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Asymptotics &
Stirling’s Approximation
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Integral Method
Factorial defines a product:

n! z= 1.2:3-(n-)-n =[]
i=l1

Turn product into a sum taking logs:
In(n!) =In(1-2-3---(n—1)-n)

=Inl+In2+---+In(n-1)+In(n)

= Z In(7)

Integral Method

Bounds on In(n!)

Iln(x) dx < Zn:ln(i) < j‘ln(x+l) dx
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Integral Method

Reminder:

Ilnxdx:xln X
e
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T
s Stirling’s Formula
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So guess:
nl =
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Stirling’s Formula

A precise approximation:

n! ~ .\|2xn (ﬁj
e

Stirling’s Formula
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Asymptotic Equivalence

f(n) ~ g(n)
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Problem 1

Little Oh

Asymptotically smaller:

f(n) = o(g(n))

Asymptotic Order of Growth:

f(n) = O(g(n))

limsup m) < oo
e g(1)
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lim (n) =(
e g(n)
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g.o The Oh’s

If f=o0(g) or f~g then f=0(g)

lim=0 Iim=1 lIim < oo
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The Oh’s

If f=o0(g), then g=O(f)

lim S = 0 lim £ =
8

Big Oh

| f(x) = O(g(x))
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Equivalently,
f(n) = O(g(n))

dc,ng=0Vn2n, [f(n) < cg(n)
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Little Oh

Lemma: Inx = o(x%) for 6> 0.

Proof:

1
—<z forz >1.
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Little Oh

Lemma: x* = o(x?) fora<b
Proof: A

b b—
X x

Soasx — oo,

and b-a>0.
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Lemma: Inx = o(x%) for 6> 0.

Little Oh
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Albert R. Meyer:

Spring '02: Added |ttle Oh

after lecture.

Other proofs:
L’Hopital’s Rule,
McLaurin Series
(see a Calculus text)

In-Class Problem

Problems 2 & 3

B
Theta

Bhm "
Same Order of Growth:

f(n) = ©(g(n))

f(n) = O(g(n)) and g(n) = O(f(n))

Big Oh Mistakes

False Lemma: Zi =0(n)
i=l
False Proof:

0=0(1),1=0(1),2=0(1),...

So each i = O(1). So
zn:i:O(l)+O(1)+---+O(l)
' =n-0O(1) = O(n).

Big Oh Mistakes

False Lemma: ii — O(n)

i=1

Of course really Zn:i =0(n’)

i=l
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EE: In-Class Problem

Problem 4




