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ABSTRACT
The local dynamics of low-frequency motions in the MODE
region are investigated from three arrays of moored measurements of current and temperature. Tests for lowest-order
balances of horizontal momentum, mass, heat, and vorticity
within estimated errors are carried out.
Geostrophic comparisons of four-day averaged observed
and geostrophic current differences from the MODE-l array
indicate that a geostrophic balance within estimated errors
is the lowest-order horizontal momentum balance. The discrepancy between observed and geostrophic current differences
has a standard deviation of 1.9 cm/sec which is 26% as large
as the standard deviation of the current differences. In the
mass balance, comparisons of estimates of

au and av from the
ax

ay-

MODE-0 Array 1 indicate that within estimated errors the lowfrequency currents are horizontally nondivergent. The standard deviation of horizontal divergence, which is the discrepancy from horizontal nondivergence, is .22 x 10 -6 sec- 1
which is 36% as large as the standard deviation of the estimates of horizontal derivatives of velocity. These tests
significantly increase the observational basis for geostrophy
and horizontal nondivergence and confirm the validity of the
error estimates.
In the heat balance, estimates of horizontal advection of
temperature balance local time changes of temperature within
estimated errors for the IWEX observations. These estimates
have small errors because a representation of horizontal
advection of temperature in terms of the speed and turning
about the vertical of the horizontal current is used. The
errors are so small that from future measurements it may be
possible to estimate the sum of local change plus horizontal
advection of temperature and from this sum it may be possible
to estimate vertical velocity.
This balance between local change and horizontal advection demonstrates that horizontal advection of spatiallyvarying features is an important cause of local time changes.
The horizontal advection could not be explained in terms of
advection by the long time-averaged flow field. This suggests that the local dynamics of low-frequency motions in

the MODE region are strongly nonlinear. An indication of
energy transfer, which occurs in nonlinear processes, is
found in a phase lag such that estimates of horizontal advection lead local changes of temperature. In the context
of the baroclinic instability model this phase lag is consistent with the growth of perturbation wave energy by conversion of potential energy contained in the forty-day averaged flow field.
In the vorticity balance, estimates of planetary advection account for only half the local time change of vorticity
for MODE-0 Array 1 measurements. Within estimated errors
these two terms do not balance, so these observations cannot
be explained as manifestations of barotropic Rossby waves
alone. Estimates of vortex stretching and horizontal advection of relative vorticity could not be made. A phase lag
such that estimates of planetary advection lead local changes
of vorticity is consistent in the context of the instability
model with an increase in perturbation wave enstrophy, which
must occur when the perturbation wave grows, due to the conversion of planetary enstrophy.
Because of the importance of the vorticity balance for
understanding the dynamics of low-frequency motions an experiment is suggested to estimate accurately all terms in the
lowest-order vorticity balance. From such measurements the
energy transfer and enstrophy conversion could also be estimated.
Thesis Supervisor: Nick P. Fofonoff
Title: Senior Scientist in
Physical Oceanography
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CHAPTER I

INTRODUCTION
This thesis presents an analysis of dynamic and kinematic balances for low-frequency oceanic motions from
measurements of current and temperature.

Low-frequency

motions are those with periods longer than the local
inertial period.

The balances examined are the horizontal

momentum, mass, heat and vorticity balances.
in each balance are estimated.

Not all terms

The equations are scaled

and the largest terms are estimated and tested for balance.
This thesis is written such that each of Chapters II,
III, IV, and V is a self-contained analysis of a particular
balance.

Tests for geostrophy as the lowest order balance

in the horizontal momentum equations are described in
Chapter II.

In Chapter III the tests for horizontal non-

divergence as the lowest-order mass balance are described.
Tests for balance between local changes of temperature and
horizontal advection of temperature in the heat equation
are the subject of Chapter IV.

A discussion of the feasi-

bility of estimating vorticity balances from measurements
and a test for balance between local change of vorticity and
advection of planetary vorticity are contained in Chapter V.
Chapter VI summarizes the results of all balance tests and
their importance.

This introductory chapter provides the

motivation and background for the balance tests.
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Each of Chapters II, III, IV and V includes five sections:

introduction, theory, data and methods, results and

discussion, and conclusions.

In each introduction the im-

portance of the balance calculations is outlined.

In the

theory section the conservation equation is scaled and the
lowest-order balance isolated.

In the section of data and

methods the calculations and their errors are outlined.

The

section of results and discussion includes a statement of
the results, comparisons with related work,' and a discussion
of the feasibility of a higher-order balance test.

The con-

clusions section summarizes the major results of each balance test.
The measurements used in this analysis-were made southwest of Bermuda in the western North Atlantic.

The low-

frequency currents in this region are dominated by motions
of time scale of order 20 days and horizontal length scales
of order 100 km (Gould, Schmitz and Wunsch, 1974) which are
called eddies during the Mid-Ocean Dynamics Experiment
(MODE).

These eddies, first observed by Swallow (1971), con-

tain much greater kinetic energy than mid-ocean mean currents.

It is the local dynamics of these low-frequency cur-

rents in the form of their lowest-order horizontal momentum,
mass, heat and vorticity balances which is studied in this
work.

Knowledge of the local dynamics of eddies is cer-

tainly important for predicting distributions of momentum,
heat and vorticity over periods-at least as long as one
month.

In addition, it is an axiom of MODE that only by

11

understanding the local dynamics of eddies can their effect
on mean currents be parameterized properly in models of
mean ocean circulation (MODE Scientific Council, 1973).
There are several motivations for this work.

The first

is to provide an observational basis for the lowest-order
balances of geostrophy in the horizontal momentum equations
and horizontal nondivergence in the mass balance.

Although

these balances are expected on theoretical grounds, there
are few direct tests of these balances.

Only a few geo-

strophic comparisons by Swallow (1971) using modern current
measurements are available.

And only one rather unsuccess-

ful attempt by Shonting (1969) to examine the mass balance
from direct current measurements is available.

The tests

for geostrophy (Chapter II) and horizontal nondivergence
(Chapter III) presented here then Significantly increase
the observational basis for these balances.
A second motivation is to provide guidance to theoretical and numerical modelers.

The relative importance of

terms in the analyses of heat (Chapter IV) and vorticity
(Chapter V) balances, where the lowest-order balances are
not theoretically determined, should be valuable information
for decisions on the inclusion or neglect of terms in future
models.

Because the balances examined here are the basis

for all models, these results also provide a means of evaluating the applicability of existing models for explaining
the observations.

The most important motivation for this work is to answer basic dynamical questions from the measurements to
further the understanding of ocean physics.

The foremost

questions in the dynamics of low-frequency motions whose
answers are sought here are:
1.

How important is horizontal advection relative to

local time changes?
2.

How important are the 8-effect and vortex stretching

in the vorticity balance relative to local time changes of
vorticity?
3.

Does energy transfer occur?

The value of this work in understanding the dynamics of
low-frequency currents is contained in the answers to these
questions.

That local time changes of temperature are

balanced by horizontal advection of temperature (Chapter IV)
demonstrates that horizontal advection causes local time
changes of temperature and perhaps of momentum, vorticity
and energy for low-frequency currents.

That planetary ad-

vection balances only half the local time change of vorticity
(Chapter V) demonstrates that, while it is important in causing local changes, the s-effect is not the only important
cause of local change of vorticity.

The indications of

phase lags in time such that estimates of horizontal advection of temperature lead local changes of temperature (Chapter V) are consistent in the context of the baroclinic instability

model with the growth of a perturbation wave by con-

version of energy contained in the mean flow field.

In ad-

dition, an extended error analysis suggests that a future
experiment could be carried out to estimate accurately each
term in the vorticity balance and to calculate the transfer
of energy (Chapter V).
There is a philosophical problem in answering these
questions from observations in that the answers are valid
only for the particular data set,

Usually it is assumed

that extrapolations to general conclusions can be made after
several studies yield similar results.

It is assumed here

that the results from a single data set are characteristic
of the MODE region so that implications of the results can
be explored.

The observations may be anomalous so that the

generalizations should be tested by later studies.

In truth,

the answers to these questions and the conclusions of this
thesis are specific for the observations examined.
Three different arrays are used in this work because
each has its particular advantage.

The advantage of the

MODE-1 array (Figure 1.1); which was designed to describe an
eddy and to investigate eddy dynamics (MODE Scientific
Council, 1973; Tarbell, 1975a),

is the combination of cur-

rent and temperature measurements at several depths on sixteen moorings which allows geostrophic comparisons to be made
in Chapter II.

The MODE-0 Array 1 (Figure 1.2), designed to

estimate the temporal and spatial scales of low-frequency
motions in the MODE region (Gould, Schmitz and Wunsch, 1974;
Tarbell, 1975c), had current meters at 1500 m depth on four
moorings separated horizontally by shorter distances than in

Figure 1.1.
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300N

,14

- 290

15

013

8

03

-280

1

.4

*16

10

- 270

*12

.11

! , , , , I, , , I
O
72 0 W

100 km

W

I

710

70"

6
690

260
680

16

Figure 1.2.

Spatial distribution of MODE-0 Array 1
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the MODE-1 array.

These shorter separations allow more ac-

curate estimates of horizontal derivatives of velocity to be
made so that tests for horizontal nondivergence (Chapter III)
and for a vorticity balance (Chapter V) could be made within
smaller errors.

The IWEX array, designed to investigate the

frequency-wavenumber spectrum of internal waves (Briscoe,
1975; Tarbell, 1975b), had three measurements of current and
temperature at each of six depths on a mooring in the shape
of a tetrahedron.

These measurements allow accurate estimates

of horizontal advection of temperature to be made and compared with local time changes of temperature (Chapter IV).
In order to use these measurements in balance tests for
low-frequency motions, they are averaged in time by putting
them through a Gaussian filter of half-width twenty-four
hours, designed by Schmitz (1974) to eliminate internalinertial motions, and subsampling daily values.

This aver-

aging procedure decreases by 98% the amplitude of inertial
motions, which are the major contamination in the estimates
of low-frequency currents, and yields independent data
points approximately every twenty-eight hours (Briscoe,
private communication).

Calculations requiring many data

points, such as correlations, are made from the daily values.
For comparisons involving magnitudes of terms, an averaging
of the daily values over four days is carried out to filter
out more completely the higher-frequency fluctuations.

Es-

timates of derivatives are made by finite differencing and
estimates of integrals are made by the trapezoidal rule.

The results of this study depend critically on the size
and accuracy of the estimated errors.

If the estimated

errors are large the conclusions are weak since any terms
balance within large enough errors.

The particular advan-

tage discussed above for each of the three arrays is that
the estimated errors for a particular balance test are
smallest for that array.

Accurate error estimates are needed

to ensure that invalid conclusions are not made because the
error estimates are too small.

Oceanographers are fortunate

to-have several balances, including geostrophy and horizontal
nondivergence, which are so well-defined on theoretical
grounds that they can be tested within estimated errors as
a means of confirming the accuracy of the estimated errors.
Errors are considered to be of three types:
tal, sampling and theoretical.

instrumen-

Instrumental errors are due

to the varying response of the sensors.

To obtain values of

these errors it is assumed that four-day averages of current
and temperature from current meters separated horizontally
by small distances (6 m to 1600 m) on the IWEX mooring should
be the same.

Standard deviations of the differences are

.0320C in temperature, .50 cm/sec in speed, and .074 radians
in direction.

Differences in changes of temperature over

four days have standard deviation .004 0 C indicating that most
of the temperature differences are due to bias errors.

These

standard deviations are divided by /2 and used as instrumental errors.
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Sampling errors arise from having measurements at discrete points in a continuous ocean.

They are estimated by

assuming that the observations are of a phenomenon which
--

locally has a form
= 1/10 days and

F(z)ei(kx-t)

IkI = 1/60 km,

where

F(z) has the form of the first baro-

clinic mode (Richman, 1972).

These assumptions are consis-

tent with the temporal and spatial scales estimated for the
MODE-0 data set by Gould Schmitz and Wunsch (1974).

To de-

termine the sampling error in estimates of horizontal derivatives

li

by a finite differencing calculation the scale

and horizontal separation, Ax, of the measurements are used
as follows:

ik.Ax
+

ik . x (e

Finite Difference Estimate
True Value
=

2

F(z)e

+

2

-e

IX

0
____~

-i.Ax

i

i

)

o

-4

k*Ax
sin(k-Ax

The finite difference estimate

-is

smaller by a factor

sin(
2 Likewise the finite difference estimate of a
(kx

/2)

time derivative is smaller by a factor sin(wAt/2)/wAt/2
Sampling errors in estimates of vertical derivatives or in-
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tegrals are calculated by comparing the finite difference or
trapezoidal rule estimate with the value obtained for the
function F(z) tabulated by Richman (1972).
Theoretical errors are determined from scale analysis.
They are used here only when simplifications in the calculations can be made by assuming a theoretical balance.

In

calculating the horizontal advection of temperature there is
a great
sumed.

simplification if the thermal wind balance is asThe calculation of the horizontal advection of tem-

perature then has a theoretical error due to the use of the
thermal wind relations which are valid only within a theoretical error estimated from scale analysis.

The theoret-

ical errors are not used in testing each balance.

For ex-

ample, the geostrophic balance is valid only within an error
based on a scale analysis of the remaining term in the horizontal momentum equations.

This error is not included in

testing the observed and geostrophic current differences for
geostrophic balance.
The sampling errors could be eliminated if an interpolation scheme which takes into account the assumed field
is used.

When the known field is determined by correlation

functions calculated from the observations, the interpolation
scheme is that of objective analysis (Gandin, 1965).

This

approach is not used here because by using objective interpolation a test for balance becomes partially a test of the
correlation functions and partially a test of the balance.
Estimates of horizontal derivatives in objective analysis

/

are influcenced strongly by the behavior of the second derivatives of the correlation functions near zero separation
(Batchelor, 1960) which is a region where the correlation
functions calculated from observations are not well determined (Freeland, private communication).

Thus, it is con-

sidered appropriate in this work to limit the effects of the
assumed field to the error analysis until the correlation
functions are determined more accurately.
This thesis was undertaken to investigate the extent to
which basic balances of momentum, mass, heat, and vorticity
for low-frequency motions can be determined directly from observations.

The balances of-momentum, mass and heat are es-

tablished within the estimated errors and an experiment is
suggested to establish the vorticity balance.

But mostly,

it is hoped that this work will create an optimistic attitude that careful analysis of observations can answer
basic dynamical questions.
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CHAPTER II
HORIZONTAL MOMENTUM BALANCE:

GEOSTROPHY

INTRODUCTION
The geostrophic balance in the horizontal momentum
equations has long been used by oceanographers to infer
currents from measurements of density.

There have been

few comparisons between measured and inferred currents
because of the difficulty in making current measurements.
The classic comparison was done by Wist (1924) for currents in the Florida Straits.

Wiist found an average dis-

crepancy between observed and geostrophic currents at six
depths at a single station of 9 cm/sec or 18%.

Wst's com-

parison was cited by Sverdrup as "a convincing demonstration
of the correctness of the later methods used for computing
relative currents" (Sverdrup, Johnson and Fleming; 1942,
673-674).

von Arx (1962),mentioned geostrophic comparisons

by the International Ice Patrol, METEOR Expedition, and
von Arx which showed discrepancies of about 15%.

These

comparisons were for high currents and used reference
levels where the currents were assumed to be zero.

For

deep-ocean currents Swallow (1971) made comparisons between geostrophic current differences estimated from hydrostations and observed differences from float measurements.
For his one detailed comparison the observed and geostrophic differences agreed within 0.9 cm/sec or 12%.

Other comparisons involving fewer measurements showed
agreement within 2 to 5 cm/sec.
The geostrophic comparisons presented here significantly

increase the observational

evidence for a geostrophic

balance in the horizontal momentum equations.

In addition

these comparisons, along with the tests of horizontal nondivergence in the next chapter, are tests of measurement
quality.

Failure of the observations to confirm geostrophy

and horizontal nondivergence would be interpreted by most
oceanographers as due to problems in measurements.
failure would

Such a

limit efforts to use the observations in

tests of more interesting balances, so it is important to
do these tests of geostrophy and horizontal nondivergence.
Another motivation for these geostrophic comparisons is to
determine whether higher-order momentum balances can be
attempted.

Whether the deviations from geostrophic balances

are larger than the estimated errors is crucial to the
prediction of momentum changes.

Thus, this analysis of

the horizontal momentum equation presents observational
evidence for the geostrophic balance, tests the quality of
the observations, and determines whether higher-order
momentum balances can be estimated.

THEORY
The instantaneous horizontal momentum equations may
be written:

au

au

au

au fv hw
+

-u+uat
ax 'vaz
ay w-

a
p 0 ax

=

'3

a2

2

ax2

a2

2

(2.1)

av
av
v+u v

at

av
av+wv.fu

xv

4 a2 V

ap

w8z

a22v(
a2va2v

x2

oy

y2 8z2

where (u,v,w) are velocity components in the (x,y,z)=(East,
North, Upward) directions;
of sea water;

h

and

f

p

is pressure,

po

is density

are the horizontal and vertical

components of the Coriolis parameter;
efficient of kinematic viscosity.

and

v

is the co-

Assumptions have already

been made that the sea water is a Newtonian fluid and incompressible, and that the spherical earth can be locally
represented as a plane.

These assumptions are reviewed by

Whitham (1963) and Veronis (1973).

In addition sea water

is assumed to be a Boussinesq fluid so that its density is
taken to be a constant in these horizontal momentum
equations (Malkus, 1964).
In order to examine only long-period motions one
breaks down each variable
and fluctuating,

q',

q

into a time averaged,

variables,

q,

q = q + q , and then

time averages the momentum equations to obtain:

au -au -au w--au-f+hw =
--+u-v-at

ax

ay

SVx( 3- 2- u
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8x
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For averaging periods greater than one day the time derivatives of the averaged current are smaller than the
Coriolis accelerations:

=

I

where

0( ) IfvI, I I = 0( ) Iful

is the typical frequency of the averaged ocean

w

For horizontal length scales,

current variations.
and

larger than 10 km the advective terms are small

L',

compared with the Coriolis accelerations for typical
ocean velocities (U = 10 cm s

-au+-au
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ax vwy '
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ax

ay
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For vertical length scales,

H,

larger than-1 m the vis-

cous terms are small:
2

- a2

2
SfH2

a2 - a2 V Sv(--+ -+-)

=

0

Sy2 a 2

(

fL2

fu.

fH2 fL2

The size of the vertical velocity, -W,
H U

larger than

is assumed to be no

because of the continuity equation which

is discussed in Chapter III.

With this assumption the hori-

zontal Coriolis parameter term is small for

H of about 1 km:

IhwI = 0(L)Ifvj.
For these large spatial and temporal scales the horizontal momentum equations can be written:

-fv(1

-fv(l

+

±

00 (

U UU'

v

v

H

f'fL'UfL 'fH2'fL2'L

_p

-___

))=

p ax
0

(2.3)

W
fu(l ±

U U'U'

v

ap

v

(f'fL'UfL 'fH2'fL2

-P

ay

Because all other terms are much smaller than the Coriolis
accelerations the horizontal pressure gradient must predominantly balance the Coriolis accelerations.

This is the

geostrophic balance.
It should be emphasized that the geostrophic balance
holds for currents of long time scales so that

w/f is small

and length scales large enough that the Rossby number, U/fL,
is small.

It is possible that no such motions would exist
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in the ocean at these scales or that shorter scale motions
would be so large that these geostrophic motions could not
Many years of repeated hydrographic stations

be observed.

have shown, however, that there are measurable signals in
the pressure field at these. long periods and scales and
these pressure forces should be in predominant geostrophic
balance

(Sverdrup, Johnson and Fleming, 1942).

The time-averaged vertical momentum balance may be
written:

aw -3w -3w

-3w

(--i+u
at --ax +v-yw-w1-hu) =

a.y

az

--3zE pg+v( ax 2

w
3y

2

(u w )

w)
a.z 2

ax
y (--7w )

w w').
z (w

(2.4)
The gravity force is so much larger than any term involving
velocity that a predominant hydrostatic balance occurs:
0 = - az - pg.

For a profile of density

p 0 (z) known in an

average sense over the area and period of measurement, the
hydrostatic pressure,
P

= P-

PH

H = -Igp (z) dz, can be subtracted
p , associated

to leave only a pressure,

with deviations from the spatially averaged hydrostatic
balance and the vertical momentum balance becomes:

aw -aw -w

-aw
hu)

a-

-Zax

(2.5)
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)

From the geostrophic balance in the

= p - p (z).

p

where

horizontal momentum equations the dynamically important
p ,

pressure,

space scales even

0

For large time and

is in local hydrostatic balance:

p

+ 0(H, H '2

(

p FUL.

must have size

)) = -

(2.6)

g.

2

L2 fL

L

From the geostrophic and hydrostatic balances (equations
2.3 and 2.6) the thermal wind equations can then be obtained
by eliminating pressure:

-g-a-

-Po

(l

± 0(C))

(2.7)
P fDu
o

where

=

az

c

-p- (± +

0(E))

3y

is the largest of

H H
v
v
'U2
,fH2,fL2,L'LA2
f'fL'UfL
U U'OU

and

where the bars are removed for convenience in future
usage.

In the MODE regioh a strong relationship exists be-

tween temperature and salinity so that

pA

1936) and density,

S = S(T)

(Iselin,

which is a function of salinity

and temperature may be considered to be a function of temperature alone:
p'(TS)--(TS

)

S(T,S)=(TS(T))
-adT.

-

(T) and d"

-

--

(T) and dp = -dT+-S@S
aT

=

"

(I(
DT *S

dS

dT

)dT=

This relationship allows the thermal wind equations

to be written in terms of temperature:
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P f 9K
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az
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These thermal wind equations can be integrated vertically
to yield:

V (z )

-

(z ) =

-

a

0
where

n

and

s

z

(2.9)

dz

2

are orthogonal unit vectors with s

radians clockwise from

n

/2

in the Northern Hemisphere.

DATA AND METHODS
Because most temperature recorders worked during
MODE-I while many current meters malfunctioned, two types
of calculations are done.

First, thermal wind correlations

in accordance with equation 2.8 between time series of
horizontal temperature gradient estimates and vertical
shear of horizontal current estimates are done.

These cal-

culations require only one pair of working current meters
on a single mooring from which a time series of vertical
shear of horizontal current

can

be correlated with many

time series of horizontal temperature gradient.

Secondly,

geostrophic comparisons in accordance with equation 2.9
are done when there were two moorings with working current
meters at two depths.

These comparisons allow tests of

geostrophic balance within estimated errors to be made.
The measurements used were recorded on moorings at
depths shallower than 1500 m as part of the MODE-1 field
program (Figure 1.1).

Each mooring had current meters
at nominal depths of 420, 720

also measuring temperature

and 1420 m and pressure-temperature recorders at nominal
depths of 520 and 920 m.

Wunsch, Hogg and Richman (1974)

examined the pressure records and found variations of ±40 m
in the depths of instruments nominally at the same level.
They also found that instrument depth varied daily because
moorings tilt more or less depending on currents.
In order to make accurate estimates of horizontal temperature gradients the temperature at each instrument is
changed to represent the temperature at standard pressures
(420, 520, 720 and 920 dbar).

The nominal 1420 m temper-

atures are not corrected because of uncertainties in the
mean vertical temperature gradient .and in the T/S properties of the water due to intrusions of Mediterranean Water
at this depth (Hayes, 1975).
accomplished in two

steps.

The temperature change is
First, the temperature is cor-

rected to the average pressure of the instrument,

pi'

by adding the pressure difference multiplied by the mean
temperature gradient for daily values of pressure,
and temperature,

-rs

T: T(pi) = T(Pi) + (P

- p)

-.

pi,
Pres-

sures were measured only at 520 and 920 m nominal depths.
The pressure at 420 m nominal depth is taken to be 100 dbar

less than the pressure at 520 m.

The pressure at 720 m

nominal depth is taken to be the average of the pressures
The mean vertical gradient of temper-

at 520 and 920 m.

ature is obtained from a horizontal average of nine CTD
stations (Millard and Bryden, 1973).
temperature,

ATi,

Secondly, a constant

obtained from the average CTD station

is added to or subtracted from the temperature at the
pressure to bring the temperature
actual average instrument
t
to a value representative of the average pressure for all
moorings,

<p>:

T(<p>) = T(pi) + ATi.

Due to uncertain-

ties in using values from the average CTD station at a particular place, it is estimated that this procedure could
introduce errors in temperature equal to 10% of the total
temperature correction.
Horizontal temperature gradients are estimated by differencing corrected temperatures between moorings and dividing

by the mooring separation

DT

_ ST(<p>)

as

AT..13
As..1

- T.(<p>)
As..13

is the distance between moorings i and j.
.0320C
0
due to measure.032
The error in these estimates is
As.. C

where

As..
13

ment errors and

.10

ij
-As..

ap

where

ference in average pressures on moorings
the temperature correction procedure.

is the dif-

Ap..

13

i

and

j

due to

The estimates may

be smaller than the true values by a factor
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As.
1I.)
120 km
T120
km
-due
to sampling errors. Vertical shears
(As ij/120 km)
of horizontal velocity are estimated by differencing velocsin(

ities at separate depths on the same mooring and dividing
by the vertical separation.

Only velocities normal to the

line joining the two moorings are used:
--

av
n

Vx As. ./as.. I
3

--

3

--

1_

_13

/
Errors in these estimates are
the measurement errors.

x 0.45 cm.

Az

dij
due to

The-estimates also have a sampling

error depending on the vertical separation calculated from
comparison with the theoretical first baroclinic mode.
Thermal wind correlations are calculated from these estimates of horizontal temperature gradient and vertical
shear of horizontal current using the shears on MODE-1
moorings 2, 3, 6, 7 and 10.

Correlations are calculated

as a function of time lag in days up to a maximum lag of
one-sixth the common length of the two time series for
moorings separated by less than 120 km.

The maximum cor-

relation coefficient is chosen and tested against a null
hypothesis of no correlation at a 99% confidence level
(Pearson and Hartley, 1970).

Periods of good current

measurements on moorings 1 and 8 were so short that correlations involving vertical shears on these moorings are
not done.

I feel that the currents at 420 m on mooring 4

had questionable direction measurements so correlations involving shears on mooring 4 are not done.
To obtain the geostrophic current difference,
z +AH
zdz,
2

for geostrophic comparisons accotding to equation 2.9 the
horizontal temperature gradients must be converted to density gradients and integrated vertically.

The accuracy

with which density can be predicted from temperature depends on the tightness of the T/S relationship.

From 38

CTD stations during MODE-1 (Fofonoff, 1973) it is estimated
that variations in density for constant temperature equal
±.2 x 10 - 4 gm/cm 3

in the main thermocline.

By assuming

this variation represents two standard deviations, the
error in converting temperature to density becomes
±.l x 10 -

gm/cm

3

.

Vertical integration results in an

error in geostrophic current difference of

_9__

p f
0
and

.1

x 10 4

As..
13

AH = 1 km.

AH or about 2 cm/sec for

As..= 100 km
13

There is also an error of 5% in estimates

of the magnitude of a = -d

determined from the mean CTD

station (Millard and Bryden, 1973).
By assuming the errors in measurement of temperature
are random and normal, the error in geostrophic current dif-

.ference due to measurement errors is

1 _0H .032 0 C AH

V7pof
or

.20 cm/sec for

where

N

mooring.

As..

13

100 km,

As.

AH = 1 km, and N = 5

is the number of temperature measurements on each
The errors due to temperature correction are as-

sumed to be constant during integration so the error in
AH.
T A
.10 _g
p 0f ap As..13
The sampling error due to the trapezoidal integration
geostrophic current difference is

procedure varies with the depth interval over which the
horizontal temperature gradients are integrated.

Com-

parisons with first baroclinic mode integrations (Richman,
1972) show that trapezoidal integration estimates of geostrophic current difference are 6% larger than the baroclinic mode value for the depth interval 1420 m to 720 m;
7% larger for the interval 1420 m to 420 m; and 9% larger
for the interval 720 m to 420 m.

Thus, there are errors in

geostrophic current differences due to the conversion of
temperature to density, uncertainties in the magnitude of
a,

measurement errors in temperature, the temperature cor-

rection procedure, and trapezoidal integration.
Observed current differences are estimated by differencing observed velocities at two depths:
AVn =

V x As/

As.ij i . To make geostrophic comparisons the

observed current differences are averaged for two moorings.
The error in this average current difference is .45 cm/sec
due to measurement errors.

In addition there is a sampling

error so that the average current difference may be smaller

than the theoretical value by a factor

(kAx)

2

tan(kAx)
2 "
Geostrophic comparisons are made only when the velocity differences at each mooring are of the same sign because differences of opposite signs indicate a maximum or minimum in
temperature which limits the accuracy of the horizontal
temperature gradients.

Four-day averaged geostrophic and

observed current differences with their errors are compared
for mooring pairs 1-8, 2-6, 2-7, 6-7, 2-3, and 3-6.

RESULTS AND DISCUSSION
The percentage of significant

thermal wind corre-

lations depends on the mooring for which the velocity
shears are estimated and on the horizontal mooring separation over which the horizontal temperature gradients are
estimated (Table 2.1).

The percentage of correlations sig-

nificant at a 99% confidence level is smallest for mooring 2
(Table 2.1a).

Some of the records on mooring 2 were inter-

rupted when it was struck by a towfish.

This hit stretched

the mooring so that the average instrument depth decreased
by 40 m at the top of the mooring.

Temperatures are cor-

rected to the same average pressures separately for time
periods before and after the hit but the separate corrections may create a discontinuity in temperature time series
and hence a discontinuity in horizontal temperature
gradient time series involving mooring 2.

A discontinuity

Table 2. la

Mooring

Number of
Correlations

Number of
Significant
Correlations

2

73

27

37

3

19

17

89

6

64

47

73

7

28

21

75

10

6

3

50

% Significant
Correlations

Table 2.lb

Horizontal
Separation

Number of
Correlations

Number of
Significant
Correlations

51-63 km

20

19

95

87-95 km

13

12

92

99-104 km

28

22

79

107-112 km

19

13

68

Table 2.1

% Significant
Correlations

Results of thermal wind correlations from MODE-1

measurements.

The number and percentage of significantly non-

zero correlations at a 99% confidence level between vertical
shear of current and horizontal temperature gradient are
given as a function of:

a)

MODE-1 mooring number; b)

zontal separation between moorings.

For

hori-

b) correlations in-

volving horizontal temperature gradients using temperatures
at mooring 2 or at 1420 m nominal depth are excluded.
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would reduce correlations so it is not surprising that the
percentage of significant correlations is low for mooring 2.
Mooring 10 also had a low percentage of significant correlations (Table 2.1a).

All correlations using mooring 10

involve temperatures at 1420 m depth where density is not
related to temperature as strongly as at shallower depths
so the low percentage is not unexpected.
Excluding correlations involving mooring 2 and temperatures at 1420 m depth, which are not expected to be significant, results in 82%

(63 of 77) of the thermal wind cor-

relations being significantly nonzero at a 99% confidence
level.

The percentage of significant correlations de-

creases as the mooring separation increases but even at
separations of 110 km 68% of the correlations are significantly nonzero at a 99% confidence level (Table 2.1b).
The decrease is attributed to larger sampling errors at the
larger mooring separations.
Geostrophic comparisons are made for daily values of
observed and geostrophic current differences (Figure 2.1).
These daily values have a correlation coefficient of 0.92,
significantly nonzero at a 99% confidence level (Pearson
and Hartley, 1970).

A linear regression gives a slope not

significantly different from 1 and an intercept not significantly different from 0 at a 95% confidence level
(using methods outlined in Fofonoff and Bryden, 1975).
Geostrophic comparisons are made for four-day estimates of observed and geostrophic current differences

Figure 2.1.

Daily observed current differences plotted
against estimates of geostrophic current difference for all MODE-1 geostrophic comparisons.
The correlation coefficient is calculated to
be 0.92.

The line of slope 1 and intercept 0

is the line of geostrophic agreement.
errors are indicated.
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(Table 2.2).

All but

two

of the thirty-two comparisons

agree within estimated two standard deviation errors and
all comparisons agree within three standard deviation
errors.

Because of the uncertainty in the error estimates

it,is reasonable to use three standard deviations as error
bounds.

Within these error bounds the observed and geo-

strophic current differences arein geostrophic balance.
For four-day estimates, the geostrophic current difference
accounts for 92% of the variance in the observed current
differences.

The standard deviation of the discrepancy

between observed and geostrophic differences is 1.9 cm/sec,
which is 26% of the standard deviation of the observed
current differences.
A geostrophic comparison is done with the longest
time series of estimates of observed and geostrophic current differences for the mooring pair 3 and 6 (Figure 2.2
taken from Bryden, 1974).
observed and geostrophic

The average discrepancy between
differences is 0.01 cm/sec while

the standard deviation of the four-day averaged discrepancies is 1.01 cm/sec or 20% of the average differences.
Using floats, CTD stations and moored temperature
measurements during MODE-1 Swallow (1975)
found agreement between observed and geostrophic differences for one four-day period over the depth interval 500
to 1500 m within 0.5 cm/sec and over the depth inverval
1600 m to 2900 m within 0.13 cm/sec both of which were less

Table 2.2
Geostrophic comparisons:

a)

for vertical differences

of current between 720 m and 1420 m nominal depths;
b)

for vertical differences between 420 m and 1420 m;

c)

for vertical differences between 420 m and 720 m.

Four-day values of current and temperature are used.

The

average observed current difference is the average of observed current differences at the two moorings.

The geo-

strophic current difference is the vertical integral of
horizontal temperature gradients according to equation 2.9.
The errors represent estimated one standard deviation
errors.

The error ranges are not symmetric about the es-

timate because sampling errors result in a constant offset
toward larger or smaller values.

The sampling error in

average observed current difference-depends on whether the
line joining two moorings is parallel or perpendicular to
k.

For this reason tests of geostrophic agreement are done

for a range of observed differences from the estimate to a
smaller value due to sampling errors calculated for separations parallel to

k.

One asterisk (*) denotes a dis-

crepancy of one to two standard deviations from geostrophic
agreement.

Two asterisks (**) denote discrepancies of two

to three standard deviations.
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Table 2.2a

Current Differences Between 720 m and 1420 m Depths

Range in
Range
in
Geostrophic
Geostrophic,
Observed
Average
Current
Observed Current
Current
Current
Difference
Difference
Difference
Difference
cm/sec
cm/sec
cm/sec
cm/sec

Moorings 1 and 8
3.21

3.27

3.21 -

.45

4.22 + .45

3.08 ± 1.48

Moorings 2 and 6
-5.32

-7.65

-6.67

-8.72

-5.32 + .45
-7.49

-

.45

-6.67 + .45
-9.39

-

.45

-7.22

± 1.42

-8.23

± 1.44
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Table 2.2b
Current Differences Between 420 m and 1420 m Depths
Range in
Geostrophic
Range in
Average Observed Geostrophic
Current
Current
Observed Current
Current
Difference
Difference
Difference
Difference
cm/sec
cm/sec
cm/sec
cm/sec
Moorings 1 and 8
4.53

3.67 - .45
4.83 + .45

-6.08

-9.67

-6.08 + .45
-8.56 - .45

-8.48

-11.25

-9.96

-11.94

-8.22

-11.84

3.67

4.23 ± 2.04

Moorings 2 and 6

-8.48
-11.94
-9.96
-14.03
-8.22
-11.58

+
+
+
-

-9.04

± 1.98

.45
.45

-10.51

± 2.00

.45
.45

-11.16

± 2.01

.45
.45

-11.07 ± 2.01

Moorings 2 and 7
*

-14.05

-10.69

-13.14

-10.35

-11.38

-11.38

-11.03

-8.46

-14.05 + .45
-15.44 - .45

-9.99

+ 3.70

.45
.45
.45
.45
-11.03 + .45
-12.12 - .45

-9.67

+

-13.14
-14.44
-11.38
-12.51

+
+
-

3.70

-10.64

+ 3.70

-7.91

+ 3.69

Moorings 6 and 7

*

1.52

3.46

2.58

6.09

6.66

5.85

6.35

8.54

1.52 -

.45

1.95 + .45
2.58 -

.45

3.31 + .45
6.66 -

.45

8.54 + .45
6.35 -

.45

8.14 + .45

3.23 ± 2.08
5.69 ± 2.10
5.47 ± 2.10
7.98 ± 2.12
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Table 2.2c
Current Differences Between 420 m and 720 m Depths
Range in
in
Range
Geostrophic
Geostrophic
Average Observed
Current
Current
Observed Current
Current
Difference
Difference
Difference
Difference
cm/sec
cm/sec
cm/sec
cm/sec
Moorings 2 and 3
**
*

-1.03

1.13 - .45
1.38 + .45

-0.94 ± .77

-0.31

-1.66 + .45
-2.02 - .45

-0.28 ± .77

-5.23

-3.34

-5.23 + .45
-7.37 - .45

-3.06 ± .63

-3.16

-3.60

-3.16 + .45
-4.45 - .45

-3.30 ± .64

-3.29

-3.22

-3.29 + .45
-4.63 - .45

-2.95 ± .63

-2.92

-3.22

-2.92 + .45
-4.11 - .45

-2.95 ± .63

1.13.
-1.66

Moorings 2 and 6
**

Moorings 3 and 6
*

-5.76

-4.33

-4.64

-5.01

-5.21

-5.12

-5.31

-5.21

-4.60

-4.58

-5.02

-5.55

-7.12

-6.24

-6.94

-5.29

-3.87

-5.74

-2.88

-3.71

-5.76
-6.33
-4.64
-5.10
-5.21
-5.73
-5.31
-5.84
-4.60
-5.05
-5.02
-5.52

+
+
+
+
+
+
-

.45
.45
.45
.45
.45
.45
.45
.45
.45
.45
.45
.45

-7.12
-7.84
-6.94
-7.63
-3.87
-4.25
-2.88
-3.16

+
+
+
+
-

.45
-.45
.45
.45
.45
.45
.45
.45

-3.97 ± 1.00
-4.60

± 1.00

-4.70

+ 1.00

-4.78

± 1.00

-4.20 ± 1.00

-5.09

± 1.01

-5.72

± 1.02

-4.85 ± 1.00
-5.27

± 1.01

-3.40

± 0.99
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Figure 2.2

Comparison of observed and geostrophic current
differences for MODE-1 moorings 3 and 6.
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than estimated errors.

Using current meters on mooring 3

and STD stations Horton and Sturges (1975) compared observed and geostrophic current differences between 420 and
720 m and 420 and 2940 m depths.

The average discrepancy

over 70 days between observed and geostrophic differences
was .9 cm/sec for the 420 - 720 m depth interval and
.5 cm/sec for the 420 - 2940 m interval.
That the observed and geostrophic current differences
presented here and by Swallow balance within estimated
errors suggests that these errors must be reduced before
higher-order momentum balances can be attempted.

It is

interesting to determine whether the errors in observed
and geostrophic current differences and in estimates of
horizontal advection of momentum are small enough that
time changes of momentum could be predicted from

local

estimates of advection of momentum and deviations from
geostrophic balance.

For motions of amplitude 10 cm/sec,

frequency 1/10 days and horizontal wavenumber 1/60 km
similar to those observed during MODE-0 (Gould, Schmitz
and Wunsch, 1974),

local accelerations

(-u and -- ) are of

cm
--- /day.
sec
Estimates of horizontal advection of momentum with
cm
cm/day can be made in higher order
errors smaller than 1 sec
size

1

momentum balances.

Use of horizontal nondivergence

(equation 3.3) allows a simplification in the estimation of
horizontal advection of momentum to be made:

au

u--

+

x

au

u(--

v DU
ay

av )(l±0(6))+

v

- -S
ay

Dy

u

2e

uu

-- 10(6)u-ay

ax

(2.10)

av

av

ax

ay

ua- + v

=

av

u-

Dx

+ v(--

au )(1±0(6))

286 +
0(6
ax

= S2

ax

)v

3

v

ay

where a transformation to notation with horizontal velocity
S,

described by speed,

and direction,

0, measured

positively counterclockwise from East is used and
defined after equation 3.3.

6

is

For horizontal separations of

50 km and speed 10 cm/sec, the measurement error in speed
results in an error of 10% and the measurement error in
cm
current direction in an error of ±.13 sec /day in the
estimates of horizontal advection of momentum. The additional error due to the assumption of horizontal nondivergence should be only of order 5% of the individual nonlinear terms.

Provided the advection of momentum is of

cm
size 1 -/day
sec

and

u

and

Vu

and

+

u

and

Vv

are not

within 100 of perpendicularity, these estimates of horizontal advection should be larger than the errors.
resentation

The rep-

of horizontal advection of momentum in

equation 2.10 also will be useful in exploring the vorticity balance (Chapter V).
Estimates of deviations from geostrophic balance cancm
not be made with errors smaller than 1sec /day. In order
to estimate deviations from geostrophic balance as small
as

1sec
cm/day it is necessary to reduce errors in ob-

served and geostrophic current differences

.to less than

0.2 cm/sec, which is less than half the

measurement error in velocity determined from IWEX comMeasurement and sampling errors can be reduced

parisons.

by obtaining measurements from many instruments, but the
most difficult error to eliminate is in the estimation of
For a calculation over 300 m vertically and 50 km

density.

horizontally the error in density must be reduced to 2 ppm
to achieve an error in geostrophic current difference of
0.2 cm/sec.

For carefully calibrated CTD stations over a

10 km square area (Millard, private communication) the variations in density at constant temperature are

±4 ppm even

in the main thermocline where the T/S relationship is
strongest.

Thus, the deviations from geostrophic balance
calculated from moored measurements with accuracy

cannot be

sufficient to estimate local time changes of momentum in
the MODE region so that higher-order momentum balances
should not be attempted.

CONCLUSIONS
Thermal wind correlations and geostrophic comparisons
give agreement with a geostrophic balance within estimated
errors.

Eighty-two percent of the correlations are sig-

nificantly nonzero at a 99% confidence level.

Most of the

nonsignificant correlations occur for larger spatial separations where the sampling errors are larger.

All thirty-

two geostrophic comparisons give agreement with geostrophic
balance within estimated three standard deviation errors.

.A geostrophic balance as the lowest-order horizontal momentum balance is indicated by these results.
Prediction of local time changes of momentum from
estimates of deviations from geostrophy and horizontal
advection of momentum is not possible because of the small
error (±.2 cm/sec) required in estimates of geostrophic
and observed current differences.
errors cause

At present instrumental

errors larger than .2 cm/sec, but the pro-

hibitive factor for future work is the small error in
density (±2 ppm) required to estimate geostrophic current
differences within .2 cm/sec.
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CHAPTER III
MASS BALANCE:

HORIZONTAL NONDIVERGENCE

INTRODUCTION
The geostrophic balance in the horizontal momentum
equations constrains the mass balance for large-scale, lowfrequency currents to be nearly horizontally nondivergent.
Tests for horizontal nondivergence are possible from a
small array of velocity measurements.

Small measurement

errors in velocity, however, can cause the observed velocity field to appear divergent especially for short horizontal separations such as those used by Shonting (1969).
Tests for horizontal nondivergence are carried out here to
provide an observational basis for this balance.

As with

geostrophy, horizontal nondivergence is so well defined on
theoretical grounds that most oceanographers would attribute its contradiction to measurement errors in velocity.
These calculations then are also tests of the measurementsand, in particular, tests of how accurately estimates of
horizontal derivatives of velocity can be made from velocity
measurements.
Another motivation for this work is to obtain accurate
estimates of horizontal divergence for use in vorticity
balance calculations

(Chapter V).

Meteorologists have de-

bated the feasibility of estimating horizontal divergence
and vertical velocity from wind measurements for a long
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time (Panofsky, 1951; Fleagle, 1972).

Because of the small-

ness of horizontal divergence compared with horizontal derivof velocity, small errors in estimates of hori-

atives

zontal derivatives become overwhelming errors in horizontal
divergence.

Estimates of horizontal derivatives and their

expected errors for ocean measurements then determine the
feasibility of estimating horizontal divergence directly in
the ocean.

THEORY
The conservation of mass can be written:

-p + u

at

Because

ax

+ v-

ay

+ w

az

=

-P(

+ 3

y

ax

p,

the density of sea water,

sum of a constant,

p ,

+ a)

(3.1)

az

can be written as a

and a variable part,

p': p=p +p'

0

with

p'

0

much smaller than

p ,

the conservation of mass

0

reduces to:

(-au +

ax

av + aw
-)

ay

az

= 0

p'
(P /P)

u

a

x

j

(3.2)

providing only that the time scales considered are long
This is a state-

enough that sound waves can be neglected.

ment that sea water is essentially incompressible. Batchelor
Thus,

(1967, p. 167-169) has reviewed these assumptions.
the divergence of the velocity field,

to lowest order.

Ox

+

ay

+

az

,

is zero

Elimination of pressure from the geostroohic balance
(Equations 2.3) shows that the horizontal divergence,
au
av
also should be zero to lowest order for nearly
-- + ~-,
geostrophic motions:

au +

vY= 0(6)

ax
where
R

6

a

(3.3)

ax

w U U'
v
v HL
L
U _ 'fH
H2'f 'fL2'L'R
is the largest of (f'fLL

is the radius of the earth.
and

that values

and

This statement indicates

should be of opposite signs and

almost the same magnitude so that their sum is small compared to their individual magnitudes.
timate of

aw
-

az

Their sum is an es-

according to Equation 3.2.

DATA AND METHODS
Measurements of velocity and temperature recorded by
four current meters at a nominal depth of 1500 m on subsurface moorings deployed as part of MODE-0 Array 1 (Figure
1.2, Table 3.1) are considered.

The four current meters

recorded data during a common time period of 52 days.

Only

the current meters on moorings 1 and 3 (Figure 1.2) recorded temperature.

Other measurements on nearby surface

moorings are not considered because of possible contamination
of velocity measurements by surface motions of the buoys
(Gould and Sambuco, 1975).
Estimates of horizontal derivatives are made by differencing velocities along diagonals of the array to ob-
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Table 3.1

Mooring

Depth
of current
meter

W.H.O.I. Data
Number

Position

Variables
recorded

1522 m

4091

28 01.50N
Current,
70 06.8 W Temperature

1503 m

4081

27 49.00N
70 08.8 W

1502 m

4121

28 00.2 N
69 41.5 W

1504 m

4101

28 21.5. N
69 41.5 W

Current
Current,
Temperature
Current

Table 3.1. MODE-0 Array 1 data used in tests for horizontal
nondivergence.
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av au av
a
v where T and n are
Du
an' a0' DT' 3T
the axes of the skewed coordinate system determined by the

auu

tain estimates of

diagonals.

The coordinate system then is changed to a rec-

tangular system, (x,y) = (East, North), to obtain estimates
of

au u uv av
u

ax'

au

ay,

3
-v

ax,

ay

.

Based on horizontal scales for the

array of 41 km in the x-direction and 60 km in the y-direction the errors in these estimates of horizontal derivatives
of velocity are

±.15 x. 10-6 sec-1

errors in velocity.

au
xu

av

due to measurement

Because of sampling errors estimates of

may be small by 2% and estimates of

au
-u

av
_y small

by 4%.
By the divergence theorem estimates of horizontal

di-

vergence obtained by integrating the velocity normal to the
line segment joining each pair of moorings around the array
au
and dividing by the area enclosed, 3x

avy

_un

Area' are

theoretically the same as estimates of horizontal divergence
obtained from estimates of horizontal derivatives made
above.

Numerically, the Values of horizontal divergence by

the two methods are identical for a three- or four-mooring
array provided the normal velocity is obtained by averaging
the normal velocities at the two moorings determining the
av
au
Dy ='
line segment. Estimates of vorticity, ax
obtained by application of Stokes Theorem,
av
au
uads are also numerically identical to those obArea'
ay
Dx
tained from estimates of horizontal derivatives above.
-

Errors in estimates of horizontal divergence and vorticity
are

±.22 x 10- 6 sec-'

due to measurement errors.

Due to
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sampling errors there may be errors in horizontal divergence
of

+2% 2

ax

+ 4%

v
and in vorticity of
ay

+2%

au
-v
x
ax

au
ay

4% 'u

Because these errors in horizontal divergence may be
larger than the expected value of the divergence, indirect
estimates of horizontal divergence are made from an inviscid,
. 8v
aw
linear vorticity balance,
a ( - au
3y) + v = f
where

at

ax

ay

az

8

is the northward derivative of the Coriolis parameter,
T
3T
and from a non-diffusive, linear heat balance,
+ w--- = O.
at
8z
Because of the neglect of nonlinear terms which are important in these balances by scale analysis (equations 4.2,
5.1), these indirect estimates should be regarded as estimate' of the order of magnitude only.

In Chapter IV it is

shown that for IWEX measurements the local temperature
change is balanced by horizontal advection of temperature
so that vertical velocities are smaller than predicted by
a linear heat balance.

Thus, because of the neglect of hori-

zontal advection, these indirect estimates of horizontal divergence may be too large.

If these indirect estimates are

smaller than the errors in the direct estimates, the direct
estimates of horizontal divergence do not represent true
horizontal divergence because they are dominated by errors.
The errors in the indirect estimates of horizontal divergence magnitude are much smaller than the errors in
direct estimates.

In the vorticity balance, time deriva-

tives of vorticity are estimated from differences of fiveday averaged values of vorticity and estimates of northward
velocity are obtained by averaging northward velocities for
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Errors in estimates of horizontal

the four current meters.
divergence,

az

1.1 x 108 sec-1

-

(

at

(-V

ax

-

aU) +
ay

8v)/f, are

due to measurement and sampling errors

for typical velocities of amplitude 10 cm/sec and horizontal
scale 60 km.
In the heat balance, time derivatives of temperature
are estimated from differences of five-day averaged temperatures and the vertical gradient of temperature is determined from a mean CTD station (Millard and Bryden, 1973).
To obtain an estimate of horizontal divergence it is assumed that the vertical velocity decreases linearly from
its value at 1500 m depth to-zero at the ocean bottom,
This assumption is suggested by the

/--z)T/3500 m.

z=

fact that the vertical profile of horizontal velocity from
measurements in this region is similar to a theoretical
first baroclinic mode (Gould, Schmitz and Wunsch, 1974)
which has a nearly linear decrease of vertical velocity from
1500 m to the bottom (Richman, 1972).

The sampling errors

are large for this estimate of horizontal divergence; the
estimate is three times larger than the value obtained for
a first baroclinic mode.

For isotherm displacements of

30 m over 10 day time scales, these estimates are of magnitude

1 x 10-8 sec

1

and have errors of

1 x 10 8 sec

.

Thus, errors in indirect estimates of the order of
magnitude of'horizontal divergence are

1 x 10-8 sec - '

which are much smaller than the errors in direct estimates
of

.22 x 10 - 6 sec

1

.

These indirect estimates then can be

used to determine whether direct estimates of horizontal
divergence are too large due to their measurement and sampling errors.

RESULTS AND DISCUSSION
Daily estimates of

u

(Figure 3.1) have a

and

correlation coefficient of -0.93,which is significantly different from zero at a 99% confidence level.

Four-day aver-

av

Su

are examined for horizonand @y
ax
tal nondivergence (Table 3.2).
Nine of the twelve comparaged estimates of

isons yield horizontal nondivergence within one standard
deviation error of

.22 x 10- 6 sec ',

two within one to two

standard deviations, and one comparison within two to three
standard deviations.

This last comparison occurs during a

time period when estimates of
rapidly.

u
ax

and
a

are changing
c

ay

Thus, within expected errors the velocity field is

horizontally nondivergent.
That estimates of

and ay
are horizontally nonax
y
divergent within expected errors gives confidence that estimates of horizontal derivatives of velocity (Figure 3.2)
are accurate within standard deviation errors of
±.15 x 10- 6 sec-1 .

In particular, estimates of vorticity

should be accurate within

±.15 x 10- 6 sec

1

x /2=

±.22 x 10-6 sec '. These vorticity estimates are used in a
vorticity balance in Chapter V.

Estimates of horizontal

divergence also should be accurate within

±.22 x 10 -6 sec - 1 .

Indirect estimates of the order of magnitude of horizontal

Figure 3.1

Daily estimates of
estimates of
surements.

ax

av
ay

plotted against

from MODE-0 Array 1 mea-

The correlation coefficient is

calculated to be -0.93.

The line is drawn

to illustrate the condition of horizontal
non-divergence.
indicated.

Typical errors are

**_0

L

0"L9090

as901 Xne
', 0"o1

9.

9"

Z'-

9 '-

8'-

01-

ZOL-

Z'

9.
8-

I
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Table 3.2

Tests for horizontal nondivergence from four-day
Estimates of
and
v
ax
ay"
ax
have standard deviation errors of ±.15 x 10-6 sec- 1

averaged estimates of
and

ay

due to measurement errors in velocity.
may be small by 2% and of
errors.

av
ay

Estimates of

au
ax

small by 4% due to sampling

The tests are done for the ranges of

determined by these sampling errors.

and
ax
One asterisk (*)

ay

denotes a discrepancy from horizontal nondivergence of one
to two standard deviations.

Two asterisks

(**) denote a

discrepancy of two to three standard deviations.
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Table 3.2

au

av

ax

ay

10-6

Time
(Days)

(sec - ')

10-6
(sec 1)

au

av

ax

ay
10-6

(sec -

Range
in au
ax
10-6

)

Range
av
in
10-6

(sec - ')

(sec - )

.69

-. 69

.69-.15
.70+.15

-.72-.15
-. 69+.15

.78

-.70

.78-.15
.80+.15

-. 73-.15
-.70+.15

10

.86

-. 63

.86-.15
.88+.15

14

.67

-. 66

.67-.15
.68+.15

-.66-.15
-.63+.15
-.69-.15
-.66+.15

18

.87

-. 61

.87-.15
.89+.15

-.64-.15 .
-.61+.15

.46

-. 50

.46-.15
.47+.15

.41

-. 36

.05

30

-. 11

-. 42

-.53

-.52-.15
-.50+.15
-.38-.15
-. 36+.15
-.44-.15 **
-.42+.15

34

-. 46

38

.44

-.02

-1.19

.83

-. 36

42

-. 55

.34

-. 21

46

-. 13

.03

-.10

.41-.15
.42+.15
-.11-. 15
-.11+.15
-.47-.15
-. 46+.15
-1.21-.15
-1.19+.15
-. 56-.15
-.55+.15
-. 13-.15
-.13+.15

.44-.15
.46+.15
.83-. 15 .
.86+. 15
.34-. 15
.35+. 15
.03-. 15
.03+. 15

Figure 3.2

Horizontal derivatives of velocity as a
function of time during MODE-O. - Estimated
errors are

±.15 x 10

-6

sec

-1

due to

measurement errors in velocity and
in

au
a

sy

av

Ifv

and
ay

sampling errors.

+2%

in

au
U
x

av
x

+4%
due to

LU
(I)

K
(~)

K
LU

N

zrz
0
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divergence from linear vorticity and heat balances, however,
indicate that horizontal divergence should be of order
10- 8 sec -,

which is an order of magnitude smaller than the

direct estimates (Table 3.3) and an order of magnitude
smaller than the expected errors.

Thus, the direct es-

timates of horizontal divergence are dominated by errors
and are not accurate estimates of horizontal divergence.
To determine how small the errors in velocity measurements must be in order to make accurate estimates of horizontal divergence it is assumed that sampling and measurement errors should be equal and no larger than 1 x 10-ssec-1.
For horizontal separations of 27 km the sampling error in
estimates of horizontal derivatives of magnitude
7 cm/sec/60 km (=1.2 x 10- 6 sec 1) is
obtain an error of

1 x 10 8sec

.

To

1 x 10- 8 sec. l for horizontal separations

of 27 km, the error in velocity measurements must be reduced
to .02 cm/sec which is substantially smaller than the error
.45 cm/sec determined from IWEX measurements (Chapter I).
The measurement error can be reduced by increasing the number of instruments.

Five hundred current meters, however,

would be needed to reduce the error to

.45

- .02 cm/sec

so that horizontal divergence could be estimated within
1 x 10-8 sec.

Unless the measurement error in velocity

is reduced by an order of magnitude, it is unlikely that
accurate estimates of horizontal divergence can be made
directly from velocity measurements.

Because the indirect

estimates of horizontal divergence are presently an order of
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Table 3.3

Comparison of direct and indirect estimates of horiaw
zontal divergence. Negative horizontal divergence, -,
is calculated by three methods:

au

ofu

ax

and

.y

8v
_v

2)

1)

directly from estimates

indirectly from temperature measure-

ments assuming a conservation of heat equation of the form
-T + w-- = 0 and a linear decrease of the vertical velocity
from its value at 1500 m to zero at the bottom; and

3)

directly from the linear vorticity equation according to
v)/f.
a av - au
( (t
a)
+ v)/f.
8x
ay

in-

Table 3.3

Time
(Days)

(Su +av

aw

az

ax

(x10 -

8

ay

sec ')

a av

aw _

az

T aT
t

at(-ax

au
) +
Sy

-

8z

3500m
(x10

- 8

sec- ')

(xl0 - 8 sec - )

8.6

-. 33

-.72

11.6

2.15

.66

14.8

1.96

.80

10.5

-1.98

-1.48

-4.4

-.18

.32

-20.2

1.24

1.18

35

-32.9

-. 68

-5.37

40

-24.8

-. 03

-.03

45

-11.3

1.24

.20

15.5

1.09

1.18

Average Absolute
Magnitude

magnitude smaller than the direct estimates, future attempts at estimating horizontal divergence should be made
from a nonlinear heat balance or a nonlinear vorticity
balance.
For measurements where the errors in velocity are not
known a priori, I suggest that the divergence ratio, defined as
zlSu

Slau
ax

+v
-v
ay

where the summation is done over the number of time periods
in the record length, be used to determine the errors in
horizontal derivatives of velocity.

This determination as-

sumes that the horizontal divergence is nearly zero compared with the individual derivatives.

A ratio near zero

means that the measured velocity field is nearly horizontally nondivergent and hence has small errors.

The ratio

calculated for the measurements used here is about .14 for
averaging periods of two days or longer (Table 3.4).

Ex-

10- 6 sec-1
au
av
due to measurement errors becomes a 22% error in
or
,
ax
Dy
so the divergence ratio is a realistic estimate of the errors

pressed as percentage error, the error of .15

in horizontal derivatives of velocity.

x

This ratio calcu-

lated from MODE-1 velocity measurements is used in
Chapter V in discussion of vorticity balance calculations.
Several other ratios were considered and rejected.

A ratio

of net mass flux into or out of the array to the sum of ab-
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Table 3.4

Du

3v

ax +y

Su

Averaging Period

'ax

6 hours

+

0.47

12

0.33

18

0.26

24

-

0.20

30

0.22

36

0.19

42

0.20

48

0.16

54

0.16

60

0.16

66

0.18

72

0.15

1 day

.

0.18

2

0.14

3

0.14

4

0.14

5

0.13

6

0.13

7

.0.14

8

0.13

Table 3.4.

avy

Divergence ratio calculated for various time

averaging intervals.

For periods of days velocities were

first put through a low pass filter designed by Schmitz
(1974).

solute mass fluxes across each side of the array was rejected because a large mean flow results in deceptively
small estimated errors.

A ratio of divergence to vorticity

also was rejected because in some regions the velocity
field may be nearly irrotational so that this ratio would
result in deceptively large estimated errors.
Freeland (1975) and Swallow (private communication)
have attempted tests of horizontal divergence with MODE-1
measurements.

Freeland's comparisons in terms of trans-

verse and longitudinal correlation functions are difficult
to evaluate because of a lack of error analysis.

From

float measurements Swallow obtained values of horizontal
divergence of order

.7 x 10- 6 sec-1

which is considerably

larger than the errors obtained here of

±.22 x 10-6 sec - .

Meteorologists recently have achieved apparent success
in estimating horizontal divergence.

From a 500 km square

rawinsonde array Rasmusson (1971) claimed to estimate horizontal divergence accurately enough to calculate water vapor
flux.

The horizontal separations are so large, however,

that sampling errors may be much larger than the estimates
of horizontal divergence.

Kung (1973) estimated horizontal

divergence by as many as twenty-four different schemes and
selected the estimate for which the vertical velocity became small above 250 mbar.

The validity of these estimates

is determined by their applicability in kinetic energy budgets (Kung, 1975).

These budgets, however, have a dissipat-

ion term estimated as the residual of the calculated terms.

.This residual is as large as the estimated terms so that
errors in vertical velocity may be hidden in this residual
dissipation.

Thus, there are reasons to doubt the

meteorologists' success in estimating horizontal divergence.
Accurate estimation of horizontal divergence remains a
problem for both meteorologists and oceanographers.

CONCLUSIONS
Velcoity measurements during MODE-0 Array 1 are horizontally nondivergent within estimated errors.

The esti-

mated error in values of horizontal divergence and vorticity is

±.22 x 10-6 sec -.

This error is as large as

the standard deviation of estimates of horizontal divergence
but only 19% as large as that of vorticity.

Thus, vorticity

but not horizontal divergence can be estimated accurately
from these velocity measurements.

This error is much

larger than the expected magnitude of horizontal divergence
based on indirect estimates of horizontal divergence.
Measurement errors must be reduced by an order of magnitude
before direct estimates of horizontal divergence can be
made accurately.

For this reason future estimates of hori-

zontal divergence should be made from nonlinear heat or
vorticity balances where estimates of horizontal divergence
are smaller and have smaller errors than the direct
estimates.
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CHAPTER IV
HORIZONTAL ADVECTION OF TEMPERATURE

HEAT BALANCE:

INTRODUCTION
%

By scale analysis horizontal advection should make an

important contribution in causing local changes of heat for
low-frequency currents.

Wave theories, which provide most

of the background for discussions of low-frequency current
dynamics, assume only a minor role for horizontal advection
in the heat balance and attribute local changes of temperature to vertical advection of the mean vertical temperature profile

(Rhines, 1970).

The success of the linear

wave models in explaining the frequencies and spatial
scales of observed current is often cited as a justification
for the neglect of the nonlinear terms

(Phillips, 1966;

i

McWilliams and Robinson, 1974; McWilliams and Flierl, 1975).
Because the nonlinear horizontal advection is necessary for
energy transfer between scales and because nonlinear models
may explain equally well the scales of observed currents, it
is valuable to estimate the horizontal advection of temperature.
In this analysis of the heat balance from the IWEX
measurements it is the vertical advection which is difficult to estimate since there are no measurements of vertical velocity.

Estimates of local time changes and hori-

zontal advection of temperature are compared to determine

the

relative importance of horizontal advection.

To the

extent that horizontal advection balances local time
changes of temperature the wave theories must be re-examined
for their applicability in interpreting

the measurements.

Calculations of local changes and horizontal advection
of temperature

are

also important because it may be pos-

sible to infer values of vertical velocity from their sum.
Because direct calculation of horizontal divergence was unsuccessful in the sense that the errors in .wz were larger
than the estimates (Chapter III), an alternate estimate of
vertical velocity is needed to calculate horizontal divergence in the vorticity balance (Chapter V).

Provided the

sum of local changes and horizontal advection of temperature
is larger than its errors and larger than the divergence of
the heat fluxes due to higher frequency motions, vertical
velocity can be inferred from this sum.
The calculation of horizontal advection of temperature
directly from estimates of horizontal gradients of temperature has large error.

Estimates of temperature grad-

ients used in geostrophic

comparisons (Chapter II) had es-

timated errors between 1.4 and 2.6 x 10 - 8 OC/cm.

These

errors lead to errors in horizontal advection of temperature
over four days for a current of 10 cm/sec of 0.072 to
0.133 OC, which are larger than the observed temperature
changes during the measurements used here.
To avoid these

large errors estimates of horizontal
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advection of temperature are made by assuming a thermal
wind balance (equation 2.8).

Horizontal advection then can

be estimated from the speed and turning about the vertical
of the horizontal current (equation 4.4).

Although this

method of calculating horizontal advection of temperature
was derived independently, some of the ideas were outlined
and used previously (Miller and Thompson, 1942; Hide, 1971).
This method is especially applicable to oceanic analysis
since measurements on a single mooring are all that is
needed to estimate horizontal advection of temperature.

In

addition, the errors for this calculation are smaller than
expected errors in the calculation from estimates of horizontal gradients of temperature.

THEORY
The time averaged conservation of heat equation may be
written:

aT -aT -aT
--+u-v-+w
(--pgr)=
at ax ay
az
-

K

where

K

a2T
(-+--

T

2-

2-

(uAT )---(v T

-)

ax 2 ay 2 az 2

-x

a (

@

(w'

is the thermal diffusion coefficient,

adiabatic temperature gradient, bars

(

(4.1)

r is the

) represent time

averages over a period of days and primes (') represent
deviations from time averages as in Chapter II.

Fofonoff

(1962) has reviewed this equation and the time averaging
The molecular diffusion terms are small for a

procedure.

The eddy heat diffusion terms,

large-scale problem.
S-(uF") ,

(7'"),a

ay

ax

(w'V'),

z

.

scale problem.

are considered small in a large-

This assumption is valid in this analysis of

IWEX measurements only if the observed heat fluxes do not
Lastly, it is

vary over length scales shorter than 10 km.

assumed that vertical advection of temperature can be

rep-

by the vertical advection of the long-period mean
a8
T
=W
pgr)
vertical potential temperature gradient, w(T-z

resented

where the mean potential temperature,

0 (z),

corresponds
The heat

to p (z) defined in Chapter II (Veronis, 1973).
0

balance then becomes:

3T ---aT
+V-+- T -

at

ax

(1)

(

ay

U
)

wL

az
NH
wfL 2

o 0

(4.2)

).

The non-dimensional numbers characterizing the size of each
term are written in parentheses below_each term.

ao

In order

to estimate the scale magnitude of w- -3z the thermal wind
relations (equations 2.8) are assumed and because of the
geostrophic balance and the continuity equation (equation
3.3) the magnitude of w

is taken to be

defined after equation 3.3.
frequency,

r-7V4 2--@6

p T

D +as

-

6 H U

where 6

N is the Brunt-Vaisila
o), where

az'

S

is salinity.

is

For

U = 10 cm/sec,

H = 1 km

w = 1/10 days,

L = 60 km,

(Millard

N = 2.5 cph

(Gould, Schmitz and Wunsch, 1974) and

and Bryden, 1973), these non-dimensional numbers are of
U

1:

order

L

=

1.4 and
"fL2

6N2H
2

2

-

Thus, no simple two

1.6.

term balance is evident for the heat conservation equation.
(2.8) allows a sim-

Use of the thermal wind equations

plification to be made in the advective terms of the conservation equation:
u

where

DT

e

+ v

3T

-

P f

av
( u-

(1±0(e))

is the largest of

S

U

' fL'

- v

au

U

f'

(1±0(e)))

v

fH'

f'

v

L)

(4.3)

H

A

transformation to notation with horizontal velocity described by speed,
wise from East,

S,
0,

uT + v

and direction measured counterclockleads to further simplification:

[S2

8-- (l±0(E))

±0(e)

-

(S /2)].(4.4)

Thus, the advection of heat may be represented as a function
only of the speed and the turning about the vertical of the

horizontal current.
Only low-frequency motions which are nearly geostrophic
and hydrostatic in an ocean with a tight
satisfy this representation.

T/S

relationship

The theoretical errors due to

assumption of geostrophic and hydrostatic balances can be
estimated from the measurements needed for the calculation.
The more nearly geostrophic and hydrostatic the motions are,
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the smaller these theoretical errors are.

Theoretical

errors due to the scatter in the T/S relationship are discussed in the next section.

DATA AND METHODS
Estimates of local time changes of temperature and of
horizontal advection of temperature are calculated from
measurements of current and temperature on the IWEX mooring.
The IWEX mooring, in the shape of a tetrahedron, had three
instruments measuring current and temperature at each of
six depths:
1975).

606, 611, 640, 731, 1023, 2050 m (Briscoe,

The instruments were -separated horizontally by

6.1 m at 606 m depth and by 1600 m at 2050 m depth.

Four-

day averaged currents and temperature changes are assumed
to be the same for measurements at the same depth so that
average current and temperature change are obtained at each
depth for each four-day period.

The direction of horizontal

current changed monotonically between 731 m and 2050 m so
this depth interval is used in the calculations.

For shal-

lower depths direction did not change monotonically.
Vertical averages of local time change of temperature
over four days,

AT verage

are calculated by application

of the trapezoidal rule:

average = 05 AT 1 0 2 3 m + 0.11 AT 7 3 1 m + 0.39 AT 2 0 5 0 m
(4.5)

The error in individual temperature changes has standard
deviation .0030C (Chapter I) but the error in

ATaverage

is only .0020C due to the repeated measurements.
timate

The es-

AT average is 26% larger than the value obtained

from a first baroclinic mode between 731 and 2050 m depths.
Vertical averages of horizontal advection of temperature over four days are estimated according to the formula:
Sf

1
VT
AH

u

-731m

t +4days
dt

g0

o

S

e731 -O.205

2

ga

8z

-

-2050m

0
p f

dz a
a

1023

0

1319 m

The error in this estimate for

(4.6)

x 4 days

S = 10 cm/sec is .0080C due

to measurement errors in direction and 5% due to measurement
errors in speed.

It is estimated that errors in

a

are 5%.

To obtain estimates of sampling errors this estimate is compared with the vertical average obtained from a combination
of first baroclinic mode of amplitude 10 cm/sec at 700 m
depth and a barotropic velocity of amplitude 2 cm/sec perpendicular to the baroclinic velocity.

This estimate is

19% larger than the value from the combination.

Due to

sampling errors in time integration this estimate is 1%
smaller than the value obtained from continuous

integration

for a frequency 1/10 days.
There are additional errors in the estimates of horizontal advection due to assumption of a thermal wind bal-

ance.

For

s = .025

L = 60 km

U = 10 cm/sec,

.025 20(S

theoretical errors are of size

2

-3S

the
/ 2 )x 4 days

For the measurements considered

according to equation 4.4.

here these errors are less than .003 0 C.

Larger errors in

the estimates of horizontal advection arise from the scatter in the T/S correlation.

Thermal wind equations in the

ocean are in terms of horizontal gradients of density
(equation 2.7).

It is the tightness of the T/S relation-

ship that allows the thermal wind equations to be written
in terms of temperature.

From carefully calibrated CTD

stations over a 10 km square area (Millard, private communication) it is estimated that temperature can vary by
±.04 0 C without a change in density.

This variation may be

due to a limitation in ability to measure salinity in which
case the variation is not an error in estimates of horizontal advection of temperature.

A change in salinity of

.005 o/oo between CTD stations could account for the entire
scatter in the T/S relationship.

At present, the scatter

does exist so an error of 0.04 0 C must be included in estimates of horizontal advection of temperature.

RESULTS AND DISCUSSION
Estimates of local time changes of temperature are of
opposite sign from and of approximately the same magnitude
as estimates *of horizontal advection of temperature
(Figure 4.1).

The correlation coefficient between daily

estimates of local change and horizontal advection (Figure

Figure 4.1.

Four-day averaged estimates of local time
change of temperature (- - - -) and negative
horizontal advection of temperature (----)
from IWEX measurements.

Estimates of hori-

zontal advection are made by assuming a
thermal wind balance.

Time changes and hori-

zontal advection are averages over the depth
interval 731 to 2050m according to equations
4.4 and 4.5.

Negative horizontal advection

is plotted to facilitate visual comparison.
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4.2) is -0.65 which is significantly nonzero at a 95% conHorizontal advection accounts for 73% of

fidence level.

the variance in the local changes of temperature.

Within

estimated errors there is a balance between local changes
and horizontal advection of temperature (Table 4.1).
Because most of the error in estimates of horizontal
advection is due to observed scatter in the T/S relationship which may be due to measurement errors in salinity
and hence not an

error

in these estimates of horizontal

advection, a comparison is made of local changes with horizontal advection without the 0.04 0 C error due to T/S scatter
(Figure 4.3).

Because the sum of local changes and horizon-

tal advection is larger in most cases than the remaining
errors, the sum may represent vertical advection so that
values of vertical velocity could be estimated.
To be sure that the sum represents vertical advection
it is necessary to show that the divergence of the heat
fluxes due to higher frequency motions are small.

Heat

fluxes calculated for the IWEX measurements show such small
variations over horizontal separations of up to 2 km that
they are probably due to instrument noise.

If the heat

fluxes vary only over eddy-scale distances as in the work
of MUller and Olbers (Muller, 1975) their divergence is
indeed small.

Thus, it is plausible that for future

measurements, where larger temperature changes are observed
(Riser, 1975) or where local changes are not balanced by
horizontal advection, estimates of vertical advection from

Figure 4.2.

Daily estimates of local time change (----)
and negative horizontal advection (temperature.
in figure 4.1.
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Table 4.1

Comparison of local time change and horizontal advection of temperature over four day periods.

Estimates of

local change are made from

dt
= T
-T where T
T
f
t
n+l n
n+l, n
are successive four-dav averaaes; estimates of horizontal
P f
0
-O
advection are made from

2
SS

u.VT dt
ga

4 days where

S, 0

averaged velocity.

1023

31 2050 x
1319 m

are the speed and direction of four-day
Error ranges are determined by taking

into account measurement, sampling, and theoretical errors.
Within these errors there is a balance between local change
and horizontal advection of temperature.

Table 4.1
Local
Change of
Time Temperature
(Days) (deg C)

Horizontal
Advection of
Temperature
(deg C)

Local Change
+ Horizontal
Advection
(deg C)

Range in
Local Change
of Temperature
(deg C)

Horizontal Advection
of Temperature
(deg C)

SRange

in

.023

-. 024

-. 001

.018 ± .002

-. 020 ± .041

.020

-. 014

+.006

.016 ± .002

-.012 ± .041

12

.010

-. 020

-.010

.008 ± .002

-.017 ± .041

16

.012

-. 045

-.033

.009 ± .002

-.038 ± .041.

.052

-.082

-.030

.041 ± .002

-.069 ± .042

.080

-

.071

+.009

.063 ± .002

-.060 ± .041

28

.063

-.056

+.007

.050 ± .002

-.047 ± .041

32

-. 007

-. 025

-.032

-. 006 ± .0.02.

-.021 ± .041

36

-. 014

-.010

-.024

-.011 ± .002

-.010 ± .040

Figure 4.3

Four-day averaged estimates of local time
change (----) and negative horizontal advec-

tion of temperature with error estimates.
Estimates are made as described in figure
Error bars represent uncertainties

4.1 .

due to measurement errors in speed, direction,
and temperature and theoretical errors due
to deviation from geostrophic and hydrostatic
balances and to errors in estimates of
a =

dp

dT

Estimates are scaled to smaller

values to take account of sampling errors due
to finite difference calculations on a curved
first baroclinic mode profile.

Theoretical

errors due to scatter in the T/S relationship
are not included.
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the sum of local change plus horizontal advection can be
used to estimate vertical velocities.
The result that horizontal advection of temperature is
comparable in magnitude with the local

time change of tem-

perature and in fact balances local change casts doubt on
the applicability of linear theories which assume local
changes of temperature are due tO vertical advection and
horizontal advection is unimportant (Rhines, 1970).

Local

fits of observations by a number of linear waves (Phillips,
1966; McWilliams and Robinson, 1974; McWilliams and Flierl,
1975) are also suspect since their assumption that local
changes of temperature are due to vertical advection is
violated.

Phillips (1966) noted that the assumption of

linearity was tenuous but argued that the low mean velocities in regions away from the Gulf Stream should rule out
the importance of mean flow advection.

McWilliams and

Robinson (1974) and McWilliams and Flierl (1975) examine
the importance of nonlinearity after doing the
by calculating the wave-wave

interactions.

wave fits

For POLYGON

(Koshlyakov and Grachev; 1973) and MODE-0 Array 1 wave
fits these interactions were small while for MODE-1 they
are large.

Despite the large wave-wave.interactions

McWilliams and Flierl remain optimistic that the goodness
of the MODE-1 wave fit indicates the validity of the linear
solutions.

The results presented here, although they are

for the IWEX measurements which were in the MODE region but

during a later period, conflict with this optimism by
showing that advection is as important as local time
changes in the local dynamics and that the vertical
velocity is smaller than linear theory predicts.

These

results also suggest that the time scale of change
following a fluid parcel may be much longer than the
time scale of local change.
The numerical experiments of Rhines (1975) and
Holland and Lin (1975) help explain this conflict between the success of linear wave models and the importance of horizontal advection.

In experiments on

barotropic currents Rhines found that even though the
linear and nonlinear terms were of the same size
something similar to the westward phase propagation
of linear waves occurred.

In their experiments on

ocean circulation Holland and Lin also found that
advection was important in the local dynamics while
eddies moved westward at approximately Rossby-wave
velocities.

On the basis of these experiments the

wave fits can describe qualitatively the scales and
propagation velocities of oceanic eddies despite the
fact that horizontal advection is important in the
local dynamics.
Linear models, while they may describe eddy scales and
movement, are inadequate to investigate the formation and
decay of eddies since the linear solution allows no energy

transfer between scales and allows energy flux only through
group velocity.

While

westward phase propagation was oc-

curring in Rhines's (1975) experiments, energy was being
transferred into longer spatial scales.

In Holland and Lin's

(1975) experiments the eddies grew by conversion of the mean
potential energy and the mean currents were driven by the
Reynolds stresses associated with the eddies.

These trans-

fers of energy were possible because of the presence of significant nonlinearity in the models.

Nonlinear dynamics are

required to allow energy exchange between various scales.
The importance of horizontal advection during the IWEX
measurements suggests that energy transfer should be examined.

Because the time period (40 days) and horizontal

spacing (< 2 km) of the measurements are not large enough to
determine the scales involved in the energy transfer, it is
necessary to investigate the question of energy transfer
during the IWEX measurements in terms of a specific model.
The specific model used here is that of baroclinic instability which predicts growth of perturbation waves by
conversion

of potential energy contained in the mean flow

(Eady, 1949).

Although this model is appropriate for in-

finitessimal waves, attempts often are made to apply it to
observations of finite-amplitude features (Green, 1970).
The baroclinic instability model requires the assumption of a mean velocity and a vertical shear of mean
velocity to linearize the theoretical problem.

The energy

transfer is then between the mean flow and perturbation

wave only.

TA

at

+T U -

where

T',

U,

and

-

For this model the heat balance is written:

aT'

ax

v',

,rT

w'
_- f

-T -

ay
Uz
time averaged

+ V-

ay

,T
w.az
-T

+

0

are perturbation wave quantities;
The long-

are mean flow quantities.

ga 3z
mean velocity at 1400 m depth, the approx-

imate mean depth of these IWEX measurements, is less than
1 cm/sec (Freeland, Rhines and Rossby, 1975) and the vertical shear of the mean current is less than .5 cm/sec/
1000 m (McWilliams, 1974).

For the velocities and shears

observed during IWEX the advection by the long-time averaged
mean flow field is not sufficient to account for the observed magnitude of the horizontal advection of temperature
(Figure 4.1).

A mean flow of 4 cm/sec and shear of

2 cm/sec/1000 m are needed to explain the observed advection
in terms of mean flow

advection.

This result is similar to

that obtained by Freeland, Rhines and Rossby (1975) who
noted that mean flow advection could not account for their
observed westward pattern propagation velocity of 5 cm/sec.
They went on to conclude that the westward pattern movement
must be due to wave propagation whereas for the IWEX measurements horizontal advection must be important.

The con-

clusion then is that the long-time averaged mean flow field
is not a significant contributor
advection during IWEX.

to the observed horizontal
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During the forty-day IWEX period there was an average
velocity of 4 cm/sec and average shear of 3 cm/sec/1000 m
at 1400 m depth.

The magnitude of the observed horizontal

advection of temperature can be explained in terms of advection by this forty-day averaged flow field.

This illus-

trates how carefully the mean flow must be defined when
linearizing the equations about a mean state.

The forty-day

averaged flow field must be slowly changing over longer time
periods in order to result in a long-time averaged velocity
of less than 1 cm/sec.

The following results in terms of a

baroclinic instability model concern the growth of a perturbation wave by conversion of potential energy from the
forty-day averaged flow field.

It should be noted that

this use of baroclinic instability is not standard since the
long-time averaged flow field, generally used in baroclinic
instability models (Gill, Green and Simmons, 1974) is smaller than the observed forty-day averaged flow field.

Be-

cause the model equations used here differ from standard
baroclinic instability equations only in the definition of
the mean field, the term baroclinic instability is maintained.
In the baroclinic instability model, the horizontal advection of temperature should be of opposite sign from the
local time change of temperature and from the vertical advection of the mean vertical temperature gradient (Bryan,
1974).

For maximum release of mean potential energy the

particle path of the perturbation parallel to (v', w') is at

an angle from the horizontal equal to one-half the angle of
isentropic surfaces from horizontal (Green, 1960).

For this

maximum release, the magnitude of the horizontal advection
of temperature should be twice as large as the local time
change or the vertical advection.

For the estimates from

IWEX measurements (Table 4.1):

aiT

at -=

.8(u*VT)

8z

and wD
at

T =T

-(--+u-VT)

= -. 45(u-VT)

so the magnitudes and signs of the estimates are consistent
with the instability model.
Because the baroclinic instability model assumes a
perturbation wave periodic in space, there must be a phase
lag in time between the local time change of temperature and
horizontal advection of temperature in order for conversion
of energy to occur.

The purpose of the vertical phase fun-

ction in the perturbation stream function used by Gill,
Green and Simmons (1974) is to create a phase lag in time
at each depth such that horizontal advection leads local
change of temperature.

To test for this phase difference

in the IWEX measurements cross-correlations as a function
of time lag between daily estimates of horizontal advection
and local time change of temperature (Figure'4.2) are calculated.

Minimum (because the correlations are negative)

correlation, *-.71, occurs when horizontal advection leads
local change by one day.

This minimum correlation is not

significantly less than the correlation for no time lag,

96
-.65, at a 95% confidence level which implies that the
energy conversion is not statistically different from zero.
The sign of the observed phase lag, however, is consistent
with the baroclinic instability model.
The growth rate of the perturbation wave amplitude can
be estimated from the phase lag by which horizontal advection leads local change of temperature,
quency of the wave,
(W2 At)- 1

w.

The doubling time is of order

which is 100 days for

(This frequency

At, and the fre-

At = 1 day-and w = 1/10 days

is taken from Gould, Schmitz and Wunsch's

(1974) analysis of measurements at 1500 m depth in this
region.).

Such a doubling time is similar to estimates

made by Robinson and McWilliams (1974) on theoretical
grounds.

Finer resolution of the phase lag and perturbation

wave frequency would enable more accurate estimates of
growth rates to be made.
For the IWEX measurements the estimates of local
change, horizontal advection, and vertical advection of temperature and the estimated phase lag between horizontal
advection and local change are consistent with the growth
of a perturbation wave by conversion of potential energy
contained in the forty-day averaged flow field.

Longer

time series of measurements on a single mooring are needed
to establish the significance of a one-day lag between
horizontal advection and local change.

To investigate the

transfer of energy I suggest that because of the availability of oceanic time series of temperature and current,
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moored measurements should be used to search for this phase
lag in time rather than carry out the intense hydrographic
survey suggested by Bryan (1974) to search for the vertical
phase function of Gill, Green and Simmons (1974).

CONCLUSIONS
For IWEX measurements between 731 and 2050 m depths
the local time change of temperature is balanced by horizontal advection of temperature within estimated errors.

This

balance could be established only because a representation
of horizontal advection as a function of the speed and turning about the vertical of the horizontal current has small
errors.
This balance between local change and horizontal advection rules out the applicability of strictly linear
theoretical models.
relevant.

Quasi-linear models may still be

Linearization about a mean flow field defined by

the forty-day averaged currents can explain the observed
magnitude of the horizontal advection of temperature.

Com-

parisons with the quasi-linear baroclinic instability model
indicate that the estimates of local change and horizontal
advection of temperature are consistent with the growth of
a perturbation wave by the conversion of potential energy
in the forty-day averaged flow field.

In particular, a

phase lag in time is observed such that horizontal advection leads local change, though the lag is not statistically
different from

zero, as predicted by the instability model.
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CHAPTER V
VORTICITY BALANCE

INTRODUCTION
Because the horizontal momentum equations are so dominated by the geostrophic balance, it is necessary to work
with the higher-order vorticity balance to understand the
evolution of time-varying ocean currents.

In the vorticity

balance the relative importance of horizontal advection of
relative vorticity,
vorticity,

8v,

u5- + v

, of advection of planetary

and of vortex stretching,

local ti-ne change of vorticity,
currents.
nitude.

,

aw
faz, in causing

is not known for ocean

By scaling arguments all are of the same magEstimates of these terms from measurements then are

valuable for an understanding of the current dynamics.

Be-

cause most models of ocean currents are based on specific
balances of terms in the vorticity equation, these estimates
also can be used to differentiate among various models.
Unfortunately, there are no measurements suitable for
estimating either the horizontal advection or vortex stretching in a vorticity balance.

Here, MODE-0 Array 1 measure-

ments are used to test for balance between local change and
planetary advection, and some reasonable, but inaccurate,
estimates of-vortex stretching are made.

Also, an analysis

is made for the expected errors in estimates of each of the
terms in the vorticity balance (equation 5.1) and an ex-

periment is suggested in which all terms can be estimated
with errors smaller than the expected magnitudes of the
terms.

THEORY
The equation for the conservation of vorticity,
av
Su is obtained
=
x
-y,
by eliminating pressure from the
horizontal momentum balances

-

at + u ax + v ay +

=f

(equations 2.2):

az
(5.1)

( U)
wL

(1)

where

8

ameter,

(L
( )
w

(

ff )
w

is the northward derivative of the Coriolis pars

is defined after equation 2.7, the viscous terms

and Reynolds stresses are neglected, and nonlinear terms involving vertical velocity are small because of the predominant geostrophic balance.

Charney (1973) has discussed the

derivation of this equation in detail.

The nondimensional

number characterizing the size of each term is written in
parentheses below each term.

w = 1/10 days and
8L
= 1.0 and

For

U = 10 cm/sec,

8 = 2.0 x 10 - 13 cm -

L = 60 km,

1

sec ,
1.4
oL
f
c - = 1.4 so on scaling arguments all terms

are of the same size.
In estimating horizontal advection of relative vorticity it is useful to use horizontal nondivergence as in
equations 2.10 to obtain:

100

S
ux

y

=

ax (S

x)+ ay

(S2O)
ay

0(6)(u

8x

(5.2)

ay

Ax

and

is the horizontal separation of the measurements

Ax

where
6

is defined after equation 3.3.

L = 60 km,

For

U = 10 cm/sec,

w = 1/10 days and horizontal 5parations of

6/ (u

50 km, this theoretical error,

)

±v

, is

x

Ax
.11 x 10 12

sec-2

DATA AND METHODS
From MODE-0 Array 1 measurements (Figure 1.1 and Table
3.1) estimates of local time change of vorticity,

, and

are made.

The pro-

advection of planetary vorticity,

8v,

cedure for estimating vorticity is described in Chapter III.
Estimates of vorticity (Figure 5.1) have errors of
x

10 6 sec

sampling errors.

1

u

_v _

-

-

±.22

4%

due to
ax
Dy
Time changes of vorticity (Table 5.1) are
and may be small by 2%

obtained from differences of five-day averaged values of
vorticity.

These estimates have errors of ±.71 x 10-

12

sec-2

due to measurement errors and may be small by 1% due to temThe spatial sampling errors are less

poral sampling errors.
than .32 x 1012 se

- 2.

Estimates of planetary advection

(Table 5.1) are made by averaging five-day averaged northward velocities for the four current meters and multiplying
by

8 = 2.0 x 10 - 13 cm -

of ±.45 x 10-13 sec

2

1

sec-'.

These estimates have errors

due to measurement errors and may be

small by 9% due to spatial sampling errors.

A correlation
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Figure 5.1

Daily estimates of relative vorticity,
v

3x

u ,

from MODE-0 Array 1 measure-

y '
ments of velocity at 1500 m depth.
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Table 5.1

Time

(Days)

aTav

au

at( ax

(x10 -

Sy

12

sec

)v7)

2

)

(xl0-. 2 sec-2

5

-.48

-.01

10

.02

.43

15

-. 24

.79

20

-1.87

.86

25

-.53

.75

30

.19

.62

35

-3.93

.26

40

.16

-.18

45

.70

-.56

Table 5.1.

Comparison of local time change of vorticity

with advection of planetary vorticity for MODE-0 Array 1
8 av
au
measurements. The time change of vorticity, tt (ax -xay
is estimated by differencing five-day averaged values of
vorticity and dividing by five days.

The advection of

planetary vorticity is estimated by averaging five-day
averaged northward velocities over the.four current meters
and multiplying by the northward derivative of the Coriolis
parameter

8 = 2.0 x 1013.
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coefficient for these estimates of local change and planetary advection is calculated and tested against a null
hypothesis of zero correlation.
Estimates of vortex stretching (Table 5.2) are made by
assuming a linear heat balance, w = ---- T T and a linear
at az
decrease in vertical velocity from its value at 1500 m to
zero at the ocean bottom.

As discussed in Chapter III these

estimates are reasonable but because of the neglect of horizontal advection of temperature, shown to be important in
Chapter IV, and because of the large sampling errors they
have errors at least as large as the estimates.

A correla-

tion coefficient between these estimates of vortex stretching and the estimates of local change of vorticity plus
planetary advection (Table 5-.2) is calculated and tested for
significance.
To reduce the errors in these estimates, time-integrated
balances are calculated.
measurement period,

The change in vorticity over the

endC start, is compared with the change
end

in planetary vorticity due to net northward flow, 8

dt v.

start
The error in the change of vorticity is ±.31 x 10- 6 sec -'
av
av
due to measurement
errors and 2%(

4%(

start

errors.

end -x

u end) = -. 07 x 10 - 6 sec -

1

start) +

due to sampling

The error in the change of planetary vorticity is

±.06 x 10- 6 sec
+.12

-

1

due to measurement errors and +9% =

x 10- 6 sec-1 due to sampling errors.

The sum of
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Table 5.2

a av

Time

at ()
ax

au +
say

(Days)

(x10 12

seC-2 )

faw

By

az

(x10- 1 2 sec - 2 )

5

-. 49

-.22

10

.45

1.47

15

.55

1.34

20

-1.01

-1.36

25

.22

-. 12

30

.81

.85

35

-3.67

-.47

40

-. 02

-.02

45

.14

.85

Table 5.2.

Comparison of the sum of local time change of

vorticity plus advection of planetary vorticity with vortex
stretching for MODE-0 Array 1 measurements.

Estimates of

the time change of vorticity and the planetary advection
are obtained from Table 5.1.

The horizontal divergence is

obtained from temperature measurements on two moorings by
assuming a linear heat balance so that 'w
linear decrease of vertical velocity,
at 1500 m to zero at the ocean bottom.

w,

=

at

D
az and a

from its value
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local plus planetary vorticity change,
end

end-~start +

I

dt v,

is compared with the time-inte-

start
end
grated vortex stretching,

f

dt 2.
start

The errors in the

vortex stretching are at least as large as the estimates
while the errors in

A

+ 8fvdt are ±.32 x 10- 6 due to

measurement errors and +.05

x 10-

6

due to sampling errors.

From MODE-1 measurements (Figure 1.2) at 420 m nominal
depth vorticity is estimated for forty-eight sub-arrays consisting of three or four current meters (Figure 5.2). Errors
in these estimates are ±.05 x 10- 6 sec

1

due to measurement

errors and 16% due to sampling errors for an estimated
average horizontal separation of 120 km.

Divergence ratios,

defined in Chapter III and calculated for these sub-arrays,
varied from .2 to .5 with an average of .35, however, so that
the estimates of vorticity may be in error by ±35%.

Es-

timates of horizontal advection of relative vorticity are
possible from these measurements.

If the estimates of vor-

ticity are in error by ±35%-, however, estimates of horizontal advection have errors of ±2.0 x 10

12

sec -2 which are

as large as the observed magnitude of local time changes
of vorticity, 2 x 10- 12 se

- 2.
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Figure 5.2.

Map of relative vorticity from MODE-1 measurements of velocity at 420 m depth during the
period 21-28 April, 1973.

Measurements on

moorings 1, 2, 3, 5, 6, 7, 8, 9, 10, and 13
are used.
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RESULTS AND DISCUSSION
The correlation between estimates of local change of
vorticity and of advection of planetary vorticity (Table 5.1)
is -0.20 which is not significantly nonzero at an 80% confidence level.

The correlation between estimates of local

change plus planetary advection and of vortex stretching
(Table 5.2) is 0.60 which is significantly nonzero at an
80% confidence level, but is not significant at a 95% level.
The change of vorticity over the measurement period,
6 sec '
10-- 6
-2.59 x 10-6 +.31 x
-2.59-.38
x 10
sec-' is significantly different

from the vorticity change due to the time-integrated
1 + .06 x 106 sec
planetary advection, -1.28 x 106 secS-..18
x 106 sec

Thus there is significant imbalance between local time
change of vorticity and advection of planetary vorticity.
The planetary advection accounts for only half of the observed local change of vorticity.

Though the observed ver-

tical structure of horizontal currents resembles a first
baroclinic mode (Gould, Schmitz and Wunsch; 1974),

the hypo-

thesis that these observations at 1500 m depth could be explained by barotropic Rossby waves is not unreasonable since
the zero of horizontal velocity for the-first baroclinic
mode is at nearly 1500 m (Richman, 1972).

Statistically,

however, there is not a balance between local changes and
planetary advection so these observations cannot be explained as manifestations of linear barotropic Rossby waves
which require this balance (Longuet-Higgins, 1965).

110
The sum of local change plus planetary advection over
the measurement period, -1.11 +.37 x 10- 6 sec-', is of
-.32
opposite sign from the change in vorticity due to vortex
stretching, +1.00 x 10- 6 sec - .

Because of the neglect of

nonlinear terms in the heat balance (shown to be important
for IWEX observations in Chapter IV),

this estimate of

vortex stretching has an error at least as large as its
value.

For this reason a test of balance between vortex

stretching and the sum of local change plus planetary advection cannot be made.

That the estimates are of op-

posite signs suggests that such a balance does not occur.
Because of the method by which vortex stretching is estimated, the marginally significant correlation between
estimates of vortex stretching and of the sum of local
changes plus planetary advection is likely due to the expected correlation between warm water and negative vorticity above a level of no motion and not due to a balance
of these terms in the vorticity equation.
Because there are measurements of velocity on only
four moorings estimates of horizontal advection of relative
vorticity are not possible from MODE-0 Array 1 measurements.
Estimates of horizontal advection of relative vorticity are
possible from MODE-1 measurements.

From calculations of

the divergence ratio, however, the estimates of vorticity
have estimated errors of 35% and these errors produce errors
in estimates of horizontal advection of relative vorticity
as large as the observed changes of vorticity.

The larger
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errors in vorticity for MODE-1 measurements are attributed
to larger errors in velocity caused by the variations in
depth of current meters nominally at the same depth (Wunsch,
Hogg and Richman, 1974).. Because of instrument malfunctions
estimates of vortex stretching are impossible.

Thus, no

vorticity balance calculations are made from MODE-1 measurements.
The imbalance between local changes of vorticity and
planetary advection for the MODE-0 Array 1 observations is
in conflict with the barotropic Rossby wave fit used by
McWilliams and Flierl (1975) to explain these same observations.

This conflict between the results of a direct

balance test and of a linear wave fit demonstrates the danger in extending the wave analysis from a description of
the spatial and temporal scales of the observed currents to
a description of their dynamics.

While the barotropic Rossby

wave fit accounts for 78% of the amplitude of the observed
current (McWilliams and Flierl, 1975), the vorticity dynamics implied by the waves are in error by a factor of two
since planetary advection accounts for only half the observed time change of vorticity in the balance test.
Although the terms balancing the remainder of the local
vorticity change could not be determined from these measurements, it is reasonable on the basis of the results of the
heat balance'in Chapter IV to expect that the nonlinear
horizontal advection is important in the vorticity balance.

I12

For nonlinear dynamics energy transfer may occur.

In terms

of the baroclinic instability model, the vorticity squared,
called enstrophy, must also increase during growth of the
perturbation wave.

Multiplying the vorticity equation (5.1)

by vorticity yields:

-(2/2)

+ (u.*Vr)

at
As enstrophy increases,

+ Bv

-(C

duction must be positive, fwz
accurate estimates of w

= fw C

(5.3)

z

/2) > 0, the enstrophy pro- BvC -

or u*VC

(u*VC)C > 0.

No

are available, but a cor-

relation between time series of local change of vorticity
and of planetary advection can be done.

Minimum correlation,

-.33, occurs when planetary advection leads local change
by three days but this minimum is not significantly different
from the correlation for zero time lag, -.20.

The phase lag

is consistent with growth of perturbation wave enstrophy by
conversion of planetary enstrophy, the enstrophy contained
in the rotating, spherical ocean.

Because a significant,

unknown term in the vorticity balance is not included, this
enstrophy production calculation should be regarded cautiously.

From a complete vorticity balance phase lags between

local change of vorticity and planetary advection, horizontal advection of relative vorticity, and vortex stretching
could be es-timated so the net enstrophy production could be
calculated.
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It is possible to carry out an experiment from which
estimates of each term in the vorticity balance (equation
5.1) can be estimated accurately.

Such an experiment con-

sists of five moorings each instrumented with a current
meter at 750 m depthin the following array:

*

X

The horizontal spacing is 50 km and the central mooring (X)
has two additional current meters also measuring temperature
at 450 and 1050 m depths in order to estimate vortex stretching.
Estimates of vorticity from this array have errors of
±.09 x 10-6 sec1 due to measurement errors in velocity and

av

may be small by 11% (3x

-

au

) due to sampling errors. These

sampling errors are no larger than .37 x 10-6 sec -' for
deri6Time
v- u
y of magnitude 1.7 x 106 sec . Time derivalues of ax
vatives of vorticity estimated from differences of five-day
averaged vorticity then have errors no larger than
±1.2 x 10- 12 sec - 2 .

Estimates of advection of planetary

vorticity from this array have errors of ±.04 x 10- 12 sec-2
due to measurement errors and may be small by 19% due to
sampling errors.

As discussed in Chapter II, estimates of

M
horizontal advection of momentum, S 2 ax

or

S2

Do

ay

have

errors of ±10% and ±.13 cm/sec/day due to measurement errors
in speed and direction respectively and may be small by
11% due to sampling errors for Ikk

= 1/60 km and separations
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of 50 km.

These errors become errors in horizontal advec-

tion of relative vorticity of ±.93 x 10- 12 sec

2.

Theoret-

ical errors in estimates of horizontal advection are only
±.11 x 10 12 sec

2

.

To estimate vortex stretching from these array measurements, it is assumed that the sum of local plus horizontally
advective changes of temperature, can be attributed to vertical advection of the mean vertical profile of temperature,
as in equation 4.2, and not to the divergence of heat
fluxes from higher-frequency motions.

The error in these

estimates of vertical velocity for five-day averaging intervals is ±.4 m/day due mostly to scatter in the T/S relationship discussed in Chapter 1V.

Estimates of vortex

stretching obtained by differencing vertical velocities
over a 300 m depth interval have errors of ±1.1 x 10- 12 sec

2

.

Thus, all terms in equation 5.1 can be estimated from
this array with errors less than 1.2 x 10- 12 sec

2

, which

are smaller than 2 x 10-1 '2 sec 1,the expected magnitude for
each of these terms based on scale analysis with U = 10 cm/sec,
w = 1/10 days, I[l

= 1/60 km, N = 2.5 cph, and H = 1 km.

This array consists of the minimum number of measurements
needed to estimate the vorticity balance (equation 5.1).
The number of moorings is one less than the six required to
estimate all second derivatives.

The use of horizontal non-

divergence simplifies the estimation of horizontal advection
of relative vorticity so that only five moorings are required.
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From such array measurements the relative roles of
horizontal advection, planetary advection and vortex
stretching in causing local time changes of vorticity
should be determined.

Such an experiment would provide an

understanding of the vorticity dynamics of eddy motions and
guidance to theoretical modelers on the applicability of
their models in explaining these motions.

From these

measurements energy transfer and enstrophy production also
can be estimated.

The phase lag between time series of

local change and of horizontal advection of temperature on
the central mooring determines the energy conversion as in
Chapter IV.

Phase lags between time series of local change

of vorticity and of horizontal advection of relative vorticity, planetary advection and vortex stretching determine
the enstrophy production.

CONCLUSIONS
Estimates of local time change of vorticity and of advection of planetary vorticity from MODE-0 Array 1 measurements are significantly not in balance.

These observations

then cannot be explained by barotropic Rossby waves which
require a balance between local changes and planetary advection.

A phase lag such that planetary advection leads

local change of vorticity is consistent with growth of perturbation wave enstrophy by conversion of planetary enstrophy.
Accurate estimates of horizontal advection of relative vorticity and of vortex stretching for vorticity balance cal-
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culations are not possible from existing data so net enstrophy production cannot be estimated.

An experiment is

suggested from which estimates of local change of vorticity,
horizontal advection of relative vorticity, advection of
planetary vorticity, and vortex stretching can be made with
errors small compared with the expected magnitudes of these
terms so that vorticity balance calculations can be carried
out.

From this experiment both energy conversion and en-

strophy production also can be estimated.
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CHAPTER VI
CONCLUSIONS

This thesis presents tests for lowest-order balances
in the conservation equations for horizontal momentum, mass,
heat and vorticity.

The chapter on each of these balance

tests includes a conclusions section where the results are
.summarized.

This last chapter outlines the results of all

the balance tests and indicates their importance in understanding the dynamics of low-frequency currents.
Geostrophy is the lowest-order horizontal momentum
balance within estimated errors for the MODE-1 measurements
(Chapter II).

Eighty-two percent of the thermal wind cor-

relations between time series of horizontal temperature
gradient and of vertical shear of horizontal current are
significantly nonzero at a 99% confidence level with most of
the nonsignificant correlations occurring at larger horizontal separations where the sampling errors are larger.

Daily

estimates of geostrophic current differences account for 92%
of the variance in observed current differences.

Thirty-two

comparisons between observed -and geostrophic current differences averaged over four days show geostrophic agreement
within estimated three standard deviation errors.

Only two

comparisons fail to agree within two standard deviation
errors.

The standard deviation of the discrepancy between

these observed and geostrophic current differences is
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1.9 cm/sec which is 26% of the standard deviation of the
observed current differences.
Horizontal nondivergence is the lowest-order mass
balance within estimated errors for the MODE-0 Array 1
measurements

(Chapter III).

au

av

and
ex a
y
at a 99% confidence level.
estimates of

The correlation between daily
is -.95, significantly nonzero

All twelve comparisons between
au
3v
show agreement
and
four-day averaged estimates of
ax
ay
with horizontal nondivergence within estimated three stanOnly one comparison, which occurs
au
8v
are
and
during a time period when estimates of au

dard deviation errors.

changing rapidly, does not agree within two standard
The standard deviation of estimates of

deviation errors.

horizontal divergence, which is the discrepancy from horizontal nondivergence, is

.22 x 10 -6 sec -1

which is 36%

as large as the standard deviation of the horizontal derivatives of velocity.
These tests for geostrophy and horizontal nondivergence
provide an observational basis for the lowest-order horizontal momentum and mass balances which has been lacking for
low-frequency currents.

These tests, however, contribute

little to the understanding of current dynamics since geostrophy and horizontal nondivergence are expected on theoretical grounds.

An extended error analysis shows that

higher-order momentum balances and direct estimates of horizontal divergence should not be attempted until measurement
errors are reduced significantly.

These tests for geos-
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trophy

and horizontal nondivergence do indicate the valid-

ity of the measurement error estimates so that within these
errors higher-order balances of heat and vorticity can be
tested.
Tests of heat and vorticity balances are more valuable
contributions to the understanding of the dynamics of lowfrequency currents because the lowest-order balances are not
theoretically well-established.
For the IWEX measurements the lowest-order heat
balance is between local time changes of temperature and
horizontal advection of temperature within estimated errors
(Chapter IV).

Estimates of horizontal advection account for

73% of the variance in local changes of temperature.

This

balance could be established only because a representation
of horizontal advection of temperature in terms of the speed
and turning about the vertical of horizontal current has
small errors.

The result of this balance test indicates

that local changes of temperature are caused by advection of
horizontally varying temperature features and not by vertical advection of the vertically-varying temperature field,
as suggested by linear theory.

The importance of hori-

zontal advection is contrary to many interpretations of
observations in this region as strictly linear waves.

In

terms of quasi-linear theory the magnitude of horizontal
advection of temperature could be explained by linearizing
about the forty-day averaged flow field.

It could not be

explained by advection by the long-time averaged mean flow
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field, which is much smaller than the forty-day averaged
flow field.
In the vorticity equation MODE-0 Array 1 measurements
are used to test for balance between local change of vorticity and advection of planetary vorticity, as would occur for
barotropic Rossby waves (Chapter V).

Planetary advection and

local change of vorticity over the measurement period do not
balance within estimated errors.

Planetary advection bal-

ances approximately half of the local vorticity change, but
there is a significant imbalance.

This result directly con-

tradicts the interpretation of these observations as manifestations of barotropic Rossby waves.

An extended error

analysis of the vorticity equation demonstrates that all
terms in the vorticity balance

(equation 5.1) can be esti-

mated with errors smaller than the expected magnitudes of
the terms from measurements on five moorings.

These vor-

ticity balance calculations would be- useful in determining
the importance of vortex stretching, planetary advection and
horizontal advection in causing local changes of vorticity
and could be used to arbitrate the applicability of two models
with different vorticity balances in explaining observations.
Because the dominant questions in the dynamics of lowfrequency currents involve energy transfer, indications of
energy transfer within the context of a baroclinic instability model are sought.

For the IWEX observations the mini-

mum correlation between estimates of horizontal advection of
temperature and local temperature change occurs when horizon-
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tal advection leads local change by one day.

This phase lag

is consistent with the growth of a perturbation wave by conversion of the potential energy contained in the forty-day
averaged flow field.

For MODE-0 Array 1 observations the

minimum correlation between estimates of planetary advection and local change of vorticity occurs when planetary advection leads local change by three days.

This phase lag

is consistent with the growth of perturbation wave enstrophy
by conversion of planetary enstrophy.

Longer time series

are needed to establish the statistical significance of
these phase lags and measurements at various horizontal
spacings are needed to determine the scales of the currents
involved in the energy transfer.
In order to observe eddy growth or decay during future
ocean experiments these results should be used and extended
to estimate statistically significant energy and enstrophy
transfer.

Such calculations require that the difference be-

tween local temperature change and negative horizontal advection of temperature be established as due to vertical
advection and not to the divergence of heat fluxes from
higher-frequency motions.

They also require a complete

local vorticity balance so the net enstrophy transfer can be
estimated.

Long time series of observations over a variety

of horizontal separations are needed to isolate the temporal
and spatial scales of the currents which act as source and
sink for the eddy energy and enstrophy.
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