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A Many-Person Ramsey Tax Rule^

P. Diamond^

Introduction

In setting out the first order conditions for optimal excise taxes in

a one person (or many identical Individuals) economy, it has become standard

to use the Ramsey [5] formulation^ that the optimal taxes induce (approximately)

equal percentage reductions in (compensated) demands for all commodities (with

the approximation being valid for small amounts of tax revenue). Mlrrlees fA]

has given an alternative Interpretation of these same conditions - that at the

optimum, a small proportional increase in all tax rates results in a propor-

tional decrease in all (compensated) deaarids. Consideration of the first

order conditions for optimal excise taxes in a general manv person economy

has not yet yielded similarly simple Interpretations when cast into a

similar quantity change form (see e.g. f3]). In considering the two class

economy, (i.e. two typeri of consumers), Mlrrlees [4] has modified the standard

problem by considering simultaneously excise taxes and a poll tax. For this

problem he gets a generalized Ramsey formulation that the induced changes in

aggregate demand be proportional to demand differences between typlcAl members

of the two classes. This paper will examine the Ramsey rule for a many person

economy with excise taxes and a poll tax. Instead of using the social marginal

utilities of consumption (i.e., increase in social welfare from Increased con-

sumption of the numeraire good by different individuals) the interpretation

will use the social marginal utilities of income (i.e. gain in social welfare

from provision of additional income in numeraire units, which is the sum of

gains from individual consumption and from the marginal propensity to pay taxes

out of income) . The many person Ramsey rule is that the (approximate) percentage

change in (compensated) demands depends on the social marginal utilities of

income, being positive (negative) for goods demanded on average by individuals
4/

with above (below) average social marginal utilities of income— Denoting the

h h
social marginal utility of man h hv y and his consumotion of good k by y.^

thp manv person Ramscv rule is

^January 1975
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The directly derived first order conditions have the form that at the optimum

the impact of any tax increase is proportional to the marginal tax revenue col-
lected, or alternatively to the cost of producing the Induced changes in demand.
^This result has also been developed by Atkinson ans Stiglitz [2].





^\ ^ J:(t*'-x)x5;
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where X is the average of y (and also equals the Lagrangian on the government

budget constraint) and X^ Is aggregate demand for good k.

This modification of familiar first order conditions might appear to be

simply replacing a complicated expression by an arbitrary definition, y .

which thereby automatically simplified the expression. However, by briefly

considering three problems already analyzed in the literature, we shall see

that the use of the social marginal utility of Income seems to give more

natural interpretations than use of the social marginal utilitv of consumption.

We shall see that in the two class model of Mlrrlees the individuals in the

class with lower social marginal utility of income pays more in excise taxes.

In the many consumer economy this generalizes to a negative covariance between

social marginal utilities of Income and excise taxes paid. The same statement

does not appear to hold generally with consumption replacing income. Without

using this terminology, Atkinson and Stern [1] have noted that in the one

consumer economy the relative size of social marginal utility of consumption

and of the Lagranglan on the government budget constraint appears to depend

on the choice of numeraire. As they noted, the sign of the social marginal

utility of Income less the government Lagranglan, however, is the opposite

of that of tax revenue. Independent of choice of numeraire. In addition we

will consider the rules for optimal public good expenditures, expressed in

terms analogous to the social marginal utility of income.

2. Many Person Ramsey Rule

Since optimal tax derivations are now so familiar we will proceed directly.

For convenience for later use we shall set up the model with public goods.

q vector of consumer prices

p vector of producer prices

t = q-p vector of taxes

I lump sum Income (the same for all consumers)

e level of public good expenditures
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V (q,I,e) indirect utility function for consumer h

a = 9v marginal utility of income (consumption)

31

W(v;...,v ) social welfare function depending on utilities of the
H consumers

$ =» dV_ a social marginal utility of consumption
. h
9v

X (q,I,e) vector of consumer h demands

X = Zx aggregate demand
h

F(X,e) production constraint

We can now set up the welfare function maximization as

Maximize W(v^ (q,I ,e) , . . .
,v"(q,T ,e)) (2)

subject to F(X(q,I,e) ,e) -

Forming a Lagrangian expression with multiplier A we are in a position

to generate first order conditions. Assuming I and e are given and zero

we can calculate the first order conditions for q:

I ^ ^ ~ XEF ^ (3)

h . h - i 9qK9v 9q. k

Choosing good one as numeraire and selecting units appropriately we shall

write p =F =l=q. Using the properties of the indirect utility

function we can write this in the familiar form (e.g. see, [2])

h h ,.„ 3x.
(^j-U tC = AEE p _2l

h '^ h^ ^ anhi 3q
k

3x. h
„ , . , s ^ r- i = -X, , and usine the Slutsky
Replacing p hv q ,-t . , noting that Iq k

i k

equation we have
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_-hh ^T-/h_ ,h h 8x,
E 6x^= XI (x^+Et^ (^k-^g^)) (5)

I.

where s , is the derivative of the compensated demand curve.

Defining the social marginal utility of income, y , as the gain to

society from additional income given to consumer h, we see that y is made

up of two parts. One part is the social evaluation of the increased utility

of h made possible by higher income. This equals 6 . The second part is

the social evaluation of the additional tax revenue collected, 8x , as

i —-
31

a consequence of his having more income. We shall elaborate on this definition

in section 4. Thus

Y^ - 6^ + XEt. ^ (6)

31

Using this definition we can write the first order conditions (")) as

5:(y^-x)x^ =
^^^"^i^ik

^^^

h ih

From the symmetry of the Slutsky matrix, so that s,, = s, this has the

form of equation (1) where AX,
,

'\ -
II

s^^ t^ (8)

hi

Is the change in compensated aggregate demand for good k as a result of a

marginal proportional increase in all tax rates. Equation (7) holds as a

consequence of the optimal excise taxes. The interpretation of (7) becomes

more interesting if we also have an optimal poll tax. From (2) the first

order condition coming from differentiation with respect to T is

, 3X.

Eb" = XEF. —

i

(9)

h i ^ ^^

Following the same sequence of steps as before we can write this as

E0^ = XEEp ^ - XEE (q - t )^ = XE(1-Et ^) (10)

h ih 31 hi 31 h 1 31
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Thus we have the result that X Is equal to the average of y In the economy

^y^ = AH (11)

With A equal to the average of the y , we can Interpret (7) as a co-

variance formula, since we can subtract l(y -X)x, from the left hand side.

Thus the change in aggregate compensated quantity demanded equals the co-

variance between individual quantity demanded and social marginal utility

of income.

3. Two Class Economy

We can move directly from (7) and (11) to the results of Mirrlees.

Assume there are m consumers of type 1 and n consumers of type 2. Then,

from (11)

(m + n)X = my^ + ny^ (12)

Thus using (12) equation (7) becomes

XEEt^s^j^ = m(Y^ - X)x^ + n(y2 - X)x2

ih

= n(X - y^)x^ + n(y2 - X)x2

- n(y2 - X) (x2 - x^) (13)

Thus the induced changes in compensated aggregate demand are proportional

to the differences in demand between the two types. Multiplying (13) hy

t, and summing over k we have

n(Y2 - X) i^t^x^ "^'^W^ "
^^^^'^i^ik'^k - " ^-^^^

k hik

The sign follows from the negative semidefIniteness of the Slutsky matrix.

Since the signs of y^ - X and y^ - y^ are same we see that an individual with

greater social marginal utility of income pays less in excise taxes under the

optimal excise and poll tax regime.

Applying the same procedure to the general economy, from (7) we have

the result that with optimal excise taxes

E((y^ - A)i:t^x5j) < (15)

h k
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If we add an optimal poll tax we have E (y - A) equal to zero. Therefore

we can multiply it by the average over h of J^t, x^ and subtract it from (15) .

k

Denoting average values by a bar we thus have the result that with optimal

excise and poll taxes

h k k

That is, with optimal excise and poll taxes there is a negative covarlance

between social marginal utility of income and excise taxes paid.

4. One Consumer Economy

Consider an outside agency planning to give aid to a one consumer economy

with optimal excise taxes. The agency might give the aid to the consumer

directly or to the government and the aid might be given in any commodity.

One would expect that it is better to give the aid to the government if

revenue is being raised by distorting taxes, whatever the good being considered.

(And to give it to the consumer if the government is disposing of a surplus

by distorting subsidies). This is precisely the answer given by (15), evaluating

the social worth of aid to the consumer and government respectively by y and X.

From the definition of y, it is clear we are evaluating aid assuming it is

provided while markets are still open. Thus the consumer engages in trade

with the income provided him, generating a change in tax revenue, as well as

a direct utility rise for the consumer.

Suppose, alternatively, that aid is provided "after markets are shut."

That is no changes in trades are allowed after aid is provided. For arbitrarily

small amounts of aid, the fact that the consumer was at a utility maximizing

consumption plan implies that his direct gain in utility from the aid Is

unaffected by the prohibition of further trading. Thus the value to society

of aid provided to the consumer in this way is 6. The question of the com-

parative advantage of giving this aid to the consumer rather than the govern-

ment is a comparison of B with A? However the government's rate of substitution

between different commodities is equal to the ratio of producer prices, p, while

^Atkinson and Stem discuss this issue in terms of a and X. These are obviously
the same where, in the one consumer economy, the social welfare function and the

utility function are the same.
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the consumer's rate of substitution is equal to the ratio of consumer prices q.

This change in units in which aid is given (corresponding to a change in choice

of numeraire) has the potential of altering the answer to the question of the

choice of recipient which most increases social welfare.

To see that this can happen consider the example of the utility function

shown in the diagram. The curves g and f are parallel so g' (xj) = f' (xj) for

all X, except the minimum level. All indifference curves below f(xi) are

straight lines pointing at A. All indifference curves above g(xi) are vertical

straight lines. All indifference curves between f and g are parallel straight

lines with slopes between those of the budget line (q-x = 0) and the production

frontier net of government expenditures (p*x = k) . The second best optimum

thus occurs at B while the first best one would be at C if that were attainable.

Thus in the neighborhood of B, utility is increasing in xi along the curve

X2 = f(xi) which is the offer curve. Take a monotone transform of the utility

function such that utility precisely equals xi along f(xi). For convenience

assume pj => P2 * 1. ^ince utility is the maximal level of xj subject to

q^xj + q2X2 =• 1 , we have

dxj

a » 6 » = qi + q2f' (xi) (17)

dl

Since second best utility in equilibrium is the maximal level of xj subject

to x^ + X2 = k we have

dxi
X = = 1 + f (xi) (18)

dk

qo
For k<0 we have _ ^ ^ Thus with f > we have y > A for q2 = 1 and

Y < ^ for qi = 1.

5. Public Good Expenditures

The first order condition for public expenditures, like any equation,

can be arranged with different terms on either side of the equation. We

shall consider a rearrangement which parallels the structure considered

above. For some of the interpretations, it will not be necessary to assume

that all taxes are optimally set since the equations derived will also hold









when those taxes not being optimally set are held constant at given levels.

Let us define 6 to be the value to society of providing the public good to

consumer h. It is made up of two parts, the social evaluation of his utility

increase ^ 3v and the value of any change in taxes paid, , 9x.
h ^'-^i i-

•

9v 9e 1 ^ 3e

,
J,

h
.h 9W 3v + XEt, i (19)
6 = —. i

9v 3e 3e

h av^
-h 9v"/9e + XEt^ ^i

9v /9I 9e

Returning to the problem of social welfare maximization, (2), differentiation

with respect to the public good expenditure gives

9W ^ 9X
Z . h , = XEF. —- + XF (20)
h ^V i ^ 9e ^

= XEr (q^ -^,)'A^,,
hi 9e e

9x^
Since Eq i is zero by the consumers budget constraint we can write the

i 9e

first order condition for public expenditures as

E6^ = XF (21)

h ®

This first order condition is valid whatever mix of excise and poll taxes

and other public expenditures is varied optimally, the remaining government

choice variables being held constant.

To get an expression resembling that in the lump sum tax world, let us

assume that the poll tax is among the variables being optimally set. Of course

it is set at the same level for everyone, so the first order condition for

public goods equates the marginal rate of transformation in production to the

sum over consumers of social marginal rates of substitution between public good

consumption by the consumer and income averaged over the population :

5lf one were considering the economy with many identical consumers, arbitrary excise
taxation and optimal poll tax, (22) would become „i.h, h „ ^j r

H<5 /y = F or an equation of
e

marginal rate of transformation with the sum of social marginal rates of substitution.
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= F (22)
h H Zy

Equation (11) has been used to eliminate X from (21)

.

We are still a long way from having an intuition for resource allo-

cation questions in economies with distorting taxes which parallels the

level of intuition in first best economies. Perhaps by using the social

marginal utility of income rather than the seemingly more natural social

marginal utility of consumption we can develop such a level of intuitive

feel for resource allocation questions

.
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