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ABSTRACT

A higher order closure turbulence model, using
the full level 3 equations (Mellor and Yamada, 1974;
Yamada and Mellor, 1975) is described in detail. A new
formulation for the length scale, %, which appears in each
of the modeled terms, is employed. Egquilibrium boundary
conditions for the second moments are applied at the
lower boundary.

Day 33-34 of the Wangara experiment is simulated.
Surface temperature and mixing ratio are predicted with
a ground thermodynamics model. The effect of the inclusion
of the Coriolis terms of the second moment equations on
the results is evaluated and is found to be smail.

The similarity functions A, B, C, and D are

evaluated. Vertically averaged variables are used in



the deficit relations (Arya, 1977, 1978). With this
formulation, the similarity functions C and D are found to
be equal in the unstable boundary layer. 1In the stable

boundary layer D appears to be smaller than C.
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1. INTRODUCTION

The random nature of turbulence makes the stuay
of turbulent flows difficult. For this reason, it is
convenient to use a statistical approach to turbulence
problems, based on the concept of ensemble averaging. An
ensemble average refers to an average taken over a collec-
tion of an infinite number of observations for which the"
mean conditions are identical. Due to the randomness and
irregularity of turbulence, the details of each realization
are different even though the mean conditions are the same.
It is impossible to obtain an ensemble average from real
atmospheric data because mean conditions are never identical.
Certainly it is not possible to obtain an infinite number
of instantaneous measurements over which to average.
One must adopt an ergodic hypothesis, that is, an assumption
regarding the equivalence of different types of averages,
to establish the equality of an ensemble average over an
infinite number of observations with a time average over
an infinitely long averaging period under conditions
of stationary flow (Lumléy and Panofsky, 1964; Busch, 1973).
A finite averaging time will yield an estimate with an
accuracy which increases as the order of the moment being
averaged decreases (Wyngaard, 1973). For the time scales
involved in atmospheric turbulence, it is possible to relate

ensemble averages to measurable time averages.
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The statistical approach, however, results in a
situation in which the number of unknowns exceeds the
number of equations. It is necessary, therefore, to make
simplifying modeling assumptions in order to obtain
closure.

Mellor and Yamada (1974) describe a hierarchy of
turbulence closure models. Based on a systematic simplifica-
tion of the appropriate equations, four model levels are
produced. The most complex (level 4) model requires the
solution of prognostic simultaneous partial differential
equations for all of the components of the Reynolds stress
tensor, tihe heat flux vector, and the temperature variance,
as well as for the components of the mean flow and the
mean potential temperature. If water vapor is to be
included in the model, additional equations for moisture
variables need to be solved. The most simplified (level 1)
model is a set of diagnostic algebraic equations correspond-
ing to a mixing length model. The level 3 model, to be
used in this study, represents an intermediate degree of
complexity. As shownby Mellor and Yamada, the choice of
the level 3 model represents a compromise between the small
increase in relative accuracy obtained with a level 4 model
and the resulting large increase in computation time.

The level 3 model is a subset of a group of
models called Mean Turbulent Field (MTF) closure models

(Mellor and Herring, 1973). MTF closure models consist



of two subsets, Mean Turbulent Energy (MTE) and Mean
Reynolds Stress (MRS) closure models. Because the
turbulence energy in level 3 is calculated prognostically
while the individual components of the Reynolds stress
tensor are calculated diagnostically, the level 3 model
falls into the category of MTE closure.

Yamada and Mellor (1975) use the level 3 model
to simulate the Wangard boundary layer data. The present
model differs from Yamada's and Mellor's model in several
important respects:

i) A ground thermodynamics model predicts
the surface temperature and mixing ratio.

ii) The full level 3 moisture equations are
employed.

iii) Equilibrium boundary conditions for the
prognostic turbulence variables are applied
at the lower boundary.

iv) A new formulation for the length scale, %,
is used.

v) The Coriolis terms are included.

vi) A 5 second time step and a staggered grid
system are used.

The model is used to simulate Day 33-34 of the
Wangara experiment, and the results compared to those
of Yamada and Mellor (1975). The effect of the Coriolis
terms on turbulent fluxes in the PBL is evaluated by
turning these terms on and off in the model and examining
the results. Finally, the functions A, B, C, and D of

similarity theory are evaluated.

14
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2. DEVELOPMENT OF THE BASIC EQUATIONS

2.1 Equations for the Mean Variables

The variables of interest are the velocity com-
ponents uy (i =1,2,3), potential temperature &, pressure P,
and water vapor mixing ratio R. The basic equations govern-
ing these variables are:

Continuity equation

Buk _
;;; =

0 . (1)

Momentum equations

Ju. Bul 1 3P 3 ou.

B == = = — 2 4+ Bg0S, = e., £ U, + Ve (xzD)

t Tk 3% by 0Xj 3 ik kYL 3%, 0%,

(2)

Thermodynamic energy equation

30 30  _ ) 90
3t Y% 3x, - Froax, ax) O (3)
Water vapor equation

oR 3R ) R .
R,y 2B -2 (3R, (4)
at k Bxk Bxk axk
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where B is the coefficient of thermal expansion,
fk = (O,fy,fz) is the Coriolis parameter, v is the kinematic

viscosity, k, is the thermal diffusivity, p is the density,

t
n is the kinematic diffusivity for water vapor, and 0 is
the longwave flux divergence. The Einstein summation con-
vention is employed so that whenever an index is repeated
in a term, summation is implied. ejkl is the alternating
unit tenéor and Gij is the Kronecker delta.

( 1 if j,k,2 = (1,2,3), (2,3,1), or (3,1,2)

ejk =< 0 if any index is repeated

-1 if j,k,2 = (3,2,1), (2,1,3), or (1,3,2)

0 if 1 # 3

* 1if i = j

The effects of evaporation and condensation of water are
not included. The Boussinesq approximation, in which
density is treated as constant except when it is multiplied
by g (in which case it is allowed to be temperature
dependent), has been used (Busch, 1973; Mellor, 1973).

Each variable can be represented as a sum of a

mean part and a fluctuating part.

(4a)

O =0+ 6" (4b)
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P=7P+ p' (4c)
R=R+ ' (44d)
The overbar signifies an ensemble average.

To obtain equations for the mean variables, average equations

(1-4) .
o5
a—ﬁi+i—['ﬁﬁ +u‘u']--l—- 3§—+sgé‘a - e.,. ., f U0
ot 8xk jk i~k o xJ 3j jk27k
, 9,
+ Ve ( ) (7)
axk Bxk
30 3 — = ., —=T 3 30
a t— [1,0 +uW6'] =k, =— (=) + 0 (8)
t axk uk uk T axk Bxk
R yd = — ) 3R
= + 5s— [Ru +r'u'] =n =— (= (9)
t 7 Bx, k Uy 3%, 0%
2.2 Equations for the Second Moments

Equations (1-4) contain second order correlations
of perturbation quantities of the form u%uﬁ. In order

to evaluate these second moments, first obtain equations



for the fluctuating components by subtracting equations

(6-9) from equations (1-4)

]
_3_1.1_}5=0
Bxk
ou' 3
] ] ] Pyl T3 '] =
5T + 3;; [ujuk + u Uy + u up ujuk]
aul
1 3p' 9 (__J
- = 9P 4 Bg6 'S €., E.u! + v ( )
Po axj 3J jkL"kL Bxk axk
_8_6'_ __3__—, Uy 141 - TTTAT] = __3__&
£ F oo [0 wo +oud k91 = Ky 5 5D
k k k
_3_1;_'- _3__—', ' 1yl o 75T = _?____?E_'_
9 + axk [ukr + ukR + ukr kr ] n Bxk ( xk)

To obtain an equation for uiug, multiply equation (1l1l) by
i

u! and use the continuity equations (6) and (11)

ou!
1 J ' d b ' -
ui e toug 5;; [ujuk + ujuk + u! uk uJ k]
= -y 9 (EL) + Bgu!e's - £ us ‘u
i 93x., 'p i 3. sz k 2
3 o ]
3 su’l
' — _—l
U o3x (Bxk) :

(14)

Using equations (4a-4d) yields

(10)

(11)

(12)

(13)

18
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A second equation is then obtained by switching the indexes i
and j in equation (l14). Adding this equation to equation (14),
and using continuity and averaging, yields the prognostic

second moment Reynolds stress equations:

ou ou.
3__ T 1 o e SORS RYE] 1 v
ot (uiuj) + Uity axk + ujuk axk Y 3 (uiuj)
3 YRR ETIS 3T T
+ =0 (ufuiy') = Bgulo's + ul6's, 1
Bxk i juk 3] j 3l
u/p’ u!p'
d i ) j
£ f . ulu e.. £ . utarl ( ) - ( )
jkL7k 174 ik27k7) 2 axJ po axi po
au.! ! su'lu’ 3u! Ju!
+ B (g—i + 3—1) + v aa ( al 1)y - 2v 5.& 5—1 .
po xj Xy X X Xk *x
(15)

Equation (7) requires that the second moment
uiuj be known in order to find Hj’ Equation (15), an

equation for ulul!, contains the third moment uiuiuﬁ. An

1]
equation for the nth moment will contain a term with the
(n+l) th moment. In other words, the number of equations is
less than the number of unknowns and the problem is
not closed. In order to obtain closure, the unknown moments
are parameterized in terms of known quantities. This

parameterization is, however, an approximation. The

approximations are not necessarily more physically valid
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than parameterizations of second moments in terms of mean
quantities, as in less complex models. However, the fact
that the approximations are made at a higher order allows
one to hope that the results will be less sensitive to the
parameterization. The results of models using this higher
order closure technique support this notion.

™a! represents a flux of j

In the case i # j, Pl 3
momentum by the i turbulent component. The interpretation

of the terms of equation (15) is as follows:

3
ot 173

represents the local time rate of change of the
enserble averaged turbulent momentum flux ulul
(normalized by density) 13

ey 25 oy 2
Ui% 3%, Touyu 3%,

represents the mechanical production of Reynolds
stress due to an interaction of the mean velocity
gradient with the Reynolds stress

3 (grur)

o M Uity

represents advection of Reynolds stress by the
mean wind
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R —
X, (ujusu)

is the triple correlation term which represents
the turbulent flux of uju! by the fluctuating
component uy (i.e., turbulent diffusion)

]

5T 5T
Bg[uie 63j + uje 63i

represents the bouyant production (or destruction)
of Reynolds stress

T T2 1 b ey
€k kil * €y iy

represents the effect of Coriolis forces on the
Reynolds stress

1 ] — 3 —
— [z (u!p'") + z=— (ulp")]
pO axj i axi j

represents the effect of the pressure perturbation-
velocity perturbation correlation on Reynolds
stress destruction

@
w
@
b

S
A.E
+

[}
-

is the "energy redistribution" or "return to isotrcpy"
term representing the way the pressure-velocity
gradient correlation distributes energy among the
three energy components
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5 Suiu' aui su'
Vg () - g g
K k X

represents the viscous diffusion and viscous dissipa-
tion of Reynolds stress

In the case i = j, equation (15) is an equation for

the i component of the turbulence energy. Summing the

individual components, with q2 z u!

iz, gives the turbulence

kinetic energy equation.

3 2 851 _ s q2 u!2
3t (@7/2) + ujug ﬁ;*%a—g‘ﬁ * (ug ——

= BquToTs Ui gpt 3 5 g2
TR ST AR CF
po i xk xk
ou’ au’
= T (16)

The Coriolis terms do not appear in equation (16)
because the Coriolis force cannot contribute to the total
turbulent kinetic energy. Likewise, the energy redistribu-
tion term of the Reynolds stress equation is not present in
the total kinetic energy budget because its role is to
redistribute energy without contributing to the total.

The interpretation of the terms of equation (16) is

analogous to that of the Reynolds stress equation.
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To obtain an equation for the heat flux vector
uie', first multiply equation (12) by u% and equation (11)

by 8' and average to obtain

) Yy 3
9 /TvETy - v 21 9 I3 T T 2y by v o
T (uie ) G 5E + axk [uku36 + ujuﬁ 0 + u&uke ]
ou’ ou’ ou’ —_——
-3 T g —d - i 2 98'
R T A T S I (05 )
su!
= Ky ge' 3 ' 1
*x
and ,
] 31.12! 0 by TRt P prow e byt e o Py ] a6
5] 5T = - -s—x-]: [ujuke + u]e uk + ujuke ] + uj \Jk 53(;
—_ 08" 96" 1 op 2
+ u! =— 'u! =— - — 8! + Bgo'"S§
Yy 3 Bxk juk Bxk s axJ 33
3 u. Ju. 38"
€., £ ul6' + v — (9" ——l) - v o—t .
jk& kL Bxk axk axk axk
(18)

Adding equations (17) and (18), and using continuity,

yields the desired heat flux equation:

—_— u!
3_ I ey g7 T35 Y - v 98 | v J
N (uée') + 8Xk [uk uje + ujuke kT uj axk v 06 ]
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l_ _L gt TaT — 02 _' i@_
+ 5 T (p'oe"') + €Jk2fku29 Bgb 63. + 5 <
o J ] o J
oul . - du
- 1 938 _ g 99 _ T 3
(kT + V) X X ujuk 3 uke 9xX )
k k k
(19)
An equation for the potential temperature variance 6'
is obtained by multiplying equation (12) by 6', using
continuity, and averaging.
202, 3 w4 we?] = - 25msT 28
3t %, 'k Uk % e,
1 t ]
+k ) (86 ) - 2k 30 36 (20)
T axk Bxk T axk axk

The terms of equations (19) and (20) are of the same form

as those of equation (15). Their interpretation is analogous.
Equation (9) requires the turbulent moisture flux

ngT. An equation for E;fT is obtained by multiplying

equation (11) by r' and multiplying equation (13) by u%.

Averaging these equations and adding them yields:

3_ (afr') + 2 [a,u’rc’ + utw'r' - nu! LESN Ezi ]
ot "] L 3% 3 %y 9%y



1l ] T ap?
+ — =— (p'r'") + e., £ ulr' = Bgr'e’ § + B 2
g axj k27k R 3j s xj
ou! = du
or' 9R
- (n+v) 1 or _ u_l"l' - T J
5%, 0% 3% 3%, kT 3%
(21)

An equation for the potential temperature-mixing
ratio covariance 8'r' is also necessary because it appears
in equation (21). Multiplying equation (12) by r' and

equation (13) by 6', averaging, and adding yields:

I — 3 3" 56"
=7 (8'r") + =— [u 6'r" + 0'6'r" - n6' =— - k,, ' 1
3t 3%, Y k 3%, T 3%,
36' or' ——— 3R —— 30
= = (n+kg) 53— 55— - Up8' o= - Wr' e (22)
T 9%, 3% 3%, Uy 3%,

An equation for the mixing ratio variance, r'", is
obtained by multiplying equation (13) by r'. After using

continuity and averaging:

. (23)
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3. MODELING OF THE EQUATIONS

3.1 The Modeling Assumptions

It is necessary to parameterize the unknown variables
of the equations in order to obtain closure. It is also
desirable to neglect small terms that do not affect the
results so that unnecessary complexity is avoided and
computation time is minimized. The system of equations con-
sists of equations (7-9), (15), and (19-23). These
equations are summarized in Table I. The terms to be
modeled have been doubly underlined. The numbers
associated with each line correspond to the numbered modeling
assumptions which are collected into Table II.

The modeling assumptions in Table II are of two
types. The first type concerns terms containing unknown
variables, i.e., variables for which there are no equations
in Table I expressing the variable in terms of only other
known variables. The parameterization of these terms is
required by closure considerations. The triple correlation
terms are of this type. The other type of assumption con-
cerns terms which are known (in terms of other variables)
but are small in the planetary boundary layer (PBL), or
are difficult (although possible given the set of equations
in Table I) to evaluate and are assumed small in the PBL.
The Coriolis terms are of the second type. They have been

neglected in the models of Mellor and Yamada, 1974, 1975,
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Underlined terms have been modeled.

The numbers correspond

to the order in which the modeling assumptions are listed
in Table II.



(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

30
Table II

Modeling Assumptions

Ty _ 2 T AT T s
S—;:‘(Miu’-'kl,")_—_ s;*[_zx'(‘a/ucﬂ‘a ;‘u‘/“k 7 Mo )]

Yt ———— +

o

. / ' ’ y
Sqradu Mg + €y  RIPP

’
SUR PR €Cone fpe thi'ut]

P' DM-' []
—_— ¢ 3 A - -
(——'. + 3 = _—1( ! ’ 8‘., z) « C 2 :“s*?M{)
2%y Ix¢

! 2
2V QD ! 2z ? N
AXx Ixa -3 A, )

> N 2 o’ "
on (wjmie’) = 50 [-gn (55« Z2)

¥, S ¥
; ’ ’
s-x— "‘f’u. 2.2. + 09'9”3 ] o
n A———
3¥k Dx‘



(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

31

Table II (continued)

o

QSK,' 's"( M-l’e’

einl §y ,u;’e’

Pl ae' l
e° ;;; = - u Ms'e;
2

o' '
(k5'+\>) Qu; e

on——— - ©

DX I

2 S — 2 T2
- (.u."e’z) = Se (_8 " 3;)‘“ )

2 362
k-\' = 0
an( 2 X« )

, e—
2kr 22 200 L 8 g
X D Xu Ay
2 (,u',u'r') = 2 A ( rYTMULEE VI
ox el YV Y' 2 + 2 )
~ ox | 8 o Py
‘; []
— ! ‘3\" ' DM'
d e {'\,us 5. +V° - = ©
9 ¥ 2 Y




(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

Table II (continued)

SR YIRS

-
—

P' i'-)r' Z
€ %, oM
neo) M. O
—_— = O
D% DXk
2
(M..G \ 4 ) ; ( 8)1
2 -
— vr’ , 30
L0« Kev' 2
9 Xx ly\  Xx ¥ 9 ¥
=T
(n +xy ?_f- 3v - ﬂ
B‘h: 9¥k j‘l
2 2
— M’r"') = — ( -
”“( - D xe 3 As
_?_ (v\ 3"'1) = 0
QYI‘ ?‘[.x
v’ v’ Z —_—
2N — — _}; y't

32



33

and Donaldson, 1973. Wyngaard et al., 1974, however, discuss
the importance of the Coriolis terms in the Reynolds stress
budget. In this study an option has been included in the
model to turn the Coriolis terms on or off to allow their
importance to be evaluated. Both modeling options appear
in Table II.

One of the basic modeling assumptions contained
in the model is the énergy redistribution assumption of
Rotta (1951). The total turbulence kinetic energy (per

unit mass) is the sum of three components:

™| =
Q
1]
N| -
)
-
+
o
N =
+
o
W=

The term p'(aui/axj + auﬁ/axi) appears in the equations
for the individual components of the turbulence energy,
but not in the equation for the total turbulence kinetic
energy (equation 16). As has already been noted, the role
of this term is to redistribute the energy among the three

components of energy without contributing to the total. The

redistribution term is therefore modeled as:

ju,  sul 5, . 50,  au.
i Jy = =9 oo oo i3 2 2 "1 J
P' 3% * 3%, 3] (ujuy 35 9) FCa (Tt 3xi) '

where C is a constant and 21 is a length scale which will
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be prescribed. Characteristic of this formulation is that a
departure from isotropy of the Reynolds stress tensor will
result in a tendency back toward isotropy.

"Return to isotropy" terms also appear in equations

=5 T TRV
(19) and (21) as P_ %%— and E- %%— , respectively.
Po j Po J

An analogous formulation is adopted for these terms:

e
pO

K%

=-—-.Lu‘_e' R ......%fg.:-j_u!r' .

x5 3%, 3 o j 2 J

QL

A second length scale 22 is introduced.

It is necessary to model the triple correlation

term 2 (u!uguﬁ), representing a diffusion of Reynolds

axk i

stress, in terms of known second moments. A symmetric con-

struction in i, j, and k, using second moments, is:

suru’ ouru duly
3 =Ty - _9 1 ik —1=x

This formulation represents a down gradient diffusion of

Reynolds stress.

The triple correlation terms 5 (uguée') and

dxy
5%; (uéuﬁr') are modeled as down gradient turbulent diffusion
of potential temperature-velocity covariance and mixing

ratio-velocity covariance, respectively.



35

au.' 9"’ autg'’!
P} -7z, . _0 Y ]
— (ufu'd') = z— [-qr,( + )]
8xk Juk axk 2 ij axk
su'r! su'r!
9 — 1, _ 0 uk 3
— (ulu'r') = — [-gi,( + ) ]
3%, 3% 3%, 2'7ox, 3%,

Analogously, the third moments involving potential
temperature variance-velocity correlation, potential
temperature-mixing ratio-velocity correlation and mixing

ratio variance are also modeled as down gradient turbulent

diffusion.

ﬁk" (ge'?) = 3%]; [-aX, g]
s (T = g ey RE
B (wr'?) = 22 [-ax a_;_'_z_]
CEM o, - N3 Bk

The variables Al' Az and A3 are diffusion length scales
which are prescribed.

Kolmogoroff (1941) hypothesized the isotropy of
small-scale turbulence. In accordance with this widely

accepted hypothesis, the viscous dissipation term
3

: : . .
2v(8ui/axk)(3uj/axk) is modeled as proportional to g
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for i=j, and is neglected for the nonisotropic components

i# 3.

@
"
P
(%)
»
~
-
‘.—l
=
w

C . : : .
The dissipation term kT(ae /axk)(ae /Bxk) is
similarly taken to be proportional to the potential tempera-

ture variance.

36" 30' _, q .2
Ky 5% 3% =2 A, h

.2

Analogously, the dissipation terms for r'eé and r'" are

modeled as:

(n+k.) =— r'ag!
T Bxk Bxk A2

2n %EL gr' = 2 %— r'”
o 2

Al and A2 are dissipation length scales which are

prescribed.

The remaining modeling assumptions in Table II
I

. . o 907 L o 3
concern diffusion terms of the form — [k, u! vo .
Bxk T3 Bxk xk

In the PBL these terms are relatively small, and we neglect

them.
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3 387 uy
T [k u! — + vo! ] =0
xk T 5 93 axk
au'’
P} or'
—— [nu' — + vyr'! —l] = 0
axk j axk Bxk
_9_ [ne'§£— + k_r' QQL] =0

= [2n 9;'71 =0
9%y Ixy

Inserting the modeling assumptions (1-27) from
- Table II into the appropriate equations in Table I will
yield the modeled level 4 equations. The complete level

4 model consists of equations (7-9), and (24-29).

co— (M"A‘,) + M:M' :‘)M‘ ] / DM‘ — 3
2T 9 e Mg o ¥ MJ My A — ! .'
X 3% | TR 3 ( €A )
2 ¥ 3”"/4-, ) I4 ’
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9 Xx n D 9 X +

| ! 3
2 M pYY 2 43
+C1) 9" -F____‘ -—__Z__S.,_G‘ &M',,U' - ¢ 7 ,
X5 34, 3 TiaTeTose Cren Fx M g
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3.2 The Level 3 Model Equations

Mellor and Yamada (1974) make use of the fact that
the departure from isotropy of atmospheric turbulence is
small, to simplify equations (24-29) even further. Defining

non-dimensional departures from isotropy, aij and bi:

iz
(=]
1l
o
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+
4]
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|
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e
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Q
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~N
N

The level 3 and level 2 models neglect terms of order a2
and b2. The two levels are distinguished by the fact that
the tendency, advection, and diffusion terms are assumed

to be of order a or b in level 3 and order a2 or bzin

level 2. The result for the level 3 model of interest here
is that equations (24-29), representing 15 prognostic
equations for second moments, are reduced to 4 prognostic

equations with 11 diagnostic equations. The prognostic

equations are for q2, 6'2, 8'r' and r'

The mean variables
require the solution of an additional five prognostic
equations. The level 3 model, therefore, consists of a

total of 9 prognostic differential equations and 11 diagnostic
equations. The level 3 equations are collected into

Table III. Equations (26), (28), and (29) are unchanged.
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Table III

Level 3 Model Equations

2 - 2 | s 242
() vR S ) - =] $h s ]

1 ka -2 M,‘IM‘:, D___..:
o Xx
v2pymie sy - 29 (30)
A,
Miaag = L - -é—[(m'm - C%‘&u)a *(”"‘ﬂ‘c‘b &‘*)5;;

¥ 32,
—B‘ [" j R $ie M, ket -}-M;'«“.z 1 (31)
_— e"' —7—1;;6; 31 -2
—(0'? ) + Mg ——— - --— - -2 e — - (26)
(9 ) o 3Xx [% 3 “ a L
.’ ’ - 3/92 2 P 3@ ’ D—
“ies ?[ '53; MMy S e Txf S 1(32)
(rG)""“"———(r'Q): 2 [z ] e 2&
P 9 Y
- "2 @ _—
My T 5 - 3'_5. r,er (28)
A2
- . 34 or YT
v 62[0576 Sic M /‘(A’ 3";""“* 5';'; 6&&.&&"”"](33)



41

In the PBL, the horizontal length scale is much
greater than the vertical scale height. The final equations,
therefore, contain only z derivatives of perturbation
quantities. Neglecting advection of mean velocity and
mean mixing ratio by the mean wind while retaining tempera-
ture advection (because it may be estimated by the thermal
wind relationship) will yield equations (34-37) for the
mean variables. 1In this model, the wvertical velocity,
w, has been set equal to zero at all levels. Also,
virtual potential temperature, 6;, is used to take into
account the presence of water vapor and its effect on density.

The term of equation (9) containing the kinematic dif-

fusivity of water vapor is neglected.

BE-fV=--g—-£(ﬁT'W)-%-;g—§- (34)
3, fﬁ=-g—z-(v'w')"é—o- g—ﬁi (33)
ziv + 1 iiv + V’;gz = - %; (W'8') + o (36)
R GEn (37)

An estimation of the horizontal virtual potential

temperature gradient can be obtained as follows (Hess,
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1959). Geostrophically,

(38)

%)

S
fpo

_ 1 3P
Vg = fpo —; (39)

therefore, fvg = RT

Taking a Z derivative of this expression and using the

hydrostatic approximation,

dinP _ _ g
T

v
R (-3 = £ & (9
9x T 9x T
> 0
9Z £T 9xX X
= = oV
oT , £T Vg
Therefore, X g "z

with Ov = TV + (1 + 0.61R)vdz

30 T £fT_ v
% . %y Ty Vg (40)
9x axX g 02
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o BOV _ b v Ju
similarly, Y - 3;3 (41)

The approximations (38-41) in equations (34-37)
will yield the final equations (42-45) for the mean variables.
All the final equations appear in Table IV.

The final equations for the second moments are
obtained from the equations of Table III by neglecting
advection by the mean wind and retaining only vertical
derivatives of perturbation variables in an analogous
fashion with the procedure for the mean variable equations.
The results are equations (46=-61) in Table IV. Equations

(46, 50, 51, and 52) represent only three independent
2 _ 2

equations because q° = u'“. The Coriolis terms appear
Uk

in all the appropriate equations in Table IV.
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Table IV

The Final Level 3 Model Equations

Equations for the Mean Variables

o4 _ -

pendi §(F -ag) = - = (o (42)
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q 2t 4 22 9

IR 2

5T° "5 () (43)

Equations for the Second Moments
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3.3 The Length Scale Formulation

The level 3 equations contain three types of length
scales. The A's are dissipation length scales. The
A's and &'s are diffusion and return-to-isotropy length
scales, respectively. Every modeled term (see Table II)
contains one of these length scales. Mellor and Yamada
(1974) assume éll the length scales are proportional and
are given by:
(zl,zz,A ,AZ,A ,AZ,A3)

1 1

(0.78, 0.79, 15.0, 8.0, 0.23, 0.23, 0.23)% (62)

They evaluate 2 using Blackadar's interpolation formula

(Blackadar, 1962).

p= K2 (63)
1+ 3=
o
Therefore,

L - kz as z + 0

L -+ L as Z > ®
o)

Mellor and Yamada proposed equation (64) as a

formulation for 20 based on the turbulence energy profile.
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2 = o ———— , o constant (64)

In the analysis of Yamada and Mellor (1975), o
was assumed to be 0.10. A sensitivity test, however, showed
that the mean variables were fairly insensitive to a 50%
reduction in a. The turbulence quantities, unfortunately,
are not insensitive to the value of a.

Using a typical early afternoon distribution of
q2, 2(z) is evaluated for values for a of 0.05 and 0.10
(Figure 1). The PBL top (h) is indicated. The length scale
is within 10% of Qo at about z/h = 0.5 for oo = 0.05 and
at z/h = 0.7 for o = 0.10. Above this, % changes very
little.

A new determination of 20 (equations 65) is proposed
which yields a 2(z) profile similar in shape in the PBL
to Deardorff's (1973, 1974) profile of the turbulence
energy dissipation length scale. Figure 2 shows 2(z) for

the same q2 distribution as Figure 1.

(65a)
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where,

(o, z <2

a(z) = ¢ o - (@EETH(umay) Fiz<h (65b)
\ oy h <z

(ays0,) = (0.10, 0.05) (65¢)

As one moves from h/2 down to the ground, the length
scale decreases toward zero. As the ground is approached,
the characteristic size of the turbulent eddies is limited
by z, the distance to the solid boundary. The length scale
approaches kz. For large z, the influence of the ground in
limiting the characteristic eddy size diminishes gquickly.
As z increases beyond h/2, however, there is another factor
influencing the turbulence structure, and that is the
temperature inversion base at h. The larger turbulent
eddies are probably found in the middle of the PBL, where
the distance away from any damping influence on their size
is maximized.

Above h, Deardorff (1974) points out that £
increases with height because the perturbation energy is
contained in gravity waves exhibting little diffusion or

dissipation of energy. The perturbatidn energy contained



49

2000 T Y T T T
8Qo - «20.05 «= 0.10
{600 -

1400

600

400

200

- — -
P —

| | 1 |

0] 10 20 30 40 50
LENGTH SCALE , £ (m)
Fig. 1. Vertical profiles of the length scale, ¢,

for two values of a, based on the
formulation of Yamada and Mellor (1975).
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in this region is negligible compared to q2 in the PBL,
and the length scale formulation above h has little effect
on the turbulence structure in the PBL.

The length scale formulation represented by
equation (64) (Figure 1) does not allow the stably stratified
layer above the PBL to have any influence on reducing the
characteristic eddy size (and therefore the length scale).
Equations (65), however, force & to approach, in the
region z > h/2, a smaller, constant value. For these

reasons, we have adopted this formulation for %.
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4. BOUNDARY CONDITIONS

4.1 Mean Variables

It is necessary to provide an upper and a lower
boundary condition for each prognostic variable in order to
find solutions of the level 3 equations. A staggered grid
is used in which the mean variables are defined at the integer
grid point levels. Turbulence variables and z derivatives
of mean quantities are defined at the half integer grid
points. The lowest integer grid point is at the roughness
height, 2z4(0.01 m). The top of the grid (grid point
43.5) is at 2022 m. Appendix B contains a more complete
description of the grid system.

The definition of the roughness height provides the

lower boundary conditions for u and v:

(zo) = 0.0 ) (66)

|

I
o
.
(o)

(z) (67)

<1

A simplified, single layer ground thermodynacnis
model (Ha forcing, Deardorff, 1978) was used to predict
the values of 5& and R at z,. The ground temperature,
Tg, is predicted by the model based on net radiative heating
(or cooling), phase changes of the ground water (or frost),
and the heat flux at grid point 1/2 (0.07 m). The value

of 5& (zo) is assumed to be equal to the virtual potential
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ground temperature @& (0). 5&(20), therefore, is probably
somewhat too high during unstable conditions and slightly
underestimated during stable conditions.

The mixing ratio at z, is determined utilizing soil
wetness parameters and the turbulent moisture flux at 0.07 m.
The upper boundary conditions are applied at the
2022 m level. The vertical virtual potential temperature
gradient is assumed to approach a constant (stable) value.
The vertical derivatives of u, v, and R are assumed to be
zero (Yamada and Mellor, 1975; Deardorff, 1973). Therefore,

at 2022 m,

3_
v o_ °
—'—-az = 0.001 k/m (68)

du _ VvV _ 3R _
-0 37=0 37=0 (69a,b,c)
4.2 Second Moments

The second moments requiring boundary conditions

are: qz,eé ’ r'z, and r'eé.

The lower boundary conditions
are obtained by assuming each of the preceding variables

is in equilibrium at the lowest half integer grid point
(0.07 m). The time derivatives of equations (46-49),

therefore, vanish, yielding:



q2(0.07 m) = 5% {%E-[qll % %%i] - 2u'w' %g
- v Wy 2gquTey )
535 (0.07 m) = g% (2 1an, aiffl - 2078y ;gi }
;77'(0.07 m) = g% {%; CPN angl - 2w'r" %g }
TTeT (0.07 m) = gé {%E [ahr, Ef;ggi - w'eg %% - wirt ;gz

The calculated value of the ratio
Ir'e,:,l/(r'2 - 0 )1/2, at z = 0.07 m, was sometimes in
excess of 1. Whenever this occurred, equation (73) was
replaced by:

787 = (x'2 - 9;2)1/2’ z = 0.07 m.

This restriction of r'e; was applied only at the lowest

grid point. Wyngaard et al. (1978) reported observed

r'-eé correlation coefficients, above a warm evaporating

surface, very close to unity.

Yamada and Mellor (1975) utilize boundary condi-

tions for qz and 6;2 of the form:

54

(70)

(71)

(72)

(73)

(74)
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g- (0) = Clu* (75)
H2
12 (0) =Cy) = (76)
v u,
where (Cl,Cz) = (0.61, 2.4),

W = [(=TwT0)) 2 + (v (o4t

and

H = -w'eé (0)

The model with equations (70-71) as boundary conditions

yields ratios qz/ui and Gézui/Hz within a few percent of

C, and C respectively. The equilibrium boundary condi-

1 27

tions, therefore, are consistent with observed surface
turbulence structure, yet do not require the use of
empirical constants.

The upper boundary conditions for the second

2 .2 2

moments consist of the requirements that q, 6; ,r ',

and r'eé vanish at the upper boundary (2022 m).

@ =0 , e;z =0 (76a,b)
r'“=0 , T8 =0 (76¢c,d)
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The 2022 m level is sufficiently high to ensure the
PBL is contained within the grid, and the turbulence moments
can be expected to quickly approach zero outside of the

PBL .
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5. SOLUTION OF THE EQUATIONS

5.1 Reducing the Prognostic Equations
into a Single Form

When the mean velocity components are expressed in
complex form, u + iV, equations (42-49) can be reduced to

a single form:

-2 (2, 3Y -ry0 + 2y (77)
where ¢ is the variable to be incremented in time.
Table V summarizes the discussion to follow and contains
the P's .for each ¢.

The Reynolds stress and heat flux equations
(50-58) are 9 simultaneous equations. Yamada and
Mellor (1974) provide a solution of the equations with
the Coriolis terms omitted. The Coriolis terms, however,
complicate these equations considerably. Appendix A con-
tains the details of a solution of the 9 equations with
the Coriolis terms, utilizing a back-substitution method.
The solution for u'w' and Vv'w' is shown to reduce to
Yamada's and Mellor's solution in the special case of no
Coriolis terms. Also contained in Appendix A is the
solution of the 3 moisture flux equations.

Due to the complexity of the expressions for u'w',

v'w', and wieé, the flux divergence terms of equations (42-44)

are identified with P3 in Table V. The moisture flux



Table V

Representation of the Prognostic Equations in a Standard Form

qug?ion ¢ P1 Py Py
42, 43 v, 0 if ifv - %E (VoW ™)
44 oy 0 0 fZ" v 22 - u -:-;31 - & @D
45 R K, 0 - g-zy-‘l
46 q? 3 arg %—% —2uw T -g—‘z—i - 2w —2% + 28gw 6y
47 ;a? aA, %% =2w'ey ;f—‘l
48 rvey ar, %—:iwg—f-‘i 'W%*Bg!
49 2 ah %!;L —2wTET %-g
v, = u+ iv , Vog = U + iv vh =o'+ iv?!

8S
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divergence term of equation (45), however, is written as:
3R

9
3z (X, 52 = YR

(-w'r') = ) (78)

9
92

where K, and Yg are evaluated in Appendix A.

The identification of the terms of the second
moment equations (46-49) with the P's is straightforward.
It was necessary, however, to write the w'r' ;;X term of
equation (48) as:

30 30,

wir’ —E! = [AT"8] - Bl EE! (79)

where A and B are evaluated in Appendix A. Equation (73)
allows the r‘eé dependence of wW'r' to be evaluated implicitly,
thereby eliminating some numerical stability problems which

were encountered with the r'e; equation.

5.2 Finite-Difference Approximation

A transformed coordinate system is used in the
model. Vertical derivatives of any quantity, ¢, are evaluated

by:

(80)

3¢
902 |

i as{0541/2 = 95-1/27

Equation (80) is the finite-difference form of equation (B-3)
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(see Appendix B). Equation (77) is approximated with the

following finite~difference equation:

¢k+l _ ¢k a
' i %3 k k., k+1 k
“J‘EE"“‘l = 51 {H(Pa) g,y + (Pra)yleyyy = [(Pja)y,,
k k k+1 k k k+1
+ 2(Pla)j + (Pla)j_l]¢j + [(Pla)j + (Pla)j_l]¢j_l}
k k+1 k
(P2)j¢j + (P3)j (81)

(Yamada and Mellor, 1975).

This finite difference scheme is an implicit scheme
with truncation errors of order §t and (Gx)2 (Richtm&er
and Morton, 1967).

The P, for equation (45), i.e., Kw' is not defined

1
at the integer grid points, but only at half integer grid
levels. The terms of equation (81l) involving [(Pla)§+l

k k
+ (Pla)j]/2 are therefore replaced by (Pla)j+l/2'

The Gaussian elimination method is used to solve
the implicit finite difference equation (from Richtmyer

and Morton, 1967). Expressing equation (81) in the follow-

ing form:

k k+1

-ASoSi] *+ B30 - CISTT = DS (82)

(W By
[y
+
I_-l
w
w
+
'—-I
~

where the coefficients Aj’ Bj’ Cj’ and Dj are all known



61

at time step k. Solutions are assumed to be of the form:

k+1 _ k+1
q)] - Ejd)]""l + FJ . (83)

with j = j=-1, equation (83) becomes:

k+1 E. k+1

. = . + F. 84
¢J 3-1“’3 -1 (84)
Inserting equation (84) into equation (82),

L o 2j S Dy + CyFy1 (85)

j . - E. i+ B. - C.E.

.3 n I s B R s IS i T
and comparing equation (83) with (85), gives expressions
for E. and F..
J J
Y
E. = — (86)
] Bj chj—l
D. + C.F.
F, = -2 31 J-1 (87)

B. - E.
J 5 7 %3851

Applying the appropriate bottom boundary conditions

will yield E, and F,. Knowing E, and F,, as well as the

1 1

coefficients A, B, C, and D, E2 and F2 can be determined
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with equations (86-87). Applying this procedure for each
level, all the E's and F's can be determined.

The upper boundary conditions and equation (83) can
be used to determine ¢ at the top level. Because all the
E's and F's are now known, equation (83) can be used to
determine all the ¢'s, at time step k+l, from the top level

down to the bottom.
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6. SIMULATION OF DAY 33 OF THE WANGARA EXPERIMENT

6.1 Initial Conditions

Initial values for the mean variables, u, Vv, 8,
and R are the observed values at 0900 hours of bay 33 of
the Wangara Experiment (Figures 3-5). Clarke et al. (1971)
tabulate values for these variables at 50 m intervals below
1000 m and at 100 m intervals between 1000 m and 2000 m.
Values at the grid levels are interpolated from the observed
values. The T& profile has been smoothed in the region
400-800 m to remove a slightly unstable lapse rate in that
area. Initial values for the turbulence variables are
generated by running the model for 1 hour starting with
guessed values for the second moments (Yamada and Mellor,
1975). The initial and subsequent values of the geostrophic

wind components, ug and vg, were also calculated in the

same way as Yamada and Mellor, using their data.

6.2 Results
The time-height variation of the velocity components

u and v are presented in Figures 6 and 7. Agreement with
the results of Yamada and Mellor and with observations is
good. The nearly constant velocity profiles in the mixed
layer during the day and the development of a low-level
nocturnal jet are features of the velocity profiles noted
by Yamada and Mellor which are also apparent in Figures 6

and 7.
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Figure 8 contains the mean virtual potential tempera-
ture variation. The rapid growth of the mixed layer with
nearly constant év can be seen. The surface layer is
super-adiabatic during the late ‘morning and afternoon
hours as solar radiation heats the ground. A strong
surface inversion develops after sunset. The time varia-
tion of the ground 5&, predicted by the ground thermodynamics
model is shown in Figure 9. Agreement with Deardorff's
(1974) values is good. The fall of the ground temperature
after sunset is halted by the freezing of ground water,
which releases latent heat. The ice is slow to melt
during the morning of Day 34. This is a deficiency of the
single layer ground model which keeps the ground temperature
at 0°C until the ground ice in the entire layer has melted.
Examination of the observed 5& variation (Yamada
and Mellor, 1975) indicates that the daytime temperatures
in Figure 8 are slightly too high. This can be attributed
to the assumption that 5& (ground) = 6v (z)). The air
temperature and heat flux at z, are somewnat overestimated
during the day, yielding a warmer mixed layer. As a test,
an additional simulation was run with §V (zo) reduced by
about 8% (by increasing the ground albedo from 0.2 to 0.3).
The resulting 5& variation matched the observations very
closely (also see Figure 28).

Yamada and Mellor reported that the longwave flux

divergence term of the 5& equation influenced the predicted
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nighttime 6v values measurably. Our neglect of the radia-
tion term explains the warmer nighttime 5& values in-
dicated in Figure 8.

The mean water vapor mixing ratio, R, is shown
in Figure 10. R (zo) is shown in Figure 11. Moisture in
the surface layer increases in the morning as the ground
water evaporates. As the mixed layer develops from
1000-1200 hours, the surface moisture is carried upward
(resulting in the bulge of the 3.5 and 4.0 contour lines at
this time). The afternoon boundary layer dries out because
the moisture flux at the boundary layer top exceeds the
surface moisture flux as all the soil moisture evaporates.

The time-height variation of twice the turbulence
kinetic energy is shown in Figure 12. The development of
the strong daytime turbulence is due to bouyant generation
(see Figure 13). Stress production and diffusion are
negligible except close to the ground. At the end of the
day bouyant generation becomes small or negative. The
dissipation of turbulence energy, proportional to q3 is now
unopposed and quickly eliminates most of the turbulence. A
second effect is the variation of the length scale (Figure 14).
As the level of turbulence in the bohndary layer decreases,
the length scale also decreases. Dissipation, being pro-
portional to 1/%&, increases for a given value of q3.
Figure 14 compares closely with the variation of % calculated

by Yamada and Mellor (1975) in the region z < 500 m.
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Their formulation, however, continues to increase & with
height, approaching a constant limiting value. Equations (65)
force 2 to decrease in the upper portion of the boundary
layer to a smaller, constant value in the stable region
above the boundary layer.

The boundary layer height, h, used in the calcula-
tion of &, is of interest itself. It is defined here
as the layer of the atmosphere containing essentially all
the dissipation of turbulence kinetic energy. The model
calculates h by integrating the dissipation of q2 up from
the ground until adding the dissipation in the next grid
layer to the integration adds less than 1% of total inte-
grated amount below this level. At this point, the inte-
gration stops, and h is determined. This definition of h
yields boundary layer heights at, or within, 1 grid point
of the base of the temperature inversion during the day,
yet also gives a reasonable estimate for the boundary layer
height at night, when identification of h from §v or R
profiles is difficult. Figure 15 shows h and the 5&
profiles for 1100 and 1200 hours. The turbulence kinetic
energy profiles for these times is shown in Figure 16.
The evolution of the boundary layer height (Figure 17) is
interesting. h grows rapidly in the morning hours, then
more slowly in the afternoon. About an hour after sunset
the boundary layer height crashes to a small, more or less

constant value (108 m) through most of the night.
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The time-height variation or the virtual potential
temperature variance, EE7' is shown in figure 18. The
maximum values of ggf are found at the z, grid level during
the day, and approximately 20-50 m above the ground at
night. The 357 budget, Figure 19, shows a balance between
gradient production and dissipation of EEE throughout the
entire boundary layer.

The ;T? time-height variation, Figure 20, shows
two areas of high mixing ratio variance, at the ground and
at the boundary layer top. The gradient production of
;77, Figure 21, is strongest near the PBL top where the
R profile decreases rapidly with height. Diffusion is.
important only around h, tending to decrease ;Tf just
above h and increase ;77 at h. The production of r'
is negligible throughout the mixed layer, except in a shallow
layer near the ground.

Figure 22 contains the mixing ratio-virtual potential
temperature correlation, 5753, as a function of time and
height. The model yields positive values for 5753
throughout the boundary layer during the day. In the stable
region above the boundary layer, where 5& rapidly increases
and R rapidly decreases with height, negative values of
?753 occur. Throughout the shallow nighttime boundary layer

(about 100 m), r'eé is negative. Figure 23 reveals that

the dissipation term and the production term are in balance
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everywhere. Dissipation and production change signs above
h where r'eé is negative.

The variation of the diagnostically determined

Reynolds stresses (u'w', v'w'), vertical heat flux

(WTEE) and vertical moisture flux (w'r') as a function of
height and time are presented in Figures 24-27. Small
negative values of the heat flux (2-8% of the surface heat
flux) were calculated just above the afternoon boundary
layer top. Yamada and Mellor (1975) reported downward heat
fluxes above the PBL top of a maximum of 2% of the surface

values. Deardorff's (1974) model calculates an average

negative heat flux of 13% of the surface value.

The surface (zo level) values of w'eé, w'r' ,

and the friction velocity, u,, are shown in Figures 28-30.
The results of Deardorff (1974) and Yamada and Mellor
(1975) are also shown, when available, on these figures

for comparison. The surface moisture flux compares well
with Deardorff's. The calculated high values of WTEE

have already been attributed to the assumption @; (zo) = 5&
(ground) .

Values of the individual turbulence energy components
in the unstable boundary layer show an anisotropic distribu-
tion. The components ;TZ and ;TI are approximately
equal. The vertical energy component, ;TI, however, is

usually more than twice the other two components. This

is due to the direct transfer of bouyant energy to the w'
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component (Deardorff, 1973). The return-to-isotropy
(pressure correlation) term, proportional to 1/%, tries

to eliminate this anisotropy. The bouyant energy - w'

energy transfer is exemplified in Figure 31. The w'-eé
correlation coefficient is a high constant value (.765)
throughout the daytime PBL. The nocturnal (8:00 pm) boundary
layer profile of the correlation coefficient clearly does

not exhibit this behavior.
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7. EFFECTS OF THE CORIOLIS TERMS ON TURBULENT

FLUXES IN THE PBL

Most higher order closure models of the PBL con-
tain assumptions to the effect that the Coriolis terms of
the turbulence moment equations are negligible (e.g.,
Mellor and Yamada, 1974, 1975). Wyngaard et al. (1974),
however, discuss the importance of the Coriolis terms in the
Reynolds stress equations. In order to evaluate the
importance of these terms in influencing the results in
the simulated boundary layer, runs were made in which the
rotation terms were included (turned on) and set equal to
zero (turned off).

The inclusion of the Coriolis terms in the ﬁzﬁg
and ﬁI?g equations presented no problems other than to
increase the complexity of the equations. Computational
problems, however, were encountered with the level 3 moisture
equations with rotation. An examination of equations (A-16 -
A-18) for w'r' indicates that the effect of the Coriolis
terms will be to increase the moisture flux if the momentum
flux is in the same direction (upward or downward) as the
moisture flux. If the momentum is in the opposite direction
of the moisture flux, the Coriolis terms tend to decrease

W'r'. Consider a situation in which 3R/5z = 0. Equation

(A-21) reduces to:

v = Tl 87
w'r Ar ev (87)
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A is defined by equation (A-22). Equation (48) is

approximately:

90
3 (= e - T ¥V _ 29 =
5t (F'8y) wirl =7 Azre\'z
30

Usually the second term in parentheses dominates in the
unstable boundary layer. In the stable region above the
boundary layer, the first term is usually larger. An analysis

of the terms of equation (A-22) reveals:

2
32,899
A = — (89)
3 2 au
q + 922qu EE

The turbulence in the region above the boundary layer is
weak, indicating q3 is a small positive number. Since fy
is positive, a.region of 3u/d3z < 0 can make A negative.
This occurred in the stable region above h. Equation (88)

reduces to:

9 =TvETy - 5T

5t (r ev) = Clr ev (90)
30

where Cl v o=A 55X > 0. The resulting solution is a growing

exponential.
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In order to evaluate the effects of the Coriolis
terms in the GZG; and 5753 equations it was necessary to
set £y = £f; = 0 in the moisture equations above the PBL
top. The moisture equations are decoupled from the other
equations. No moisture variable is used in the calculation
of ﬁzﬁ;’ or ﬁI@; and, therefore, the Reynolds stresses and
heat fluxes are unaffected by this change in the GIET
equations. 1In addition, the area of interest is the boundary

layer, and in this region, no restriction on fy or fz was

necessary.

Figures 32-35 contain u'w', v'w', w'eé, and
w'r' profiles for runs with and without this Coriolis
terms. There is no difference in the linear ﬁ7§3 profile
throughout the boundary layer (Figure 34). The w'r'
profile also shows little sensitivity to the inclusion of
rotation. The Reynolds stresscomponents u'w' and vV'w',
however, are influenced somewhat (Figures 32-33). The u'w'
profile retains the same shape as without rotation, but
the v'w' profile is- flattened.

None of the prognostic turbulence equations con-

tains Coriolis terms. Their inclusion affects q2, 6; ’

r'2 and r'eé only through the diagnostically determined

uiué, uieé, and uir' equations. Time~height variation plots
for the mean variables and the prognostic turbulence variables
are almost identical for runs with and without the Coriolis

terms. The effects of the Coriolis terms, therefore, are
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[Coriolis terms on (---) and Coriolis
terms off (——)] as a function of z/h.
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felt mainly in the details of the u'w' and v'w' profiles.

These terms can therefore usually be safely neglected.
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8. EVALUATION OF THE SIMILARITY FUNCTIONS

A, B, C AND D

8.1 Definition of the Scales and Derivation
of A, B, C, and D

The similarity theory proposed by Monin and
Obukhov (1954) assumes, for a stationary, horizontally
homogeneous flow, that the surface layer profiles of all
mean and turbulent variables, when appropriately non-
dimensionalized, are universal functions of a small number
of dimensionless parameters. The theory is applied in
the surface layer where the Reynolds stress, and the heat
and moisture fluxes may be considered constant with height.
It is assumed that the surface layer structure is determined

by the dimensional variables:

z, z2_, g/@& r Uys WO . (91)

o
o

o)

The flow is assumed to be of sufficiently high Reynolds
number so that the kinematic viscosity, thermal diffusivity,
and water vapor diffusivity need not be included in (91).

It is possible to form two dimensionless combinations of

these dimensional variables:

z/zo, z/L (92)
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3
where, L = — is the Monin-Obukhov
k(g/0._ )w'e'
Yo Vio

length, and k is the von Karman constant, which is tra-
ditionally included in the definition of L.

The assumption that (91) contains all the relevant
information needed to specify the structure of the surface
layer implies that the non-dimensional forms of the mean
velocity components, virtual potential temperature, and
mixing ratio must be functions of only z/zo and z/L. The
appropriate scaling factor to nondimensicnalize the velocity
components is the friction velocity u,. Scaling factors
for virtual potential temperature and mixing ratio are ob-

tained from (91) and are given by:

-VT-T;;I
= (93)

Ok = Ku,
_ gy oy o
R, = —E—:—— . (94)

Therefore, in the surface layer,

ﬁIC-'I
l

Fl(z/zo, z/L) (95)

G|<I
*
]

FZ(Z/Zo’ z/L) (96)
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= F3(z/zo, z/L) (97)

—2 = F,(z/z_, z/L) . (98)

In this section, the velocity components u and v
are in surface coordinates, i.e., u is defined to be in the
direction of the surface wind and v is perpendicular to it.

If the non-dimensional vertical gradients of u,

v, §v' and R are assumed to be independent of z/zO (Monin
and Obukhov, 1954), it is possible'to identify the z/zO
dependence of the mean variables as logarithmic.

Equations (96-98) can be written in the form:

%* = % [1n (Z/ZO) - ¢, (/1) ] (99)
v o_
o -0 (100)
0. - 0
v v
—° = §£ (In (2/2) - ¢, (2/1)] (101)
@*
z_ =
o _ Pr _
—r [1n (z/zo) ¢R(z/L)] (102)



110

For the remainder of the PBL, above the surface
layer, Monin-Obukhov similarity theory does not apply, and
the parameters in (91) do not suffice to determine the
structure. The roughness parameter, L is not important
for z >> Zgr and can be eliminated from the list. Other
effects, such as rotation and baroclinicity, should be
included. The height of the PBL, h, representing externally
determined influences, such as diurnal heéting, subsidence,
etc., must also be included. The similarity theory applied
to the region of the PBL above the surface layer is called
Ekman layer similarity theory.

Ekman layer similarity theory has evolved through
the years and is based on the work of many péople. Kazanski
and Monin (1960, 1961), Csanady (1967), Gill (1968),
Blackadar and Tennekes (1968), Clarke and Hess (1973),
Deardorff (1972a,b), Hess (1973), Arya and Wyngaard (1975),
and others have contributed to its development. In an
analogous fashion with the surface layer, the non-dimensional
forms of the mean variables can be represented as universal
functions of non-dimensional combinations. The Ekman layer

relations are:

e
1
[

——= = Gy (z/h, b/L, |£|h/u,) (103)

<
1
<

[

———= = G, (2/h, h/L, |£|h/u,) (104)
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= G, (z/h, h/L, |£|na/u,) (105)

|
!
ol

—— = G,(z/h, h/L, |£|h/u,) (106)

The variables Upr Voo @Vm, and Rm used in the
deficit relations (103-106) are PBL mean values of velocity,

virtual potential temperature, and mixing ratio.
1 (B ~ =
X = E‘ J XdZ, X = u, v, ©., R (107)

The use of the PBL averaged quantities allows the effects
of baroclinicity to be included implicitly, and thus simpli-
fies the analysis (Arya, 1978).

The relations (99-102) apply in the surface layer,
while (103-106) are their counterparts in the rest of
the boundary layer. Assuming there is a transition region,
or matching layer, in which both sets of relations apply,

it is possible to obtain the following relations:

u

[in(z/z,) - ¢,(2/1)] = g& + Gy (z/h, B/L, |£[h/u,)

SICI
T

(108)
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Writing ln(z/zo) as 1ln(z/h) + ln(h/zO), and absorbing the

z/h dependence into the unknown function Gl yields:

In(h/z) - = «Gj (z/h, h/L, | £]h/u,) (109)

The function Gi, however, must be independent of z because
the left hand side of (94) is independent of z. Eliminating
the z dependence of Gi, and calling the unknown function A,
we obtain:

A(h/L, |£|h/u,) = 1n(h/z) - k 5= (110)

A similar matching argument for the relations
(100-102, 104-106) yields the other universal similarity

functions B, C, and D.

KV
B(h/L, |f|n/u,) = - —= sign £ (111)
*
6§o B §§m
C(h/L, |£|h/u,) = In(h/z) + k[——] (112)
@*
R -R

in(h/z ) + K [T (113)

D(h/L, |£|h/u,) R,
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Attempts have been made to determine the similarity
functions from an empirical data base. Clarke and Hess
(1974) evaluated A and B using the geostrophic wind in
their definition instead of Eﬁ and Vﬁ, and assumed
h = u,/|f|. Melgarejo and Deardorff (1974) used the components
of the wind u and v at the PBL top, h, in the deficit rela-
tions. The EBL top was determined by profiles of §§
and R (unstable conditions) or U and v (stable conditions).
Both studies, however, show a large amount of scatter in
the data points, especially on the stable side. Arya
(1975) reanalyzed the data of previous studies in an
attempt to reduce the huge amcunts of scatter. The re-
sults, although somewhat better, still retain considerable
scatter.

The similarity theories discussed assume that a
steady-state, horizontally homogeneous situation exists.

In the real atmosphere neither condition is satisfied.
Diurnal variations and large scale changes in the flow
pattern violate the assumption of a steady-state. Changes
in the surface characteristics and horizontal advection
are usually present to violate the horizontal homogeneity
assumption. In addition, it is very difficult to measure
Reynolds stresses or heat and moisture fluxes in the
field. It is not surprising, therefore, that empirical
determinations of the similarity functions contain a

considerable. amount of scatter.
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An alternative approach, the use of a model, has
been used to determine the similarity functions (Arya,
1977; Yamada, 1976; Arya and Wyngaard, 1975). The assump-
tions of horizontal homogeneity and stationarity can be
satisfied using this approach. There is no "measure-
ment error" as with an empirical determination. The main
limitation is the ability of the model, with its modeling
assumptions and approximationg, to faithfully reproduce

nature.

8.2 Results

The similarity functions A, B, C, and D are
évaluated for five cases and are tabulated with h, u,,
Tyr Ry» L, Rig, h/z_, h/L, and |£|h/u, (see Tables VI-X).

The bulk Richardson number, Ri is defined as:

BI

Ri_ = (114)
v

In each case, a 24-hour simulation is started
at 0900 hours local time, using theinitial conditions
described in section 6.1. The results contained in

section 6.2 are from case B.
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Case Table Surface Albedo Geostrophic Winds
A VI 0.10 Wangara

B VII 0.20 Wangara

C VIII 0.25 Wangara

D IX 0.30 Wangara

E X 0.20 constant

As summarized above, cases A-D use the observed
geostrophic winds from the Wangara experiment, as described
by Yamada and Mellor (1975). Spatially and temporally
constant geostrophic winds are used in case E (ug =v
= -4 m/s).

The similarity function A is plotted as a function

g

of h/L in Figure 36. Hourly values of A (from Tables VI-X)
are used in the construction of Figure 36. The data for
the 9th and 10th simulated hours (6:00 - 7:00 p.m. local
time) are not used because in this period the boundary
layer height is very rapidly changing. Similarity theory
cannot be expected to do well under these highly non-
stationary conditions. Figures 37-39 are the same as
Figure 36 except for the similarity functions B, C, and D.
On the unstable side, there is a small amount of
scatter in the similarity functions which is probably
attributable to the fact that all values of h/zO and
|f|h/u, are allowed. In other words, the dependence of

A, B, C, and D on h/z_ and | £|h/u, is not considered in
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List of the Variables in Tables VI - X

t (hours) simulated time starting at 9:00 a.m. local
time (i.e., time = 1 corresponds to 10:00 a.m.,
time = 2 corresponds to 11:00 a.m., etc.)

h (m) Boundary layer height
u, (m/s) Friction velocity
@, (°K) Scaling factor for virtual potential tempera-

ture (egn. 93)

R, (gm/gm) Scaling factor for water vapor mixing ratio
(egn. 94) multiplied by 1000

L (m) Monin-Obukhov length

RiB Bulk Richardson number (egn. 114)

A Similarity function A

B Similarity function B

C Similarity function C

D Similarity function D

h/zo Ratio of boundary layer height to surface

roughness parameter (zO = 0.01 m)

h/L Ratio of boundary layer height to Monin-
Obukhov length

| £|h/u, Ratio of the magnitude of the Coriolis parameter
(f = -8.2 x 10=2 s-1) to u,/h
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26669,3
29629,.4
1927740
53681.8
68580,3
T78412.8
83336.7
88266,9
93196,9
98132.4
98132.4
981324
1n3071,1
103r71,1
103071.1
108012.5
112956,6
112956.6
117903.,0
117903,.0
117903.0
117903,.0
122651,6
122851.6
12265146
122651.6
122851.6
127802,2
127602,2
127602.,2
13275%6,7
137708,.9
11770849
137708.9
132754,7
172754,7
127802.2
117503.0
T0R81.5

6521 .4

6521 04

65214

6521 04

652104
10R81,.5
10681.5
10881.5
10881.5
10481.5
101815
10881.5
10881 .5
10881,5
10881.5
10881.5
10681.5
10081,5
10881.5
10481,5
10381.5
10#81.5
10681,.S
10881.5
10881.5
10681,5
10681.5
10881.5
10£81,5
1088145
10e81.5
10881,5
10R81,.5
10881.5
10881.5
10881.5
15643.8
15443.8
15643,8

h/L

=111.,30

«97,36
=121.94
~149,74
=174,83
=-220.50
~279.64
«346,43
“400.78
641,28
~488.78
«539,65
«589,79
=599.56
=597.64
“611.7%
587,40
=552.02
535,80
=512.63
6629
630,89
«380,00
=330.78
=-283,91
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ve29
050
0e75
1.00
l1e25
1s50
175
2400
2025
2+50
2475
3.00
3e25
3e50
375
“e00
25
4e50
“e75
5400
Se2S
5450
Se75

6.25
6e5y

Te75

Be00

8425

de50

8475

9.00

Yol

9450

975
10400
10425
1050
10675
1100
1125
11450
11.7S
12400
12+25
12450
12475
13.00
1325
13.50
1375
14000
1«e25
14050
1675
15400
1525
1550
15475
16400
16425
16450
16475
1700
17.25
17e5y
1775
18.00
l8e29
19050
1879
19400
1925
1950
19475
2000
20425
20.50
20075
21.00
21.25
21.50
21.75
22.00
22425
2250
22475
23400
2325
23450
23.75
26400

108.8
108.8
1N4.R
10R.8
108.8
108.8
108.8
108.8
108.8
108.8
108.8
108.a8
1684A
108,83
10B.R
108,78
108548
108.8
108,8
108,42
108.8
108,.8
108,48
108.8
108,8
108,48
10848
108.8
108.8
108.8
1068
15444
156.4
1544
154.4
156,4
1564
156.4
1544
156l
15440
154.4
15644
15644
154.4
154.4
154¢4
1544
15446
156404

0135
Oelés
04155
04159
“elbd
nel69
nelle
r.l83
rel8S
c.180
rel089
tel63
nel8e
naloi

181
neloe
0e183
0el06
nelu9
n.192
0419
0.2u)
0e2:5
0e2n9
0.2l
0,218
n.221
ne22%
".226
Ge226
0+226
0.21Y
0,208
0ol86
reld4
0.0vy
felu?
0.118
na113
Gelld
0.101
0e0%3
0.0v6
0.097
0e097
0096
0,097
0.097
0409
0,103
.11
0sl2¢
0.T30
0o1da
04137
Gelan
felad
0s143
Neloe
Deled
faled
0sloe
Oolaw
Nelbs
Go1%3
0o143
0eléd
0olue
Oelel
Qelul
0.140
0,140
Oelw0
0.161
N.lel
0et4d
o143
Nele2
fe145
Deléd
Nele?
Nel49
felés
o149
feléy
0ele9
Nelb?
fela?
nelud
Oo]ab
rel53
folas
velub
0elbi
nelad
Nelb2

0

*

-2.969
-3.080
=3.306
-3.528
=3.,683
-3.821
~3.896
«3.929
4,005
-4,096
4,192
-4.282
4367
4,375
4,356
4,292
~holb3
4,036
=-3.85%
3,601
3,08
=3.156
24893
=2.619
-2,339
-2.054
-1.767
~l.4e82
=~1.199
~0.919
-0 o662
0.367
-0.092
0.1l
LY
0.620
04999
0,585
64,576
0.566
0.519
0517
0.516
0475
Get?5
0ee73
Geb72
0473
0e450
0,687
0.510
0.502
G4 !9
0ebd
0,415
0.366
0.360
04330
Ve3¢0
0.306
0.2°5
de287
0,280
0.274
0+é09
0,265
ne2061
0.257
o253
0e26Y9
04265
0,262
04238
0,235
0.233
0.230
0.230
0e361
0.236
0,366
04199
0.358
Ve2060
0,071
36l
0284
J.198
Nelée
n.262
felv0
telbs
0.156
n.l6S
04171
0,179
0el76

Simi

E{*
- .1617
=041890
-042197
=2518
“0.2778
~Ge3006
=0.3161
-1 +3265
043398
=0e3542
-1.3699
~043856
= +3988
-0.090
-9e6139
=nebl51
~0.4110
=0.0027
-0.3915
-i,3769
«0+3598
0. 3610
=-0432L0
~0+3001
“u.2785
~0.2%69
-0.2352
=4s2136
-0.1915
=0,1695
“y.jete
~0s1264
=0s1ul0
0,0 158
~Uel&l®
“U0691
-0s0054
~0s0041
=0+0031
-Ue0626
-0s0008
-0.0001
-V 0000
=0.0007
-0.0008
-0.0009
-0.0010
-0.0011
-0e.0012
-Ue00lé
=Ve00l6
«0.00l8
=0.0019
=0.0021
=-0.0022
-0.0u22
-0.,0023
=0.002¢
=0s 0026
«0.0C2%
~1s0025%
«0.,0026
“0.01206
~0e0026
-0.0027
-v.0027
=0+0027
=0.0027
-0.0027
-0.0027
=-0.0028
-0.0028
~0.0028

~0.0036
«0e0ula
-0+0620
=0,0035
«040036
~040033
«0.0033
=040032
«040032

larity

L R1i
B

«lo68 =8493
«l.73 -10+66
~le76 ~lo.lée
~l.75 =18.17
~l.80 =21.83
“lod6  «25.04
-1.98 =30.65
=211 ~41.93
-2.164 =50.78
~2ell «62455
«2404 =71.01
=1.97  =80.74
~1.91 -91487
~1.87 «9]1493
-1.38 =98.58
=1.93 «96.69
-2.02 =-97.45
=-2.16 -89.28
=2.31 ~82.07
«8.54  =73,06
-2.83 -68.84
-3.18 59,26
-3.62 =53,97
-4,.16 4556
-b, Bl -4gsl2
«5.70 =32.97
-6,83 «26453
«8,33 -20483
~10,42 «15.91
«13.57 =1)+68
~19.01 =799
=31.66 4091
«113.80 =1.72
L4499 1.75
9.71 Hebs3
3.08 12.67
4465 15.61
4,93 15.68
S.11 15.19
S.17 16440
“.51 1.38
3.81 ©¢e93
“.01 0492
4445 e84
4o 06 0.78
4,48 n.72
“.5% 099
4,56 ve93
Gote3 0.87
4,91 1482
5.91 "eT7
6.91 ne73
T.96 0e70
9.09 v eb7
10,29 Nebé
11,54 ue62
12,71 Ne60
13,78 0458
14,70 D457
15,46 0456
16.05 055
16,69 0454
16.82 "e93
17.07 0e52
17.20 VveS2
17,42 ‘651
17.56 nes1
17.70 0451
17.86 ne50
18.02 0.50
18.22 0450
18,46 i 451
l8.71 neS1
19.02 0451
19.37 re51
19.71 0451
20.10 0451
12.62 tel4
20.21 “eT2
13447 075
24,60 073
14,03 0.77
19.09 076
71.05 Oe74
14,70 0480
17.59 0480
26479 080
39.32 0.80
18.96 1485
26,84 nea7
36.79 0485
32,08 0,88
29.25 0491
27,58 0e94
26,63 ".98
26413 le02

Taple VIT

3,636
4s348
4e725
Se010
Se248
Sesbl
S.718
6.187
60455
60743
6.896
74043
Telbe
7.176
7.276
7.725
74308
7726
T7.177
7.089
7.095
64975
o947
€e819
60757
64609
6063l
6e216
64967
Se674
S.321
o922
8e283
2860
-0ne924
=7.972
=5.555
-5.612
=6e166
-6.903
~1r.933
«l1.800
~l1.9%2
=12¢3064
=l2.941
«13.582
~le.n06
~l6e702
~lB.106
=l6.566
~14.265
~13.083
~12.,373
11962
~11.689
=l1.467
=11.397
=11.309
=l].0626
“lleabd
“l1.852
=l1.617
=11.668
=11.695
“l1.696
~ll.661
=11.5892
“11.486
=11.302
~11.159
=104937
~10.667
-l0pa372
~lge066
“Q.T48
*9e456
“9409%
~9.958
94548
=Re959
~84820
~Re 332
=Re201
=7.808
«7.581
*7.136
-7.160
=6+838
-6e32b
=6e¢305
“4e975
“6e974
~4e781
o6
~4e102
-3.698

Functions

le,272

Case B

8,534 84191
8,457 8.362
8,722 8,659
B.928 B.866
9,096 Y.028
9o 20l Ye166
G082 9.363
9,755 9,59
9,913 Y.770
10,053 9,888
10,124 Y.983

9.979 9.930
9.851 9.800
9.666 9,636
8,754 9,413
10.057 b,.880
9,097 6.812

0.026 -2238,906
-0,572 -59.807
=0,436 «54,302
0,317 ~e9.777
0,848  «6L.6TE
0,736 =5

0,269 =38.764
ne263 =32.564
0,232 -28.487

-0.085 29,616

-0.608 «23.460

=-1.,271 -21.909

-1,928 -20,792

-2.615 -19.325

34260 ~lb.167

=-3.821 -17.156

4,267 -16,272

~4e66]1,  =15.4%8

6,956 -14,817

-5,186 =14,211

-5.369 =13.665

-5,519 «13.170

-5,669 -12.718

“5.770 ~12,303

-5,889 ~11.922

6,011  =11.570

6,139 =11,266

=-6,278 =10+945

“6,416  ~10,660

-=,529 ~10.387

6,633 =10.11%

6,704 -9,8460

-6,769 -7.998

-b,681 -9,218

=2,943 «75.0612

=9.090  =12,469

~13.423 -8,371

h/z
"o

15643,8
15643,8
20113.6
248649,3
29¢29,4
Jebsl,2
4613le6
58773.2
68580,3
~8u12,.,8
83336,7
88764.9
93196.9
93196.9
98132.6
08132,6
103071.1
103671,1
103c71.1
103071.1
108012,5
1n8012.5
112956,.6
112956.6
117903,0
117903.0
117903.0
117903.0
117903,0
117903.0
1179030
122651.6
127802.2
127802,2
132754,7
132754,7
122754,7
127802.2
122851.6
117903.0
10881,S

6521.4

6521 .4

6521 .4

6521.4

652144
10881,5
108381.5
10¢81,.5
10881,5
10P81.5
10881.5
10881.5
10681,5
10681,5
10881.5
10681,5
10A81.5
10481,5
10881,5
10881,5
10481.5
10R81,5
10681,5
10881,.5
10881.5
10881,5
10881.5
10881,5
10881.5
10281.5
10681,5
10881,5
10881,5
10681,5
10861.5
10881.5
1S4e3,8
15443.8
15643.8
15443,8
15643,8
15463.8
15643.8
15643,8
15443,8
15443,8
15643,8
15643,.8
15663,8
1544348
15643.8
15663.8
15643.8
15643.8
15643,8

h/L

104411

-89.28
=113.97
141,76
164,79
~185,53
~223.38
-278,.18
=321.10
=372.01
“608.41
~449.03
«688,49
=697,32
-520.82
~509.52
=510.92
~481.05
~445,65
605,51
=381.79
=339.66
=312.12
-271.77
=263.63
-206.74
-172.67
141,59
=113.17

leln

Uy

040942
0,089
0.1072
0.1290
0.1490




0e25
050
075
1400
1429
LeS0
175
2000
2425
2450
2,75
300
3e25
3450
3475
400
4425
«e50
4e7S
S5.00
Se2S
SeSu
Se75
500
6425
6e50
6475
7400
7e25
T+50
775
8.00
8425
BeS9
8e75
9e00
9429
Yo't
e
1000
11.25
1050
1 7>
1100
1125
t1le50
1175
12400
12.2%
12459
1275
13.00
1325
1350
1375
lee00
leeed
lee50
14479
15000
1525
15e5y
15475
14.00
16.25
16e5u
10475
1700
17.25
1750
1775
14.00
1325
18450
18475
19400
19425
1950
1975
20400
20025
20450
20475
2100
21425
21.50
2175
22400
2225
22450
22.75
23400
23425
23450
2375
2uwe00

15446
156.4
20141
20l.1
26845
79643
192.R
=38.8
&3 .7
736,9
a33.o
a3d.e
/B2, A
Q32.0
93240
QRl,1
981,
1030.7
10347
1030.7
10377
1030,/
1nduel
1n&0,1
112744
11294
1179.»
1179.0
1179,
11799
1179.°
1179.0
1228.%
1228.5
1278,
1278,
1274,
1270e=
112%.4
Qrl,
65,7
62,2
6547
65,7
65.2
65,7
118,82
1om,3
joE,a
10848
178eR
108,R
TeeeR
1042
108en
1U0cav
Y0me
108,7
08,8
10R. 8
10H R
108.4
108.3
108,14
1nd. 3
108.3
Vole
108,
108,72
10848
108,28
108,9
10848
10848
10848
156,06
15644
1084R
108.8
106,A
108.A
156,4
154,4
15644
156,46
15444
154.4
154,64
154.4
1544
154.4
15644
154.0
15444
15440
15446

Yy

re133
feleb
felz2
0.156

o161
rel106

o172
04179

<183
rel185

L]
relold
rel8e
Oelnl
rfel 1
relne

K]
telde
nelay
falws
nelwo
0.2 1
0.2v5
0.209

o214
re2ls
re22l
re226
re22%
0e2¢>
ne222
0,217
0,208
fellY
94130
NeN91
Qeluf
calle

<113
waltd
LT
LR
(el
Qo
Gelive
0e0v0
0,097
0095
0e09S
Oelle
Oelcu
Nele?
0132
Celdo
[ 1)

0

*

-2.760
«2,898
3,007
=3,279
«3,433
=3.569
-3.65%¢
3,691
-3.741
~3.815
«3,892
=3.967
4,022
4,043
-6,02-
«3.966
-3.887
-3.72%
-3,55¢

«3.364
-3.106
«2.911

[ LU}
Qdsbou
Golo
okle
etld
Gebolts
0,427
2,433
Vebb6
0.302
0ed07
C by
Aebnl
[P Y-L]
Co3yn
na3ty
VeduS
hadet
0.310
0,294
2.ér9
Gelcl
welS
4,270
v.2t6
velnr2
[ry<-1]
e€56
v.251
(o267
0,263
0.2w0
©.237
0,236
0.232
0,230
n.2ok
04293
0,223
0.253
04307
0 o369
Ti.l2e
Vedbb
ved26
0.205
bry+-Ll
14853
r.319
Vel3é
v.156
Colbae
0.170
Ne176
06177
0.177

Table VIII

Similarity Functions - Case C

Ry

-0.1502
- 1742
-0.2029

- o 31138
-te3lag
=1e3266
143390
-ye3926
=0.3641
~043723
~0e3777
~1.3779
= «3751
-ye3677
~143571
- L3437
-e329%
- «3129
-t e2946
=0.2761
- 42965
- 102360
- 2169
- elv?l
-uel77¢
—veinTe
—}el30Yy
=G.1160
-)eive3
~0.07v8
-0.0377
00076
RIS}
-0.9032
-0.0029
~Gebule
-0s0003

veG001)
-UQUUE
~G.(007
-U,0007
~Ua0008
-0.0009
-yeil0l]
wveldtle
-0l 15
=N 17
-0stile
“0,0ulY
=0.0020
-usifidl
0,022
-0,0023
~0.0uds
=Us00Chk
~s0ull
-\ 72D
e85
-0e0025
-ue (1025
-teNNEe
“UepueH
-ue0s2h
-(qanén
~ye 0026
=, N026
“ven027
-uspne?
Qo027
-ue0027
~0s0027
-0.0M28
=0s0028
~0e0026
~0.032%
~0.00l8
~0e0009
=0.0000
-0.0G38
=U+0000
-1,0007
o012
=0.0016
=0.0016
«0e 0002
=0,0020
-0.0033
~040032
=0.0031
=0,0031
=0+0031
=040030

L

Ri
B

~8433
=94
=13.20
14490
«18,42
-2l.72
-26,52
«36441
=43,99
=53.84
=65.61
-68,90
<77.27
86e81
-—be26
-87.71
-82,32
-82.75
13,74
65,96
=50.93
“51.04
=4n,38
~4v.02
=34450
20427
-24409
-15.96
«16457
=10.65
-Tel7
“4ey3
=1.15
2enl
=37
12.10
laao8
la, 77
13.61
1tevns
0693
le92
et
Y3}
i)
‘.69
ve96
Ued9
e84
+eT9
el
o71
Yeht
Ne6S

A

3541
4e278
4e635
4+R81
5153
S.352
50566
€enl9
++303
he582
6o 840
6eRBY
T.025
Telb2
7.129
7200
7132
7.198
T.08%
Te063
60945
60842
6808
6e670
feblS
felbB
6360
6.152
5e919
S¢620
5.260
4738
Le053
2679
=1e5ia
=7.+099
=S.d26
=S ,ABH
-6e523
=Tsu00
=10e311
=11.101
=11.599
-12.533
~13.176
=i3eRbo
=16.291
=17.404
~lre123
=154125
=13.592
~12.036

124116

~lle783
=11e582
=l1eal?
“l]1e378
=1l1a%a
“lleues
=11.512
~l1.582
wllebl>
«~11eA90
«l1e710
«11.701
~11.656
~11.580
*1]1+465
=11+312
=1l1.120
=lpende
-lg.606
=lne264
«6.974
LCTY.Y-1-)
=in.101
=9.200
=Q.822
“G.479
~94055
~He58>
=Re531
7.9}
-T.685
=7.675
7330
=7+106
=6e841
~6e697
=he254
“5el4]
~5.0068
-6+830
~4es96
~4en%8
=367

B

1.001
Qe619
0.763
04502
(o496
0.501
G.703
04619
0.470
0e430
0,431
0.377
G367
0359
04331
de326
04295
0.282
0256
0.216
Oel198
0,186
0.178
0.177
O0el74
Ga179
velol
04209
0.230
0,200
ue30l
Uedbd
0Debo?
04710
14556
3.513
3323
3,667
@e137
44637
2.8K3
34520
3.810
4,229
w b9l
S.200
7.353
8.125
BaT9e
T+8u0
74374
7.271
Te293
Te3ud
Teal?
7.3a7
lTetdl
1 o455
TeSeY
Teb63Y
TaT93
7.992
8e232
84505
Beb07
9.132
Y74
Y620
104188
10.550
10.903
1l.236
ll.408
11.677
1l.81a
le. 796
13,413
11.460
11.804
12.001
12.043
150265
14,123
13.861
13.707
13.804
13.902
le,007
14,261
14,263
13.560
13.917
la.l02
le,188
144192
144150

Cc

8,531
8,450
8719
d.702
B.914
9.086
94360
9.659
9.826
9,975
in.107
i0.118
l0.181
lo.238
lu.238
10.284
10,275
10,308
10,293
10,276
10,250
10,224
10,261
10.209
10.217
10177
104170
10e114
10.0642
9,967
Y809
9.561
7.921
9,883
o962
7.350
94302
3,960
24919
1.980
0. 095
=0+630
«1.,836
~1.763
~1+55€
=14357
=l.636
=1.387
-aT765
0,236
Detste0
T o238
-(e206
~UeT9%
~l.bbe
-2.129
-24795
«3.391
-3.,896
44306
~4,625
-4e873
=5,0b6%
-5,215
-5,340
=5.451
=5.556
-5.662
«5.774
-5.893
=6,020
=0.139
-6,223

-t,063
«11.,933
-16.102
=l4,758
«13.771
=13.163
-12,826
-12,713

D

o148
8,363
8.636
8,667
8,874
9,037
94261
9491
9e676
Y.816
¥.933
¥.993
10068
104139
104167
10216
10.226
10202
102644
104199
1u.187
104165
1uel70
104139
10.116
1U+069
104035
9.980
94901
9826
9,739
Y.602
94392
8,804
6,576
«74199
«20+389
-27.082
=35.126
47574
~158,326
@76,406
=77.700
~62.080
=560.799
-51.238
~59.621
=500995
=4lo 624
=34,035
«29.091
«20,433
=-24.058
~2c.118
-2l.021
=19.487
~18.22%
~17.162
-16.236
=15.@19
=16,701
~14e066
13,697
-12.982
«124513
=12.064
=11.089
-11.325%
«1U.989
~lu.678
=10.386
«106111
«9.832
«9,565
=94305
~12.185
=11.558
«10.617
-8.960
«15.260
-4l.820
~2114.559
-“,96]
«1253.191
674476
=3c.562
-23.217
=-23.102
=20Y.164
=15.073
64750
=7.261
=7.646
«To%02
-8,168
=84350

h/zo

1564348
15463.8
20113.6
20113.6
26869,3
29629.4
39277.,0
53681,8
63 73.1
73493.8
83336,7
8a3336,7
8B264,.9
93196,.9
93196.9
98132.4
98132.4
1n3071,.1
103071.1
103071,1
103711
103n71.1
108012.5
108r12.5
112956.6
112956.6
117903.0
117903.0
117903.0
117903.0
117903.0
117903.0
122851.6
122651 .6
127e0242
127602.2
127H02.2
122n51,.,6
112956.6
98)32.4
6521 .4
6521.4
6521 .4
6521.4
652144
6521.4
10£81,5
10881.5
10681.5
10881.5
10n81.5
10481.5
10481.5
10M81.5
10e8l.5
10&81.5
1088145
10£81,5
10881.5
10881,5
10881,5
10£81.5
10K81.5
1088145
10281.5
10&81,5
10881.5
10881,5
10881.5
10881.5
10@81.5
10881,.5
10881,5
10881.5
10681.5
15643.8
1564348
10881.5
10e8l.5
10881.5
10881.5
15443,8
15643,8
15643.8
15643.8
15643.8

15643,.8
156463,8
15443.8
15443,8
15643.8
15443.8
156463.8
15643.8

h/L

=100,06
«86,97

=110.29

«110,29
=133.22
-155.10
=195.11
249,13
-285,01
330,16
=381.85
394,96
429,46
659,12
=6583,30
=470,49
=451.63
~hbbe69
“411.57
«375.40
«337.93
-299.68
-275,53
«239.76
214,89
-182.12
=158.40
-129.77
=103.56

«79,15

=55.79

142,47
306.73
253.07
215,46
189,57
162,39
13,92
16,98
12.86
12.70
12,77
12495
21.69
22.82
26417
20.01
16,90
16,60
12.73
11.19
9,93
8.92
8.15
T.58
T.16
6.85
6,63
6,48
6,37
6,29
6.23
6,18
6.13
6,08
6,03
5.98
Se91
Se86
5,75
5.66
5,57
7.76
7.69
6,27
Se56

5.91

119

<0880
0,0886
0,0891



He2Y
Jed0
velS
levo
Le2%
len0
le?>
2e0U
2425
2e59
2o >
Je0v
deg>
Jesv
3e79
“e00
“e29
“eS0
“e !9
Seul
De25
Seb0
Se75
ae QU
6425
6450
6s75
7.00
Te25
Tesu
TeT>
3400
Be29
L2311
Geld
Ye0u
FecS
Fem0
GeTS
1000
1Cerd
1050
10e7%
1le00
11e2>
11e50
1175
1200
12425
1259
12¢/2
1300
13e25
13050
1373
14000
leecd
TweSu
1075
1500
1523
1950
15675
10900
1becd
16450
16475
1700
17.25
1750
1773
10400
18025
1oeSV
13479
1700
1ve2d>
19e50
1975
20e00
20425
20e5U
20e7>
2100
21e25
2150
2175
22400
22+25
2250
22475
23e9u
23.25
2350
23e75
26eQ0

1564,4
156,46
201.1
201.1
PubS
266,13
6b .4
w9040
«87,7
&893
84,1
833,46
aRg.h
e3.n
232,."
32,0
CLIRR
g&l.d
1n03G.7
1030/
1n30,7
1030,.7
1n30.7
1nR0,.1
1nR0,.1
107041
112944
11294
1evaes
1129.%
1129,4
1125en
1177.1
1327,%
127849
1278.0
1228.5
1179.0
1030.7
108,8

65"

AS,2

9.7

65.2

65,2

65,2
108.R
10=eR
V0mR
108.8
16848
10848
1054R
10848
108.3
10844
10844
108.R
10848
106,58
10k eR
108,43
108.R
106en
108,42
10848
108,08
108~
108,84
108,82
10842
106 R
10 8.R
108,R8
108,8
15644
156,4
154.4
154.4
156.4
154,64
15444
15404
19645
1564
154,48
15,4
15644
156.4
1544
15644
156,46
154.4
154,44
156,64
1544

«2,567
«2.635
=2.b07
=3.021
«3.193
=3.319¢
-3eil]
ERPYEY
«3,482
=3.936
=3.596
=3.654
-3.700
=3.714
=3.6%>
-3.642

-3,206
-3.083
-2,884
«2.6€7
24438
-2.202
-1,999
~1.71%
“liue9
-1.222
~ue9T8
~0.736
(10695
9294
=0.012
0.276
we453
[S-1-T3
0.522
0.501
Oos8
04e00
0,461
Uebsb]
O.6le
Ussla
Vetsla
0.6l15
Vo33
Oelats]l
Q.692
V307
Ge97
Q.72
PR
Qo7
0.378
0.393
U331
0.316
0.300
0.290
Ha2b2
0.270
0,270
1.206
0.202
0e258
ue255
0.251
fo,26n
0e264
0,261
0238
n.235
0.233
n.230
el
0.230
0206
vello
D376
0.366
54359
0,357
0.001
nelS9
0.216
Ve202
0.330
0.2086
0.20H
0.lbn
0.15¢
n,le3
velbn
el?1
vel?1

Table Ix

Similarity Functions - Case D
C

E{*

- 1389
~1e159
~helon?
~0.2106
“G+2337
~He2543
~0,2706
~ve2dla
~u.2d97
~042997
-043100
~0e3207
=0+3309
-143382
=0.3621
- 43633
=0+3400
=0e3363
-ne3252
~ye3132
-0.3002
-1, 2853
=0.2693
=0.25¢6
= 22351
=0.2176
041997
=-el8le
“0.lb34
~0.1450
-,1263
0,172
=0.0874
«0.0653
—ue0342
-0.0067
-040037
=0.0028
~u.0021
«0.,0006
0.0000
0.0002
~0.0006
=0.,0007
=0.0007
~0.0008
-0.0009
-0.0010
~0.0013
=0.001a@
~0.0016
~0.0017
-0.0018
“0.0Gly
~0.0020
=0.00<0
“0.0021
=0.0622
-0.0022
=0.0023
-0.0023
~0,0023
~0,0026
00024
~0.00c6
~0.0086
~0.0025
~0.0025
-0.0025
~0.0025
-0.0025
-0.0026
=0.0026
-0.00c6
~0.0026
~0.0027
-0.0027
=-0,0n31
=V, 0066
=0.0000
~u.0001
-0.0000
ve0000
~0.000k
=0.0030
-0.0020
-0.0010
«0.0001
«0.0007
~0.0016
-0,0032
=0.0031
-0+0031
=0.0030
~0+0030
=0,0030

L

17.82
17.%6
18.08
18423
18440
18.00
1b.84
19.11
19.41
19.73
20+5¢
20.08
23,63
«5430
13.18
13.63
13.89
13.99
63,04
31437
22.92
17.71
164.90
17.28
2e.42
3Iv.90
31.98
2956
28.10
27426
26,86

R
=)

-T.71
=920
-12.24
-13.80
~17.14
2027
2?92
-3ne99
=38.14
~45.93
-56,17
-63,31
«70.65
“77.64
=7he?
«74,50
=79.76
=69,47
68,52
«6n .55
«52,88
46,28
«3¥.39
=356
29,68
=264 06
«20.57
~lb.14
-12.33
-3,98
5496
=3.20
~0477
2.58
.68
12.2%
13.99
14409
12.24
1.36
0493
N9l
B
6al7
0e72
0466
ne92
Ue86
N80
0.76
NeT2
Ne68
Neb5
0463
0.60
fe58
0.57
G455
0e56
C.53
N.52
0451
2450
N9
0409
el
New8
008
8
Dae8
Nea8
.48
DewB
0.48
N, 49
065

neTl
ne75
ne76

ne82
083
1485
(82
0.85
n.88
191
Ue95
11499

A

30439
4¢200
4e536
L.8006
S.067
S.265
Sebbs
Se.819
be156
5ed0B
6o 688
£e843
6979
74095
7.080
T.054
7.108
7.080
7.071
6+972
6857
6e777
6£e652
60611
6beiaT)
6297
54200
54985
Ge738
Se6é0
8e051
4e536
6e?25
2e420
=1806
=7.983
~G o948
“6e064
=fs810
-10.821
“lle09-
“l]eben
=12.n72
=12.731
=13.636
LITYYNS )
=16.289
~1r.199
~le,962
=luenl2
~12.932
~12.293
~11.907
=l1.670
«llea02
=11390
~1).368
=11.423
~l1.485
~11.%55
~11.6213
=l1.680
=i1.71A
“11.730
=i1.711
“11.6%9
«l1.570
=l1es665
=-11.282
=11.079
=1p.8¢8
=1n.530
«10.203
~8.a83
-9.579
~9.3y8
~10el06
“9.591
-G, 045
~Re833
=Re51S
8237
=7.971
“7.614
-7.495
720k
ko R6T
“6e580
“6e176
6195
44863
“nedlo
=44599
4277
«3e902
=3.491

B

144119

«9,635
~5.743

-10.228
-16.727
-19.198
-le.067
-13,346
all 946
-12.777

D

8,100
~e320
8.606
84651
B856
$.010
Y.l67
Y306
Y.562
9.732
Y846
9.932
10,013
10.082
10.121
1uel3y
lu.182
10191
104199
10.194
106179
1uellds
10.110
10.098
lu.058
10,023
9.978
9.919
9.815
9.72%
Y.01l
4455
0.828
8,321
D.654
~13.776
-27.823
=37.120
-4d.358

~1204097
1198,467

3084199
-T8.074
=Tn.0631
~64.557
-56.281
~62.411
~50.887
~4Ds 044
«30,688
3w, 269
=31.333
-26.993
26,673
-2%.118
«234473
«21.990
=20.663
“1Ye4uB7
=jBeuil
“17.507
-10.672
=19.919
=15,236
=le.612
14,040
134515
-13,033
=12.589
~12.177
=11.791
11,421
~11.062
=10.711
11 0392
«13.337
-12.316
-Y,448
«3.289

«12264105
bbb, ydl
=l261.161
1700.975

=3.062
Dol 7
16,394
«63.579

499,431

«54.003
~22.286
-7.221
=7.761
=8.166
~B.uT6
-84720
=8.91¢

15643,8
15663, 8
20113.6
20113.6
24M6Y,3
29+29,4
onbl 2
49700,5
58773,2
~8580,3
78612.8
83336,7
RBrO4.9
23196.9
93196.9
93196,9
98132.4
98132.6
1n3 71,1
103: 71,1
103771.1
103 71,1
1A3071,1
1081 i2.5
108 12,5
16°712.5
112956.6
112956,6
1129%6,6
112%56,6
112956,6
112996,6
137708.9
132754,7
1>7e02.2
127802.2
122n51.6
117503.0
103-71,.1
10481.5

621,64

6521w

6=2l.6

6521 .4

652l.4

6521 .4
10481,5
10781.5
10~81,5
10=81,5
10-81,5
10781,5
10881,5
10481.5
10181,5
10815
10R81.5
10061.5
10#81,5
1048145
10481,5
10881,5
10681.5
10481,5
10481,
10K81,5
1088l.5
10881.5
10481,5
10~81,5
10k81,.5
104815
10¢81,.5
10P8l1e5
10681,5
15¢43.b
19643,8
15663, 8
15643.8
15043,8
15643,.8
15643,.8
15663,.8
154643,8
15443,8
15643,8
15643,8
15463.8
15663,.8
15463,8
15443,8
15 3.8
15we3,.8
15443,.8
19643,8
15463,8

310,69
~275,65
261,49
=~219.58
=188,20
=159.46
-138.82
=113.3¢4
«90.13
-68,33
7,24
«25.6%
le72
“0.86
150453
386,37
262,206
206.71
173.11
21.92
15.21
14.b4
12.70
12.75

0.08Y3



Hedd
0450
Jel3
100
125
150
1075
2000
2e2%
2450
2073
3.00
3e25
50
3.75
4000
“e25
4e50
“e79
500
9425
550
S5e75
6400
6e25
6620
6475
TelV
Tegd
Ten0
7.75
ReGu
el
oy
375
Je Q0
Ge2>
Gedu
Fe 75
1000
112>
1usSu
10.75
11e0U
11e2>
1le>v
1le7>
12+ 00
122>
12050
1279
1300
13625
13650
1379
laelv
14025
laeou
1475
1500
15e¢>
1500
1575
1000
16425
1650
1079
17.00
17.25
17+5v
17.75
1300
182>
18050
1~e/3
1400
1923
19e5u
T9e75
20400
2625
20050
2ve75
2le0v
21le2>
2leou
2175
22400
22425
22+5u
22475
23400
23425
23450
?23.7%
24400

15444
156,46
~0l.1
Phe S
766,7
bl
4614
87,7
L8548
784,1
833,06
LI
and.h
arg,k
232,
32,0
el
qkl.3
981,17
okle
103ve 7
1030.7
103: 47
106041
108161
10R0.1
112v.%
1129.<
1081
1n80.1
1080,.1
1129
N79.0
1179.0
12784
1927.%
1227.5
1127,=
1273, 1
192, 3
11747
1225.%
1ioweR
TUALR
Tme R
1084R
10d.R
108.8
10449
10865
108,
10348
108,R
108482
178 g™
108,R
1B
108.°
160,14
168,72
65,7
RD,2
69,72
b=.2
69,2
83,7
65.2
69542
65,2
65,2
6,2
294
6547
65,2
65,2
65,2
6542
65,2
69,7
65,2
65,7
65,2
65,2
65,7
65,7
- 2%4
65.2
65,2
6542°
5.7
65,7
b=y
65,7
65,2
69,2
65,7

“eluo
0e10
ra190
e199
W2la
e2eY
Y-LY)
ne266
De2B
.29}
0.3 1
04349
316
n.321
we3al
ne332
«330
04340
«343
Nelab
Ne 308
N, 369
{030y
04339
neday
Ne34a
o367
Ge363
0.338
0.332
04323
n.312
fe293
ne2-y
Q213
felul
el it
“elle
“ella
f.l13
0el+v
Nelul
009w
NeNnb
.00l
fafily
fanfB
0.0/8
0eNid
0.n/b
Mol
Cel 1y
De0 7Y
Nen iy
[YINAS
Balily
NenTy
N0/
Hen?/
Naeth (>
ne072
LR
[ LY
Nl e
fun e
Cec??
Helur
Gelnl
el g
Golus
belbe
Coluw
Daliw
0slus
Colus
fel"d
feluu
Vetve
reln2
N.103
Oeluld
Oelus
Oolud
0elud
felud
Oalué
Nelud
0.1u3
00113
0elus
0elv7
0.1l06
Nelud
Oalue
nel 3
0. u3

-2.7499
=2.727
-0 791
«2,869
-2, 883
2,805
2860
-2.,700
-2.720
~2,6b6
-2.651
~2.615
~2.572
-2.526
~2.408
2,41 2
«2.330
2,26
-2.153
-2.053
~l.9es
~l.be>
«l.699
=~1.506
=l.bc2
-l.2/2
-1.113
-1 900
e 777
-0.600
“h.als
-0.221
«0s011¢
nel97
fH,631
Gebi 6
0.630
G.oe0
14635
febll
neoe?
HeST7a
Vel
Ueleirm
0,374
{3%n
0o 36n
fr, Jag
Ce33e
uedds
Negis
He333
v.332
Nedsi
Gedcy
0,327
veden
veded
el
ve3u6
v.2%2
vedu9
uedet
., 3et
Vedel
0.30m
e2we
tegtle
ne2he
U.c30
Vel &
Delty
tedr3
elay
f.131
0al-3
0.2L7
0.051
0.0¢5
vels2
n.le3
[]13
0,093
0,097
136
=0.030
0073
G.0-0
0.utl
0.00-
-0.022
-0.01¢
~0.01a
-0.012
-0.0u%
-G 000

e
Similari.y Functions

R,

3

= .1331
“fe]169%
- ,lo88
~te2uds
- .222%
~rec32n
=0.2371
-t 42376
=v.2393
-r.26l8
- J2aby
~1.2473
- a0l
=fe2506
=v.2500
=0+2490
~0.247y
—ue2433
- 22392
~ye236]
- 2279
i e2204
-ne2l2s
~y,2036
-1 41937
“ueit3e
-neli21
~uel005
=yelubd
~ya1361
~uele3)
-3e1u93
=040968
~ten 83
=040 24y
~U.iebe
-0eurllS
~0.0u71
EORY L)
=ue32
“ta0el9
“0auls
=u.ous
=u.nuul
RO YIS
“u.0006
=V 000G
~u,0006
~Us0004
=~0s00us
=3+0004
=t e )0
«sUVS
~us0US
=0,000%
~ha NG
~UedUUb
~teguut
tenu?
-yealu/
=us 100b
«0. 2009
-0e.00i0
-0.00vll
~Ue0ull
-d.00 12
e ld
=ueluly
“Ue0NlG
~usNUlb
EITEE €
~0e.0L15
a0 1S
~u.0ule
~teluls
~(1a 004

Ga 0001
-0.0022
-uelnld
-UesN00S

Uetiig2
-v.0023
=0a0013
-0.000S

Ce0U03
-0eNG2G
~Q.0u0a
=0,0004

5.0003
~4an0l2
ECRTIN Y
~0.001AR
=fenul7
-0.0017
-0s0017
=0a00(7

L

=105
2,57
~3.03
=3e40
=3.91
-4, 5(
5,32
-6431
-7.12
-7.82
8o bd
-9.03
=9.60
=10.13
~10.78
=11.37
-12.02
-12.78
=13.55
=laedy
“19.37
«16.50
«1Te7>
«19.29
<21.15
-23.42
“26.07
«30465
=39.97
~4bobl
-6l.u2
“166.27
“1183.40
Hl.65
22.78
Tal4
4426
“s36
w, 78
4,77
“obih
“e51
3097
3499
“. 00
Jave
“e00
“e03
4,07
“lle
wolb
42N
“e23
“we26
wolt
“e3n
oSy
4430
4,20
4.l
4ove
ae37
“.99
9.61
6,27
6,97
T.12
L2%-1]
Yebo
1050
1l.09
13.06
le.00
1693
1-e73
12.21
1v.90
#5.99
26,99
18.04
16458
1782.b84
45,40
26479
17.82
enle20
29.08
30.30
«30.03
259.55
-119.02
=1e3.n3
-172.86
-210.12
-296.70
=315.08

=j

RlB

“Tsl4
-f.88
=704
-<439
=476
-d3.85
=3.51
-11.13
=11465
-12.20
=12.00
-11.43
~11.086
=136
10419
=3,53
=ve¢38
~HeTb
“r.l0
=7.60
=7.37
-0.78
=5e21
-3,89
5429
o0
~e,2?
=3.66
=2.92
-2.32
~il.68
=l.04
“he28
‘o8
2418
“wetd
"e20
T
7493
4e27
53
L3-]
125
130
1.30
131
la31
1.32
1e33
1e34
1.35
1.37
le3y
lesl
lewd
1ot
1.49
Le52
(P11
lenl

abl

[
.

3.656
4en0?
be2zn
4ele3
Gwoab}
4eE55
we?ln
Se025
Ge177
5.288
Se311
Se320
Ge272
Se20L7
Sel9%
Sel26
5.096
54035
44905
4eRET
GoRla
4758
GekbYy
“eSB6
Lead)
“e343
4235
4085
3.R7s
34653
2,370
30013
2e0l>
1118
~1.871
-7.958
=lee2ey
=13+363
~l2.a%0
=l3. 1
«17.739
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128

Figures 36-39. Figures 40 (a,b) and 41 (a,b) show isolines
of A, B, C, and D as functions of h/zO and h/L for a
restricted range of values of |f|h/u,.

An examinations of Tables VI-X indicates that the
similarity functions C and D are equal (within a few
percent) in the unstable boundary layer. Under stable
conditions, however, C and D do not appear to be equal.

Brutsaert and Chan (1978), analyziﬁg experimental
data, evaluated the similarity functions C and D. With
the height of the inversion as the length scale, §, they
found D to be about 0.65 C. Their results, however, are
based on the use of ©® (§) and R (8) in the deficit relations
instead of the vertically averaged variables 6& and ﬁﬁ.

As pointed out by Arya (1977, 1978) the use of 8 (§)
and R (8) in the formulation of C and D is less desirable
than the use of the vertically averaged variables because
the results are more sensitive to baroclinicity and

sampling errors.
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9. SUMMARY

A higher order closure turbulence model, using
the full level 3 equations (Mellor and Yamada, 1974;
Yamada and Mellor, 1975) is described in detail in
section 2. A new formulation for the length scale &,
defined by equations (65a - 65c) is used. This length
scale, appearing in each of the modeling parameterizations
described in section 3, has the same shape in the PBL
as Deardorff's (1974, 1975) profile of the turbulence
energy dissipation length scale.

Equilibrium boundary conditions for the second
moments are applied at the lower boundary. The surface
mixing ratio and potential temperature are predicted
with a single layer ground thermodynamics model (Deardorff,
1978) .

The results of a simulation of Day 33-34 of the
Wangara boundary layer are examined in section 6. The
boundary layer grows through the day, reaching a maximum
(1320 m) around 1800 hours (6:00 p.m. local time). About
an hour after sunset, the PBL top falls rapidly to a more
or less constant value of 100-150 m throughout the night.

Twenty-four hour simulations are made both with
and without the Coriolis terms. The results are nearly
identical for all the mean and prognostic turbulence

variables. The details of the Reynolds stress components
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u'w' and v'w', however, did show some sensitivity to the
inclusion of the Coriolis terms.

Finally, the similarity functions A, B, C, and D
are evaluated in section 8. Layer-averaged variables are
used in the deficit relations. The similarity functions C
and D are found to be equal in the unstable boundary layer,
although this appears not to be true in the stable boundary

layer.
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APPENDIX A
SOLUTION OF THE DIAGNOSTIC REYNOLDS STRESS, HEAT FLUX,

AND WATER VAPOR FLUX EQUATIONS

The level 3 equations for the Reynolds stress and
the heat flux (equations 50-58) represent a closed set of
9 diagnostic equations. Once the prognostic equations for
the mean variables (u, Vv, 59, R) and the turbulence variables

(q2, 6'2) are solved, the individual components of the
v

Reynolds stress tensor and the heat flux vector are determined.
The sclution of the simultaneous equations (50-58),

however, requires a great deal of algebraic work. It is
convenient to represent equations (50-58) in the matrix

form (equations A-1l).

The matrix is solved by performing elementary row
reduction operations until all the non-diagonal elements are
zero and the diagonal elements are equal to one. If, at
each step in the matrix manipulation, a new variable is
defined in terms of combinations of previously defined
variables, the answer will be of the form EIHS= Nk' where
Nk is defined in terms of M's, and the M's are defined in

terms of L's, etc. This procedure will lead to the

following:
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0 0 0 0 0 0 0 0]
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Q (<] o
@ = Ag 911 T C4 Gy1 T Fy
[+] o o o
a, = A, * &g @12 = Pj Gy = Fg
o o o
O3 = Ay @13 = DPs Ay3 = Fy
[+] o (<]
0, = By @14 = Dy Cog = C3
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@10 = C3 0 = F3 %309 = I,
Q
Gy = I3

The finite difference scheme described in section 5

requires that the turbulent moments u'w', v'w', and Wng
be known at time step k in order to solve equations (40-47)
at time step k + 1. From equations (A-2), we see u'w',
v'w', and 5753 are Ng, No, and Ny, respectively. Substi-
tution of the R through M into the N's results in a very
long and complicated expression for each N. The model
calculates the N's by evaluating the intermediate variables
(A-M) first.

Matters are simplified considerably when the Coriolis
terms are omitted. The model has an opticn tc allow the
Coriolis terms to be included or tc be set equal to zero.
Mellor and Yamada (1974) evaluated expressions for u'w’,

v'w', and w‘eé in the case fy=fz=0. It is possible to
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to show that NS' NG' and N9 reduce to their expressions

in that special case.

wWith £ =f =0,
y "z

- €,, (\" €24 Ao ) - (€ * Ens Augﬁqg)
Mw = Ng = E\s - Eq [ (A=-3)
E'o Ci- €3 Ao ) - (Ejyq *+€Euy Ay Aq;)
_ t () e 9R
tvg B [3}'(%~0 - 214 4, (f:) = ]% (A-4)
3 I Lg ey 2O /5
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- o 9 ! Lot 20.
€. {[7, Jy +eaZeg (35 Vantsioy)e ng.eu.x,gna ,%]
o2& 2 L Ay =
[svﬂﬂ;C%na n( ) + SY A, zg(ﬁa)e" ( z)]z .
{ 2'“'83‘5'[% *‘?J'Izzﬁaa@' z (A-6)
(A-7)

R Wy -é'—, Yg* + 90X 7 PG 3%—]
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(A-8)

1 -
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— 2 I o.
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[-11.33’_2&(%; 14, ¢ P8 aa )]
(A-9)

[EM + €, A‘ll Aw;]= o2 [31,%7':%’ - 271.1:”6%’ ?-3%']
(a-10)

Substitution of equations (A-4 to A-10) into (A-3) will

yield, after considerable manipulation, equation (A-11)

5% -7 (ﬁe)}& (34 su8,)o ]Z

.—--

— au{l.[(sc-\) g‘*%!.ﬂ;c% ﬂ&‘sz +98, By 5
)]+3sl!,pa Q’} Po 55 ’9"

{% +621, g" [( ;{ ;-2— ) ]43.(.9;[73‘%\91. 2.[( ,—g

(A-11)

Mellor and Yamada (1974) represent equation (A-11)

in the form
(A-12)
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and

-v'w! = K ey (A"l3)

From equations (A-2)

Eq1(1-EpqByq) = (Egp+Ey A 5R5)

Eqg(1=EpBy0) = (Ejq+Ey R 5R,3)

viw' = N6 = K9 - K8 [ ]

(A-14)

It can be easily shown that:

Kg/(aGVaz) Els/(aﬁ/az)

and

KB/(aV/az> = 317/(36732)

so ccmparing equation (A-14) with (A-3) and (A-1ll) yields

The expressions for N5 and N6' therefore, reduce as ex-

pected to Mellor's and Yamada's expressions in the sim-

plified case fy = fz = 0.
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Prognostic equations (45, 48) require that w'r'
be known at time step k to calculate R and 5",r' at time
step k+1. Once the Reynolds stresses and heat fluxes

(Nl'Ng) have been calculated, the only unknowns at time

step k will be u'r', v'r', and w'r'. Equations (59-61)
are three equations for these three unknowns. The solution

for w'r' is:

eI {(%t +91:§31)(3ﬂz53;§?'uz‘:’7'

%5
N

- T, =& 3w 3 —_ 2 .
Q‘%‘et &3’“""’ s—é- - oA, ¥~a§; A 33 z -

{?: tq .07 (534 S+ ;a”s‘_:) + 3947 544, 7%? (A-15)

Expressing w'r' in the form:

- = gg- . -
wirh =8y 3z YR (A-16)

and comparing equations (A-15) and (A-16) yields the follow-

ing expressions for Kw and Ygr*

(%1 +q4¢:.§;)(3,q‘,;72.) +c1%}:-§am' +27 02 .;‘h A gt
K, = (A-17)
%3 ¢ Q%J;(.}; "'f'g + &3’3:—;) +27.4,° ‘PRE s

—

o2
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(g%~ a0, $2*) (32, 64 e )

e = (A-18)
%3 + °u % (&z +53 'r&a -—)+ 2L, &a

Once equation (A-16) is solved, u'r' can be

evaluated by:

1ﬁ;3>[zuﬁw -1?"AU f&ﬂ -4 fe(N““sif**“' 7

%1 S S P
(A-19)

Finally, v'r' is the only unknown and is determined by:

2L, _— 2R 5 —_—
SRR S D - S o (2-20)

Numerical stability considerations for the r‘eé

equation require w'r' to be expressed as:

w'r' = Ar'eé - B. (A-21)

A comparison of equation (A-21) with equations (A-16

- A-18) yields expressions for A and B:
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32 1y (,()z > ‘lJ?zL'S';')
A- (A-22)

ARE PN S EEY ,_ha»] Vg5 2T

30, (¢ +9k f2 )w =t 8“3”’“’ ALY i vy 2%
%=

* Y o—
% MR L5 +§%’+§.895_A; + D‘l,(’f 53-&*93'\_;

(A-23)
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APPENDIX B

THE STAGGERED GRID SYSTEM

A 44 point one dimensional staggered grid is used
in the model. The mean variables are defined at integer
grid points and turbulence energies and fluxes are defined
at half integer grid points (see Figure B-l1). A trans-
formed coordinate system is used (Yamada and Mellor, 1975)
which provides greater resolution near the ground where
gradients are the largest. The lowest 26 meters contain
3 grid points. Above this level, the distance between
grid points quickly approaches 50 meters and remains nearly
constant with height thereafter. The new vertical coordinate,
z, is defined és:

= a,z + a, 1ln(z/a (B-1)

1 2 3)

(al,az,a3) = (0.02, 0.25, 0.01) (B=2)

The z-7 values are tabulated in Table (B-1l).
Yamada and Mellor evaluate vertical derivatives in the
z coordinate system and that approach is followed here.

The derivative of any quantity, ¢, is:

% _ , 20 _
3z 2 3¢ (8=3)
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(B-4)

The lower boundary conditions for the mean variables

are applied at ¢ = 0; those for the turbulence variables

are applied at ¢ 1/2. The upper boundary conditions
(turbulence moments vanish, mean gradients constant) are

evaluated at grid point 43-1/2 (2022 m).



Table (B-1)

z-¢ Values (Equation B-1)
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zeta z (m) zeta z (m) zeta z(m)
0 0.01 15 612.22 30 1352.32
1/2 0.07 15-1/2 636.73 30-1/2 1377.09
1 0.52 16 661.26 31 1401.87
1-1/2 3.14 l6-1/2 685.80 31-1/2 1426.65
2 11.70 17 710.36 32 1451.43
2-1/2 26.48 17-1/2 734.94 32-1/2 1476.22
3 44,88 18 759.53 33 1501.01
3-1/2 65.21 18-1/2 784.13 33-1/2 1525.81
4 86.66 19 808.74 34 1550.61
4-1/2 108.81 19-1/2 833.37 34-1/2 1575.41
5 131.45 20 858.00 35 1600.21
5=-1/2 154.44 20-1/2 882.65 35-1/2 1625.02
6 177.69 21 907.30 36 1649.83
6-1/2 201.14 21-1/2 931.97 36-1/2 1674.64
7 224.75 22 956.64 37 1699.46
7-1/2 248.49 22-1/2 981.32 37-1/2 1724.28
8 272.35 23 1006.01 38 1749.10
8=1/2 296.29 23-1/2 1030.71 38-1/2 1773.92
9 320.32 24 1055.41 39 1798.75
9-1/2 344.41 24-1/2 1080.12 39-1/2 1823.58
10 368.57 25 1104.84 40 1848.41
10-1/2 392.77 25-1/2 1129.57 40-1/2 1873.24
11 417.02 26 1154.29 41 1898.08
11-1/2 441.31 26-1/2 1179.03 41-1/2 1922.92
12 465.64 27 1203.77 42 1947.76
12-1/2 490.01 27-1/2 1228.52 42-1/2 1972.60
13 514.40 28 1253.27 43 1997.44
13-1/2 538.82 28-1/2 1278.02 43-1/2 2022.29
14 563.26 29 1302.78
14-1/2 587.73 29-1/2 1327.55
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~== 7 = 43.5
z = 2022 m
T = 43
Zz = 1997 m
== = 42.5
z = 1973 m
~
4\/
Ju v
c =1 - - = = g g
z=20.52m tu, v, Oy Rv Ugr Vg’ 3z ' 3z
su'w'! ov'w' aw ;v
0z ' oz ' 9z }
e [ = 0.5 { 2 9'2 r|2 ?—e—r _3_1_1_1_._ aGV _3_-@
z =0.07 m a9 v ' v’ 3z ' 3z ' 3z’
a‘u', urle', ulr', u_, v_}
ij i“v i g g
=20
‘ z=0.01lm

77 /77T

Fig. B=1l. Staggered grid system used in the model.
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APPENDIX C

Read Input Parameters

No,/ Yes Read Initial Values
I \\rStarting Runj}——————é of Second Moments
\L From Disk
Read Last Values
of Prognostic Variables
from Disk
\L Call INTIAL
Initializes Mean Variables
Call LZERO

Calculates lo

N

Call CORIOL
(Call XES for fy = £, =0)
Calculates Diagnostic Variables
and Derivatives

Enter Main Loop

\

Produce Plots

)

Yes Write Values of
{ Run To Be Restarted:>~——> Prognostic Variables

to Disk

Fig. C-1. Flowchart of the level 3 model.
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ENTER MAIN LOOP

¥

Call PROG — Call BOUNDC
Calculates Prognostic Ground Thermodynamics
Variables at t + St & | Model

!

Call GEOTV
Calculates New Values of

u ., v

g 4g
Call BTOP
Calculates PBL Height

I

Call LZERO
Calculates 20

|

Call CORIOL
(Call KES for fy=fz=0)
Calculates Diagnostic
Variables and Derivatives

g
EXIT MAIN LOOCP °

Fig. C-1 (continued)
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