of vertices m1(p), where p is a vertex of B. Then since V sends vertical edges into
vertical edges, and « is compatible with V, it follows that the fibers (I',, o) are GKM
subgraphs of (I', &), with a connection V, which is the restriction of V to the vertical
edges over p, and an axial function o which is compatible with V,,.

Given a GKM fibration 7 : I' — B, we would like to be able to describe how the
GKM subgraphs (I'y, a) change as the vertex p of B changes.

Definition 2.3.5. Let 7 : (I, o) — (B, ag) be a GKM fibration. Then 7 is a GKM
fiber bundle if

(i) 7 is a fiber bundle
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(ii) All the fibers of ™ are isomorphic as GKM (sub)graphs

For every edge e = (p,q) of B, let ®,,: ', — ', denote the isomorphism between the
graphs corresponding to the fibers 7=(p) and 7~1(q).

(111) If €' is the lift of e starting at p', then for all the vertical edges (p',p") in Ey
we have

Ve(p',p') = (Ppq (1), Dy ("))

Hence if I' is connected all the fibers are isomorphic as GKM subgraphs. To
be more precise, let t; be the subspace of t* generated by the values that the axial

function takes on edges of I',, i.e.
t, = span{a(e), eedgein )} Ct°

Thus we can restrict the axial function on I', to be oy, : ', — t;. Then if 7 is a GKM

fiber bundle, for every edge (p, q) of B there exists an isomorphism of GKM graphs
Ty = (Ppgs ¥pg) : (Lps ) — (Lgs ag)

where &, , is the isomorphism of graphs defined using the unique lifting property,
and ¥, , : 7 — t; is a linear isomorphism intertwining the axial functions «,, and «.
Observe that by (zii), since « is compatible with V, and «,, (resp. «) is just the
restriction of o to the edges of the fiber I', (resp. I';), we have that if (p;,ps) is an
edge of I', and (q1,¢2) is the corresponding edge in Iy, ie. ¢ = @, ,(p;), i = 1,2,
then oy(q1,q2) — ap(p1,p2) = ca(p1,q1), and by definition of isomorphism of GKM
graphs, a,(q1,q2) = ¥y 4(0p(p1,p2)). Now since a(p1, 1) = ap(p, ), we can conclude
that

U, (ap(p1,p2)) — ap(p1,p2) = cag(p, q) ,

where the constant ¢ depends on a,(p1,p2). So we can conclude that for every edge

e=(p,q) in B
V() = Vpe(r) =2+ cale), forallzet). (2.10)
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If the base B is a connected graph, all the fibers of a GKM fiber bundle are
isomorphic GKM spaces. So we can introduce a typical fiber (F, ar), and for all the

vertices p of B fix an isomorphism of GKM graphs from (F, ar) to (I'y, o)

Pp = (¢p7¢p) : (F7 aF) - (F;map)

2.4 Cohomology of GKM fiber bundles

Let (I', &) and (B, ap) be GKM graphs, and let 7 : (I', «) — (B, ap) be a GKM fiber
bundle. In this section we want to prove the main theorem of this chapter, which
relates the cohomology ring of the total space H,(I'), to the cohomology ring of the
base H,,(B) and the fiber H,,(F). The theorem we prove is a discrete version of

the Serre-Leray theorem.

First of all, let p = (p,¢) : (I't,n) — (I'2,a2) be an isomorphism of GKM
graphs. This isomorphism induces a pull back map between Maps(V;,S(t])) and
Maps(Va, S(t5)). More precisely let p* be the map

p*: Maps(V,8(8)) — Maps(Vi, S(t]))
f — p*(f)
where p*(f)(p) = ¥"(f(¢(p))), for all the vertices p in Vi, and ¥~ : S(t5) — S(t]) is
the isomorphism obtained by extending ! : t; — t; to be an algebra isomorphism.

Since H,,(I'2) is a subring of Maps(Va, S()), we can restrict p* to H,,(I'y). What

we want to prove next is that the image of H,,(I's) is precisely H,, (I'1).

Proposition 2.4.1. The isomorphism of GKM graphs p : (I'1, 1) — (I, ag) induces
an isomorphism of rings p* : Ha,(I'y) — Hea, (7).

Proof. We need to prove that if f is an element of H,,(I's), then p*(f) is in H,, (I'y),

i.e. it satisfies the compatibility condition

p*(f)(t(e)) — p*(f)i(e)) = Paule)
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for all the edges e in I'y, where P is an element of S(t}).

From the definition of isomorphism of GKM graphs it follows that given an edge

e = (p,g) in I'y, then (p(p),p(q)) is an edge in I's such that as(p(p),¢(q)) =
Y(a1(p,q)). Since f is a cohomology class in H,,(I'2), we have f(p(q)) — f(v(p)) =
Q as(p(p), v(q)) = Q Y(ai(p, q)) for some @ € S(t5). Then we have

p*fla) —p f(p) =07 (fle(@) — v~ (fle(p) = v (Q)on(p, q)

So p*f is an element of H,, (I'1), and p* is an isomorphism of cohomology rings. [

Now consider the ring H, ,(B); the map 7 defines a pull-back map 7* : H,,(B) —
H,(I'), which embeds H,,(B) as a subring of H,(I"). Observe that 7* also gives H,(I)
the structure of a H,,(B)—module. We will refer to 7*(H,,(B)) as the subring of
basic classes of H,(I'), which we denote by (Hu(I'))pas-

For every vertex p of B, consider the inclusion of the fiber I', into I, 4, : I') — I,

which induces a map in cohomology iy : Ho(I') — Ho(I,). The discrete analogue of

the Serre-Leray theorem can be stated as follows.

Theorem 2.4.2. Let 7 : (I',;a) — (B, ap) be a GKM fiber bundle, and let ¢y, . .., ¢y be
cohomology classes in Ho(T') such that their restrictions to the fiber I'y, ivcy, ..., ixck,
form a basis of Hy(I'y) as an S(t*)—module, for all the fibers I',. Then H, (L) is

isomorphic to the free H,,(B)—module on ci,...,cx.

Proof. First of all, it’s clear that every linear combination of the classes ¢, ..., ¢
with coefficients in (Hy(I'))pas is a class in H,(I'). Moreover the H,,(B)—module
on ci,..., ¢, as a submodule of H,(T'), is free. In fact for every collection of basic
classes Pi,..., P, if the linear combination Zle Pjc; is identically zero, then also
Zle ir(Pic;) is zero, for all the vertices p of B. But i (F;) is a constant polynomial
on the fiber, because P; is basic. By assumption the classes i;cy, . . ., ic; form a basis
of Hy(I'y) as an S(t*)—module, which implies that i’ F; is identically zero for all p,

and hence P, is zero, for all i = 1,..., k. So the free H,,(B)—module on ¢y, ..., ¢ is

embedded in H,(I).
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Conversely, let ¢ be a cohomology class in H, (I'). Then, since the classes i;cy, . . ., iyck

*
p

are a basis for H,(I',), for every vertex p of B we have

k
in(c) = in(P)irc:

i=1
where the elements P; belong to Maps(V,S(t*)), and they are constant on each fiber
Iy, for all i = 1,..., k. We want to prove that in fact P; belongs to (H,(I'))pas. Let
e = (p', ¢') be the lift of the edge e = (p,q) in B at p’. Then since ¢ and the classes ¢,
i=1,...,k, belong to H,(I') and a(e’) = ap(e), we have ¢(¢') —c(p’) = Q ap(e), and
ci(q') —ci(p') = Q; ap(e), where @ and Q); are elements of S(t*), for all i = 1,..., k.

In particular

Observe that the polynomials (Q and @Q;’s depend on the vertex p’ in I', and we can

rewrite the above expression as

Since a(p',p”) divides ¢;(p”) — ¢i(p'), for all i = 1,... k, then a(p/,p”) divides the
right hand side of this equality. But a(p’, p”) and «(e) are independent vectors, hence
a(p',p") must divide Q'(p”) — Q'(p"). So Q' is a cohomology class in H,(I',), which
implies that Q'(p') = Zle Bici(p'), for some polynomials (i, ..., B, € S(t*). Hence

> _(i5(P) = i5(P) = a(e) B)ige
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is the zero class in H,(I',). But since the vectors iycy, ..., iyc, are a basis of Ho(I',)

we have that

which implies that the elements P; are in (Hy(I"))pqs- O

2.4.1 The holonomy group and invariant classes

For every GKM fiber bundle it is natural to introduce the holonomy group, which is
a subgroup of GKM automorphism of the typical fiber.

For every path v = (po, ..., pm) in B, we can compose the isomorphisms of GKM
graphs defined before, and get

T’Y = Tpm—l,Pm ©---0 Tpo,m : ( Po? CVpo) - (Fpma apm)

which is an isomorphism of the GKM graphs corresponding to the fibers (I'y,, a,)
and (I, o, )-

We can repeat the same argument for all the loops v based at a vertex p of the
base B. More precisely, let {2(p) be the set of loops with initial and final point p.
Define A, to be

A, = {T'yv v € Q(p)}

which is a subgroup of the GKM automorphisms of the fiber I',.

If we consider the typical fiber (F,ar), for every path v in B from p to ¢ we can
define the GKM automorphism of the fiber p, = (¢5,%5) : (F,ap) — (F,ar) given
by

py=pg ©Ty0p,
If we restrict our attention to the loops v based at a vertex p of B we obtain the

holonomy group

Hol, = {p,, v € Qp)} .

which is a subgroup of the GKM automorphisms of the typical fiber (F, ar). Observe

58



that for any two vertices p and ¢ of the base, the groups Hol, and Hol, are conjugated
through the automorphism of the fiber p., where « is any path in the base joining p
to gq.

In theorem 2.4.2, we presented a way to understand the equivariant cohomology
of (I', &) from the cohomology of the base (B, ag), and classes ¢y, ..., ¢, in Hy(I)
such that their restriction to each fiber (I'y, o) form a basis for H, (I';,). Now we
want to give a way to build these classes starting from the cohomology of a fixed fiber

('), a), and the subgroup of its GKM automorphisms A,,.

Definition 2.4.3. Let f, be a cohomology class of the fiber (I'y, v,), i.e. an element

of H,(I'y). Then f, is an invariant class if
Y (fp) = fp, forall X, €A,

We want to prove that every invariant class in H, (I') can be extended to a global
class, i.e. can be extended to an element of H,(I"). First of all, let ¢ be a vertex of

B, and « a path in B which starts at ¢ and ends at p. If f, is an invariant class of

H, (I'p), define f, to be
fq = Tiky(fp)

Lemma 2.4.4. The definition of f, doesn’t depend on the path -y chosen.

Proof. Let 7, and 7, be two paths from ¢ to p. Then 5 047! is a loop based at p.

Since f, is an invariant class, we have

T _i(fp) = Tfh—l o X2, (fp) = [p

2071
and hence T2 (f,) = T2 (f,). O

Let’s define f to be an element of Maps(V,S(t*)) such that for every fiber I, if
iq : I'q = I" denotes the inclusion of the fiber I'; in T', then 4;(f) = f,. Observe that

the restriction of f to each fiber is an element of H, (I'y).
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Proposition 2.4.5. The element f : V — S(t")) defined by i;(f) = f, is a cohomol-
ogy class in H,(T).

Proof. Since f restrict to an element of H, (I';) on each fiber Iy, for all the vertices
q in B, we only need to prove that f satisfies the compatibility condition (2.9) on
horizontal edges. Let (p1,p2) be an edge in B, and let (p}, p,) be its lift at pj. Then
by definition

FW2) = F (1) = foa(P2) = fou (P1) = (X3, £p) (03) — (3, /) (PY)

Now since Y%, = Y5, o Y: and (Y5, f,,)(ph) = W, (fp, (1)), then

F) = F(0) = Oy, (fn (P1)) = For (1)

Hence, since by (2.10) ¥ 1 (x) = U, ,,(z) = z+ca(p, py) for all z € t; and f,, (p}) €

p2,P1
S(t}), we can conclude that f(ph) — f(p)) = Qa(p}, p,) for some @Q € S(t*). O
Remark 2.4.6. By the previous proposition, in order to find classes cq,...,Cp in

H,(T') such that their restrictions to the fibers I'y, form a basis for H, (I'p), it is
sufficient to find classes ¢y p, ..., cyp which are a basis for H,, (I'y) and are invariant

under A,.

2.5 The GKM fiber bundle 7 : S5 — K,

In this section we explore in details the fibration of the complete flag variety FI1(C?)
onto the complex projective CP? described in section 2.3.1 at the level of GKM
graphs, prove that it is a GKM fiber bundle, describe its holonomy and give an ex-

ample of an invariant class.

Let S35 be the permutahedron with six vertices, corresponding to the elements
123,132,213, 231,312,321 (written in the one line notation). Then, since the axial

function on the permutahedron is given by a(o, 0’) = sign(c=1(k) — o1 (h))(z}, — 21,
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where ¢’ = (h, k)o (cfr. example 2.2.5), we have

(123,132) = «(213,312) = (231, 321) = x5 — 73

a(123,213) = a(132,231) = a(312,321) = 21 — x5

a(132,312) = «(123,321) = (213,231) = 2, — 73

Let K3 be the complete graph on three vertices 1,2, 3 (cfr. example 2.2.4). Here the
axial function ap is simply given by apg(i,j) = z; — ;. Consider now the projection

7 given by
T Ss — K3

o(1)o(2)0(3) = o(1)

In section 2.3.1, Proposition 2.3.1, we have already observed that this map is induced
by the projection map of FI(C?) onto CP?, and in particular satisfies a(e) = ag(n(e))
for every horizontal edge e of S3. Moreover it is easy to check that it is a GKM
fibration with respect to the connections defined in Examples 2.2.4 and 2.2.5.

Now we want to see that it is a GKM fiber bundle. Geometrically, the projection
7 FI(C3) — CP? is a CP'—bundle. In the GKM picture, the three fibers over
the vertices of K3 are given by the subgraphs I'y;, ¢ = 1,2,3, with set of vertices
Vi, = {0 € Ssst. 0(1) = i}. These are GKM subgraphs with respect to the
connection V defined in example 2.2.5. Observe that, as graphs, they are isomorphic
to Kj, which has vertices 1 and 2. But the axial function that the graphs I'p;
inherit as GKM subgraphs of 83 does not coincide with the axial function on Ko;
in particular it depends on 4. For example I';;; has two vertices, 123 and 132, and
a(123,132) = x9 — z3, whereas for K, we have a(1,2) = x; — x5. Since the graphs
I'g;y correspond geometrically to the GKM graphs associated to the fibers 77! (p;) of
the T'—equivariant fibration 7 : FI(C3) — CP?, where p; is a fixed point of CP? (cfr.
section 2.3.1), the fact that the axial function on I'y;; depends on i corresponds to

the fact that the subtorus which is stabilizing the T—invariant fibers 7! (p;) depends
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on the fixed point p;, 1 =1, 2, 3.

Now, for every pair of vertices 7,7, ¢ < j, in K3 we want to define the maps

i - Viiy — Vijy, where @, ; = <I>]_21 By definition of ®; ; we have that

®1,(123) = 213, ®,,(132) = 231
Dy4(213) = 312 B, 5(231) = 321

@, 4(123) = 321 B 5(132) = 312

So it is clear that the maps ®; ; are isomorphisms of graphs, and hence 7 : S3 — K
is a GKM fiber bundle. Moreover, if t; denotes the subspace of t* generated by
the values of the axial function o on the edges of I'y;y, we have tf = R(zy — x3),

t; = R(z1 — x3) and t§ = Rz, — 22). The maps ¥, ; : t; — t; are given by

\1’1,2(36’2 - I3) =T — T3
‘1’2,3(951 - $3) =T — T2

\111,3(56’1 - $2) = —(1’2 - $3)

and Y, ; = (®;;, ¥ ) : (I, aq) — (I', oyyy) defines an isomorphism of GKM graphs

for every pair of vertices ¢, 7 in Kj.

Now we want to study the group of GKM automorphisms A; of the fiber I'y;.
Observe that the loop in K3 given by 1 — 2 — 3 — 1 lifts to the path in S3 with
initial point 123 given by 123 — 213 — 312 — 132, and it’s easy to check that A,
is composed by two elements, Yo = Id and T = (®1, ¥;) where ®;(123) = 132 and
Uy (zg — 23) = — (19 — x3).

Consider now the element ¢; : Vi — 4 given by ¢(123) = —(z2 — 23) and
c1(132) = x9 — x3. Since ¢1(132) — ¢1(123) = 2(123,132), it follows that ¢; is

a cohomology class in H,,,(I'1). Moreover ¢; is an invariant element. So we can

{1}
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extend it to be a cohomology class ¢ in H,(S3) using the recipe described in section

2.4.1. If we do so we obtain

c(213) = —(z1 — x3) = —¢(231)

c(312) = —(z1 — x3) = —¢(321)

If 1 denotes the cohomology class in H,(I") which takes value 1 at every vertex of I,

by theorem 2.4.2 we obtain that H,(I") is a free H,,(K2)—module on 1, c.

321
1 — T2
3 > 319
] W 231
2 7 =
“ | 218 L
N > 132
1 Lo — X3
123

Figure 2-2: The projection 7 : S3 — Ko.

In particular in the above figure, we show the lift of the path 1 -2 — 3 — 1 at

123, and the axial function on the fibers.

In the next chapter we will see that this example is just a special case of a more
general type of GKM fiber bundles, which is obtained by fibering G¢/B over G¢/P,
where G¢ is a semisimple complex Lie group, P a parabolic subgroup of G¢, and B

a Borel subgroup of G¢ contained in P.
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Chapter 3

GKM fiber bundles of flag varieties

Let Gi¢ be a connected semisimple Lie group, P a parabolic subgroup, and G¢/P the
associated flag variety. In this chapter we review the GKM structure of the (gener-
alized) flag variety G¢/P, and prove that if B is a Borel subgroup of G¢ contained
in P, the natural projection map G¢/B — G¢/P is a GKM fiber bundle. Moreover,
for the classical groups, we use a sequence of such bundles to produce cohomology

classes on G¢/B which are invariant under the action of the Weyl group W of Ge.

3.1 Flag varieties as GKM spaces

Let GG be a compact simple Lie group with Lie algebra g, and let T' C G be a maximal
torus with Lie algebra t. Let R C t* denote the set of roots and W the Weyl group
of G. Let Rt C R be a choice of positive roots in R, and Ry the associated simple
roots.

If (-, -) denotes a positive definite symmetric bilinear form on g which is G—invariant,
we can use it to identify g and g*, and also t and t*.

Given a point py € t*, consider the G—coadjoint orbit O,, = G-py. Let G, C G be
the stabilizer of py; the map which takes g € G to g-py € Op, induces an identification
O,, = G/G,,. Moreover, there is a natural symplectic form w on O,,, and the action
of G on O,, is Hamiltonian, with moment map given by the inclusion map O,, — g*.

Hence, the moment map ¢: O,, — t* for the T" action is the composition of this
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inclusion with the natural projection from g* to t*. Moreover, (O,,,w,?) is a GKM
space. The GKM structure can be described as follows.

If po is a generic point in t*, let (I, &) be the GKM graph associated to (Op,, w, ).

e The map from the Weyl group W to t* which takes w to w(pg) induces a
bijection between the elements of the Weyl group and the T—fixed point set of
Oy, Which corresponds to the vertex set V. The moment map 1 restricted to

V' is the inclusion map, that is ¥ (p) = p for all p € V.

e There exist an edge e between two vertices p; = wi(po) and py = wsy(pg) if and
only if wy = wysg, where sz is the reflection associated to some § € R*. The

value of the axial function on (py, ps), a(p1,p2), is w1 ().

Remark 3.1.1. For all § € R and w € W the following relation
wsg = Sw(g)w (31)

holds (cfr. [18]). Since the Weyl group takes R to itself, it follows that two elements
of the Weyl group W differ by a reflection over a root on the right if and only if they
differ by a reflection on the left.

Consider a subset of the simple roots ¥ C Ry, and let W (X) be the subgroup of
W generated by the reflections s,, with o € X.

If po is not a generic element of t*, i.e. py belongs to ﬂ H,,, where H,, is the
a,EX
hyperplane orthogonal to the simple root «; and ¥ # (), then observe that w(py) = po

for all the elements w € W ().
Let (X) denote the subset of RT given by the roots which can be written as
linear combinations of roots in ¥. Let O,, be the coadjoint orbit corresponding to

Do € ﬂ Ha,. Then in this case the GKM graph (I, ) associated to (O,,,wo, ) has
a; EX
the following description.

e The elements of V' are in bijection with the right cosets

W/W(E) = {wW(X) st. we W} ={[w] st. we W}
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The moment map ¢ : V. — t* is given by ¥([v]) = v(py). Observe that since
Do € m H.,,, then ¢ is well defined.

S
e Two elements [v] and [w] are joined by an edge if and only if [w] = [vsg] =
[sy(3)v] for some 3 € RT\(X). Observe that this condition implies that [v] # [w].
The axial function o on this edge is given by a([v], [vsg]) = a([v], [sy(@)v]) =

v(B).

e The connection V. along the edge e = ([v], [vss]) is given by V.([v], [u])
([sua)v], [su(pyu]), for all ([v], [u]) € E}y. It’s easy to check that the axial function

is compatible with this connection.

Observe that the previous case, the coadjoint orbit through a generic point py € t*,

can be obtained from this one by setting ¥ = ().

Example 3.1.2 The GKM graph associated to a generic coadjoint orbit of
type Bz, W(Bs)

Let G = SO(5), and let a3 = x; — x5 and ay = x5 be a choice of simple roots. Let
s1 be the reflection associated to aq, and sy the reflection associated to . Then the

GKM graph associated to a generic coadjoint orbit of type By, W(DBs), is shown in

Figure 3.1.
T + i)
52 51525182 = $2515251
T2
id 515251
X1 — T2
51 5152

Figure 3-1: The GKM graph W (B,)
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T+ T2
_ x
[id] - ! [515951]
Ty
2y — T A

[s1]

Figure 3-2: The GKM graph W (By)/W ().

Example 3.1.3 With the same notation of Example 3.1.2, let ¥ = {as}. Then
W(B,)/W(X) is the GKM graph associated to Gry (R?), the Grassmannian of ori-

ented two planes in R®, and it is shown in Figure 3-2.

The coadjoint orbit O,,, where py € ﬂ H.,, can also be regarded as the manifold
a; EX

of generalized flags G¢/P(X), where G is the complexification of G, and P(X) is the

parabolic subgroup corresponding to ¥, i.e.
Lie(P(2) =& P aa.
ae(X)

where b is the Lie algebra of the Borel subgroup associated to R*, and Lie(G¢) =
gc = h ® @, . 9a is the canonical decomposition of g¢, with h D t.

If G¢/P(X) is the generalized flag manifold associated to G¢ and X, we will denote
its GKM graph by (W/W (%), a).

Consider now two points py and pg in t* such that they both lie in the closure of
the same Weyl chamber, and such that Gz, C G (the stabilizer of py) contains Gy,
(the stabilizer of py). Consider the coadjoint orbits O,, and Op,. Then there is a
natural projection map

" (3.2)
g-Po — gG-Po
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It is well known that 7 is a T'—equivariant fibration with symplectic fibers, isomorphic
to G,/ Gpy-

In the language of flag varieties, this corresponds to take two subsets of simple
roots Y1 and ¥, such that ¥ C X9 C Ry, consider the parabolic subgroups P(X;) C
P(33) C Gg, and the associated projection map 7 : G¢/P(3) — G¢/P(Xs), with
fiber P(35)/P(%1).

Now consider the case in which ¥; = (), and hence G¢/P(X;) is a complete flag
variety. Let (W, a) be its associated GKM graph. Let ¥ be a non empty subset of the
simple roots Ry, and consider the partial flag G¢/P(X), with associated GKM graph
(W/W (%), ). In the next proposition, we want to prove that the discrete analogue
of the map (3.2) is a GKM fiber bundle.

Proposition 3.1.4. The projection map w: (W, a) — (W/W (%), «) is a GKM fiber
bundle.

Proof. For every vertex w € W it’s clear that the set of vertical edges E-- is given by

Bt = {(w,wsg) st. B€(X)}

w

and the set of horizontal edges H,,

H, = {(w,wsp) s.t. € RT\ ()}

Hence the map (dm)g, : Hy — Ejy) is a bijection, and we can define it by imposing
that a(e) = a(n(e)) for all the edges e € H,, ie. (dm)m,(w,wsg) = ([w], [wsgs]).
Hence a(w,wsg) = w(fB) = a([w],[wsg]). Moreover it is easy to check that the
connections on W and W/W (%) are compatible in the sense of definition 2.3.4. So
7w is a GKM fibration. The graph associated to each fiber is clearly isomorphic to
W (3). Now we need to prove that given two elements [w] and [v] connected by an
edge e in W/W (), there exists an isomorphism of GKM graphs between the fibers
I'fw) and I'y). Let [v] = [wsg] for some 5 € RT\ (¥). Let V], be the set of vertices
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of I'y; so we have Vi) = {wu, v € W(X)}. Consider the lift of ([w], [wsg]) at .
By definition we have that @) wss) : Viw] = Viwss] 18 given by ®p,j(wu) = sygwu =
wsgu. Hence any vertical edge (wu,wus,) in I'y,), where v € (X), is sent to the
edge (Sw(s) Wi, Sw(E)Wusy). SO P fwss) © Tjw] — Dwsy) i an isomorphism of graphs.
The map Wiy jwsy : t° — t* is simply given by Wiy jwss(7) = Sw(s) (7). Moreover it’s
straightforward to check that condition (ii7) of definition 2.3.5 holds. Hence 7 is a
GKM fiber bundle. O

Example 3.1.5 Consider W (B,) and W (By)/W (%), as described in Example 3.1.2
and 3.1.3. Then the projection map 7 : W (Bs) — W(Bs)/W|(X) is described in the

following Figure.

[s951] 59571 525182

52 51525152 = $2515251

[id]

[518251]

id 518251

[51] S1 5152

Figure 3-3: The projection 7 : W(By) — W(By)/W(%).

From the proof of the previous proposition, we can summarize the isomorphism
of GKM graphs between the fibers I'i,; and I, in the following way.
The isomorphism of graphs Pl fwsg] * Lw) = Tjwsy) 18 given by

P fwsg] © L) = Tusy)
v Sug)
whereas the isomorphism Wi, (s, : t* — t* is given by
Vil fwsg) = € — ¥
0 — Sw(ﬁ)((;)
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Since the typical fiber is isomorphic to W (%), it’s easy to see that the map (@ju), ¥ :
(W(X),a) = (I'y), ) defined by ¢p,j(u) = wu and 9y, (d) = w(d) is an isomorphism

of GKM graphs, where w is a fixed representative of the elements in [w].

3.1.1 The holonomy subgroup of the GKM bundle
T W — W/W(X%)

For every element u of W(X), there is a natural GKM automorphism (®,,¥,) :
W(¥) — W(X), which is given by ®&,(v') = wu’ and ¥, (8) = u(f). So there is an
embedding of W () into the GKM automorphisms of the GKM graph (W (%), a).

Now consider the group of automorphisms Holp,, of (W(X),«) determined by
the loops in W/W (X) based at some point [vg] € W/W(X). More explicitly a loop
in W/W(X) based at [vp] is a sequence of vertices [vg], [v1], ..., [k] = [vo] such that
Vi = Sy, (8;_1)(Vi—1), where 3y € R\ (X), foralli =1,... k. Sov; = vpsg,...5_,,
foralle=1,... k.

If ([vo), [v1]) is an edge in W/W (X) such that vy = s,,(3)vo for some 3 € R\ (¥),
then for every element vou of the fiber 7 *([vo]), with u € W(X), Py fon)(vou) =
Suo(8) (Vou) = V1.

So if 7 is the loop ([vo], [v1], ..., [vk] = [vo]) We have that
Dy = Py ), fon] © *** Poofor] Lol = Duo]
is given by
D (VoU) = Suy_ 1 (Be_1) " " Svr(B1)Swo(Bo) (Vo) = V0Sg, 53, - - - Sg,_, U = Vgl .
Hence the isomorphism of the typical fiber ¢, : W(X) — W(X) is given by

P (u) = (90[:,§](I>7S0[v0})(u) = v ok
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and 1, : t* — t* is given by ¥, (8) = vy 'vi(d). Since [vg] = [vg], this implies that
w = vy v, € W(D).

The previous argument proves that for every loop v in W/W (%), there exists an
element w € W(X) such that (¢,,1,) : (W(X), ) — (W(X), ) is given by

0 (u) = wu

(3.3)
¥ (B) = w(B)

In the next proposition we want to prove that also the converse is true.

Proposition 3.1.6. Given the GKM fiber bundle # : W — W/W(X), for every
element w of W(X) there exists a loop v in W/W (X) such that the automorphism of
the fiber (¢4, ¢y) : (W(X), o) = (W(X), ) induced by vy is given by (3.3).

Proof. Since every element in W (X) can be written as a product of reflections s,,,
with «; € (X)), it is sufficient to prove that for every element «; in (X), there exists a
loop v in W/W (X)) such that the corresponding isomorphism of the fiber is given by
(3.3).

Since the Weyl group acts transitively on R, there exists an element w € W such
that w(a,) € BT\ (X). We can write w as uv, where u € W(X) and v = sg, ... S5,
with By, ..., B € RT\(2). Then it’s easy to check that also u™'w(c;) = sg, . .. 55, ()
belongs to Rt \ (¥) (cfr. Lemma 4.1 in [14]). So we need to prove that there exists
a loop v = ([vo], ..., [vm]) based at [vg] such that v, = vysq,.

Observe that vov_lsv(ai)v = USq,, S0 it is sufficient to consider the loop

[vo] = [vosp] = - = [vosg, -+~ 53] = [vov™] = [U0v ™" Su(ay)] —
— [00Su(a:)S81) = -+ — (V00 Su(an)Sa1 -+ S8, = [U0V  Su(as)V] = [V0Sas]
and the claim follows. O

Combining the previous proposition with the definition of invariant classes we can

say that
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Definition 3.1.7. A cohomology class f € H,(W) is invariant if and only if
flwu) =wf(u) for allw,u e W (3.4)

In the next section we will use a sequence of such GKM fiber bundles to construct

a basis for the equivariant cohomology of (W, ) composed by invariant classes.

3.2 GKM fiber bundles of classical groups

Let G¢/B be the complete flag variety in type A, B, C and D, and let (W, «) be the
associated GKM graph. In this section we will use the structure of the holonomy
group associated to the GKM fiber bundle W — W/W(X), for some ¥ C Ry, to
construct a basis of H, (W) which is invariant under the action of the Weyl group W,

in the sense of definition 3.1.7.

3.2.1 Type A,

In type A, the complete flag variety G¢/B is the variety of complete flags in C"*1,
FI(C™1). The set of simple roots Ry is given by Ry = {ay,...,a,}, where a; = z; —
xiy1 fori =1,...,n, and the set of positive roots is Rt = {z;—x;, 1 <i < j <n+1}.

If we consider ¥ = {a;, i =2,...,n} then (X) ={z; —z;, 2<i<j<n+1}, and
R+\<E>:{$1—Z’J,j:2,,n+1}

Now we want to consider the GKM fiber bundle 7 : W — W/W(X). Observe
that W/W (%) is the GKM graph associated to the complex projective space CP™ as
described in Example 1.4.7, and hence this GKM fiber bundle is the discrete analogue

of the bundle described in section 2.3.1. In fact, considering W/W (%) is equivalent
n+1

to consider the GKM graph of the coadjoint orbit through a point py € m Ho, s
i=2
where H,, is the hyperplane orthogonal to «;. If pg = 1y + po(z2 + ... + Tpy1),

with g1 < pe and py + npe = 0, then the n 4+ 1—fixed points of Oy, are given
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by pi = px; + polzr + ...+ T+ ...+ xpe1), @ = 1,...,n+ 1. Define §; to be
x1— 25, 1=2,...,n+ 1. So the set R\ (X)) is given by

REN() = {8, i=2,....,n+1}.

Consider now the elements of W given by Id, sg,,...,sg,.,. Then there is a bijection

between these elements and the fixed points of O, given by

Id — p

S, Sﬁi(ﬁo):ﬁiv

fori =2,...,n+ 1. Hence the vertices of W/W(X) are given by the elements

w1 = [[d], Wy = [852], ceey Wpat = [Sﬁn+1] .

Observe that since sg, = S4;—4,;58,52,—¢,; for all @ # j, with 4,7 € {2,...,n+ 1}, we
have [sg,] = [54,—«;53,), and hence a(w;, w;) = x; —x;. So, as a GKM graph, W/W (%)
is isomorphic to the complete graph K, ;1 (cfr. 2.2.4).
Now we want to use Theorem 2.4.2 to build classes on W which are a basis for
the cohomology of W, and are invariant under the action of the Weyl group W.
Consider the cohomology of W/W(X). The element 7 € Maps(W/W (%), S(t"))

given by 7(w;) = z; is a cohomology class, since

T(wi) — T(wj) = 2; — 25 = a(w;,w;) .

Moreover 7 is invariant under the action of the Weyl group W, i.e. wr(w;) = w-x; =
T(ww;). This also follows from the fact that the class 7, modulo rescaling, coincides
with the moment map ¢ on Op, plus a constant, and the moment map on coadjoint
orbits is naturally invariant under the action of the Weyl group. Then, it’s easy to
see that the classes {1,7,...,7"} form a basis for the cohomology of W/W (%), as a
module over S(t*).

Now consider the fiber of the projection W — W/W (3). In order to find coho-
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mology classes on W such that their restriction to each fiber form a basis for the
cohomology of the fiber, by Remark 2.4.6 it is sufficient to find cohomology classes
on the fiber which are invariant under the action of the holonomy group of the fiber,
and then extend them to the whole graph W. Since the typical fiber is isomorphic to
a generic coadjoint orbit of type A, _1, we can proceed inductively.

Consider the GKM fiber bundle 7 : &3 — K3 as in Example 2.5, where the
projection is given by o — o(1), for all ¢ € S3. Then the typical fiber is isomorphic
to Sy > Ks, and an invariant class on 77 !(1) is given by ¢(123) = x5 and ¢(132) = z3.
If we extend ¢ to be an element of H,(S3), then by definition we obtain an element
¢ which is invariant under the action of S5. By applying Theorem 2.4.2 we obtain
that the cohomology of Sz is generated by the (invariant) classes 1,c, 7,72, ¢, T2c.
Let cjo0) = 1,clo1] = ¢, Clio) = T, C1,1] = TC o) = 72, C2,1 = 72¢. The values of these

classes on S3 are summarized in the following table.

€o,0] | “o.1] | €0] | Cu.1 | 2,0] | “2.1]
123 1 Ty | T | mme | 77 | Timy
213 1 T Ty | ToX x% x%xl
132 1 T3 T | T1x3 x% l’%ﬂfg
231 1 T3 ) Tol3 LIZ‘% l’%ﬂ?g
312 1 T T3 | Tr31y x?,, x%xl
321 1 Ty | w3 | 3w | 75 | Tiwy

Table 3.1: Invariant classes on Sz

If we repeat this procedure further we obtain the following

Theorem 3.2.1. The cohomology H,(S,) has a basis B(A,—1) given by invariant

classes ¢y : S, — t*, where if I is the multi-index I = [iy,. .., 1,_1],
cr(w) =w - (*Tlll ayT) = Igu)xii(z) v 'x:ll;b(;Ll—l)

and

B(An_l) = {C[ s.t. I = [’il, Ce ,in_l], 0 < ’il < n—l, 0 < ig < n—2, c. .,0 < in—l < 1} .
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3.2.2 Type B,

The set of simple roots of B,, (for n > 2)is Ry = {ay,...,a,}, where a; = z; — 241,

fort=1,...,n—1 and o, = x,,. The set of positive roots is

Rt ={x;|1<i<n}U{z; £z;|1<i<j<n}.
If ¥ ={as,...,a,}, then

X)) ={z;|2<i<n}U{e; £2;|2<i<j<n}
is the set of positive roots for a root system of type B, _1, and

RN ={f=a1}U{B =01 Fu; |2<j<n}.

Let

Then W/W(X) = {w,wy,...,w} w,}, and the graph structure of W/W (%) is

that of a complete graph with 2n vertices.

Geometrically, let pg be a point in ﬂ H,,; for example let pg be 1. Then W/W («)

1=2
is the GKM graph associated to the coadjoint orbit O, through py, which corresponds
to a Grassmannian of oriented two planes in R*"™! Gry (R*"*!). The T—fixed points

of Op, are given by —x1,...,—x,,21,...,%,, and the bijection with the vertices of
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W/W (%) is given by

wy =[sa] = —m1 = sp(z1)
o =lsy) = = s ), 2<i<n

If 7 is the map 7: W/W(X) — t*, 7(w§) = ex;, with 1 < j <n and € € {4+, —}, then

the axial function « is given by

o' ) =
Note that although W/W (X)) and K5, are isomorphic as graphs, they are not isomor-
phic as GKM graphs. One way to see that is to notice that

a(w,wi) + awi,wy) + alwy,wi) = —z1 #0.

Nevertheless, as in the Ko, case, the set of classes {1,7,...,72""1} is a basis for
the free S(t*)—module H}(W/W (X)). Moreover observe that the class 7 is precisely
the restriction to the fixed point set of the moment map on Op,, and hence it is

2n=1 gre W —invariant.

W —invariant. Hence all the classes 1,7,...,7

An alternative description of the Weyl group W is that of the group of signed
permutations (u,€), with u € §,, and € = (e1,...,€,), ¢ = £1. The element (u, €) is
represented as (e;u(1), ..., e u(n)).

Then s,, is just a change of the sign of z;, Se;—a; corresponds to the transposition
(4,7), with no sign changes, and s,, 4., corresponds to the transposition (4, j) with both
signs changed. In particular, Id is the identity permutation with no sign changes, sg,
is the identity permutation with the sign of 1 changed, s gt is the transposition (1, j)
with no sign changes, and S6; is the transposition (1, ) with sign changes for 1 and
J. In general, if u € S, and € = (ey,...,€,) € Z3, then the element w = (u,e) € W
acts by (u,€) - 2 = €42y k). Then W/W () can be identified with {£1,42,...,+n}
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by w$ — €j, and the projection 7: W — W/W (X) is 7((u, €)) = eru(1).
For I = [iy, ... in-1], let ¢;: W — S(t*) be given by

CI((U’ 6)) - (Elx“(l))il o (En—lxu(n—l))%hl .

Then ¢; € (H:(W))V is an invariant class, and we will construct a basis of the free
S(t*)—module H} (W) consisting of classes of type ¢y, for specific multi-indices I.

When n = 2, the fiber over 2 is 771(2) = {(2,1),(2,—1)} and is identified with
W(E) = S = {1,—1}. A basis for H(W(X)) is given by the invariant classes
{cp), cpy}, where ¢ = 1 and ¢pj(1) = 21, cpj(—1) = —21. These classes are extended
to the invariant classes cjp and cjg ) on W.

2

The classes 1, 7, 72, and 72 on the base lift to the basic classes Co,0]» C[1,0]> C[2,0]5

and cj3 o on W. Then a basis for the free S(t*)—module HX(W) is
B(Bz) ={cr | I = [ir,12], ,0< i3 <3,0< i <1}

The values of these classes on the elements of W(B,) are shown in Table 3.2.

Repeating the procedure further, we get the following result.

C0,00 | €o] | €0l | C1] | €200 | C21] | €30 | €3]

(1,2) 1 Ty | m | mme | x| Timg | a7 | xime
(1,-2) 1 | —zo | @y | —mimo | 23 | 23w | 23 | —aixy

(—1,-2) | 1 | —2o | —21 | mwg | 2% | —2imy | —2d | afay
(—1,2) 1 Ty |~y | —mmy | =2t | afxy | —ad | —ada

(2,1) 1 T | my | maxe | a3 | adxy | a3 | ada
(2,-1) 1 | =2 | @9 | —mme | 23 | —2321 | 25 | —2314

(=2,-1) | 1 | =z | =22 | mmy | 23 | —23my | —25 | x3my
(—2,1) 1 Ty |~y | —Timy | a3 | xiTy | —15 | —ximy

Theorem 3.2.2. A basis of the S(t*)—module H (W (B,)) is given by the invariant

classes

B(B,) = {c1 | I = [in,...
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3.2.3 Type C,

The set of simple roots of C,, (for n > 2) is Ry = {aq,...,a,}, where a; = x; — 241,

fori=1,...,n—1 and «, = 2x,. The set of positive roots is

Rt ={2x|1<i<n}U{e; £z, |1<i<j<n}.
If ¥ ={ag,...,a,}, then

(X)={2z; |2<i<n}U{r;tz;|2<i<j<n}
is the set of positive roots for a root system of type C,_1, and

RI\NE) ={h =20} U{f == Fa;[2<j<n}.

Let
wf— :[Zd] ;o W = [551]
w; :[Sﬁj] = [S21—a,] for 2<j < m
Wy :[sﬁ;] = [Spi4a,] for 2<j<mn.

This is essentially the same as the B, case, and W (C,) ~ W(B,) is the group of
signed permutations of n letters. Then W/W(X) = {w],w;,...,w/,w-}, and the
graph structure of W/W (X)) is that of a complete graph with 2n vertices. In type C,,,
the graph W/W (X) corresponds to the GKM graph of a complex projective space
CP?~1; in this case the axial function on W/W (X)) is given by

It’s easy to see that, although W (B,,) and W (C,,) are not isomorphic as GKM graphs,
B(C,) = B(B,) is a basis of H,(W(C,)) consisting of invariant classes.
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3.2.4 Type D,

In type D,, a set of simple roots is given by Ry = {ay,...,,} is given by «; =
r; — X1, fori=1,....,n—1, and a,, = x,,_1 + x,,. The corresponding set of positive
roots is

Rt ={x;+z;, 1<i<j<n}

Let ¥ ={ag,...,a,}; then
() ={z; £z;,2<i<j<n}

Observe that (X) is a set of positive roots of type D, if n > 4, whereas if n = 3 it

is of type A; x A;. Then we have
R*\(E) ={f =21 F 5, 2<i <n}

n

Consider a point py € t* such that py € ﬂHai; for example let pg = x;. Then the
i=2

coadjoint orbit Op, is isomorphic to the Grassmannian of oriented two planes in R?",

Gry (R?"). The T—fixed points are given by the elements +z;, i = 1,...,n.
The GKM graph associated to Op, is W/W(X), where the vertices are given by

the classes

wt = [1d)

wy = [sg-5g+] = [sg+s5-], forall2<i<n
wt = [Sﬁii], forall2<i<n

(2

and the bijection between these vertices and the T'—fixed points of Oj, is as in type
-+

- is connected to every other vertex, except for w;"

7

B,,. Observe that every vertex w
for all i = 1,...,n. Consider the element 7 : W/W(X) — t* given by 7(wf) = ex;,
where € € {4+, —}. Observe that, as in the other types, 7 is the moment map on Op,
restricted to the fixed point set.

In terms of 7, the axial function on W/W (%) is given by

Y —1(w?) = i — €5y



The Weyl group W can be described as the group of signed permutations (u, €), with
an even number of sign changes. Soif € = (€1,...,€,) € Z}, we have €1 - - - ¢, = 1, and
the element w = (u, €), with v € S,,, acts on x;, by w - 2 = €2y k). Observe that, as
before, the elements 1,7,...,72""2 are W—invariant elements of H,(W/W(X)); but
we need another element of degree n — 1 (hence an element of H*"~2(W/W(X))) to
obtain a basis for H,(W/W (X)) (as a module over S(t*)). Observe that if we take
n=ux - -x,7 ', thisis in H>"2(W/W (X)), and it is invariant. Using a Vandermonde

2

type argument, it can be proved that the classes 1,7,...,72""2 1 form a basis of

W —invariant classes of H,(W/W(X)).
In terms of the description of the Weyl group given above, the vertices of W/W (X)
can be identified with the set {£1,...,4n}, where w corresponds to =+i, and the

projection 7w : W — W/W (%) is given by 7(u,€) = equ(l).

For every multi-index I = [i1, ..., 4,] consider the class ¢; : W — S(t*) given by

cr(u,€) = (61%(1))i1 e (en—1xu(n—1))i”*1 )

Then ¢; is a W—invariant class in H,(W).

Repeating an argument similar to the other types, we have

Theorem 3.2.3. A basis of W —invariant elements of H,(W') is given by the elements
cr, for I € P, where P, = {[0,0],[1,0],[2,0],[0,1]} and P,, = [i1,...,in] is defined
inductively by the following rule

e 0<i; <2n—2 and [ig,..., i, € Py or
® 11:0 and[iQ—l,...,in—l]EPn_l.

(For more details about this construction, see [14], section 5.4).
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Chapter 4

Canonical classes

Let M be a T—Hamiltonian manifold with discrete fixed point set M7T. As we ob-
served in the introduction, in this case the equivariant cohomology ring of M can be

viewed as a subring of the equivariant cohomology ring of M7.

In this chapter we introduce a special basis for the equivariant cohomology of
M associated to a generic component of the moment map, and give formulas that

compute the restriction of this basis to the fixed point set of the T action.

In particular let 7 : M — MbeaT —equivariant fibration between T'—Hamiltonian
GKM spaces. We explore how to use the symplectic structure of M , together with the
graph theoretical implications of the existence of such a map, to derive formulas that
compute the restriction of the elements of this basis to the fixed point set. Moreover

we explore how the integrality of such formulas is related to the cohomology of M.

4.1 Definition of canonical classes

Let (M,w) be a compact symplectic manifold with a Hamiltonian action of a torus
T. Let ¢ : M — t* be the moment map. We recall that ¢ is a T'—invariant map
satisfying

Lepw = —dy* for all € €t
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where 7 is the vector field generated by ¢, and ¢ is the T—invariant function
defined by ¥¢(p) = (¥(p),€). Moreover, if dr denotes the Cartan differential on
Qr(M) defined in the introduction, then w + 1 is a dr—closed equivariant two form.
So every Hamiltonian manifold (M, w,) is naturally endowed with an equivariant
cohomology class [w + ¢] € HZ(M).

Suppose that the fixed point set M7 is discrete. Fix a generic & € t, i.e. a vector
¢ in t such that n(§) # 0, for each weight n € t* of the isotropy action of 7" on T, M,
for every fixed point p € M”. Then the ¢ component of the moment map v, ¢ = %,
is a perfect Morse function with critical set corresponding to the fixed point set M7.
Let v~ (p) be the negative normal bundle of ¢ at p. Then T has an isotropy action on
v~ (p) with one fixed point, p. So the Morse index of ¢ at p is even for all p € M7,
We define A\(p) to be half of the Morse index of ¢ at p.

Consider the weights of the isotropy action of 7" on v~ (p). By our choice of the
moment map, they are positive weights, i.e. every such weight satisfies n(§) > 0. Let

A denote the product of the weights on the negative normal bundle v~ (p).

Definition 4.1.1. Let T' be a torus which acts on a symplectic manifold (M,w) in
a Hamiltonian fashion, with moment map v : M — t*. Let ¢ = ¢ be a generic

component of the moment map. Then o, € H;)‘(p)(M, R) is the canonical class at

p (w.r.t. ) if
1. ay(p) = A,
2. a,(q) =0 for all g € MT \ {p} s.t. AMq) < A(p)

We will say that a canonical class is integral if o, € H%A(p)(M, 7).

These classes were introduced by Goldin and Tolman ([11]) in the symplectic
category, and they coincide in a particular case with the “Thom classes® introduced
by Guillemin and Zara ([15]) in the GKM category. They can be thought as an
equivariant Poincaré dual to the closure of the unstable manifolds of .

Canonical classes do not always exist (cfr. Example 2, [11]); but if they do for all

the fixed points p € M7, then the set {a,},epnr is a basis for Hy(M) as a module
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over Hp({pt}) (cfr. Proposition 2.2, [11]). Moreover the set of canonical classes is
uniquely determined by ¢ (cfr. Lemma 2.6, [11]). Since the restriction map

i* : Hr(M) — Hp(MT) = Maps(M7T,S(t")) is injective (cfr. Theorem 1.3.2), in
order to understand the equivariant cohomology ring of M it is sufficient to find
formulas that compute the image of {o,},cpr under i*. As a consequence, one can
also derive formulas for the multiplicative structure constants ([11], [15]). In the next
sections we will provide formulas that compute i*({,}), for all p € M7, which are a

generalization of the one provided in [11].

4.2 A generalized path formula for canonical classes

Let M be a Hamiltonian 7" manifold with moment map ¢ : M — t* and discrete
fixed point set M7T. Let ¢ = ¢ : M — R be a generic component of the moment
map, and suppose that there exists a canonical class o, € H;)‘(p )(M ,R) for each fixed
point p € MT. In this section we give a formula that computes i*(a,) for all p € M7,

First we define a graph I' = (V, F') determined by the canonical classes associated
to ¢ (which are unique, as we mentioned before); we will refer to it as the canonical

graph.

e The vertex set V is the fixed point set M7T; we label each vertex with the

moment map image 1 (p).

e The directed edge set E is given by
E={(r")eVxV|Ar)=Xr)=1and a,.(r') # 0} ;

we label each edge (r,7’) € E by

which is an element of S(t*)y, the field of fractions of S(t*).
A path 7 in I" from p to ¢ is a sequence of k+1 vertices v = (v1,...,Vk+1), Where
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Y =D, Yee1 = q and (74, vi41) € F for all 1 <4 < k. We define the length of this
path to be k, the number of edges, and we will refer to it as |y|. We denote by X(p, q)
the set of all paths from p to ¢ in I'.

Before proving the first theorem, we recall two Lemmas from [11].

Lemma 4.2.1. Let ¢ = ¢¢ be a generic component of the moment map and

a, € Hz)‘(p (M;R) the canonical class w.r.t. ¢ at a fized point p. Then
e a,(q) =0 for allg € MT so that ¢ # p and ¢(q) < ¢(p).

Lemma 4.2.2. Let ¢ = ¢ be a generic component of the moment map.
Fiz p € MT. Let vy be a (integral) class in H¥(M;R). If v(q) = 0 for all g € M" so
that M\(q) < A(p), then

e v(p) is a (integral) multiple of A ; in particular,
o if \(p) > i then vy(p) = 0.

The next theorem gives an inductive formula for computing the restriction of a
canonical class «, to another fixed point ¢ € M*, «a,(q), for all p,g € MT. In
particular this formula depends on the value of a,.(r’) for all the fixed points r, 7" € M7T
such that A\(r") — A(r) = 1. In the next section we will give an explicit expression for

a,(r") when M is a GKM space.

Theorem 4.2.3. Let a torus T act on a compact symplectic manifold (M,w) with
discrete fized point set and moment map : M — t*. Let ¢ = )¢ be a generic
component of the moment map. Assume that for all p € M7 there exists a canonical
class o, € H%A(p)(M;R) . Let (V, E) be the associated canonical graph.

Given fized points p and q, let X(p, q) denote the set of paths from p to q in (V, E).

For each v € MT pick a closed equivariant two form w, +1, € QA(M) . Assume that
Vou(q) # Uy, (i) for all v = (1, Yy41) € X(pyq) and 1 < i < |y|. Then

o]
U %+1 — ¥y (13)
A 1y 1 4.
Vezz(pq H Z ¢%(%) 6(7 74—1) ( ]-)
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Proof. Our convention is that if p # ¢ and X(p, ¢) is empty, then a,(¢) = 0. Observe
that if p # ¢ and A(q) < A(p) there are no terms in the sum, hence a,(¢) = 0, which
is true from the definition of canonical class. If A\(¢) — A(p) = 1, the formula above is
true because of the definition of (p, ¢). So the claim is true if A(¢) — A\(p) < 1.

We can always assume that 1, (r) = 0, by replacing v, with v, = 1, — ,(r) for
all r € M™; observe that for all v = (v1,...,7,+1) in Z(p, q), @biﬁ, satisfies w:ﬁ(q) =+
w'% (v;) =0 for all 1 < i < |y|. We will refer to 1, simply as 1.

Formula (4.1) can be written as

Z

pr)el

olr) 5 Jev(q) (4.2)

and we prove (4.2) by induction.

Let oy, € H2’\(p)(M; R) be the canonical class at p. By definition, a,(p) = A, and
a,y(s) = 0 for all s € M7 such that s # p and A(s) < A(p). Consider a,(w, + 1,) €
H;’\(sz(M; R). This form vanishes at all fixed points s such that A(s) < A(p). By
Lemma 4.2.2 this implies that for all » € MT such that A(r) — X(p) = 1, its restriction
a,(r),(r) to r is a multiple of A . We can conclude that % = &(p, r)y(r) is

a real number.

Consider the class

plwp ) — > & r)a, € HXPP (M R).
(p,r)EE
Since a,.(r) = A for all r € M7, this class vanishes on all fixed points s such that
A(s) < A(p) + 1. By the second part of Lemma 4.2.2 this implies that it is the zero

class, therefore

p(wp +¢Yp) = Z Up(r)

(p,r)EFE
Restricting to ¢ and dividing by ,(¢) (which is not zero by assumption) we obtain
(4.2). O]

Remark 4.2.4. Observe that by the definition of canonical graph and by Lemma
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4.2.1, for every edge (r,r") in E we have p(r) < ¢(r'). Soif v = (y1,..., Y +1) @5 @
path in the canonical graph, then p(v;) < ¢(q) for all 1 < i < |y|. This implies that
() # (q) for all 1 < i < |y|. Hence the equivariant symplectic form w + 1 always
satisfies the condition required by Theorem 4.2.3. If we choose w, + 1, = w+1 for all
r € MT, equation (4.1) recovers precisely the formula found by Goldin and Tolman

in [11] (cfr. Theorem 1.2).

Our next goal is to simplify formula (4.1) as much as possible.
For example, consider a family of closed equivariant two forms @+, . .., D+,

in Q% (M) such that for all (r,7') € E and j € {1,...,k}

e e — -
either ¢:(r) < %(r’) or ;(r) = ¢; (1) .
Moreover suppose that for each (r,r’) € E, there exists 7 € {1,...,k} such that

¥;(r) # ¥;(r).
We can define the height of an edge (r,r’") € E to be

h(r, 7'y =min {j € {1,..., k} | 0,(r) # 0,0} .

Fix ¢ € M"; consider a point r € M7\ {¢} and a path v = (71,72, ..., Vy+1) from r
to ¢. By assumption, there exists j € {1,...,k} such that Ej(vl) < Ej(vg) Moreover,
Ef(%) < ﬂj(fyiﬂ) for all ¢ € {1,...,|y|}. Therefore, @j(r) < @j(q), which implies
that ¢;(r) # ¢;(¢). So for all r € MT \ {¢} such that X(r, q) # 0 we can define

h(r,q) = min {j € {1,...,k} | §,(r) # ¥,(q)} .

Since for all (r,7") € E either Ef(r) < Ef(r’) or ¥;(r) = ¥;(r'), it follows that if

@j(%’) = 1;(q) for some i € {1,...,|7[} then @j(%') = Ej(’yi-‘rl) = Ej(Q) as well.

Therefore,

h(%Q) < h(%’+h€l) and h(%Q) < h(%%‘ﬂ)- (4-3)

The first refinement of Theorem 4.2.3 is the following Corollary.
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Corollary 4.2.5. Let a torus T act on a compact symplectic manifold (M,w) with
discrete fized point set and moment map : M — t*. Let ¢ = )¢ be a generic
component of the moment map. Assume that there exists a canonical class o, €
H2P)(M;R) for allp € MT; let (V, E) be the associated canonical graph. Pick closed
equivariant two forms @y +y, ..., W+, in QA(M) such that for all (r,7') € E and
jed{l,...,k}

either Eﬁ(r) < Ef(rl) or ¥;(r) = ¢;(r')

Assume that for each (r,r') € E there exists j € {1,...,k} such that ¢;(r) # ¥;(r)
and for all (r,r'") € E define

h(r,7") = min {j e{l,....k}| Ej(r) + Ej(r')} )

Given p and q in MT, let X(p, q) denote the set of paths in (V, E) from p to q. Then

vl

A Z Hwh(% Yit1) 71"'1) ¢h(%m+1)(%)

- E(VisViv1), where
~veC(p,q) i=1 wh (ViyYis1) ( )_ wh(%7yi+1)(’7i>

Cp,a) ={ve€X®q) | My,7) <h(v2,78) < < (Y, Vi) } -

Proof. As we observed before, for all r € MT \ {q} s.t. 3(r,q) # 0 we can define
h(r,q) =min{j € {1,....k} | ;(r) # 1;(q)}. We apply Theorem 4.2.3 choosing
the equivariantly closed two form w, + 1, associated to r € M7 to be Whirg) T

@h(r,q) if r # q and X(r, q) # (0. Then Theorem 4.2.3 implies that

[vI -
¢h(% (Yir1) = Vngpag (Vi)
A 7y |1 .
VEZE(M)IZ Il Brs (@) — B (0) i)

Let v be one of the paths in 3(p, ¢). Observe that if Eh(%q) (vi) = @h(%q)(%ﬂ), then
v contributes 0 to the formula above. Therefore only the paths 7 in 3(p,q) which
satisfy

h(’yi/}/i-‘rl) < h’(’yu q) for all 7 = 1a SR |7| (44)
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have a non zero contribution. Using (4.3) together with (4.4), the paths in X(p, q)

which give non zero contribution satisfy

(v, Yis1) = h(Vi, @) < h(Vig1, @) = h(Vig1, Vis2)

foralli=1,...,|y|— 1. O

4.3 Canonical classes on GKM spaces

Let M be a compact symplectic manifold with a Hamiltonian action of a torus T’
and moment map 1 : M — t*. Suppose that the fixed point set M7 is discrete.
Then M is equivariantly formal (cfr. Theorem 1.1.3) and therefore Hr(M) is a free
S(t*)—module. Then M is a GKM manifold if for every codimension one subtorus
K of T, the connected components of the fixed submanifold M* have dimension at
most two. This is equivalent to requiring the weights of the isotropy action of T" on
T,M be pairwise linearly independent.

Every GKM manifold is naturally endowed with a graph, called the GKM graph,

where

e the set of vertices coincide with the set of fixed points M”; we label each vertex

p € M7 with its moment map image ¥ (p) € t*

e given p # ¢, there exist a directed edge (p, q) from p to ¢ exactly if there exists
a codimension one subtorus K C 7' so that p and ¢ are contained in the same
connected component N of M%. We label each directed edge (p,q) by the
weight 1(p, q) associated to the isotropy representation of 7" on T, N ~ C.

We denote the set of vertices of the GKM graph by V', and the set of edges by Eqxm
(to avoid confusion with the set of edges E of the canonical graph).

Observe that if (p, q) € Fakm then (¢, p) € Eqkm. Moreover for all (p, q) € Eqkum
n(p,q) = —n(q, p) and ¥ (q) — ¥ (p) is a positive multiple of (p, ¢). The set of weights
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in the tangent space at p € V' is

Hp = {77(73 p) | (T> p) € EGKM}

Consider a generic component of the moment map ¢ = 9*. Then the set of weights
II; in the negative normal bundle of ¢ at p is the set of positive weights in the tangent

bundle, that is,

H; = {n(r,p) | (T,p) S EGKM and 77(7"7]9)(5) > 0}

Observe that IT; also coincides with the set {n(r,p) | (r,p) € Ecxm and ¢(r) < o(p)}.
Hence, Ay = [[,en

that (r) < ¢(q).

n and A(p) = |II| is the number of edges (r,p) € Egxm such

On GKM manifolds it is possible to find conditions that ensure the existence

of canonical classes and when canonical classes o, exist, it is possible to compute

explicitly a,(q) for all ¢ € M7T such that A(q) — A(p) = 1 (cfr. [11], [15]).

Definition 4.3.1. Let (p,q) be an edge in Eqxnm. We say that (p, q) is increasing
if p(p) < ©(q)-

A path v = (71, ..., Yy41) in (Vi Eckm) is an increasing path if the edges (7, Yit1)
are increasing for alli=1,... ||

A generic component of the moment map ¢ is called index increasing if A\(p) < \(q)

for every increasing edge (p,q) € Egku-

If ¢ is index increasing, integral canonical classes exist and it is possible to compute
the restriction of a canonical class a, to ¢ € M7, for all p and ¢ in M7T such that
Ag) — A(p) = 1. More specifically, given n € t* s.t. (n,§) # 0, let p, : S(t*) — S(t¥)
be the homomorphism of symmetric algebras induced by the projection map which

sends X € t to X — %n € £° C ", where £&° = {f e t* | (&) =0}.
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For any (p, q) € Ecku, following [15], we define

Pn(p,q) (A; )

Op,q) = € S(t)o

Aq
Pn(p,q) (n(pg) )

where S(t*)o denotes the ring of fractions of S(t*). Observe that neither py,q)(A,)
nor pn(p,q)(%) are zero, since by the GKM assumption the weights at each fixed
point are pairwise linearly independent. The theorem below was proved in [15] over

the rationals and then extended to the integers in [11].

Theorem 4.3.2. Let (M,w,)) be a GKM space and (V, Egkm) the associated GKM

graph. Let ¢ = ¢ be a generic component of the moment map; assume that ¢ is

index increasing. Then

1. For each p € M7 there exists a canonical class o, € H%A(p)(M; 7).

2. If p and q are vertices such that A(q) — A(p) = 1, then

if (p,q) € Egkm, and

0 if (p,q) € Ecku

3. ©(p,q) is a non-zero integer.

Let (M, w, 1) and (M, &, ) be GKM spaces: let (V, Egxn) and (V, Egku) be the
associated GKM graphs.

Let 7: M — M be an equivariant map. An edge e = (p,q) € Fgku is said to

be wvertical (with respect to 7) if w(p) = m(q) and horizontal (with respect to ) if

m(p) # 7(q).

From the equivariance of 7 it is easy to see that the following conditions are

satisfied:

o 7(V)C V.

o If e = (p,q) € Egku is a horizontal edge, then 7(e) = (7w(p), m(q)) is an edge in

Eckwm-
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o If e € Egky is a horizontal edge then n(e) = £n(w(e)).

Definition 4.3.3. Let w be an equivariant map between two GKM spaces. Then m is

weight preserving if n(e) = n(mw(e)) for all horizontal edges e € Eggn-

Observe that if 7 is weight preserving and has surjective differential, then one can
find connections on I' and T' in such a way that 7 is a GKM fibration (cfr. section

2.3.3).

Remark 4.3.4. If J and J are compatible almost complex structure on (M,w) and
(M ,w) respectively, then any equivariant map 7: M — M which intertwines J and

J is weight preserving.

Lemma 4.3.5. Let (M,w,v) and (]\7,&3,2;) be GKM spaces, and w: M — M a weight
preserving equivariant map. Let p = Y be a generic component of the moment map;
assume that ¢ is index increasing. Define an oriented graph with vertex set V.= M7T

and edge set
E = {(7’, ’l“/) € EGKM | )\(’l“/) — )\(7’) = 1},

where (V, Eqkm) s the GKM graph associated to M. Then for all the horizontal edges
(r,r") e FE
VE(m(r)) < 4 (x (1))

Proof. Let (r,7") be an edge in E. Since A\(r') > A\(r) and ¢ = ¢ is index increasing
we have ¢(r) < ¢(r') . Since 7 is an equivariant weight preserving map, if (r,7’) €
Ecxy is horizontal with respect to , then 1(r') — 4(r) and ¥(r') — ¢(r) are both

positive multiples of n(r, ), and the conclusion follows. O

Definition 4.3.6. Let (M, w, ) and (M, &, ) be GKM spaces, and let w: M — M be
an equivariant fibration. We will say that m has symplectic fibers if the restriction

of w to ]\/4\1, =7 Y7w(p)) is symplectic for all p € MT.

Given a generic £ € t, consider the Morse functions ¢ = ¢ on M, and @ = 1;5 on

M. Let /A\; and K;(p) denote respectively the equivariant Euler class of the negative

93



normal bundle of ¢| i, &t P € ]\//Tp and the equivariant Euler class of the negative

normal bundle of & = ¢ at 7(p) € M.

Observe that for every fixed point p € M7T the T—invariant fiber is a Hamiltonian
space (]\/Zp,wﬁp,mﬁ ) and is a GKM space with GKM graph (V;,, (EGKM) ), where
XA/p =VnN ]\/IPT and (EGKM)p ={(q,7) € Egkm | 7(q) = w(r) = w(p)}. Moreover the

set of weights in the tangent space at any point p € ]\/4\1, is

i, = {n(r,p) | (r,p) € Eaxn and 7(r) = 7(p)} .

Let (17, EGKM) be the GKM graph associated to M , and suppose that 7 is weight
preserving. If II, = {n(r,s) | (r,s) € Egku}, then

ey = {n(r,p) | (r,p) € Egkm and (1) # 7(p)}

and
= ey [ [ 10 (4.6)

In particular, if H and H denote respectively the set of weights in the negative
normal bundle of ¢ i, at p and the set of weights in the negative normal bundle of

? = ¢ at w(p) € M7, then
, =10 T, (4.7)

and

A=A A

p = Dapyp

(4.8)

Therefore if A(s) is half of the Morse index of & at s € M” and A(p) half of the Morse

index of ¢ 5; at p € MT then

A(p) = Mx(p)) + Mp) forallpe MT (4.9)

since by (4.7) A(s) = |II; | and A(p) = |IT;].

Proposition 4.3.7. Let {(M;,w;, ;) }r_, be a sequence of GKM spaces so that My is
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a point and p;: M1 — M; a weight preserving equivariant map for each
i€{0,....k—1}. Let pp = @Di: M, — R be a generic component of the moment

map; assume that ¢y is index increasing. Define an oriented graph with vertex set
V= (M)"

and edge set
E ={(r,7") € Egxm | A(") — A\(r) = 1},
where (V, Egknm) is the GKM graph associated to My. Also, for all distinct v and r'
in'V, define
h(r,r') =min{j € {1,... .k} | m;(r) # m;(r")}

where m, = Id : M}, — M}, and otherwise m; = pjopjii10---0pg_1: My — M; for all
j=0,....k—1. Let@j:ﬂ';f(’gbj)iMk—)f* forallj=0,...,k. Then

1. For allp € M there exists a unique canonical class o, € H%A(p)(Mk; Z).
2. Given p and q in MT, let X(p,q) denote the set of paths from p to q in (V, E);

then

el

A Y0 Vhrueen) 0it1) = iy (08) - O, 7i1)
~EC(p,q) i=1 ¢h (visvit1) ( ) - ¢h(7i77i+1)(7i) 77(7ia %"'1)

where

C(p,q) ={v € 2(p, @) | h(y1,72) < h(y2,73) < -+ < A, Yrg1) }-

Proof. By Theorem 4.3.2, integral canonical classes exist, and (V, ) is precisely the
canonical graph associated to (Mg, wy, ¥k, ¢x). Moreover by definition for all (r,r’) €

FE
(') O(rr")

5(7‘, Tl) = Ar_’ - 77(7,’ 76/) :

For each j € {1,...,k}, consider the closed equivariant 2-forms
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w; 4+ ; = 7 (w; + ;) € QF(M,). Since each p; is an equivariant weight preserving
map, 7; is also an equivariant weight preserving map for all j. Hence, Lemma 4.3.5

implies that for all (r,r") € F and j € {1,...,k}
either 0 (r) < %5(r") or m;(r) = 7;(r") (4.10)

Hence for all (r,r") € E either @j(r) < @f(r’) or ¥;(r) = 1;(r’). Moreover, since
mr = Id, it is obvious that 1, (r) # 1, (r') for all (r,7') € E, and the second claim is

an immediate consequence of Corollary 4.2.5. O

Lemma 4.3.8. Let (M,w,) and (]f\\j,fu,{ﬂv) be GKM spaces. Let w: M — M be a
weight preserving equivariant fibration with symplectic fibers. Let ¢ = 4% be a generic
component of the moment map; assume that ¢ is index increasing.

Define an oriented graph with vertex set V.= M7T and edge set
E ={(r,7") € Egxm | A(r") — A\(r) = 1},

where (V, Egkn) is the GKM graph associated to M.

1. There exists a canonical class Qs on the fiber M, = 7 (7w (s)) with respect to

the restriction ¢ for all s € M7,

2. For allr and q in M7 such that 7(r) = mw(q), let i(r, q) be the set of paths from

r to q in 3(r,q) such that every edge is vertical. Then

vl
¢ z—l—l O (i, Vit1
Z H 7 ) (7 Y )

Ao el %) n(Yivi+1)
Proof. We have already observed that for all s € M7 the fiber ]\Z is a GKM space
and the GKM graph of ]\/4\5 is just the restriction of the GKM graph for M to ]\//78
By (4.9), for all p € MT, A(p) = (7 (p))+A(p). Therefore (|- is index increasing
on M,. Moreover A(p) — A(q) = A(p) — Aq) for all p and ¢ such that 7(p) = 7(q).

Hence, canonical classes exist by Theorem 4.3.2. The canonical graph associated

96



to ]\//Ts is just the restriction of the canonical graph of M restricted to ]\//78 For all
r,s € ]\ZT such that A\(s) — A(r) = 1 (hence X(s) - X(r) = 1) define O(s,r) to be

Since 7(s) = m(r), by (4.8) we have

= s, Kr_ s,T A;
@(S,T): pn( (K) — pn( s )(AS) :@(877’) ) (411>
pn(s T) (77(567*)) pn(s’r)(n(s,r)>

Equivalently, if we define E (r,s) to be OZL\_ , then

and the conclusion follows from Theorem 4.2.3 and Remark 4.2.4. O

Corollary 4.3.9. Assume that the hypotheses of Lemma 4.3.8 hold. Then given p
and s in MT, let 3(p,s) denote the set of paths v from p to s in (V, E) such that
7(7;) # (Y1) for alli. Let i : M — t* be ﬂ*(lZ)

Then for every p and q in M7T,

W@ = | 2 w(qu _E 7)> Pl | 6, (q)

squT ~EX(p,s) 7](727 %-4-1)

Proof. By lemma 4.3.8 for all s € M7 there exists a canonical class &, on ]\/4\S with
respect to ¢|g; . Moreover for all s and ¢ in M™ such that 7(s) = m(g), the restriction

as(q) is given by

1]
Z H ¢ %—I—l )@<%’%+1> , (4.12)

%) n(ViYis1)

7) veS(s,q

where i(s, q) is the set of paths from s to ¢ in the sub-graph of (V) E) with vertices
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VML

We can apply Proposition 4.3.7, where (M,w, ) = (M, wq,19) and (M,ZD,{E) =
(My,wy,¢1), and T =m : M — M. Observe that for all p,q in M7T and every path
Y=,V +1) iIn C(p, ), there exists j € {1,..., |y|+1} such that h(7y;,yi41) =1
forall i = 1,...,5 — 1, and h(v;, 1) = 2 if @ = j,...,|y|. Since h(vi,vis1) =
h(vi, ) = 1 for all i < k — 1, the subpath (v1,...,7;) belongs to %(p,v;) (and
Vi & ]\/qu for all 7 < j), and (7;, ..., +1) belongs to i(vj, Yyj+1) (hence ; € ]\//TqT for
all ¢ > j). Conversely every pathy = (71, ...,7}y+1) that can be broken into two paths
(M, -,75) € S(, %) and (- -, Y1) € BV Y1) belongs to C(y, Yy p1)-

Hence by Proposition 4.3.7 we have that for all p,q € M7

= 2 2 T X Tw (4.13)

seMI \€E(p,s) ¥€8(5,q)
where
ﬁ ¢ —_ () . O(yi; Vit1)
paley — () n(v Vi)
and o
11[ W %+1 (vi) O3, Yis1)
%) (v, i)
Combining equations (4.12) and (4.13), the conclusion follows immediately. O

4.4 Integrality and positivity

In this section we investigate conditions under which the path formula for the com-
putation of the restriction of the canonical classes to the fixed point set is integral
and positive, in the sense specified below.

Let (M,w,%) be a GKM space and ¢ = 9* a generic component of the moment
map. We define the set of weights of M to be

(M) = {n(r;p) | (r,p) € Ecxm}
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and the set of positive weights of M to be {a € TI(M) | «(§) > 0}.

Given any subring (with unit) A C Q, let S(A® ¢*) denote the symmetric algebra
associated to the A module A ® ¢*, where ¢* C t* is the weight lattice. If {zq,...,z,}
is a basis for £*, then S(A ® (*) = Alxy, ..., z,).

Proposition 4.4.1. Let (M, w, QZ) be a T'—Hamiltonian space which is a GKM space
with respect to this action. Let ¢ = 1;5 be a generic component of the moment map.
Assume that H*(M,A) ~ H*((CP%dimM, A) as rings, and that (@] is an integral
class, i.e. it lies in the image of H*(M,Z) — H*(M,R). Given x € M7 and a subset
S C {y € M7 | 3(y) < p(a)}, then

is an element of Ay {a € II(M) | a(&) > 0}, the semiring of S(A ® €*) generated by
A, ={t € A|t >0} and the set of positive weights of M.

Proof. First observe that since the fixed points are isolated and ¢ is a perfect Morse

function, there exists one fixed point of index 2i, for all ¢ € {0, ..., dlmT(M)} Moreover

the GKM graph associated to Mis a complete graph, and
o(y) < @(x) if and only if A(y) < A(z) (4.14)

(cfr. also Proposition 3.4 in [24]). Then for all y € S, J(x) — @Z(y) = nn(y, z) for

some n € N, which implies that

~ 1
A_ = = - +
- N o=y 7 <©
and hence
~ 1
A, — — HaelllM) |« 0}.
M g € Qe 0D 0@ >0



We need to prove that ¢ € A,. Consider the equivariant cohomology class

s= I B+d-o@) €HPOM;Z)

P(y)<p(x), yeM™

Since M is an index increasing GKM space (cfr. (4.14)), integral canonical classes
exist by Theorem 4.3.2. Hence, by Lemma 4.2.2, § = ma, for some m € N, where
a, is the canonical class at z w.r.t. ¢, and %[&7]’\(’”) is an integral class. Since by

assumption H*(M, A) ~ H*(CP39mM A) we have L e A, But

and the conclusion follows. O

Corollary 4.4.2. Assume that the hypotheses of Corollary 4.3.9 hold. Moreover
suppose that H*(]\/Z, A) ~ H*(CP2 dimﬁ, A) as rings.

Given p and s in MT, let X(p, s) denote the set of paths v from p to s in (V, E)
such that () # 7(yis1) for alli. Define ¥ : M — t* to be 7 (1)).

Then for every p and q in M7T,

@)=Y | Y. PH|al

seMT \v€Z(p,s)

where

_ ll[ E z+1 P () . O (7is Yi+1)

Ao Pl @D( vi) (Vi Vi)
lies in the symmetric algebra S(A ® *). Moreover if ©(r,r") > 0 for all (r,r") € E,
then P(v) lies in A{a € II(M) | a(§) > 0}, the semiring of S(A ® €*) generated by

A, ={t € A|t >0} and the set of positive weights of M.

Proof. Since HX(M,A) = H2(CP3%mM A) the value of P(y) will be the same for
any closed equivariant two form & + ¢ € Q%(M ) which is not exact. So we can

assume that [ + ¢] is a non zero integral class, i.e. it lies in H%(]\/Z ,Z). Then
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P(r') —(r)
n(r,r’)
integer. Moreover observe that for all the paths v € X(p, q) ES(%) < @g(q), for all

€ Z for all (r,r") € E, and since 7 is weight preserving, it is a positive

i = 1,...,]7]. The conclusion follows by combining part three of Theorem 4.3.2,

Corollary 4.3.9 and Proposition 4.4.1. O

Suppose that {(M;,w;,¥;)}r, is a sequence of GKM spaces such that M, is a
point, and let p; : M;.1 — M; be a weight preserving equivariant map for each
1=20,...,k— 1. Moreover assume that each p; is a fibration with symplectic fiber
F; and H*(F;, A) ~ H*((CP% dimﬁ, A) as rings. Then we can apply Proposition 4.3.7
and by an argument similar to the one used in the proof of Corollary 4.4.2, we get

the following result (see [23]).

Proposition 4.4.3. Assume that the hypotheses of Proposition 4.3.7 hold. If each p;
is a fibration with symplectic fiber F;, with H*(F;, A) ~ H*((CP% dimM, A) as rings,

then given p,q € MT we have

v€C(p,q)

where
vl 7

2(y) = A H wh(“ﬁmﬂ)(%H) — ¢h('ymz~+1)(%) . O (v, Yit1)
! i=1 wh(wmﬂ)(Q) - @Dh(%,»ﬁﬂ)(%) n(Vi, Vit1)

lies in the symmetric algebra S(A ® £*). Moreover, if ©(r,r") > 0 for all (r,r') € E
then Z(v) lies in Ay{a € II(M) | «(§) > 0}, the semiring of S(A ® £*) generated by
A, ={t e A|t>0} and the set of positive weights of M.
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Chapter 5

Canonical classes on flag varieties

In this chapter we apply the results proved in Chapter 4 to the case of complete flag
varieties. In particular we prove integral formulas for canonical classes on complete
flag varieties of type A,, B,, C, and D,,. Canonical classes correspond to equivariant
Schubert classes on flag varieties, and the formulas we find are new, except in type
A,,. Moreover we prove a general integral formula that implies the divided difference

operator identities.

5.1 Existence of canonical classes

Let G be a compact simple Lie group with Lie algebra g, and T' C G a maximal torus
with Lie algebra t. Let R C t* denote the set of roots, R™ a choice of positive roots
in R, and Ry the associated simple roots. Let (-,-) be a positive definite symmetric
bilinear form on g which is G—invariant (e.g. negative the Cartan-Killing form),
which we use to identify g with g* and t with t*. Let W be the Weyl group of G.

Consider a generic point pg in t*; we choose pg in such a way that (pg, o) < 0 for all
a € RT. If O,, denotes the G—coadjoint orbit through py, we have already observed
(cfr. section 3.1) that O,, is a GKM space with respect to the residual T'—action.
We recall the structure of the GKM graph (V, Egkm)-

e The vertices are in bijection with the elements of the Weyl group; more precisely

the bijection is given by sending w € W to w(py) € t*. The restriction of the
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moment map 1 to the set of vertices is the inclusion.

e There exist an edge e between two vertices p; = wi(po) and py = wsy(pg) if and
only if wy = wysg for some # € RT. The weight associated to the directed edge
(p1,p2) is n(p1,p2) = wi(B). Since wisg = Sy, (gyw1, we can also say that p; and
po are joined by an edge if and only if wy = s,w; for some o € R. In this case
we can define the weight associated to (pi, p2) to be the unique @ € R such that
wy = Sqwi and (pg, ) > 0. It’s easy to check that the two definitions of weight

given above are equivalent.

Let wy = sqwy, p1 = wi(po) and py = wa(pg). Then

(P2, 0) >77(p1,p2). (5-1)

V(p2) = ¥(p1) = P2 = sa(p2) = 2 (o, @) (o, )

Hence, as required, ¥ (p2) — ¢ (p1) is a positive multiple of n(p;,p2). Since (-,-) is g

invariant

(P2, a) = (wa(po), @) = (po, wy () = (po, wi 'sa(a)) = —(po,wi ' (a)).  (5.2)
In particular, the set of weights II,, in the tangent bundle at p; is
I, = {a € R| (po, wy*(a)) > 0}. (5.3)

Fix a generic ¢ € t such that «(§) > 0 for all @ in RT and let ¢ = ¢*: O, — R be a
generic component of the moment map; it’s easy to see that ¢ achieves its minimum
value at py and therefore a(€) < 0 for every weight o € I1,,). Since (pg, @) < 0 for all

a € RT, for any point p = w(py) we can rewrite (5.3) as
I,={a€R|w'(a) € —R"} =w(—R")

The set of weights II in the negative normal bundle of p is the set of positive weights

in the tangent bundle at p, i.e. if 5 belongs to Il then n(£) > 0 and hence n € R*.
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This implies that

I = R*Nw(—R") =w (~RTNw ' (R7)). (5.4)
In particular, A(p) = |RT Nw(—R™)| .

We will need the following standard facts about root systems (cfr. [18]). Every
element w of the Weyl group W can be written as a product of simple reflections, i.e.
w = 8 -8, where s;, = Sai, and «;; € Ry for all j = 1,...,7. The length of w,
denoted by [(w), is the smallest r for which such an expression exists. We refer to
any such expression with » = [(w) as a reduced expression for w (by convention
[(1) =0).

Given w € W and v € R*, l(ws,) > I(w) if and only if w(y) € R*.

Let w = 8,54, . .. 5i, be a reduced expression for w € W and ; = s;, - - - 54, (v;),

with 3, = «;,, where s;, = Sai, for some «;; € Ry for all j =1,...,7. Then

R+ ﬁw_l(—R+) = {51,62,...,571} (55)

Moreover, the 3; are all distinct.

Combining (5.4) and (5.5), we see that for any p = w(py) € V,

A(p) =1(p), and, (5.6)
I =w(-RTNw ' (RY)) ={m,n2, ..., 0} (5.7)

P

where 7; = s;, -+ 55, (), with 1 = a,.

We are ready to prove the following.

Lemma 5.1.1. Let the maximal torus T of a compact simple Lie group G act on a
generic coadjoint orbit Op, C g*. Let (V, Egkm) be the associated GKM graph. Let
Y M — t* be the moment map and p = ¢*: O, — R a generic component of the

moment map. Then ¢ is index increasing.

Proof. Consider an edge (p1,p2) € Egkm 50 that ¢(p2) > ¢(p1); let oo = n(p1, pa).
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By the description of (V, Egkm), there exists w; and wy in W so that p; = wi(po),
P2 = wa(po), and we = s,wy. Since ¥(py) —1(py) is a positive multiple of n(py, pa), the
fact that o(p2) > ¢(p1) implies that a(£) > 0, that is o € I ; by (5.4) this implies
that @ € R* Nwy(—R*). Hence § = —w;, (o) = w;'(a) is a positive root, and

a = wi(d) is a positive root. This implies that [(w;ss) > [(w;), which is equivalent

to l(wy) = I(sqwy) > l(wy). Finally, by (5.6), A(wsz) > A(w;) as required. O

Since a generic component of the moment map is index increasing, Theorem 4.3.2
implies that integral canonical classes exist.

We recall that to any edge (p, q) € Eqgkm one associates an element ©(p, ¢) in the
field of fractions S(t*)o (cfr. section 4.3). When A(¢q) — A(p) = 1, this ©(p, ¢) is a non

zero integer (cfr. Theorem 4.3.2).

Proposition 5.1.2. Let T be a maximal torus in a compact simple Lie group G,
acting on a generic coadjoint orbit O,y C g*. Let (V, Egkm) be the associated GKM
graph. Let: M — t* be the moment map and ¢ = 1*: O,y — R a generic component

of the moment map. Then

O(p,q) =1

for all (p, q) € Egxnm with A(q) — A(p) = 1.

Proof. Let IL (resp. II.) denote the set of weights in the negative normal bundle of
@ at p (resp. q) and « the weight associated to (p,q). Observe that in order to prove
that ©(p, ¢) = 1, it is sufficient to find a bijection f : Il — I\ {a} such that for
all p € IL;, f(n) —n = ca for some constant ¢ (depending on 7).

Let ¢ = w(py) and w = $185 - - - §; be a reduced expression for w (where s; = Sa,
for some o, € Ry, i = 1,...,1). By the Strong Exchange Condition (cfr. [18])
p =w'(py), where w’ = sy ---5; - -5 for some (unique) j =1,...,1L

Let w = 5159+ --5j_1. We have

q = 5152+ 51(po) = Ws;Sj41° - si1(po) = Sw(aj)@sjﬂ - s1(po) = Sw(aj)(p)
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So, for the particular reduced expression of w above, a = w(c;). Moreover

I, = {au, s1(a2), ..., 8182 -+ sja(j1), 81+ sjm1(@yn), - 8100+ 85 sa(an) }

I, \ {a} = {ay,s1(a2),..., 5182 -85 2(aj1),81 - 8j(jq1), ..., 81 s-1(u) }

Define f : I — II\ {a} to be

f(s1- e splagsr)) =81 splagyr) if 1<k<j—1,

and

f(s1ee-85 - sp(aptr)) = st splap) i j <k <l

For every ks.t. j <k <lwehave s;---sp(aQri1) = Sg(a;) (51755~ sp(ary1)), hence

f(s1---55 - sp(agyr)) —s1-- 85+ sp(ags1) = 0 mod a(=w(wy)) .

Since on the other weights f is the identity, the claim follows immediately. O

Consider two points p; and p, in t* which lie in the closure of the same Weyl
chamber, and such that G, C G (the stabilizer of p,) contains G, (the stabilizer of
p1). Consider the G—coadjoint orbits O,, and O,,. Then there is a natural projection

map
T Op — O, (5.8)
g-pP1 — g-p2
We have already observed (cfr. section 3.1) that 7 is a T'—equivariant fibration with
symplectic fibers isomorphic to G,,/G,,. Moreover 7 is a weight preserving map,
since it is a map of almost complex manifold. In [14] we prove a much stronger result:

if I'y and I'y denote the GKM graphs associated respectively to O; and O,, then
m: 1y — I’y is a GKM fiber bundle (cfr. Theorem 4.2).

Now we apply the results of Chapter 3 to derive integral formulas for canonical

classes on generic coadjoint orbits of type A, B, C and D.
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5.2 Generic coadjoint orbit of type A,

Let G = SU(n+1), and let T be the torus of diagonal matrices in G with Lie algebra
t. Then S, 1, the group of permutations on n + 1 elements, is the Weyl group W of
G. Let {z;}"*! be the basis of (R"*1)* given by z;(&1, ..., &) = &. We can identify
the dual of the Lie algebra of T, t*, with the subset of (R"*1)* given by

n+1 n+1
{Zuj%’ 1Y wi = 0} :
j=1 j=1

A choice of simple roots is given by o; = z; — x4, for all j = 1,...,n. For all
i=0,...,n define pu* = (ui,..., uh. ) to be a vector in R™** such that

Py < phy < o< i< iy =...=phy and YT F1ui = 0. Let p’ be the point

pl = Z;‘Jrll ,ujx] in t*. The coadjoint orbit O, = G - p' is isomorphic to G/G,:, where

Gy =8SU1)x...xU1)xUn—-i+1)).

The T—fixed points are given by

(G/G) {Z WiTo), 0 € Sppa} CH .

The moment map ; restricted to the fixed point set is given by the inclusion
Vi (G/Gpi)T — t*. Observe that G/G o is just the point p and G/G,» is isomorphic
to FI(C™™), the manifold of complete flags in C".
For all i = 0,...,n define M; = G/G,;:, and consider the projection map
pi - M;yq1 — M; as defined in (5.8); then the fiber of p;, i = 0,...,n — 1 is isomorphic
to U(n—i+1)/U(n—1), which is the complex projective space CP™"*. So the sequence
of spaces {(M;,w;, ;) }, is a sequence of GKM spaces, and the map p; : M;; — M,
is a weight preserving T'—equivariant fibration with symplectic fiber isomorphic to
CpPv i foralli=0,...,n—1.

Let m; : M,, — M; be the composition m; = p; o p;y1 0 ---0p,_1. The restrictions

of the maps p;’s and ;’s to the fixed points, p; : (M.1)? — (M;)T and
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7 (M,)T — (M;)T, are given by

n+tl n+1 n+1 n+1
pid> 1 w0) = phaay, hence m(D plwe) =Y pitag) -
j=1 j=1 j=1 j=1

Let 7 and 7’ be points in (M,)?, where r = Z;L;l 1) and r’ = Z;L;l 1 o5,

Then
mi(r) =m(r') <= mi(r) =m;(") VO<j<i<=o0(j)=0'(j) VO<j<i
For any pair of elements 7,7’ in (M,)T define h(r,7’) to be

h(r,r") =min{j € {0,...,n} | m;(r) #m;(r")}

(cfr. Proposition 4.3.7). It’s clear that h(r,7’) = a if and only if o(j) = o’'(j), for all
0<j<aando(a)#o'(a). If (r,r) is an edge in E, hence in Egky, then ' = sgr
for some reflection sg € W, 8 € R, where 8 = x,,) — Tk for some h < k; in this
case h(r,r") = h.

Let’s recall the following notation: ¢’ = o(h, k) means that ¢’ is obtained from o
by swapping the elements at positions h and £ in the one line notation of
oc=o0(l)...0(n+1); 0’ = (i,j)o means that we are swapping the elements i and j
in the one line notation of . Hence o’ = o(h, k) if and only if o/ = (o(h),o(k))o.
Observe that if o/ = o(h, k), with h < k, then the height h(o(p™), o’ (p")) of the edge
(a(p™),d’(p")) is given by h.

Consider now the canonical classes {ay,},epr associated to ¢, = ¢5. These classes

exist by Lemma 5.1.1. For any p, ¢ € (M,,)" define

Clp,a) ={v € X, @) | h(v1,72) < h(v2,73) < - < h(Yyps Y1)} -
Proposition 5.2.1. Let G/G,n be a generic coadjoint orbit of type A,,. Fix p and q
in (G/Gpn)T. Let a, € H%A(p)(Mn; Z) be the canonical class associated to p, = 5.

(1) A path v = (o1(p"), - .., 0111 (p")) is an element of C(o1(p"), 0141(p")), if and
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only if
(a) l(oj41) =Uo;) +1 and 0j41 = 0;(hj, k;) with hy <k;, forall j=1,...,1

() h<hy<...<Hh

(2) (c) Forallp,q € (G/Pyw)"

ap(q) = A Z H T

Y=(01(p"),e 0141 (P™))

oj(hj) = Loyiq(hy)

(d) For ally = (o1(p"), ..., 0041(p")) in C(p,q)

[I]

1
=A,
}:[1 Loj(hj) — Lory1(hy)
s a polynomial with positive integer coefficients in the simple roots, i.e. it

belongs to Zsoloa, . . ., Q).

Proof. Condition (a) is equivalent to saying that v belongs to X(o1(p"), or41(p")).
Then, from what we observed before, if 0,11 = 0;(h;, kj) with h; < k;, then
h(o;(p™)oj1(p™)) = hy, for all j =1,...,1. So part (1) follows from the definition of
C(p,q).

Now observe that the sequence of GKM spaces {(M;,w;, ;) }, satisfies the
hypotheses of Proposition 4.3.7. Define wj = m;(¢;) + M, — t* for all j. Then

V(o) = St 1 Tomy, where pil,, = ... = i . Hence, if h(c(p")o’(p")) = h,
we have ¥, (0" (p")) — ¥ (0(p") = ph(Torn) — Tan) + sy Domnir (Tarm) — Tom))-
n+1

But Z(xgr(m) — Tom)) = 0 because {o(h),...,0(n + 1)} = {d'(h),...,0'(n+ 1)},

(0’ (™) — u(o(p™)) =

n+1 n+1
Ty = To) + 1y D (Torm) = Tom)) — M Z Lot (m) = To(m)) =
m=h-+1

(o1 — 1) (Zo(ry — Tor(n))
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In particular if o' = o(h, k) with h < k then

V(0" (") = Va(o (") = (thyr = 1) (To) = Ta) = (i1 — k)l ("), o' ("))

Recall that for every path v = (a1(p"), ..., 0141(p")) in C(o1(p"), 0141(p")),
h(o;(p™), oix1(p™)) = h(oi(p"), o1 (p™)) for all i = 1,...,1 (cfr. Corollary 4.2.5).
Combining the above computations with Proposition 4.3.7 and 5.1.2, we obtain

claim (c). Part (d) follows from Proposition 4.4.3. O

5.3 Generic coadjoint orbit of type B,

Let G = SO(2n + 1) and T' a maximal compact subtorus in G with Lie algebra t.
Let {x;}, be the basis of (R")* ~ t* given by x;(p1, ..., tn) = s, ¢ = 1,...,n. Let
R be the set of roots of G, a1 = 1 — 22, ...,0_1 = Tp_1 — Tp, 0, = T, a choice of
simple roots Ry, and R' the associated set of positive roots. The Weyl group W of
G is the group on signed permutations of n elements.

Consider a vector in R™ (1, ..., jty) such that py < pe < ... < p, <0 and let py
be the point in t* given by po = > 7, 1;;.

The T'—fixed points of the G—coadjoint orbit O,, = G - py ~ G /T are given by

(’)pTO = {Z(—l)ﬁj,ujxg(j), ¢, €{0,1}j=1,...,n, 0 € Sn} Ct'
j=1
Let’s denote Op, by M, and let w be the canonical symplectic form associated to
it. The moment map 1 restricted to the fixed point set is given by the inclusion
Y O — t*. Let £ be a generic vector in t such that a(§) > 0 for all &« € R*. Then
@ =% : M — R is a Morse function, and the point p, is the minimum of ¢.

Now let’s consider the set of canonical classes {oy,},cpr associated to ¢, which
exists by Lemma 5.1.1. The main result of this section is an explicit inductive positive
integral formula for a,(q) for all p,q € M7, i.e. a formula in which each term is a

polynomial in the simple roots with positive integer coefficients.
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Let po be the point —z; € t*. Then the coadjoint orbit G - py = Op, is isomorphic
to Gry (R**1) the Grassmannian of oriented two planes in R*"*1. Let’s denote it by
M ; let w be the canonical symplectic structure on M , and 1; . M — t* the moment

map.

The GKM graph (17, EGKM) associated to (]\7,&3,1;) is a complete graph with 2n
vertices,

V={dx;, i=1,...,n}

and as before the moment map restricted to the fixed point set is given by the inclusion
’lZ : (9;) =V < t*. The same choice of the polarizing vector & gives a Morse function
? = ¢ : M — R, with critical points {—a1, —@s, ..., —Zp, Tn, ..., T2, 21}. We have
M=z;) =i—1, Na;) = n—1i, for all i = 1,...,n, where \(p) denotes half of the
Morse index of ¢ at p. So the critical points are listed by increasing Morse index;

hence the points —x; and x; are respectively the minimum and the maximum of .

Consider the projection map
T (M w, ) — (M,3,1) (5.9)

given by 7(g-po) = g po, for all g € G. Recall that the fixed point set M7 of M can
be described as {w(pg), w € W}, and the map 7 restricted to the fixed point set is
simply given by
T MT - M7

w(po) — w(po) -

Since py and pg lie in the closure of the same Weyl chamber, the map 7 is a weight
preserving T'—equivariant fibration with symplectic fibers. Moreover observe that the
fiber over a point +x) € MT is a generic coadjoint orbit of type B, _;. The subgroup
Wy, of W generated by the elements s,, and s,,_,, with i,j € {1,...,n}\ {h} acts

transitively on the fixed points of the fiber.

For every p and ¢ € MT, let X(p,q) be the set of paths in X(p,q) which are
horizontal with respect to 7 (cfr. Corollary 4.3.9). Given v € X(p, q), let ¥ = 7 (%)
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be its projection to Eqxy and V() the set of vertices of 7,

V(:}?) = {:?1’ cee 7:}7\7\-1-1} - ‘7 )

withy; = m(y;), foralli = 1,..., |y|+1. Observe that 7; = +x;, for some j =1,...,n;

so we can define —7; to be Fz;

Definition 5.3.1. Given a path v € X(p,q), let ¥ = (). The path v is said to be

uneven if the following conditions are satisfied.
(i) V141 € BT,
(ii) =41 € V(7), and

(1ir) max{h | xy € V(Y)} # max{h | -z, € V(7)}.

Otherwise vy is said to be even.

In the above figure we show the projection m(y) = (—x1, x2, z1) of an uneven path

Observe that from the definition of uneven path, condition (i7) implies that the

set

{j|z; and —a; € V(7)}

is non empty. For every uneven path define
k(v) =max{j | z; and —z; € V(¥)}.

Observe that (7i7) implies that k(y) < n.
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Definition 5.3.2. Given a path v € X(p,q), let ¥ = 7(7y). The path ~y is said to
be relevant if it is either even or if it is uneven and xyy41 € V(). Let R(p,q) C

Y(p, q) denote the set of relevant paths.

Observe that by Lemma 4.3.8, canonical classes on the fiber of 7 exist. The main

theorem of this section is the following.

Theorem 5.3.3. Let m : (M,w,v) — (]\7,&3,@;) be the projection map (5.9). Let
o =5 : M — R be a generic component of the moment map, and consider the
canonical classes {ay},epr associated to . For every s € M* consider the canonical
class Qy on the fiber M, = 7 1(w(s)), and let R(p,s) be the set of relevant paths from
p to s.
For every v € R(p, s) define Q(v) to be
()

vl

1 7(Yig1) — (%) 1
QM) =AM 11 (Y1) — (7)) 1%, Yis1)

7

if v is even;
(i)

el

— oA— T(Yit1) — 7(0) 1 T(Vyl+1)
@0 AW(VMH) 11 7T(7|v|+1) — 7 (vi) (7> Viz1) n(_xk('y)-l-la 7T(7|v|+1))

7

if v is uneven.
Then
(1) For all p and q in M7T

@)=Y Y. Q0 |asl),

seMT \YER(p,s)

(2) Q(v) is a polynomial in the simple roots with positive integer coefficients, i.e.

it belongs to Zsola, . . ., ay).
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Before proving Theorem 5.3.3 we need to give another characterization of even

and uneven paths, and make the expression of the terms Q(v) more explicit.

If (V,Egkm) is the GKM graph associated to a GKM space (M,w, ), we define

the magnitude m¥(e) of an edge e = (r,s) € Egku to be

mé(e) = L3 —¥0)
n(e)
Observe that for the GKM space (]Tj , W, 1;) it is possible to define the magnitude of
(r,s) for any pair of vertices r, s in V, since (‘7, EGKM) is a complete graph. Since
from now on we will only consider the magnitude of edges in (V, Eqiy), we will

denote miz(e) simply by m(e), for all e € Egku.

Definition 5.3.4. Given a path v € X(p,q), let ¥ = w(y). The set of skipped

vertices of v is
SV(F) = {5 € V| d5(s) < ¥ (i) }\ V).
Proposition 5.3.5. Let v = (71,...,Yy+1) be a path in (V, Egkm) which is horizon-

tal and increasing. Define

1]
s T(Yig1) — (%) 1
P(y) = AW(«,MH) Zl} 7T(7|~f|+1) — (7)) n(Vi, Yit1)

If ¥ denotes 7(7y) then

(i) P() = H n(s,Vz141) if and only if one of the following happens
seSV(H)

(a) 71 € RY or ypz141 ¢ RT
(b) —Ap1+1 € V(H) and max{h | z, € V(7)} # max{h | —z, € V(7)}

(¢) =T € V(7) and max{h |z, € V(7)} = max{h | -z, € V(7)}

(ii)) P(y)=2 [ n(s.3541) if and only if F541 € R, 51 € R*, 511 € V(F)
seSV(H)
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and max{h | z, € V(¥)} = max{h | —z, € V(7)}

1 - . e _ _
(itr) P(v) = 5 II n(s.3m41) if and only if Fz1 € RY, —Fg01 € V(7) and
seSV(H)
max{h |z, € V(7)} # max{h | —x, € V(7)}.

Hence P(7) is a polynomial with positive integer coefficients in the positive roots if

and only if v is even.
As usual we set the empty product to be equal to one.
Proof. First of all it’s easy to see that if 7 = (V1,...,95+1) = 7(7), then

7]

H m(Yi, Yi+1) H 77 N (5.10)
i1 m(Vi, 7|~/\+1 €SV
In fact observe that 7(jy4+1) # 7(v;) for all @ = 1,...,]y|, since 7 is a weight pre-

serving map and < is horizontal and increasing. Then observe that

(in) = m(0) _ dalyen) — @) _
) ey ) i)

and N ~

(V) +1) - A”('YMH)

(Y1) =73 mm (), (V)T (0), 7 (1))

Moreover since 7 is an increasing horizontal path, and since 7 is a weight preserving
map, the path ¥ = 7() is increasing as well. Hence by definition of SV () we have
that

1l A~

IFEe | RRICECTENE

iz1 ] (VW‘“)) sESV(A)

and (5.10) follows. Then observe that since 7 is increasing, its sequence of vertices is

an ordered subsequence of
(=21, —To, .y =Ty, Tpy - -+, T, 1)

The only edges in Egx of magnitude 2 are the ones connecting opposite vertices —z;

116



and z;, for some j = 1,...,n; all the others have magnitude 1. Then, since 7 is an
increasing path, it can have at most one edge of type (—z;, z;) for some j =1,...,n,

and if such an edge exists then j = max{h | z, € V(7)} = max{h | —z;, € V(7)}.
&l

Hence we have that H m(Yi, Yi+1) = 2 precisely if ¥ contains an edge of type (—z;, z;),
=1

where j = max{h | z, € V(7)} = max{h | —z;, € V(7)}, otherwise the product

equals 1.
7l
Similarly Hm(%, YjF141) = 2 precisely if 7 contains the edge (=541, V5(+1)-
i=1
Combining these facts and (5.10) the claim follows. O

We recall that for every uneven path v, if ¥ = 7(), k(7) is defined to be
max{j | z; and —x; € V(¥)}, which from the definition of uneven path is a non
empty set, and k(y) < n. The proof of Theorem 5.3.3 is based on the following two

lemmas (the proofs of which are given at the end of this section).

Lemma 5.3.6. Let v be a horizontal path in X(p, q) and let ¥ = 7(7y). If v is uneven

then either Ty)11 07 —Tp(y)41 belongs to V(7).

For every path 7 = 7(+) satisfying this property define 7’ to be the path obtained

from 7 by replacing the vertex xjy)+1 € V() (or —gy41 € V(7)) with —2p ()41

(or Zy(p+1). For example if ¥ = (..., —Tk(y), —Th(y)11s - - - » Th(m)+15 Th(y)s - - -) then
;7 = ( <o T k() TTk(y) 1y - - 7mlvxk('y)7 e )

Lemma 5.3.7. Let v be a horizontal path in X(p,q) and let 5 = w(v). If v is an

~!

uneven path then there exists v € X(p, q) such that T(y') =7 .

Hence the uneven paths which are in the image of X(p, q) always come in pairs.

We are now ready to prove Theorem 5.3.3

Proof of Theorem 5.3.3. Observe that if 7 : (M,w, ) — (]TJ/,ZD,{E) is the projection
(5.9), then 7*(¢)(r) = 7(r) for all r € M. By Corollary 4.3.9 it follows that for all
p,q € MT

‘ . .
alg) = A H z) O, it1) as(q).

sedl? \ne(p.s) n(%i: Yit1)
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Hence by definition of P(+y) and Proposition 5.1.2 we have

seMT 7€5(p,s)

In order to prove part (1) of Theorem 5.3.3 it is enough to prove that for all p, s € M7

Y P = > QW)

~EX(p,s) YER(p,s)

Observe that for every relevant path v € R(p, s), we have
P(v) if v is even

7(s)

Sl —

if v is uneven

By Lemma 5.3.6 and 5.3.7, the set of uneven paths in X(p, s) contains pairs of paths
v and ', where the set of vertices of 3 = 7(7') is obtained from the set of vertices of
7 = 7(7y) by replacing Tp(y)41 (Or —Zp(y)41) With —2g)11 (Or Zp(y)41). Hence either
v or 7' is relevant. Suppose that ~ is relevant, i.e. Ti(y)+1 € V() (or equivalently
—Ti(y)41 € SV(7)). Observe that by definition of v and " we have

SV(fy) \ {=2k)+1} =SV () \ {Zr(y)+1}. Hence by Proposition 5.3.5 (i)

Hnrw s)) H n(r,m(s

P(’}/) o 1 resv 1TESV(’Y _ P(f}/>

(=41, 7(s)) 277(—5%(7)“,7?(8)) 2 (@i, m(8))  N(@rep)r1, (S))
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So

/ P(

PO) + P() = )

77(—551@(7)+1, 71'(8))
P(v)

- 77(—551@(7)+1,7T(5 )

—2P(y) ”f’ Q).

P(Y)
Mk 7(5)

)

n(_xk(—y)+l>7r(8)) + n(l’k('y)-i-laﬂ-(s))

This proves part (1) of Theorem 5.3.3.

Now observe that if 7y is an even relevant path then P(y) = Q(v). By Proposition
5.3.5 () and (i7), P(7) is a polynomial with positive integer coefficients in the positive
roots, hence with positive integer coefficients in the simple roots.

If v is an uneven relevant path then it follows from Proposition 5.3.5 (#ii) that

m(s)
Q) =2P() ey = 1T n(r,7(s))m(s)
ks reSVE\ ~ k(1)
which is clearly a polynomial with positive integer coefficients in the positive roots,

hence with positive integer coefficients in the simple roots. O

Example 5.3.8 Let M be a generic coadjoint orbit of type Bs. Then the associated
GKM graph (V, Egky) has eight vertices, pg = —2x1 — T2, p1 = —2x1 + Xa, g0 =
—X1 — 2%, 1 = X1 —2T9, Tg = —T1 +2x9, 1 = X1+ 222, Sg = 221 — Ta, S1 = 221 + Xo.
Moreover, with the convention for ¢ = %% : M — R chosen before, the minimum
and maximum of ¢ are respectively py and s;. The canonical graph associated to the
canonical classes w.r.t. ¢ is shown in Figure 5-1. Observe that it is a subgraph of
(V, Eckm)-

The graph (?,EGKM) associated to the degenerate coadjoint orbit M has four
vertices, p = —x1, ¢ = —Z3, © = 9 and s = x;. It’s easy to see that w(pg) = 7(p1) =
p, 7(qo) = 7(q1) = q, w(ro) = w(r1) = r and 7(sg) = 7(s1) = s. We want to compute

oy, (s1) and g (s1) using 7 : M — M.
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To 1

P1 S1

S0
Do

qo q1

Figure 5-1: An example of canonical graph.

Let’s first compute a, (s1). Since 7~ '(7(s1)) = {s0, 51}, we need to find the sets of
paths X(py, s9) and X(py, 51), and the corresponding subsets of relevant paths R(p1, so)
and R(pi, s1). It’s easy to see that

- i(171,80) = {%’Y/}a where v = (p17T0780> and ’Y/ = (thIaSO)- Then, since
:}7 = 7T('7) = (p7rv 8) - (—1'1,1'2,1'1) and ;7 - (p7q7 ‘9) - (_xla_$2axl)a the

paths v and " are uneven and
1 ) 1
P(y) = 5(371 +1x5) and P(y)= 5(2:1 — Ty) .
By definition 7 is relevant, hence R(py, s0) = {7} and Q(y) = P(y)+P(y) = z;.

- S(p1,s1) = {7}, where " = (p1, q1, 1, 81) (and 7' = 7(y") = (=21, —29, 29, 21)).
Hence, since 3(py, s1) is composed by one path only, " must be even, and hence

relevant. Moreover Q(7") = 1.

By Theorem 5.3.3, we have that

o, (51) = Q(1)asy (51) + Q(7") s, (1)

where the fiber over 7(s;) has two fixed points, so and s;. Since sq is the minimum

in the fiber, and s; the maximum, we have a,,(s1) = 1 and a;, (s1) = 29, and we can
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conclude that

ap, (s1) =21 + 22 .

Now we compute a, (s1). It’s easy to check that %(q1, s0) = {(q1, s0)} and X(qy, 51) =
{(q1,71,$1)}; hence both sets are composed by even paths. For v; = (q1,71,51) we
have Q(v1) = 2x1, whereas for v = (q1, $0), Q(72) = z1(z1 — x2). By Theorem 5.3.3

we have

gy (Sl) = 21’1&31 (81) + 1’1(1’1 — S(Zg)as()(sl) = 21’15(72 + LL’1(SL’1 — S(Zg) = 1’1(1’1 + S(Zg)

It remains to prove Lemmas 5.3.6 and 5.3.7.

Let’s introduce some notation.
Ifag =21 — 29,00 =29 —23,..., Qp_1 = Tp_1 — Tp,, = T, are the simple roots,
let’s denote by s1, S9, .. ., S, the associated reflections. We recall that they satisfy the

following relations

8i8i118; = Si+15iSi+1 for all ¢ = 1, Lo, — 2
Sp—15nSn—15n = SnSn—15nSn—1

$iSj = 8;8; foralli,5 € {1,...,n}st. [i —j|>2
Moreover we have that foralll € {1,...,n—1}and j € {1,2,... ,n} with j & {l,[+1}

S = S18z;,4, 51
lezl::cj = SlSZ‘lJrl:I:Z‘jSl (511>

Szitwipr = S1Sz+a4q 51
The proofs of Lemmas 5.3.6 and 5.3.7 will be a consequence of the next result.

Proposition 5.3.9. Let 7 be an increasing path in (V,EGKM) starting at —x; and
ending at x;, for somel =1,...,n — 1. Suppose that 7 satisfies one of the following

two conditions
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(@) {=2, 22NV (H) =0
(0) =211 € V(7) and 2141 € V(7).

If 5 is of type (a), let ¥' be the path in (V,EGKM) obtained from 7 by adding the
vertices —xyy1 and xy1. If ¥ is of type (b), let 7' be the path obtained from 7 by
replacing the vertexr x;yq with —x;1q, i.e. if ¥ = (—x;, —Z141, - - ., Typ1,xy) then

¥ = (=21, —Zia1s - - -, Tigr, 21). Then in both cases the path ¥ is increasing. Moreover,
for every such pair of paths, consider the lifts v and ~ (resp. of ¥ and ¥ ) starting
at the same point p € V. Then v and v end at the same point.

Proof. 1It’s easy to see that 7' is an increasing path in both cases. Then, since 7 is a
GKM fibration (cfr. section 3.1), it is sufficient to prove that if ¥ = (V1,...,9p5}4+1)
with 3,1 = 85,3 for B € Rand i = 1,...,|5], and 7 = (71,...,&“‘%,|+1) with
?y“;-H = 35],% for§; € Rand j=1,...,[7], then sg. s5. - 5p = 55,5 - Sg, -

7170 -1

Denote sg sg. -+ -5 by wand s5_, S, =-S5 by w'. Using the identities (5.11)

1‘71

it follows that

!

(al) If5 = (=2, 2¢) (hence ¥ = (—x;, =141, T141, 7)) then w = g1 = S1Sz,,,51 = W

(a2) If the length of 7 is greater than one then we have w = s, 44, WoSz+2, and
w = 5182, 1+0n W0Say, +2; 51 for some h,i > [ + 1, where wy is a product of
reflections (or possibly an empty product, which we set to be the identity) which
commutes with s;, i.e. swps; = wy. Hence w = 18y, 14y SIW0SISz, 40,51 =

Sml:l:whwosml:l:xi = w.

~ o~ ~ o~
(b1) Iy = (=21, —Z1y1, g1, 1) and ¥ = (—ap, =41, Ty41, 1) then w = S18xy4a;,

’ ’
and w = Sy 44,5, hence w = w .

(b2) If the length of 7 is greater than two then w = 55, 44, WoSg 4z, and w =
Saytep WoSay,  +2;5 for some h,i > [+ 1, where wyq is a product of reflections
(possibly the empty product) which commutes with s;.

’

Hence w = Slstl:l:thleSlSml:l:xl = le:l::vhwostl:I:miSl =w.
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Proof of Lemma 5.5.6. Let v € X(p, q¢) be an uneven path, and let

k = max{j s.t. x; and —x; € V(¥)}. Suppose that neither x4 ; nor —z;,; belongs
to V(7). Let 7 be the path obtained from 7 by adding the vertices —x4; and xpy1.
Then by Proposition 5.3.9 7 and 5 are increasing paths which lift to increasing paths
Y= (V15 Yy+1) and v =0, ,7‘/7‘+3) both starting at p and ending at ¢q. But
this is impossible since v € X(p, ¢) implies that A(q) — A(p) = |y|. On the other hand
since 4 is increasing too, and M is an index increasing GKM space we would have

AYip1)=A(y;) > 1foralli = 1,..., |y|+2, which would imply A(q)—A(p) > |y|+2. O

Proof of Lemma 5.3.7. By Lemma 5.3.6 either —xj 1 or x4 belongs to V(7), with
7 = m(y) and v € X(p,q). Suppose that x;,1 € V(3), and let 5 be the path
defined as in Proposition 5.3.9 (b). Then the lift 4" = (v,,. .. =7|lv’\+1)7 with 7, = p,
is an increasing path which ends at ¢, with the same length as . Hence it must be

AYiz1) = A(y;) =1, for all i = 1,..., ||, which implies that 7" € X(p, ). O

5.4 Generic coadjoint orbit of type C),

Let G = Sp(n), the quaternionic unitary group U(n,H) and 7" a maximal torus in G
with Lie algebra t. Consider the basis {z;}_; of (R™)* ~ t* such that z;(pu1, ..., ) =
wi. Let R be the roots of G, and oy; = x; —x;04, 1 =1,...,n— 1, o, = 2n a choice of
simple roots. In this case the Weyl group W of G is the group of signed permutations
on n elements.

Foralli=0,...,nlet p' = (pi, ..., 1l plyy, ..., 1) be a vector in R”™ such that
i< ...<pb<ply =...=pu, =0. Then every such vector determines a point p’
in t*, p' = 23:1 pixj. The coadjoint orbit Oy = G - p* of the point p is isomorphic
to G/Gpi, where in this case G = S' x ... x ST x U(n — 4;H). The T—fixed set
(G/Gi)T is given by

(G/Gpi>T = {Z(—l)ej,u;wo(j), € € {0,1}Vji=1,...,i, 0 €8S, Ct
=1

and the moment map 1; restricted to the fixed point set is given by the inclusion,
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Vi (G)Gpi)T =t

Let M; be G/G)i, i =0,...,n, and observe that the fiber of the natural projection
pi: Miyy — M;is U(n—i, H)/(S*xU(n—i—1,H)), which is isomorphic to a projective
space CP2"=9)=1 Hence {(M;,w;, )}, is a sequence of GKM spaces, and for all
1t =0,...,n—1 the map p; : M;;1 — M, is a weight preserving T —equivariant
fibration with symplectic fibers isomorphic to CP2»=)-1,

Let 7; : M,, — M; be the composition m; = p; o --- 0o p,_1. The maps p;’s and m;’s

restricted to the fixed point sets, p; : (M;;1)T — (M)T, m « (M,))T — (M;)T, are

given by
i+1 7
pi(Y (D)9 w0) = D (1))
j=1 j=1
() (=191 w5) =D (1) e
j=1 j=1

From the definitions, for any r,7’ € M, such that r = 377 | (=1)9 ufa,(;)

and 1’ = Z;‘zl(—l)emyzca/(j) we have

mi(r) =m(r') <= mi(r) = m;(r") V0L j<i<= ¢ =€ and o(j) = 0'(j) VO < j <
For any pair of points r,7" in (M,)? define
W) = mingj € {0, n} | 7(r) # 7(")}

(cfr. Proposition 4.3.7). So h(r,7’) = h if and only if o(j) = 0'(j), and ¢; = €] for
all 0 < j < h and (—1)%zyp) — (—1)%2,0p) # 0. In particular if (r,7’) in an edge
in £ C Egkwm, then ' = sgr for some 8 € R. Then 3 can be either z,) £+ x4 for
some h,k st. 1 <h <k < nor 2x,q4) for some h = 1,...,n; in both cases we have
h(r,r") = h.

Consider now the canonical classes {a,} e associated to ¢, = Y%, which exist
and are integral by Lemma 5.1.1 and Theorem 4.3.2. For any p, ¢ € (M,)T let C(p, q)
be the set of paths as defined in Proposition 4.3.7.
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Proposition 5.4.1. Let G/G,» be a generic coadjoint orbit of type C,,. Fix p and q
in (G/Gpn)T. Let a, € pr’\(p)(Mn; Z) be the canonical class associated to p, = 5.
(1) A path~y = (wi(p"), ..., w41(p")), wherew; € W and w;(p Z o (— Emzvoj m)
forallj=1,...,1+1, is an element of C(wy(p™), wi+1(p")) if and only if
(a) l(wjs1) = lw;)+1 and wiy = sg;w; where B; is either To, () £ T4, k,), for
some hy, kj such that 1 < hy < k; <n, or 2z, ;) for some h; = 1, cey M,
ando; €S, forallj=1,...,1L

() hy<hy<...<Hh

(2) (c) Forallp,q € (G/Gp)"

ORI EDS f[( — )
., )

[1]

I
=4y H hy : 141
"~ ((_1)61” Toy(hy) — (=1)™ %m(hj))
s a polynomial with positive integer coefficients in the simple roots, i.e. it
belongs to Zsolon, . .., ).
Proof. Part (a) is equivalent to saying that 7 belongs to ¥(ws(p™), w;+1(p™)). Then,
for what we observed before, h(w;(p"),w;+1(p")) = h; for all j = 1,...,1; so claim

(1) follows immediately.

Let ﬂj = mi(¢;) : M, — t. Observe that if r, s are points in M, with r =
> (D)9, s = Z;L:l(—l)emz.‘xal(j) and h(r,s) = h then

Tnls) = Bu(0) = i (1)) = (~1) 200 )

The conclusion in part (¢) follows by applying Proposition 4.3.7 together with Propo-
sition 5.1.2. Part (d) follows from Proposition 4.4.3. O
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Example 5.4.2 Let M be a generic coadjoint orbit of type Cs. The GKM graph
I' = (V, Egkn) associated to it is the same as the one associated to a coadjoint
orbit of type By, but the axial functions are different. Let V be the set of vertices
of I' as described in Example 5.3.8. Suppose that we want to compute a,,(s1).
C(p1,s1) is composed by three paths, 71 = (p1,71,50,51), V2 = (P1, o, S0, 51) and
v3 = (p1,71, ¢1, S1), and their contributions are Z(v;) = x1 — 2, Z(72) = 27 + 22 and

E(73) = 2z5. Hence Proposition 5.4.1 gives
ap, (s1) = (x1 — x2) + (71 + 22) + (222) = 2(z1 + x2)

Remark 5.4.3. In type B,, one could still apply the same argument shown in type C,,,
and the formula for the canonical classes on a generic coadjoint orbit of type B,, is the
same as in type C, (cfr. Proposition 5.4.1 part (c)). Notice however that if oy, ..., ap
denote the simple roots in type B, and A = 7Z[3], the single contributions Z(v) (cfr.
Proposition 5.4.1 part (d)) belong to Ai|on, ..., o] (cfr. section 4.4). This comes
from Proposition 4.4.3, since the fibers of the maps p; are isomorphic to Grassman-

nians of oriented two planes in R*1 and H*(Gry (R**1), A) ~ H*(CP*~1 A).

5.5 Generic coadjoint orbit of type D,

Let M be a generic coadjoint orbit of type D,,. In this section we prove an inductive
integral formula for the canonical classes on M. Since the exposition and the proofs
are very similar to the ones given in section 5.3, we will either omit or just outline
them.
Let G =S0(2n), and ag = 11 — T9, g = Tg — T3,. .., Wy 1 = Tp_1 — Tp,

ap = Tp_1 + T, a choice of simple roots. Let (u1,...,u,) be a vector in R™ such
that pu; < pe < ... < p, < 0, and consider py = E?:l wix; € t°. Let M be
the G—coadjoint orbit G - pg. Let pg = —x1; then the G—coadjoint orbit through po,
(M, &, 1), is isomorphic to Gri (R?"), the Grassmannian of oriented two planes in R2".

Let (V, Eqiu) be the GKM graph associated to it. Then V = {+=;, i = 1,...,n}.

126



As for the edges of EGKM, there exists an edge between any two vertices, except for
the pairs of vertices —z;,z;, i = 1,...,n (so it is not a complete graph).
If we choose a generic £ € t such that «(§) > 0 for all the positive roots @ € R, then

¢ has the following critical points, listed in non decreasing Morse index:
—T1, =2,y —Tp, Tny - -, T2, 21

Observe that now —x,, and z,, have the same Morse index.
Let
T M— M (5.12)

be the projection of G - py onto G - py. Consider the set of horizontal paths X(p, q)
in the canonical graph associated to the canonical classes {o},epyr Wrt. @ = e,
Since 7 is a weight preserving equivariant fibration, we can apply Corollary 4.3.9 to
compute the restriction of the canonical classes to the fixed point set. In particular

if 1) = W*(QZ), for every p,q € M7, then

@)=Y | D E()|as).

seMI \Y€Z(p,s)

where

1l
:' — ¢ fyl—l-l ) . 1
H H ¢(7@) 77(%'7%'4—1) '

Before starting, we want to exhibit an explicit computation that shows that in this

case the single “horizontal contribution” Z(7) is not integral in the weights.

Example 5.5.1 Let n = 4, so that G - py ~ Gry (R®). Suppose that we want to
compute a,,(q), where ¢ is the maximum of ¢. The only fixed point s € ]\//TqT for
which 3(po, 5) is not empty is the point s = —p 2 + poTs + 1373 — pa24, which is also
the minimum of SOII%T on ]\/J\qT. The set of paths X(po, s) is composed by two paths,

and 7': their projections 7 and ;’ are given by v = (—x1, —T9, —T3, T4, T3, T2, 1) and
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v = (=1, —T2, —X3, —T4, T3, Tz, T1), and their contributions are given by

. T+ Xy
2LU1

X1 — T4

(1]

() and  E(Y) =

2:171

Let 7 be a path in (V, Egky) and V() the set of its vertices.

Definition 5.5.2. Let v be a path in X(p,q), and let ¥ = (1, ..., Yjy+1) be w(7). We

say that v is uneven if =541 € V(7). It is even otherwise.

If ~ is an uneven path, define k(v) to be max{i | —z; and z; belong to V' (7)},
where 7 = 7(v). By definition this set is non empty, and k(v) < n, since (—z,,x,)

cannot be an edge of 7.

Definition 5.5.3. A path v € X(p, q) is said to be relevant if either v is even or y
is uneven and w41 € V(3), where ¥ = w(7). Let’s denote this subset of X(p,q) by

R(p,q).

Since 7 is a T'—equivariant fibration with symplectic fibers, by Lemma 4.3.8
canonical classes on the fiber exist. The next theorem gives an inductive integral
formula for computing the restriction of the canonical classes to the T'—fixed point

set.

Theorem 5.5.4. Let 7 : (M,w, ) — (M,&, 1) be the projection map (5.12). Let
o =S : M — R be a generic component of the moment map, and consider the
canonical classes {ay,}penr associated to . For every s € M consider the canonical
class @, on the fiber M, = 7Y (m(s)), and let R(p, s) be the set of relevant paths from

p to s.

For every path v = (v1,. .., Yy+1) @ R(71,7141), define Q(v) to be

vl

s T(Vig1) — (%) 1
Q(’Y) = An(fwﬂ) 211 7T(7|~f|+1) — W(”yi) 7}(%’; %’+1)
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if v is even, and

11

— 97 (Vi) — 7(0) 1 T(Vyl+1)
v =2 TOl+) 211 (Y1) — 7(%) 1 Yirr) | 1(=Try41, T(Vy141))

if v is uneven.

Then

(1) For allp, q in MT

seMT VER(p,s)

(2) Q(v) is a polynomial in the simple roots with positive integer coefficients, i.e.

it belongs to Zsolou, . . ., ay).

The next Proposition gives another characterization of even and uneven paths,

and shows that the non integral contributions come from uneven paths.

Proposition 5.5.5. Let v = (V1,...,7y+1) be a path in (V, Egxar) which is hori-
zontal and increasing. Define P(7y) to be

o]
o T(Yir1) — (%) 1
P(y)=A E T(Vyi4+1) — (%) (s, Vig1)

Then if v = ()

( -~ . .
H n(r, 7m+1) if v 1s even
reSVAN -A5|+1}

T 70 Am)

reSV ()
\ 2:?|~7|—|—1

if v 1s uneven

We recall that for any uneven path ~, k(7) is defined to be
max{j | z; and —x; € V(7)}, where ¥ = (), which from the definition of uneven

path is a non empty set, and k(7y) < n.
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Lemma 5.5.6. Let v be a horizontal path in X(p,q). If v is uneven and 5y = w(7)

then either Ty)11 07 —Tpy)41 belongs to V(7).

For every path 7 = m(7) satisfying this property define 7’ to be the path obtained
from 7 by replacing the vertex zi(y)+1 € V() (or —zx(y)41 € V(7)) with —xp()41 (or

Th(y)+1)-

Lemma 5.5.7. Let v be a horizontal path in X(p,q). If v is an uneven path then
there exists v € %(p, q) such that m(y") =7 .

Hence the uneven paths which are in the image of X(p, ¢) always come in pairs.

Proof of Theorem 5.5.4. The proof of this theorem can be carried on as in the B,
case, observing that by Corollary 4.3.9 and Proposition 5.1.2

aw@)=> | > P ]a.e

seMT \7€X(p,s)

Then, if v is even, P(y) = Q(7); if 7y is uneven and relevant then P(y)+P(y') = Q(v),
where +/ is defined in Lemma 5.5.7.

As for the integrality and positivity of Q(7), observe that if -y is even, then Propo-
sition 5.5.5 implies that Q(y) = P(vy) belongs to Zso[as, . .., a,]. If v is uneven and
relevant, let 7/ be the path defined before and let 7 = (). It’s easy to check that

Qy) =Py +P() = 11 n(r, V51+1)
re€SVI\{—zr(y)+1}
which is clearly a polynomial with positive integer coefficients in the positive roots,

hence in the simple roots. O

Example 5.5.8 Let M be a generic coadjoint orbit of type D4 through the point
po = —4xy — 3wy — 223 — x4. Suppose that we want to compute a,(g), where p =
—4x3 — 3x1 — 209 — x4 and q = 4wy — 311 — 223 + x4. There are precisely two paths
in R(p,q), 71 and 79, and their projection onto M is given by 71 = (—x3, —x4, T3, T2)

and Y5 = (—x3, T4, ¥3,22). Their contribution is given by Q(v1) = (x1 + 22) (22 — 24)
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and Q(v2) = (x1 + x2)(x2 + x4). Moreover it’s easy to check that ¢ is the minimum
on the fiber over m(q). So @,(q) # 0 if and only if s = ¢, where s € (77 (7(q)))?, and
a,(q) = 1. Hence Theorem 5.5.4 gives

(@) = Q) + Q(12) = (21 + x2) (T2 — 24) + (21 + 22) (T2 + 74) = 229(21 + T2)

5.6 A general integral formula

Let G be a compact simple Lie group, 7" C G a maximal compact torus in G with
Lie algebra t, pg a generic element of t*, and py an element in the closure of the Weyl
chamber containing py. We have already observed that if G - pg and G - py are the
G — coadjoint orbit through py and pg, the natural projection 7 : G - pg — G - pg is a
T'—equivariant weight preserving fibration. So we can use Corollary 4.3.9 to compute
the restriction of the canonical classes to the fixed point set. More precisely, for every
p,q € (G- po)T, let qo,...,qn be the elements of (771(7(q)))?. Then, combining
Corollary 4.3.9 with Proposition 5.1.2, we have

=> | > E|a,W,

J=0 \~v€eZ(p,q;)

where o

=)= H w %H zb )) ' 77(%1%'+1) ' (5.13)
However the single “horizontal contribution” Z(7y) is not in general in Zsg[ay, . . ., o],
where ay, ..., a, denote the simple roots (see Example 5.5.1). This strongly depends

on the cohomology ring of G - py (see also Corollary 4.4.2).

In this section we show how to combine the contributions =(y) to get an integral
formula, for any T'—equivariant weight preserving map 7 : G - pg — G - py.

In particular we prove that when 7 is a CP! bundle, as a consequence of this

formula one gets the divided difference operator identities.
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We recall the following combinatorial description of 7. Let R be the set of roots
of G, RT a choice of positive roots, and R, the associated simple roots. Let W be
the Weyl group of G. Given a subset of simple roots ¥ C Ry, let (X) denote the
subset of R* given by the roots which can be written as linear combinations of roots
in 3. Moreover, let W () be the subgroup of W generated by the reflections s,, with
aeX If

ﬁO € ﬂ Hai

;€S
lies in the closure of the Weyl chamber containing pg, then the projection
m: G- pg— G- Py induces a map at the level of the GKM graphs W and W/W (%)
associated to these spaces. This map 7 : W — W/W(X) is a GKM fiber bundle
(see section 3.1). Let Egkm be the edge set of the GKM graph associated to G - py,
and V ~ W the set of vertices. Let ¢ = ¥¢ : G - py — R be a generic component

of the moment map. We recall that an edge e € Egkm is said to be increasing if

pli(e)) < p(t(e)).

For every simple root o € Ry, define &, : V — V to be

®a(w(po)) = wsa(po) -

More in general, for every element u of the Weyl group, define &, : V. — V to be

@, (w(po)) = wu (po) -
Observe that if u = s;, -+ s;,,, with s;, = Sai, and a;; € Ry for all j =1,...,m, then

(bu:®8i1"'8i :®ai1 O...O(b

m iy

The main result of this section will be a consequence of the following lemmas.

Lemma 5.6.1. Let p; = wy(po) and py = wa(po), for some wy,wy € W, and o a

simple root. Consider the edge (p1,p2) € Egxm, where wy = wyss for some

0 € RT\{a}. Then (®a(p1), Pa(p2)) € Eckm and 1(p1,p2) = 1(Pa(pr), Pa(p2)).
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Moreover if (p1, p2) is an increasing edge in Egkm, then (Po(p1), Po(p2)) is increasing

as well.

Proof. Since by assumption wy = wyss and § € RT, n(p1, p2) = wi(d). Then

Do(p2) = w2sa(po) = wi558a(P0) = Suy(5)Pa(p1); hence (Po(p1), Pa(p2)) € Ecxum.
Moreover it’s easy to check that the condition 6 € R \ {«a} implies

(Do (p2),w1(0)) > 0, hence N(Py(p1), Pa(p2)) = wi(d). We recall that for every edge
(p,q) in Egkm, ¥(q) — ¥ (p) is a positive multiple of n(p, ¢). So, since

n(p1,p2) = N(Pa(p1), Pa(p2)), if (p1,p2) is an increasing edge, then (Po(p1), Pa(p2))

is increasing as well. O

Lemma 5.6.2. Under the same hypotheses of Lemma 5.6.1, suppose that

Ap2) — Mp1) = 1. If (p1,Pu(pr)) is increasing, then (pa, ®o(p2)) is increasing as
well. Equivalently if (9o (p2), p2) is increasing, then (Py(p1), p1) is increasing as well.
Moreover A\(®4(p2)) — M Pu(p1)) =1

Proof. Suppose that (p1, @, (p1)) is increasing but (pa, P (p2)) is not increasing. Then
by Lemma 5.1.1, A(®n(p2)) < A(p2), and by Lemma 5.6.1, A(Pn(p1)) < A(Pa(p2))-
But this implies that A(p1) < A(Pa(p1)) < A(Pu(p2)) < A(p2), which contradicts the
fact that A(p2) — A(p1) = 1.

For the last claim, it’s easy to see that since « is a simple root, then by (5.6)

AP (p2))—A(p2) = AM(Pa(p1))—A(p1) is either 1 or —1, and the conclusion follows. [

Consider the canonical classes on G - py associated to ¢, and let (V, E) = (W, E)
be the associated canonical graph. Fix a subset of simple roots ¥ C Ry and consider
the projection map 7 : W — W/W(X). Let X(p, s) be the set of horizontal paths in
3(p, s), i.e. paths v = (71,...,Y+1) such that y1 = p, Y441 = 5, (%, %i+1) € E and
(i) # m(yie1) for all i = 1,...,|y]. Observe that for every horizontal edge (v;, Vit1)
of v, if 7 = wi(po) and vip1 = wir1(po), wi, wis1 € W, then wiy; = w;ss for some
e R\ (X).

Let qo = uo(po) be the minimum of ¢ on 7 1(nw(s)), the fiber of m over

~L(n(s))
7(s). Recall that by our choices pg is the minimum of ¢ on G - py (cfr. section 5.1).
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Lemma 5.6.3. The set of horizontal paths X(po, qo) is non empty.
Moreover let v be an element of W(X). Then

A®@y-1(po)) = A(Pv-1(q0)) — Mgo)

and ®,-1 defines a bijection between X(po, qo) and X(P,-1(po), Py-1(qo)).

Proof. Consider the canonical class a,,. Since py is the minimum of ¢, a,,(q) = 1 for

every ¢ € V. As we observed at the beginning of this section,

apo(‘]) = Z Z =(v) aqg‘ (q)

3=0" \~€Z(po,q;)

where =(y) is given by (5.13). Observe that since g is the minimum of ¢ on the fiber
containing ¢, by Lemma 4.2.1 a,;(qo) # 0 if and only if j = 0, and a,(q) = 1. Hence

if ¢ = qp the above formula gives

(1]

() -

Cpy (QO) =
YE€X(po,q0)

Since oy, (qo) = 1 this implies that X(py, ¢o) is non empty.

Let 84, **Sa,;, be areduced word for v € W(X), where a;; € X for all

j=1,...,m. Consider the path v = (71, ...,V +1) in Z(po, qo)-

Since A(po) = 0 < A(Pa,; (po)) = 1, by Lemma 5.1.1 (po, @o,, (P0)) = (11, Pa, (71))
is an increasing edge. Since (71,72) is an horizontal edge s.t. A(y2) — A(11) = 1,
combining Lemma 5.6.1 and 5.6.2 we have that (72, ®a, (72)) is an increasing edge,
hence A(®o, (72)) — A(1e) = 1.

Moreover A(®q, (72)) — AM(@q,, (11)) = 1. By repeating the same argument for all
the edges (7;,7i11) of v we can conclude that (qo, ®o,, (¢o)) is an increasing edge and
AM@a,, (90)) — A(qo) = 1. Moreover @4, (7) = (Pa,, (1), -+ Pay, (Y5 41) 18 an element
of i(@ail (Po); Poy, (q0)). Vice versa, for every element o' € i(@ail (P0); o, (q0)),
®,, (7') is an element of X(po, qo)-

Now consider the points p; = sq,, -+ - Sa, (po) = Do, (pj_1) forall j =1,...,m.
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Then p,, = ®,-1(po) = v(pg). Observe that since Saq, ** " Say,, 18 a reduced expression,
then s, "t Say, is a reduced expression for all j = 1,...,m. This implies that
A(p;) = j, hence A(pj41) — A(pj) =1lforal j=1,...,m—1.

We can repeat the argument shown above for the edge (po, ®a, (po)) multiple
times, for all the increasing edges (pj,(I)az.j (pj)), 7 = 1,...,m, and the conclusion
follows.

O

Lemma 5.6.4. Let p,q be elements of V' and v an element of W(X) such that
q = Py1(qo). Then if X(p,q) # 0

Moreover ®, defines a bijection between % (p, q) and X(®,(p), qo).

Proof. Let sq, - Sq,, beareduced word for v. Observe that s,, - - Sa,, 15 a reduced
expression for all j =1,...,m. Let v; = s, -+~ Sau;, and define
¢ = q)vjfl(QO) = (IJ% (gj—1) for all j =1,...,m; observe that ¢,, = q¢.
Since <I>U;1(p0) = Sa;, " Sa, (po) and )\(<I>v;1(p0)) = j, by Lemma 5.6.3
Ag;) = Mao) +j- So (gj-1, P, (¢j-1)) s an increasing edge in Egx s.t.
AM®@q, (gj-1)) = Mgj—1) = Liorall j =1,....m.
At this point the conclusion follows by applying an argument similar to the one

used in the proof of Lemma 5.6.3. O

Remark 5.6.5. The previous Lemma also proves that if a is a simple root in X,

Ma) = M@a(q)) =1 and A(p) — M@a(p)) = —1 then X(p, q) = 0.
Now we are ready to prove the main result of this section.

Theorem 5.6.6. Let X C Ry be a subset of simple roots and 7 the projection map
m: G-pyg — G- po, where py € Ny,exHa, lies in the closure of the Weyl chamber
containing po. Consider the set of canonical classes {ay}pe(c.po)r @ssociated to a

generic component of the moment map ¢ : G - pg — R.
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Fizp,q € (G-po)T. Let qq,...,qn be the elements of (m=(mw(q)))T, where qy is the
minimum of ¢ on w1 (w(q)). Consider vy,...,vy in W(X) such that q¢; = @vjfl(C_IQ)
and define p; = ®,,(p) for all j =0,...,N.

Let J = {j € {0,..., N} | M) — Aps) = Mas) — AMao)}. Then

= Z Ay, (QO>aq]‘ (Q) (514>

jeJ

Proof. Since 7 is a weight preserving T'—equivariant fibration between GKM spaces,
we can apply Corollary 4.3.9. Hence, if ¢ = W*(@Z) : G- py — t, where ’(Z is the

moment map on G - Py, we have that for every p,q in (G - po)”

_ s P(Yip1) — (%) 1 a
=2 A,%},M U0 =50 Ty ) &0 619)

where we also use the fact that ©(r,7") = 1 for all the edges (r,7’) of the canonical

graph (cfr. Proposition 5.1.2).

Observe that for all the simple roots o in ¥ and all the points r € (G - py)?,
U(r) = (o (r)) since (r) = 7(Py(r)). By Lemma 5.6.1 n(r,7") = n(®u(r), @a(r'))

for all the horizontal edges (r,r") € Fgkn - Moreover by definition K;(q) =N o)

In (5.15) we can restrict the sum to the fixed points g; such that X(p, ¢;) # 0. Let
v; be the element in W (X) such that ¢; = <I>U;1(q0) forallj =0,...,N. If X(p,q;) # 0,
then by Lemma 5.6.4 there exists a bijection between X(p,q;) and X(p;, qo), where
pj = @y, (p) and A(p) — A(p;) = A(g;) — AM(qo). So (5.15) can be written as

W= T A‘%HM“ @f >) L a0, 619

i€ \yeZ(p),q0) i=1 (717 72‘-{-1)

For any r € (G - py)” consider a,(gy). Since gy is the minimum of ¢ ity Y
™ T 0

Lemma 4.2.1 @,(qo) = 0 for all s € (77 *(m(q0)))” \ {qo}. Moreover @y, (q) = 1. So
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Corollary 4.3.9 gives

v — —
B T Y(Vie1) — V(%) 1
a,(q) = Z AL o) L0 =000 a0 win) : (5.17)

Y€X(r,q0)

The conclusion follows combining (5.16) and (5.17). O

We can restate Theorem 5.6.6 in a more combinatorial way.

Theorem 5.6.7. Let ¥ C Ry and consider the projection m : W — W/W(X). Fiz
u,w € W. Consider the elements ug, . ..,uy of the set 7= (m(u)) C W and let uy be
the unique element satisfying l(ug) = min{l(u;), j =0,...,N}.

Let vy, ...,von be elements in W (X) such that u; = ugv;, for all j = 0,...,N.
Define J ={j € {0,..., N} | l(w) — l(wv; ") = l(u;) — l(ug)}. Then

a(u) =Y 11 (10) 8 (1) (5.18)

JjeJ
5.6.1 The divided difference operator identities

Canonical classes on generic coadjoint orbits coincide with equivariant Schubert classes.
The divided difference operator has a natural action on equivariant Schubert classes,

which is described as follows.

First of all, let’s identify the fixed points of the T'—action on G - py with the
elements of the Weyl group, w(py) — w. Consider the canonical classes associated
to ¢, {aw }wew. Let a be a simple root, and s, the associated reflection. Then the

divided difference operator d, acts on «, in the following way

Doyt (1) = O‘w<“sz)(;) Q) (5.19)

Equivariant Schubert classes satisfy the following identities, which we will refer to as
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the divided difference operator identities (cfr. [4])

s, (w) if l(w) > l(ws,,)
Oa0tyy(u) = (5.20)
0 if [(w) < l(ws,)

In this section we prove how the identities (5.20) are an easy consequence of Theorem
5.6.7.

Fix u and w in W, and consider the projection map 7 : W — W/W («), where ¥ =
{a}. Suppose that [(w) > [(ws,) and [(us,) > [(u) (the case in which [(us,) < [(u)
is similar); recall that by (5.6), this implies that u is the minimum of fiber 77! (7 (u)),
since 77 (m(u))T = {u,us,}. Observe that since « is a simple root l(us,) — l(u) =1
and [(w) — [(ws,) = 1; hence by Remark 5.6.5 X(wsq, usq,) = 0.

Then Theorem 5.6.7 implies that

o (s, (USy) = Quys, (1), (us,). Since u is the minimum of the fiber, @, (us,) = 1.

Hence Oyauys, (u) =0

o 0, (USy) = s, (U)Qys, (USe) + ayy(u)ay, (u). Now observe that

Qys, (USe) = Ay,

us. = u(a) and @, (u) = 1. Hence the previous equation gives

oy (usa) — a(u) o (u
s, (1) = (@) = Oauy(u)

5.7 Connections with Billey’s formula

In [4], Billey proves a manifestly positive integral formula for the restriction of equiv-
ariant Schubert classes on flag varieties G¢/B to the fixed point set of the T" action,
where G is a semisimple Lie group and B a Borel subgroup. More precisely, the
formula can be stated in the following way.

Let o, ..., a, be a choice of simple roots, and s1, ..., s, the associated reflections.
For every element u of the Weyl group W, let s,, - - - s,, be a reduced expression for

u, where a; € {1,...,n} foralli=1,...,N. Then (cfr. [4] sec. 4)
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Theorem 5.7.1. (Billey’s formula) For every fized reduced word sq, - - Say 0f U

(1) = > I 50050 - S(ay,—1) (0, ) (5.21)
(@y 5oy ) EJ (w,u) k=1
where J(w,u) is the set of ordered subsequences (aj,,...,a;,) of (ai,...,an) such

that Saj, " Saj,, 1S G reduced word for w.

j m

The key point in the proof of this Theorem is the use of the divided difference

operator identities, which are also a consequence of Theorem 5.6.7.

In [25], Zara proves that in type A, there is a bijection between the path contri-
butions given in Proposition 5.2.1 and the Billey’s contributions, for a special choice
of a reduced word for u. In type B,, C, and D,, the positive integral formula we
exhibit in sections 5.3, 5.4 and 5.5 are not equivalent to Billey’s formula. In what

follows we give counter examples in each type.

e Consider a generic coadjoint orbit of type Bs, and consider oy, (s1) as in Example
5.3.8. It’s easy to see that if ¢; = w(pg), then the only reduced word for w is
given by Sa,Sa,- If $1 = u(pg), then u has two reduced words: Sa,Sa,Sa;Sas
and Su,Sq,Sas5a,- 10 the first case there are precisely three positive integral
contributions in Billey’s formula, whereas in the second case there is precisely
one. Since in Example 5.3.8 we only had two positive integral contributions,

the two formulas cannot be equivalent.

e Consider a generic coadjoint orbit of type Cs, as in Example 5.4.2. Suppose
that we want to compute a,, (s1) using Billey’s formula. Let p; = w(py) and
s1 = u(pp). Then the only reduced word for w is given by s,,, and the two
reduced words for u are given by Su, SaySa;Sas aNd Sa,Sa; SasSa;- Independently
on the reduced word chosen for u, there are only two positive integral contri-
butions in Billey’s formula, given by 2z, and 2x; whereas in Example 5.4.2 we

had three positive integral contributions.
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e Consider a generic coadjoint orbit of type D4 as in Example 5.5.1, and suppose
we want to compute o, (q) using Billey’s formula. Let p = w(py) and
q = u(po). The only reduced word for w is given by $,,S4,, Whereas there are
precisely two reduced words for u, given by Sa,SasSasSasSa; a0d SaySaySasSasSay -
In both cases the contributions in Billey’s formula are given by (xs —23) (214 x2)
and (2 + x3)(x1 + 22), which are different from the contributions we obtained

in Example 5.5.1.
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