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Abstract

We introduce a general adaptive averaging framework for solving fixed point and variational
inequality problems. Our goals are to develop schemes that (i} compute solutions when the
underlying map satisfies properties weaker than contractiveness, (for example, weaker forms of
nonexpansiveness), (ii) are more efficient than the classical methods even when the underlying
map is contractive, and (iii) unify and extend several convergence results from the fixed point
and variational inequality literatures. To achieve these goals, we consider line searches that
optimize certain potential functions. As a special case, we introduce a modified steepest descent
method for solving systems of equations that does not require a previous condition from the
literature (the square of the Jacobian matrix is positive definite). Since the line searches we

propose might be difficult to perform exactly, we also consider inexact line searches.
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1 Introduction

Fixed point and variational inequality problems define a wide class of prdblems that arise in opti-
mization as well as areas as diverse as economics, game theory, transportation science, and regional
science. Their widespread applicability motivates the need for developing and studying efficient
algorithms for solving them.

Often algorithms for solving problems in these various settings establish an algorithmic map
T : K C R" — K is a given map defined over a closed, convex (constraint) set X in R™ whose fixed

point solution solves the original problem.
FP(T,K): Find z* € K C R" satisfying T(z*) = z*. (1)

The algorithmic map T might be defined through the solution of a subproblem. For variational
inequality problems, examples of an algorithmic map T include a projection operator (see Proposition
1) or the solution of a simpler variational inequality subproblem (see, for example, [12] and [44]).

A standard method for solving fixed point problems for contractive maps 7°(.) in R™ is to apply

the iterative procedure

Thy1 = T(zk). (2)

The classical Banach fixed point theorem shows that this method converges from any starting point
to the unique fixed point of T. When the map is nonexpansive instead of contractive, this algorithm
need not converge and, indeed, the map T need not have a fixed point (or it might have several). For
example, the sequence that the classical iteration (2) induces for the 90° degree rotation mapping

shown in Figure 1 does not converge to the solution z*.

X

Figure 1: 90° Degree Rotation
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In these situations, researchers (see [2], [10}, [13], [27], [38], [39], [46]) have established convergence

of recursive averaging schemes of the type
Tr+1 = Tk + ak(T(zk) — Tk),

assuming that 0 < ax < 1 and Y poac(l — ax) = +oo. Equivalently, this condition states that
EZ°=1 min(ag, 1 — ax) = +00, implying that the iterates lie far “enough” from the previous iterates
as well as from the image of the previous iterates under the fixed point mapping. For variational
inequality problems, averaging schemes of this type give rise to convergent algorithms using algo-
rithmic maps T that are nonexpansive rather than contractive (see Magnanti and Perakis [38]).

Even though recursive averaging methods converge to a solution whenever the underlying fixed
point map is nonexpansive, they might converge very slowly. In fact, when the underlying map T'
is a contraction, recursive averaging might converge more slowly than the classical iterative method
(2).

Motivated by these observations, in this paper we introduce and study a recursive averaging
framework for solving fixed point and variational inequality problems. Our goals are to (i) design
methods permitting a larger range of step sizes with better rates of convergence than the classical
iterative method (2) even when applied to contractive maps, (ii) impose assumptions on the map T’
that are weaker than contractiveness, (iii) understand the role of nonexpansiveness, and (iv) unify
and extend several convergence results from the fixed point and variational inequality literature. To
achieve these goals, we introduce a general adaptive averaging framework that determines step sizes
by “intelligently” updating them dynamically as we apply the algorithm. For example, to determine
step sizes for nonexpansive maps, we adopt the following idea: unless the current iterate lies close
to a solution, the next iterate should not lie close to either the current iterate or its image under the
fixed point map T". As a special case, we introduce a modification of the classical steepest descent
method for solving fixed point problems (or equivalently, unconstrained asymmetric variational
inequality problems). This new method does not require the square of the Jacobian matrix to be
positive definite as does the classical steepest descent method, but rather that the Jacobian matrix
be positive semidefinite. Moreover, it is a globally convergent method even in the general nonlinear

case.



1.1 Preliminaries: Fixed Points and Variational Inequalities

Fixed point problems are closely related to variational inequality problems
VI(f,K): Find 2*€ KCR": f(z")(z-2z*) >0, Vze K (3)

defined over a closed, convex (constraint) set K in R". In this formulation, f : K C R®* - R" is a
given function.

The following well-known proposition provides a connection between the two problems. In stating
this result and in the remainder of this paper, we let G be a positive definite and symmetric matrix.
We also let Pr& denote the projection operator on the set K with respect to the norm [|zf¢ =

(ztGz)?t.

Proposition 1 ([25]): Let p be a positive constant and T be the map T = Pr&(I — pG=1f). Then
the solutions of the fized point problem FP(T,K) are the same as the solutions of the variational

inequality problem VI(f, K), if any.

Corollary 1 : Let f = I —T. Then the fized point problem FP(T,K) has the same solutions, if
any, as the variational inequality problem VI(f, K).

To state the results in this paper, we need to impose several conditions on the underlying fixed
point map 7 or the variational inequality map f. We first introduce a definition that captures many

well known concepts from the literature.

Definition 1 : A map T : K — K is A-domain and B-range coercive on the set K with coercive

constants A€ R and B € R if
IT(z) = TW)II% < Alz —ylg + Blz —T(z) —y+T()|& Vr.ye K. (4)

T is a (range) coercive map on K relative to the ||.||¢ norm if A >0 and B = 0.

T is a (range) contraction on K, relative to the ||.|lg norm, if 0 < A<1and B=0
and is (range) nonexpansive on K, relative to the ||.||¢ norm, if A=1 and B = 0.
T is nonexpansive-contractive if A=1 and B < 1,

T is contractive-nonexpansive if A<1and B=1,

T is nonexpansive-nonexpansive if A =1 and B = 1,

T is firmly contractive on K relative to the ||.||¢ norm if 0 < A< 1 and B = -1,

and T is firmly nonexpansive on K relative to the ||.||¢c norm if A=1 and B = —1.



Observe that any firmly contractive map is a contraction and any firmly nonexpansive map is
nonexpansive.
When y in the definition of a nonexpansive map is restricted to be a fixed point solution, re-
searchers have referred to the map T as pseudo nonezpansive relative to the ||.||¢ norm (see [55]).
Observe that any nonexpansive map is also nonexpansive-contractive. The following example
shows that the converse isn’t necessarily true.
Example:
If T(z) = —3z then * = 0. T is an expansive map about z* since ||T'(z) — T'(z*)| > ||z — z*|| for

1

all z. Nevertheless, the map T satisfies the nonezpansive-contractive condition, with B = %, since

(]

Iz = |IT(z) = T(")* = |z — «*|* + Bllz - T(2)||* = 9Jj|>.

Definition 2 : For variational inequality problems VI(f, K), the following notions are useful.

f is b-domain and d-range monotone (on the set K ) with monotonicity constants b and d if

[f(@) = fWNGlz — y] 2 bllz — ylE +dlif(z) - FW)IE, Ve.ye K.

As special cases:

(i) f is strongly domain and range monotone if b > 0 and d > 0.

(ii) f is strongly monotone if b > 0 and d = 0.

(iii) f is strongly-f-monotone if b =0 and d > 0.

(iv) f is monotone if b=d = 0.

Contraction, nonexpansiveness, firm nonexpansiveness, pseudo nonexpansiveness, monotonicity, and
strong monotonicity are standard conditions in the literature (especially when G = I). Some authors

refer to strong monotonicity and strong-f-monotonicity as coercivity and co-coercivity (see [54], [57]).

Lemma 1l : LetT : R* — R" and f : R® — R™ be two given maps with T = I — f. Then T

1s domain and range coercive with coercivity constants A and B if and only if f is domain and

range monotone with monotonicity constants b = 1221‘- and d = 1;25. (We permit the coercivity and

monotonicity constants to be negative.) That is,
IT(z) = TW)I& < Allz —yll& + Bllz - T(z) -y + T(v) 113

if and only if

1-—

A
Iz =yl + 25215 ~ )3

F(@) ~ fWICl -y 2 =




Proof: Substitute I — f =T, expand ||T(z) — T(y)||%, and rearrange terms.

Corollary 2 :

1. T is nonezpansive relative to the ||.||¢ norm if and only if f is strongly-f-monotone relative to

the matriz G with a monotonicity constant d = 1.

2. If T is contractive relative to the ||.||¢ norm, then f is strongly monotone relative to the matriz

G with a monotonicity constant b= 154

3. If T is nonerpansive-nonexpansive (nonerpansive-contractive) relative to the ||.|g norm with
a coercivity constant B € [0,1] (B < 1 in the nonezpansive-contractive case) if and only if f

is strongly-f-monotone with constant d = *5=.

4. T is firmly contractive relative to the ||.|c norm with constant A € [0,1) if and only if f is

domain and range monotone with constants b = 1—'244- and d = 1.

Proof of the Corollary: Take A =1 and B = 0 for part a, A < 1 and B =0 for part b, A = 1 and
B =1 (or B <1)in part ¢, and B = —1 in part d.

The following related result is also useful.

Proposition 2 ([8]): Let p > 0 be a given constant, G a positive definite and symmetric matriz,
and f : K C R™ — R™ a given function. Then the map T = I — pG~' f is nonezpansive with respect

to the |||l norm if and only if f is strongly-f~-monotone.

We structure the remainder of this paper as follows. In Section 2 we introduce a general adaptive
framework for solving fixed point problems that evaluates step sizes through the optimization of a
potential. In Section 3 we introduce and study several choices of potentials as special cases. At each
step, we optimize these potentials to dynamically update the step sizes of the recursive averaging
scheme. We also examine rates of convergence for the various choices of potentials. To make the
computation of the step sizes easier to perform, in Section 4 we attempt to understand when the
schemes have a better rate of convergence than the classic iteration (2). In Section 5 we consider

inexact line searches. Finally, in Section 6 we address some open questions.



2 Potential Optimizing Methods: A General Case

2.1 An Adaptive Averaging Framework

We are interested in finding “good” step sizes ay, for the following general iterative scheme
Th+1 = zk(ak) =T+ ak(T(xk) - .Tk).

For any positive definite and symmetric matrix G, the fixed point problem FP(T, K) is equivalent
to the minimization problem

minzex ||z — T(z)|&- (5)

The difficulty in using the equivalent optimization formulation (5) is that even when T is a contractive
map relative to the ||.]|¢ norm, the potential ||z — T(z)||% need not be a convex function.

Example:
Let T(z) = /2 and K = [1/2,1]. Then the fixed point problem becomes

Find z* €[1/2,1]: (z*)V? =z~
z* = 1. The mapping T is contractive on K since

IT(@) - TW)l = l2** - y*/?| =

-y V2
b < Py,

l=t/2 +y172) ~

for all 7,y > 1/2. The potential g(z) = (z—T(z))? = (z—2'/?)? is not convex for all x € [1/2,9/16).

4-3-1
In fact, since g(z)"” = —%= < 0 for all £ < 9/16, g(x) is concave in the interval [1/2,9/16).
This example shows that the minimization problem (5) need not be a convex programming
problem. Nevertheless, the equivalent minimization problem does motivate a class of potential

functions and a general scheme for computing the step sizes ak.

Adaptive Averaging Framework

ak = argminiqaesyg(zi(a)).
Later, we consider several choices for the potential g(z«(a)). We assume the step size search set S
is a subset of R. Examples include S =[0,1], S = Rt and S = [-1,0].
We first make several observations, beginning with a relationship between ||z — T(z)||% and

lz - =12



Preliminary Observations

Proposition 3 : If T is a coercive map relative to the ||.|l¢ norm with a coercive constant A > 0

and if T # z*, then the following inequality is valid,

-T 2
o+vA? 2 e > 0 - VAR ®
G
Proof: Lemma 1 with y = z* and B = 0 together with the inequality |(z — T(z))!G(z — z*)| <
lz = T(z)llg-|lx — "||¢ imply that

Iz = 2°l1% + 5l - T@)IZ:

Iz —T(@)le-lz —2"llc 2

Dividing by ||z — z*||% on both sides and setting y = 12=T&IS e obtain 1y2 — y+ 254 < 0. This
g G Nz=zlle” 2 2

inequality holds for the values of y lying between the two roots y; = 1 +v/4 and yo = 1 — VA4 of
the binomial. This result implies the inequality (6). Q.E.D.

Definition 3 : The sequence {zx} is asymptotically reqular (with respect to the map T)

if limg oo ||z — T(zk)]| = 0.

Proposition 4

i. If T is a continuous map and the sequence {z} converges to some fized point x*, then the sequence
{z} is asymptotically regular.

1. If the sequence {zy} s bounded and asymptotically regular, then every limit point of this sequence

is also a fized point solution.

Proof: Property (i) is a direct consequence of continuity since if the sequence {z\} converges to
some fixed point z*, then the continuity of T implies that limg— o0 [|zx — T'(zx)||% = 0.

Result (ii) follows from the observation that if the sequence {z;} is bounded, then it has at least one
limit point. Asymptotic regularity then implies that every limit point is also a fixed point solution.
Q.E.D.

Remark: If the sequence ||zx — z*|| is convergent for every fixed point solution z*, then the entire
sequence {zy} converges to a fixed point solution.

This remark follows from property (ii) of Proposition 4 since every limit point Z is also a fixed point
solution z* and the sequence ||z; — z*||¢ is convergent for every limit point 2* = Z. This result
further implies that the limit point T of the sequence {xy} must be unique. Therefore, the entire

sequence {zy} converges to a fixed point solution.



Corollary 3 (/38]): If T is a nonexpansive map and for each k = 1,2, ..., Tp11 = ok + ap(T(zx) —
zx), with ax € [0,1], then the following two statements are equivalent:
i. For some fized point *, lim_ 1+ |lzx — 2*||% = 0.

ii. The sequence {zx} is asymptotically regular.

Corollary 4 (/38]): Let T be any coercive map. Let xx(a) = zx + a(T(zx) — zx) for any0<a <1
and let * be any fized point of T. Then,

i [|lze(a) = 2*lle < [1 - a(l = VA)lzi — 2%|lg, and

ii. ||lze(a) = T(zx(@))lle < [1 - a(l = VA)lzk — T(zx)lc.

Remark:

Corollary 4 implies that for any potential function g(zx(a)) with a € [0,1], if T is nonexpansive and
z* is any fixed point of T, then the iterates xj of the general scheme satisfy the following conditions:
i. ||lzx — z*||¢ is nonincreasing and, therefore, a convergent sequence.

il. Jlzx — T(zk)|le is nondecreasing and, therefore, a convergent sequence.

In analyzing the convergence of the adaptive averaging framework, we will impose several condi-
tions on the map T and on the step sizes {ax} in the iterative scheme zy41 =z + ap(T(xk) — Tk)-
For this purpose, we will select the step sizes from a class C' of sequences {ax}. For example,
the class C might be the set of all sequences generated by a family of potential functions g,
that is, ax = argmingesg(zi(a)), for some step size search set S, some potential function g and
zi(a) = zx + a(T(zk) — zx). Alternatively, C might be the set of all Dunn sequences, that is,

sequences satisfying the conditions 0 < ax < 1 and Y 77, ax(l — ax) = +oo.
Convergence Analysis

For some positive definite, symmetric matrix G and any sequence of step sizes {ax} from class
C, for a fixed point solution z* of the map T', we define the quantity
_ llze =2 )1E = 1T (z) = T()|I%

AnlaT) = lox = 7o) (1= ax).

Observe that if T is nonexpansive, then the first term in the definition of A (x*) is nonnegative.
If, additionally, 0 < ax < 1, then the quantity Ag(z*) is nonnegative. Therefore, when 0 < a) <1,
the condition Ax(z*) > 0 provides a generalization of the condition T is a nonexpansive map.

We use a generalization of this condition by imposing the following assumptions in our conver-

gence analysis.



A1l. For any fixed point z* of the map T, axAx(z*) is nonnegative.
A2. For any fixed point z* of the map T, if axAx(z*) converges to zero, then every limit point of
the sequence {z} is a fixed point solution.

As we have already observed, whenever T' is nonexpansive and 0 < ax < 1, assumption Al is
valid.

The following theorem establishes a convergence result for the general adaptive averaging frame-

work.

Theorem 1 : Consider iterates of the type Try1 = zx + ar(T(xk) — xk), with step sizes ar chosen
from a class C. Assume that the map T has a fized point solution =*. If the map T and the sequence
{ax} in the class C generated by the adaptive averaging framework satisfy conditions Al and A2,

then the sequence of iterates {z} converges to a fized point solution.

Proof: Let F(z) = z — T(z). Consider any fixed point * of map T". Observe that

ek = 27 l1E = 1T (k) — T()II%

. AF(ey) - Fla*)Clay — 2°)
Axle") = Ton = T

|F(zx) = F(z*)lI%

+(l—ag) = — ag.
Suppose F (i) # 0. Since z* is a fixed point solution of the map T, F(z*) = 0 and, therefore,

Izisr = 2lIG = llzx — axF(zx) —o™|1E =

lzx — z*||% + a | F(zk) — F(z*)|% - 20k(F(z) — F(z*))'G(zx — z).
lz — % = |T(zx) — T(z")II% N
lzk — T(zi) %

(1 =ag)].

lzke1 = 213 = llzn — 2*1% — akllzx — T(ze)lE]

That is,

lzke1 = 21E = lzx = 271G — aeAr(z)llze — T(zp) 13- (7)

Relation (7) and assumption Al imply that the sequence ||z —2* l|2G— is nonincreasing and, therefore,
is convergent. This result implies that either (i) ||zx — T(;rk)H% converges to zero and, therefore,
Proposition 4 implies that every limit point of the sequence of iterates {zx} is also a fixed point
solution, or (ii} axAk(z*) converges to zero and then assumption A2 implies that every limit point
of the sequence of iterates {z\} is a fixed point solution. If either (i) or (ii) holds, then the entire
sequence of iterates {xx} converges to a fixed point solution since as we already established in (7).

lzk — x*”é is convergent for every fixed point z*. Q.E.D.

10



This result extends Banach’s fixed point theorem since when T' is a contraction, a choice of g = 1

for all k satisfies assumptions Al and A2 (see also Lemma 2).

As we next show, this theorem also includes as special case Dunn’s averaging results (see [13],

(38]).

Theorem 2 : Suppose that T is a nonezpansive map and the step sizes ay from the class C are a
Dunn sequence and that T has a fized point solution x*. Then the map T and the step sizes ay in

the class C satisfy assumptions Al and A2.

Proof: Assume as in Dunn’s Theorem that T is a nonexpansive map and that ai € [0, 1] satisfies the
condition Y, ax(1 — ax) = +oc. Since T is a nonexpansive map and ay, € [0,1], Ax(z*) > 0 (that
is, Al holds).

To establish the validity of assumption A2, we suppose that it does not hold. If apAg(z*)
converges to zero, some limit point of the sequence {zx} is not a solution. In the proof of Theorem

1, we showed that
lzkr1 — )2 = llzk — 2% < —axdi(z)|lzx — Tlzw)l,

which implies (since ay Ag(x*) > 0) that the sequence {||zx — z*||*} converges for every fixed point
solution z*. Corollary 4 implies that since ax, € [0, 1], the sequence {||zx — T(zx)||} converges. Since
we assumed that some limit point of the sequence {zx} will not be a solution, ||zx —7T'(zz)|| = B >0

for all k > kg, for sufficiently large constant ky. Then for k > kg,
. * (|2 *|12 ¥
lim 21— 2" = ok = 272 € = 3 axAx(e")B
k=ko
But since T is nonexpansive, 3, axAx(z*) > >, ar(l—ar) = +00. Therefore, Y, arAp(z*) = +oc.
This result is a contradiction since it implies that
o0 > lim [z 271 = llow, = 217 < = 3 arAu(s")B = —co.
k=ko
Therefore, if ar Ax(z*) converges to zero, then every limit point of the sequence {z\} is a fixed
point solution (that is, assumption A2 is valid). We conclude that the assumptions of Dunn’s

theorem imply the assumptions of Theorem 1 and, therefore, Dunn’s theorem becomes a special

case. Q.E.D.

11



Example:
Consider the map T'(z) = z1/1 — ||z|| over the set {z : |[|z|| < 1}. The fixed point solution z* = 0

is unique. The map T is nonexpansive around solutions, since

IT(z) = T« = [z V1= llzll < llz] = lz — 7.

If we choose step sizes ax = 1 for all k, then Dunn’s averaging result does not apply since ), ax(1—

ar) = 0 < +oo. Banach’s fixed point theorem also does not apply since T' is a nonexpansive

but not a contractive map. Nevertheless, Theorem 1 ensures convergence since ax = 1 for all & is
wy _ lze=z"P=iT (@) -z )% 1, _ |EN|

bounded away from zero and Ai(z*) = =T 12 +1l—ar = T and therefore,

assumptions Al and A2 hold. Therefore, Theorem 1 applies for this choice of the map 7T and step

sizes.

Remarks:

1. Observe that the iterates we considered in Theorem 1 do not necessarily require that the step

sizes lie between zero and one.

2. Theorem 1 does not require the map 7' to be nonexpansive. Rather it requires assumptions

Al and A2. The convergence result depends upon not only the step sizes aj, but also the

—z % - ) — 1% .
quantity Ag(z*) = lzi =2 Hgk l';((f:)>llgT(l Mg + (1 — ax) which measures both how far the step
G

size ay lies from one and “how far” the map T lies from “nonexpansiveness” relative to some
G norm. Next we examine how restrictive assumptions Al and A2 are and how we can replace

them with the various versions of coerciveness we defined in Definition 1.

(a) If S C [0,1] and T is a nonezpansive map relative to a G norm around fixed point

solutions, then assumptions Al and A2 are valid, that is,

lzx — 2% = 1 T(zx) — T(z")||%
T T elmwzal-w)20 @

apAx(z") = ax

Conclusion from (a):
If T is a nonezpansive map relative to a G norm and the set S C [0,1], then all schemes
that “repel” a; from zero and one, unless at a solution, induce a sequence of iterates that
converges to a solution.

(b) As a special case of subcase (a) assume that the step size search set is S = [c;.c2] for
some 0 < ¢; < cp < 1 (see, for example, scheme III in the next section) and that T is a
nonexpansive map. Relation (8) becomes axAg(z*) > ¢1(1 — ¢c3) > 0. Then assumptions

Al and A2 follow easily. This observation is valid regardless of the choice of potential g.

12



(c)

Theorem 1 is valid for maps T that are weaker than nonexpansive. What happens if a
map T satisfies the nonezpansive-contractiveness condition around solutions z*? Then
for step sizes 0 < ar <c<1-B, Ax(z*) >1—-B —ax >1—-B —c>0. Assumptions
Al and A2 follow for all schemes that “repel” ax from zero unless at a solution. It is
important to observe that there are maps T satisfying the nonezpansive-contractiveness
condition that are weaker than nonexpansive.

Conclusion from (c):

If S = [0,c] C [0,1—B) and T is a nonezpansive-contractive map with coercivity constant
0 < B < 1, then schemes that “repel” ax from zero unless at a solution induce a sequence

of iterates that converges to a solution.

Another class of maps 7" weaker than nonexpansive that satisfy Theorem 1 are maps that

satisfy the following condition
|T(z)-T(z*)|% > |z—~2*|3+Bllz—T(z)|% Yz € K, for some constant B >1. (9)

Maps T satisfying this condition are expansive. Then for step sizes 0 > a > ¢ > 1 — B,
Ap{z*) <1 —-B —ar £1— B —c¢ < 0. Assumptions Al and A2 follow for all schemes
that “repel” ay from zero unless at a solution.

Conclusion from (d):

If S =[c0] C(1-B,0] and T is a map satisfying condition (9), then schemes that
“repel” aj from zero unless at a solution induce a sequence of iterates that converges to

a solution.

Finally, we observe that for contractive maps, if we consider step sizes in S = [0.1] and
schemes that “repel” aj from zero unless at a solution, then assumptions Al and A2 are

also valid. The following lemma illustrates this observation.

Lemma 2 : Let T be a contractive map relative to a ||.||g norm. Then for any choice
of step sizes ay, € [0,1] and schemes that “repel” ay from zero unless at a solution, the

sequence {x} satisfies assumptions A1 and A2.

Proof: If T is a contractive map relative to the G norm with a contractive constant

A € (0,1), then Corollary 2 implies that

o _ 2F(zx) — F(z*))'Glzx — z¥)
R R Ve e R

ok — = 1%
TF@y) - Fal%

+1—ai >

(10)

13



lzx —z*||%
1F(en) = Fe ) =

It is easy to see that expression (10) and the fact that the sequence ||zx — a:*“é is nonin-

(1-4)

creasing implies assumptions Al and A2. Q.E.D.
Conclusion from (e):
If S =[0,1] and T is a contractive map, then algorithmic schemes that “repel” aj from

zero unless at a solution, induce a sequence of iterates that converge to a solution.

The discussion in (a)-(e) suggests that in order to satisfy assumptions Al and A2 in Theorem
1, we may either (i) restrict the line searches we perform to a set S C [0,1) or (—1,0], so
that our results apply for maps that satisfy a condition weaker than nonexpansiveness, or (ii)
extend the line searches to a set S 2 [0,1] or [-1,0] but as a result we might need to impose

stronger assumptions either on the map T or on the step sizes ag.

Generalized Norms

Our analysis so far applies if we consider the conditions of contractiveness, nonexpansiveness and
strictly weak nonexpansiveness relative to a ||.||¢ norm. We observe that the analysis also applies if
we impose versions of the conditions with respect to a generalized norm P.

In particular, we might consider a generalized norm P : K x K — R satisfying the following
properties:

1. P(z*,T(z*)) =0 if and only if z* is a solution.

2. P(z,z) =0.

3. P(z,T(z)) >0, P(z,z*) >0

4. P is convez relative to the first component, that is, P(y,.) is convex for all fixed y, and for all

points x1, z; and a € R, some constant D > 0 satisfies the condition
P(azy + (1 —a)z1,y) < aP(z1,y) + (1 —a)P(z1,y) — Dia(l — a)P(z1,11).

(If Dy > 0, then P is strictly conver).

Some Examples of Generalized Norms:
1) P(z.y) = ||z — yll¢ or P(z.y) = ||z — y||% for some positive definite and symmetric matrix
G.
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2) For variational inequality problems VI(f, K), let P(z,y) = f(z)*(z — y). Suppose f(z) =

Mz — ¢ and the matrix M is positive semidefinite. Then a possible choice of a map T could
be T'(z) € argminyex f(z)ty.
3) For variational inequality problems VI(f, K), let P(z,y) = (f(z) — f(v))*(z — v).

Using generalized norms, we can extend the notions of coerciveness as follows.

Definition 4 : A map T is coercive around solutions z* relative to a generalized norm P,

if for some constant A > 0 and for all x
P(T(z),z*) < VAP(z,z*).

If A =1, then T is a nonexpansive map relative to the generalized norm P around solutions.

If A< 1, then T is a contractive map relative to the generalized norm P around solutions.

It will be useful in our subsequent analysis to observe that if P(z,z*) =0 and P(T(z),z*) =0
then P(z,T(z)) = 0.
This observation follows from property 4 of the generalized norm conditions. Property 1 then

also implies that z is a solution.

Let us now consider a generalized norm P with the following two additional assumptions.

5. . The generalized norm P is convez with respect to the second component. That is, for a fixed

z and for all points 23, y2 and a € R, some constant Dy > 0, satisfying
P(z,ayz + (1 —a)z2) < aP(z,y2) + (1 — a)P(z, 22) — Daa(1l — a)P(z2,y2).

(If Dy > 0, then P is strictly convex).

6. The generalized norm P satisfies the triangle inequality,

P(z,y) < P(z,2) + P(z.y).

Lemma 3 : Under assumptions 1-6 on the generalized norm P and for a map T that is coercive

relative to P, for all a € [0.1],

P(zx(a), T(z4(a))) < [1 — a(1 — VA)P(zx, T(z)).
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Proof: The convexity assumption 4 implies that for all a € [0,1],
P(zx(a), T(zx(a))) < aP(T(zx), T(zx(a))) + (1 ~ a)P(zx, T(zx(a)))
(then the triangle inequality 6 implies that)
< P(T(zx), T(zx(a))) + (1 — @) Pz, T(zk))
(the definition of coerciveness further implies that)
< VAP(zy,zk(a) + (1 — a) Pz, T(zx))
(the convexity assumption 5 implies that)
< aVAP(zy, T(zk)) + (1 — a)P(zx, zx) + (1 — a) Pz, T(zx))
(finally, assumption 2 implies that)

< aVAP(zi, T(zx)) + (1 — a)P(zx, T(zk)).

Q.E.D.

In the previous analysis, we presented choices of maps T" and step sizes aj that imply assumptions

Al and A2. Next we illustrate a specific class of potentials satisfying assumptions Al and A2 as well.

This class of potentials is only a special case. Theorem 1 also applies to other potential functions

as we will show in detail in Section 3. To state these results in a more general form, we use the

generalized norm concept that we have introduced in this section.

2.2 A Class of Potential Functions

The previous discussion related assumptions Al and A2 to the notions of contractiveness, nonex-

pansiveness, and strictly weak nonexpansiveness. We next address the following natural question:

Is there a class of potentials satisfying assumptions A1 and A27?

To provide partial answers to these questions, we consider potentials of the form

9(zx(a)) = P(z(a), T(zk(a))® — Bh(a) P(zx, T(zx))*.

As we will see, these potentials satisfy assumptions Al and A2 if we impose the following conditions:

P: K x K — R is a continuous function, h : R — R™ is a given continuous function, and 3 > 0 is

a given constant satisfying the following assumptions
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(i) P is a generalized norm (that is, satisfies assumptions 1-6 from the last section).
(ii) h(0) = 0.
(iii) For some point @ € SN (0,1), h(a) > 0.
(iv) h is bounded from above on S N[0, 1], that is, 0 < C = supaesnio,1)h(a) < +oo.
(v) 1< CB.
The following result provides a bound on the rate of convergence of the adaptive averaging

framework for choices of potentials satisfying properties (i)-(v).

Proposition 5 : Consider the class of potentials g satisfying the properties (i)-(iv). The general

scheme converges at a rate
P(zis1, T(xk1))? < [1 = B(C = h(ar))|P(zk, T(zx))*. (11)
Furthermore, for step sizes ax € [0,1]N S,
P(xir1, T(ze11))® < [1 - ar(l = VAP Py, T(z))*. (12)
Proof: Select a* € SN [0,1]. The iteration of the general averaging framework implies that
9(@k+1) = P(zs1, T(@k+1))? = Bh(ar) P(zy, T(zx))* <
P(zk(a®), T(zx(a")))? ~ Bh(a”) P(zx, T(xx))*.
Lemma 3 implies that P(xg(a*), T(zk(a*))? < P(zx, T(zx))? and so
9(zk41) = P(@rs1, T(2er1))® — Bh(ar) Pk, T(zx))? < Pzx, T(zk))? — Bh(a”) Pk, T(xx))?,

which, by letting h(a*) approach C, implies the inequality (11).
On the other hand, if ax € [0,1] NS, then Lemma 3 implies that

0 < P(zper, T(zre1))? < (1 — ap(l — VA))2P(zg, T(xi))?.

Q.E.D.

Remarks:

(1) Relation (12) is valid for any choice of 3 (negative as well as positive).

(2) If C is not a limit point of h(ag), then for some constant h < C, h(ag) < h, for all k& > kq.
Therefore, for all £ > kg,

P(zr41, T(z541))? < [1 = B(C — h)|P(zy, T(xy))? (13)
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(3) If the step sizes ay are bounded away from zero, i.e., ax > ¢ > 0 for all k > ko, then
P(zs1, T(zis1))? < [1 = c(1 = VA)?P(ax, T(zx))*. (14)

The following proposition shows that potentials satisfying properties (i)-(v) also satisfy assump-

tions Al and A2.
Proposition 6 : Consider potentials of the type
g(zx(a)) = P(zx(a), T(zk(a))® = Bh(a) P(zx, T(zx))*.

Assume that P : R™ x R™ — R is a continuous function, h : R — R* is a given continuous function,
and 3 > 0 is a given constant satisfying properties (i)-(v).

Any such potential satisfies the following properties:
a. limg_ o0 ar = 0 implies that every limit point of {x+} is a fized point solution (that is, assumption
Al is valid).
b. h(ax) < 0 implies that zy is a fized point solution.
c. limg_, 400 h(ak) = 0 implies that every limit point of {z+} is a fized point solution.

d. If h(ak) < arAr(z*) and a > 0, then assumptions A1 and A2 are valid.

Proof: Before proving parts a-d, we observe that Proposition 5 implies that
limg— 400 Pz, T{xk)) exists.

a. If limg_, 4 o ax = 0, then the iteration of the general scheme implies that

Im g(zie41) = lim P(zpe1, T(zhs1))? — Bhlar) P(zk, T(z4))? =
k—+o00 k—+o0
lim P(zy, T(zy))*[l - Bh(a)] = lim Pz, T(zy))? <
k—+o0c k—+00
,CEIJPOO{P(H%(G)-T(xk(a))2 — Bh(a)P(zy, T(zx))?,

for any a. Therefore,
lim P(zi(a), T(zk(a))? > (1 + Bh(a)) lim P(zy, T(zk))?.
k—+o0 k—+oc

Select @ € (0,1] N S satisfying h(a) > 0. Then Proposition 5 implies that P(zx (@), T(zx(a))? <
[1 —a(l — VA)2P(zy, T(z1))%. Therefore,

[L-a(l= VAP lim Pl T(zx)* 2 (1+6h(a)) lim Pl T(zx))’.

—+o0
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Consequently, either limg_, ;00 P{zk, T (zx)) = 0, implying (by property (i) and the continuity of
P) that every limit point of {zx} is a fixed point solution,

[1—a(l - VA)?>1+p8h(a).

But h(a@) > 0 implies that [1 —a(1 - v/A)]? > 1 which is a contradiction.
We conclude that for this class of potentials, assumption Al is valid.
b. Select an @ so that % < h(@). Since é < f3, such an @ exists.
If zy is not a fixed point solution, then P(xy,T(zk)) # 0. The generalized nonexpansive property

and the choice of & imply that
9(z(@)) = P(zx(@), T(zx(a))* - Bh(@) P(zx, T(x))?* < Plzx, T(zk))* = Pz, T(xx))* = 0.
But if A(ax) < 0, then
9(zks1) = P(zi1, T(zk41))? — Bhlar) Pz, T(zx))? 2 0.

Therefore, 0 < g(zr+1) < g(zx(a@)) < 0, which is a contradiction.
c. Suppose that limg_ 1o h(ax) = 0 and that limg_, ;o P(zk, T(zx)) # 0. Therefore, as we have

shown in part g,

. Erfoo g(zesr) = lim P(zis1, T(zhe1))? = Jim P(zx, T(zx))? > 0.

The condition 1 — SC < 0 implies that for some a € [0,1] N S, 1 — Bh(a) < 0. Consequently, since
Lemma 3 implies that P(zi(a), T(zr(a)) < Pz, T(zk)),

lim g(zx(a)) = lim Plzx(a), T(zx(a))? — Bh(a) lim Pz, T(xk))? <

k—+00 k—+oc k—+o0

. 2 2 _
Jm Pz, T(zg))” - lim  Plzy, T(zx))” = 0.

Therefore, 0 < limg_ 400 9(Th4+1) < limg— 400 g(2k(a)) < 0, which is a contradiction. This result
implies that lim P(zk, T'(xx)) = 0 and, therefore, that every limit point is a fixed point solution.

d. Part b and the fact that h(0) = 0 imply that h(ax) > 0 and a), > 0 whenever zj, is not a solution.
Consequently, if zx is not a solution, then A(z*) > 0 as well (that is, assumption A2 is valid).
Moreover, if limg_, 1o Ax(z*) = 0, then limg .o h(ax) = 0. Then part ¢ implies that every limit
point of {zx} is a fixed point solution (that is, assumption A2 is valid). Q.E.D.

Remark:

:‘
A
Q
A
o=
+
Haf—
|
T

For example, if h(a) = a(l — a) and 3 > 4, then we can choose any % - % -

as @ so that % < h(a).
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3 Potential Optimizing Methods: Specific Cases

In this section we apply the results from the previous section to special cases. We consider several
choices for the potential function g and examine the convergence behavior for the sequence they

generate.
Table I summarizes some of these results.

Let 8 € R be a given constant and
g(z(a)) = lzx(a) = T(zx(@)1E + Bllzr(a) - zx(0)IIZ- (15)

We consider several choices for the constant 5.
Scheme I: Let S = [0,1] and 3 > 0, then (15) becomes g1 (zx(a)) = ||lzx(a) =T (zk(a))||& +Bl/zk(a) -

zk(0)[1%

This potential stems from (5) and the observation that we do not allow the iterates to lie “far

away” from each other.

Lemma 4 : Suppose T is a contraction relative to the ||.||¢ norm and 8 < 1 — A. Then if

limg . 400 ax = 0, the sequence {zx} converges to a solution (that is, assumption A1 is valid).
Proof: If limg—, 1 o0 ax = 0, then
i ~T(xo)llz < lim || T(zk) — T () I I - 2 <
Jim o = T@ollg < lim[T(@0) - Tl + 6 Jim_ o — Tl <
(since 8 <1 — A)
li -7 2 : _ 2
(A+8) lim llow — T(o)lE < lim_flzi — T(0)l%

Therefore, limg— 100 |zx — T(zx)||Z = 0. Proposition 4 and Corollary 4 imply that the sequence

{zr} converges to a fixed point solution. Q.E.D.

Theorem 3 : IfT is a contractive map relative to the ||.||¢ norm, with a contraction constant 0 <

A < 1, then the sequence induced by scheme I converges to a solution for any choice 0 < 3 <1 — A.

Proof:
o First, we restrict the line searches so that aj € [0, 1].

In this case, the proof follows from Theorem 1. In fact, Lemma 4 implies that for any choice
B < 1— A, the step sizes ay satisfy assumption Al. Moreover, Lemma 2 implies that Ay (x*) satisfies
assumptions Al and A2.

e More generally we perform unrestricted line searches in the sense of choosing step sizes a; € R™.
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Then the proof follows since the general iteration of the algorithm implies that
lzk41 = T(zis1)l& + Bagllzk — T(@e)lZ < lze = T(ze)l&-

Then

21 — T(@ren)liE — llzk = T(z)llE < —~Bagllze — T(zi)lIE < 0.

Therefore,
Jim_ a2z - T(@x)lE =0.
This result implies that (i) either limg— 400 ax = 0, or (i) limp—too ||z — T(zk)[|% = 0. In the
former case, Lemma 4 implies that for any choice 8 < 1 — A, the sequence {z;} converges to a
solution. In case (ii), Proposition 3 implies that the sequence {z} converges to a solution. Q.E.D.
As the next corollary shows, scheme I extends to also include nonezpansive affine maps relative

to the |.||¢ norm.

Corollary 5 : If T is an affine, nonezpansive map, then the iterates {zx} of scheme I converge to

a fized point solution.

Proof: Let dy = T(xx) — zx. For affine problems, the map M = I — T is a positive semidefinite

matrix, and since Mz = —dy,

di M*Gdy,
IMdi| + BlldelE
Observe that if we let G = M*GM + 3G in the definition of Ag(z*), then replacing this choice of G

ak = (16)

and accounting for the fact that M®G is positive semidefinite, we see that

dLMIGdy, + B(zk, — %) MGz — z*) (F(zg) — F(z*))'G(zr — %)
1Mde||Z + Blldx[IZ IMdillg +BlldellE

Strong-f-monotonicity of f (or, equivalently, nonexpansiveness of T') easily implies that Ag(z*) >

A(z) 2 2p

0 and that if either ay or Ai(z*) converge to zero, then {z;} converges to a solution (that is,

assumptions Al and A2 hold). Theorem 1 implies the conclusion. Q.E.D.

Lemma 5 : If T is affine and is domain and range coercive with coercivity constants A and B,
1-A-3(1-B)
2(14+VA)2+5)
that is 0 < A <1 and B = 0, then for any choice of 8 <1 — A, ay is bounded away from 1/2.

then all iterates with dy # 0 satisfy the inequality ay > % + If T is nonexpansive,

Proof: Lemma 1 implies, since T is domain and range coercive with coercivity constants A and B,
that w!GMw > %Hw”% + %’ilfﬂ’lw”r‘(’;. Moreover, if di # 0, then Proposition 3 implies that

dMGd 1-B 1-A-B(1-B)

T MG+ AIGTE T T2 20+ VAR h) (17)

Qi
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Q.E.D.

The following proposition provides a rate of convergence for scheme I. .

Proposition 7 : For maps T that are contractive relative to the G norm with a contraction constant

A satisfying the condition B < 1 — A, the iterates generated by scheme I satisfy the estimates:
lzisr = T(@rs1)llE < [A+B(L - a)lllz — T(zx)|1%- (18)
Proof: The iteration of scheme I implies the inequality
lzk+1 — T(zea)E + Bagllzs — T(a)lE < IT(zx) — T3 @) + Bl — T(ze)|1E-
Since the map T is a contraction,
ket = T(zera)llE < (A+B(1 - o)z — T(zi)|E,

implying (18). If 3 < 1 — A, then I — T is a contraction with coercivity constant 0 < A + 3 < 1.

Q.E.D.

Remark:

If ax >> 1, then scheme I has a strictly better rate of convergence than the classical iteration (2).
Observe when T is an affine, firmly contractive map, then a choice of 0 < 3 << % and Lemma

5 imply that
_ di MtGdy,
Mg + BlldklE

Requiring the iterates to lie close to each other might be too much of a restriction. In fact, Proposition

>> 1.

ak

7 shows that the rate of convergence of scheme I is, in the nonlinear contractive case, worse than the
rate of convergence of the classic iteration (2) unless the step size ay, is greater than 1. Therefore,
motivated as before by the minimization problem (5), we consider the following potential.

Scheme II: Let =0 in expression (15). Then ga2(zx(a)) = |lzx(a) — T(zx(a))||% and S = R*.
Itoh, Fukushima and Ibaraki (28] have studied a line search scheme of this type in the context
of unconstrained variational inequality problems. They consider only strongly monotone problem
functions, which correspond to contractive fixed point maps.

Remark:

Let T(z) = x — Mz + ¢ be an affine, nonezpansive map relative to the ||.||¢ norm and let dj =

T(xx) — zx. Then ax = argmingazoy g2(zx(a)) = argmini,>oy|Max(a) — c|% = %ﬁl.



Lemma 6 : If T is an affine, contractive map relative to the ||.||¢ norm, with coercivity constant
0 < A <1, then for all iterates k with di, # 0, ax = %— + 2(11—7\/2;6' Therefore, if A < 1, then ai is

bounded away from %

Proof: The proof follows from Lemma 5 with 3 =B = 0.

These results show that ag > % in the nonexpansive case (when A = 1).

Lemma 7 : IfT is a contraction with coercivity constant A, then limy_.o, ax = 0 implies that every

limit point of the sequence of iterates {xx} ts a fired point solution (that is, assumption A1 holds).
Proof: If limy .o ax = 0, but limy . ||zx — T(zk)|l¢ # 0. Then,
Ik — T(z)liE& < [T (@e) = T(T(z0)12-

Since T is a contraction mapping, |T(zx) =T (T (zk))||% < Allzx—T (zx)||% and, therefore, limy oo [|Zx—
T(zk)||% < Alimg—co ||zk—T(zk)||%, which is a contradiction. Consequently limg oo [|2x—T(z¢)llc =
0 and so Proposition 4 implies the conclusion. Q.E.D.

Remark:

The proof of this lemma also follows from Proposition 6 part a with 3 = 0. The class of potential
described in this proposition need to satisfy properties (i)-(v), and in particular, to be contractive
with constant 0 < A < 1.

The following theorem shows when scheme II works.

Theorem 4 : IfT is an affine, nonezpansive map relative to the ||.|¢ norm, or if T is a nonlinear,
contractive map relative to the ||.||¢ norm with coercivity constant A, then the sequence that scheme

II induces converges to a fized point solution.

Proof: First, we illustrate how the proof of this theorem follows from Theorem 1. Lemma 7 implies
that the step sizes aj, satisfy assumption Al. Moreover,

1) If T is a contractive map relative to the ||.||¢ norm and our linesearch is restricted in [0, 1], then
Lemma 2 implies assumptions Al and A2.

2) In the affine, nonexpansive case, we do not need to restrict the linesearch. In fact,

_ dLGM(dy)

1
ap = ————— > -
T IMAE T2

and so a choice of G = M*GM implies, using strong-f-monotonicity, that Ay (z*) = ay, > % That is.
assumptions Al, Al and A2 are valid.

In both cases, Theorem 1 implies the result.
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Alternatively, for nonlinear, contractive mappings the result follows from the observation that
lzks1 = D)3 < | T(xe) = T(T )& < Al — Tax) 13-

This result implies that the sequence {||zx —T(zk)||4} converges to zero. Proposition 3 then implies

the conclusion. Q.E.D.

The following proposition provides a rate of convergence for scheme II.

Proposition 8 : For nonlinear, contractive maps relative to the ||.||g norm, with contraction con-

stant A € (0,1), the line search we considered in scheme II gives rise to the estimates:
k1 = T(@r+)lE < Allzk = T(z)llE- (19)
Proof: For nonlinear, contractive mappings T,
ke = T(zee)E < 1T (k) = T(T())lE < AIT(2x) — 2k

Q.E.D.

In the following discussion, to improve on the rate of convergence of the general scheme, we
consider potentials that involve a penalty term that pulls the iterates away from zero unless they
are approaching a solution.

Scheme III: Let § < 0 in expression (15). This is equivalent to replacing 8 with —3 in (15)
and letting 8 > 0. Then gs(zk(a)) = |lzr(a) — T(zk(a))|% — Bllzk(a) — zx(0)||%. Moreover, we set
S =[0,¢1], with 0 < ¢; < 1.

Alternatively, letting P(z,T(z)) = ||z — T(z)||¢ and h(a) = a® and 8 > 0,

93(zx(a)) = P(zk(a), T(zx(a)))? = Bh{a)P(zx, T(zx))>.

Remarks:

1) For affine, nonezpansive maps relative to the ||.]j¢ norm, we compute

Ak = aArgminiqeo,,])93(Tx(a))-

- dt G(M)dy
= .
Let &k = g, —ATanT%

if ||Mdi||% < Bl|dillZ or @ >c; then ag =c;, otherwise, ay = .

2) Observe that when T is a contractive map with a contractive constant A < 1. Proposition 2

implies that for a choice of 3 < (152)2, || Md|Z > 3|/di||Z.
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Lemma 8 : Let T be an affine, contractive map, with a contractive constant 0 < A < 1. Then if
| Mdi | > Blldk||% and 8 < 4,
B+1-A
(1+ VA2 -8)
Proof: The proof follows from Lemma 5 with —4 replacing 8 and B = 0. Q.E.D.

1
= 51
ag > 5 -+ 2
. _ 1 8
In the nonexpansive case, A = 1. Therefore, that ar > 5 + ATV =)

Lemma 9 : If T is a nonezpansive map relative to the ||.| ¢ norm, then A1 holds.

Proof: Observe that in scheme III, h(a) = a2, a € [0,c1]. Consequently, this lemma becomes a

special case of part a in Proposition 6. Q.E.D.

Theorem 5 : If T is a nonexpansive map relative to the ||.|¢ norm with a coercivity constant
0< A<1 andag <c <1, then the sequence induced by scheme III converges to a fized point

solution.

Proof: First, let ¢; < 1. The facts that ax < ¢; < 1 and T is a nonexpansive map imply that
Ag(z*) > 1 —c; > 0 and, as a result, that assumptions Al and A2 are valid. Moreover, Lemma 9
implies assumption A2 and Theorem 1 implies the result.
If we let ¢; = 1, then we need to assume that T is a contractive map, that is, 0 < A < 1.
Assumptions Al and A2 are valid because Ag(z*) > (1 — A)—M—-”—Lg— Theorem 1 again
NF(zr)~F (=) ©
implies the result. Q.E.D.

The following proposition provides a rate of convergence for scheme III.

Proposition 9 : For a contractive (or nonezpansive) map T relative to the G norm with a coercivity

constant 0 < A < 1, the line search we consider in scheme III gives rise to estimates:
Iz = T(@es)llE < (A= Bled = a@))llze — T(@a)lI&,0 < er < 1. (20)

Proof: In scheme III, P(z,y) = l|lz — yll¢ and h(a) = a2, a € [0,¢1], with 0 < ¢; < 1. Then a* = ¢;

and C = c2. Then as in the proof of Proposition 5, the iteration of scheme III implies that
ok — T(eee)lIE = Bagllze — T(@)lg < lzwler) = T(ze(e)llE = Betllze — T2

Therefore,
Izk+1 — T(zer1)IE < (A = B(c] — ai))llzx — Tk

Q.E.D.
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Remarks:

1. Observe that when the map T is contractive, 0 < A < 1, scheme III is at least as good as the
classical iterative method (2). Scheme III has a better rate of convergence than the classical

iterative method (2) when, for example, the step sizes a; converge to zero.

2. The choice of potential in scheme III requires that for nonexpansive maps, we perform a line
search with step sizes bounded away from 1. “How far” should the step sizes we consider lie
away from 17 Perhaps considering step sizes bounded away from 1 is too much of a restriction.

For this reason, we modify the potential function of scheme III as follows,

Scheme IV:  gi(zi(a)) = llz(a) = T(zx(a)Ig — Bllzr(a) — zx(0)llg-|zk(a) — zx(1)llc, and set
S =R

Proposition 10 : For nonezpansive maps T relative to the G norm,
2 1 Loz 1o 2
Zk+1 — T(ze+1)llG < H%(ﬁ) - T(wk(E))”G — Blax — 5) lzk — T(zp)lle < (21)

L~ Bk~ 5)llz - T@IE:

Proof: Observe that P(z,y) = ||z — y||% and a* = 1. Therefore, the result follows from Proposition
5. Q.E.D.

Remarks:

1. The sequence {||zx — T(zx)| ¢} is nonincreasing and, therefore, converges despite the fact that
we did not restrict the line search in the set S = [0, 1].

2. Proposition 10 provides a convergence rate for scheme IV.

Lemma 10 : IfT is a nonezpansive map relative to the ||.||g norm, then Al is valid. Moreover, if

limg_— 40 ax = 1, then every limit point of the sequence of iterates {x} is a fized point solutior.

Proof: The proof follows from parts a and ¢ in Proposition 6. Q.E.D.
The following theorem provides a convergence result as well as a convergence rate for this choice

of potential function.

Theorem 6 : For nonexpansive maps T relative to the G norm, the sequence {xy} that scheme IV

generates converges to a fized point solution.
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Proof: Lemma 10 implies that assumption Al is valid. Proposition 10 implies that if a limit point of
{zx} is not a solution, then aj converges to 3. This result combined with the nonexpansiveness of
the map 7', implies that for ko large enough, for all k > ko, Ax(z*) > 1 —ag > 0, that is, assumption
A2 applies. The proof then follows from Theorem 1. Q.E.D.

Remark:

For affine, nonezpansive maps T relative to the |.|¢ norm,

Bllde|% + 2dt GMdy,
20)|dil + 2 MdillE

ajp =

Lemma 11 : Suppose T is an affine, nonezpansive map relative to the ||.||g norm, with a coercivity

constant 0 < A <1. Then
1 1—-A4

>+
=T a1+ VA

If T is a contraction, that is, 0 < A < 1, then ay is bounded away from %

Proof:

o Bl + |Msl + (1 - Al
=T 2B + 2TMATE

Therefore, whenever di # 0, ax > > 1 5+ m Q.E.D.

Observe that in the contractive case, a choice of 3 > 1 — (%)2 implies that all a; < 1.

Corollary 6 : For affine, nonexpansive maps T relative to the G norm, the sequence {zy} that

scheme IV generates converges to a fized point solution.
Blld[2,+2dL G (M)di L
28\ldulIZ +2IMdr i, =

2M'GM +23G in the definition of Ag(z*), then Ag(z*) = 2;563}( HGd_"‘_;?f[’Eik”H{ >1 5 since f is strongly-

f-monotone relative to the ||.||¢ norm. Therefore, assumptions Al and A2 are valid and so Theorem

1 implies the result. Q.E.D.

Proof: In the affine case of scheme IV, aq; = Then if we choose G =

Remarks:

1. The previous analysis does not restrict the line search to the set S = [0.1]. If we do restrict

the search to S = [0. 1] then the following theorem implies convergence.

Theorem 7 : If T is a nonexpansive map relative to the G norm, then the sequence that

scheme IV generates converges to a fized point solution.
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Proof: The proof follows from Theorem 1. Lemma 10 implies assumption Al. Moreover,

assumptions Al and A2 follow from Lemma 2. Q.E.D.

. Observe that the previous analysis did not restrict the choice of the constant 3. If we choose
(3 > 4, then the line search in scheme IV always yields a step length ax < 1 unless the current

point is a solution. This result follows from property (2) of Proposition 6.

. We can view scheme III as a form of scheme IV if we can find 0 < a4(k) < 1 for which

az(k) = v/aa(k)(1 — as(k)). Then
zk(az) = zk(as) = Tk + Vaa(k)(1 — ag(k)) (T (k) — zx)

and the potential
93(zx(a3)) = gs(zk(as)) = llzr(as) = Tzr(aa) G ~ Baa(k)(1 - ag(k))llzk — T(zx)lI-

Note that we can find these values aq(k) only if ag(k) < % More generally, if az(k) < c¢; <1,

then we can find 0 < a4(k) < 1 and a positive integer m, so that as(k) is the mth root of
aq(k)(1 — as(k)).

. Suppose a is bounded away from % by a constant 0 < ¢ # % If T is a contractive map, then

for a choice of 8 > (—Cl—_if“‘);, the rate of convergence for scheme IV is better than that of the
2

classical iterative method (2).

For example, in the contractive case, if the sequence of the step sizes a; converges either to

Zero or to a constant # %, then scheme IV strictly improves the rate of convergence of the

classical iterative method (2).

Scheme V: gs(zx(a)) = [(zx(a) - T(zx(a))) (zk — T(xx))]?, and S = R™.

This method is the classical steepest descent method (see [47]) as studied by Hammond and Magnanti

[23], as applied to solving asymmetric system of equations: find z* € K satisfying F(z*) = z* —
T(z*)=0.

Remark:

If T(z) = x — Mz + ¢ is an affine map and dy = —(Mzj — ¢), then

minaxo((zr(a) — T(zx(a))) (zx — T(zk))]* = mingso[(Mzk(a) — ¢) (Mzy, — ¢))°.

implies that

e = Nkl
T @M,
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Lemma 12 : IfT is a contraction mapping, then limg_. 4 ax = 0 implies that every limit point of

the sequence of iterates {zx} is a fized point solution.

Proof: Assume T is a contraction map with coercivity constant A € (0,1). If limg—4car = 0,
then limk—»+oo[(1k - T(xk))‘(mk - T(.Z‘k))]2 < limk__,+oo[(T(xk) - T2(xk))t(:zk - T(l‘k))]z. This
result implies that limg— 400 [|Zx — T(xk)||* < limg— oo 42|z — T(zk)||*, but since A < 1, thisis a

contradiction, unless limg—+ ||z — T'(zk)|lc = 0. Q.E.D.

Theorem 8 : IfT =z — Mz +c is an affine map, with M and M? positive definite matrices, then

the sequence {zi} that scheme V induces converges to the solution.

Proof: See [23]. This result also follows from Theorem 1. Lemma 12 implies assumption Al.
Moreover, since ay = Ei%, assumptions Al and A2 hold when M? and M are positive definite
matrices.

To show that assumptions Al and A2 are valid, we select G = Mi‘;‘—lt Then Ag(z*) becomes
(g — z*) M2 (zp — %) + (Tk — ) MM (2 — %)

Ap(z®) = T
(zk — z* )M MEML ) M (2, — z%)

—ay =

(replacing ay = —;——did" )
p g ag = dLMdy, '

(zp — z*) M?(zp — x*) + didy g (z — ) M3 (zy — x*)
dt Mdy b dt My,

Therefore, whenever M? is a positive definite matrix,

(zg — %) M?(z), — 2*)

Ap(z™) =
£(z”) dt My,

(for z # z*),
M2 (M%)
/\min( '+é ') )

oG >0

Q.ED.

The following proposition characterizes the rate of convergence of scheme V.

Proposition 11 : If T = I — M is an affine mapping and M and M?* are positive definite matrices
and M = A—’[—‘*-'z—”ﬁ, then the sequence induced by scheme V contracts to a solution through the estimate,

Amin (M) ™' M?)
/\maa:(M)

per =275 <1~ Hlzk — 2" 13- (22)
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Proof: See [23].

Example:

Let K = R" and T(z) = [z2,—z1]. Then z* = (0,0) is the solution of the fixed point problem
FP(T,R"). The steepest descent algorithm starting from the point % = (1,1) generates the iter-
ates z! = (1, -1), 22 = (-1,-1), z° = (-1,1), z* = 2% = (1,1) and, therefore, the algorithm cycles.

Remark:

1 0
In this example M = I -T = is positive definite, but M? = is positive
1 1 2 0

semidefinite. This example illustrates that the choice of potential we considered in scheme V could
produce iterates that cycle unless the matrices M and M? are positive definite.

X2

Figure 2: Cycling Example for Scheme V

Scheme VI: To remedy this cycling behavior, we modify the potential function in scheme V by

introducing a penalty term as follows,
g6(zx(a)) = [(zx(a) — T(zx(a)) Glzx — T(zx)))*~

Bl(zk(a) — zx(0))*G(zk — T(zk))]-[(xr(a) — z£(1))’Glzx — T(zk))]-

We choose S = R*.

We first make the following observation.

Lemma 13 : If T is a nonlinear, nonexpansive map relative to the ||.|¢ norm, then a choice of

B > 4 implies that if ax, > 1, then xx is a fired point solution.
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Proof: The remark at the end of Section 2 implies that potential g¢ satisfies (i)-(v) in Subsection

2.2. Then this lemma follows from part b of Proposition 6. Q.E.D.

Remark:

4 2 t t
Consider an affine map T(z) = ¢ — Mz + ¢, and let a; = 8 !lg[gilfi:-lf‘lf’(cclilfi\(j‘kcj\ikg?k)' Then the step

length solution ay to the problem
minge(o,196(zk(a)),
is

ar = min{l,ax}. (23)

We observe the following,
(1) If di, # O, then ax > 1/2.
(2) If @, > 1, then a choice of 3 > 1 implies that

0 < (dM'Gdi)? + (B - Dlldllg + (IdellE — di M*Gdy)? < 0.
This result implies that dr = 0 and, therefore, that xy is a fixed point solution.

Lemma 14 : Let T be a nonexpansive map relative to the G norm and suppose 3 > 4 in the general
nonlinear case (or 3 > 1 in the affine case). If either ax converges to zero or to one, then every
limit point of the sequence {zx} is a fized point solution.
Proof: If a; converges to zero, then
lim 0)) = lim ||dil} < lim g(zx(a)) <[1- 1-—a)] L 4. 24

Jim g(ax(0) = lim [del < lim_g(ox(a)) < [1 - Ball - @)] lim [ldelld. (24
If limg o0 dx # 0, then for all a € (0,1), limg— 400 g(zx(0)) > [1 — Ba(l — a)]||dk &, contradicting
(24). We conclude that limg_, 400 dp = 0 and therefore, every limit point of zj is a fixed point
solution. Moreover, if ax converges to one, then if T is an affine map, if we choose 3 > 1,

0< lim (dM!Gd)? + (3—-1) lim |[|dp]|g + lm (||del|% — diLM Gdy)? = 0.

k—s+400 k—+o00 k—+o0

This result implies that ||di|g converges to zero. Therefore, Proposition 4 implies that every limit
point of the sequence {zx} is a fixed point solution.
If T is a nonlinear, nonexpansive map then if a; converges to one, then property c. of Proposition

6 implies that for a choice of 3 > 4, every limit point of the sequence {z} is a fixed point solution.

Q.E.D.
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Theorem 9 : If T is a nonezpansive map relative to the ||.|g norm and 3 > 4 (or 3 > 1 in the

affine case), then the sequence that scheme VI generates converges to a fired point solution.

Proof: Lemma 14 together with the nonexpansiveness of T imply that assumptions Al and A2 are
valid. The proof follows from Theorem 1. Q.E.D.
Remarks:
1) Observe that scheme VI extends the steepest descent method to include nonexpansive maps and
does not require any positive definiteness condition on the square of the Jacobian matrix. Moreover,
scheme VI provides a global convergence result even when the map T is nonlinear.
2) In this section we have considered special cases of the general scheme we introduced in Theorem
1. Several other schemes we have not presented in this section are also a special case of our general
scheme. In particular, consider a variational inequality problem. Then Proposition 1 states that
variational inequality VI(f, K) is equivalent to a fixed point problem FP(T.K). The operator T
might be a projection operator T = Prﬁ([ — pG~1f) or perhaps be defined so that T'(z) = y, and
y is a solution of a simpler variational inequality or minimization subproblem (see for example [12],
120], [44], [56)).

Fukushima [20] considered the variational inequality problem VI(f, K). He considered the pro-
jection operator T(z) = Pr&(z—pG~' f(z)) = argmingek [f(x) (y—z)+3|ly—z[%]. The fixed point
solutions corresponding to this map T are in fact the solutions of variational inequality VI(f, K)

(see Proposition 1). Using the potential
1
9(z) = —f(@)(T(z) ~ z) - FIT() - zll, (25)

Fukushima established a scheme that, when f is strongly monotone, computes a variational in-
equality solution. Namely, each iteration of the scheme computes a point zx+1 = zx(ax) =
zi + ak(T(zk) — ), with ax = argminge(p,1)9(xx(a)). We observe that this scheme is in fact
a special case of our general scheme for the choice of potential g that we described in expression
(25). Observe that when f(z) = x — T(z), the potential in (25) is the same as the potential we
considered in scheme II.

Taji, Fukushima and Ibaraki [52] established an alternative scheme for strongly monotone varia-
tional inequality problems, using an operator T" that generates points through a Newton procedure.
Zhu and Marcotte [58] modified Fukushima’s scheme [20] to also include monotone problems. Wu,
Florian and Marcotte [56] have generalized Fukushima’s scheme. They considered as T the oper-

ator that maps a point z in the set G(x) = argminyex[f(z)!(y — z) + %@‘(r,y}]. The function
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¢ : K x K — R has the following properties:
(a) ¢ is continuously differentiable,
(b) ¢ is nonnegative,
(c) ¢ is uniformly strongly convex with respect to y,
(d) ¢(z,y) = 0 is equivalent to z =y,
(e) Vz¢(z,y) is uniformly Lipschitz continuous on K with respect to z.
Observe that when ¢(z,y) = ||z — y||4, then T(z) becomes the projection operator as in
Fukushima [20]. The fixed point solutions corresponding to this map T are also solutions of the
variational inequality problem VI(f, K) (see [56] for more details).

Furthermore, Wu, Florian and Marcotte [56] considered the potential,
1
9(z) = ~f(@)(T(z) - z) - S¢T(),z). (26)

Notice as in the previous cases, this scheme becomes a special case of our general scheme for the
choice of potential g given in (26).

The convergence of these schemes follows from Theorem 1, where we established the convergence
of the general scheme. Observe that as we have established in Lemma 2 when F' is strongly monotone
(which the developers of these schemes impose) assumptions Al and A2 hold for schemes which
“repel” ay from zero unless at a solution. Furthermore, observe that indeed this assumption follows
for these schemes (like Lemma 7) using the descent property of the potential functions involved in
each of the previous schemes. For a proof of the latter, see [20] and [56].

Finally, for all these schemes (see also Section 5), we can apply an Armijo-type procedure to

compute inexact solutions to the line search procedures. This computation is easy to perform.

4 On the Rate of Convergence

In this section, we examine the following question: when does the general scheme we introduced in
this paper and its special cases exhibit a better rate of convergence than the classic iteration (2)?
To illustrate this possibility, we first establish a “best”step size under which the adaptive averaging

scheme will achieve a better convergence rate.

Proposition 12 : Let

(zi = T(@x))'Glax — ) _ (F(ax) = F(z*))'G(ax — z7)
lze = T(zi)l% 1F(zx) = F(z*)|1%

ap =
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If a} # 1, then for some step size, namely ay, the general iteration
Tr+1 = T(ag) = Tk + ap(T(zk) — k),

has a rate of convergence at least as good as the classic iteration (2). Moreover, if laj — 1| 2 ¢ >0,

then it has a better rate of convergence.
Proof: First observe that
lzk(a) — 2% = llzx — z"lI% + &®llzx — T(2x)|1Z — 2a(zk — T(zk)) Glzk — z°). (27)

If 4 # T'(zk), then ||z (a) — z*||% is a strictly convex function of a. Moreover,

(zk — T(zk))'G(zp — x*)
Iz — T(zx) % '

aj, = argming|lzi(a) - & =

Therefore, if a} # 1, then
lzi(af) — 2% < [T(zx) = T(z")G < Allzi — 2”5
Moreover, expression (27) implies that
lzx(ai) — 2" [1& = I1T(zs) = T(z")E = (ai = 1)?llzx — Tlzx)ll-

Proposition 3 implies that

lei(a) — " lE < (A~ (af = D)*(1 = VA k. ~ 27l
Therefore, if |a; — 1| > ¢ > 0, then

lzk(a}) — 2" 1% < (A= (1 = VAP |lzk - 2*|E,

implying that the sequence {z4(a*)} has a better rate of convergence than the sequence {I'(zx)}.
Q.E.D.

Remark:

Which maps T give rise to step sizes aj # 1, and which to step sizes |a} — 1| > ¢? We next examine

this question.

1. Let T be a nonexpansive map that is tight, that is,

IT(z) = T(")lIE ~ = - =*|1%.
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Then ~
(:L‘k - T(mk))tG(zk - :r*) » 1

a* = ~ =
k lze — T(zk)[% 2

and so a} — 1 & —3. Observe that in this case, we can achieve the “best” rate of convergence

by moving half way at each step.
2. Let T be a firmly nonexpansive map that is not tight, that is,
IT(z) - Tzl < llz - 2|} — |z = T(z) — 2" + T(z")l|%.

Setting A =1, B = —1 and y = z* and B = —1 in Lemma 1 stated as a strict inequality

implies that this condition is equivalent to

(z - T(z)—z* +T(z")'G(z - z*) > ||lz — T(z)|| %

_ (zk=T(z))!G(zx—z")

Consequently, af, = T Se] A > 1.
3. Let T be a firmly contractive map. Then setting y = z*, and B = —1 in Lemma 1 implies
that
(z - T(z) — " + T(2")'Gz —z*) 2 e — 2" + llz = T(@)[13-
o . . * 1-VA
Then Proposition 3 implies that a; — 1 > RERVR

4. Finally, if T is contractive but with a constant A “close” to 1, that is, if for some constant
A€ (0,1),
Alz - "3 = |T(z) - T(z)|% 2 llz — z*||% - Al - T(2)||%,

1-A
thenl—az > - > 0.

The previous analysis shows that for certain types of maps and for some step sizes, adaptive
averaging provides a better rate of convergence than the classical iterative scheme x411 = T'(zk).
We have shown that to achieve the improved convergence rate, we need to choose step size as aj.
Since aj, involves a fixed point solution z*, its computation is not possible. Accordingly, we extend
our choice of step sizes to establish an allowable range of step sizes for which adaptive averaging
schemes have a better rate of convergence. Moreover, we show that the schemes we studied in the

previous section have step sizes within this range.

Proposition 13 : For fired point problems with maps T satisfying the condition

(z = T(2))'G(z — z¥)

Tz = T@)% —1]>2¢>0, for all z€e K (28)
G

laf — 1/ =|
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adaptive averaging schemes with choices of step size ay lying with the range
ap —lap -l +d < ax < af +ag — 1] -4, ' (29)
with 0 < d < ¢, have a better rate of convergence than the classic iteration (2).
Proof: Using expression (27) we see that
lzx(a) = 27II% = 1T (zx) - T(=*)G + (a® — 2aaf + 2a% ~ 1)|zx — T(ze)lE-
Therefore, the binomial a? — 2aa} +2af — 1 < —d? for choices of step sizes a satisfying the condition
af —lay -1l +d<a<aj+lay -1 —d,

with 0 < d < c¢. Consequently, we need |a} — 1| > ¢ > 0, (that is, condition (28)). Functions of the
type we discussed in the previous remark satisfy this inequality. Then a choice of step sizes aj lying

within the range of (29) provide a rate of convergence
lzx(ax) — 2*|1% < | T(2x) = T(@)E ~ Pllee = Tzl
(Using the fact that T is contractive and Proposition 3, we obtain)
lzk(ar) = 2*|IF < [A - d*(1 = VA ]2k — 2" |12 (30)
Q.ED.

Corollary 7 : For fized point problems with maps T satisfying expression (28), a choice of step

sizes within (29) guarantees a better rate of convergence than the classic iteration (2). Furthermore,
lze+1 — 2 1E < IT(zx) = T(*)E = (ak — D(Ak(z") = Dllze — T(z)] < (31)
[A = (ak — 1)(Ar(2") = 1)1 - VAPl — 2" |3

Proof: Expression (31) follows similarly to our development of (7). Moreover, observe that A;(z*) =
2a}, — ai. Therefore, to obtain a better rate of convergence than the classical iteration (2), we need
(ax — 1)(Ak(z*) — 1) bounded away from 0. Since, (ax — 1)(Ax(z*) — 1) = a} — 2ay.a} + 2a} — 1,

the conclusion follows as in Proposition 13. Q.E.D.
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Remarks:
1) Condition (29) is equivalent to assuming that (ax — 1)(Ak(z*) — 1) >.d*> > 0. Moreover, it is

equivalent to assuming that
Ag(z*) € [min{l,2a} — 1} + d,maz{1,2a; — 1} —d]. (32)

Observe that when (29) (or (32)) hold, then assumptions Al and A2 also follow.
2) In the following discussion, we show that the step sizes that we used in the schemes of Section
3 satisfy (29). Therefore, the schemes we studied in Section 3 exhibit better rates of convergence
than the classical iteration (2). In discussing these methods, we let ai and Ai(:c*) withj=1,..,VI
denote the step size and quantity Ai(z*) for scheme j at the kth iteration.

In particular, consider the affine problem with I — T = M. We need to keep in mind that
T(zk) — zk = di and af = ﬁ%%"—l};—“.
e Consider scheme I. If T is firmly contractive, then relation (29) follows. If we set G = M*M + 31,
then af = dpMdy+8(k=2") M (zx=2") i rehermore, for G = I, al = W‘ﬁ&%ﬁm.

Blldx 2 +TMdx ]2
Observe that for firmly contractive maps 7', a choice of 3 < % implies, using Proposition 3,

that
1-A-28 lldi? 1-A-23
al -1 > =d>0.
ETOE T M2+ Blldel2 T 208+ (1+ VA)?)
Therefore,
(ar — D(AL(z") = 1) = (af — 1)(2a} —a, — 1) > (af — 1)* = &7,
with d = —1=4=28__ that is, relation (29).

2(8+(1+v4)?)
e Consider scheme II. If T is contractive, then relation (29) follows. Observe that a choice of
G = M'M in af and G = I in al! implies that a}! = a} which satisfies relation (29).
e Consider scheme III. If T is contractive, then relation (29) follows. If we set G = M?A — 3I then

t _ et o
s _ dpMde—Blzi—z)) M(zi=27) By thermore, for G = I,

A = [ZEAEEEN
diMd . di Mdy, ,
afll = A if [ Mdi|? > Blldil? and qrrztr—gizoe < 1. Otherwise afll = ¢.
Observe that 1 — ai” >1—c; =d>0. Then
Md 2 d Z_dt, L — *)t A ¥
1- Ailf(x*) = 1M dell” — Bldk] My + 25(zy —27) M(zg — 27) >1l-c =d

M d||? = Blidx|?

Therefore, (1 — aff!)(1 — AH11(z*)) > d?, that is, relation (29).
e Consider scheme IV. If T is firmly contractive, then relation (29) follows. If we set G = I. then

2 t . . . .
alV = 22“3:” igﬁj\l\éfl\] . If T is a firmly contractive map, Lemma 1 with B = —1 and Proposition 3
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imply that
[l |I? o1
>(1-4-p .
GIaT + [T = RN YD)
Therefore, a choice of 3 < 1 — A guarantees that af¥ — 1 > dt= 1-A-0) 2(6+(1-1+— Ok 0.
Moreover, observe that for a choice of G = M*M, ay = ﬁ—%. If T is firmly contractive, then

_ 2 My — | Mds®

IV *y _ 1 =95% — oIV -1 >
Ak (I ) 1 Qak Q. ”Mdk”2 a, Z
dt Mdy + 154 |de 2 v (=472l dx |12 >4

[Mde|2 T IMdE T

for all 3 < 1 — A. Therefore, a choice of 3 < 1 — A guarantees that af¥ — 1)(A{V (z*) -~ 1) > d? with
d=(1-A- ﬁ)m > 0, that is, relation (29).

o Consider scheme V, that is, the steepest descent method. If T is contractive and M is symmetric,
then relation (29) follows. When M = M then a choice of G = M and G = I imply that ap = akV,
which satisfies relation (29).

o Consider scheme VI. If T is contractive and M is symmetric, then relation (29) follows. Let us

choose 3 > %ﬂ with ¢ > 1. Then for G =1,

vi_ ovr _ Bldel® + 20lde] (M dy.)

Q- = ag >c>1.

2[8lldxll* + (di M de)?]

Therefore, /T =1 > ¢—1 = d > 0. Furthermore, if G = M‘Zh—[t, then AY1(z*)-1=2a]—a} -12>

af! —~1>c—1=d>0. This condition follows since

dids _ Blldil* +2Ydi | P(di M dx) _ vy
dtMde = 2[B]|di[[* + (dLMtdy)?] b

This inequality is valid since df Mdy < ||di|l.|Mdk|| < (1 + VA)||dk|? < 2]l 2.

Finally, we need to consider how our previous results extend for the general nonlinear case. That

ayp =

is, when does the general scheme we introduced in Section 2 as well as the special cases we studied in
Section 3 satisfy relation (29) for general nonlinear operators T? In this case, these schemes would
then demonstrate a better rate of convergence than the classical iteration (2).

Observe that if for example ax —1 > ¢ —1=d > 0, then in order to establish (29). we need to

find for which choice of G and 3 and for what maps T, step sizes aj < ap?

5 Inexact Line searches

One natural question would arise when attempting to implement any of the methods we have ex-

amined in Section 3:
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how easy is it to perform line searches ? The line searches might not be easy to perform in the
general nonlinear case. For this reason, in this section we consider inexact line searches.

We determine step sizes at each step by applying an Armijo-type rule of the following form.
For positive constants D > 0 and 0 < b < 1, find the smallest integer [, so that a step length

ar = b'* satisfies the condition
gi(zk(ar)) — g:(2x(0)) < ~D.b'*||dk| % (33)

In this expression, g; denotes the potential function we have used previously for scheme i. We next
show that the Armijo-type inexact line search (33) works for the various choices of potentials we
considered in Section 3, if we impose appropriate assumptions on the fixed point map 7. Since
the potentials we considered in Section 3 involve a term ||zx(a) — T(zx(a)||% we first make some

preliminary observations concerning this term that is, we first examine scheme II.

Theorem 10 : Consider a fized point problem FP(T,K). Let T be a contractive map relative to
the ||.|lc mnorm with a coercivity constant A € (0,1). Then a choice of D > 1—+/A in an Armijo-type
search (33) applied to the potential g2(z(a)) = ||z(a)—T(z(a))||% generates a sequence that converges

to a fized point solution.

Proof: We first need to show that the Armijo-type line search (33) has a solution. To see why this
is true, we observe that the contractiveness of the map T and Corollary 4 imply that all 0 < a <1
satisfy the inequality
g2(x(a) = ga(x) < ~(1 = VA)aldi 3
Therefore, if we choose D > 1 — v/A, then all step lengths 0 < a < 1 satisfy the Armijo-type rule
(33).
If in the Armijo-type inequality (33) we choose a step length ay = b* < 1, so that l; is the

smallest integer satisfying (33), then 1 > a; > b. which implies that
lze = 2% = llzesr = 2% 2 af ok — T(2w)lI*. (34)
The observation that 1 > a; > b implies that

Ik = 2|1 = llzker = 271 2 (0)llzx = T(ap) I,

This result in turn implies that the sequence ||z} — T'(z)]|? converges to zero. Proposition 4 implies

that the entire sequence {z} converges to a fixed point solution. Q.E.D.
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Theorem 11 : Consider fized point problems FP(T, K) with nonexpansive maps T relative to the
l|.lg norm. If we apply Armijo-type (33) line searches on potential functions g;, i = 3,4, then the

sequence Ty, that these line searches generate converges to a fized point solution.

Proof: We first need to show that the Armijo-type (33) line searches have a solution. In Corollary

4 we have shown that for nonexpansive maps T,
lzk(a) = T(zr(@) = lzx = T(@)l& < 0,
for all 0 < a < 1. Applying this result to potential functions of the type
9i(zx(a)) = llzi(a) = T(zx(a)|% ~ Bhi(a)llze — T(ze) |2,

implies that
gi(zx(a)) — gi(zx) < =Bhi(a)llzk — T(xk)Z, (35)

forall0 <a< 1.

Therefore, we see that the step sizes ax will satisfy Armijo-type line searches condition (33) as
long as Bh;(ax) > D.ag.

To complete the proof, we next consider specific choices of h;(a) that correspond to the various
choices of potentials g;, for ¢ = 3,4 that we considered in Section 3.
1) Consider the potential g3(zx(a)) = ||zk(a) — T(zx(a) || — Bllzi(a) — zx(0)||%. As we have shown
in Theorem 5 we consider only step sizes ¢ < ¢;. We need to select constants D and 3 so that
% < ¢1 < 1. In this case it is easy to see that since h3(a) = a®, all step sizes ¢; > a > % satisfy
the inequality Bh;(a) > D.a. As a result, these step sizes satisfy the inexact Armijo-type inequality
(33) as well.

Choosing aj, = b**, so that l; is the smallest integer satisfying (33) implies that aj > b. Therefore.
max (b, D/B) < ax < ¢;. Convergence follows since maz(b, D/8) < aj < c; implies, as we argued in

Theorem 1, that

lzk = 2*I1* = lzksr = 2 2 caflizs — T(2p)l® 2 emaz(b, D/B) oy — T(zi)I®, (36)

. 11— . . . . .
with ¢ = Tfl Expression (36) implies that the sequence {z;} converges to a fixed point solution.

2) Consider the potential g4(zx(a)) = |lzx(a) — T(zx(a)|Z — Blizr(a) — 24 (0) |||z (@) — 21 (1)]|. Then
hs(a) = a(1 — a), implying that for a choice of 3 > D, all 0 < a < 1 — D/ satisfy the Armijo-type

inequality (33).
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Moreover, choosing ax = b'*, with [ the smallest integer satisfying (33) implies that a; > b.

Therefore, the Armijo step size ay, lies in the interval [b,1 — D/f3]. As we have shown in Theorem 7,
Iz = 2*II® = lzker — 2*)1* 2 an(1 = ar)llzk — T(zw)l|* 2 b(1 = D/B)|\zx — T(xk)l*. (37)

Similar arguments to those used in the proof of Theorem 7, imply then that the sequence {z\}

converges to a fixed point solution. Q.E.D.

6 Conclusions-Open Questions

In this paper we introduced adaptive averaging schemes for solving fixed point problems. They
allowed us to show how to solve classes of fixed point problems whose maps expand in some way,
that is, are weaker than nonexpansive. We considered a general scheme for determining step sizes
dynamically by optimizing a potential function. We considered several choices of potential functions
that optimized in some sense “how far” the current point lies from the image of the fixed point map-
ping of the current point. We established convergence rates for these choices of potential functions.
Moreover, we studied when our general scheme has a better rate of convergence than the classic
iteration (2). The line searches we proposed might be hard to perform exactly. For that reason, we
also considered inexact line searches.

Several open questions that naturally follow from our analysis,

o How does the behavior of the schemes we introduced compare for the various choices of potentials

in practice?

alzi+a?T(z)+.. . +a*T(zK_1)
al+. . +a*

o [t might be preferable to consider averages of the type xy = , and opti-

mize potentials involving all a*’s, instead of moving along xx(a) = xx, + ar(T(xr) — k) and optimize

k

potentials involving only ay, = a—lf—;?-

o Would these results still be valid if we impose conditions that are weaker than nonexpansiveness?

e Can we establish rates of convergence for other choices of potentials?
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TABLE 1

Potential

Convergence Conditions

Rate-P(xy, T(xy))

Rate-||zy, — 2" ||

P(zr(a), T(zx(a)) — Bh(a)P(xx, T(xx)), S C RY

(@ llex(a) = T(zx(a)liE + Bllor(a) ~ (0, S = R*

() flzk(a) — T(zx ()%, S = RY

(1) flzi(a) - T(zr(a)llZ — Bllzr(a) - z(0)|Z, S = [0,c1), 1 < 1

(IV) llz(a) = T(xr(@)IE — Bllzx(a) = zk (Ol llwx(a) — zx(Dlla, S = R
(V) l(zr(a) - T(xx(a)) (@k — T(xx)))?, S = R*

(VI) [(zx(a) = T(zx(a))) (zr — T(xx))}?

- Bl(zr(a) = z1(0))" (wx — T(zx)))[(zr(a) — zk(1))*(xx — T(x1))], S = R*

(see Proposition 5)
: 1-VA
if T firm contr., d < RERVZ)
T contract., 8 < 1 — A, or

T =1- M, nonexp.

T contract., or T'= I — M, nonexp.

T nonexp., ¢; < 1.
T nonexp.

T=1-M,Mand M? pos. def.

T nonexp., 3 > 4

1= B(C — h(ax))

A~ pa - 1)
A

1 —pB(ct - a3)

L Ba(k) - 3)?

A-d*(1 - VA), d < |a} — 1]
A~ d*(1 - VA)?




