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ABSTRACT

- A model is presented for the generation of inertial-gravity
waves in the ocean by wind stress acting on the surface. The
ocean is considered to rotate uniformly and has a constant eddy
coefficient of viscosity as well as uniform stratification.

Thermal diffusion is neglected. The singularities in the Ekman-
Stokes layers associated with this system are removed by fric-
tional considerations. The vertical structure of the near inertial
motions is found to be confined to a surface layer with thick-

ness proportional to Ell4 ( E = Ekman number =$zlu5. The

motion due to an idealized travelling front is solved for at all
depths by numerical integration and at the surface by analytical
methods. The theoretical amplitudes and frequencies so obtained
are in reasonable agreement with typical observations in the upper
layers of the ocean. The persistence time for a slowly moving
front is found to be about one week; faster moving fronts leave

a longer trail behind them. A comparison is made with a simpler

layer model due to Pollard and Millard (1970).
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1. Introduction and summary of thesis

1.1 Observations and existing theories

The occurrence of inertial oscillations at almost all lo-
cations and depths of the world ocean is a well documented and accep-
ted fact; they appear in cufrent records as a spectral peak slightly
above the inertial frequency (given at latitude @ by 2 sin § cycles
per day). A sample spectrum is shown in figure 1.1. Webster (1968)
gives an excellent survey of the substantiating observational data.

The motion is characterized by the fluid particles traversing an almost
circular path with a period slightly shorter than the local inertial
period. The amplitudes are typically of the order of 10 cm sec™l,
These oscillations belong to the class of waves called inertial-gravity
waves which can exist in fluids, such as the ocean, which are subjec-
ted to both rotétional and gravitational restoring forces.

The source of these ubiquitous oscillations has not yet been
satisfactorily explained. There are two types of mechanisms which can
act to produce the observed spectral peak. The first, a wave guide
mechanism, allows a global generation of waves and is based on a phy-
sical restriction that the waves' frequency be greater than the local
inertial frequency but less than thé Brunt-Vaisala frequency (given by

-ﬂ g‘g where g is gravity, / is density, and z is a vertical
coordinate). Since the inertial frequency increases with latitude,

waves produced at a lower latitude can only travel poleward until they
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Figure 1.1 Kinetic energy density spectrum for measurements
collected at site F (38°30'N,70°W). The local
inertial period is 19.3 hours. The dominant peak
in the spectrum has a period near 18.5 hours.

(from Webster 1968)
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reach the latitude at which their frequency is equal to the local in-
ertial frequency. The global generation theory (e.g. see Munk and
Phillips, 1968), then, states that at a given latitude the inertial
motion will be a superposition of all those waves produced further
equatorward whose frequency is equal to the inertial frequency at

that given latitude. The kinematics of the waves in the vicinity of
this "turning latitude" is such that they have their maximum ampli-
tude there. The second mechanism involves local generation of the
waves and is based on the fact that the oceanic "transfer function"
between an input variable (e.g. a time dependent, atmospheric wind
stress) and the oceanic motion field has a peak slightly above the
inertial frequency. Both theories have weaknesses (see Munk and Phi}—
lips) if they are used individually to explain inertial oscillations
in the ocean. The global generation theory doe§ not explain the obser-
ved intermittency of the motion (persistence times of the order of one
weék) while the local generation theory does not exp;ain the short
coherence distances in the records (of the order of 10 m vertically
and several tens of kilometers horizontally).

The purpose of this paper is to present a model for the local
generation of inéftial—gravity wéveé by travelling atmospheric fronts.
The evidence for wind generation of inertial-gravity waves is quite
strong (Day and Webster, 1965; Saelen, 1963; Hunkins, 1967; Pollard
and Millard, 1970), and has led to various models involving different

air-sea interaction mechanisms. Pollard (1970) assumed that the mixed

layer, several tens of meters thick at the ocean surface, absorbs
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the momentum, generated by the wind stress at the surface, by turbu-
lent mixing in a time period short compared with the inertial period.
The applied stress is thereby allowed to be considered as a body
force acting over the entire depth of the mixed layer rather than as
a surface force. Viscous diffusion of momentum is subsequently ig-
nored. As an alternate mechanism, Hasselmann (1970) considered the
driving force as arising from the ﬁeakly nonlinear Stokes drift associ-
ated with wind-driven surface gravity waves. Both models assume the
ocean to be essentially inviscid.

The mechanism treated in this paper assumes the oceanic tur-
bulence to be modelled by a constant eddy coefficient of viscosity.
This is the classical model for transferring momentum downward from
a steady wind stress applied at the ocean surface and it is here ex-
tended to the case of a time dependent stress. At frequencies removed
from inertial, the structure of the motion in this model has been well
explained (e.g., see Tomczak 1967) but near the inertial frequency
the behavior of the velocity fields is not at all understood. More
specifically, the existing theory (see Tomczak) gives a boundary layer
eruption and a singularity in the inviscid vertical wave number at the
inertial frequency which must be resolved by a mofe complete treatment
that is uniformly valid for all frequencies. The ocean's behavior
near this point is important because it is precisely here that large

energy concentrations are found.



1.2 Summary of thesis

In Chapter 2 the oceanic model is formulated., The equations
of motion of the system are derived and non-dimensionalized; their
limitations are discussed.

Chapter 3 contains wha£ may be called a normal mode analfsié
of the model, The behavior of the boundary layer structures is dis-
cussed for all values of the frequency of excitation, including the
inertial frequency. The oscillatory modes and their modification
by friction are also analysed for all values of the forcing frequency.

Chapter 4 contains solutions obtained by numerical integra-
tion for an ocean forced at the surface by stresses associated with a
north-south front travelling in the eastward direction. The motion as
. a function of depth is found to die out rapidly, in accordance with the
deductions in Chapter 3 concerning the effects of friction. The ampli-
tude and dispersive character of the solutions are discussed.

In Chapter 5, an infinitely deep ocean is treated analyti;
cally. The motivation for this is to gain further insight into the
solutions obtained in Chapter 4. More specifically, analytic solu-
tions are obtained as well as expressions for the frequency of the
inertial wake and its horizontal decay rate.

Chapter 6 contains a.comparison of the model of Chgpter 2
with the surface layer model used by Pollard and Millard (1970) to
explain wind generation of inertial waves., There is also a discussion
of the conclusions drawn from the model presen#ed as well as some

of its weaknesses.



2. Formulation of the model

Consider a stratified ocean rotating uniformly about a

vertical axis as shown below

Z
u_('): /y_ —@4)(‘@
, ..;o<y<m
H
x OLZ4H

and where the following correspondences hold

(x,Y, &) <> /i‘lfj 2)4—-*» (u,v; w)

2.1 The equations of motion

The equations governing the motion in the system are taken

as A .
& 4 20xi = f—’vp_?é,t vyt
St -/

Q;é :Z.V?
dt
-
v-ix =0
where ¢ and X are the kinematic viscosity and thermal diffusivity‘
respectively.

The stratification will be modelled by a linear gradient

- .
of density, aﬂ/az_ , perturbed by variations, F , due to the

motion of the fluid. Thus,
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Making the Boussinesq approximation and linearizing then gives
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where the static pressure, /0 ;//0 0/2' has been subtracted

and P /J P

The equations are now non-dimensionalized by the following
transformations:

]

LNH &'

fl
o
xl

)
S
L
~N-
&
n
N\"‘S

In chapter 5 the case of an infinitely deep ocean will be



considered and H then loses its meaning. It is not inconsistent,

however, to continue to use it as a simple non-dimensionalizing

parameter.
The following '© | parameters can be defined:
N-—,.—. ‘_g f:[ taken to be 2 x 10-3 sec"l, charac-
/ teristic of the oceanic main thermo-
/o 22 .
cline

S = A/l taken as 1872.4, corresponding to
= %/p* latitude 39°20.5'N (WHOI station D)
and N above

E; e 2 corresponding to an Ekman layer 40 m
EH; thick with H = 4 km

o = fa the Prandtl number.
p &

With these values the velocity scaling is fH = 18.45 cm/sec.

The equations may then be written, after dropping the primes:

-
i $2lx & = ~Up+ ga/c +ED U
st _
—a/-“f: £ p? (2.1)
YIA Ly
Vi =0

2.2 The boundary conditions - the nature of the forcing

The generation mechanism considered will be mechanical and

is expressed non-dimensionally by the boundary conditions:
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2=/ ° w=o, I = '?
27
(2.2)

2,12
where the stress is non-dimensionalized by /’o.JZ f/ £ =
0.0340 dynes cm™2.
. D
To simplify the problem, T is taken as a one dimensional
(in x) stress pattern moving with constant speed U across the ocean
surface. Consequently, it is assumed that 2 =0 . The pattern is

v

described in detail in chapter 4.

2,3 Simplifying assumptions

Probably the most severe restriction on the model is the
neglect of the earth's curvature, i.e., the beta effect. It is well
known (e.g., see Phillips 1966) that internal gravity waves of fre-
quency &, at low latitudes can travel northward until they reach
their so-called inertial latitude given by &Jp = 10’ at which point
they are almost purely inertial in character and beyond which they
cannot propagate. This wave guidé behavior might account for the
appearance of inertial oscillations far from any region of forcing.
The model presented here, as a result of its having no north-south
variation, does not aliow this flow of energy.

For mafhematical tractability;.the basic stratification
is taken to vary linearly Qith depth. In the ocean, this is obvious-

ly not the case. The effect of this assumption, however, does not
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alter qualitatively the conclusions drawn.

Another major assumption regards the role of oceanic tur-
bulence in the generation and decay of inertiai—gravity waves. The
turbulence is modeled as being an eddy viscosity with magnitude
7.4 x 102cm?sec~!. This corresponds to an Ekman layer 40 m thick
at site D and is assumed to be constant with depth.

Siﬁce mechanical forcing is of interest here, the model
allows no thermal diffusion, i.e., &% 0@ . This is not too crucial
in the light of the other assumptions and purposes for studying the

model.
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3. The vertical structure of the motion

The vertical structure of the motion may be determined by
studying the behavior of the vertical wave numbers for all the pos-
sible modes of.motion'of the system. In the model formulated in
Chapter 2, one expects both frictional boundary layers and, far away

from the boundaries, relatively inviscid motion.

3.1 The characteristic equation

Solutions of the basic equations (2.1) with -»@® are sought

~ of the form

ei[éx-fmz—wi')

where & is taken as a Doppler frequency W=UKk. U is a constant
veloéity and will be considered as positive. & , then, is positive
or negative depending on K . Later on, more general forcing functions
will be Fourier synthesized («ao4/z.<oa ) with the above functions.
This form may be substituted directly into the five equations of mo-

tion or the combined equation:

2/2_€Ep?)” o_EV?)y? 7 oY -
at/a’t Ev?) vzga-,as/;t cv.}V, Wfliz . o

where {ﬂ is any dependent variable and V/Z‘-'-' éz‘. . This
oX
results in a sixth order polynomial in 4 :
2 .6 =4 2 2 N L "' .
EM +,E1 +[_/4, 4),¢d;E]m -f[é (S )+Co(3]: 0 (.1
@) 2) 3) “@ ) (e ' .
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dl = "‘ZC.‘&J +34LE

where

oy = —thtltus) 135 k*
i R

oy = —ziwh? +cSLT 4 LE?
(2

A numerical solution of (3.1) for m as a function of k
was carried oﬁt for three values of U (13.411, 54.083, 100.0) and
the results appear in figures 3.1 to 3.6. Since the equation is a
cubic in m2, onl& the positive solutions for positive k are plot-
ted. It can be shown that if (m, +k) is a solution of (3.1), then
(m*!-k) where * denotes the conjugate is also a solution and, thus,
one quadrant suffices to show the behavior of m. To identify the roots
more precisely, the sketch below shows the real and imaginary pérts
of the three wave numbers with negative imaginary parts. The root

labeled m, has a change of sign in its imaginary part at the origin

3

and, hence, is drawn here as being discontinuous in its first

derivative at the origin.

- ——| #¥a

" 'Ml‘:
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Figure 3.1 Rem vy k as the solution of (3.1) for U = 13.411 (2.5 msec—l),
E=10"%, § = 1872.4. :
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(2.5 m sec’l), E = 10’4,,5 = 1872.4. :
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Figure 3.3 Same as 3.1 but for U = 54,083 (10 m sec“l).

The dashed line represents the inviscid wave number.
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Figure 3.3 also shows a plot of the inviscid wave number
m*= éz /?S"“J *)
(w*4)

If the ocean has a finite depth, all six vertical wave
numbers are needed to synthesize a solution. If the ocean is in-
finitely deep (-®< 2 <£0), only those wave numbers with negative
imaginary parts are permitted for a bounded solution as 2 - —-a .

. The discussion.of the roots of (3.1) which follows holds
in a strict sense only in the limit as E approaches zero since U and S
take on values which are not 0(l). Since here E=10—4# 0, the
validity of the arguments presented rests on the numerical solutions.
For the parameter values used, these solutions do in fact substan-

tiate the arguments.

3.2 Properties of the inviscid roots

Consider the roots of (3.1) in the limiting case of zero
friction, i.e., E = 0, The sixth order equation in m reduces to a
quadratic one:
mr= LS —s?)
—_— (3.2)
z
(w™4)
These wave numbers represent travelling inertial-gravity

b 3
waves which will be discussed now. The singular points at W = ¢ re-

quire a non-inviscid resolution and will be considered afterwards.
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The inviscid phase velocity is given by the solution of

A
f-:’?-—wt:o ).Z: Li‘-l-mk-

i'z = ).E (P:&J
t (3.3) -
Cp= 2 X
1xl®

Waves produced by a travelling disturbance moving on the ocean
surface with speed U must have their trace speeds equal to U. By
trace speed is meant the speed with which the intersection point of

: 2. ¥ -wt=(onst
the ocean surface and a constant phase line moves, Thus, - X-& = (ons].
and 2=/ yield /cx-w't-.—o and, hence, U/L “for the
trace speed. This allows only waves for which [/x>o

The group velocity of the inviscid waves is of special

importance and is given by

-—

= 1 [t fora) e - s - wte]]
e (s-4)

(3.4)

e d
This is shown in figures 3.7 and 3.8, Note that /fj /—?o as WJ=2 2

—
It can easily be shown from (3.4) that ‘(‘p'(éq). Furthermore, if

w is considéered positive and since positive m then corresponds
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to waves travelling in the positive Z direction, the familiar
result emerges that the vertical components of the group and phase
velocities are in opposite directions. The following sets of

— -—
arrows indicate the possible directions for ﬁ} and é}

)
™

~H
2

L
SAA

7 @ 2

Combinations (2) and (4) are the only ones allowed here.- Wavés of
type (4) can synthesize a disturbance at the surface or reflections
from the s;rface while type (2) waves represent energy propagated
from the bottom. If the ocean were infinite, only type (4) would
be allowed.

The table below gives the frequencies w=Uk for the first
five normal modes of the system which satisfy the inviscid dispersion

relation (3.2):
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\\\\E 13.411 54,083 100,0
n

1 12,0811 2.0680 2,0192
2 . 2,3296 2.0164 2.0047
3 2,1283 2,0074 2,0023
4 2.0692  2,0043 2.0016
5 2,0435 2,0032 2,0013

As the speed of the disturbance increases, the response will thus
become more inertial. The relation (3.2) shows that W= %2 are
accunulation points for the normal modes of the system,

Finally, the familiar frequency limitation to 4(41"45 is

seen, both in equation 3.2 and figures 3.1 to 3.6.

3.3 The role of friction

The characteristic equation is a cubic in m2 and thus has
three pairs of plus and minus roots. This suggests two boundary
layer structures corresponding to the two viscous pairs of roots as
well as the inviscid pair just discussed.

First consider the effect of friction on the inviscid roots,
i.e., the propagating waves. Inspection of (3.1l) suggests that, for
these roots, m2 be expanded in powers of E:

m*= ), E'tm™)

HcO

(3.6)
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This yields the following equations
0(E®) . wmOt = kP s-w")
(w*r-4) ' : (3.7)

- N . ° L IR 1 - 4 . 4
O(E): W'“‘ = ['Zlbo m® 4 _ ‘.‘é'. (4u"™=S)u'* - 2tk + ¢ %1‘ 1
(w*-4)
: 2
This expansion breaks down when f;a(" /;4456)" is 0(1). As

‘the inviscid wave number grows when Wi 4 , the largest term

. Y
in grows as

— 2t m@?
(w*-4)
W TR '
Thus, when — 2t € = olt) (3.8)
(W*=4)
i.e., when (to"-—4) = O(E '/") the first two terms of the

expansion are of the same order and a new expansion is necessary. The
expansion also is invalid for large values of k, i.,e., for
b= O0(E?). |
Thus,‘waves with non-inertial frequencies and horizontal
wave numbers of 0(l) or less travel vertically for an e-folding dis-

tance of O(E—]"/Z) .

As their frequency approaches inertial, however, the
waves decrease their vertical wavelength, thus allowing friction a

stronger role. The inviscid balance between terms (3) and (5) in

(3.1) and the inviscid expansion (3.6) fail when (3.8) holds. Term
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(2) which represents friction due to vertical shear of the horizon-
tal velocities becomes important. At this point /ﬂ(‘v: OZE—’/‘) and
the previously inviscid root has grown to 0{25"’4& The wave motion
will thus be trapped frictionally in a layer whose thickness is

0E U“) . For E:/Ow# this thickness amounts to one tenth of the
ocean's depth.

Now consider the boundary layer structures. These are the
roots corresponding to the upper two curves in the numerical solutions.
If the wind stress were steady (W=0 ), an Ekman layer of thickness
of O(Em)would be established and this suggests that roots of O(& _I/Lj
be looked for. To do this write

. -/ F m)*
mi= E7' 3 £
n>0 7 (3.9)

which yields the following sequence:
. 7Y G.'
OE: §E 2ims@?_(utq)5™ =0
» ‘014 (’IL y (0)" {IIL')‘géL (’j4
ote) 1 35“gY ATy ;

— ()5 b (au*-S) § 4 ks =0
= |
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(>
and hence, ] =¢(w rZ«)

(3.10)
= 5LV L ha-5) ¥ by k(S
W

29Cf_2i0 5"

lwte)
E

W=0 , this reduces to the steady Ekman layer case. As & be-

7(01'-_.__. Clwt2) means that ¥ L:: For
comes non-zero, the Ekman layer splits into two layers and these
will be referred to as Ekman-Stokes layers. One is thicker than an
Ekman layer ( corresponding to the - sign for & ¥0 ) and one is
thinner (corresponding to the + sign for w9y o ).

For «@7o© , the thinner layer is well described by (3.10).

The thicker layer, however, has a singularity near the inertial

frequency.
TR
As s‘(°/ approaches zero when &= T2 ¥ / behaves
like LL fs_w")
. z
-2t }'(ol
o z
Thus, E,’; 7(01 approaches 0(1) when
r 5
S-wt)
EL*/ = 0d) (3.11)

- 2w s;byf'

-4
i.e., when wl2 = OCE’'*) . At this point M= O(E )
'The thicker Ekman-Stokes layer, then, grows to a thickness

of 0(E1/4) as the frequency approaches inertial and the asymptotic
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expansion (3.9) breaks down. What was a balance between terms (1),
(2) and (3) in the characteristip equation (3.1) must now include
other terms. For AW==0[Z;0§it can be seen from (3.1) that a new
balance among (2), (3) and (5) occurs.

As in the case of the inviscid root, the expansion (3.9)
breaks down for k= OE —//)b.

To summarize the results of this chapter, figure 3.9 shows
the dominant forces acting in the various frequency ranges discussed.

The figure is plotted for U =13.411 and is typical of all three

speeds.
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Figure 3.9 Rem vs, k for U = 13,411. The letters refer to the various
forces acting in each region and are A-acceleration,
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4, The response to an idealized travelling wind distribution

In this chapter is discussed the oceanic response to the
idealized travelling wind distribution described below. The equations
and boundary conditioné are as posed in Chapter 2. Thermal conduc-

tivity is neglected.

4.2 Specification of an idealized stress field for a travelling front

The frontal stréss system to be modelled is one dimensional
(no north-south variation), is travelling toward the east (positive
x) and has an exponential decay of wind speed away from the frontal

line. It takes the generél form
= =~ (%-Ut) = (x-Ut)
toevt)= G e " pix-ut)rle ™ o Farut)

a(—l is the e-folding decay distance of the stress away from the front.
‘It is set equal to 102 (or 400 km in dimensional units). I{ff) is the

Heaviside function:

LIS

- — .
C} and (1 are determined as follows. Far above the sea

surface and in close proximity to the frontal line, the wind velocities

L}

are assumed to be:
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— G ) =
| (Vx| V, ) = Uli-1)
“7{4')

"V’(“J ) V(+) { l/x , l/g(‘*))

)

Uiyi)

)

where , refer to "in front ofh and "behind" the front respec-
tively. The winds 10 meters above the sea surface are obtained from
these_"geostrophic" values by rotating them 22.5° to the left and de-
creasing their magnitude 60%. This simulates the effect of thg at-
mosphegic boundary layer. (See G.I. Taylor, 1915.) Thus, if these

g

near surface winds are denoted by ég

) (7)

(4') (._)

9 sin 22.5°  etos 22.5 l/? *
Then, _; .

!

" = U( 0754, -0.325)
T/;“).-: U (0.325 0.784 )

The assumption that the wind velocities are proportional
to L} , the speed of translation of the system, is to some extent an
arbitrary simplification. A stationary front, for example, can have
a discontinuity in the tangential velocity component.

To determine the stress on the ocean surface, it is assumed
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(4.4)

..—-,' —
where € is the stress T evaluated at X-Ul =0 | /é“, =

1.225x10"3 gm cm™3 and (o is a drag coefficient assumed to be Cp='

: - -t
0.002 (Deacon et al 1956).. (} and (4 are now given by

p—y - -2
C = F . U*x0 [0.6703, /.627¢)

—

2, = T2 yryomt (1.6296,-0.6703)

It will be necessary to know the Fourier transform of the

wind stress:

T) = /coif/';}c".éfc!y
. ‘ -0

[~5] .
| =/ [Z", 6'454/,»')+5€"7/¥/—;)]e"éfe({

-0

= -C_,_ 4 —£_7: = -t'/é:‘l'a{)ﬂ, + ll-1a 6 )
d,tz'lc q/vl-'L L*+d?*

(4.5)

Z'x and 2} as functions of (X-Ut) are shown in figure
4.1, as is |Tx] and sz | as a function of k- (real).

The response will be calculated for three values of the

frontal speed (J :
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-
Figure 4.1a The wind stress ¥ as a function of x-Ut. The

e-folding distance is 100 (400 km.).
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Figure 4.1b -The transform, % , of ? . The maximum of—r” is at
k = 0.00807. The inertial wave numbers are (0.149,
.0 370,0.020) corresponding to the three values of
U: (13.411,54.083,100.0). ~
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_ -1

U1 = 13,411, Udimensional = 2,48 m sec
-1

Uy = 34.083, Ugsnensional = 10.0 m sec
-1

U3 = 100,0, Udimensional =18,45 m sec

Different values of U were chosen to study the effect of
frontal speed on the frequency of the response. U& = 10 m sec”!,
dimensionally, is an average summer-winter storm speed.

The dimensional stresses, in dynes cm™2, corresponding to

these speeds are as follows:

- ->
v Udim Cl dimensional CZ dimensional
(m sec™!) (dynes em—2) (dynes cm™2)
13.411 2.48 (.04104, .09976) (.09976, -.04104)
54.083 10.0 (0.667, 1.622) (1.622, -0.667)
1100.0 18.45 (2.282, 5.547) (5.547, =2.292)

The velocity (J has been used in two ways: to define
the speed of progression of the stress system, and to define an am-
plitude fbr the stress. Within the linear framework of the model,

‘this second use is érbitrary, and the numerical results shown in the
figures can be reinterpreted by any reader who wishes to assign a
different magnitude to the amplitude of the stress associated with

one of the three translational speeds. One other point about this
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stress system is that it models only that part of the atmospheric
winds which are closely associated with the front. For example,

a steady uniform geostrophic west wind could be superimposed if a

more complete picture of the stress were sought. Except for some minor
effects entering through the \/zhlaw in (4.4), this would only add é
steady Ekman layer (with surface current'directed SSE) to the solu-

tions computed here.

4.2 Method of solution for the problem

The dependent variables will be synthesized from the set
of exponential functions discussed in section 3.1. Thus, if Q” is

any dependent variable:

2 (. Ut
¢= 1 fm_q?'&g)e‘[‘(x L
Y 2 A AP |
wt: (4.6
- Flhz)= i $:lE)e mj

J= !
: 4
" The #gs , as before, satisfy the characteristic equation
(3.1). The W field is used here as the working dependent variable

and the other fields can be obtained from it by the relations:

. . bt EXeCS oy
(4,5 e (0,5, B) = [y BME PG
e lliwtEx]) —Cw; X

The boundary conditions (4.2) require that



¢

20 w0 —=» 2 YW =0 37.
/ J=1 le.
(4

=6 - ézj ‘ZA”J' ké. =0

e

J=1 é/«l.u -IE)(J'L)
_ ¢
W o —» Z:' [UJ' N

48

J=!
¢ RS
2=/, ¥ =Tx = Z *‘jffitew’lfzu—- 7x
2 J=1 Je
¢
U =T, > I zimi W Ty
d% J-", k{—iu *Exl.l)
¢ .
wzo = 7 we* =o '
J=t ) )

These equations completely determine the integrand of (4.6)
and it remains only to invert the transform. This was done numeri-
cally and a discussion of the procedure involved appears in Appendix

1.

4.3 Discussion of solutions

The horizontal velocities u and v at various depths for
U = 13.411 are shown in figures 4.2 to 4.6. On the.surface, the
passage of the front is preceded by a non-oscillatory buildup of
velocity, showing no evidence of upstream waves. The fact that the
u velocity is larger .than the v velocity in this region, although
the stress is oriented more in the y direction,.indicafes an in-
completely established Ekman layer’ type siructure. The ratio of u

to v corresponds to the surface current being approximately 38° to
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Figure 4.2 u and v for U = 13.411 (2.5 m‘secpl) and Z = surface. Unity on the
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ordinate is 18.45"Cm‘sec—l. Unity on the abscissa is 1 ocean depth (4 km.).'
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the right of the wind stress (the stress is 22.5° to the right of
the y axis befére the front; see section 4.1). This compares to
an angle of 45° in the steady state case. The-horizontai variation
of the pre-front velocity field is similar to that of the stress field,‘

Just as the front passes, the velocities reach their maxi- '’
mum values. The v velocity field has a strong jump corresponding to
the jump in the y component of the applied stress. The u field simi-
larly emulates the applied stress.

Behind the front the solution is a superposition of an ex-
ponentially decaying field and an oscillatory wake, also decaying in
amplitude. The e-folding distance (100, or, dimensionally, 400 km)
of the non-oscillatory part of the solution is independent of the
spee@ of the front. In this case, V- 13.411, the superposiéion is
most obvious. For this speed, the wavelength of the oscillatory so-
lution is quite short (42.1, or, dimensionally, 168.4 km) and, hence,‘
many wavelengths fit into the region of the non-oscillatory solution.

The frequency of the oscillations is approximately 3%
higher than inertial. Of the three frontal speeds, this case shows
the greatest deviation from the inertial frequency. This is to be
expected from the discussion in section 3.2 of the frequencies of
the inviscid normal modes.

The oscillatory resbonse for all three cases is very close

to inertial. This is because the scale of the forcing-function (see

figuré 4.1) is attuned to forcing waves near the low end of the
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allowable frequency range {245«) < ;FS-) .,  The maximum in 79 can

be shown to occur at .
v /e
_ + ~2 [ Gy+0, !
12 = _»G(I(-/ (/2;§ii:755; —] = CL(DOZﬂ§7

whereas the values of k given by Uk=2 are:

v 3

13.41/ 0.149
fﬂyd38“3 0,370
700.0 - 0.020

For this scale of disturbance, then, the fesponse will be mostly
inertial. To excite waves non-inertial in character, it would be
necessary to have a smaller scale (greater & ) disturbance. This would
move the stress transform maximum to a higher value of k wﬁicﬁ, for
fixed U, corresponds to a higher Doppler frequency.

The horizontal decay of the oscillatory wake at the surface
is more rapid in this case than in the higher front speeds. By this
is meant that thg ratio of the amplitude of the Nth crest after the .
front to the amplitude of the first crest is larger for the faster
moving front. Figure 3.8 shows that the vertical group velocity
increases from zero as the frequency increases from the inertial
value. In this case, the waves are farthest from the inertial fre-
quency and, hence, vertical dispersion of the energy put in at the
surface by the wind stress will be greatest.

The depth dependence of the wavé}motion bears out the ar-

. - b . .on m1 o P R L P e o o I
guments 0oL cndapieer J. 1112 wave 1motLt10il 1S5 aihiodu Clupicecty
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at Z = 0.75 (dimensionally 100 m). The e-folding distance of the
Ell4 layer discussed in chapter 3 is dimensionally 400 m and, hence,

/ .
the motion should be approximately T3,y = zl- of the surface value

82.
of the oscillatory component. Comparison of figures 4.2 and 4.6
shows that this is approximately.so in the computed solution.

The depth dependénce of the noﬁ—oscillatory component of
the solution shows a much more rapid decay. It has virtually disap-
peared at a depth of 2 = 0.975 (100 m) and this suggests that it
is associated with the double'Ekman—Stokes layer discussed in chapter
3. The depth behavior of this near front, non-oscillatory component
of the response will bg treated more fully in the case of'L,= 54.,083.

The case U = 54.083 (10 m sec”!) corresponds to a storm |
speed which is an average over summer and winter storms. The results
for this case are presented in figures 4.7 - 4.10.l

The pattern of velocities is similar to the slower moving
case U = 13.411. The front is again preceded by a non-oscillatory
solution and followed by the superposition of a decaying oscillatory
wake and a decaying exponential.

The surface velocity preceding the front is again oriented
to the right of the wind stress but several degrées less so than in
the slowest moving case. The éngle is now approximately 35° to the
right of the stress. This smaller angle is due to the faster speed

of the storm; the Ekman structure has less time to develop.

The structure of the solutions in the neighborhood of the
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front as a function of depth is shown in figure 4.11 for U = 54,083,
These curves sﬁow that the non-oscillatory part of the solution is
essentially confined to the double Ekman-Stokes layers discussed‘iﬁ
chapter 3. The thickness of these layers is non-dimensionally
§= | =
Yokt
The length scales of the forcing function are 0(102) (see figure 4.1)
and hence, k = 0(1072). .Then, J‘-‘-‘ 0(5’;‘; or for the scaling used
here, a dimensioﬁal e-folding thickness of 40 meters. Put énother ‘
way, the Doppler frequency is close to zero and this results in the
layers being close to the Ekman thickness. One would expect mption in
these layers to be negligible after the five e-folding distances say,
or 200 métérs. This is indeed the case, as is seen in figure 4.11,
The largest part of the total response, then, takes place in the near
surface layers and in the immediate neighborhood of the front. The
oscillatory wake, however, is not restricted to these thin layers.
Since in this case the horizontal wavelength in the wake is
170 (dimensionally 680 km) while the total storm length is around 400
(1600 km), the non-oscillatory component of the solution has disappeared
after two or three waves have passed after the front. The wake regime,
as a result, appears quite different from the slowest moving case
v=13.41l .
The frequency of the waves is approximately 17 higher than
inertial. The horizontal decay of the wave solutions for U= 54.063

. - PR TR . .1 I . P i S
1ls less rapida than 1n tne - I‘J,';l'[' case aie to its
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Figure 4.11 The structure of u and v as functions of x-Ut for variousvalues of Z

near the front. .U = 54.083. The axes here have the same scales aé 4.7,
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frequency and, hence, lower vertical group velocity. The vertical
decay takes place over the upper 1000 m of the ocean as discussed in
chapter 3.

The solutions for the fast frontal speed case U = 100.0
are shown in figures 4.12 - 4.15 and are similar to those for U =
54.083. The ratio of u to v in the solution prece@ipg the front is
the smallest for the three céses and corresponds to an angle of ap-
proximately 30° between the applied stress and the resultant surface
velocity. This non-oscillatory solution again decays in the top 100
meters of the ocean and, because of the high speed, is a smaller part,
spatially speaking, of the total solution than it is in the other)
two cases.-

The frequency of the oscillatory wake is about 0.3% higher
~ than inertial. The horizontal decay of the solution takes place more
slowly than in the other cases due to the smaller dispersion resulting
from the lower vertical group velocity.

The motion is substantially damped out at a depth of 10004‘

meters as in the previous cases.
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Figure 4.12 u and v for U = 100.0 (18.45 m.sec._l) and Z = surface.. Unity on both

axes is the same as in figure 4.2.
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5. The response to an idealized travelling wind distribution; the

case of an infinitely deep ocean.

This chapter treats the reéponse of an infinitely deep
ocean to a travelling.sinusoidal stress pattern as well as to the
idealized front discussed.in chapter 4. The infinite depth problem
is far more tractabie mathematically than the finite depth problem
since, here, only three vertical wave numbers, rather than six, are
needéd to satisfy the boﬁndary conditidns. As a result, more analy-
tical work can be done giving further insight into the nature of the
solutions obtained in chapter 4.

The formulation of the problem has thus far' utilized the
depth H of-the ocean as its length scale. This obviously loses its
independent meaning in an infinitely deep ocean. H will continue
~ to be used, however, and can be thought of in its relation to the
thickness of the Ekman layer, J § and H are related by J=£’/;I.

The ocean is taken as occupying the lower half space

(0£24® ) as shown below

&2

ap D¢
A/ 1 7777777777

~

[11rtpy 20 02727020770

The equations of motion are (2.1) with 0~ @ and the

boundary conditions are as follows:
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Jeo O = Tix-Ut)
7 22

R T f—=0

-
4 will be either a sinusoid (section 5.1) or an idealized

front (section 5.2).

5.1 The response to a travelling sinusoidal stress pattern

s}
Suppose that ¥ 1is a one-dimensional sinusoid travelling

with speed U in the positive x-direction:

.Z:‘__: F oz WA (x—-Ut// =_ (7;,{ Ty ) A consTANT
' (5.1)

Solutions will be of the form

3 G L e
(i, f,p) = S0y, R R e p e o-vt)
J=!
where the }H/:S’ satisfy equation (3.1), xJL = kz-l'“"/"‘/ U-’-U/‘- .
The MJ,SI are such that Im Mjéo to satisfy conditions as
Z-5 -~
The noyth—south velocity V- will be used as the working

variable. Application of the boundary conditions at z = 0 yield

/
the following set of equations for the I{i‘s
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fg\.
x1

. L
p= 2#y

e (-tw fExj")

These are solved by

W - ly[z'ann,n),fy /m3".m;‘)J
M ' D -
g = N [—Lkuzg_n)+7;,(m3*—m,*)]
M;; D - (5.2)
Vs = ¢'§ [ T (1-Y1) - Iy (’”LL"“IL)]
M3 2
- where

mt oy M3

h % %

The solution for the v velocity field may then be written as:

im;2 oL (x-U%)
€
or
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The behavior of /V(@ 2’// as a functi;)n of k and z is

shown in figure 5.1 (with 7x=0 and 7%;[ ) and figure 5.2 (with

Ix = { and 75 =0 ). Note the strong peak just above the inertial

frequency ( le= 5 -0.037). The ocean is thus most attuned to

producing an inertial response when the wavelength of the stress

pattern is in a range corresponding to the values of k discussed

here.
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U = 54.083.
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5.2 The response to the idealized travelling front

For a forcing function more complicated than a sinusoidal

one, a Fourier synthesis must be used:

th &-UE)

o .
o= Vik2)e /A (5.4)
2m ],

where V(3] is the determinant quotient (5.3) in which 7 and 7;

are no longer constants but Fourier transforms of the wind stress
78] A
— - iy :
TUh) = / ri3)e ;a’f (5.5)
-~ 0

and are described in section 4.1.

The nature of the response to this pattern will depend on
the location and type of singularities of Vlél ?—‘) and these will
be discussed now.

It is first necessary to study the behavior of the roots
”9 for those values of Lk in the complex plane such that /Ll<o{5'7@
It will be assumed that values of L beyond this region will not
significantly affect the solu&ion as they correspond to motions with
extremely short horizontal length scales. If this assumption is

made, then, the asymptotic expansions of Chapter 3 are valid away

from the inertial frequency. Asymptotically, then, designate



 m*= dlwrz) poli) 64.
E
: .6
z'h'l’z = t/y_:_l')-f o) © .)
E
ymt = ki(swY) yolg)

(w*4)
M and . #  have no branch .points away from the inertial
frequency with this approximation while 3#4 has a square root- type
branch at k= /?/U . The above expressionssuggest that al.l. three
vertical wave numbers might have branches near the inertial frequency
and it is their behavior there that will be examined next.

Near the inertial frequency, it was shown that four of the
six roots of (3.1) were of O(E-,)/? A good approximation to these
roots can thus be achieved by solving: |

— 200 EmT_(urt)y* t L (S-w?) =0
‘ (5.7)

which are the most important terms of (3.1) near w=12 . This yields:

m* = (W=4)2 Sl 4)* s gl E4M(sw?) (5.8)
—giw E

¢
This suggests that the M#S have branch points when

(w*4) ;f. Siw EleE (S-w?) =0, W Uk (5.9)

Four of the five k-roots are found from the asymptotic expansion

1 sa) ”"’ ] (‘"

=l+E Uk for and are:



+ (1-¢) 2/S4 £ 65.

é.z,‘:. = —2 4 (135) 2 /54 £ (5.10)
v - ] U

These are close to the inertial wave number. The fifth k-root is

far away from t2

v
L. = g +001)

e
S E
which is out of the range of validity of (5.7).

The branch points, (5.10), and branch cuts introduced to

make the roots single valued are shown below

T le
A
L 1 % 6
3 1. ks xﬁ.'
; , —a Lo b
h‘ &y L, &46,

To examine the roots near these points define

o .
ey =P e Y =l 4 o= Uk,
“V /J , I / (5.11)

where
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Substituting these into (5.8) yields the approximations:

near W=-2.

It is now necessary to identify these roots with their cor-
résponding values away from the inertial frequencies. Refer to the .
rough figures in Chépter 3, page 12. Those branches of (5.12) and
(5.13) that, on thé real axis, have negative imaginary parts and

behave like the above figures are:

/By 7 (b
M3=—_/ [%6/2 ‘:T},L/ /+)]

ZEI/;_

¢/,/¢IT Y-8 (5.14)
My = ’Zélh. [ﬁ } rﬁ L )J :
near W#? 42 and
My = | [//, ‘/?*4'1’-/ /-4 [/?/-jf}
3 Z;m‘/,e -V e Il
(5.15)

¢ ff T
=t [ g

Elll. {
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near &=z -2 , The above show that

al /c'-L/ . W’g = -W T M3 <0, T w,720 ,
L:AL M3

L= 43 Iﬂs

u

Mo T 43 <o, Ly 44, <o

’ J
M,

W

y Lt #Mz<o, Jus w, <0 ;

é&/‘q— ’ w} .:—-m,} _Z-m lﬂ3 ¢0/ Im m,)g .

With this information, it is now possible to examine the
singularities of the integrand (5.3). V~ will again be used as
the working dependent variable. The singularities of Vﬁgi}are as
follows:

1. The simple poles of the wind stress transforms Tx
and T? at k=1y.

2. The numerator and denominator of V both have zeroes
when any row or column is a multiple of another. This occurs in
the numerator when any of the roots 509' become multiple roots and
in the denominator when the roots ”y' become muffiple or if their
squares are equal. It also occurs when /—t'wfszjsa. This latter
point reduces the {;é to constants. It is, however, of OWF.9 and,
hence, will be ignored. Both numerator and denominator vanish when
the roots become multiple, and it can be shown that these ( Al and

43 ) are not singular points of the integrand. The zeroes of the
denominator, however, give a square root branch behavior to the in-

tegrand where the roots' squares are equal ( k, and 4; ). Singularities
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at the origin will be neglected; it is assumed that they will con-
tribute only to the steady state response.

The author was unable to find a suitable contour of in-
. . ) th (x-ut)
tegration for all valudes of z. The function € decays rap-
idly in the upper half plane for x-Ut 2o and in the lower half plane

for x-Ufzo . This damping, however, is not sufficient to over-

. timz
come the behavior of ¢ for the roots which behave like
1
mt= L S-ULT)

(U*L*-4)

Some headway can still be made, however, for z = 0, as this

eliminates any exponential behavior in k except for the highly damped

¢l (x-vt) terms and, hence, allows the contours to be closed at

€

infinity.

The contour taken for (X-ut)<0 is as shown

The branch points at /1, :'\vg'/u will be neglected. This is
equivalent to making the hydrostatic assumption in the original

equations (2.1) and, for the scales of motion involved here, is
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justifiable., By Cauchy's integral theorem then,

44 . 1‘/"‘.40 . k; 44.4‘&
L .

y A
[ N O
- /(,—L@ ks

t 55 + = oame Kes)'o’ue [V/ -c'd]

At & :
ke (x-UY '
Because of the factor ¢ % » the integral along R {‘/;}

ﬂ'l /(4-—(.0 k4

vanishes. The integrals around A; and /14 also vanish as /(14—90 .
2

The integral (5.4) then becomes

o L (x-Ut
.r:_[[ vibje 7 dl
2 .,
) 4' é,’(tb L’- ‘o 44 . :
= (Residue [V «a] -1 / ‘ . . ]Ve‘é FJL
Zﬂ— 4,—4‘” h, /‘4 44-1'0

where the integrand, VZ&/ , must be evaluated on the proper Riemann

sheet for each integral, The integrals along the branch cuts were
calculated asymptotically for large values of x-UE (not a severe

restriction considering the large horizontal scales of the problem).

The behavior of these integrals, under this approximation, is such

that the main contribution comes from that portion of the integral

which is very close to the branch points. Accordingly, that portiom .
of Vék/ , say bﬁ , which is singular at the branch point can be

ol
represented in an E neighborhood of the inertial frequency by
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. (32 M,y
V://c) = ¢ ‘72-7'3) (- e mze ' )7,0(53/9
(Mt;;"" mat) (5.16)

ot

near =2 , and

Ville) = = (Tt Ty ) (w1, “ gy e %)

2 ij_ml‘l.

(5.17)

near w=-2 . The remainder of the integrand, i.e., the functions
. L /] 2 ¥t .
involving e t W=l and e at w=-1 , can be shown to be
regular at W=2 and g=-2 respectively.

The details of the integrations around the branch cuts are

relegated to Appendix 2. The 'solution for Vo s

V'(X,f] /Zea/! E”L ,(/X-Ut'l ((’zxfcfl—;;) /f:.x-l-t(’ty}
Vdu-f‘?—( /QIU L( ' (5.18)
LL/}'E

x('/l ’ J/#
/W(x—ut‘) [‘r ) (/‘ )]f /.O/ )

The solution for uUlx £/ is obtained in a similar fashion

- ¢

and is

wlx,t) = Leal g R

k)
¢ [/—(sz' (,"?)7’- ((’z,x ft(’z /]
a/U-/'Z.‘ q’d -2

(5.19)

Cher e
s e NE [onth ~7?/4,/Jf ro( 4, E”*}

JTTU (- ) V
For (x-Ut) 29, the problem is much simpler; there is only

a simple pole in the upper half plane:
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Again because of f‘k aduﬂ, Il"bo’ the integral along R

vanishes as R0 and the residue calculation yields

12 _qte.0t)
é

V" (x, t)=Keal )-E (-Cixtcly) - (Cix+0C o) [ ( yOLE)
z /-dU+L’ ol -2c (5.20)

. ) _
ubnt)=Leal | -c€ 12 A b= ) (-C1x n'é?) £ (Cy ft’{c;)]f +OUE)
2 S0+ V=gqU-2¢ (5.21)

These solutions are shown in figure 5.3 for U = 54,083.
The first two terms in (5.18) and (5.19) represent the decaying ex-
ponential component and the second part, the decaying oscillatory
component of the solution. Comparison of figure 4.7 with figure 5.3
shows that, away from the immediate vicinity of the frontal line, the
asymptotic solution agrees well with the numerically integrated
solution.

The exponential component decays as the stress does (e-
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a first approximation as /Jx-ut

The Doppler frequency of the wake may be computed from

(5.10) as the solutions behave like 3‘6{

) N7 =uk, = 2+ (_/;t’/ z____/.f—4 E”"
Vo v

The wake frequency is above the inertial frequency by the

A = [2(5-4)E

U (5.22)

amount

For the three front speeds (13.411, 54.083, 100.0) this

amounts to the following percentages above the inertial frequency:

v 4u

2
13.411 2,28%
54.083 0.56%
100.0 0.31%

The dependence of AW on the square root of the eddy viscosity points
clearly to a quite different mechanism than is given by inviscid
theories for this phenomenon, e.g., the planetary dispersion mech-

anism described by Munk and Phillips (1968).
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6. Comparison with a simple model and conclusions

6.1 Comparisons of solutions with the Pollard-Fofonoff model

.

This section compares the solutions obtained in Chapter 4
with those obtained with a more simple oceanic model proposed by
Fofonéff (1968) and applied by Pollard and Millard (1970) to cal-
culate the oceanic response to some actual wind systems at site D.
The forcing used here will be the travelling front discussed in Chap-
ter 4. Their model assumes that the ocean is characterized by a
homogeneous surface layer, several tens of meters thick, in which
the motion is uniform both horizontally and Qertically.

Dimensional Qériables will be used throughout ghis section.
The equations of motion averaged over the homogeneous layer are
taken as

éﬁ: + 1PAE.xZi = 25?-C?EZ
at ' (6.1)

1

where 1? is the Coriolis parameter (equal to 0,92 x 107 *sec”! at

site D) and F; is the wind stress applied as a body force over
the layer. ch is the frictional stress across the bottom of the
homogeneous surface layer and is used to roughly model the disper-
sion which is formally prohibited by the requirement of horizontal
~ and vertical homogeneity in the velocity fields.

-

It is now necessary to determine F for the stress dis-

“tribution discussed in Chapter 4.
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/040‘ Zo (6.2)
where

density of air (1.225 x 10 gm cm™ )

D~

s 2
b

" I

drag coefficient

density of water (1 gm em™ )

>
%
n

2 = thickness of the mixed layer (taken as 40 m)
-
VvV = wind velocity near the sea surface,

For the front, this becomes (in dimensional notation):

/E-"-— 244—x10"’u

[/o 276, 0666}3 y/t/,p/o 6éé —ozu/e ,g//t/]

where 7
X = 0.25 x10° Cm'

U = 248 10?2 oR /.é’f.f,wo’c“, 5«"

The ocean surface sees the front passing and this appears locally
as a time series of wind stress. The model assumes that this
time series is without horizontal variation.

The solutions of (6.1) are easily obtained and take the

general form

t .
o . tifee)e-t)
wlt) = (Real, Iwg.)/’f e [5:{3)4"5 ()] dr

-t
For the /[~ distribution above, this reduces to
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t<o: &lt) = (beal) Tuas.) Are u
! Cf+CrarU

i

L yo: Wlt)= (Leil [ A } (6.3)

*dU) (f +C-aU)

e + Az
(tf+c—dU)

t=0 corresponds to the frontal line 'passing' the

—(if+e)t p ~AYE f

fixed observation station (site D, say). The numbers /4/ and /4;_

are '

[0.276 #¢'D ., (6L )z4¢,r/0 '(‘U *
Z,

A, = (0666 0.27¢) 2.44 yr0™°

Zo

-
u ('t) was calculated for the three values of the frontal

UZ.

speed of translation U (2.48, 10, and 18.45 m sec™!) and also for
three values of the damping constant € (1, 4, and 8 days). The
results appear in figures 6.1 through 6.9.

Comparison of these solutions with the results of Chapter
4 for Z=/ shows similarity in the gross features of the motion
but quite a few differences in detail. Perhaps the most significant
difference in the solutions is the failure of the layer model to
predict the spectral peak slightly above the inertial frequency;
for all three frontal speeds, the wake frequency is exactly inertial.

The Austausch model does predict a frequency slightly above inertial.
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Figure 6.6 The same as 6.4 but ¢ = 8 days.
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Before the front ( T<s ) the velocity field in the Pol-
lafé;Fofonoff model is exponentially decaying but is directed much
more to the right of the stress vector than it is for the surface
¥Velocity in the Austauxh model. The angle between the stress vector
and velocity vector in front of the storm as given by equations

(6.3) as well as the approximate values in the Austausch model are

shown below:

U(cm sec™ 1) 248 1000 1845
C
(days)
1 ) 79.1° 68.2° 57.9°
4 85.2° 73.2° 62.0°
8 86.2° 74,0° | 62.8°
Austausch 38° 35° 30°

This greater angle is at least partly due to the fact that/
in the layer model the mass transport over the homogeneous layer
rather than only a surface velocity is being calculated. In the
Austauch model, the velocity field integrated over the depth of the
Ekman layer would be more to the right of the stress vector.

Another difference between the two models is the ratio
of magnitudes of the near front solution to that of the oscillatory

wake. In the Austausch model, the surface velocities near the front
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are appfbximately twice as big as the wave amplitudes one or two cy-
cles after the front. This is only true in the layer model for the
highest value of the frictional coefficient (C = 1 day). The oscil-
latory field in the layer model generally has a larger amplitude
than that of the Austausch model.

The similarity of the results from the two models can be
interpreted as providing some theoretical justification for the simple
layer model (at least if one believes in eddy viscosity!), and per-

haps it is best to emphasize this aspect of the comparison.
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6.2 Conclusions

It has become clear that atmospheric wind systems can be -
reéponsible for a large portion of the inertial motions observed
near thé ocean surface. The model presented in this paper, which
includes both frictional and dispersive processes, gives wind gen-
erated inertial waves with velocities of the order of 10 cm sec™ !
and with frequencies a few percent above inertial. The relatively,
realistic forecing function treated thus produces waves which resem-
ble quite well those observed in nature.

Waves geﬁerated locally by an isolated wind field can de--
céy horizontally in essentialiy two ways. The first is by dispersion
of energy horizontally and vertically away from the forced area; the
second is by forced destruction of the wave field by other wind
fields. These mechanisms must be able to explain the observed-per—
sistence times which are of the order of one week. Figure 4.2 shows
that the slowest moving front (2.5 m sec”!) has a wake which decays
in just about this time scale. Tomczak (1969) presents some data from
the western Baltic (see figures 6.10 and 6.11) which shows horizontal
decay rates (see records from 32 and 38 meters around July 1 and Aug-
ust 21, 1968) very similar to that of the near surface solutions for
U=2.5m sgc_l. Atmospheric fronts passed over the obéefvation site

on June 28 and again on August 20, 1968. It seems possible then, that

under some circumstances, dispersion and viscous decay could
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explain the reported persistence time. The reader should compare
this result with Pollard (1970) who found slower dispersion rates
but with é different forcing function. For the faster moving fronts,
the horizontal decay is less rapid due to the lower group velocities
associated with the waves' increased closeness to the inertial
frequency. It is unlikely that these oscillations could decay by
dispersion before other wind fields came along. This second mech-
anism, that of forced destruction by a new wind field would then be
the main agent of decay.

The depth dependance of the waves produced with the modei
is such as to confine the motion to the upper sever;l hundred meters
of the ocean. The solutions of Chapter 4 show approximately a
90% decrease in wave amplitude between the surface and a depth of
1 km. Thus, very high surface velocities of 50 cm.sec.—-l say,
would correspond to motion at 1 km. of only 5 cm.sec.'—l This depth,
1 km., seems to be the limit to which wind induced inertial motion
could penetrate with a measureable amplitude. Motions below this
depth must come from other sources. It can also be concluded that
inertial motion produced at the ocean bottom would only penetrate
upwards a distance of approximately 1 km. These statements are of
course based on the model presented and would have to be modifieé
by Athe inclusion o.f the ﬂ effect or a variable Austausch coefficient,

It seems possible but improbable to the author that a variable f
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would allow inertial waves to penetrate deep into the ocean. This
opinion is based on the discussion in Chapter 3 of the effeéts of
friction on waves with near inertial frequencies. A variable eddy
coefficient could allow deeper penetration since the coefficient
would be expected to diminish with depth away from the surface

layers and, hence, degrease the frictional effects. The constant
value assumed here ( ~ 103) is appropriate to the surface layers.
Aside from the problem of inertial motions at great depths, however,
this Austausch model gives a realistic picture of the inertial motions
in the upper layers of the ocean. For waves occuring at great depthé,
the hypothesis suggested by the above conclusions is that of wave
generation within the body of the ocean, away from both the surface
and the bottom. Possible mechanisms might be instabilities or
adjustments associated with essentially geostrophic flows. An
alternative to this mid—depth forcing is the global generation
mechanism and this would require a generation mechanism for large
scale internal waves (w not close to f) which is, at present, not

apparent.
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Appendix 1. Discussion of the numerical procedure

All éomputations were done on an IBM 360 at the M.I.T.
Information Processing Center and consisted of .the followiné steps:

1. The roots of equation (3.1) were solved iteratively as
functions of k using Muller's method (the program is contained in the
MIT subroutine library). The k—grid spacing was variable with k and
was arranged to give minimum spacing near the inertial wave number

2/U; it is a given in table A.1l:

U k-range number of grid spacing
) grid points

13.411 0 - 0.144 25 0.576 x 10-2

=0.149) 0.144 - 0.167 175 0.131 x 1073
~ 0.167 - 0.227 75 0.214 x 1073
0.227 - 0.700 50 | 0.946 x 1072
0.700 - 1.10 125 0.32 x 1072

1.10 - 9.9 50 0.178
54.083 0 - 0.031 10 ' 0.31 x 1072
¢=0.0370) 0.031 - 0.055 390 0.616 x 10-*
0.055 - 1.055 50 0.2 x 107!

1.055 -10.055 50 0.2

100.0 0 - 0.019 50 0.38 x 10 3

¢ = 0.02) 0.019 - 0.023 200 " 0.2 x 107%
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0.023 - 1.023 200 0.5 x 1072

1.023 -11.023 50 0.2

For all three cases, 1000 k points were used, 500 for
k » 0 and 500 for k < 0. In the above table only k> 0 is pre-
sented; the points were symmetric about k = O.

2. The roots oBtained above were then substituted iﬁto.
equations (4.8), the transform variable. ﬁe calculated using (4.5)
and the resulting sixth order system of equations inverted for each
vélue of k. The coefficient>matrix is rather ill-conditioned due to
the different orders of magnitgde of the vertical wave numbers, ”v .
To avoid computational problems, the wave numbers were identified
with the top or bottoﬁbboundary (Imag m & O on top and Imag m » O

Comy (-t
on bottom) and the exponentials in (4.8) were then written as & J )

- ‘.M'
(upper boundary term) and € /E (lower boundary term). Terms

t’M" ‘z
like (A become very small as z approaches 1 and are ne-
glected in the calculations. Physically, this procedure amounts to
neglecting the influence of the top boundary layer near the bottom

of the fluid and that of the bottom boundary layers near the top of

the fluid, when [Zwm “fl is large.

3. The.solutions, kg , of (4.8) were converted into UV R

/. and ﬁ;j by (4.7) and these were then placed into (4.6) and
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integrated over a finite range in k. The cut-off value of k was

determined by comparing the integrand, for the case U = 100, to a
test function of k which was always bigger than the integrand and
which was known analytically and? hence, could be integrated. The

10, was much less than

error in this comparison, using k ut-off

1%. The value k = 10 corresponds to a wavelength of 2.51 km. and,
judging from the scale of motion in the solutions, seems to have been
large enough.

Difficulty was encountered in integrating by Simpson's
rule the function (U}V;ﬂ) e ‘hk x-Ut) for large values of x-Ut
due to the high frequency of its oscillations; with such a high
frequency the integrand is aliased by a fixed grid space. The
difficulty appeared as a failure of the solution to satisfy the finite-
difference test described below. To correct this the integrand
was approximated by a linear function between grid points and the

integral for u, say, calculated as follows:

L.
’ o LL Joo 7| .
i =_/f Ue“Tdlz 4 5 / (aj bt by)e T
LA 2T ;= -499 ki_,

= > o hi
Zé‘.,é;qq [ /f -f!" - / 7)]
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The integration for u, v, and /9 was carried through for
the various values of x-Ut and z shown in the solution curves»of
Chapter 4,

In the casé U = 100, a finite difference scheme was used
to test the accuracy of the numerical solutions in satisfying the
equations of motion and the boundary conditions. A horizontal grid
interval of 100 m. and a veftical grid interval of 1 cm. was used
with'points at and near the surface. The errors in the various
equations, defined as the ratio of the residue of the equation to

the largest term were as follows:

u—momeﬁtum eq'n., 27
v-momentum eq'n. 3%
w-momentum eq'n. 0.6%
continuity eq'n. 0.2%
density eq'n. . 0.1%

The boundary conditions were satisfied to within 1%Z. The boundary
conditions were tested in the other two cases and similar accuracy

was found.
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Appendix 2 Calculation of the branch cut integrals of Chapter 5

A-2.1 Evaluation of an integral used on the branch cuts.

It will be necessary to evaluate the integral

:r/u)--/%»a»)e'f“"a#
A E‘ A-2.1

where #70 and 40[1&/ is regular and bounded for OS4 <@,
L(v) will be evaluated asymptotically for large # using
integration by parts following Copson (1965), p. 21 ff. For

any function i{ﬁu} :

y R TN LA bo;/ p
f%/fwafw[g; )¢ I v%}] #(-1) /co ) du
& e a a

were @ " denotes 7P ana T ffu)- [ Lot
cab&" O

Y2
T4 4y [ 0" s 4

where A 1is arbitrary. Here,

éopson shows that

fi)= e
/( /;
so that.

)= U7 [Cphil, vt
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n-0! U n+l-1

Since 14 ¢(”;/¢) f[u} =0

00

N-{
Ily) ’fb%ie y/ud/" =L ¢(;‘:) Tln+3) p ity a2
b Vae

Azo d
n!lo”?:

As(,/\/ ® Wi .
B = 0" [oWrrf ol )

o
(SEE COrsen)

If the approximation is carried only to the first term:

Tl) = Plo T V)
z () NIy éb‘(LJ )

V271 A-2.3

A-2.2 Evaluation of the branch cut integrals.

5.16 and 5.17 show that the integrals to be evaluated on

the branch cuts are of the general form:

o ik
< - 1 [Flwme” T AL oy
{1 3Ms O3 -T Zﬁ'c min’®
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where F/U'invqlves the stress transforms and m and n are two

of the roots of (3.1). 5.14 and 5.15 allow m and n to be

written
ont B= -T m = o/&-é/éé
n-= J’o. "‘56
ont Oz 3T m= -—afa-!/éé
' 2 n = ra, o &é

where A vanishes at the branch point (e.g., &~ _{ﬁ-y_
ZE,/L
“on O= "-;—T ) and d//‘/d',/wﬂJ are either #/ or —~/ K

for m3

A-2.4 becomes
4 J hy-ce '
[ F lao+44)e“ 3l +/ £ (e 484 )e" §J7
hepe 2 é:/z— rd)ab ky ~2(erp+¥d/ o b

('4d

since the integral around the small circle vanishes in the limit

of zero radius.

: I:_I'—[aa .
= A _pF e%ide
2Ty & lp-d8)
Now, ’ w—wJ': UA- Uél.g-‘: '/. on ﬁ: -TIT

k‘.’-é"' —‘Z'. = ki - ¢ 4_—5_-_4’.
U v
from 5.14 and 5.15. Define a‘=/u,. and ';455;___ o
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‘ Vs @O
Then, I-= __{é_ 4E € e‘é’ ?/ Fe ’//"44.,
(afp-¥8) U nﬁ?

Using A-2.3
= £ €"e YF )
(d/" af) /_.”:.J?—, A-2.5

A-2.5 may be used as a formula to compute the contributions
from the integrands 5.16 and 5.17 along the various branch cuts.

These contributions sum to ¥

¢ = [ + [ ,/L /lf ..¢ /( ,.,]'/el“Yf
(% (P Ut)

d W&

-~ — d : _

" From 5.10, l‘l = "/‘4 and from 4.5 7-/4/3 7 (‘Q/)“ s CONTUGAHTE,
. ) — X - I

Using the fact that T//&q): T/—LzlfO(E /, ¢ becomes

Vs 4 e TE R )Ty )]
| /TU t-ut)
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