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Abstract

Engineering design work relies on the ability to predict system performance. A great deal of
effort is spent producing models that incorporate knowledge of the underlying physics and chemistry
in order to understand the relationship between system inputs and responses. Although models can
provide great insight into the behavior of the system, actual design decisions cannot be made based
on predictions alone. In order to make properly informed decisions, it is critical to understand
uncertainty. Otherwise, there cannot be a quantitative assessment of which predictions are reliable
and which inputs are most significant. To address this issue, a new design method is required
that can quantify the complex sources of uncertainty that influence model predictions and the
corresponding engineering decisions.

Design of experiments is traditionally defined as a structured procedure to gather information.
This thesis reframes design of experiments as a problem of quantifying and managing uncertainties.
The process of designing experimental studies is treated as a statistical decision problem using
Bayesian methods. This perspective follows from the realization that the primary role of engineering
experiments is not only to gain knowledge but to gather the necessary information to make future
design decisions. To do this, experiments must be designed to reduce the uncertainties relevant
to the future decision. The necessary components are: a model of the system, a model of the
observations taken from the system, and an understanding of the sources of uncertainty that impact
the system.

While the Bayesian approach has previously been attempted in various fields including Chem-
ical Engineering the true benefit has been obscured by the use of linear system models, simplified
descriptions of uncertainty, and the lack of emphasis on the decision theory framework. With the
recent development of techniques for Bayesian statistics and uncertainty quantification, including
Markov Chain Monte Carlo, Polynomial Chaos Expansions, and a prior sampling formulation for
computing utility functions, such simplifications are no longer necessary. In this work, these meth-
ods have been integrated into the decision theory framework to allow the application of Bayesian
Designs to more complex systems.

The benefits of the Bayesian approach to design of experiments are demonstrated on three sys-
tems: an air mill classifier, a network of chemical reactions, and a process simulation based on unit
operations. These case studies quantify the impact of rigorous modeling of uncertainty in terms
of reduced number of experiments as compared to the currently used Classical Design methods.
Fewer experiments translate to less time and resources spent, while reducing the important uncer-



tainties relevant to decision makers. In an industrial setting, this represents real world benefits for
large research projects in reducing development costs and time-to-market. Besides identifying the
best experiments, the Bayesian approach also allows a prediction of the value of experimental data
which is crucial in the decision making process. Finally, this work demonstrates the flexibility of the
decision theory framework and the feasibility of Bayesian Design of Experiments for the complex
process models commonly found in the field of Chemical Engineering.

Thesis Supervisor: Gregory McRae
Title: Hoyt C. Hottel Professor of Chemical Engineering
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Chapter 1

The Future of Experimental Design

We learn about systems by building, testing, and observing. This is true whether the system is
a machine, social group, or computer simulation. Experiments are one way we can control the way
information is gathered from a system. Examples include measurements or observations, surveys
of experts, or the evaluation of the computer model. The common connection is that information
is revealed by running the experiment.

Design of experiments is the exercise of selecting specific experiments in order to gather relevant
information. If infinite resources and time were available then we would not be concerned with
experimental design. We could simply run experiments until we obtain useful results. In reality,
experiments must be selected intelligently in order to collect information in an efficient and effective
manner. Unfortunately, it is difficult to know exactly what experiments should be used and how
many are required — each study has unique goals and therefore requires different information.

In engineering fields we have a wealth of knowledge about the systems we use. We understand
many of the underlying principles that dictate system performance or at least have empirical obser-
vations that can describe the system. It is commonplace and even required to use this knowledge
for process design and optimization but it is rarely seen in the design of experimental studies. This
represents a great opportunity because incorporating this knowledge into the design of experiments
process can greatly reduce the required number of experiments - saving time, resources, and money.

The goal of this thesis is to change the way information is gathered by focusing on the treatment
of uncertainty. Much attention has been paid to improving process modeling, numerical methods,

and optimization. The treatment of uncertainty during the design process often overlooked. The
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vast majority of experiments being done today either use Classical Design of Experiments or skip the
explicit design of experiments step altogether. These experiments are still guided by the expertise
of the researcher, but prior knowledge, models, and uncertainty do not explicitly influence the

design. This results in the inefficient use of resources and time.

1.1 The Experimental Process and Experimental Design

To better understand how to design experiments, we first examine how an experimental study
is carried out. In a study, design, experiments, and analysis are iterated to gather evidence until

the goals are reached or resources are exhausted. This is illustrated in Figure 1-1.

Prior Design of Collect Analyze Assess
. —>
Knowledge Experiments Data Data Goals

—-——-I Goals Not Met It———————
| Goals Met l

Figure 1-1: Flowchart of the experimental study process showing the role of design of experiments

Ideally, we could somehow determine how useful every possible experiment will be and run
only the most useful. Unfortunately, this information only after the experiments are run and
data is analyzed. Therefore, more practical design of experiment approaches have been developed.
Design of experiments approaches are used to determine the best experiments to run, however, it
is important to understand that the root of this problem is estimating the usefulness of a future
experiment. Each design of experiments approach accomplishes this in a different way; this thesis

focuses on the Bayesian approach.

1.2 The Bayesian Approach to Design of Experiments

In order to incorporate all the prior knowledge and treat uncertainties, we take a general ap-
proach that models the entire experimental process. The design step is posed as a decision problem,
where the engineer must select the best experiment out of all possible experiments. The framework
from decision theory organizes and connects various ideas: how to describe the process knowledge

and uncertainty, value information, and use optimization methods. This is called the Bayesian
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approach or simply Bayesian Designs because many of the methods rely on Bayes’ Theorem (See

Chapter 6 in particular). These connections are illustrated in Figure 1-2.

Prior .| Designof .| Collect | Analyze | Assess
Knowledge | Experiments "l Data Data Goals
Probability Optimization Uncertainty Statistics Information
Theory Quantification Theory

Figure 1-2: The steps in the experimental process can be matched to components of decision theory

Applications in the pharmaceutical and energy industries will serve as initial case studies, how-
ever, the techniques illustrated here can be applied to any field and any system. Examples include
the design of experiments to characterize equipment, improve system performance, compare models
of a system, or even compare two technologies. The ideas are also applicable to other design work

such as process design and optimization.

1.3 Motivating Study

The pharmaceutical industry aptly demonstrates the impact of experimental design. Pharma-
ceutical companies face two critical challenges: lengthy product development times and process
variation. The first is driven by economic concerns - the first product in the market captures and
retains a disproportionate amount of the market share, even if a superior product is introduced
later. The second is due to government regulation of drug quality. The root cause of both product
development times and variability in product quality is the difficulty of gathering usefyl informa-
tion. Before a drug can be sold, a reliable and consistent manufacturing process must be designed,
built, and validated. Each step takes experiments and each experiment costs resources and time.

The case study which motivated this work was an experimental project carried out by an
industrial partner. They had used Classical Design of Experiments to run four studies for the scale
up of a mechanical separation process. Using classical statistical methods and scale up procedures,
they developed a model for the production scale equipment that did not accurately predict the true
performance. As a result, an additional study was required which increased the time and money
spent.

We will examine why this scale up failed and how the experiments could be improved using

Bayesian approach to Design of Experiments in Chapter 8.
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1.4 Thesis Structure

The building blocks required for decision theory are introduced in Chapters 2, including proba-
bility theory, uncertainty, information theory, statistic/ estimation theory, and optimization. More
detailed discussion and related topics are also included in the Appendices.

After the background chapters, the various approaches to design of experiments are described
in Chapters 4 and 5. The relationships between experimental studies and decision theory shown in
Figure 1-2 are emphasized, focusing on the treatment of uncertainty and current process knowledge.
The methodologies used in this work are then detailed in Chapter 3: Methods for Uncertainty
Quantification, and Chapter 6: Bayesian Methods for Estimation and Design. Finally several
examples and case studies are used to showcase the methods and design of experiments framework

in Chapters 7 through 10, followed by the conclusions and discussion.

1.5 Thesis Contributions

This thesis provides a substantially different perspective on design work than traditional Chem-
ical Engineering Process Systems Engineering methods. The focuses is on uncertainty and decision
theory rather than optimization and modeling. This perspective follows from the realization that
experiments are not always carried out for gaining knowledge. The true goal is to gather the neces-
sary information to make an informed decision. The framework provided in this work gives a clearer
picture of the important factors that affect the system and the impact on the future decisions.

The first contribution is the synthesis of the ideas and methodology for properly treating uncer-
tainty for design of experiments on chemical engineering systems. While the Bayesian approach has
been previously attempted in various fields including chemical engineering [29, 28, 62, 63|, the true
benefit has been obscured by the use of linear system models, simplified descriptions of uncertainty,
and de-emphasis of the decision theory framework. In this work, no simplifying assumptions are
taken and the decision theory framework is followed strictly. This allows a quantitative assessment
of the decision making benefits gained by properly treating uncertainty. The methods required in-
clude: Bayesian probabilistic modeling of uncertainty, use of prior knowledge, use of non-Gaussian
distributions and corresponding Information Theory metrics, Markov Chain Monte Carlo methods,

and Polynomial Chaos Expansions. Many of these techniques have not previously been applied to
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the design of experiments.

The second contribution of this thesis is the application to common chemical engineering systems
including chemical kinetics models, a mechanical separations unit, and a process flowsheet. By
applying these methods to practical chemical engineering systems the benefits of the Bayesian
Design of Experiments approach over the commonly used Classical Designs approach are clearly

established.
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Chapter 2

Background Theory

This chapter presents the required background theory at the level necessary to understand the
remainder of the thesis. Section 2.1 gives a definition for uncertainty and introduces the necessary
supporting concepts. Then Sections 2.2 and 2.3 provide the background on probability, statistics,
and information theory that provide the basis for Bayesian methods. Finally, Section 2.4 ties all
the concepts together to describe the framework used for design of experiments and Section 2.5
discusses the optimization tools that are used in this thesis. Chapters 3 and 6 contain additional

details of the most important topics.

2.1 Uncertainty and Modeling

Uncertainty describes the state of imperfect knowledge. For example, the state of a physical
system at any instant is well defined and certain but our knowledge about the system is quite
uncertain. It is impossible to exactly know the system states because we know only what our
instruments and observations tell us. Decisions are often made with incomplete knowledge - we
never have enough information about the system to know for sure which decision is best. Therefore
it is critical to understand how much knowledge we have and how to improve that knowledge
through experiments. In this section, we will discuss the significance, modeling, and quantification

of uncertainty and information.
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2.1.1 Modeling Uncertainty

A system model relates the system inputs, outputs, states, and parameters to one another. The
model is a mathematical representation of the knowledge we have of the system. Using these models
helps engineers understand which inputs, states, or parameters have an impact on the outputs.
Since our knowledge is often incomplete, all these quantities have some degree of uncertainty;
there can be uncertainty in the physical basis of the model, the mathematical representation, the
model parameters, etc. The uncertainty impacts the validity of the model and the ability to make
decisions based on the model. Before relying on model predictions for design work, engineers must
first have a sense of the quality or the uncertainty of those predictions. We need to be able to relate
uncertainty the inputs, states, parameters, etc. to the uncertainty in the outputs and measurable
variables.

Still, uncertainty is a vague and subjective concept. Given different levels of understanding
and knowledge, two observers of the same event may have different amounts of uncertainty. This
presents enormous problems for modeling. To address this issue, uncertainty must be represented

in a way that is consistent between observers but still have physical meaning.

2.1.2 Uncertainty and Probability Theory

There are several tools that have been used to characterize uncertainty [65, 18, 19], but here we
will use probability theory. Probability theory is mathematica]ly rigorous and provides the neces-
sary consistency. For example, although two people can disagree over what probability of a future
event, they must agree on the meaning of that probability. In addition, probability is a natural
concept to apply to physical systems. While other methods also share these properties, probability
theory is an appropriate and widely accepted tool for treating uncertainty in engineering systems.
This is sometimes called a Bayesian perspective of uncertainty, in which uncertain quantities are
represented by Random Variables. See the books Understanding Uncertainty by David Lindley [51]
and Probability Theory by Jaynes [43] for more discussion.

When applying probability theory to engineering systems, we narrow our scope to parametric
uncertainties. In these situations we are most interested in true values or optimal values of param-
eters. Unfortunately, we are uncertain what these values are. Rather than describing a fixed value

and assuming it is the true value, we use probability theory to describe the the uncertain knowledge
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of the true value. The key point is that this is modeling our understanding of the parameter, not

the parameter - which has a fixed true value.

Statistics and Probability in Engineering

Statistics are used to describe past observations and probability theory to predict future events.
Observations of a system always have some variability which is described by a statistical model.
These models are then used to estimate parameters and finally to predict future observations. In
terms of uncertainty, observations allow us to make inferences about the uncertain state of the
system. Using our imperfect knowledge of the system, we can imperfectly estimate the unknown
parameters. Using the parameters and the model, we can determine the uncertainty in the model
outputs.

Although there is a great deal in common between the classical model development strategy
and our current uncertainty framework, there is one major distinction. The classical approach
always assumes that uncertainties can be described by Gaussian probability distributions. The
Gaussian distribution is useful because it is remarkably simple to define and manipulate, yet it
describes naturally varying processes well. Unfortunately, there are many instances where the
Gaussian distribution is inappropriate. To be treated accurately, uncertainty must be described
with more fidelity so we will use the entire probability density function. Many commonly used
statistical techniques cannot treat non-Gaussian distributions, so we will need to develop more

flexible methods. These issues will be discussed further in Section 2.2.

2.1.3 Sources of Uncertainty

There are countless sources of uncertainty when modeling a complex system. To attempt to un-
derstand them, they are placed in two categories as modified from a report by the Intergovernmental

Panel on Climate Change [59] and an article by Draper [19].

Data Observations

Data can never be treated as a true measurement of the system because the measurement tools
are imperfect. There is some uncertain discrepancy between the observations and the true system

state. What engineers and scientists strive for is to keep the uncertainty low enough so that the
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observation conveys useful information about the system. To model this, we must understand
the sources of uncertainty, including but not limited to: random fluctuations in the measurement
equipment, influences from factors outside the system, incorrect interpretation of the observation,
and observation of the wrong signal. The great difficult with modeling these sources is that they
are often unknown and undetectable. As discussed below, these are typically all lumped together

along with terms which do not belong.

Modeling

It is an unfortunate fact that models are never completely correct. The physical world has so
many factors which influence system performance that a model cannot capture them all. We must
accept this fact and simply try to understand how this affects our confidence in the model. This is
called the model output uncertainty.

First of all, the model structure is incorrect. Even models built on physical principles will
either be missing terms or have the wrong mathematical representation. This is notoriously difficult
to detect, much less model, because it is convoluted with other sources of uncertainty. For this
reason, model inadequacy is often lumped into the observation uncertainty because the unexplained
variations in the model output are mistaken for observation errors. There are other approaches
treating model inadequacy [47] which are not explored here.

Secondly, there is uncertainty associated with the numerical computation of model outputs.
This is assumed to be negligible throughout this work. This is a safe assumption, as models should -
always be validated and verified.

Lastly, there is parametric uncertainty. The parameters have physical meaning and are therefore
assumed to have a true value, which remains unknown to us. By representing our knowledge of
these parameters with Random Variables, we introduce uncertainty into the system model. This is

the only source of model uncertainty which is treated rigorously here.

The Quantification of Uncertainty

After lumping many sources of uncertainty together we are left with two main sources: ob-
servations and model parameters. Uncertainty quantification is the analysis of the impact these

uncertainties have on the model outputs. Uncertainty refers to the probability density function of
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the model outputs, while sensitivity is the contribution or relative contribution of a single param-
eter to the overall model output uncertainty. Methods for uncertainty quantification are discussed

in Chapter 3.

2.1.4 Recap

Now that the ideas are in place to define, model, and quantify uncertainty we return to give an
engineering perspective. When we attempt to quantify the uncertainty in a model, the purpose is
typically to gain insight into a design problem. In a more general sense, uncertainty analysis helps
to make decisions. To show how this is done, some background is required on the various tools that

come together to solve decision problems.

2.2 Probability Theory

In the previous section, probability theory was introduced as a tool to describe uncertainty
in physical systems. This section gives a basic introduction to probability at the level required
to understand the remainder of the thesis. Further material is in Appendix A. In particular,
Appendix Sections A.2.1 and A.2.2 discuss two crucial concepts which will allow a more thorough

understanding of the methods in Chapter 3.

2.2.1 Probability for Quantifying Uncertainty

Probability theory can be used to characterize a wide variety of quantities: future events,
uncertain or stochastic quantities, populations, etc. This work deals with parameters in engineering
models which are predominantly uncertain quantities that must be a real number (as opposed to
abstract concepts).

The purpose of probability theory is illustrated for two applications: a future event and an un-
known quantity. When analyzing a future event, it is clear that there are many potential outcomes.
Probability theory is used to describe the chances that each particular outcome will actually occur.
An example is a coin flip where the two outcomes are heads or tails. Uncertain quantities are
less intuitive. A quantity z is called uncertain when it has a fixed true or optimal value, which is
unknown. Probability theory can describe how much we know about this optimal value, denoted

z*. There is no physical event with a concrete outcome. Instead, probability theory describes the
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uncertainty about the true value. In a simple sense, probability theory describes the chances that
a particular value will turn out to be the true value.

We will represent an uncertain quantity, x, with the Random Variable X (wyx). For every
possible value x, X (wx) describes the probability that {x = z*}. This is still called an outcome,

even though there is no intuitive event that has occurred.

The Probability Density Function

One way to define a Random Variable X {wy) is the probability density function:

fx (x) = Relative probability that x is the true value

A (real-valued, continuous) Random Variable is a function which maps outcomes and values to
a corresponding probability density. There are three pieces here: the value x, the outcome wy,
and probability density fx. These three pieces make up the Random Variable X (wyx). This is
illustrated in Example 1.

The set of all possible values is the outcome space 2x. For a continuous Random Variable, there
are infinitely many valid outcomes in Q2x so it does not make sense to assign absolute probabilities
to each of them. Instead, densities are used to compare the relative probabilities between outcomes.
A probability density can range from 0 to oco.

In the case where there are discrete, specified outcomes, a probability mass function is used

instead. This assigns an absolute probability to each outcome.

px (wx) = Absolute probability of outcome wx

In the coin flip example mentioned above, this could be describe by:

heads

B[

pc (we) =
tails

DO

Example 1: Modeling an Uncertain Quantity

Say we plan to use a ball bearing from a certain manufacturer and need to predict its performance.
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We build a model which depends on its radius. The manufacturer guarantees that every bearing
has radius r between 4.99 mm and 5.01 mm and that 40% of their bearings are between 4.999 mm
and 5.001 mm.

We need to represent the uncertainty in the radius of a particular bearing, for use in the model.
In this physical example, the radius could be any distance and so a continuous Random Variable
is appropriate. Because we lack additional information about the probability densities, we choose

to describe the radius with Random Variable R (wg). The probability density function is:

Soamm 4999 < r <5.001
fr( =918 1 499 <r<4.999
1S oeE 5001 <r<5.01

fr (r) is shown in Figure 2-1. The outcome space is Qr = [4.99,5.01] and each value r within the

inner bounds is 9 times as probable as the other values.
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Figure 2-1: The probability density function of the uncertain bearing radius in Example 1

Section A deals with more advanced concepts in probability theory and reconciles general prob-

ability theory with the narrow definition that we use.
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2.2.2 Statistics

Statistics as a field is concerned with interpreting data. In this work, we use statistics in two
ways: estimating model parameters given a new dataset, and estimating properties of a hypothetical
population represented by a probability distribution. The estimation techniques are discussed later

in Section 6.2. Here we define some basic statistics of probability distributions.

Mean/ Expected Value

As with most statistics, the expected value of a Random Variable is computed using the prob-

ability density function. For continuous Random Variables:
p=Ex X @)= [ 9 7x () dx
Qx

This is simply the weighted average of all the values the Random Variable can take. The subscript
in Ex [X (w)] indicates that the values of the argument X (w) will be weighted by the probability

density function of X. This is more clear below:

Exlo(X @) = [ 960 7x (0 d

Qx

Here, the Expected Value are the values of the argument, which is a function of the values x, are

weighted by probability density function fx (x).

Mode
The mode is the value (or values) with highest probability density.
arg max fx (x)
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Median

The median is the value which has half the probability mass below and half the mass above.

median

x/ fx (x)dx = 7 fx (x)dx=0.5

xmedian
Variance

The variance of a Random Variable X (w) measures the spread of the values x around the mean

o? = var [X (w)] =Ex [X?] — (Ex [X])® (2.1)

o? = / (x — Ex [X])?fx (x) dx
Qx

Skewness

The skewness of a Random Variable is a measure of how the values are balanced around the
mean p. For example, a small density of values far greater than p can be balanced by a large
density of values slightly less than . This would cause a positive skew. For some densities this is

analogous to symmetry but a density can be asymmetric and unskewed.

oo ()]

Descriptive Worth

Each statistic provides a different description of a Random Variable. No single statistic can
completely characterize all Random Variables - some statistics are very informative for particular
Random Variables but do not capture interesting behavior of other densities. For example, mean
and variance completely define the Gaussian and continuous Uniform distributions, but can be con-
fusing on bimodal distributions. Therefore it is important when describing uncertainty to consider
which metrics are most appropriate and can give valuable descriptions of a wide range of Random

Variables. This will come up again in Section 2.3.
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Example 2: Visual Descriptions of Uncertainty Using Probability Theory

Figure 2-2 shows the standard Gaussian distribution and the standard lognormal (the log of this
Random Variable is the standard Gaussian). The credible intervals are a Bayesian equivalent of
confidence intervals. They show the mean (squares), median (diamonds), 68.2% credible interval
(inner end points of lines), and 95.4% credible interval (outer end points). The z-credible interval

is centered on the median, and covers $% of the values above and below the median.

0.8

z
a4l 1
S
02
% 2 K 0 1 2 3 % 2 a i ]
X X
(a) Gaussian (b) Lognormal

Figure 2-2: Example 2 — Random Variables representing uncertainty are shown as histograms,
functions, and credible intervals.

2.2.3 The Gaussian Distribution

The Gaussian distribution is the most commonly used Random Variable for describing uncer-
tainty. One reason is that natural populations often have attributes that are well approximated by
the Gaussian distribution. In addition, it is a convenient modeling tool because it has very nice
statistical properties. For example, summing Gaussian Random Variables results in another Gaus-
sian Random Variable. Also, the entire distribution can be completely defined by two statistics:
mean and variance.

To explain why the Gaussian distribution is not always appropriate, we describe the central
limit theorem and contrast it with the phenomena associated with physical systems. An in depth

discussion can be found in the Ph.D. Thesis of de Mann [17].
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The Central Limit Theorem

Let Yp, (wy) for m = 1... M be a series of Random Variables, all of which have the identical,
non-Gaussian distribution with mean p and finite variance o?. Then let Sis (wy) = % % Y (wy).
The central limit theorem states that as M — oo, the distribution of Sps (wy) will app;-_c_);ch a nor-
mal distribution S (wy) ~ N (i, 0). By rescaling, Zy (wy) = ﬁffi [@] will approach
the standard Gaussian Z,, ~ N (0,1).

Example 3: The Central Limit Theorem
The Central Limit Theorem is illustrated by plotting the probability density function of Sys (wy)
for increasing values of M for two distributions: the uniform distribution Y,, (wy) ~ U (0,1) in
Figure 2-3 and the exponential distribution Y,, (wy) ~ Exp (1) in Figure 2-4.

The closer that the original distribution of Y,, (wy) is to Gaussian, the smaller M needs to be

for Zjs (wy) to approach the normal distribution.

The Central Limit Theorem and Physical Systems

There are two problems with using the central limit theorem to justify modeling physical phe-
nomena with Gaussian distributions. This assumes that all the underlying variations that cause
the uncertainty are identically distributed and present in infinite number. The first assumption
can be relaxed under certain conditions but the second is the larger concern. There may be a very
large number of sources of uncertainty but only a handful will be significant. In that case, we are
not looking at an infinite sum of Random Variables but a finite and rather small sum. This new

scenario is examined in Example 4.

Example 4: When the Central Limit Theorem Does Not Apply

Here we look at the sum of eight different distributions (Gaussian, x2, lognormal, exponential,
uniform, beta, Poisson, and gamma). This is a more realistic scenario that might be observed
in practice in that there are only a small number of significant uncertainties. Figure 2-5a shows
an example where many sources of uncertainty combine to produce a Gaussian uncertainty. This

occurs when each of the Random Variables has (approximately) equal variance. Figure 2-5b shows
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Figure 2-3: Example 3 — The scaled sum of M uniform Random Variables (bars & top credible
interval) approaches the standard Gaussian (— & bottom credible interval) as M — oo
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Figure 2-4: Example 3 — The scaled sum of M exponential Random Variables (bars & top credible
interval) approaches the standard Gaussian (— & bottom credible interval) as M — oo
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an example where many different distributions are summed together, however, one of them has
a larger variance than the rest. Note that these sums are not scaled, so the target is not the
standard Gaussian. The Gaussian density function shown is fitted to the mean and variance of of

the summation density.
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(a) All variances equal (b) Uniform Random Variable has much larger variance

Figure 2-5: Example 4 — The unscaled sum of eight Random Variables (bars & top credible interval)
versus a Gaussian distribution (—) neither is a perfect Gaussian distribution

Intuitively, if one source of uncertainty is larger than the others, it will dominate the sum. This
example shows that while the Gaussian distribution is a good approximation for some systems, it

is not universal.

Functions of Gaussian Random Variables

In addition to the fact that not all sources of uncertainty can be represented with Gaussian
Random Variables, a non-linear model will very rarely have Gaussian model prediction uncertainty.

This is illustrated in Example 5 with the simplest possible model.

Example 5: Gaussian Parametric Uncertainties in a Linear Model
Our model is az = b. Both @ and b are uncertain parameters with Gaussian probability density

functions, and we want to know the density of x.

This is modeled as X (wx) = %((:%. The results are shown in Figure 2-6 for several choices of

A(wy) and B (wp).
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Figure 2-6: Example 5 — Probability density function of the ratio of two Gaussian Random Vari-
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Not only is the output non-Gaussian, the probability density function can vary widely depending
on the parametric uncertainties. A Gaussian approximation of the output would be a very poor

choice.

2.2.4 Rigorous Modeling of Uncertainty

Probability Theory allows for a rigorous description of uncertainty. However, in the past the
Gaussian distribution has been used to describe almost all uncertainties. This greatly simplifies
the analysis but as shown in the above examples, this is not always a valid assumption. Accurate
analysis must begin with an accurate description of uncertainty, meaning that full probability
density functions must be used. Variance is a useful statistic that can describe the spread of an
uncertain parameter, but as was discussed in Section 2.2.2 it is not the only metric. Other statistics
have been created that are better suited for describing the property we are most interested in:

information.

2.3 Information Theory

Information theory was developed in the 1940’s to answer questions of how fast and how reliable
communication methods could be. Along the way, the theory also established metrics for the
information content of a random event. While this rather abstract idea has its uses for data
compression, it has had a wide ranging impact on practical devices like music players and cell
phones. The problem of interest is how to compare two random events and measure them on some
common basis. According to information theory, Random Variables can be ranked in terms of the
information content they convey [52].

In the Bayesian approach to modeling, probability theory and Random Variables represent
the uncertainty of a parameter and the knowledge we have about that parameter. Information
theory statistics are then used to describe the information content of these Random Variable. For
decision theory and design of experiments, these statistics are necessary to quantitatively measure
the usefulness of each experiment. This is the basis of determining the best experiments during the
design process.

By far the most common statistic for describing uncertainty is variance. When dealing with

Gaussian Random Variables, variance is the only necessary statistic for describing uncertainty,
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however as stated in Section 2.2 not all uncertainties should be represented with Gaussian Random
Variables. This section discusses the properties of the variance statistic and its limitations. Then
the ideas of Shannon Information and the entropy statistic are introduced. Appendix B has more

details about both as well as some supporting material.

2.3.1 The Variance Statistic

The variance of any Random Variable was given by Equation 2.1. Figure 2-7 shows two sets of

probability density functions to illustrate this statistic.
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Figure 2-7: Two sets of probability density functions illustrating the two uncertainty statistics - all
have mean 0

Variance is related to the spread of values around the mean. The three probability density
functions in Figure 2-7a have variance of 1. The Gaussian Random Variables have most of their
mass concentrated around the mean, but the tails of the distributions greatly increase the variance.
The uniform Random Variable has no tails but this is balanced by having more density at an
intermediate distance from the mean. The third is a mixture (combination) of a lognormal and
Gaussian distributions. It has less density at the mean and has two modes, which greatly increases
the variance.

If these densities in Figure 2-7a were representing an uncertain parameter, what would they
tell us? The Gaussian and mixture densities indicate that the true value is much more likely to be
near the the modes, respectively 0 and —1 and 0.9. The uniform density does not indicates a most
likely true value but does limit the possibilities to between +1.7. Intuitively, these three densities

convey a different amount of information about the parameter. Although variance does describe
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one facet of how much information a variable contains, it does not convey this interpretation of
information. Figure 2-7b shows the same distributions, but with new parameters. The mixture
and Uniform Random Variables now have higher variances; they are set to have equal information

content, averaged over the whole density. This statistic is explained below.

2.3.2 Shannon and Differential Entropy

Shannon Entropy is an information metric defined for discrete random variables. Higher entropy
corresponds to lower information content. The analogous statistic for continuous random variables

is the differential entropy. The formula of differential entropy of the random variable © is:
ROX (@) == [ fx (9os fx () dx
Qx

For uncertain parameters, high entropy indicates that a lot of data is required to learn the true
value. Lower entropy indicates that a lot is already known about the uncertain parameter and less

data would be required to learn the true value.

2.3.3 Kullback-Leibler Divergence

Like probability density functions, the differential entropy is a relative quantity because its
absolute value is not meaningful. It must be stated along with a reference point. One way to do
this is to simple compare the differential entropy of two Random Variables. This gives a measure

of information gain. Another statistic is the Kullback-Leibler Divergence:

e N fx (©)
Drer (X (ws) || ¥ (ws)) ln@mh@& (2.2)

The Kullback-Leibler divergence D, is conceptually similar to a 'distance’ between two probability
density functions that share a underlying probability space, in this case denoted by the shared
value . This occurs, for example, when the two Random Variables being compared represent
two characterizations of the same uncertain parameter. The Kullback-Leibler divergence will be
used as an information metric for design of experiments. Instead of information gain from one

density to another, this is a measure of how different the densities are. It can be interpreted as the
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information penalty that arises from using Y (w=) to represent an uncertain parameter when X (wz)

is the correct representation. For this reason, maximizing the decrease in differential entropies:

—Ah = — (h[X (w=)] — h[Y (w=)])

= [ 1 (@)log fx () = fy (€)log f (6) e (23)
Q=

is analogous (but not equal) to maximizing the Kullback-Leibler Divergence in Equation 2.2.

2.3.4 Use in Design of Experiments

Optimization is based on comparison and to compare two abstract objects like probability den-
sity functions, they must be reduced to a real number. Bayesian designs rely on the two information
metrics: differential entropy and Kullback-Leibler Divergence to compare two probability density

functions. This will be discussed in Chapter 5.

2.4 Decision Theory

Decision theory establishes a quantitative and objective framework for making decisions under
uncertain conditions. In this section, only the Bayesian perspective on statistical decision theory
is presented. The alternative, frequentist perspective is similar but does describe the concepts of
uncertainty and risk in the same way. A more complete reference is Statistical Decision Theory and

Bayesian Analysis by Berger [7].

2.4.1 How Decisions are Made

Similar to uncertainty quantification, decision making is a ubiquitous process yet it is neglected
in most engineering applications. The simplest explanation of statistical decision theory is that the
positive and negative results from all possible decisions are compared and the best decision is the
one where the positives outweigh the negatives. The key point is that every action can be assigned
value on many different scales (profit, convenience, etc.). In order to compare all outcomes, all
values must be put on a common basis.

The framework is remarkably simple, which may explain why it is not used explicitly in most
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decision making scenarios. Most companies will have a decision making procedure that involves
combinations of experiments, consultants, economic analyses, etc. The problem, as mentioned in
Chapter 1, is that these procedures often lack a rigorous treatment of uncertainties. Instead, the
common approach is to evaluate each action by running a small set of scenarios: best case, baseline,
and worst case. This simplistic modeling of uncertainty gives the decision maker a very incomplete
picture of the consequences of his or her actions. Because the Bayesian perspective enables the
characterization of complex sources of uncertainty using probability theory (see Chapter 3) an
equally rigorous framework is required to analyze the uncertainty and make an informed decision.

The framework is illustrated in Example 6 with simple, discrete uncertainties and actions. This

is easily extended to the case with an infinite number of possible actions and complex uncertainties.

Example 6: Commuting in the Rain

As an example, on a given morning you must decide between two actions: bike or drive to work.
Each has advantages and disadvantages including: cost of gasoline and parking, time of commute,
or safety. It is difficult to weigh all these factors objectively. To complicate matters, you know the
weatherman has predicted that all day there is a 21% chance of rain but you observe the skies are
clear right now. All these aspects play a part in making decisions - the uncertainty, the potential
benefits, and the downsides. The role of decision theory is to formalize the process by providing a

framework to address each aspect in an objective manner.

2.4.2 Components of a Decision Problem

In the above example we have a single decision with two possible actions: take the bike or take
the car. In addition there is one uncertain parameter: whether or not it is raining. Given these
factors, there are four possible consequences: bike, bike in the rain, drive, or drive in the rain. This
can be visualized using a decision tree, as shown in Figure 2-8. Decisions take place on squares,
the uncertain parameters resolve at circles, and the consequences are represented by triangles. In
addition, some initial information may be available before the decision, represented by diamonds.

The decision tree lays out all the possible consequences of the decision. The rest of the problem
is in the details of what the consequences mean and how to deal with the uncertainty. In order to

compare consequences, a utility function must be constructed, which translates all the advantages
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Figure 2-8: Example 6 — The decision tree for the decision of whether to bike or drive, given
uncertain weather conditions ’

and disadvantages of the consequence into a real number. It is common to think of this in terms
of money - gas and parking cost money, time and exercise and comfort have a monetary value,
getting rained on has monetary costs. Finally, probability theory is used to describe the impact of
uncertain parameters. This takes into account the prior knowledge - the weather forecast, as well

as any new data - clear skies in the morning.

A decision can only be made after the calculation of the consequences, their utilities, and their
probabilities. The simplest method is to select the action that leads to the highest expected utility.

This is shown in the following example.

Example 6a: Formal Statement and Solution

To restate (and expand) the above problem: Decision - how to commute to work?
e Set of Actions A = {a;: tak?thecar,agz bike}

f11 rain all day

f12 rain in the morning

e Uncertain parameter © = <

@21 rain in the afternoon

f22 o rain all day

45



1 ={a1,6,1}

Cy = {al, 912}
c3 = {aly 021}
ca = {a1,0:2}
Set of Consequences C = <
Cs = {a2, 01 1}
Ce — {a2> 012}
cr = {(12, 021}
cs = {az,0:2}

This is often arrayed in a fab]e, as in Table 2.1

Utility function U (c¢) for allc € C

See Table 2.1. Driving without rain is the usual experience so it is given a baseline of 0. The

utility or enjoyment of each consequence is then determined relative to this baseline.

Prior information about the parameters pg (6). This is the information from the weatherman.
4

A probability mass function must be assigned: pg = <

611 0.01
012 0.1
021 0.1
f2 0.79

. \
Initial observations D made before the decision: clear skies in the morning.

Model that relates the initial observations and parameters D& = M [©]. A simple mathe-

matical model for this example is that observing clear skies in the morning makes it highly

(90%) unlikely that it will rain in the morning, but does not affect the likelihood of rain in

the afternoon. This inference shows that your own prediction for rain is then:

4

611

612
pelX = ¢
21

a2
\
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See Section 6.2 for more details on Bayesian parameter estimation.

Table 2.1: Table of Consequences and Associated Utilities

Result

Take the car a; | Take the bike as
rain all day 613 U(e1) =-20 U (c5) = —100
rain in the morning 69 U(c2) =—10 U (cg) = —80
rain in the afternoon 6y | U (c3) = —10 U (c7) =—20
no rain all day 69 U(es) =0 U (cg) =20

Now we have all the information and several ways to represent it. A high level visual repre-

sentation is the decision tree, and a mathematical representation is the utility of each consequence

and probability of each parameter outcome. These are combined in Figure 2-9

Probability  Utility

G 0.001 -20
C2 0.011 -10
&} 0.111 -10
C 0.877 0

Probability  Utility

Cs 0.001 -100
Cs 0.011 -80
G 0.111 -20
Cs 0.877 20

Figure 2-9: Example 6 — Detailed decision tree showing all consequences, their probabilities, and

their utilities

Finally we can determine the expected utility for each decision, averaged over the uncertain
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parameter. The expected utility of driving is & —1 and the expected utility of biking is 14. So

biking is the best action.

Note about Initial Observations

In this work, there is never an initial observation before the decision is made, this detail is only
included to match the existing literature. Note that prior to the decision, an initial observation
can be assimilated into the existing prior information as shown in Example 6 and described in
Section 6.2. This will simplify the terminology - prior information will be taken to mean any

knowledge about the system, including previously observed data.

2.4.3 Risk Informed Decision Making

The basic framework for Bayesian decision theory can be condensed into four steps:

1. Define all the potential actions

2. Propagate parametric uncertainty through the model to identify all possible consequences
and their probabilities of occurring

3. Define a utility function to rank all possible consequences

4. Choose an action by comparing distributions of utility

While the framework is simple, the steps can be quite difficult - requiring both numerical methods
and engineering and economic judgments. Many choices of utility functions seem arbitrary so it
helps to explain the concepts behind them, namely: utility and risk.

Utility is a quantitative measure of satisfaction, usefulness, attractiveness, quality, etc. for
an option or consequence. It is an objective way to compare two choices - but the selection of
a utility function is quite subjective. We define risk to be the combined influence of utility and
probability. It is described for every outcome by the distribution of utilities. For Example 6, the
utility distributions for both actions are shown in Figure 2-10.

The final decision is based on an assessment of the utility distribution according to a risk metric.
In the above example, and by far the most common risk metric in use, is the Expected Value. This
is an objective metric but its selection is an imperfect process. As mentioned within the discussion

of statistics in Section 2.2.2 there is no single perfect metric.
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Figure 2-10: Example 6 — Probabilistic description of risk: probability mass functions of utility for
both potential actions

Risk Metrics

Using Expected Value as the risk metric should be a choice, not a default. It corresponds with
the goal of achiving the best average outcome, when the decision maker is neither conservative (risk
averse) - unwilling to take large negative risks even with the possibility of gains, or aggressive (risk
seeking) - willing to tolerate the possibility of large losses, if they are balanced by the possibility
of large gains.

In reality, most decision makers are not risk neutral. The choice of risk metrics should reflect the
attitude of the decision maker. Various other risk metrics exist to match these attitudes, including
robust metrics (minmax), chance constrained metrics, mean variance, and others. There are not
many references that discuss these, as the theory is still being developed. The best source is Robust
Optimization by Ben-Tal et al [6].

These risk metrics correspond to the objective functions used in the optimization algorithms,

discussed in the next section.

2.5 Optimization

Design work relies on optimization to select the best option. Process design is the attempt to

determine the best configuration of equipment for a specific task. This requires an optimization
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over all possible configurations. In the same way, model based design of experiments attempts to
determine the most useful experiments - the best designs. The difficultly with optimization within
the decision theory framework is that we deal with uncertain model outputs and data predictions.
When dealing with uncertainty the traditional, deterministic optimization methods often fail. This

requires a new approach which falls under the umbrella term “optimization under uncertainty”.

2.5.1 Deterministic Optimization

Deterministic optimization is a mature field, with a wide range of methods suitable for design
problems. These are applicable for problems where the objective function can be evaluated ac-
curately and its derivative can be computed analytically or numerically. A relevant example is
sequential quadratic programming which can solve nonlinear, convex problems with constraints on
the design variables. Good references are Convex Optimization by Boyd and Vandenberghe [12]
and Convezr Analysis and Optimization by Bertsekas et al. [8]. Sequential quadratic programming
is useful for convex problems - those with convex objective functions and convex design spaces.

If the problem is non-convex then a global optimization method is required. These problems
must be broken down into a sequence of convex problems whose solutions converge to the solution
of the non-convex problem. For more details see Global optimization : deterministic approaches by

Horst and Hoang [38].

2.5.2 Optimization Under Uncertainty

Optimization under uncertainty deals with problems with objective functions that are functions
of uncertain quantities. These uncertainties are represented with Random Variables, as discussed in
Section 2.1. In Decision Theory, this is the distribution of utilities corresponding to the uncertain
consequences of a particular action. To be optimized, this distribution must be reduced to a real
number, i.e., a summary statistic, by applying a risk metric.

There are three important features of the decision problems of interest here. First, the actions
are the values of continuous design variables. On a physical system, these are the ’knobs’ that the
experimenter can adjust to change the system properties. The design space is therefore restricted by
the physical limitations on the system. It is possible that the design space is non-convex if the design

variables cannot be varied independently. Secondly, the summary statistics should be continuous
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because even if the model output has discontinuities, small perturbations of the design variables
should not radically change the distribution of uncertain model outputs. However, the statistics
are computed numerically, with computational cost increasing with desired accuracy. Lastly, the
summary statistic used as an objective function is not guaranteed to be convex. Proving convexity
would require an analytical solution to the summary statistic, which rarely exists.

The features of this optimization problem presents difficulties for the deterministic optimization
methods. The non-convexity can be dealt with with global optimization concepts, but the inaccu-
racy of the objective function poses a fundamental problem: the derivative or ranking of objective
function values cannot be trusted. The challenges here have lead to the development of methods
for noisy optimization. The issue at hand is the signal-to-noise ratio where the signal is the change
in objective function over the design space. If the uncertainty in computing the objective function
(the noise) is too high the optimization algorithm will not be able to distinguish between different
designs. Reference include Iterative Methods for Optimization by Kelley [46] and Introduction to
Stochastic Search and Optimization by Spall [74].

2.5.3 Genetic Algorithms

The term Genetic Algorithm covers a wide array of methods that perform optimization by
tracking a population as it evolves [85]. The population grows by adding new members and declines
when the unfit members die. There are many variations on how members are added and subtracted
from the population, but the overall concept is very simple. In the decision theory context, each
member of a species is an action and the fitness is measured by the objective function. This class
of methods is attractive because it does not require any knowledge about the models and it is
very robust to noisy evaluation of the objective function. The drawback is that there is no way to

guarantee global or local optimality so the solutions are always approximate.

2.5.4 Nelder-Mead and Implicit Filter Algorithms

Similar to genetic algorithms, the Nelder-Mead and Implicit Filter algorithms [11] do not need
any information besides objective function evaluations. No derivative or convexity information is
used. Instead, these algorithms search the design space with a stencil - basically an /N-dimensional

structure within the N dimensional design space. The stencil moves around the design space
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according to some heuristic until a local optimum is found. Because there is some structure to
the search, the algorithms can determine when an optimum is reached and terminate, however
there is still no guarantee of global optimality. These methods are less robust to noise than genetic

algorithms.

2.5.5 Global and Greedy Strategies

Designing an experimental study is not just a question of which experiments to run, but also
how many. When the design is formulated as an optimization problem in the decision theory
framework, the number of experiments must be specified. If designs of different size are required,
there are two strategies: global and greedy.

The global strategy is to formulate and solve each optimization problem independently. If there
are V design variables and P design points are required, then the optimization problem will be a
search over V' x P dimensions. This is repeated for all the desired values of P. Despite the name,
this does not guarantee a global optimum. The term global indicates that the search is over all
possible designs, instead of a restricted set of designs.

A greedy strategy is to compute the designs in series, with each successive design building on
the last. For example, if we first compute a design with P design points, it is a search over V x P
dimensions. We will call the solution of this problem design z(F). The next design we wish to
compute has P+ 2 design points. Instead of searching V' x (P + 2) dimensions, we assume that this
design includes z(F) plus two new points. This optimization problem is only a search over V x 2
dimensions and is much easier to solve. However, this is not guaranteed to be the global optimum

because most of the design space is not searched.

2.5.6 Optimization for Design of Experiments

For the Design of Experiments applications in this thesis, both a genetic algorithm and implicit
filter algorithm were applied using both global and greedy strategies. Global optimization is not
used because the algorithms are not effective and we are not concerned with locating an absolute
global minimum. Instead, the focus of this work is on formulating the objective function so that it
truly represents the value of interest. This requires the most accurate modeling, characterization

of uncertainty, utility, and risk. Although a global optimum is desirable, it is a secondary issue
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- an approximate solution to the correct optimization problem is better than a guaranteed global

optimum of a simplified optimization problem.
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Chapter 3

Methods for Uncertainty

Quantification

A major component of decision making is analyzing uncertainty and understanding its impact.
This chapter discusses the mathematical methods use for uncertainty analysis or quantification.
These methods play a major role in the design of experiments introduced in Chapter 5. The first
step is to state some examples which will be used throughout the thesis to illustrate the concepts
and algorithms. Then we introduce the uncertainty quantification problem and frame it such that
the methods can be applied to any model. Finally two classes of methods are discussed: Monte
Carlo and Polynomial Chaos Expansions. The last few sections focus on the Polynomial Chaos
Expansions, since these will be used extensively throughout the remainder of the thesis.

The terminology used here is consistent with the Bayesian methods chapters. It may be helpful

to read the first two sections of Chapter 6 before continuing.

3.1 Examples

Throughout this chapter, examples are used to illustrate the concepts and methods. After the

methods are explained, the techniques are also demonstrated on more complex models.

Example 7: Target Practice

We start with a simple target practice problem. There is a target 100 m away, and we want to hit
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it with a cannonball. Unfortunately, the cannon we have is rather imprecise and the exit speed and
angle of the cannonball are uncertain. We want to know the probability of striking within 1m of
the target given our uncertain aim.

The model is an Ordinary Differential Equation:

W' () = —g

d (t) = scosf (3.1)
h'(t =0) = ssinf
h(t=0)=0
d(t=0)=0

Where d (t) and h (t) are the horizontal distance and vertical height that the cannonball has traveled

since being fired, and s and @ are the speed and angle at which the cannonball leaves the cannon.

The problem is illustrated in Figure 3-1.

Figure 3-1: Example 7 — Firing a cannon with uncertain initial angle and speed

Initial conditions on the cannon (initial speed and angle) are uncertain; we will represent them
using Random Variables distributed as S (w) ~ N (32,1)m/s and © (w) ~ U (5,%). The initial
speed has an obvious effect on the impact distance - faster initial speed means the cannonball will
fall farther away. The initial angle is less obvious. The cannon’s maximum range is reached with an
initial angle of . At lower angles the cannonball falls to the ground too quickly even though it is
traveling faster horizontally. At higher angles there is not enough forward speed to take advantage

of the longer airtime. The effect of these initial conditions affects the impact distance in a nonlinear

fashion.
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Example 8: Sequential Chemical Reactions
Here we have a (physically inaccurate) instance of sequential reactions. Pentane converts to isopen-

tane, and then to neopentane, as shown in Figure 3-2.

/C\ /C
/C\ /C\ C C C\ C

¢ Ve — . —— CL

C C C

Figure 3-2: Example 8 — Two sequential isomerizations of Pentene, which is abstracted to A —
B-~C

We will abstract this to the hypothetical reaction A — B — C, where A, B, C are the dimen-

sionless concentration of each species: A = llentene] — [isopentene] .4 (7 . Ineopentene]
Pentenel,_q’ [Pentene],_, Pentene],_,

very common chemical engineering problem is how to maximize the yield of species B. First we

build a model by assuming that each reaction is elementary.

dA

2 = kA

dB

— =ki1A— kB (3.2)
dC

o ~ kB

A(t=0)=1,B(t=0)=C({t=0)=0

Next we assume that the kinetic parameters are constant with time (but unknown), and we derive

the equations:

A (t) =exp (—kit)

B(t) 5 k_l T [exp (—k1t) — exp (—kat)] (3.3)

C () = lexp (—hat) — 1] -

ko
kQ _ k] [exp (_klt) - 1]

The concentration profiles for certain values of the kinetic parameters is shown in Figure 3-3.

With a bit of calculus, we find that the maximum of B occurs at time

log k1 — log ko
lpax = ————— .
* ki — ko (34)
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Figure 3-3: Example 8 — Concentration profiles versus time for the mean values of the kinetic

parameters

However, before designing a reactor based on this information, we would like to know the effect
of uncertainty in the kinetic parameters on the optimal residence time. Instead of relying on
Equation 3.4, we wish to quantify the uncertainty in the concentration of B as a function of time.

Based on prior experiments, the kinetic parameters can be represented by the independent

Random Variables:

As shown in Figure 3-4, increasing k; drives the optimal point to shorter times and higher
concentrations of B, while increasing k2 drives the optimal point to shorter times and lower con-
centrations of B. Given that the concentration of B may be uncertain, we may be interested in a

robust design - one which ensures that the concentration of B will meet a minimum requirement.
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Kj (w1) ~ logN(1,0.5)
K (wg) ~ logN(2,0.25)
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(a) Bmaz (b) tmax (sec)

Figure 3-4: Example 8 - Maximum concentration of Species B and corresponding time as a function
of kinetic parameters k; and ko

3.2 Formulating an Uncertainty Quantification Problem

We have discussed how and why Random Variables can be used to characterize uncertain
quantities. This section describes how to use Random Variables to quantify the uncertainty in the
model output. In order to properly quantify uncertainty, we need to frame the problem in the right

way. The general procedure for solving uncertainty quantification problems is shown in Figure 3-5.

3.2.1 The System Model

Begin with a model that depends on independent variables z and parameters (#). Independent
variables are inputs to the model that vary, while parameters are fixed. The typical modeling
process is to define the structure of the model and then address what values the independent
variables and parameters will take. Here we assume that the model structure has been set and the
uncertain parameters identified. Any parameters that are considered certain or known are referred
to as constants and are not discussed here.

A generic model can then be written as an operator or function M that maps the inputs

(parameters and variables) to the model outputs.

y:M[G,:L‘]
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CE?.:;ZC;ZE:E Formulate Uncertainty
Inputs Quantification Problem
Samplefrom
> inputs,compute
outputs
Solve for
OutputUncertainty
Too much
uncertaintyin 4—————1] Verify Solution l
solution

I Good Solution > Done l

Figure 3-5: Procedure for Solving Uncertainty Quantification Problems

For simplicity, only one model output is discussed. Each model output has different uncertainty,

so the quantification process must be repeated for each.

Since the parameters and the outputs are uncertain, they are represented here by Random

Variables.

Y (we,z) = M [0 (we),z] (3-5)

By framing the problem in this way, we see the model uncertainty Y (we,z) will vary with z but

is caused only by © (wg). Now the problem is how to characterize the output Random Variable.

This framework is meant for uncertainties that do not change. That means that if the uncer-
tainty of an input depends on the value of an independent variable, it is actually stochastic, not
uncertain. In some cases, a stochastic quantity can be represented uncertain parameters and de-
terministic quantities. For example if the quantity @ (wg) had uncertainty that grew with variable

z, it would have to be decomposed into a function of an uncertain parameter and a function of z:
Q (wq) = O (we) g ()
Then the model could be rewritten as:

Y (woiz) = MO (we) ;2]
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Where the deterministic portion g (z) is lumped into the model equations.

3.2.2 Uncertain Parameters

When formulating an uncertainty quantification problem, the parametric uncertainties © (we)
must be known or assumed. In many engineering applications existing knowledge is enough to
characterize the uncertain inputs using the Maximum Entropy Principle [43], or statistical modeling.
Whether this method is used or experts are consulted, we assume from this point on that the input

uncertainties are completely defined. A discussion of how to characterize prior knowledge is included

in Section 6.1.1.

Example 7a: Formulating an Uncertainty Quantification Problem
In this problem the uncertain parameters are the initial speed and angle. We define the Random

Variables S (ws) and © (wr) to represent these. The outcome space is:

Qs ={ws,wr : S (ws) =5,0 (wr) =6}
for —ooSsSooand-g-seg—z-

Because there are two Random Variables, the probability density function is a two dimensional
surface. In general, these functions can be very complex, however, in this case the Random Variables
are independent and so the cumulative distribution function and the joint probability density

function are the products of the one dimensional functions.

Fse (s,0) =P (S (ws) <s,0 (wr) <6)
=P (S(ws) <s)P(O(wr) <0)

— g—T
:-;- l+erf s — 32 [,r fr]
2(1)2 378

_0%Fse _ d (dFse




See Figure 3-6 for a plot of these Random Variables.

04

pi4

pif6
Initial Angle (rad)

pil8 94 28
Initial Speed (m/s)

Figure 3-6: Example 7 — The joint probability density function of the initial angle and speed

3.2.3 Propagation and Solution

The uncertain parameters are defined and the relationship between the inputs and outputs
is defined by the model. The next step is to determine the model output uncertainty Y (we,u).
The uncertainty from parameters © (wg) must be propagated through the model by evaluating the
model at various values #. This data is used to estimate the model output’s probability space - all
the possible values of the model output and their probability densities. This estimate of the model
output uncertainty is the goal of uncertainty quantification problems. From this we can determine
any statistic of interest about the model output, for example: mean, variance, or more complex
statistics like the probability that the model predicts failure. The uncertainty propagation process

is depicted in Figure 3-7.

Uncertain Parameters |, 4ependent Variables

P
% x=i Uncertain Output
JL 3 . .

Lo

n

Figure 3-7: Propagation of uncertain inputs through a process model results in uncertain outputs,
which can be quantified
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3.2.4 Verification

For most uncertainty quantification problems we cannot determine the true solution, only ap-
proximations of the true solution. So the final step in the process is to verify the approximate

solutions in order to be confident they are correct enough.

3.2.5 Solution Methods

There are many ways to carry out the uncertainty propagation step. The properties we are

looking for in a method are:
1. Accurate solutions
. Computationally efficient - minimizing the number of required model evaluations
. Easy to verify

2
3
4. Can be applied to non-linear models
5. Can be applied to black box models
6

. Can handle non-Gaussian inputs

3.3 TUncertainty Quantification with Monte Carlo

After formulating an uncertainty quantification problem, there exist several methods to find the
solution. Monte Carlo is the simplest and most robust method; unfortunately it is also the most
computationally expensive. There are several other references for the Monte Carlo method, so only

the basics are shown here.

3.3.1 Algorithm

Monte Carlo techniques rely on repeated, random sampling of the parameters. All the possible
combinations of parameters are defined by their joint probability density function, as in Figure 3-
6. The details of how to sample from such a density function are described well by Robert and

Casella [69]. Often times it takes thousands of samples in order to fully ’explore’ the probability
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space of the paramet’ers. Figure 3-8 shows how well the parameter probability space of Example 7

is explored. Compare this visually with Figure 3-6 which shows the true density.
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(c) N=10° (d) N =10*

Figure 3-8: Example 7 — Visualization of the joint parameter density function with N Monte Carlo
samples

For each sample of the parameter probability space, the model output is computed at a particu-
lar set of independent variables u = up. The samples together approximate the probability density

function of the model output: Y (wx,uo).

Monte Carlo methods are called robust because they can handle any kind of joint probability
density function as parameters. Many other methods assume that the parameter is normally
distributed, or smooth and continuous, or that each parameter is independent. These assumptions

restrict the types of models that can be analyzed accurately.
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3.3.2 Probability Spaces

In the language of probability theory, Monte Carlo samples from the probability space of the
parameters {Qg, X, P} and generates samples from the probability space of the output {Qy, %, P}.

The goal of uncertainty quantification is to characterize the probability space of the output.

Example 7b: Target Practice Input Uncertainty

Now have two uncertain dimensions, initial speed and angle. The parameter uncertainty is defined
by the joint probability density function of the parameters, fse (s,6), shown in Figure 3-6. This
has an outcome space that contains every possible combination of speed and angle. This gives us
a wide range of trajectories that the cannonball might follow. One hundred such trajectories are

shown in Figure 3-9.

50

Height (m)
N
T

1 |
00 25 50 75 100 125
Distance (m)

Figure 3-9: Example 7 — A sample of possible trajectories due to uncertain initial conditions. Notice
the wide spread of possible impact positions also shown in Figure 3-10.

Starting from Equation 3.1, there is an analytical solution for the distance from the cannon

where the cannonball hits, given initial speed s and angle 6.
2 45 .
d= 58 sinf cos 0 (3.6)
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The properly-framed, uncertain model output is:

D (ws,e) =M [S (ws), O (we)]

D (wse) %3@5)2 sin (O (we)) c0s (O (we)) 3.7)

In the second step, the probability density function of the output is generated using 107 Monte

Carlo samples, shown in Figure 3-10.

0.04

all R AL
75 100 125
Distance (m)

Figure 3-10: Example 7 — The probability density function of the impact distance, computed with
10" Monte Carlo samples

The probability density function is non-Gaussian, and would have been difficult to predict just

from the parameters.

3.3.3 The Monte Carlo Solution

The results of Monte Carlo is a large set of model output values, which are equivalent to samples
of Y (we,u). The samples can be used to calculate statistics of the model output like the mean
and variance. To visualize the output uncertainty, the samples can be binned and displayed as a
histogram, or normalized into a probability density function fy (y;u). However, before the result

is analyzed we must make sure that the solution is correct.

3.3.4 Verification of Monte Carlo Solutions

The Monte Carlo solution is guaranteed to converge to the true solution as the number of samples
approaches infinity. When the analytical solutions are not easily available, the Monte Carlo solution

with many, many samples is regarded as the 'true’ solution. This is because Monte Carlo methods

66



are robust for all outcome spaces and are easy to verify. Again, the issue is computational expense.
A single Monte Carlo simulation requires many model evaluations and the verification process takes
many simulations. Here we discuss the theory behind the verification process and illustrate this on

Example 7.

The Central Limit Theorem and Monte Carlo

A Monte Carlo simulation samples the uncertain parameters and computes the model output.
This can be viewed as taking samples from the output Random Variable. If these samples are used
to calculate statistics of the output Random Variable, the calculation of the statistic will require a
summation over all the samples. For example, the sample mean and sample variance are given by:

-1 21 [y , ?

A=Y and 2= [zn } - [Wzm]

i=1 i=1 i=1

In the context of the Central Limit Theorem, the N output samples are Y; (w,) and the statistics
are analogous to the summation Random Variable Sy . It is known that one particular Monte Carlo
simulation, with N samples, will have statistics that are realizations from a summation Random
Variable, and the variance or imprecision of that statistic calculation can be estimated. As N — oo,
all the imprecision of all calculated statistics will approach zero and the Monte Carlo simulation
will converge in the L? sense.

The problem with this verification strategy is that the imprecision in the estimation of the
statistics is quantified with g and o which are parameters of the unknown output Random Variable.
The determination of these parameters requires a Monte Carlo simulation of a Random Variable
Sy that is itself computed with a Monte Carlo simulation. This means an ensemble of thousands
of simulations of thousands of samples. In practice, shortcut methods are used however they can

introduce significant bias [69].

Example 7c: Target Practice Verification
After characterizing the uncertainty in the model output, we wish to know the quality of the
statistics we compute. For example, a single Monte Carlo simulation will enable us to estimate the

mean and variance of the model output, however that estimate is also uncertain. The uncertainty
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is reduced as more Monte Carlo samples are used. An empirical test with an ensemble size of 10% is
shown in Figure 3-11. With only 100 samples, the estimate of the mean has a normalized standard

deviation of 1%, while the estimate of the variance is worse at nearly 10%. The uncertainty in

these statistics generally is proportional to 4/ ch

' ' —Mean I l —Mean
\ ~—Standard Deviaticn ‘ \ —— Standard Deviation
& -2

Normalized Std of Simulation Statistics
S

Normalized Std of Simulation Statistics

L 1
2 3 4

10 10 10 10 1 : 10 10
Number of Monte Carlo Samples per Simulation Number of Monte Carlo Samples per Simulation
(a) Standard Deviation (b) Differential Entropy

Figure 3-11: Example 7 — Uncertainty in statistics of the Monte Carlo solution, indicating the
quality of solution increases with number of samples

From the probability density function of the output, we can see that most impacts will be
around 100 m. The probability of hitting the target is

101
P(99m < D (wse) < 101m) = / #p (d)dd ~ 0.0843 (3.8)
99

This accuracy metric (called A) is validated in Figure 3-12 with the same ensembles as Figure 3-
11. The normalized standard deviation in the Monte Carlo solution of this statistic ;'ﬁ- does not

drop below 1% until there 10% samples are used.
Depending on the application, an 8.4% probablity of hitting the target may not be good enough.

Better get a bigger cannon!

3.3.5 Recap

Looking at the desired features of uncertainty quantification methods back in Section 3.2.5,

Monte Carlo satisfies nearly all. Especially attractive is the accuracy and ability to handle any
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Number of Monte Carlo Samples per Simulation Number of Monte Carlo Samples per Simulation
(a) Standard Deviation (b) Differential Entropy

Figure 3-12: Example 7 — Uncertainty of accuracy statistic A from Monte Carlo solution, indicating
the quality of solution increases with number of samples

model and parameter uncertainty. Despite the guarantee of convergence to the true solution, Monte
Carlo is not always an appropriate method for uncertainty quantification. It requires thousands
of samples in order to be reliable and this may be too expensive to compute. In that case, we
require alternative methods which are robust and accurate like Monte Carlo, and are more efficient

in solving the uncertainty quantification problem.

3.4 Polynomial Chaos Expansions

We have seen that Random Variables are a natural way to describe uncertainty and that quan-
tification of this uncertainty with Monte Carlo can be quite expensive. We would like alternative
methods that satisfy the requirements in Section 3.2.5, but can be solved more efficiently. The
key to reducing the number of model evaluations is to represent the problem in such a way that
each model evaluation gives you more information. In the standard Monte Carlo method, each
model evaluation tells you only the value of the model output - this is not very efficient. Variations
of Monte Carlo (Latin Hypercube/ Importance Sampling) modify the representation of uncer-
tainty so that each model evaluation reveals not only the value of the model output, but also the
weight of that value in the probability density function. Of course, this comes at the price of bias
in the solution. Similarly, we find that changing the representation of Random Variables using

Polynomial Chaos Expansions can drastically reduce the cost of solving uncertainty quantification
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problems [35, 76]. This section will provide the theory and several examples, and the application

to uncertainty quantification is described in the following sections.

3.4.1 Introduction to Polynomial Chaos Expansions

Two examples are presented to illustrate the ideas behind functional expansions. In the first,
Fourier Series are used as a deterministic analogy. Just like a deterministic function can be ap-
proximated as a sum of basis functions depending on an independent variable, a Target Random
Variable can be approximated as a sum of Basis Functionals that depend on Basis Random Vari-
ables. After the examples, Polynomial Chaos Expansions are defined and a detailed explanation

follows.

Example 9: Fourier Series

In this example we wish to approximate the function f(z) =z for -1 <z <1

(=)
n

s n
Coefficients are ¢, = 2 and f(z) =25, E7)1—J—rlsin (nmz). Figure 3-13 shows the series
n=1

with increasing number of terms.

Summary of Fourier Series

We would like to approximate the arbitrary function f(z) with a finite range R. This is the
target function. z is an independent variable defined on a segment of the real line, D € R. Let
us call this the basis variable. The series consists of a sum of simple, well-known functions of z:
fn(x). These are the basis functions, which map from the space of z to the space of f(z). In
Fourier Series, the basis functions are sine and cosine waves with different frequencies. Using linear

combinations of these basis functions, we can approximate the target function with an expansion
(oo}
F@)=f@)=> cufn(2)
n=0

With infinite terms, the series converges to the target function in the L? sense, meaning

o 2
/ [f (@) = > cafn (m)} dz =0

D n=0

70



14 - 14 X
X0 X0
-1 rf -1 ’
-1 0 1 -1 0 1
X X
() N=5 (d) N =25

Figure 3-13: Example 9 — Convergence of the N-term Fourier Series (—) to the target function
f(z)==z(--)onthedomain -1<z<1
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Example 8a - Sequential Reactions: Polynomial Chaos Expansion of parameter
Ky
From previous data we have decide to model the uncertainty of parameters K; with a lognormal

Random Variable K (wj3) ~ log N (1,0.5). The analytical form of the pdf is:

Y
i (9 = —sexp (—Q—g;2—“)) (3.9

To approximate this with a Polynomial Chaos Expansion, start with a standard normal Random

Variable Z (wz) ~ N (1,0). Rewrite K (w;) in terms of Z (wz) and coefficients k:
Ki(wz) = ko + k12 (wz) + ks (z (wz)? — 1) + ks (z (wz)? —3Z (wz)) .. (3.10)

with k = [3.0785,1.5401, 0.38500.0642, . .. |*

K (wz) is a direct representation of K (w), written in terms of the Random Variable Z (wz).
Indirect representations, such as the analytical form of the probability density function, are in terms
of value of the Random Variable, k . K, (wz) can be visualized using Monte Carlo in the same
way as an indirect representation. The values of the parameter are sampled from the distribution
Z (wz) and the resulting evaluations of the Polynomial Chaos Expansion are samples from K1 (wz).
The resulting histogram is shown in Figure 3-14d along with the true pdf fk, (k) (solid red line).
Section 3.4.5 shows how the coefficients were computed.

Note that the expansion is more complex than the indirect form of original Random Variable,

however, we will see that this representation makes uncertainty calculations much more efficient.

Formal Definition

Expand the above example to the general case. Polynomial Chaos Expansions are used to
approximate any square integrable Target Random Variable (meaning it has finite variance).

The Polynomial Chaos Expansion of Target Random Variable X (w) is:

X(w)=X (5) = ic,;\ll,; (5) (3.11)
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Figure 3-14: Example 8 — Polynomial Chaos Expansions with order NV (bars & top credible interval)
versus the true parameter density (line & bottom credible interval)
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where

—
—_—
—
—

e = is the vector of Basis Random Variables

f are the values of =
e k is a multi index
e U: are Basis Functionals which are indexed by k.

e c is a vector, indexed by k

3.4.2 Detailed Description
Truncating the Expansion

In practice, we cannot deal with infinite numbers of Random Variables or expansions with

infinite terms. Therefore the expansion is truncated and becomes an approximation:

X (wx)~ X (5) Y e ()for::{_l...EN} (3.12)

k: |k|§P

The number of Basis Random Variables is limited to N, which is called the dimension of the
expansion. In addition to truncating the dimension, the order of the expansion must be limited.

The Basis Functionals are restricted to polynomials of order P or lower. With this constraint, the

" n +
total number of Basis Functionals is given by: K = count (k) = P

p
It is also possible to truncate the order anisotropically in each dimension. In this case, the

notation gets very messy. P, will denote the maximum order of Basis Functionals containing the
nth Basis Random Variable, but a fuller description will usually be necessary to prevent confusion.
The total number of Basis Functionals will always be denoted K even though it will not follow the
above formula for isotropic order truncation. The choice of P is a matter of expansion convergence
and is discussed in Section 3.5.5. The number of dimensions N is problem specific and this is

discussed in Section 3.4.5.

The Multi-Index

The summation in a Polynomial Chaos Expansion is over a multi-index, k. The length of the

multi-index is 'E ‘ = K. Each element is unique and identifies a Basis Functional and a coefficient
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cz. The elements themselves are sequences of numbers, and the sequence is indexed by n. The
length of each sequence is N and a particular number in the sequence k is denoted k (n). It takes
a N number sequence to define one Basis Functional and the order of that Basis Functional is
given by: p = ]ZV: k (n). The nth number in each sequence corresponds to the nth Basis Random

n=1
Variable.

Example 10: The Multi-index
Say N = 3. The multi-indecies, k, up to order P = 2 are: [0,0,0], [1,0,0], [0,1,0], [0,0,1], [2,0,0],
[1,1,0], [1,0,1], [0,2,0], [0,1,1], [0,0,2].

5
So K = =10.

Basis Random Variables

Let 2 = {E, (&)} for n = 1...N be a set of orthonormal Basis Random Variables. Random
Variables X and Y are orthonormal if E[XY] = 0 and var(X) = var(Y) = 1. Basis Random
simple, commonly used Random Variables, with well known properties
and closed form expressions for their moments. This is not mathematically necessary, it is simply
for convenience.

Each =, (w) has its own probability space - they are all different Random Variables, although
they can take the same form ie: =;(w) and Z3(w) could both be Standard Normal Random

Variables.

Notation

For most Random Variables like X (wx), we show the dependency on the outcomes wx to make
it clear that X is random. We also make a distinction between outcomes wx and values z, although
for real valued Random Variables they are equivalent, in order to distinguish a Random Variable
X (wx) from a deterministic function X (z). This is not necessary for Basis Random Variables so
both these features are dropped. Only the value £ is used, and Z(wz) = Z(§) = Z. Functions of
Basis Random Variables and (equivalently) Random Variables whose underlying probability space

is taken from a Basis Random Variable DO show the dependence on the value £ for emphasis.
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Orthogonal Polynomials

Every Random Variable X (w) has a series of orthogonal polynomials {1} for which the inner

product of any pair is zero.
0% 00) = [ 9:60%5 W fx () dx =0, for i # 5 (3.13)
Qx

In the bracket notation, the weighting with respect to X (w) is implied. The bracket notation is
used for direct representation, while the integral on the right hand side is indirect - in terms of the

value z.

Example 11: Hermite Polynomials

The Hermite polynomial series is orthogonal with respect to a standard normal Gaussian Random
Variable with probability density function fx (x) = \/—15_; exp (—5;-) for all x € R. These polynomials
were used as Basis Functionals in Section 3.4.1. The first four terms of the series (Oth through 3rd

order) are:

1/10(:1:):1
Y1(z) =2
e (z) = 2" — 1

Y3 (z) = 23 — 3z
For example, the 2nd and 3rd order polynomials are orthogonal:

[ 40 ) £ 0 b =0

Qx

_Z (= 3x) (x* - 1) # exp (~X2—i) )dx = 0
(® — 4x® + 3x) —— exp (_._z)dx —0

The normal pdf is even, symmetric about x = 0. The polynomial is odd, symmetric about the
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origin. Therefore the product is odd, and the integral is 0.

Example 12: Legendre Polynomials

The shifted Legendre polynomial series is orthogonal with respect to a uniform Random Variable

1, ifxe0,-1]
X (wx) ~ U (0,—1). The probability density function is fx (x) = .
0, else
Yo(z)=1
Pi(z)=2zx—-1

¥ (z) = 627 — 62 + 1

Y3 (x) = 202° — 302 + 122 — 1
For example the 1st and 3rd order polynomials are orthogonal:

,,/ Y1 (¥) 3 (X) fx (x)dx =0

Qx

1
/(2x ~1) (20x® — 30x* +12x — 1) (1)dx = 0
0

1
/ (40x* — 80x® + 54x% — 14x — 1)dx = 0
0
4

8 54 14
Z+§——2'+1—0

There are many other named, polynomial series. Some are listed here, along with the Random

Variable to which they are orthogonal
e Normal distribution - Probabilist’s Hermite polynomials
e Uniform [0,1] - Shifted Legendre polynomial
e Uniform [-1,1] - Legendre polynomials
e Exponential - Laguerre polynomials

e Gamma - Generalized Laguerre polynomials (Exponential is a special case)
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e Beta - Jacobi polynomials
e Poisson - Charlier polynomials

e Binomial - Krawtchouk polynomials

Using Arbitrary Basis Random Variables

It is possible to use an arbitrary Random Variable, X (wx), as a Basis Random Variable. To
do so, the correct orthogonal polynomial series would need to be constructed. Let fx (x) be the

probability density function of X (w). Then for every pair of polynomials in the series 1),

/ i (95 (x) fx (<) dx = Sz (3.14)
Qx

where: ¢; = <1/),-(X )2> = [ i (x) ¥ (x) fx (x) dx.
Qx
Any polynomial can be defined by its coefficients. The Mth order polynomial has M + 1

coefficients @™ for m = 0... M. The polynomial can be written as the sum of monomials:

M
s (X) = 3 an0xm

m=0

The goal is to determine the coeflicients a,, M) for each value of M , such that that the resulting
polynomials are orthogonal. These polynomial series are generated recursively by Gram-Schmidt

orthogonalization. The zeroth and first order polynomials are chosen to be:

Yo (X) =1

n (X) =X — (X (X)) = X — / (x) (1) fx () dx
Qx

The higher order polynomials are derived by multiplying the highest order by X and subtracting off
the (normalized) projections into the lower orders. This generates a polynomial that is orthogonal

to all polynomials of lower order. To save space we drop the dependence on X.

Yir1 = Xob; — [%J i — [g"i—z:i;] Yio1 —g [%%] Yk (3.15)
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Starting with the last term:
(Xhg) =0for k<i—2
Use the property that ; is orthogonal to all polynomials of order < i—1 because such a polynomial
i—1
could be written as ) ¢;%; and all ¥ are orthogonal. Because X, is a polynomial of order <i—1,
=0
the inner product {(¢;) (X¥x)) is zero.

Next, break down the 3rd term and write out each polynomial in terms of their coefficients:

(Xbirhi_1)
= (sz) (X'(/}z— )>

7=0
i i—1
() (E -] )
7=0 k=1
= (i) bia_.l +0

Again, this takes advantage of the property that 1; is orthogonal to all polynomials of order < i—1.
If 10 (X) = 1, then the coefficient of the highest order term in each polynomial is 1, so b"a—‘il =1

and the recursive formula for the orthogonal polynomial series is:

Yo (X)=1
Y1 (X) =X —(X)

oo (5230 [t

} ’l/l,,’_l fOI‘l’L‘ > 2
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Example 13: Gram-Schmidt Orthogonalization

Use the uniform Random Variable X (wx) ~ [0,1] to generate the Shifted Legendre orthogonal

1 0<x<1
polynomial series. Let fx (x) =
0 else

Yo =1
/ 1
Pr=X—(X)=X— [ xdx=X—=
e
_ _[Xh) ] [(1/11%01)]
’¢'2 "'X'()/)l |: <¢1"/"1> I‘;[)l <¢0¢0) 1/)0

2

=X<X_l) _ [<X3‘X2+ix>

:X(X_1>~[<X(X—%)(X—

2 (X2 -Xx+1
1 = 1 1
=X?2-2X- Ei} (X——)——
2 {% 12
X X431
- 6

For historical reasons, the named polynomial series are often multiplied by a constant, as seen in

comparison with Example 12. This does not affect the orthogonality at all.

While the Gram-Schmidt process for generating polynomials is quite straightforward, in prac-
tice the recursive nature leads to numerical problems. One very attractive feature of the named
polynomial series is that general formulas exist to compute the coefficients explicitly. For example,

the Shifted Legendre Polynomials of order m are given by:

Y (2) = (1)) ( " ) ( m,” ) (—z)’ (3.16)
i=0

? 2

Notation

The notation used here for an orthogonal polynomials series is ¢ (¢,). The series is distinguished

from others by its underlying dependence on the Basis Random Variable (just like any functional
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of a Random Variable), so 9 (¢;) is not the same series as 9 (¢;). The order of polynomials within

the series are denoted using subscripts.

e 1, (&n) is a pth order polynomial from a series that is orthogonal with respect to =,
o If & ~ N (0,1) then 93 (Z;) = =1 — 3Z; - the 3rd order Hermite Polynomial

o If & ~ U (0,1) then 15 (E2) = 6222 — 625 + 1 - the 2nd order Shifted Legendre Polynomial

Basis Functionals

Let ¥; <§‘> be Basis Functionals, which depend on the N Basis Random Variables. Because
they are functions of Random Variables, they are themselves Random Variables, and they take
the outcome space of the Basis Random Variables. Every Basis Functional is the product of N
orthogonal polynomials chosen from N orthogonal polynomial series. The Basis Functionals are
indexed by k and each element in k is a sequence, indexed by n = 1... N, that defines the Basis

Functional.

Yz (5) = ﬁ ity () (3.17)

n=1
The nth orthogonal polynomial, w,;(n) (¢,), is of order k(n) and depends only on the nth Basis

Random Variable Z,,. The magnitude of k is the total polynomial order of the Basis Functional.

Example 14: Basis Functionals

A 2-dimensional example: Z; ~ N (0,1) and Z5 ~ U (0,1) and let k = [3,2]. Then

Wia,2) (61,&2) = 3 (&1) v (&2) = (B1° — 381) (652° — 622+ 1) (3.18)

Polynomial Chaos and Orthogonality

The term Polynomial Chaos refers to the set of all orthogonal Basis Functionals with an infinite
set of Basis Random Variables. This is not of much practical use, but it is important to understand
the effect of orthogonal terms.

e The Polynomial Chaos I is the combined set of all T',, (é) ,forp=0...00

o T, (é) is the Polynomial Chaos of order p
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e The pth Polynomial Chaos is the set of all the Basis Functionals with polynomial order p, or
— o -
‘kl = > k() = p for all Basis Functionals in the pth Polynomial Chaos
i=1
e Because the Basis Random Variables and the Basis Functionals are orthogonal, every Basis

Functional in T is orthogonal to all others with respect to the probability space {Qé, %, P}
e This means that the inner product on L? () is zero, for all non-self combinations

(1) = F5(9) 5 (€) (€)=
e Work out tglzle self inner product:

2
19 (8) % (8) 22 () &= 1 (11 %20y (6)) 11 o et

N 12
= [T [1/),—5(71) (ﬁ)] fzn (€n) d&n, each differentiation variable is independent, so bring the
Q n=1
integral inside the product

S [ ()] Fon ()

n=1Qx;,
e The product of 1D integrals is much easier to compute

Polynomial Chaos Expansions

A Random Variable X (w) is represented as a linear combination of known Basis Functionals

which depend on Basis Random Variables

X (w) mX(f) - ¥ g (g) (3.19)

P
X&) =33 %(9) (3.20)
A further expanded notation shows the role of the multi-index.

P N
X (é) => > {CE II PVim) (Sn)} (3.21)

P=0k|kl=p \ n=1
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In words: sum over all Polynomial Chaos orders, of the sum over Basis Functionals with order p,
which are each composed of the products of a real valued coefficient and one-dimensional orthogonal
polynomials dependent on the n Basis Random Variable and have order given by the nth entry of
multi index k.

With infinite terms, the series converges to the target function in the L? sense, meaning

2

< X@-Y ¥ {c,;INIm) (@)} >= [Ix@-1: (@ w=0 @2
p=0F n=1

:]EI:p Qx

As the order goes to infinity, the outcome spaces Qx and Q1x become equal (every value z can be

mapped to a value of é) and the probability density functions fx (z) and fx (!;?) have no L? error.

3.4.3 Probability Spaces and Representation -

The Target Random Variable has a probability space, which we will describe with outcome
space Q0 and sigma algebra ¥ and probability measure P. A Polynomial Chaos Expansion will
have a different probability space, {€2;, %, P} which is derived from the probability space of the
Basis Random Variables {Qz, %, P}. The key concept is that the Polynomial Chaos Expansion
is a Random Variable whose underlying probability space is actually that of the Basis Random
Variable. Every outcome of the Polynomial Chaos Expansion can be mapped back to an outcome
of the Basis Random Variables. That way, instead of manipulating {Qr, Z, P} or {Q4, ¥, P} which
may be difficult, a Polynomial Chaos Expansion is used so we can manipulate {Qz, Z, P}, which
is simple.

How does this work? Taken together, the Basis Functionals map outcomes from Qs to Q4 in
order to match with Q. Then the coefficients of the Polynomial Chaos Expansions are determined
so that the probability measure of the expansion matches that of the Target Random Variable.

For instance the Target Random Variable could be the measurement of temperature with out-
comes {wr : T (wr) < t}. The physical meaning is that each temperature value has some probability
of being measured. The Basis Random Variables on the other hand are completely without context.
When the Basis Functionals are applied to {2z, they map to a new outcome space € that has the
same physical meaning as Q7. So representing the Target Random Variable with a Polynomial

Chaos Expansion substitutes a physically intuitive outcome space Q7 with a similar outcome space
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" Q4, which is derived from an abstract outcome space {2=.

In addition, truncating the order of the expansion means that the underlying outcome space of
the Polynomial Chaos Expansion Qr might not completely match Q7. It might not span the entire
outcome space of the Target Random Variable, and/or it may include a space with zero probability
under the Target Random Variable. This means that the resulting probability measures will not

be exact.

3.4.4 Other Perspectives of Polynomial Chaos Expansions

The probability density function of the Target Random Variable can be visualized by Monte
Carlo sampling from the Polynomial Chaos Expansion. This is possible because the simple poly-

nomial form is easy to evaluate, so Monte Carlo is not computationally demanding.

Example 15: Polynomial Chaos Expansion of a Lognormal Random Variable
In Section 3.4.1 a lognormal Target Random Variable is expanded with a 4th order Polynomial

Chaos Expansion:
X (&) =a0+ 12 +22 (22— 1) +25 (3~ 38) + 24 (51~ 622+ 3) .. (3.23)

where Z is a standard normal Random Variable. Conceptually, the Polynomial Chaos Expansion
can be thought of as a transformation of the outcome space. Every outcome from 2= is nonlin-
early shifted in order to represent an outcome from the Target Random Variable’s outcome space
Qr. Because of the nonlinearity, the most probable values of the Basis Random Variable do not

correspond to the most probable values of the target Random Variable.

Power Series Approximation

In terms of direct representation, the lognormal can be exactly described as

X (w) = exp @z W) + 1>
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Figure 3-15: Lognormal Polynomial Chaos Expansion with values color coded by corresponding
Basis Random Variable value

Also the exponential function can be written as a power series:

oo

o) =327

n=0

A fourth order approximation. would be:

Lg 1 1
exp(y)ﬂ“«l+y+§y"’+gyuiy4

substitute in

1
y=§z+1

then

1 65 4 5 o 1 4 1 4
exp §z+1 zﬁﬁ-gzﬂ—ﬁz +ﬂz +@z

This approximation is very close to the Polynomial Chaos Expansion result as seen below
Equation 3.10, but the orthogonal grouping of terms in the Polynomial Chaos Expansion makes

the coefficients easier to compute.
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Truncated Exponential Random Variable
Use a Polynomial Chaos Expansion of a exponential Basis Random Variable to approximate a
truncated exponential with support [a,b] = [-1,—0.1] and mean g = —0.75. The pdf is given by

fx (z) = C1Cy exp (—Cax)

where the constants are calculated by solving:

_exp(=bC3) (bC2 +1) — exp (—aC2) (aC> + 1)
B C [exp (—bC2) — exp (—aCh)]

C1 = exp (—bC3) — exp (—aCy)

The orthogonal polynomials for the exponential Basis Random Variable = ~ Ezp(1) are the

Laguerre Polynomials and the 4th order expansion is:

1
Xz:vo+:v1(—5+1)+a:2§(52—4E+2)+...

1 1
T3¢ (—=% + 922 — 182+ 6) + Tagg (E* — 1623 + 7222 — 96= + 24)
-
—0.2050
Coefficients are: x = The Polynomial Chaos Expansion is shown in Figure 3-16.
—5.108 x 1072
3.150 x 1074

Notice that the a;;proximation has some artifacts. The portion of the tail that was ’cut off’
has been shifted to other values, producing an unexpected spike. This should disappear as higher

order Polynomial Chaos Expansions are used.

3.4.5 Uncertain parameters
Choosing Basis Random Variables

Uncertainty quantification with Polynomial Chaos Expansions is much more efficient when the
Basis Random Variables are similar to the target Random Variable. While this is a nice heuristic

for matching a known distribution, it is not helpful when the target Random Variable is unknown.
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Figure 3-16: Truncated Exponential Polynomial Chaos Expansion with values color coded by cor-
responding Basis Random Variable value

Therefore, the common practice for uncertainty quantification problems is to choose the Basis
Random Variables based on the uncertain parameters and hope that the output is also similar. This
can require some trial and error before a Basis Random Variable is found that achieves exponential
convergence. For this reason, it is rare to use arbitrary Basis Random Variables because the expense
of generating an orthogonal polynomial series could be wasted. For the common, Wiener—Askey
family of Random Variables, the orthogonal polynomial series are well known and in fact have
explicit generating functions so the recursive generation is unnecessary. This is discussed by Xiu

and Karniadakis [90].

Approximating a Known Random Variable with a Polynomial Chaos Expansion

As shown in the next section, the Polynomial Chaos Expansions are much easier to manipulate
in Uncertainty Quantifications problems. Therefore, we may wish to substitute a target Random
Variable with a Polynomial Chaos Expansion. By using a Polynomial Chaos Expansion, we are
reducing an entire probability density function to a small number of coefficients. We do this by
matching statistics of the Polynomial Chaos Expansion to the target Random Variable. The more
statistics that are matched, the better the Polynomial Chaos Expansion approximation will be. The
statistics are typically the mean, and the central moments. If the moments of the Basis Functionals
are known analytically, as they are for most common Basis Random Variables, this is formulated
fairly easily into an optimization problem. The unknown coefficients are varied in order to minimize

the least squares error of the target moments and the moments of the Polynomial Chaos Expansion.

87



Example 8b - Generating a Polynomial Chaos Expansion from Statistics

In this example we have an uncertain kinetic parameter for which we know the mean m and the
variance s?. Say we want to use a lognormal distribution to represent the uncertainty in this
parameter. This is a common practice in kinetics because it forces the lognormal distribution is
strictly positive. The moments of this distribution are: g = exp (m + %), and the next three

central moments are:

cmg = (—1 + exp 32) exp (2m + 32)

cm3 = exp (3m + 232) (=1 +exps?) (exp (2m + s%) +2)

cmy = exp (4m + 232) (—-1 —}-exps2)2 X...

(exp4s® + 2exp 3s? + 3exp2s® — 3)

We choose the Basis Random Variable to be the standard normal due to its similarity to the
target Random Variable. This is written out as K; (£) = ko + k12 + ko (52 — 1) + k3 (53 - 35).

We can take advantage of the formula for moments of the standard normal Random Variable:

0, if n is odd

E[Z"] = (3.24)

n

3

[Ti—1, ifniseven
i=1
The mean is then

E= [fﬁ (5)} = FE= [ko + k12 + ko (52 —1) +ks (53 —-32)]

:k0+k2(1—1):]€0
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Similarly, the next three central moments, in terms of the coefficients k, are:

cmg =k + 2k3 + 6k3
cmg =2ko(3k% + 18k ks + 4k2 + 54k3)
cmy =3kt + 24k3ks 4 60k2kZ + 252k3k5 + 576k k3ks + . . .

1296k; k3 + 60k3 + 2232k3k3 + 3348k}

The coefficients are computed as argmin Y. (cMiarget — cmPCE)z. This because of bilinear

orders
terms the objective is non-convex. Fortunately, the objective function is very cheap to compute,
3.0785
. . . 1.5401
so a sampling algorithm was applied. The results were: k1 = , and the Polynomial
0.3850
| 0.0642... |

Chaos Expansion is shown in Figure 3-14.

3.4.6 Recommended Reading

There are two textbooks on the subject of Polynomial Chaos Expansions [48, 88| that are more
accessible than the original works by Wiener [86] and Ghanem and Spanos [35]. Papers by Xiu [87]
and Najm [64] are good introductions, while Eldred et al. [21, 23] have compared the various

methods that utilize Polynomial Chaos Expansions for uncertainty quantification.

3.4.7 Recap

This section showed how changing the representation of a Random Variable into one that utilized
orthogonality reduces the problem of characterizing a Random Variable to the problem of computing
a few coeflicients. The previous section streamlined the formulation of uncertainty quantification
problems. Now these ideas will be combined in order to solve uncertainty quantification problems
far more efficiently - by reducing the problem of characterizing an unknown Random Variable from

its dependencies to a problem of computing coefficients.
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3.5 Uncertainty Quantification with Polynomial Chaos Expan-

sions

Polynomial Chaos Expansions were introduced in Section 3.4 as an alternative way to represent
Random Variables. Although the representation is more complex, the consequence is easier manip-
ulation of the Random Variable. Figure 3-17 shows the entire procedure for performing uncertainty
quantification with Polynomial Chaos Expansions. This begins with the integration of Polynomial
Chaos Expansions into the framework shown in Section 3.2, then the calculation of the coefficients
that will specify the output, and finally the verification of the solution. The framework and the
solution approach are shown in this section, and theory and implementation of various methods

are described in the following sections.

Generate Generate output
input PCE PCE

Characterize _ Formul;jue
Uncertain Compute input Uncertainty
| coefficients Quantification
nputs Problem

Solve and verify
outputcoefficients

i

Increase order of

output PCE
Not converged l

y Solve and verify
coefficients

Test for Convergence
Converged - Done

Figure 3-17: Overview of Polynomial Chaos Expansion Solutions to Uncertainty Quantification
Examples

3.5.1 Formulating the problem

The model must be formulated for uncertainty quantification as in Section 3.2. This means that
the model is an operator that maps deterministic variables u (treated as constants) and uncertain

parameters X (w), to model outputs Y (w).

Y(w) =M[X (w),4] (3.5)
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Let N be the number of uncertain parameters, and U be the number of variables. Y (w) is a
real-valued Random Variable defined from the model above. So model M maps from RV+V — R,

which means the model has N + U degrees of freedom.

The formulation is ready for uncertainty quantification, however, we can also change the way
the Random Variables are represented in order to make the problem easier to solve. We know that
the parameters are described by a joint probability density function. It is assumed that all the
uncertain parameters are independent. Therefore each parameter can be described separately by a

marginal probability density function.

N
fx @) =[] fx. (@n) (3.25)
n=1

Where X (w) is a vector of uncertain parameters, which is decomposed into the product of N
marginal distributions. Each of the N uncertain parameters is substituted with a one dimensional

Polynomial Chaos Expansion. Each expansion is based on a different Basis Random Variable &,.

P,
Xn (W)~ Xn (6a) =D Znpthp (&) forn=1...N (3.26)
p=0

where the coefficients x are known.

In addition, the output is replaced with an N dimensional Polynomial Chaos Expansion based

on the same Basis Random Variables as the parameters.

Y (wyu) =Y (f, u) = i Z yp (u) Vi (5) (3.27)

p=0 E:|E|=p

We emphasize that the output is still dependent on the variables u and so the coefficients will also

vary with u.
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The original uncertainty quantification problem is now approximated as:

P [ ( P, i

Z Z Y% (u) vy (Q =M { Tnp¥Pp (§n) ' U

p=0 ;!|E|=P L p=0 n=1..N J

P N [ ( P, ]
> {y,; (@) I %em (sn)} = M { Znpp (€n) ,u (3.28)

P=0k:|k|=p n=1 | \P=0 n=1.N

The goal of uncertainty quantification problems is to characterize the output Random Variable.
In the original formulation of the problem this was done with indirect representation - by determin-
ing the probability of every possible output value or in other words, characterizing the probability
density function. In this new formulation, the output Random Variable is represented directly, and
the problem is reduced to the calculation of the unknown coefficients.

No matter what representation is used, the output must be computed at each value of u. Each
time the outputs are computed, however, u is held constant so in order to simplify the notation we
will drop the dependence on wu.

The way that the problem has been represented has reduced it to the calculation of coefficients
of a Polynomial Chaos Expansion. These coefficients are computed using the Method of Weighted
Residuals [26, 81]. The Method of Weighted Residuals selects coefficients that minimize the ex-
pected value of the residual. Different weighting functions result in different solution methods, and
methods can generally be organized into two classes: Galerkin projection methods and collocation

methods.

3.5.2 Formulating a Problem with Polynomial Chaos Expansions

Following Figure 3-17, we characterize the uncertain parameters (Section 3.4.5), choose a Basis
Random Variable, generate the Polynomial Chaos Expansion, and compute the coefficients as in
Section 3.4.5. Next, we use the same Basis Random Variables to generate the output Polynomial

Chaos Expansion. Finally we substitute the Polynomial Chaos Expansions into the model.

Example 7d: Using Polynomial Chaos Expansions for Uncertainty Quantification
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The uncertain model is:

D(w) = %S(w)zsin(e(w)) c0s (O () (3.7)

The uncertain parameters are S(w) ~ N (32,1)ms™! and © (w) ~ U (%,%). These relatively
easy to represent as Polynomial Chaos Expansions, because they are linear transformations of the

standard normal and standard uniform Random Variables.

We will select our Basis Random Variables as: Z; ~ N (0,1) and Z5 ~ U (0,1). The probability

density functions are:

2
fz (61)=\/L2—7rexp (—%) for —oo <& <00

[z, (62) =1 for0<& <1

The parameter Polynomial Chaos Expansions are shown below. Because the parameters are

simple, these expansions are exact matches.

S(&) =s0+815 =32+ (1)

™ T\

N m /7
) =ty+t1iZ2==+(=—=)E
(E)=to+tZ2 =g+ (3-3)=2
The output Polynomial Chaos Expansion is chosen to be order 3.

D (5) =djo,0) + d1,0/¥110} (5) + djo, 1) ¥po,1] ({)
+dp,0¥ 2,0 (5> +do,21 ¥ (0,2 (5) +dp, ¥, (5)
+dj3,0¥Y3,0] (E) + djo,31¥[0,3) (5)
+dp ¥ (5) +dp ¥, (5)
D (f) =djp0) + djp,0=1 + dp,y) (282 — 1)
+dpp) (B — 1) +dpo,g) (623 —6Z2 +1) +djy 1) (E1) (252 — 1)
+dis0) (23 — 3E) + dpp 3 (2025 — 3023 + 125, — 1)

+dp(E1)? (282 - 1) + dpp g (B1) (282 — 1)? (3.29)
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Now substitute D ({), and S (&), and © (¢;) into Equation 3.7:

2 2
D (f) = E(SO + 8151)2 sin (o + t152) cos (to + t1=22) (3.30)

Now the model is properly framed and represented. The solution and verification methods are

demonstrated in following sections.

Example 8c - Formulation with Polynomial Chaos Expansions

We wish to quantify the uncertainty in the dimensionless concentration B, given by Equation 3.3,
and determine how the uncertainty evolves with time. The parameters are given as lognormal
Random Variables. The Polynomial Chaos Expansion approximations of these parameters are
found using the steps in Section 3.4.5 with 4th order Polynomial Chaos Expansions. The first
kinetic parameter is shown in Section 3.4.1. For the second kinetic parameter, the mean and
274~ 5th central moments of the target distribution are matched to those of the Polynomial

Chaos Expansion. The target Random Variable is K5 (w2) ~ logN(2,0.25), and its statistics are:

3.748
5.648
p = 7.624 and em = . The analytical expressions for the moments of a
57.55

| 274.2 |

Polynomial Chaos Expansion are much more complex than the 3¢ order example in Section 3.4.5,

4t order

because the number of terms grows exponentially with order. However, the analytic solutions are

still easy if the moments of the Basis Random Variable are known. The least squares estimates of
7.624

1.929

the coefficients are: kg = 0.2458
6.309 x 1074

| 7.422 x 1072 |

Output

We choose a 6t* order Polynomial Chaos Expansion for the output. With two dimensions, that

results in 28 coefficients and Basis Functionals. Since both Basis Random Variables are standard
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normal Random Variables, the orthogonal polynomial series are both Hermite. Since the output
depends on the variable time, in order to use Polynomial Chaos Expansions for this uncertainty
quantification problem, the time domain must be discretized and the coefficients computed at each

time step. The first few terms are shown below.

B (f, t) = b0 (t) + b, () ¥, (5) + bpo,11 (t) Y01 (5)

+ bj20) () V2,0 (5) + b9 (1) Y02 (g) +bp1,1) (1) ¥, (5) e

Substituting in the Basis Functionals:

B (E_; t) = bjo g} (t) + bu,0) (t) E1 + b 1) (£) Ez

+ b[2,0] (t) (512 - ].) + b[0,2] (t) (522 - 1) =+ bu,l] (t) =120...

Framework

Starting with Equation 3.3, we formulate the uncertainty quantification problem, then substitute

in the Polynomial Chaos Expansions.

B(t) e k_l " [exp (—k1t) — exp (—k2t)]
B (wn, 00, 8) = R fexp (—K (1)) = exp (<K' ) )
B (5, t) =K2 (651—(5}()1 ({l) [exp (—IA(l (51) t) — exp (—ffg (52) t)]

Now we are ready to solve for the unknown coefficients of the output Polynomial Chaos Expansion.

3.5.3 The Method of Weighted Residuals

The Method of Weighted Residuals is an approach to solving differential equations and integrals.
The idea is to construct a set of basis functions and then match them to the true solution by

minimizing a residual. First, errors and residuals must be defined, then the approach itself is

described.
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Errors and Residuals

Ideally, the best coefficients should minimize the error €. The direct (Equation 3.31) and indirect

(Equations 3.32 and 3.33) representations are shown below.

e (v,wv, ) =Y (wy) = ¥ (3.€) (3.31)
€ (y,y, 5) =fr{y)-fy (y,f) (3.32)
ey,y) =fr(y) - fy (v,y) (3.33)

The error depends on the coefficients y and the values y . The target output Random Variable
Y (wy) and the Polynomial Chaos Expansion Y (f) have different outcome spaces, but both map
to values y with the same physical meaning, which relates the two indirect representations. Every
value f € (¢ can be mapped to a valuey € Qy. In the indirect representations, the dependence
on the coeflicients y is hidden within the probability density function of the Polynomial Chaos

Expansion.

Because the error itself is a Random Variable, it is often reduced to a statistic for reporting.

The most common statistic is the L2 norm.

e (e &) = -7 (9)]
- HM X o)l =¥ ()] (3.34)
le @0l = || fy () = f5 &)

SIS

I

[Ivo-126] v o)ay (3:35)

Qy

The error is defined over the value y . To compute the error, any values that do not have a
corresponding outcome in Qy are assigned zero probability, f)(.,P) = 0. In terms of functional
approximation, zero L? error would mean that the probability density functions of the output
Random Variable and the output Polynomial Chaos Expansion are the same. Unfortunately, in
general the error cannot be computed because the target output is unknown. Therefore, the residual

is used as a substitute.
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Define the Residual in direct form as:
R =M (@] -7 (9 o0
E(y,€) =M S ot &) Y uw (&)

p=0 n=1...N P=0 k:|k|=p
The residual depends on the output coefficients and is defined over the outcome space of the
Basis Random Variables. Instead of matching the output Polynomial Chaos Expansion to the
target model output, it is matched to the model evaluated with the parameter Polynomial Chaos

Expansions. The only unknowns are now the coefficients y.

The Method of Weighted Residuals

In the Method of Weighted Residuals, the coefficients y are selected such that the expected

value of the weighted residual is zero.
E; [R (y,é') r; (5)] — 0 for Vi (3.37)

Weighting functions r; (5) are functions of the values of the Basis Random Variables. There are
many different ways to weight the residual, which gives different kinds of minimization. Typically
|i| > K, so there is at least one weighting function for each coefficient. The classes of methods
that are derived using the Method of Weighted Residuals are the Galerkin Projection Methods
(Section 3.6) and Collocation Methods (Section 3.7).

3.5.4 Probability Spaces and Polynomial Chaos Expansions

The target parameters X (wx) in the space Qx are projected onto the space spanned by their
Polynomial Chaos Expansion representation: x. The outcomes wx are replaced with outcomes
£. Any error from the projection is due to the finite order of the expansion. The same projection is
done for the output Polynomial Chaos Expansion. This is equivalent to saying Y (wy) in the space
Qy is decomposed into orthogonal components in the space 2=. As discussed in Section 3.4.3, the
use of Polynomial Chaos Expansions disrupts the physical intuition about the Random Variables.

In Section 3.5.1 there are several probability spaces in play.
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The target parameter probability spaces, {Q2x,,%, P} for n = 1... N, which are known

The target output probability space, {2y, %, P} which is unknown
The Basis Random Variable probability spaces {€,, X, P} for n =1... N, which are known

L J

The parameter Polynomial Chaos Expansions’ probability spaces {Q X, 2 P}

The output Polynomial Chaos Expansion’s probability space {Qy, 3, P}

Start by breaking down Equation 3.28. The original model relates uncertain parameters to un-
certain output. There’s an intuitive connection between the outcome spaces of the parameters and
the outcome space of the output. In Equation 3.28, Polynomial Chaos Expansions are substituted
for the target Random Variables. Both parameters and output Polynomial Chaos Expansions re-
tain the same physical meaning, but are both now derived from the probability space of the Basis
Random Variables. There is not an intuitive causal connection with the Basis Random Variables,

only a mathematical relationship.

The key is to compute the unknown output probability space {Qy, Y, P} such that it is con-

sistent with the model connection to the known parameter probability space {Q Xy 2 P}.

3.5.5 Verification of the Polynomial Chaos Expansion Solution

Although Monte Carlo simulations can provide the true solution to uncertainty quantification
problems, they cannot be relied upon for verification of Polynomial Chaos Expansion solutions
because the primary purpbse of using Polynomial Chaos Expansions is to limit the number of
model evaluations. Another verification strategy is to test the Polynomial Chaos Expansions for

convergence and assume that when an expansion converges it will has found the correct solution.

Errors, Residuals, and Convergence

The L? norm of the error of the output Polynomial Chaos Expansion Y (f) with respect to the

target output Y (w) was given in Equation 3.35.

e (v, Il = / [y ) = Foem 0] () dy (3.35)

Qy
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The residual of the output Polynomial Chaos Expansion ¥ (f) with respect to model predictions
M [X (f)] was given in Equation 3.36:

(5 = (9 - [x (9] a0

It has been shown that as the order of a Polynomial Chaos Expansion increases to infinity, the
L? norm of the error decreases to zero [13]. Let V(¥ (5) be the Pth order Polynomial Chaos
Expansion approximation of Y (w).
dm [y @) -7 (€)] =0

We would like to know the rate of error convergence as P increases and the minimum order required
to accurately describe the target Random Variable. Unfortunately the error cannot be calculated,
so this convergence property cannot be tested. Instead, we define the expansion order difference
AP:

AP — HY(P) (g) _yP-n (g) " (3.38)

and examine its convergence as P increases. When AP meets some criterion, we say that the
expansion has converged and we assume that the error is negligible. Another possible metric would
be the difference between expansions of orders P and P — 2. This could be advantageous because

the errors often depend on whether the expansion’s highest-order term is even or odd.

The expansion order difference is defined using the L2 norm. Some early papers advocated
computing differences only at a limited number of points f.(') forl = 1... N; in order to approximate

the L2 norm:

i [y(pﬂ) (E'(l)) _y® (gt))]a

=1

or use the difference in statistics like mean and variance:

e[ (9] -2 (2
24 ()] - e 7 (2]

These alternatives would save some calculations however, the comparison in Equation 3.38 is more
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stringent and is quite cheap to compute using Monte Carlo. So there is no reason to use other

convergence metrics.

Verification Strategy

The verification strategy is illustrated in Figure 3-17. An output Polynomial Chaos Expansion
of order P is used to solve the problem as discussed in Sections 3.4-sec:results. For every solution,
the computed coefficients must be verified as discussed below. Then the problem is solved a second
time with an output Polynomial Chaos Expansion of order P+ 1 and the expansion order difference
AP is computed. If the convergence criterion is met, then the P + 1 order expansion is the verified

solution. Otherwise, the process is repeated for the P + 2 order and so on.

Expansion Convergence

The criterion for convergence of the output Polynomial Chaos Expansion is:
= [p (- (9 - 39

The algorithm is the same no matter which method is used to compute the coefficients. However,
there are some notable differences which may have an impact on the choice of solution methods,

these differences are discussed with the solution methods.

3.5.6 Effect of errors
Errors in the parameters

If the parameter Polynomial Chaos Expansions do not match the target parameter Random
Variables, this will add to the error in the output Polynomial Chaos Expansion. However, this is
impossible to determine from the residual, it can only be detected by comparison to a Monte Carlo
uncertainty quantification solution. This must be caught and fixed when generating the parameter

Polynomial Chaos Expansion as discussed in Section 3.4.5.
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Errors from Model Evaluation

Complex models will have some error in their solvers, which prevents the model from being
calculated exactly. This is assumed to have negligible effect compared to errors from the uncertainty
quantification analysis.

3.5.7 Recap

Verification is an important and often overlooked step in the solution of uncertainty quantifica-
tion problems. The process typically requires the uncertainty quantification problem to be solved

many times, which reinforces the motivation to reduce the computational cost.

3.6 Projection Methods

3.6.1 Derivation using the Method of Weighted Residuals

Projection methods are derived from the method of weighted residuals by using the K Basis

Functionals as the weighting functions
For each k
e (€) = ¥ (£)
£ [m(58) 2 (9] -0
Ex [R y,f) v, é’)] —0
/R (3.€) vz (€) d€=0
=
Split up the Residual,
P

R GIEIGEGES

Q= p=0 ;Il;lZP

/ M 1S aunt (€n)} i () £2 (€) @€
Qz n=1..N

p=0

(3.40)
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Because of orthogonality of the Basis Functionals, the left hand side of Equation 3.40 reduces:

P

DI EAGENGIAGES

r=077=p o

P
> vy {w5v)
=07

|7|=p

p

=y; (U7

So Equation 3.40 becomes:

e () = [ M [{z¢ @n)} ] 5 (€) 12 (6) €
ol n=1..N

p=0

y,;=@ [m 3ty (60 v (&) £2 (€) €€ (3.41)
Qg n=1..N

p=0

This results in a set of K equations, each of which determines one coefficient. They are de-
coupled, meaning that the value of each coefficient is independent of the others. This property is
a result of the orthogonality of the Basis Functionals. The same equations can be derived using

projection, which gives this class of methods its name.

3.6.2 Derivation using the projection approach

The same K equations can be derived by projecting the output Random Variable onto each of

the K Basis Functionals by taking the inner product with respect to the Basis Random Variables.

for each k
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Approximate the output using the Polynomial Chaos Expansion (indexed by j to avoid confusion)

and simplify using orthogonality properties.

Solve for the coefficient:

Y (w) ¥z
e D - grIACK e*)f-@«»s

Rewrite the output again in terms of the parameter Polynomial Chaos Expansion

(\If»\Ifk) / f* (5) %

1 n
PR [ M Tnp¥p (Sn
"~ Q/ [{2}) v (s)}

n=1...N.

3.6.3 Orthogonality and Inner Products

These K weighting functions produce a system of K independent equations. However, each
equation has two N dimensional integrals over the Basis Random Variables £. Because of orthogo-

nality, the denominator (¥ W) can reduced to the product of 1-dimensional integral which is very
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easy to solve.

N
/ [H DVim) (ﬁn)] H fzn (6n) dE

=1

Q_
-/ Il [y (€] Fo (€)aE
Q= n=1

fjl / (V2 €] Fon (6 d

However, the model operator M disrupts the orthogonality of the Basis Functionals that comprise
the parameter Polynomial Chaos Expansions, so the numerator integral is N-dimensional. This

can be very expensive to compute when N is large.

3.6.4 Physical Intuition

Because the Basis Functionals are orthogonal, none of their ’coverage’ will overlap in the prob-
ability space, and the sum of individual Basis Functional’s coverage of Qy will equal the coverage
as a whole. This will minimize the mean-square error R (w) = Y (w) — ¥ (w) in the space Qy.
However, this does not necessarily provide the best functional approximation when the spaces Qy

and Qy are not equivalent.

3.6.5 Standard Galerkin Projection Methods

In the literature this has many names: Spectral projection, Stochastic Galerkin, Galerkin Pro-
jection, intrusive methods, etc. The major issue with the Galerkin Method is that computing the
integral requires that the equations that make up operator M be known. These are then used
to analytically solve for the Polynomial Chaos Expansion coefficients. This is not the case for
many engineering applications where models are solved numerically. Therefore, in addition to the
standard Galerkin Projection Method where the integrals are solved analytically, there are many

variations that solve the integrals numerically.
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Example 7e: Target Practice Uncertainty Quantification with Projection Meth-
ods

We will begin this work where Section 3.5.2 left off, with the formulation complete and the model
in terms of the Basis Random Variables. This problem is solvable with the Galerkin Projection
Method because the model is simple. The 2-dimensional model decomposes into the product of

two 1-dimensional functions.

It is also useful to know the moments of the standard normal Random Variable Z, shown in

Equation 3.24

The number of Basis Functionals and coefficients in the output Polynomial Chaos Expansion
is K = 10. To solve for the unknown coefficients, the model shown in Equation 3.30 is projected

onto each Basis Functional. For example the second Basis Functional:

dpa,0) :(gl,lﬂ /f) (5} &1z (g)df

1
Ao = T 66T @) ol ©) & / / D (&) &1/, (€2) deafs, (€1) dé
f f 5(80 + 3151) sin (g + t1€2) cos (t() + t1€2) &1 f=, (€2) déafz, (&1) &y
d =Q1 Q2
o f f &161 1=z, (€2) dé2 f=, (&1) d&a

Q1 O

Both two-dimensional integrals can be separated into products of one-dimensional integrals.

0 [ &1(s0 +5161)% f=, (&) d&a f sin (Zp + t162) cos (to + t1€2) f=, (§2) dé2

Q
djy0) ===

g f{lﬁlful (é1) d& f [z, (§2) dé2

dj1,0) =§ / (s0%1 +2s08161% + 5183) f=, (1) déy ...
93]

/ sin (fo + t1€s) cos (to + tr162) déa

Q2
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u = cos (to + t162)

d
f = sin (to + t162) d&o
2 1
djy0) =3 (so’E[&1] + 25051 E [&1%] + STE [€}]) / uydu

952——)1‘
2 1 1
d[l,O] 2530315 0032 (t[) + t1€2)|0

d[l,O] ~6.0713
This process must be done for each Basis Functional and coefficient.

3.6.6 Numerical Integration of Galerkin Projection Equations

Start with Equation 3.41

1 & N -
yp~ <‘I’g‘1’;> /M [{anp¢P (fn)} :I \IJ]'C’ (5) pgdﬁ (3.41)
n=1...N

p=0

Instead of solving the integral analytically as in the standard Galerkin Projection Method, calculate
it numerically using quadrature.

Select Ng quadrature nodes £ forg=1... No

Ng
1 .
Yo ~ M|X (£9)| 0 (£9)w
k (%%}FZ] [ ( )] k( )‘1
L § S (@ 1a)
yp ~ M 2ty (€6 U (£9)u
k (qx,;xp,;); ; “’( ) . k( )q
1 &
Yy A moBy w
F Ty R
where
e Each quadrature node is an N-vector 5‘1) = [.5,({1)] N chosen from {2z

e mg is the model evaluated at the parameters corresponding to the gth quadrature node
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e wg is the quadrature weight of the quadrature node

° B,—;q is the kth Basis Functional in the output Polynomial Chaos Expansion, evaluated at the

gth quadrature node. B,—gq =Vr (é@). This forms a K x Ng matrix B.

Simplify this further to:
y =PBWm = AP m (3.42)

where

y are the coefficients - K x 1

m are the model outputs at the quadrature nodes Ng x 1

o AP j5 9 K x Ng matrix:

P is a K x K matrix of Inner Products of Basis Functionals, called the normalizing factors
Py =i or P =dia ( L ) As shown in Section 3.6.3 these are easy to compute
Rk (Tpvg I\ Y P
analytically because of orthogonality.
e W is a weighting matrix - Ng x Ng given by W = diag (wq)
The choice of quadrature nodes and weights is based on work for deterministic integrals [75]. These

1+ 1 A3 A hrinflr hal
LIS are aisCusSsed Ori€iiy Oe10W.

3.6.7 Projection Methods using Numerical Integration

Many techniques have been proposed for calculating coefficients of Polynomial Chaos Expan-
sions using different numerical integration schemes. Among them are:

e Pseudo Spectral Polynomial Chaos - refers to any method that uses numerical integration

e Non-intrusive Galerkin - refers to any method that uses numerical integration

e Monte Carlo - calculates the integral with monte carlo

e Gaussian Quadrature - uses tensor products of one-dimensional Gaussian quadrature points

e Sparse Grids/ Cubature - uses sparse grids of one-dimensional Gaussian quadrature

e Stochastic Collocation - seems to refer to any method using numerical cubature. The name
is unfortunate because the Basis Random Variables to not need to represent a stochastic
quantity and it does not use a collocation method.

Two of these methods, Monte Carlo and Gaussian Quadrature, are demonstrated in Examples 7

and 7.
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Example 7f: Projection Method using Monte Carlo
Monte Carlo is a very intuitive numerical integration method. The idea of sampling parameters
is the same as the method described in Section 3.2 but instead of propagating uncertainty, Monte

Carlo is used to evaluate an integral.

b 1 No
[ 1@ x@dem =3 bz
a ) @ g=1

where z, are sampled from the probability density function fx (z) and the bounds of = are [a, b].

This can be applied to each of the projection equations.

Example 7 has been solved previously in Section 3.3.2 and revisited in Section 3.6.5. Instead
of sampling from the uncertain parameters, this version of Monte Carlo samples from the Basis
Random Variables. These are then treated as quadrature nodes in the method from Section 3.6.6.
Instead of propagating the samples through the model in order to characterize the output probabil-
ity density function, this method uses the model outputs to compute the coefficients of the output

Polynomial Chaos Expansion, which then approximates the model output.

For each £k, sample Ng quadrature nodes from the probability density function of f Each of

these samples has a weight of wg = N . For each sample calculate p; and hg:

= (6 e (69)
b= 5 (69)] i 69)

Then the coefficient can be computed as:

@
ES
2

i
qu

The result of a Monte Carlo simulation with 108 samples are displayed in Figure 3-18. The
solution was verified by running an ensemble of 10* Monte Carlo simulations, and the results,

standard deviations, and multi-indicies are:
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Figure 3-18: Example 7 — Uncertainty Quantification by Monte Carlo (—) and a Polynomial Chaos
Expansion using the Projection method with Monte Carlo (bars)
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calculated accurately. Higher order terms

typically have less impact on the Polynomial Chaos Expansion than lower order terms, so a larger

relative uncertainty in the last few coefficients can be tolerated. When the coefficients are computed

with Monte Carlo, the same verification strategy can be used as in Section 3.3.4.

The Monte Carlo method gives good accuracy in the calculation of coefficients and is easy

to verify, but it is inefficient as discussed in Section 3.2. The main reason we use Polynomial

Chaos Expansions to represent the problem is to reduce the number of model evaluations required.

Therefore other numerical integration schemes are more attractive.
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Example 7g: Projection Method using Gaussian Quadrature

Gaussian quadrature is a one-dimensional integration method. In multiple dimensions, tensor
products of the one-dimensional quadrature nodes are used as quadrature nodes. For this reason
the method is also known as the Tensor Product method. The corresponding weights are the

products of the one-dimensional weights.

The Algorithm

1. For each Basis Random Variable, indexed by n
e Select the number of 1-dimensional quadrature nodes Q
e Find the roots of the @Qth order Basis Functional and denote these by: g,,(") fori=1...Q
e For each root, calculate the weights according to given formulas.
2. Generate the N-dimensional quadrature nodes by selecting one 1-dimensional node from each
of the N dimensions. There will be Ng = Q" quadrature nodes.
3. Generate the weights for each N-dimensional quadrature node by taking the product of each
of the respective 1-dimensional weights. Again the number is Ng = QN.
4. Evaluate the model at each quadrature node
5. Evaluate each Basis Functional at each quadrature node

6. Proceed as described in Section 3.6.6

As shown in Section 3.3.2, the Target Practice uncertainty quantification example can be solved well
using a third order output Polynomial Chaos Expansion. But Monte Carlo is too expensive. Here
we will attempt to solve the same problem with Tensor Products. The Polynomial Chaos Expansion
representation of this problem is given in Equations 3.29 and 3.30. There are 10 Galerkin Projection
equations, like the one shown in Example 3.6.5. These will be solved with Gaussian quadrature.
The Basis Random Variables are Normal and Uniform, so the Basis Functionals are Hermite
and Shifted Legendre Polynomials. For illustration, four nodes will be used in each dimension,

giving a total of 16 collocation points. The relevant equations for the nodes are:

Ss4(61) =51 — 6212+ 3

O4(&2) = T0EA — 14083 + 9063 — 202, + 1
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For roots of Hermite polynomials, the weights are:

wg) = < 2
e (@)

where Hg () is the Qth order Hermite Polynomial. For roots of Shifted Legendre Polynomials,

the weights are:
w(Li) = = 2
o (=2 [7o )

where Lq (z) is the Qth order Shifted Legendre Polynomial. Using these equations, the roots and

weights are:

+£2.334,  0.04588 1y (3-2v/675)/7 184/3

2 3

El,wH = and {2, wp, =
+0.7420, 0.4541 12y (B2VBR)T L s

p) J 36
and the 2-dimensional quadrature node are the 16 possible combinations of these roots, denoted

by:

r 51(1)3152(1) ] I_ 1 )(.:E) 0
1) - : =
{6 }qzl...16 ) and W
IASNAS) 0 wgl) w(L4)
At each node, the model and each Basis Functional are evaluated.
Mm% ()]

.

M[x (e09))]

V0,01 (g(n) e U (5’(1))

—

[

~
(o)

The model outputs are stored in the vector m =

The Basis Functional values are stored in B = : .
Yi0,0] (5(16) ) Uio.9] (gm))
Finally, the coefficients can be calculated, following Equation 3.42

y = PBWm = A (3-42)

111



96.45
6.024
8.559
0.5338
The results are y = 02?14;: , and there is very good agreement with the Polynomial Chaos
—0.8958
1.110e — 16
—0.2507

0.008343
Expansion solved with Monte Carlo. There were only 16 model evaluations for this solution, many

orders of magnitude fewer than Monte Carlo. The quadrature nodes and output Polynomial Chaos

Expansion are shown in Figure 3-19

Quadrature Points ProjGQ
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Figure 3-19: Example 7 — Gaussian quadrature points (weights indicated by point size) and the Ath
order output Polynomial Chaos Expansion

When the solution is repeated with 5-node quadrature, the coefficients are within one percent
of the 4-node solution. This indicates that the coefficients are computed with acceptable accuracy.

Next the order of the Polynomial Chaos Expansion is increased to P = 4. The coefficients are
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computed again with a 4-node quadrature scheme.

The added coefficients are relatively small, so they have negligible impact on the Polynomial
Chaos Expansion. In fact, the 3rd order coefficients are also small, meaning that the 2nd and 4th
order expansions are essentially the same. Therefore we conclude that the expansion is converged,
and the solution is verified. In this case, we also have the luxury of knowing the Monte Carlo
solution, and we can compute the L? norm of the difference between the two solutions to be

O (107%) which is small relative to the magnitude of the probability density functions O (1072).

Sparse Grid Cubature

This is an active research are for high-dimensional integration. It uses sparse grids across the
space of the independent variables instead of a full tensor product to reduce the number of cubature

nodes required. The formulas for nodes and weights are different but the concept is the same. The

96.45
6.022
8.558
0.5354
0.09474
—14.34
—0.8974
1.332e — 15
—0.2504
0.008403
3.455e — 15
2.335e — 12
—0.01566
—0.01412

| —2.220e — 15 |

with multi-indices k = <

\

0,0
1,0
0,1
1,1
2,0
0,2
1,2
3,0
0,3
2,1
4,0
0,4
1,3
2,2
3,1

paper by Xiu and Hesthaven [89] has several references.
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3.6.8 Verification with Projection Methods
Verification of Coefficients

Galerkin Method solves for the coefficients analytically so there should be no error in the co-
efficients and no verification is needed. The errors in the coefficients computed numerically are
dependent on the accuracy of the quadrature. Quadrature rules typically provide a theoretical
estimate of the errors but they can be difficult to implement in practice. As a practical solution,
the quadrature order difference can be defined similarly to the expansion order difference in Equa-
tion 3.38, and the quadrature order can be increased until the quadrature order difference converges

to zero.

Verification of Expansion Convergence

Because each coefficient is computed independently, when additional Basis Functionals are
added the coefficients of the lower order Basis Functionals should not need to be computed. Also,

model evaluations used in computing the existing coefficients can be reused.

3.7 Collocation Methods

The Collocation Method is often used to find solutions of integrals and differential equations.
There are several references that discuss this deterministic problem [75]. The projection methods
attempt to minimize the residual over the space Qy, by using the Basis Functionals as weights.
Collocation methods minimize the residual at specific points within the space Qy. By doing so, the
resulting output Polynomial Chaos Expansion is like an interpolating surface, anchored at those
collocation points. This does not control the residual over the space Qy, but it does minimize the

error at the collocation points.

3.7.1 Derivation from the Method of Weighted Residuals

Similar to the derivation in Section 3.6.1, the idea is to set the expected value of the weighted
residual to zero. Instead of using the Basis Functionals as the residual weights a delta function is

used.
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Choose N, collocation points £ for ¢ = 1...N,. Each collocation point is an N-vector

&9 = [¢0]

chosen from Qx>
N 3

n=1...

fore=1...N,

Qe
R <y7 E(C)) =0
p Pa
S v (89) = M |3zt (€9)
P=0k:|k|=p P=0 n=1..N
p
> D uBp=me (3.43)
p=0 E:lEI:p

Rewrite Equation 3.43 using the same notation as Equation 3.42
BTy =m
and solve
™—1
y = (BBT)  Bm = BT*m (3.44)

3.7.2 Verification
Verifying the Computed Coefficients

These methods calculate the coefficients of the output Polynomial Chaos Expansion such that
the residual is minimized at certain collocation points. The calculation is straightforward, using
only a single matrix inversion, and the only verification required is a check of whether the matrix
is ill-conditioned enough to cause numerical errors. If it is, then either alternate collocation points

can be used or a singular value decomposition can be used to determine the significant coefficients

and the others can be set to zero.
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Verifying the Expansion Convergence

While the Interpolation Methods minimizes the residual at the collocation points, the effect on
the residual away from the collocation points is unknown. Therefore it is important when testing
for convergence that the collocation points change with increasing order. Otherwise, successive
output Polynomial Chaos Expansions may falsely appear to be converged. The lack of an ’optimal’
selection in coefficients makes the verification of Interpolation Methods more subjective and more

difficult.

3.7.3 The Probabilistic Collocation Method

The Probabilistic Collocation Method was introduced by Tatang [76] as the Deterministically
Equivalent Modeling Method. It has also been termed the Stochastic Response Surface Method [42,
3]. It falls under the broader category of Least Squares Estimation or Matrix Inversion methods.
Unfortunately, the name has also been used to refer to unrelated methods [27, 50]. This method
requires the minimum number of collocation points, making it the cheapest of all Polynomial
Chaos Expansion methods for uncertainty quantification. It has been applied to a wide array of

fields [67, 77, 49].

Compared to Projection Methods, the Probabilistic Collocation Method uses fewer collocation
points to minimize the residual only at the collocation points. The original Probabilistic Collo-
cation Method uses the minimum number of points required, equal to the number of unknown
coefficients in the output Polynomial Chaos Expansion. In one-dimension, the Probabilistic Collo-
cation Method is equivalent to the orthogonal projection, but in higher dimensions they produce
different results. Instead of choosing collocation points and weights in order to compute an integral,

these methods select collocation points and minimizes the residual at those points.

The difference between all the algorithms is the heuristic for choosing collocation points. Some
are based on joint probability, others are based on design of experiments principles, others are simply
random. These methods work well for output Random Variables that are smooth and similar to
low-order polynomials, however, there are difficulties in accurately computing the coefficients if a

higher order Polynomial Chaos Expansion is needed.
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Algorithm of the Probabilistic Collocation Method

1. Let the order of the output Polynomial Chaos Expansion be P.
2. For each Basis Random Variable, indexed by n:
e Find the roots of the P + 1th order Basis Functional and denote these by &, for
t=1...P+1.
e For each root ¢, calculate the probability density f=, ( ,(f)> .
3. Generate the N-dimensional collocation points by taking every combination of the roots.
There will be N, = (P + 1)V
4. Calculate the joint probability density of each collocation point as the product of each root’s
probability density. Again the number is N, = (P + 1)V
5. Rank the N, collocation points according to highest joint probability density. If there are
ties with joint probability density, map the points in the space of the cumulative distribution
functions and choose the points closest to the center point. If ties remain, keep the 'center of
mass’ as close as possible to the center point. If ties, just pick one. Choose the K top ranked
collocation points, but eliminate collocation points that would make the matrix B singular.

6. Evaluate the model and each Basis Functional at the

7. Proceed with the Collocation Method as described in Section 3.7.

Example Th - Probabilistic Collocation Method
In Section 3.5.2, we finished the formulation of this uncertainty quantification problem using Poly-
nomial Chaos Expansions. Equation 3.30 shows that result. Now we solve thevproblem using the

Probabilistic Collocation Method. The residual from Equation 3.36 here is:

R (d,f) = -(So + 5151 (£1))” sin (to + 152 (£2)) cos (to + 6152 (€2)) — (d 5)

There are only 10 coefficients in the output Polynomial Chaos Expansion, so the Probabilistic
Collocation Method requires only 10 collocation points. The output Polynomial Chaos Expansion
uses maximum order of 3, so we take roots of 4th-order 1D parameter Basis Functionals as the
collocation points. The process is the same as in the 4-node Tensor Product method, however, only

10 collocation points are selected, compared with 16 quadrature nodes.
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The weights are not required and are not meaningful because this method does not solve the

Galerkin Projection equations. Instead, the coefficients of the Polynomial Chaos Expansions can

be calculated setting the residual to zero at the collocation points.

-z—(so + 5121 (E(c))fsin (to + 129 (é_(c))) cos (to + 1159 (fg(c)>> -D (d,étc)) =0

This can be simplified using matrices to

D (d,{‘:(c)) = %(So + 5121 (5(6)>)2 sin (to +t1=0 (f_'(c))) cos (to + t1=22 (fg(c))) (3.45)

D (4,69) =mt®
(2,1]

> g (69) =m©

E=[0,0]

Vo0 (5‘(1)) Y0 (5:(1))
Yio,0] (5(2)) N

o (6)

Vi (5(1)) ]

U2 1 (g(g))

Po,3] (5(10)) V2,1 (5(10)) |
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[ 9646 |
6.018
8.559
0.5533
The coefficients are: d = 0.09867
—14.34
—0.9083
1.260e — 14
—0.2503
| 0.008646 |
[ 9645 |
6.017
8.558
0.5480
0.09402
—14.36
—0.9150
Increasing the order to P = 4 results in coefficients: d = | —2.696e — 15
—0.2489
0.008538
—1.833e — 15
0.1782
0.002060
—0.01430
| —1.801e — 16 |

The L? difference between 3rd and 4th order Polynomial Chaos Expansions is O (—6), indicating
that the expansion is converged. Even though this is considered converged, there are differences

between corresponding coeflicients in Polynomial Chaos Expansions of different order.

Example 8d - Solved with the Probabilistic Collocation Method
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The formulation of this example was shown on page 94. Here it is solved using the Probabilistic

Collocation Method. The proper collocation points are shown in Figure 3-20a for a 6" order

expansion. Then the output Polynomial Chaos Expansion and the Monte Carlo solution at ¢ = 1

are shown in Figure 3-20b. The solution was verified at order 7 as well.

Collocation Points output polynomial chaos expansion probability density function
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(a) Collocation Points (b) Uncertain Model Output

Figure 3-20: Example 8 — Collocation Points for the Probabilistic Collocation Method and solution
at time 1s

To generate a time profile, this uncertainty quantification must be repeated for times ranging
from 0 ~ 3s. The result is plotted in Figure 3-21. Figure 3-20b is a vertical cross-section of
Figure 3-21. Note that the spread at initial time and long times is low. This is because it is known

that the initial concentration of B is 0 and that eventually all B is converted to C.

Credible bounds of Concentration

0.4 T
A~ —mean solution
035 & ---68% bounds
Y ---95% bounds
0.3 Y ]
5025¢
"é’ |
R
Q
Q \
8ois

o
s

o.osffi’

1 .
Time (s)

Figure 3-21: Example 8 — Uncertainty profile versus time computed for each time using a 6" order

expansion, showing the median value and two credible intervals
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3.7.4 Least Squares Methods

The Probabilistic Collocation Method falls within the class of Least Squares Methods, which use
different heuristics for selecting collocation points [21, 23, 22]. Here the number of collocation points
is greater than the number of Basis Functionals, N, > K. Therefore the B matrix is not square and
the coefficients are calculated using least squares. Hosder et al. [39] reported that increasing the
number of collocation points is necessary to make the Polynomial Chaos Expansion 'more stable’.
In fact the problems they found in their work were a result of poor choice in collocation points. The
Probabilistic Collocation Method was able to solve the problem with a minimum number of samples
and a lower order expansion. The proper selection of collocation points is far more important than

the number of collocation points. More analysis can be found in the work of Eldred et al. [23].

3.8 Connection between the Projection and Collocation Methods

e Projection method

y = AP)m = PBWm, see Equation 3.42
o Weighted Residuals

y = Al — (BBT)_IBm

e To be equivalent (with the same number of points, Ngo = N,):

Aroi) _ p(eollo) (3.49)
PBW = (BBT) 'B
BW =P~ !(BBT)"'B
W = (B”B) 'B”P~!(BB”)"'B
W = B+P—1BT+
e If B is square

w=B"'P (B

The inner products of the Basis Functionals are the eigenvalues of the weighting matrix

Even if extra collocation points are added to a collocation method, there are only K non-zero
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columns and rows in the weighting matrix. This makes sense because there are only K Basis
Functionals to project onto. It is unclear how the accuracy of the integrals changes with the
number of collocation points, because the MWR does not attempt to solve that problem.

e P is specified by the problem formulation, B depends on the collocation points, and W are
the weights. In a projection collocation scheme, the weights remain the same for all Basis
Functionals, however, the weighted residuals approach has different weights for each PCE
coefficient.

e In general, the two approaches result in different weights and number of collocation points,
with PCM using far fewer points.

e In the 1dimensional case, these approaches are equivalent.

e Typically the quadrature points and weights and collocation points are chosen by a heuristic,

so each heuristic must be examined to see if the methods are equivalent.

Example 16: Uncertainty Quantification Methods Comparison in One-Dimen-
sion

In this example we compare two methods for solving Polynomial Chaos Expansion coefficients:
Tensor Products of 1D Gaussian Quadrature rules and the Probabilistic Collocation Method. In
one dimension, with a Pth order output Polynomial Chaos Expansion, the Probabilistic Colloca-
tion Method takes P + 1 collocation points, so we will compare it to the P + 1-node Gaussian

quadrature.

Starting with Equation 3.49, if the two approaches are equivalent, then:

B =PBW (3.49)

P! -BWBT

(ke (€) e (6)) = iwk (6@ )wee (6)
c=1

/¢k(§)2f§d§ = gc:% (€(°)>2wc
Qe =1

This integral is exact for polynomials of order 2(P + 1) + 1. The polynomial order of ¥p(¢)? is
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2P. Therefore, the 1D case of the projection method with Gaussian Quadrature is the same as the

Probabilistic Collocation Method.

In the general case, the inner products will be products of one-dimensional integrals. The Tensor
Products of Gaussian quadrature collocation points are not the same as those of the Probabilistic
Collocation Method, and Equation 3.49 is not exact. The Probabilistic Collocation Method requires

far fewer collocation points, but may take more work to verify.

3.9 Summary

Uncertainty quantification is critical in the decision theory framework that is used for design
of experiments. The framework described in this chapters fits within decision theory and enables
any uncertainty quantification method to be applied. The particular method used to solve the un-
certainty quantification problems are not important. Each method has its benefits and drawbacks.
Section 3.2.5 stated the reasons that Polynomial Chaos Expansions in particular are attractive.
They can represent complex uncertainties but can still be computed efficiently. This will enable the

application of Bayesian Design of Experiments to larger systems of interest to chemical engineers.
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Chapter 4

Classical Design of Experiments

This chapter introduces the most common approach to Design of Experiments. It covers the
development of the theory and the procedure. The focus is only on the selection of experiments.
For the more general context of design of experiments within a larger study and principles of good

experiments, see Appendix C and Design and Analysis of Ezperiments by Montgomery [58].

4.1 The Current State of Experimental Design

The current industry practice is to use the Classical Design of Experiments approach, specifically
the response surface methodology, when designing experiments for engineering applications. The
Classical approach is attractive because of its simplicity and history of application. These designs
use predefined sets of experiments, instead of creating customized designs for the process at hand.
These designs are configured to provide good data for polynomial regression models. In effect, the
experimenter is using a design that was created for a different ‘idealized’ system, which does not
match the system of interest and will often produce suboptimal results. If the experimenters want
to modify the design, they must rely on their intuition and experience. At the same time, the
Chemical Engineering industry has built a large repository of more representative models, either
through knowledge of chemistry and physics or through empirical fits. These are examples of prior
knowledge which could be used to design more informative experiments, however, these cannot be

processed within the framework of the Classical approach.
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4.2 History of Design of Experiments

Experimental Design theory was first formally studied in the 1940’s with the development of
Classical Design of Experiments. They were created for agricultural experiments to understand
which factors had significant impacts on crop growth. These designs are ideal for identifying large
scale trends especially when there are large, unexplained variabilities. Growing crops was a long
term experiment and most factors could not be easily controlled. Therefore the best approach was
to concentrate on identifying factors with large impacts and ignoring the less significant factors. In
the 1950’s, the concept of experimental designs for response surface maps was used for engineering
applications. These were more applicable to engineering — they utilize more experiments and allow
identification of trends and empirical modeling.

Classical Design of Experiments is a broad class of methods, including the full factorial designs
used for crops, the response surface methods, and Taguchi methods. These are loosely categorized
by their use of predefined designs and empirical models developed after collecting data. The second
class consists of model based design of experiments methods. These are distinguished by their use

of models to influence the experimental design. Chapter 5 is devote to these methods.

4.3 Classical Design Heuristics

Montgomery describes Classical Designs as heuristics to plan experiments. There is no unifying
strategy or ‘approach’. Each heuristic is meant to investigate a different feature of the system,
such as identifying significant factors and interactions or developing an empirical model. The
common goal of all the heuristics is to gather data which can be analyzed with classical statistical
techniques. For the most part, this means the ANalysis Of VAriance technique or ANOVA. For
details see Appendix A.3. The procedure is to choose a heuristic, collect data, and then use ANOVA
to fit a linear model. The only complication is the choice of heuristics. This is typically done by

experience and guesswork. There is no explicit reliance on a model or prior knowledge.

4.3.1 Full Factorial Designs

The most well known Classical Design heuristic is the Full Factorial design. Full Factorial means

that every factor is varied at two values and an experiment is run at every possible combination of
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factor values. If there are F factors, this would use 2F experiments. This design is used to test for
first order dependencies and interactions between independent variables (also known as factors).
In practice, the design works well at its goal. In fact the Full Factorial Design is the optimal design
for parameter estimation on first-order, linear system models with Gaussian observation errors.
That is to say, the result is the same as the D-Optimal design which will be explained in the next
chapter.

The drawback of the Full Factorial design is that it uses a large number of experiments when
many factors influence the system. Other heuristics have been developed to reduce the number
of experiments while still allowing for good statistical results. These are not discussed here but

Montgomery [58] is a good reference.

4.3.2 Central Composite Designs

Another common heuristic is the Central Composite Design. Here the goal is not just to
identify large trends but to attempt to quantify the trends and predict system performance. For
these studies, more detail about the performance is required, so additional experiments are used
to fit a second-order, linear model. This is linear in the parameters, but quadratic with respect to
the factors.

The full factorial and central composite designs exemplify the capabilities of classical design of
experiments. An example of both designs is shown in Figure 9-9. The most important features are
that the heuristics attempt to spread experiments across the design space and have a regular pattern.
The designs are robust — they can be applied to any quantitative factor in any system without
requiring much understanding of the system. They can also identify which factors cause significant
changes in the system response and whether significant interactions are present. Unfortunately,
the best case result from applying a heuristic design is a linear, empirical model. In many modern
engineering studies the goal is to build a model based on first principles and for this purpose

Classical Designs are less effective and less efficient.

4.3.3 Merits of Classical Designs

The notable advantages of Classical Designs are that they do not require much knowledge of

the system and they are quite effective at identifying major trends. Unfortunately, in modern
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engineering experiments we seek much more information than major trends and therefore the
Classical approach is lacking. They require large numbers of experiments and do not have the
flexibility to deal with irregular design spaces that arise due to physical limits on the experimental
equipment. Finally, they rely on classical statistics which cannot properly deal with uncertainty.
These drawbacks motivate the use of model based design of experiments, which includes the

Bayesian approach. These are introduced in the next chapter.
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Chapter 5

Model Based Design of Experiments

The design of experiments approaches in this chapter are distinguished from the Classical De-
signs because they depend explicitly on models. Models that are built from either first principles
or empirical data are now everyday tools in modern engineering design. However, modeling the
system is only one part of effective design work. Just as important is the ability to understand
and model uncertainties. This is the feature that distinguishes the approaches with in the class of

Model Based Design of Experiments.

This chapter describes the Optimal Design and Bayesian Design approaches using the decision
theory framework. This emphasizes their similarities and differences, especially their treatment of
uncertainty. First the decision theory framework is explained in the context of design of experi-
ments, then some examples are shown in Section 5.2 to give an intuition of parametric uncertainty
impacts model outputs and how understanding this helps to design experiments. Sections 5.3

through 5.4 detail the Optimal and Bayesian Design of Experiments approaches.

5.1 Decision Theory for Design of Experiments

Statistical decision theory was introduced in Section 2.4. This section shows the application
to design of experiments by matching the experimental study process with components of decision

theory.
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5.1.1 Applying Decision Theory

Recall the necessary components to utilize the decision theory framework.

Set of potential actions

Uncertain parameters

e Known set of consequences

Prior knowledge

Observations

®

Models of the system and observations of the system

The process of experimental design fits nicely into this framework. The actions are the choices
of experimental designs. The uncertain parameters are the same as the model parameters, which
have some prescribed prior information, and the consequences are the simulated datasets. The only
difference is that there are typically no observations available before the design of experiments.

The three steps in applying decision theory are: enumerating the potential actions, correctly
describing the uncertainties, and quantifying the utility of each consequence. In the application to
design of experiments, the potential actions are represented by the design space, which is typically
constrained for practical or physical reasons. These constraints must be assessed from knowledge
of the system. The uncertainties that must be described are the uncertainties in the experimental
system and our uncertain observations of the system. These correspond to uncertain parameters
in the system model and the observation model. Finally, the consequences are the observations
of data. The data obtained in a an experiment will have some utility, which can be computed by
using the data for parameter estimation.

The methods for describing and quantifying uncertainties have already been shown. What

remains are the theory and methods for describing utility.

5.1.2 Utility Functions

The most critical aspect of decision making is the metric used to determine which action is best.
In decision theory, these are the utility function and risk metric. The role of the utility function is
to objectively assess the usefulness of each consequence. The risk metric examines the probability

and utility of all the possible consequences in order to make a decision. In this work, we use only
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the Expected Value as a risk metric, however, many different utility functions are discussed here.

All experiments are meant to gather information with some higher purpose in mind. Utility is
a measure of how well the experiment did in achieve that purpose. An intuitive way to measure
this is the compare the knowledge before and after the experiment. Since the focus is on the
experiment, the collection of data will be considered the most important event. All steps before

this are considered prior, and all steps after are consider post-event or posterior to the event.

The utility functions listed below are all functions of the prior and posterior parameter densities.
They are based on the Shannon Information metrics and are suited for the Bayesian approach to
Design of Experiments. The Optimal Designs approach has analogous concepts for each utility
function but different implementation. Books by Pukelsheim [68], Atkinson [2], and Fedorov and

Hackl [25] have much more detail on Optimal Designs.

D-Optimal Bayesian Designs: Improving Model Parameters

One of the most common goals of experimental studies is to improve estimates of the model
parameters. This is incorporated into the design of experiments by using a utility function based on
gain in parameter information. Continuing the discussion from Section 2.3.4, the utility function
can either be the decrease in differential entropy from the prior to posterior parameter densities in

Equation 2.3 or the Kullback-Leibler Divergence in Equation 2.2.

—Ah = — (h[fe;p (6]d)] — h[fe (6)])
_ / foip (61d)10g feip (6]d) d6 — / fo (8)log fo (6) do
Qo Qo

The second term in Equation 2.3 depends only on the prior parameter density, and is therefore
constant no matter which experiment is run. Therefore, this term has no impact on the maximum of
—Ah and can be neglected. Maximizing the decreasing in entropy from prior to posterior parameter

densities is the same as minimizing the posterior entropy.
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fe|p (9|d)d

OB

Dz (foip (01d) |l fo (6)) = / foip (61d) log
Qo

Dir, (foyp (61d) || fo (8)) = / Joip (B1d) log foyp (6]d) b - / foip (61d) log fo (6) d8
Qo Qe

The two utility functions in Equations 2.3 and 2.2 have slightly different meanings but they are
closely related. When using the Expected Value as a risk metric, both utility functions give the
same optimal design. For alternative risk metrics, these may not be equivalent and the effects of

either utility function are unknown.

This is called a D-optimal design and generally improves the parameters with the highest prior
differential entropy. This is an example of picking the lowest hanging fruit. Parameters with
low prior differential entropy are already well known and it is difficult to learn more about them.

Parameters with high prior differential entropy can be easily improved.

Partial D-Optimal Bayesian Designs: Improving a Subset of Parameters

The partial D-optimal utility function is very similar to the D-optimal utility function except
that instead of improving all parameters, the partial version concentrates on a subset of parameters.
Although the D-optimal designs are the most common, the partial D-optimal is more appropriate
in most situations. Often we do not need to know the majority of the parameters and only wish to
know a few key parameter values. In this case, a D-optimal design can be wasteful because it may

select experiments that will greatly improve parameters we do not care about.

The theory is very simple - we split the parameters © into two subsets: those we wish to estimate
A and the rest I'. Then we only include A in the utility function. This can only be computed by

integrating over I'; because we are not interested in the value of I' we will average over all its values.

132



—Ah == (h [fap )] — B [fa V)])

—Ah=—1|n /fryA|D('y,)\|d)d’y —h /fI‘,A(’Y,)\)d’Y
Qr Qr

e

/ / feaip (3, Ald) dry | log / feaip (1 Ald) dy | dA

Qa Qr

= [ [ fratrnar|10g /frA(’Y,/\)d’Y ax

Qa [Qr
and

faip (Ald )
fa()

Dt (faip () || fa () = / fap (Ad) log ZM272)
Q

f frap (7, Ald) dy
- / Q/ feaip (1 Ald) dy | log = THAG dx

_ / / feaip (1, A1d) dy | log / Jeaip (1 Ald) dy | dA
r Qr

/ / feaip (1 d) dy | Tog / o (N dy| dr

Qa [Or
Bayesian Designs for Discriminating Between Models

The last experimental studies goal discussed here is model discrimination. Often times, several
models are proposed that can adequately explain the available data. The next step is to collect the
data will allow some models to be eliminated. This idea has been proposed in many sources, with

contributions from traditional optimal designs as well as Bayesian designs [10, 73, 66, 4, 78].

Most Bayesian methods are similar to the work of Bard [5]. They discriminate between models
by computing the KullbackLeibler Divergence between all combinations of prior predictive densities.

This is attractive because the prior predictive densities are easy to sample from. Unfortunately,
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there is no way to use the interactions between design points, because the Bayesian inference step
is skipped. The common method to account for this is to design experiments sequentially. Leaving
the computational aspects aside, this method is problematic because it is not realistic in the way
models are discriminated. The algorithm is to simulate data and compare how well it matches the
prior knowledge of each model.

A more natural approach for model discrimination experiments is to improve all the models
conditioned on the data, and then compare how well the observed data matches the posterior
knowledge. This follows the traditional Bayesian approach to experimental design and is more
realistic to how experiments for model discrimination are carried out. The full derivation is in
Section 6.4.2.

The concern with this method is whether the posterior knowledge will be overconfident, which
occurs when a model does not fit well. For this reason, Gelman [33] advocates optimality conditions
besides the KullbackLeibier divergence, however this was not investigated further.

The closest analogy for the Optimal Designs approach is the K-optimal design, but while this

shares the goal of model discrimination the formulation is quite different.

Reducing Model Output Uncertainty

This utility function first computes the posterior parameter density and propagates it through
the model to determine the posterior data-predictive density. Then the utility function is a metric
on the posterior predictive densities, such as the Kullback-Leibler divergence from posterior to
prior predictive densities. These are related to G-, I-, or V-optimal designs, however the Bayesian
approach requires uncertainty quantification for the posterior parameters while the Optimal ap-
proach only requires model sensitivities. This is because the Optimal approach is only valid for
linear models.

This utility function is illustrated using an example in Section 7.1.

Utility versus Loss

In general utility is a desirable thing, so the goal is to maximize utility. An analogous concept
to the utility function is a loss function, which measures the negative aspects of a consequence.

Here the term utility function is used but most optimization algorithms are based on loss functions
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(objective functions). For all the examples, the objective should be clear, whether we are minimizing

loss or maximizing utility.

5.1.3 Motivation for the Decision Theory Framework

Framing the design of experiments approaches with decision theory serves to illustrate their
similarities and highlight their differences. Figure 5-1 illustrates how Optimal Designs and Bayesian

Designs fit into the decision theory framework.

Prior Design of Collect Analyze Assess
Knowledge Experiments Data Data Goals
Optimal Only use the Deterministic Skipped Fisher Utility
Designs model optimization Information
Bayesian Models and Optimization Simulate Bayesian statistics Utility and
Designs Uncertainty under Uncertainty Datasets  Shannon Information  Rick metric

Figure 5-1: Comparison of Model Based Approaches to Design of Experiments

Comparing the two approaches, we see that Bayesian Designs are much more general. This
is because they use the full decision theory framework and do not make simplifying assumptions.
The next two sections will further explain this figure, but the key message is that the Bayesian
approach is more accurate because of its use of prior knowledge, probabilistic description of the

consequences, and the ability to apply risk metrics.

5.2 Illustrative Examples of Model Uncertainty

Before showing the details of the Optimal and Bayesian approaches to design, some examples
are shown to give an intuition of the effect of different models and prior information. First, two
simple observation models are described. Then the several linear models and a nonlinear model
are used to illustrate the impact of parametric and observation uncertainties on the model output
and data predictive densities. The term ‘linear model’ refers to any model that is linear in the
parameters so that the partial derivative with respect to the parameters does not depend on the

parameters.

ey #9(0)
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for all parameters .

5.2.1 Observation Models

The general form of an observation model is shown in Equation 5.1.
e =M°"[0,z] (5.1)

¢ can be thought of as another uncertain parameter added to the the system model in order to create
a data prediction model. Uncertainty quantification would then result in the data predictive density.
Complicated observation models may change the structure of the model, but most observation

models are much simpler. Examples include additive and proportional observation uncertainties.

D (we,wE) =Y (we) +e=M [0, CC] +e€

D (we,wg) = (1 +&) M[6; 2]

where ¢ is the value of E (wg), which represents the uncertain discrepancy caused by imperfect
observation of the system. Throughout the remaining chapters, observation model is a generic

term for Equation 5.1 which will specify the relation between Y (weg) and D (we,wr)-

Example 17: First-order, Linear System with Gaussian Uncertainties

Start off with a first order linear model:

N (5,1)
y = 61z + 65 for z = [—1,1], with § ~

N (2,1)

The source of uncertainty in the system is the parameters . This is represented by the prior
parameter density fe (6) = fe,,e, (61,02). The model output uncertainty, fy (y) is computed
through uncertainty quantification and shown in Figure 5-2.

Next the observation model is included. This model is an additive Gaussian distribution,
meaning that observations of each model output yo cannot be made perfectly and will be normally

distributed around the model output. So data dy = yo + N (0,0?). In this case, o = 0.5. What
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Figure 5-2: Example 17 — Linear system model with Gaussian parametric uncertainty, shown with
credible intervals and probability density function

results is a distribution of simulated data, or the data that could potentially be observed for a
single model output. Also, there is a distribution of model outputs for every design zp. Because
the Gaussian observation uncertainty is added to the model output uncertainty, the resulting data
predictive density is a convolution of the two distributions, as shown in Figure 5-3.

The form of the model dictates the uncertainty profiles seen here. The standard deviation of
the model output’s density grows linearly with  and the model output uncertainty is minimized
at z = 0. Figure 5-3 shows that the uncertainty in the data predictions are also largest at the
bounds. This class of uncertainty profile is very standard for linear models and additive noise.
Intuitively the best experiments are at the bounds of design variable z = {—1,1}, but we would
like a quantitative method to prove this. Clearly the best way to estimate the slope is by observing
at the bounds but this does not directly gather information about the y-intercept. Conversely,
observing data at the origin does not help estimate the slope.

It turns out the bounds are the best solution for estimating both parameters. The question
that follows is whether the design is optimal because it corresponds with the highest uncertainty,

or whether this is a coincidence. This is answered in Example 18.

Example 18: Offset, First-order, Linear System with Gaussian Uncertainties

Now say there is some context to the design variable z and the domain is not center around
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predicted data
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Figure 5-3: Example 17 — Data predictions with model from Figure 5-2 and an additive, Gaussian
observation model

the origin. Scaling doesnt change the uncertainties. y = 61z + 65. = = [2,10]. Rescale to z = ZZ.

Then y = 46,z + 761 + 0s.

Figure 5-4c shows the same uncertainty profile, just shifted for the scaled design variable.
Figure 5-4d shows the data predictions. Even though the uncertainty profiles of y vs. =z are
different than in the first example, the best design is still at the bounds, z = —1, 1 even though the

best design is the same in this case, it is not where the data predictions uncertainties are greatest.

Example 19: Second-order, Linear System with Gaussian Uncertainties

Now we consider a second-order, linear system with Gaussian parametric uncertainties. This is
shown in Figure 5-5.

As might be expected from seeing the first-order results, the second-order has a model output
density that grows quadratically as z deviates from 0. The observation uncertainty is again additive
Gaussian errors with ¢ = 0.5. The data predictions are shown in Figure 5-5b. Since there is a large
difference in model output uncertainties across the domain, the observation uncertainty makes a

noticeable difference in the uncertainty profile.
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Figure 5-4: Example 18 — Offset linear model with Gaussian parametric uncertainty. Output
uncertainty shown with credible intervals (a) and probability density function (b), then rescaled
model output uncertainty (c) and data prediction uncertainty (d).
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Figure 5-5: Example 19 — Second-order, Linear System with parametric uncertainty (a) and in-
cluding observation uncertainty (b)

The best design is the bounds and the largest deviation from linear, which always occurs at
the midpoint. At the midpoint of the domain however, the model output uncertainty and data
prediction uncertainty can be smaller than at the bounds. Once again we see that the largest
model output uncertainty is not a good measure of useful experiments.

These quick examples show that the naive approach of using the points with the worst data

predictions are not the best. The correct approaches are shown in the following sections.

Example 20: Proportional Observation Uncertainty

In this example, we have a second order linear system, as in Example 19. In this case however,
the observations are not additive but proportional. The larger the model output, the larger the
observation uncertainty. This corresponds to do = (1 +¢€)y, where € ~ N (0,0?) and o = 0.1.
This is interesting because the model output uncertainty increases with distance from the origin,
however, the observation uncertainty is decreasing as x increases.

This observation model is representative of measurement tools that are uncertain because of

calibration errors. Many instruments convert signals from the system to an electrical signal, which
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Figure 5-6: Example 20 — model output uncertainty (a) and data prediction uncertainty (b) indi-
cating large differences in the observation uncertainty

must be calibrated to convert into physically meaningful observations. Uncertainty in calibration

results in uncertainty that grows linearly with the electrical signal.

Example 21: Nonlinear System Model

Now we examine a model that is not linear in the parameters.

— aexp (—Ba)

This type of nonlinearity is very common in systems with mass action behavior. Assuming Gaussian
parameter uncertainties and no observation uncertainty, the model output uncertainty is shown in
Figure 5-7 along with a sample cross section.

If the system must be linearized, the uncertainty is very difficult to understand and characterize.
First of all, the linearization occurs for a single value of parameters a*,3*. These parameters

no longer have the same relationship within the model, so the prior knowledge of o, 8 may not

propagate correctly through the model.
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Figure 5-7: Example 21 — model output uncertainty (a) and data prediction uncertainty (b) for a
Nonlinear system model with Gaussian parametric uncertainty and no observation error

A common choice for linearization parameter values is the mode (which coincides with the

median and mean for Gaussian distributions).

yi" —a* exp (—B'z) + exp (=B°2) (@ — ") + a” exp (=B°z) (8 — ")

y'" =exp (=f*z) [a + " (8 — BY)]

The linearized version of the model is shown in Figure 5-8 using the same parameter uncertainties.
Note that if this were treated as a Taylor Series with respect to the parameters and more terms
were added, the approximation would become quite good. This Taylor Series would be equivalent
to a Polynomial Chaos Expansion, as seen in Section 3.4.4. With only one term, however, the

approximation is totally inadequate.

5.2.2 Conclusion

These examples illustrate how the form of the model and the parametric uncertainties shape
the uncertainties in model outputs and data predictions. This is the knowledge that model based
design of experiments methods use to select the best designs.

An interesting result is that all the design approaches, Classical, Optimal, and Bayesian, will give
the same designs for first- and second-order, linear systems with Gaussian uncertainties [16, 2, 58].

In fact, Bayesian Designs simplify to Optimal Designs under the stated conditions. However, neither
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Figure 5-8: Example 21 — model output uncertainty (a) and data prediction uncertainty (b) result-
ing from linearization of the model with respect to the parameters

Classical or Optimal Designs can handle more complex observation models or nonlinear models.
Engineering model are becoming more and more sophisticated, which necessitates the use of the

Bayesian approach to Design of Experiments.

5.3 Optimal Design of Experiments

Optimal Designs are the most commonly applied model based design of experiments approach.
They remain an active research topic but their use in industry is not widespread. Adoption should
grow in the future as very good results have been demonstrated on academic examples. The basics

of the approach are described here in order to provide a contrast to the Bayesian approach.

5.3.1 Decision Theory Framework

Like all design of experiment approaches, Optimal Designs fit within the framework of statistical
decision theory, as shown in Section 5.1. The key detail that distinguishes the approach are the
use of classical statistical methods to compute the expected utility for each experimental design.
The use of classical statistics impacts all the other steps. Because of these statistics methods, the
prior information is not utilized, the information metric is simplified, and the optimization and
parameter estimation aspects are straightforward. The main drawback is that certain assumptions

about the system model and observational model must be satisfied.
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5.3.2 Algorithm

Only an outline of the algorithm is shown here. We are more interested in the theory than the
details, which have more to do with optimization. A good reference is the book by Atkinson and

Donev [2].

Starting with a system model with some uncertain parameters 6:
Y (wo) = M[6;2]
and an additive observation model:
D (we,wg) =Y (we) +&=M[0;2] +¢

where £ ~ N (0,0?). The steps are:

1. Select a design z from the design space X

2. Formulate the likelihood function as:

L(O[Y (z)) = frie (410, 2) (5.2)

3. For each design =

(a) Compute the score

o log L (Y]z,8)

(b) Compute the Fisher Information Matrix as a function of the design
I (z,0) = Eyje [V*|]

(c) Compute the utility as a function of the Fisher Information Matrix

d)(w,@) =g (I(x70))

(d) The objective function is equal to the utility ® = ¢

4. Maximize the utility while searching over all designs, z € X
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The system and observation models are incorporated into the likelihood function L (©Y (z)) =
fyje (y0,z). The algorithm is to select a design x from the design space to maximize the utility,
which is a function of the Fisher Information Matrix. Fisher information is a metric related to
Shannon information, and closely related to the variance of Gaussian Random Variables. Note
that the Fisher information depends on #, which is unknown. Therefore in order to compute the

objective function, § must be assigned a value, i.e., the model must be linearized.

5.3.3 The Fisher Information Matrix

By examining the experimental process, we see that some steps are missing. There is no
incorporation of prior parameter knowledge, simulation of data, parameter estimation, or risk
metric. The reason the steps above are unnecessary is because the parameter estimation or inference
step is done implicitly by computing the Fisher Information Matrix. Doing this requires three large

assumptions.

First, the model must be linear with respect to the parameters. Also, the observation model

must be an unbiased Gaussian distribution added to the model output:
E(wg)~N (0,02)

Lastly, either the prior parameter information is ‘noninformative’ [43] or is simply ignored. If these
assumptions are valid then Fisher Information Matrix completely describes the information content
of the parameters without any need for data simulation or parameter estimation. This comes from

the Cramer-Rao Bound, which is explained in Appendix B.5.

The summary is that when the assumptions are valid, the Least Squares estimator is guaranteed
to give the best parameter estimates and the Fisher Information Matrix is inversely proportional
to the parameter variance. Also, because the model is linear, any value of § will result in the same
utility. This means that data simulation and risk metrics are unnecessary - the only thing that
matters is the Fisher Information Matrix, computed from the system model, and the observation
model. The utility functions used for Optimal Designs are all functions of the Fisher Information

Matrix. All of the objectives stated in Section 5.1.2 have formulations for Optimal Designs.
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5.3.4 Optimization

Relying only on the system model, which is linear, and the observation model, which is Gaus-
sian, has tremendous computational benefits. Unfortunately, the assumptions severely restrict the
number of engineering models that Optimal design can be applied to. Nevertheless, these problems
reduce to a deterministic optimization problem, which can be solved using global optimization

algorithms.

5.3.5 Drawbacks of Optimal Designs

The source of Optimal Designs advantages is also the source of its weakness. Optimal designs
restrict prior uncertainty knowledge, deal only with linear models, and only with Gaussian dis-
tributions. They are still superior to Classical designs, since they have at least incorporated a
simplified understanding of the system performance into the design process. However, the simplifi-
cations do not allow a full description of uncertainties and so the solutions are based on incomplete. .

information.

5.4 Bayesian Design of Experiments

The Bayesian Design of Experiments, as the name suggests, is a model based approach that uti-
lizes Bayesian methods for treating uncertainty and performing inference [16]. The design approach
is discussed here while many of the Bayesian methods are described in Chapter 6.

Like Optimal Designs, this approach addresses many concerns with Classical Design of Experi-
ments since it implicitly relies on system models derived from the underlying physics and chemistry
of the system. The advantage of utilizing system models is that they provide objective predictions
of experimental results. This allows the design process to select the most useful experiments. This
advantage increases with process complexity. An empirical fit or surface response map can be fairly
accurate for a simple process with one or two units. Even if the system response is non-linear,
the general trends can be captured. This is usually enough to provide a working knowledge of
the system - enough to control the process. As the system becomes more complex, with many
units with multiple interconnections, a simple empirical fit becomes inadequate. Not only is the

fit unlikely to capture a complex response, it does not shed any light on the sources of uncertainty
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which are so critical to process understanding.

Bayesian Designs further improve upon Optimal Designs by allowing the use of any system
model, using all prior knowledge, and treating complex uncertainties. Once again the theme of this
work is that design of experiments hinges on the understanding of uncertainty. The assumptions
that Optimal Designs take allow for efficient computation of the solutions, but no longer provide an
accurate description of our uncertain system knowledge. Bayesian Designs properly address all these
issues by dropping the assumptions. If the linear model and Gaussian distribution assumptions are
kept, Bayesian Designs reduce to Model Based Experimental Designs [5] which are discussed in

Appendix E.

5.4.1 Information Flow

The Bayesian approach to design of experiments process mimics the experimental study process.
This process was previously illustrated in Figure 1-1, which is shown again in Figure 5-9 along with

an information flowchart.

Prior | Designof .| Collect | Analyze | Assess
Knowledge Experiments "l Data "l Data "l Goals
/o(6) _ fa(01d |
A/[[&,x] - r(¥) X d S (}"|d g(feu) (6|d))
MF [B,x] fo(d) oo (dld)

Figure 5-9: Information flowchart of the experimental process involving parameters, model outputs,
data predictions, designs, and data

At each stage of the experimental process, different pieces of information are available. Here

the flow of information is laid out explicitly to show how simulations can replace real experiments.

Prior Knowledge

Prior knowledge refers to all the information known before data is collected or simulated. This
includes the systém and observation models, and the knowledge of uncertain model parameters.
The system model describes the response as it varies due to changes in the parameters and inputs.
The additional complexity that arises from experiments is the fact that many important system

properties cannot be measured or observed perfectly. Properties must be inferred from indirect
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measurements and the instruments are not perfectly accurate. Therefore, every observation of the
system will have some error and an observation model is necessary to represent our knowledge of
these errors. Because errors are never known, they are described by uncertain residuals or discrep-
ancies from the model. We state that observations have uncertainty with a known relationship to
the model output. This allows a prediction of what data will be observed from the system.

The implicit assumption with all model based designs is that the model is correct. The ex-
perimental designs that result are only optimal for a system that is accurately represented by
the models. This can be problematic if the system behaves very differently from the model. On
the other hand, if the experimental results are different from expected, then the experiment has
successfully shown that the model is inadequate.

e System model: y = M [6; ]

e Observation model

— In general, the observation model must be written as a function of y, z, and/or 6.
There is no simple formula for the observation errors density and it is expressed as the
conditional probability fgjy,e;:-

— In most cases, it can be assumed that the errors follow some parameterized distribution
with parameters that depend on the values of y, 8, and z.
fery,ox (€ly, 0;2) = g (¢,y,0,x)

— A further simplification is to assume that all observation errors are additive and inde-
pendent of y, 8, and z. Therefore:

d =y+e and fgiy,ex (€ly,0;2) = friy,onx = 9(€)

— Then any distribution can be used to model the additive errors: E (w) ~ fg (¢)

Even though E is not directly dependent on ©, it must be remembered that both d and
y are dependent on ©, and so E and © are conditionally dependent given D or Y.

e Independent variables: z

e Prior parameter densities: fg ()

The structure of the models must be known exactly, with the only uncertainties represented by
model parameters. There is no uncertainty in the independent variables since these are controlled
by the experimenter. Any uncertainty in z, for example if the control is not precise, must be

captured by adding parameters as discussed in Chapter 3. A discussion of how to characterize
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prior knowledge is included in Section 6.1.1.

Derived Distributions

Analysis of the prior knowledge and models results in much more insight into the system,
including what system properties are expected (Model Outputs) and what observations could be

expected from an experiment (Data Predictions).
e Prior model output density
- Y (w) = M[b;]
~ fyie (viz) = [ fo (6) fy|ey (vI6; x) db
e Prior data predict?ve density
— The data predictions are based off the model outputs and the observation errors. As-
suming an additive observation model,
D(w) =Y (w) +e(w)
— D (d2) = J friz (v; %) fpy;z (dly; ) dy
or fp, (d;z) = (J; fo (6) }J, friew Yi0; ) fpjy,e;: (dly, 0; ) dydd

— Note that when © and z are specified, so is Y. Therefore:
/fY|G;z (v16;2) fpjye (@ly, ;) dy = fpjve;r (dly = M[6;2],6;x)
Y

— Explicitly stating the additive observation model:
fD;z (d,.’B) = ffe (0) fEle;x (E =d-M [07$])d6
(S}

Experiments

At this step, an experiment is carried out or simulated. Simulating an experiment with a design
Zp, is equivalent to drawing a sample from the prior predictive density, given z = xy. Simulated

datasets will be denoted with a hat: J, to emphasize the difference between a real dataset.

‘20 ~ fD;l: (d;xO)

149



Posterior Knowledge

After the simulation of a dataset additional knowledge can be inferred about the system, in-
cluding improved parameter estimates and corresponding improved predictions about the system
properties and future observations. For a generic simulated dataset d, drawn using a generic design
x:

e Posterior Parameter density
_ fo(8)fpje;(dl6sx)

- Jou (01d) = =552
— Expanding for clarity:

fpies (46:7) = fopeys (dly = M 632

= fo (e =d— M;a])

fo (0) fu (e = d— M8;2))
fDsz (J; x)

fera (01d) =

e Posterior model output density
~ Fide (Y|‘i5 x) = [ foidz (9162; 17) friez (yl6; ) df
(S

~ fyia (YH; 17) :gfew;x (9|6?; 33) friex (y = M[0,2]) do
— This is the same as the prior model output density, except that the uncertainty is
propagated from the posterior knowledge of the parameters.
e Posterior predictive density
= Soide (3152) = J Soya (014) Jetonn e = d = M [6;2])ds
— Again this is the same as the prior predictive density, using the posterior parameter

density.

5.4.2 Relation to Design of Experiments

The information flow described above is the same whether the experiments are real or simulated.
The flow is naturally broken into two steps: predicting system performance (all steps prior to the
observation of data) and the incorporation of new information (steps after or post-observation). As

shown by the information flow, a simulated experiment can be used to estimate the usefulness of

150



a real experiment. By using these estimates within the decision theory framework, we can make

comparisons between hypothetical experiments and then choose the best ones.

5.4.3 The Bayesian Design Algorithm

The algorithm will be presented withing the decision theory framework. These translate directly

to three computational loops.

1. Actions - Optimize
The first step is the enumeration of actions or the selection of a design.

2. Uncertainties - Simulate Data
The second step is to describe the uncertain consequences or compute the probability of
each consequence. In the experimental process this corresponds to running the experiments
and observing the uncertain results — datasets. In the Bayesian Design algorithm this is the
middle loop in which many datasets are simulated. The uncertainty quantification methods
described in Chapter 3 allow sample datasets afj to be taken from the data prediction density
for each design z;.

3. Utility - Compute the objective function
The final step is to assess the utility of each consequence. This is done using utility functions
and risk metrics. Because the utility functions are integrals, they are typically computed with

Monte Carlo methods which make up the third and inner most loop.

The algorithm is given using the most general approach.
1. Select z; € X
(a) Sample from the prior parameter density
0; ~ fo (0)
(b) Evaluate the model
Y = M[0;; 2]
(c) Sample from the data predictive density
dj ~ fp (d; i)
For an additive observation model, this is equiValent to:

dj ~ y; +¢€; where €; ~ fgo (€|0;; i)
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i. Sample from the posterior parameter density using Markov Chain Monte Carlo (See
Section 6.3)
Ok ~ folD (0]d;)
ii. Tterate k=1... K
(d) Compute the utility of dataset d; for design z;
$ij =g (61...0K,1)
(e) Iterate j =1...J
2. Compute the objective function for design z;
®; =7 EJ: bij
j=1

3. Iterate over ¢ until optimum is found or search ends

5.4.4 Summary

By now all the theory has been presented to show how the Bayesian approach treats uncertainty
and selects the best design. All that remains is the methodology that allows us to compute the
utility functions. These are presented in the next chapter. One reason that the Bayesian approach is
not widely used is the large computational cost. The reason for this cost is clear — three nested loops.
In many cases, the benefits of proper treatment of uncertainty outweigh the increased computer
time. Nevertheless, additional shortcut techniques are also presented to reduce computational cost
while maintaining the rigorous characterization of uncertainty. These will aid in the adoption of

the Bayesian approach in the engineering community.
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Chapter 6

Bayesian Methods for Estimation and

Design

This chapter describes all the methods required to implement the Bayesian Design algorithm
described in Section 5.4. These methods are then demonstrated in Chapters 7 through 10.

6.1 Bayes’ Theorem

A Bayesian method is any method that uses Bayes’ Theorem. The theorem itself is deceptively

simple. In terms of probabilities of events:

P(A|B) = 5(—’%}(33()&2 (6.1)

where:
e P (A) is the prior probability of event A, before event B occurs
e P(B) is the prior probability of event B, which is a normalization constant
e P (B|A) is the probability of event B occurring, given event A has occurred
e P (A|B) is the posterior probability of A, after B has occurred

There are two equally valid perspectives of Bayes’ Theorem. Either the prior knowledge about
random event A is updated based on new new information that arrives from random event B, or

the new information is observed from B and is then biased by the prior knowledge about A.
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Using parameter estimation as an example, A would be a Random Variable © representing an
uncertain parameter, and B would be a Random Variable D (w) representing the observation of

data. This is then written with probability density functions:

fe (6) fpje (dIF) _ fo (0) L (6]d)
fp(d) fp(d)

feip (0/d) =

e fo () is the prior parameter probability density

e fp(d) is the prior predictive data density probability
e fpje (dlf) or L(f|d) is called the likelihood

e fo|p (0]d) is the posterior parameter probability

The key pieces are the prior information, likelihood, and normalization.

6.1.1 Prior Information

The methods used here require the knowledge of model parameters to be represented by prob-
ability densities. When a density does not exist, it must be computed or assumed. In most cases,
there is incomplete information - either summary statistics like mean, variance, minimum or maxi-
mum, or expert opinions about the parameter. When this happens the Maximum Entropy Principle

is used to construct the probability density function.

Maximum Entropy

The Maximum Entropy Principle simply states that the best probability density to represent
uncertain but incomplete information is the one having maximum differential entropy, while still
being consistent with the available knowledge. This principle stems from the fact that constructing
a probability density function requires adding information that is not supported by the current
knowledge. Therefore, the amount of additional information should be minimized, which is equiv-

alent to maximizing the entropy. This is formulated as an optimization problem:

= / fo (6)log (fo (8)) do

o0

s.t. Constraints from available knowledge
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Table 6.1: List of various conditions that will result in well know maximum entropy distributions.
A good reference is Entropy optimization principles with applications by Kapur and Kesavan [44].

Available Information Maximum Entropy Distribution
Upper and Lower Bounds Uniform
Mean and Variance Gaussian
Mean and One Bound Shifted Exponential
Mean and Two Bounds Truncated Exponential

As an example, say that we know or assume that an uncertain parameter has mean u and

variance o2. This problem is formulated as:

min e/ fo (6)og fo (6) d8

s.t.
[re@a0=1
(<]

[ 50 @)d0 = 4
[S]

/P 0% fo () df = o2
o

Solving this problem is well beyond the scope of this thesis but it can be proved that the Gaussian
distribution does minimize the negative entropy. Table 6.1 shows a few other conditions and the

resulting Maximum Entropy distribution.

6.1.2 Likelihood Function

A likelihood function is a modified conditional probability where the independent variable is

the second argument and the first argument is known.

L(0|d) = fpje (d|6)

This is computed by evaluating the conditional probability on the right hand side, but likelihood

function itself is not a probability density because it does not normalize over ¥p to 1. Also, the
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likelihood is not equal to the similar conditional probability:
~ L(6ld) # feip (6ld)

The likelihood describes the chances that the data d could be observed if 8 is the true parameter

value.

6.1.3 Normalization Factor

The denominator in Bayes’ Theorem is a normalization factor:

fp(d)

This is the prior data predictive density which describes all the possible data that could be observed.
While it seems simple, this presents one of the biggest difficulties with Bayesian methods. Often

times this probability density function is not known and must be derived by integrating:
fp(d) = /fe () fpje (d|6) do
Qe

This integral is over the prior parameter density, which has dimension equal to the number of model

parameters. This can be extremely difficult to compute.

Example 22: The Monte Hall Problem

In this game there are three closed doors. Behind two doors are goats; behind the third is a car
(worth more than a goat). The rules allow you to choose a door and receive the prize behind it.
First you pick one of the doors. Without revealing the prize behind the first door, the host has to
open one of the remaining doors. He must choose a door with a goat, otherwise the game is over.

After seeing his choice, you are given the chance to switch doors. Which door should you choose?
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Using a Decision Tree

First lay out the prior knowledge. Let pp (d) be the prior probability mass function that door
d hides the car. Then,

pp (d) = {% =1,2,3 (6.2)

Now there is a decision: choosing one of the three doors. At this point, the doors are all identical
so this decision is irrelevant. Say we pick door 1. There are now three possible outcomes - that the
car is behind door 1, 2, or 3. Next, the host reveals one of the doors, which must have a goat. If
the car is behind door 1, then either 2 or 3 can be opened. However, in the other cases, only one
option exists because the 2nd goat is behind door 1. Finally, we reach the third decision - whether

to switch doors. This is illustrated by the decision tree in Figure 6-1.

Door 1 has a car, host opens 2

Door 1 has a car, host opens 3
4 A Door 2 has a car, host opens 3
P =§
Door 3 has a car, host opens 2
Figure 6-1: Example 22 — Monty Hall problem as a decision tree - given prior information (diamond)

you must choose a door (circles). Each door is the same, so consequences (triangles) are only shown
for Door 1

In order to fill in the probabilities on the decision tree, we start with the knowledge of the game
rules. The initial decision is to choose between three doors, but again this is irrelevant so only one
of these branches is shown. The uncertainty is over which door hides the car - each branch has
probability of % If the correct door was chosen, the host has two doors which can be opened, each
with probability % If a goat door was chosen, the host can only open one door, hiding the second
goat. So, there are now four possible consequences (two pairs of identical outcomes): the player
has selected the right door and by switching will win a goat, or the player has selected the wrong
door and will win the car by switching doors. The probabilities are respectively: %% (2) = 3 and
% (2) = % So switching doubles the odds of winning.
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Using Bayes’ Theorem

The decision tree from Figure 6-1 can be converted into conditional probabilities, which can
then be computed using Bayes’ Theorem. The prior knowledge, from the game rules, is that the
probability of door ¢ hiding the car is: P(C =c) = 3. Next, after the player Selects door s,
the probabilities are unchanged: P (C =c|S =s) = % Finally, we must compute the conditional

probabilities after the host opens door h: P (C =c|S =s,H =h).

To solve the problem, we will presume the player selects door 1. Then we are interested in
the probabilities of the four consequences: P(C =1|S=1,H=2) and P(C=1|S=1,H =2)
which are the probabilities of winning without switching doors — corresponding to the top two
consequences in Figure 6-1 — and P(C =2|S =1,H =3) and P(C =3|S =1, H = 2), which is
the probability of winning by switching doors - corresponding to the bottom two consequences. To
compute these we apply Bayes’ Theorem.

P(C|S=1)P(H|S = 1,C)
P(H]S =1)

P(CIS =1,H) =

The necessary conditional probabilities can be read off of the decision tree, with the conditional
statements correspond to branching points on the tree. For example, the probability that the car

is behind door 1, given that you chose door 1 and the host opened door 2 would be:

P(C=1S=1)PH=2S=1,C=1)
SP(C)P(H=2S=1,0)

B P(C=1S=1)PH=2S=1,C=1)
P(C=1)P(H=2|S=1,C=1)+P(C=3)P(H=2|S=1,C=3)
343

P(C=18=1H=2)=

ol
M=

the probability that the car is behind door 2, given that you chose door 1 and the host opened door
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3 would be:

P(C=2S=1)PH=3|S=1,C=2)
SSP(C)P(H =3|S=1,C)
B P(C=28§=1)PH=3|S=1,C=2)
"P(C=1)PH=3S5S=1C=1)+P(C=2)P(H=3|S=1,C=2)
31
+31

P(C=21S=1,H=3)=

o=
D] =

So, by symmetry, the probability of winning without switching is %— and the probability of winning

by switching is %

6.2 Bayesian Parameter Estimation

Bayesian Parameter Estimation is another application of Bayes’ Theorem. In all parameter
estimation problems, a model structure is assumed with uncertain but well defined parameters.
Then a dataset is observed and the parameters must be inferred. In this context, the Bayesian
approach is to use probability to describe the model parameters’ uncertainty and the conditional
event is the collection of data. The key concept is that the observed data contains information. The
model establishes the relationship between the data and the parameters and therefore knowledge
from the data can influence the knowledge of the parameters. Bayes’ Theorem describes this

inference step.

6.2.1 Details

As with all uses of Bayes’ Theorem there are three components: the prior knowledge, the likeli-
hood, and the normalization. Prior knowledge in the case of parameter uncertainty was discussed
in Section 6.1.1. The likelihood function describes how likely it is that the observed data could be
explained by the system and observation models. Since these models depend on the parameters,
this establishes the connection from data to parameters. Finally, the normalization constant simply

ensures that the posterior parameter density is properly normalized.

Example 23: A Biased Coin
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Have a coin that seems to fall on heads more often than tails. Say that parameter @ represents the
probability that the coin will fall on heads.

The prior parameter density is © ~ U (0.5, 1) and the likelihood is given by the binomial distri-
bution: P (heads|@) = 6 and P (tails|f) = 1 — 0. Because each flip is assumed to be independent,
the likelihood of multiple flips is the product of the likelihood of each individual flip.

Let’s say we observe three heads and then one tail. There is no uncertainty in these observations.
Then the likelihood of this event is P (H3T|6) = 6 (1 — 6). The Normalizing constant is:

1
1 Ll 1 1 /1 11 13
— —9 gt _Zg°| =—9o(-—Z)_—([Z_Z2)=_2
/2 A—gdi=230" -5 - (4 5) 24 (4 25) 160

0.5

Bayes’ Theorem gives us:

3p3(1—-0) 05<6<1
P (6|H’T) =
0 else

The prior and posterior parameter densities are shown in Figure 6-2.

0

Figure 6-2: Example 23 — Prior (— Uniform density) and posterior (filled truncated Beta density)
uncertainty of coin bias parameter 6 after observing four flips: HHHT
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6.2.2 Issues

Example 23 is very simple. It has no observation error and the system model can be easily
manipulated which is rarely the case for engineering systems. The the main difficulty in most
parameter estimation problems is not the system or observation model, but the normalization
constant. In the coin example, there is a single parameter that must be normalized. Typical
engineering systems have many parameters and so the computation of this normalization constant
becomes a high dimensional integral. These are very difficult to compute numerically. This has
motivated the development of numerical methods to compute posterior densities without requiring

the normalization, such as Markov Chain Monte Carlo.

6.3 Markov Chain Monte Carlo

As previously mentioned, Markov Chain Monte Carlo is a numerical method for high dimen-
sional problems. It is particularly beneficial for Bayesian methods because it does not need to

compute the normalizing constant.

6.3.1 The Markov Chain Concept

Monte Carlo is a sampling technique where the values of the independent variables are selected
randomly. Markov Chain Monte Carlo is a variation that uses a directed sampling heuristic instead
of an entirely random sampling. A Markov Chain is a series of samples where the next state depends
only on the current state. This means that the details of any previous state are totally irrelevant.

The chain can be thought of as a person walking around a field. From the current sampling
point, a jump is taken and the new sampling point is subjected to an acceptance criteria. If the
new sampling point acceptable, it is sampled (the person walks to the new point), otherwise the
previous point is sampled again (the person stays put). Now imagine that the field is uneven
with hills and valleys. At each time point, the person (often assumed to be drunk) surveys his
surroundings and chooses another location to jump to. He then compares the height of the next
location to his current location. If it is downhill, he is more likely to make the jump. If it is uphill,
he is more likely to stay put. Over many time steps, this person will trace out a path across the

field. The topography of the field can be determined from the amount of time the person spends
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in each spot. This is an attractive property if the topography cannot be directly measured, but

relative heights between two points can be computed easily.

6.3.2 Application to Parameter Estimation

Markov Chains works especially well for computing probability density functions because the
densities are all relative quantities. In parameter estimation problems we cannot compute the
absolute density of the posterior parameter density (the normalization constant is unknown), but
the relative densities are easily computed. Therefore, the posterior parameter density can be
sampled by jumping around the parameter space in a Markov Chain. Once enough samples are

taken, the full density can be approximated by normalizing the samples.

6.3.3 Algorithm

For the sample distribution matches the true posterior, the Markov Chain must apply the
correct jump and acceptance criteria, collectively known as the ‘sampler’. The Metropolis-Hastings
algorithm [69] is commonly used to sample posterior probability distribution functions. A simplified

version used in this thesis is shown below:

1. A starting point is chosen, 6 is a vector of parameters

2. At each step %, a random jump §; is chosen according to §; ~ N (0,X) and the proposed state
is8 =0, +6

3. The constant « is calculated as: a; = ;Z(g:)ﬁ(z;lj)
This is the ratio of the posterior parameter densities at the proposed state & versus the

current state . Therefore, a is the probability that the new state should be chosen over the

current state.

4. A random number x is generated from [0, 1]. If x< o; then the new state is chosen, 6,11 = ¢

Otherwise, the current state is chosen, and 6,41 = 0;.
5. This is iterated until the chain converges or alloted computer resources are exhausted.

There are some key aspects here which are not discussed, namely the convergence and verification

of the posterior density and the choice of ¥ for the jumps.
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6.3.4 Verification of a Markov Chain Monte Carlo Solution

Verification was not studied in this thesis, so the details are left for the literature [57, 70, 34].
Briefly put, verification of solutions is a big problem with Markov Chain Monte Carlo — even
more so than with Monte Carlo as discussed in Section 3.3. A chain is considered to have found
the correct solution when it is converged and the solution is no longer changing with additional
samples. The chain jumps around in a random fashion, so exploration verification simply checks
whether all areas of the parameter space have been sampled from. This is theoretically simple, but
difficult to implement. Especially with large dimensional parameter spaces, the posterior parameter
density will be vanishingly small in the majority of the design space. Therefore, the Markov Chain
is not expected to sample these regions. It is difficult to determine whether the lack of sampling is
due to a negligible density or failure to converge.

Many diagnostic tools exist to assess convergence, however, they are mostly heuristics and their
reliability is questionable [34]. When Markov Chain Monte Carlo was used in this thesis, an analysis
was performed to verify the solutions however, the posteriors computed with Markov Chain Monte

Carlo should always be considered an approximation.

6.3.5 The Adaptive Metropolis Sampler

One way to improve the convergence rate is to change the jump and acceptance criteria. In-
tuitively, as the chain moves around the parameter space, it gathers information. The Adaptive
Metropolis Sampler uses this information so that future jumps are more useful. It does this by

modifying 3 while the chain is running. Details can be found in the works by Haario et al. [37, 36].

Example 23a - Markov Chain Monte Carlo Solution

The prior parameter density and likelihood function were already specified in Example 23 on
page 159. Instead of solving for the posterior analytically, we will redo this example without
computing the numerator. The standard Metropolis-Hastings algorithm is used.

The Markov Chain jumps around the space of the posterior parameters. As discussed by

Geyer [34], the starting point is not important so we use the mean of the prior density, 8 = 0.75.
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The variance of the jumps is taken to be the variance of the prior distribution, the burn in is 5000

jumps, and the thin rate is 4.

For every jump, from #; — 6’ a new acceptance probability is computed.

o @)
foip (6:;|H3T)

_fo (8') fpje (HT0")

~ fe (6:) fpje (H3T6;)

Because the prior is uniform, the first ratio cancels leaving;:

"o fDIO (H3T]9/) _ 9'3 (1 _ 9/)
foje (H3T16:) 63 (1 -6,

A section of the resulting Markov Chain (after thinning) is shown in Figure 6-3.
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l”"{‘!“'”l]'w'li}
‘ U1, || 3 ]
05r ' 0.5
| 1 { i
0 100 200 300 400 500
Chain Position 0 ! X 2 3
(a) First 500 jumps in the Markov chain (b) Normalized chain values

Figure 6-3: Example 23 — A Markov chain of the posterior parameter along with normalized
histogram of the density

The result of Markov Chain Monte Carlo is a set of samples from the posterior density. It
does not compute an analytical probability density function. It does, however, enable a numerical
approximation of the posterior density without the large cost and inaccuracy of computing the nor-

malization constant. This method and its variants are used for the majority of Bayesian parameter

estimation tasks.
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6.4 Prior Sampling Formulation

The major difficulty with Bayesian Statistics is high-dimensional integration. The denominator
of the Bayes theorem is in most cases a multi-dimensional integral over the prior knowledge. Also,
determining statistics of a joint-probability density function is a multi-dimensional integral. Popular
Bayesian methods are generally used because of their ability to circumvent the computation of
these integrals. Markov Chain Monte Carlo is one example. By relying on a Markov Chain for
parameter estimation, the normalization constant of the posterior parameter density does not need
to be computed. Unfortunately, this method does not give the actual posterior parameter density
function. It only produces samples. In many experimental designs, the utility function requires the
posterior parameter density function to be known. In this case, the function must be approximated
using kernel estimation or by assuming a functional form. This introduces errors into the utility
function calculation.

One way to circumvent both the normalization problem and the probability density function
approximation is the prior sampling formulation of information metrics for design of experiments.
This is called the Prior Sampling Formulation for short. Instead of sampling and approximating a
multi-dimensional probability density function and then its statistics, this approach computes the
statistics directly in order to reduce the dimensionality of the problem.

This section shows the derivation of the Prior Sampling Formulations for the various utility
metrics described in Section 5.1.2. The concept was originally applied by Ryan [71] for a particular
utility function (the Kullback-Leibler Divergence between posterior and prior parameter densities)
to emphasize overall parameter estimation quality. In his paper, Ryan did not propose a name
for this method so keep in mind that this terminology is not universal. The original algorithm
is described below. In addition, the same idea has now been applied for other utility functions
for design of experiments, such as estimating a subset of parameters and discriminating between
competing models. These are derived for the general probability density functions described in
Section 5.4.1 so the asymptotic results are the same as Markov Chain Monte Carlo. The difference
is that the explicit parameter estimation step, including sampling from the posterior parameter
density, is skipped which reduces the numerical errors. For this reason, the Prior Sampling Formu-

lations are typically more accurate for the same number of samples. For more details see the paper

by Ryan [71].
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For all objective functions and risk metrics, there is an implied dependence on the design z.
Each probability density function for parameters, model outputs, and data predictions is dependent

on the design, however, it is not shown in order to conserve space.

6.4.1 Estimating Parameters

A common goal of an experimental study is to improve model parameters. Despite the fact
that not all parameters are equally important, it is typical to design experiments to estimate
all the parameters. The standard Bayesian Design of Experiments algorithm was presented in
Section 5.4.3. It uses Markov Chain Monte Carlo for parameter estimation and differential entropy
of the posterior parameter density as the utility function. Ryan proposed a new formulation that

allows the same utility function to be computed without Markov Chain Monte Carlo.

Starting from the outermost loop, the risk metric is the same average utility over all the possible

datasets that might be observed. The risk metric is then:

& =FEp|[¢] (6.3)

The utility function is the Kullback-Leibler Divergence from the posterior parameter density to the

prior parameter density.

B feip (8Id) )
Q/ foip (01d) log 22 (D.1)
= [ foio (0kd)108 ferp (O do + [ ferp (01d) 1ok fo () do
Qo Qo
Substituting the utility function into Equation 6.3,
/ o (d) / Joip (61d) log feip EG; ) dodd (D.2)

The utility function depends on both the design z and the dataset d. Averaging over all datasets

means that the risk metric ® only depends on z. By applying Bayes’ Theorem and consolidating
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terms, this reduces to:
o= / fo (0) / foie (d16) log fpje (d]9) dddf — / fp (d)log fp (d) dd (D.3)
Qo Op Qp

The full derivation of this formulation as well as an alternate version is shown in Appendix D.1.

The article by Ryan also discusses how sampling methods can introduce bias.

The integrals is Equation D.3 are evaluated with a Monte Carlo technique. The benefit is
that each of the terms can be sampled without performing an explicit parameter estimation step.
The prior parameters density is known, the prior predictive density is known as a function of the
parameters and observation model, and the prior predictive density conditioned on the parameters
is simply a function of the observation model. Although the integral over parameters © can be
multi-dimensional, this formulation is much easier to compute the risk metric ¢ than to estimate

the parameters fg,p (6]d).

The Algorithm
1. Sample parameter sets from the prior parameter density
6; ~ fo (0)
.2. Compute the model output for each parameter set
¥; fr (y) = M6}
(a) Use the observation model to simulate datasets from each model output
dix ~ fpje (d|6:)

(b) Iterate k =1... Ny

3. Iterate i =1... Nyt

167



4. The probability densities of all datasets are collected and used to compute the second term

- [ 1o @togfo (@ dd~ - 31083 e )
Qp t

5. The first term is also a sum of sums:

1
[ 76 ® [ sote @018 sopo (416) dodt = 5= 573 o fore (1)
Qe Op i

6. The prior predictive density conditioned on the parameters is just the observation model. For

an additive error model, these two terms can be rewritten as:

1
NN 21: log Ek: fe(y; —dix)

and
1
NN sz:fE (v; —dik)

This requires sampling from the prior parameter density, evaluating the model, and sampling from
the observation model. It also requires the probability density function of the observation model.
For additive observation models where the probability density function is known, this is easy to
do. Therefore this Prior Sampling Formulation is very efficient and because more samples can be

taken, it is also accurate.

Estimating a Subset of Parameters

Estimating a subset of the uncertain parameters requires only a small change to marginalize

out the parameters. The risk metric is shown in Equation D.5:

®— f / fa ) Q/ fr () fora @i A dy | |log / fr (V) fopra (1, A) dy | dydd

Qp Qa Qr

- / fp (d)log fp (d) dd (D.5)
Qp

The derivation is shown in Appendix D.1.
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The Algorithm

For every design z there are now three loops denoted inner (conditional data), middle (param-

eters I') and outer (parameters A).

1. Sample the parameters of interest from their prior parameter density

M~ fa(h) = / fra () dy

Qr

(a) Sample the remaining parameters from the conditional prior parameter density
Yij ~ Jrja (712)
(b) Compute the model output for each parameter set
Yij fr (y) = M [Xi, i, 2]
i. Use the observation model to simulate datasets from each model output
dije ~ fpja, (d|X:)

ii. Iterate k =1...N;,
(c) Tterate j =1...Npiq

2. Marginalize out the I' parameters

1
Gi~ NN ZJ: Zk: for,a (dijelvs, M)

3. Iterate 1 =1... N s

4. The probability densities of all datasets are collected and used to compute the second term
1
- [ to@og fo (@ m -2 — 332083 fois (e N
Qp
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5. The data prediction component is now a triple nested sum:

/ / () / fr () Foma @ N dy| [log / fo OV e (i, A) dy | dydd
Qr

Qp Qa

1

6. The prior predictive density conditioned on the parameters is just the observation model. For

an additive error model, these two terms can be rewritten as:

ZlongE,z(M [\i, 2] —d;)

an out

and
1
NN Z ZfE,x(M i, z] —dj)
ig

This requires more loops than for estimating all parameters, but uses the same sampling strategy

and has the same advantages.

6.4.2 Model Discrimination

In addition to the designs for information gain, or better predictions, we can also change the
utility function in a Bayesian Design to choose experiments for Model Discrimination. In this
case, we have two or more competing models which are consistent with our current knowledge
of the system. We wish to run experiments in order choose a single model. There have been
many proposed methods for this problem. Many methods are based on tests for checking model
consistency with data. The goal then is to collect data which will support one model over the
others. This novel method uses simulated data and posterior predictive densities in order to choose
experiments that will improve all the model parameters in a way that will allow for discrimination.

This approach is more consistent with the experimental process and Bayesian Design of Exper-
iments. In an actual study, experiments would be designed and run, and data collected. Then a
common procedure is to estimate parameters with a portion of the data, and finally compare the

models using the unused data. So, the current methods for designing experiments accomplish only
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the second half. This is remedied with this Hierarchical Bayesian approach.

To use this method, all the models are treated as a single hierarchical model. For each design
z, a standard model produces a single output, with uncertainty. A hierarchical model is essentially
a collection of submodels. Each submodel is given a weight, representing the confidence that the
submodel’s predictions are correct. Then the uncertain output of the hierarchical model is the
weighted sum of all the submodel’s uncertain outputs. This is illustrated in Section 7.2.

The hierarchical model is used when several competing models exist. Each is treated as a
submodel of the larger hierarchical model and is given a probability of being correct. This will
be called the prior submodel probability and is described by a probability mass function: pps (m),
where the submodels are index by m. This uses mass instead of density because there are a
finite number of discrete models. Discrete probability mass functions were not discussed in the
background chapter, however a good reference is Introduction to Probability by Bertsekas [9]. The
goal of model discrimination is to collect data such that the posterior submodel probability of one
submodel is much higher than the others. This means that we have confidence in one model over
the others.

To compute the posterior submodel probability we will use Bayes’ Theorem, but first the like-
lihood must be chosen. The natural choice is the prior predictive density: fp|as (d|m) - this asks
how well the prior knowledge of each model could explain the data. This version is explored in
Appendix D.2. Here however, we wish to ask: how well could the model explain the data, after the

inference step? Now the likelihood is the posterior predictive density:

pas (m) fD]M"; <d|m,cf)
fpa(d:d)

Parp.d (mld» J) = (6.4)

Following the Bayesian Design of Experiments algorithm, we simulate data d, then use the posterior

predictive density as a likelihood function for model discrimination.

The Prior Sampling Algorithm

We have N,,,q models, each with their own parameters. They share the same observation

model, which is assumed to be additive (this can be easily generalized).

e For every design =
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Sample a model from the prior model probability: m;

Sample parameters from the prior parameter density of model m; : 6; ~ foar (6]m;)
Evaluate the model: y; = M [m;, §;,z]

Sample dataset d; =y; +€ or d; ~ fpju,e (d|mj, ;)

AR I

For each model m;
(a) Sample parameters from the prior parameter density of model m; :
O ~ foiar (Olm;)
— Compute the parameter estimation likelihood of the data d; being observed if
model m; is correct and the parameters are 6y :
L(dj,m;,60) = fpim,e (dj|m;, 6;) or
L(dj, m;, k) = fg (dj — M [m;, bk, z])
(b) Iterate over k for k =1...Ng
(c) Evaluate the model discrimination likelihood (see Appendix D.2 for details):
Qf foia (0lmi) L (dj,mi, 6x) L (dj,my, 6r) dO ~ - YE) (L (dj,m;, 6k))
(d) Leno'r'mi,j ~ —A}—k % L (dj, m;, 6k)
6. Iterate over i fori =1... Ny

7. Mmorm; = 5 [ 24203 5 (1 (,mi, 0]

i
e Iterateover jfor j=1...N;
PM(mi)-A}—k > [L(dj,m: 8:))° NLk > [L(d;,mi,0%)]
e dx LT, x lo x
Nj £+ & Lnorm; j Mnorm; g ~Lnorm; jMnorm;
7

The algorithm is demonstrated in Section 7.2

6.5 Polynomial Chaos Expansion Based Surrogate Models

Model complexity often becomes a problem for methods that require many model evaluations.

Monte Carlo methods, for example, can require thousands of model evaluations. When each model

evaluation takes a lot of resources, this can be prohibitively expensive. The purpose of model based

design of experiments is to reduce the number of physical experiments by performing computer

simulations, however, this is not an attractive solution when the computer simulations are also

costly. For this reason, there are many strategies for reducing model complexity.

When choosing a strategy, it is important to remember our purpose of using models — un-
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derstanding and describing uncertainty. We require a method that can efficiently describe the
uncertainty of the model predictions while still retaining the physical meaning of the parameters.
Using a polynomial response surface, for example would not meet either requirement. Some model
order reduction methods [72] seek to retain the physical meaning of the models, but cannot properly
treat uncertainties. Therefore, we have use Polynomial Chaos Expansions.

Chapter 3 discussed how Polynomial Chaos Expansions can be used to efficiently quantify com-
plex sources of uncertainty and their impact on model outputs. From the perspective of uncertainty
quantification, Polynomial Chaos Expansions cannot deal with independent variables. Mathemati-
cally, however, there is no difference between an uncertain parameter and an independent variable.
Polynomial Chaos Expansions can in fact be used to simultaneously describe uncertainty in the
parameters and changes in the model response due to the independent variable. This idea of a
combination uncertainty and model response map has been applied to uncertainty quantification
and parameter inference [41, 54, 53, 55]. In addition, Polynomial Chaos Expansion surrogates were
recently used for design of experiments [40].

Scaled independent variables z with bounds X = [0, l]N can be represented by a uniform Ran-
dom Variable X (w) ~ U|[0,1]. As discussed by Marzouk et al., the use of a uniform Random
Variable is not required [53], but it is conceptually easiest. This way, a uniform Basis Random
Variable Ex can be substituted for X (w) and the values match will both correspond to the inde-
pendent variable £x ~ x ~ z. With all independent variables treated as Random Variables, the
uncertainty quantification proceeds as in Chapter 3. The result is a polynomial approximation of
the model output that also describes the uncertainty at every point in the domain X.

The independent variables can still be controlled by setting the Basis Random Variable equal
to the desired independent variable value, {x = z, and then uncertainty at z can be easily quan-
tified using Monte Carlo sampling from the Basis Random Variables corresponding to uncertain
parameters.

The resulting Polynomial Chaos Expansion is called a surrogate model. Because it accurately
describes parametric uncertainty and model responses, it is suitable for use in Bayesian Design of

Experiments.
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Chapter 7

Design of Experiments Examples

This chapter contains two examples which serve to illustrate the methods for Bayesian Design

of Experiments for parameter estimation and for model discrimination.

7.1 Sequential Reactions in a Batch Reactor

This example shows the necessary methodology for Bayesian Design of Experiments using
Markov Chain Monte Carlo for parameter estimation. The system is simple and well known to
chemical engineers but the proposed design of experiments problem does not have an obvious solu-
tion. It demonstrates a utility function that depends on a derived system property, instead of the

parameters themselves.

7.1.1 Setup

The system is the same as in Example 8 on page 56. We have two reactions in sequence
A — B — C, where A, B, C are the dimensionless concentrations of three chemical species. There
is uncertainty in the kinetic parameters and in this case we also add uncertainty in the initial
concentration of Species A.

The experimental system is batch reactor in which two sequential reactions occur: A - B —
C. The reactor has a fixed volume and temperature is held constant. At the beginning of the
experiment, A is the only species present, with an uncertain initial condition represented by a

random variable Ag ~ U [0.95,1.05]. The reactions both follow Arrhenius kinetics, with uncertain
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parameters « and 3

k1 (Wagywpy ) =01 (Way) €xp <M>

b (a0 =02 (w0s) ezp 21220 )

The uncertain kinetic parameters are distributed as:
o a1 (we,) ~ N(4,05)s7!

o a2 (way) ~ N (2.1,0.5) s7!

o (1 (wp )~ N (700,20) K

o (2 (wp,) ~ N (525,50) K

The species concentrations are then modeled by the following Ordinary Differential Equations:

dA

@ - kA

dB

’ =k1A — koB
dC

o ~reB

Only species A and B can be measured, with predicted observations distributed as additive Gaussian

noise:

DA =M [al,ﬁl’ A T] +e
DB :M [a]7ﬁl) a2, ﬁ?’t7 T] + €
& ~ N (0,0.01) (7:2)

With the same dimensionless scaling as Species A and B. The (w)’s are dropped but remember
that the datasets, parameters, and errors are all Random Variables.

As is often the case in this textbook sequential reactions problem, we are interested in maxi-
mizing the production of Species B. The production will take place in a plug flow reactor, which
behaves similarly to a batch reactor. Due to other process details, we are constrained to operate at

500 K but are free to set the residence time in the production reactor. The goal here is to determine
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the best residence time through experiments.

The design space is two dimensional with time and Temperature being selected: ¢ € [1,6] s and

T € [300,700] K.

7.1.2 Analysis of Prior Knowledge

Figure 3-3 shows the concentration profiles of all three species versus time, at specified temper-
ature and parameter values. The formulation of this problem with uncertainty was described in
Section 3.5.2 for output B, and the results of uncertainty quantification are shown in Figure 3-21.
The example here is slightly more complicated because a fifth parameter Ag has been added, but
it does not appreciably change the figures so they are not reproduced here. The uncertain profiles
are constructed using a series of model output densities. Each model output density is a vertical
slice of the uncertain concentration profile, representing the uncertainty of Species B at a constant

time and Temperature. Two examples are shown for specified times in Figure 7-1.

— a —
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0 y 05

density o
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»
3

(a) ttme = 0.5s and Temp = 500 K (b) tzme = 2s and Temp = 500 K

Figure 7-1: Prior Predictive Density of Species B

Although each of the three species has an uncertain concentration for each time and temper-
ature, they are also related to each other through the mass balance. No matter what the true

parameter values may be, we know that A + B + C = 1. Unfortunately, there is also uncertainty

in the observations, so the total observed mass is also uncertain.
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7.1.3 Bayesian Design of Experiments

The goal here is to select the time and temperature of the single best experiment. Best is
defined later on. This is a small design with only two observations and a system with five unknown
parameters, but for illustrative purposes optimizing two variables is easiest. Increasing the number
of experiments only changes the size of the problem; the algorithm is exactly the same. The benefit
of having only two design variables (time and temperature of the single experiment) is that a simple

2D grid search can be used instead of a true optimization algorithm.

At each grid point, the time and temperature are specified. 512 Monte Carlo samples (of five
values) were taken from the joint prior parameter density and the 512 corresponding model outputs
A and B were computed. Then 1024 samples (one for each observation of A and B) were taken
from the observation model’s error distribution, shown in Equation 7.2. This results in 512 datasets

sampled from D (wp) - each with two observations, A and B.

For every dataset, Bayesian Parameter Estimation was run using Markov Chain Monte Carlo
with 10% samples. For this method, we must be able to look up the prior probability density for
each parameter and compute the dataset likelihood. The first is simple because the prior knowledge
is represented with well known probability density functions. The second is also relatively simple
because of the additive Gaussian observation model. For this type of observation model the only

required information is the model-data discrepancy, i.e., the residual:
e=M [alaﬁlaa%ﬁ%taT] -D

Then, the likelihood is determined from the probability density function of this residual, given
in Equation 7.2. Using the prior and the likelihood, the Markov Chain Monte Carlo algorithm
samples from joint posterior parameter density, fo;p (f]|d). At this point, any utility function can

be applied.

The utility function must be related to the goals of the study - to determine the best residence
time for production in a plug flow reactor. This corresponds to the time with maximum concentra-
tion of B, tmaz- Without uncertainty, this is easy and the solutions are shown in Example 8. With
uncertainty, the best reaction time cannot be determined exactly but can be described with the

Random Variable, T},q, (w). The chosen utility function for this example is the differential entropy
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of the time of maximum concentration of Species B. If the uncertainty represented by Tz (w) is
reduced through experiments, then a reactor can be designed for optimal production of B.

Each Markov Chain is a set of parameter samples. For every sample, the kinetic coefficients k;
and k2 and the time of maximum B concentration can be determined, as in Equations 7.1 and 3.4
and shown in Figure 3-4b. Therefore, every Markov Chain can be used to create a distribution
of maximum times Toner (w). The utility function reduces each T, density to a statistic: the
negative differential entropy, for a total of 512 samples of utility. These are samples from the utility
distributioh. The risk metric is the expected value and the objective is to minimize the expected
value.

To summarize — the goal of the study is to maximize the expected information gain about the

optimal reaction time.

Visualization

For reference the prior information about 7,,,, is shown in Figure 7-2 compared with three

posteriors. The prior is constant for all simulated experiments and has a differential entropy of

[N}
17}

h = —0.26. All three posteriors res ing experiments at the same conditions (t =2
and T =300 K) but with different simulated datasets. Each results in a different utility. After many
datasets and simulated, the posteriors are estimated, and utilities are computed. Then the average

utility can is used as the risk metric.

7.1.4 Results and Discussion

Two grid searches were performed to find the best design. The first spanned the entire design
space and used fewer simulated datasets. The second spanned a smaller region and used the
values stated above. From these searches, we find that the best experiment for identifying optimal
production conditions will be near 4.2s and 350 K. The objective function is shown as a function
of time and temperature in Figure 7-3. For consistency it is posed as a minimization problem.
Instead of maximizing the utility, we are minimizing the posterior differential entropy.

While the objective function tells us the expected decrease in entropy, it is difficult to related
this to a meaningful posterior T,,, density. The objective function is an expectation over all

possible posteriors. Although we cannot describe what the posterior T;,,, density will look like,
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Figure 7-3: Objective function for the sequential reactions design of experiments problem
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we expect that the optimal experiment will result in the largest reduction in entropy.

This example describes in detail how to perform each step in Bayesian Design of Experiments.
It also demonstrates an interesting utility function that tailors the experiment to a practical goal.
In this example, there are two issues which are not addressed: numerical accuracy and optimization.

First of all, the numbers of samples were chosen rather arbitrarily. The choices of how many
samples to take from the Markov chain and the utility distribution are a compromise between
computation time and accuracy. It is important to choose an appropriate number. This is discussed
in more depth in Chapter 9. In addition, the choice of utility function was convenient because it
depends only on the one-dimensional density of Th,.z (w). The posterior parameter density is five-
dimensional, and a utility function on this joint density would be difficult to compute with any
accuracy. This motivates the use of a prior sampling formulation.

Secondly, the best design was found using a grid search. This quickly becomes infeasible as the

number of design variables and experiments increases. This will be addressed in other examples.

7.2 Discrimination Between Linear Models

The second example demonstrates Bayesian Design of Experiments using the prior sampling
formulation, rather than Markov Chain Monte Carlo. The application is model discrimination

between three generic, linear models.

7.2.1 Three Competing Models

Three models have been proposed to explain some phenomenon. They are:

y=a1 + ax (7.3)
y=P1+ Pz (7.4)
y =01 + Oz + 0327 (7.5)
N (0.75,0.075%)
N (1.1,0.1%) N (7.5,0.075%)
where o ~ , B~ ,and 0 ~ | N (0.25,0.05%)
N (-0.1,0.05%) N (0.1,0.052)

. N (0.05,0.05%)
The models, «, 3, and 6, are shown in Figure with all parameters at their mean values.
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Figure 7-4: Three models: a —, 8 ---, and 8 ++, with all parameters at their mean values

All three models are very similar to each other in the domain of interest. In addition, when
-the uncertain parameters are taken into account, the model output densities and data prediction
densities largely overlap. This makes it difficult to distinguish the models. We would like to design

a study to allow us to determine whether one model is superior to the others.

In this example there is only one design variable, z, and one uncertain output for each system

model - Y™ (4 ). The observation model is additive Gaussian errors:
€ ~ N (0,0.05%) (7.6)

7.2.2 Analysis of Prior Knowledge

The prior knowledge of the parameters and observations can be analyzed as in the previous
example. Each model is linear and so the uncertainty profiles will look very similar to the first
order system in Example 17 and the second order system in Example 19. Unfortunately, it is
difficult to develop an intuition for which experiments will give the best results. To illustrate the
difficultly, all three model output densities are plotted together in Figure 7-5 for z = 0.4.

When all the models are treated as submodels and combined into a hierarchical model, they

must be given prior submodel probabilities. Here they are all weighted the same: % Then the

hierarchical model’s output uncertainty is described by the density in Figure 7-6. This is not a

convolution; it is a normalized sum of weighted densities.
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Figure 7-5: Three model output densities at z = 0.4, @ —, 3, shaded, 8 bars
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Figure 7-6: The model output uncertainty of hierarchical model, with uniform weighting of all

submodels
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7.2.3 Bayesian Design of Experiments

Because the submodels are simple and there is only one design point, several designs were
created. The algorithm is shown in Section 6.4.2. More details are given here for a one-experiment
design and the procedure was repeated for designs with up to six experiments. For the number
of samples used (V;, N;, and Ni) the objective function was accurate enough to use optimization
algorithms. The Implicit Filter algorithm [46, 11], version 1.0 was downloaded from the website
of Kelley at North Carolina State University and was used with the default options. For designs
with four to six experiments, the optimization problem was run several times with random starting
points. This still does not guarantee a global optimum, but does increase confidence in the solution.

Within the optimization algorithm, N; = 5 x 10 datasets were simulated by sampling from the
prior submodel probability mass function, sampling from the submodel’s prior parameter density,
then adding a sample from the error density. For the design # = 0.4, this corresponds to the
samples from Figure 7-6, plus Gaussian error according to Equation 7.6.

For every model, we compute the likelihood of observing each dataset — assuming the model
is correct. This must be done by averaging over the prior parameter density, so V; = 2 x 10*
parameter samples were taken for each model, and the likelihood calculated as the probability

density of the error model, with an error of:
£ = dj -M [m,-, gk,.’L‘]

This is computed a total of NjNxNy,0a Ny = 3 x 108 times, where N, is the number of experiments
in design z.

All the required terms for the Bayesian Design algorithm can now be computed. Again for con-
sistency, the objective function is formulated for minimization so it is the negative of the expected

utility —®.

7.2.4 Results and Discussion

The objective functions for one- and two-experiment designs are shown in Figure 7-7 as a
function of the design variable z.

The shape of the one-dimensional objective function in Figure 7-7a is interesting because of its

184



D
Second x
o
[$)]

' o
0.1t 1 o° b
/‘1' 9& / k

d 0% 053 03
0 05 1 0 0.5 1
X First x
(a) One Experiment (b) Two Experiments

Figure 7-7: Objective Functions for discriminating between three linear models

maximum and local minima. The Kullback-Leibler divergence is near zero when the two distri-
butions being compared are very similar and increases when the distributions are different. This
indicates that an experiment at x = 0.7 would be of no benefit for discriminating between the
three models since there is no change between the prior and posterior submodel probabilities. The
minima are at the boundaries, with z = 0 being far superior to z = 1. These results are supported
by Figure 7-4, where all three models have similar values at z = 0.7 but at the bounds at least
one model is distinguishable from the other two. Without analyzing the uncertainties, this is an
incomplete picture and cannot explain why experiments at = 0 are better. Referring to the ex-
amples in Section 5.2, we see that for these linear models the uncertainty grows farther from z = 0.
This explains why 2 = 1 is not as attractive an experiment as z = 0. With high data prediction
uncertainty, like at z = 1, there is a higher probability that each model could explain the data
collected from experiments. At z = 0, the uncertainties are smaller and therefore experimental
data is more likely to distinguish between submodels.

The two-experiment objective function is shown in Figure 7-Tb. The two axes represent the
same variable z, so the objective function is symmetrical around the line from [0, 0] to [1,1]. Along
this line, the same experiment is repeated -twice and the objective function closely resembles the
one-experiment objective function, with local minima at [0,0] and [1,1]. The maximum is unclear

in the plot but it occurs near [0.7,0.7].
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The two-experiment design is interesting because it does not include z = 0. This is because the
one-experiment design does not allow estimation of parameter correlations and so the submodels are
not significantly improved by the experiment. The single point of data can only serve to distinguish
the submodels. In a two-experiment design, experiments serve to improve the model parameters
and distinguish between models. The combination of z =1 and z = 0.5 is the best for performing
both tasks. Also, see that the objective function for the optimal two-experiment design is about 3x
that of the one-experiment design. The absolute numbers are not significant, however, this shows

that the second experiment is very important for distinguishing between models.

Table 7.1: Bayesian optimal designs for discriminating between three linear models, also showing
the information metric expected Kullback-Leibler Divergence from posterior to prior submodel
probability mass functions

Design Points z P

0 0.14
0.5,1 0.47
0,0.5,1 0.77

0,0.5,0.5, 1 0.85
0,0,0.5,0.5,1 | 0.87
0,0,0.5,0.5,0.5,1 | 0.91

Optimal designs with additional experiments are shown in Table 7.1. After seeing the examples
in Section 5.2, an obvious approach might be to place experiments uniformly at z = [0, 0.5, 1]. This
would be the result from the Classical or Optimal Design approaches. For model discrimination
using Bayesian Design of Experiments, the results are different. Instead of running experiments at
all three points uniformly, more experiments are needed at the middle point. This shows the impor-
tance of simulating the entire experimental process; the experiments in Table 7.1 are customized
for this particular system and the given parametric uncertainties. Another interesting point is that
while there is a large marginal gain in expected utility for the first three experiments, additional
experiments do not yield the same benefits. This information helps to assess the value of running

experiments.

7.3 Conclusion

The examples in this chapter show the details of the Bayesian Design of Experiments algorithm.

The simple examples illustrate how characterizing uncertainty can reveal important features of the
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system and described how the results of the algorithm can be interpreted. In the following chapters,

Bayesian Design of Experiments are applied to larger, more complex systems.
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Chapter 8

Study 1: Air Mill and Classifier

This study provides a direct comparison of the Classical and Bayesian approaches to design
of experiment. It explains and quantifies the real-world impact of incorporating knowledge of the
physical process and uncertainties into the design phase. A previous study has been performed on
the physical system using Classical Design of Experiments. The results are compared to a Bayesian
approach using simulations. Both approaches were evaluated based on their ability to estimate

Qrra
DYyD

8.1 Background and Previous Work

An air mill classifier is a downstream unit in a pharmaceutical production process. Its role is
to homogenize particles. The unit processes a continuous feed of drug product in the form of a
coarse powder. The air mill classifier reduces the particle size and controls the size distribution of
the exiting particles with the goal of producing a uniformly fine powder. The production scale unit
used in this study was a Hosokawa Alpine AFB-400, while pilot scale studies were carried out on

a Hosokawa Alpine AFB-100.

8.1.1 Process Description

An air mill classifier can be thought of as two distinct units: a fluidized bed where the milling
occurs and a classifier which handles the separation. A diagram of the equipment is shown in

Figure 8-1 along with a picture of the pilot scale unit. A process flowsheet is shown in Figure 8-2.
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Figure 8-1: Diagram and Picture of a Hosokawa Alpine AFG-100 air mill and classifier

Classifier
Stream 2

Product

Fluidized Bed

Figure 8-2: Flowsheet of an air mill and classifier
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The fluidized bed is responsible for breaking down particles and transferring them to the clas-
sifier. The contents circulate throughout the bed and at the bottom supersonic air jets create high
velocity streams of particles which impact each other and cause particle breakage. At the top of
the bed is the entrance to the classifier section, where particles can be pushed into the classifier.

The classifier is responsible for controlling the particle size distribution of the product. This
is accomplished by two opposing forces: drag and centrifugal ‘force’. The classifier wheel forces
particles to spin in a vortex down a horizontal tube. Particles smaller than a certain radius are
forced toward the axis of the tube and released, while larger particles are forced radially outward

and recycled to the fluidized bed.

8.1.2 Previous Classically Designed Studies

Over the course of a year, an industrial partner completed dozens of experiments on both pilot
ahd production scale air mill classifiers in order to characterize their performance with a specific
drug product. The company performed their previous experiments in a series of four studies: a high
level assessment, screening and optimized studies at the pilot scale, and a final study at production
scale. The purpose of these studies was to develop a production scale model to accurately predict
two system responses: Xso and Xoo, the 50" and 90t? percentiles of product particles, by radius.
The overarching goal of these studies was to determine the optimal operating conditions for large
scale production. The two system responses give a quantitative measure of quality of the powder
product and have strict regulatory targets that must be met. The product specifications for these
were X50 < 6pm and Xgo < 20pm. More details about the previous studies are given in the

following section.

8.1.3 Setup of the Current Study

This current study was intended to compare Classical and Bayesian Designs. We approached
the problem as though we had no knowledge of the previous studies, relying instead on a baseline
knowledge of the process and equipment. The study was built around a physics-based model which
simulates the two units that make up the air mill classifier.

The model based approach essentially enables the experimenter to bypass the bulk of the scale-

up process. The purpose of pilot scale experiments is to develop predictive power at the production
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scale. Rather than use experimental studies to develop a surface response map of the pilot scale
system, a physics-based model was created without running any experiments. The model provides
the predictive ability just like an empirical surface response map. More importantly, it allows the
experimenter to quantify and understand the impact of uncertainties. Knowledge of the model
uncertainties is crucial when performing extrapolations, especially scale up of processes. In this
way, the model predictions can then replace and even improve upon the Classically Designed ex-
perimental studies, eliminating a large number of experiments and saving a great deal of time and

money.

8.2 Classical Design of Experiments

As previously mentioned, four studies using Classical Designs were carried out in series. The
initial assessment was used to narrow down the number of experimental factors from dozens to just
two. Next, two studies were done at the pilot scale: a screening study to determine the suitable
range of operating condition, and an optimized study in the suitable range. Finally, the two
significant factors were tested again at the production scale with screening and optimized studies.
At both scales, the data from optimized classical designs was used to develop an empirical fit with

polynomial terms of the two significant factors.

8.2.1 Initial Assessment Study

The initial assessment identified 58 factors which could influence the system performance. Using
lab scale tests and the input of industry experts, these were narrowed to four: the particle size
distribution of the feed, the feedrate, the nozzle pressure in the milling section, and the rotation

speed of the classifier.

8.2.2 Pilot Scale Studies

To determine the impact of these four factors, a screening study was carried out at pilot scale.
This involved a 2-level Full Factorial design, plus four center point experiments for a total of
2% + 4 = 20 experiments. Additional, undocumented experiments were also run for measurement
calibration. Each experiment ran for an unknown time at a rate of 3kgh~1, for economic modeling

it was assumed that the test length was 4 h.
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The results indicated that while all factors had significant impact on the system performance,
the classifier rotation speed and nozzle pressure were much more significant, and of these two the
classifier rotation was a much larger influence. Therefore, future studies only varied these two
factors.

After the first screening study was complete, the optimized study was run to create an empirical
process model. The study used a Central Composite design with 22 experiments. The results were

to two, seven-term empirical models for the two system responses of interest: Xso and Xoo.

8.2.3 Production Scale Studies

Using the model from the pilot scale, a fourth study was designed for the production scale using
a Central Composite design with 16 experiments. This was run in order to develop production
scale empirical models for particle size distribution. Each experiment ran for 4 to 8h at a rate of
50kgh~1. The factors were the same and the ranges were determined using the pilot scale model
and scale up techniques. The intention was to provide the same environment in the production
scale classifier as the pilot scale classifier by decreasing the rotation speed to offset the effects of

increased radius. In effect, the particles would experience the same centrifugal force.

8.2.4 Results and Discussion

The experiments at pilot and production scale varied both nozzle pressure and classifier rotation.
Figure 83 shows the results from the optimized pilot scale study and the final production scale
study. Here the x-axis shows the centrifugal acceleration felt by each particle due to the classifier
rotation. All the data was collapsed onto the acceleration-particle size plane. The variation at each
classifier speed is largely due to each data point having different nozzle pressure.

The first issue here is that the production scale performance was different than predicted by the
pilot scale model. The particles in the product are much smaller than the corresponding product
from pilot scale. This is a failure in scale up, caused by a lack of understanding the physics of the
system.

Another issue with the empirical models is the lack of uncertainty analysis. Uncertéinty in the
parameters is not meaningful because they are not based on any physical principles, however quan-

tifying the uncertainty in the model outputs would have provided useful insight into the discrepancy
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Figure 8-3: Particle size distribution versus centrifugal acceleration for pilot and production scales
showing distinctly different trends although the scale up model predicted comparable performance

between model outputs and data.
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8.3 Bayesian Designs — Building Models

Two models were used: a first principles model based only on dimensional analysis and a more
rigorous model using first principles, empirical industry knowledge, and data from literature. The
dimensional analysis model allowed us to identify the significant parameters and design variables
that impact the particle size in the air mill and separations efficiency in the classifier. This in-
formation was then incorporated into the more rigorous model, which was used for the design of

experiments. The model contains constants that adjust for pilot scale or production scale.

8.3.1 Dimensional Analysis Model

A separate dimensional analysis model was created for each of the units.

Fluidized Bed

The main particle interactions in the fluidized bed are collisions, which impart energy to break

the particles. The dimensionless group of importance here is:

mpVss’  ppUsh”
Wyprp3 Wp

where

e m,, is particle mass
e 7, is particle radius
e vy is air velocity in the fluidized bed impact zone

e W, is the specific particle breakage energy (energy per volume)

pp is particle density

Particle interactions were analyzed based on the energy provided by the air mill and the energy
required to break the particles. This provides a guideline for whether the particles will reduce in

size when there is an impact.
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Classifier

Separation is based on two competing forces: opposing drag force and centrifugal force. They

are compared using a dimensionless group:

™m 2.2

2
T30 TP vy
mraw? TpTew?

where

e m is particle mass

e r, is particle radius

e v, is the radial velocity of air entering the classifier

e r4 is the radius of the classifier

e w is the rotation speed of the classifier in radians

This dimensionless group gives an idea of the scales of the drag force and centrifugal force, but
makes many assumptions which will not hold in the actual unit. For instance, the airflow will likely
be turbulent but this assumes a stationary, spherical particle within laminar flowing air. Also, air

velocities will vary with radial and axial position. Nevertheless, it is a fine starting point for our

analysis.

Analysis

These two dimensionless groups were used to relate the opposing forces that drive system

performance. These include:

e Air velocity in the fluidized bed impact zone

Specific particle breakage energy

Particle size

Airflow through the classifier

Classifier rotation

These terms were then related to the design variables available on the system.
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Based on the ideal gas law, the exit velocity from nozzles in the fluidized bed should be a related

to nozzle pressure drop. From this relationship,

Vsp =AAP+ B

vg =Cvpp

where A, B, C are constants, and

;s (pp(AP +C1)? (AP + 02)2)

initial ’ 2
T w Tpraw

From this simple analysis, the general trends of the system responses can be predicted — notably
a dependence on the inverse square of classifier rotation, some polynomial dependence on the nozzle
pressure drop, and some scaling with initial particle size distribution. There is nothing in the

physical interactions of particles that relates feed rate to the responses.

8.3.2 Development of a Rigorous Model

The physical interactions described in the above analysis were modeled in detail to try to
develop the functional form of the system response. The model structure was based upon the

above dimensional analysis and literature models [45, 83, 82, 84].

Model Operation and Output

The purpose of the model was to take a known feed stream and process conditions and output
the steady-state particle size distribution. In order to calculate this, the model simulated the process
startup from zero holdup until the exit volume was equal the feed volume. The model represented
the air mill classifier as the two unit system shown in Figure 8-2. There are two functions of the
fluidized bed unit: particle breakage, and transfer to the classifier. The classifier unit calculates
the fraction of particles that are released; the rest are recycled to the fluidized bed.

At each time point the operation of each unit is calculated and the population is balanced. The
entire contents of the classifier turn over at every time point, either being released from the system
or recycled back to the fluidized bed. At each time point, the fluidized bed receives a feed stream

and recycle stream, then the population undergoes breakage and a fraction is transferred to the
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classifier. Once the exit stream has the same volume flowrate as the feed, the system is at steady

state.

Particle Population

In order to simplify the system, the population was characterized using radius bins, which each -
track the number of particles with certain sizes. Bins were grouped into four collections: large,
medium, small, and extra small. Within each collection, bins were delimited by linearly increasing
particle volume. Particle density was assumed to be constant, so this was effectively the same as a
mass balance.

The extra small collection bins ranged from volumes of Yﬁi& ~ Yﬁg& The small collection bins

were Yﬁg‘ ~ Yﬁg‘, medium collection bins Y}{}&K ~ Zlﬁ*&, and large bins‘—/ﬂﬁx ~ Vmax- This method of
linearly increasing volume allowed the use of collection index instead of volume for mass balances.
For example, within a collection the volume of bin 25 is equal to the sum of volumes of bin 20 and
bin 5. The use of multiple collections allows for better resolution of particles with small radii. This

is important because the particle sizes range from < 1pm to > 250 pm, but most of the interest

was in particles < 25 pm.

8.3.3 Feed

The feed was a powder of intermediate drug product with a large spread of sizes. To model
this, a lognormal distribution was used to approximate the particle size distribution of the feed.
The lognormal parameters were fitted to available data, as shown in Figure 8-4.

To allow the feed distribution to be varied within the model, one of the independent variables
feedadjust set the first parameter of the lognormal distribution in order to change the mean and
variance. The lognormal distribution representing the feed was then used to determine the number

of particles entering each bin of the rigorous model.

Fluidized Bed

There were four terms in the model’s population balance: feed, breakage, transfer to the clas-
sifier, and recycle from the classifier. The recycle was determined by the classifier, the feed was

specified, and the breakage and transfer depend on the holdup in the fluidized bed.
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Figure 8-4: Particle Size Cumulative Distribution in the Feed Stream - Data (red circles) and fitted
Lognormal distribution (black line)

The breakage was treated as a system of reactions between particles in the fluidized bed. In
order to limit the number of possible reactions, the model used single particle breakage instead
of two particle collisions. For example, a particle in bin Large 25 could be split into two smaller

particles. This is represented by:

Los — Lig + Lys

Then the breakage reactions, at time step ¢ would be:

[ng] = [Lg;l)] — kas/12,13 [Lg{n]
0] = [5] s [ 157

[L%)] = [L%_l)] + kas5/12,13 [Lé‘;”]

where k is similar to a rate constant. It describes the fraction of particles of size Large 25 that break
into particles of size Large 12 and Large 13, at each timestep. This ensures that the total volume
remains balanced. Unfortunately it was difficult to determine what the rate constants should be.
An additional simplification is that the possible products are restricted. For each 'reactant’ there
is a minimum ’product’ size. For example, particles from bin 200 can only split into particles in
bins 100-199. The particles are distributed evenly into the eligible bins. This means that in one

breakage step, the majority of the mass remains in larger particles, however, the smaller particles
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accumulate in number, which is reflected in relatively low values for the 50th and 90th percentile

(less than 30um).

In this model, a fraction of each bin is fractured in each time step (the 'conversion’), which is

—az®
Conv=1—exp| | ——— - 7) At)
((1 + ()

This depends on five fitting parameters, a,a, 8,u,7 and the time step. Literature indicated that

determined by the function:

nozzle pressure and an intrinsic particle strength parameter should control particle breakage, how-
ever, no specific correlation was found in the literature so this empirical equation was used. Once
the conversion is calculated, the rate constants of the allowable reactions are set so that they sum
to the correct conversion. The second function of the fluidized bed is the transfer of the contents
to the classifier. The first step was to calculate fluidization velocity for each particle radius. This
assumes each particle is a constant density sphere, and calculates the velocity at which upward drag

force balances with gravity. The drag equation and a correlation for drag coefficient were used:

d Fdra,g = %pairv2CfA)

Pair 1S the air density

v is the air velocity

2
Cy = %( %\% + 1) is the drag coefficient, for Re in transition region (102, 103)

[

A is the projected area (7rrp2)

4 3
F, gravity — Pparticle (371”!’;, ) g

At each time point, the air velocity through the fluidized bed was calculated, and the compared
to the fluidization velocities for each particle radius. The air velocity depended on the nozzle
pressure and the amount of material in the fluidized bed, which decreased the void spaces where
air could flow. If the air velocity was greater than the fluidization velocity, all particles of that
radius were transferred to the classifier. Otherwise, a smaller fraction of particles were transferred

depending on the ratio of air velocity to fluidization velocity.
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Figure 8-5: Fluidization velocities of various particle sizes based on empirical drag correlations
versus gravity -

Classifier

The classifier is responsible for controlling the particle size distribution of the product. The
classifier is composed of a deflector wheel and a tube. The wheel has radius 7y and is closed at
the front axial end and open at the back end. Instead of walls, the deflector wheel has a set of
rectangular fins as seen in Figure 8-1. The tube section is just a cylinder open at the front end,
where it meets the wheel, and the back end is separated into two parts, an inner opening of radius
rerit, and the outer opening, of 7oy <1 < 1y.

Air entering the cylinder continues to vortex and creates a centrifugal force which carries parti-
cles radially outward — orthogonal to the axial motion. The vortexing air and particles travel down
the tube, giving the particles time to separate based on size. The physical separation takes place
at the axial end of the tube in which smaller particles are released inner opening at the back end,
and larger particles are rejected back into the fluidized bed through the outer opening.

The high pressure in the fluidized bed forces air into the classifier radially inward, through the
deflector wheel. The deflector wheel spins about the cylinder’s axis, creating a cyclone. The only
outlet is at the back end of the cylinder, which forces the air in the axial direction into the tube.
The vortexing air and particles travel down the tube, giving the particles time to separate based
on size. The physical separation takes place at the axial end of the tube in which smaller particles
are released inner opening at the back end, and larger particles are rejected back into the fluidized

bed through the outer opening. This is shown in Figure 8-6.
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Figure 8-6: The classifier unit - particles enter axially and are vortexed - those that reach the axial
end with radial position r» < 7..;; are released, while all others are rejected into the fluidized bed

The model used a finite element method to determine whether a particle would be released. It
simplified the particle motion into two dimensions, radial and axial. The axial motion was assumed
to be constant. Particles entered the classifier at z = 0 and radius r5. Once there entrance position
is set, the residence time in the classifier is determine by the axial velocity. If the particle is in the
exit tube r < r; after one residence time, it is released. Next, the radial position is modeled. The
initial velocity is set by the overall airflow through the fluidized bed, which in turn depends on the
nozzle pressure drop. The open area along the outer radius of the deflector wheel is known, so the

s et A (0) _ airﬂow[mss_l]
Inkial velocIty 18: Uy © = Uair = _Deﬁectorwheelsurfacearea[mz]vf actor

where vg,q0r is a scaling factor

The governing equations within the classifier are:

F, —F,
e Accel = ———9-“';:1&5:"’

- Fdra.g = %paierCfA
2
* Cp = %( % + 1)

p ('ua,-,- —v,(ni_ D ) 2rp
Hair

* Re =
m
* Vr = Vr outer (f%“f%)
— Feent = p (%'R'Tp'a) wr
° v,(.i) = 'u,(-i_l) + Accel (DAt
o r() = p(i-1) Lo, (-1 AL
This model is used to determine what fraction of each bin is released, depending on the process
conditions and physical parameters. Once these release fractions are determined, they are used for
the entire simulation, as opposed to the breakage function, which is updated at each time point.
The release function calculates how much of the classifier contents is released, and all the rest is

recycled.
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Figure 8-7: The release profile of particles from the classifier - this varies with process conditions

The sharp drop in particle release rate occurs around the critical particle radius, for which
the drag force and centrifugal force are balanced. This will depend strongly on process variables.

Unfortunately, no process data was available so these results could not be validated.
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Figure 88: A sample distribution of product from the air mill classifier - this varies with process
conditions, X5g is shown as a diamond

This is the final result of the model, which takes release rate multiplied by the classifier con-
tents at each time point until a steady state is reached. Again, this will distribution with change
depending on the process conditions. The model responses Xs59 and Xgg were calculated from the

size distribution of particles released from the classifier.
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Table 8.1: Approximating Gaussian Distributions of the Model Parameters

Mean Standard Deviation

Vortex Coefficient 0.65 0.1
Velocity Factor 1 0.15

a 5.00E-05 1.00E-05

a 1.2 0.25

B 1.5 0.25

7 150 25

~y 0.05 0.01

Table 8.2: Initial Ranges of Process Variables

Min | Max | Mean | Standard Deviation
Nozzle Pressure (bar) 3 6 4 0.4
Classifier RPM (1/min) | 4000 | 20000 | 16000 1600
Feed Adjust 0.5 1.5 1 0.1

8.3.4 Prior Information

The inputs that were expected to be significant were the design variables: nozzle pressure drop
(AP), classifier rpm (w), and feedadjust, as well as physical parameters: vortex flow coefficient
(m) initial velocity factor (vfeqor) and breakage parameters (a,a, 8, i,7). The initial values and
feasible ranges of the parameters and variables were taken from literature values and equipment
specifications. The model parameters are assumed to be uniformly distributed, their means and
standard deviations are given in Table 8.1.

The bounds of the process variables for model evaluation were set as in Table 8.2. These were

taken from equipment limits suggested by the previous studies.

8.3.5 Sensitivity Analyses

Using these nominal parameter values, a local sensitivity analysis was done on the three process
variables. The variables were varied one at a time to determine their impact on the two model
responses. The Feed Adjust variable was found not to have significant impact on the responses, so
it was changed to a constant.

The same procedure was repeated for parameter sensitivities. These calculations replaced the
screening studies done in the pilot scale. Parameters were varied one at a time from their mean to

two standard deviations. After this analysis, the parameter uncertainties were changed to those in
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Table 8.3: Prior distributions of model parameters used for parameter estimation

Lower Bound | Upper Bound
Vortex Coefficient 0.5 1
Velocity Factor 0.75 1.25
a le—4 0.01
a 1 1
B 0 0
7 1 1
o} 0 0.25

Table 8.3. Three of the parameters were changed to constants.

8.4 Bayesian Designs — Procedure

The design approach used here was not the full Bayesian Design described in Section 5.4. Instead
a simplified version, called Model Based Experimental Designs [5] was used. This approach falls
within the Bayesian Designs and decision theory framework, but linearizes the models and uses
Gaussian uncertainties. A complete description is included in Appendix E.

The goal for this study was to improve the parameter estimates. The design variables were the
nozzle pressure and classifier rotation speed. The ranges for the design variables were taken from
equipment operating ranges used in previous studies. The observations were of the two system
responses Xs0 and Xgo. This was dictated by the data we had available. We had assumed for this
problem that data from previous studies was not available, and this included the prior knowledge
of the parameters. Without any data, we had to assume probability