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In this paper we study post-model selection estimators which apply ordinary least squares
(ols) to the model selected by first-step penalized estimators, typically lasso. It is well known
that lasso can estimate the nonparametric regression function at nearly the oracle rate, and
is thus hard to improve upon. We show that ols post lasso estimator performs at least as
well as lasso in terms of the rate of convergence, and has the advantage of a smaller bias.
Remarkably, this performance occurs even if the lasso-based model selection “fails” in the sense
of missing some components of the “true” regression model. By the “true” model we mean
here the best s-dimensional approximation to the nonparametric regression function chosen
by the oracle. Furthermore, ols post lasso estimator can perform strictly better than lasso, in
the sense of a strictly faster rate of convergence, if the lasso-based model selection correctly
includes all components of the “true” model as a subset and also achieves sufficient sparsity.
In the extreme case, when lasso perfectly selects the “true” model, the ols post lasso estimator
becomes the oracle estimator. An important ingredient in our analysis is a new sparsity bound
on the dimension of the model selected by lasso which guarantees that this dimension is at most
of the same order as the dimension of the “true” model. Our rate results are non-asymptotic
and hold in both parametric and nonparametric models. Moreover, our analysis is not limited
to the lasso estimator acting as selector in the first step, but also applies to any other estimator,
for example various forms of thresholded lasso, with good rates and good sparsity properties.
Our analysis covers both traditional thresholding and a new practical, data-driven thresholding
scheme that induces maximal sparsity subject to maintaining a certain goodness-of-fit. The latter
scheme has theoretical guarantees similar to those of lasso or ols post lasso, but it dominates
these procedures as well as traditional thresholding in a wide variety of experiments.

FIRST ARXIV VERSION: December 2009.
KEY WORDS. LASSO, OLS POST LASSO, POST-MODEL-SELECTION ESTIMATORS.
AMS CoDEs. PRIMARY 62H12, 62J99; SECONDARY 62J07.

1. Introduction

In this work we study post-model selected estimators for linear regression in high-di-
mensional sparse models (hdsms). In such models, the overall number of regressors p is
very large, possibly much larger than the sample size n. However, there are s = o(n)
regressors that capture most of the impact of all covariates on the response variable.
hdsms ([9], [22]) have emerged to deal with many new applications arising in biometrics,
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signal processing, machine learning, econometrics, and other areas of data analysis where
high-dimensional data sets have become widely available.

Several papers have begun to investigate estimation of hdsms, primarily focusing on
mean regression with the ¢1-norm acting as a penalty function [4, 6, 7, 8, 9, 17, 22, 28,
31, 33]. The results in [4, 6, 7, 8, 17, 22, 31, 33] demonstrated the fundamental result that
{1-penalized least squares estimators achieve the rate \/s/n+/logp, which is very close
to the oracle rate /s/n achievable when the true model is known. The works [17, 28]
demonstrated a similar fundamental result on the excess forecasting error loss under
both quadratic and non-quadratic loss functions. Thus the estimator can be consistent
and can have excellent forecasting performance even under very rapid, nearly exponential
growth of the total number of regressors p. Also, [2] investigated the £;-penalized quantile
regression process, obtaining similar results. See [4, 6, 7, 8, 15, 19, 20, 24] for many other
interesting developments and a detailed review of the existing literature.

In this paper we derive theoretical properties of post-model selection estimators which
apply ordinary least squares (ols) to the model selected by first-step penalized estimators,
typically lasso. It is well known that lasso can estimate the mean regression function at
nearly the oracle rate, and hence is hard to improve upon. We show that ols post lasso can
perform at least as well as lasso in terms of the rate of convergence, and has the advantage
of a smaller bias. This nice performance occurs even if the lasso-based model selection
“fails” in the sense of missing some components of the “true” regression model. Here
by the “true” model we mean the best s-dimensional approximation to the regression
function chosen by the oracle. The intuition for this result is that lasso-based model
selection omits only those components with relatively small coefficients. Furthermore,
ols post lasso can perform strictly better than lasso, in the sense of a strictly faster
rate of convergence, if the lasso-based model correctly includes all components of the
“true” model as a subset and is sufficiently sparse. Of course, in the extreme case, when
lasso perfectly selects the “true” model, the ols post lasso estimator becomes the oracle
estimator.

Importantly, our rate analysis is not limited to the lasso estimator in the first step, but
applies to a wide variety of other first-step estimators, including, for example, thresholded
lasso, the Dantzig selector, and their various modifications. We give generic rate results
that cover any first-step estimator for which a rate and a sparsity bound are available.
We also give a generic result on using thresholded lasso as the first-step estimator, where
thresholding can be performed by a traditional thresholding scheme (t-lasso) or by a new
fitness-thresholding scheme we introduce in the paper (fit-lasso). The new thresholding
scheme induces maximal sparsity subject to maintaining a certain goodness-of-fit in the
sample, and is completely data-driven. We show that ols post fit-lasso estimator performs
at least as well as the lasso estimator, but can be strictly better under good model
selection properties.

Finally, we conduct a series of computational experiments and find that the results
confirm our theoretical findings. Figure 1 is a brief graphical summary of our theoreti-
cal results showing how the empirical risk of various estimators change with the signal
strength C' (coefficients of relevant covariates are set equal to C'). For very low level of
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3
signal, all estimators perform similarly. When the signal strength is intermediate, ols post
lasso and ols post fit-lasso substantially outperform lasso and the ols post t-lasso esti-
mators. However, we find that the ols post fit-lasso outperforms ols post lasso whenever
lasso does not produce very sparse solutions which occurs if the signal strength level is
not low. For large levels of signal, ols post fit-lasso and ols post t-lasso perform very well
improving upon lasso and ols post lasso. Thus, the main message here is that ols post
lasso and ols post fit-lasso perform at least as well as lasso and sometimes a lot better.

Empirical Risk
25 o
- lasso
\: - - = ols post lasso
2 ° ° vl ols post fit-lasso
é O ols post t-lasso
A ois °
E g p
= ° °
g‘ L E :
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Figure 1. This figure plots the performance of the estimators listed in the text under the equi-correlated
design for the covariates x; ~ N(0,X), X, = 1/2 if j # k. The number of regressors is p = 500 and the
sample size is n = 100 with 1000 simulations for each level of signal strength C'. In each simulation there
the noise is set to 1.

are 5 relevant covariates whose coefficients are set equal to the signal strength C, and the variance of

To the best of our knowledge, our paper is the first to establish the aforementioned
rate results on ols post lasso and the proposed ols post fitness-thresholded lasso in the
mean regression problem. Our analysis builds upon the ideas in [2], who established the
properties of post-penalized procedures for the related, but different, problem of median
regression. Our analysis also builds on the fundamental results of [4] and the other works
cited above that established the properties of the first-step lasso-type estimators. An
important ingredient in our analysis is a new sparsity bound on the dimension of the
model selected by lasso, which guarantees that this dimension is at most of the same
order as the dimension of the “true” model. This result builds on some inequalities
for sparse eigenvalues and reasoning previously given in [2] in the context of median
regression. Our sparsity bounds for lasso improve upon the analogous bounds in [4] and
are comparable to the bounds in [33] obtained under a larger penalty level. We also rely

on maximal inequalities in [33] to provide primitive conditions for the sharp sparsity

imsart-bj ver. 2009/08/13 file: Post-LASSO-SecondRevision_AfterSubmitted_vOl.tex date: August 26, 2011



4

bounds to hold.

We organize the paper as follows. Section 2 reviews the model and discusses the
estimators. Section 3 revisits some benchmark results of [4] for lasso, albeit allowing for
a data driven choice of penalty level, develops an extension of model selection results
of [19] to the nonparametric case, and derives a new sparsity bound for lasso. Section 4
presents a generic rate result on ols post-model selection estimators. Section 5 applies
the generic results to the ols post lasso and the ols post thresholded lasso estimators.
Appendix contains main proofs and the Supplementary Appendix contains auxiliary
proofs. In the Supplementary Appendix we also present the results of our computational
experiments.

Notation. In making asymptotic statements, we assume that n — co and p = p, —
oo, and we also allow for s = s, — co. In what follows, all parameter values are indexed
by the sample size n, but we omit the index whenever this does not cause confusion. We
use the notation (a)y = max{a,0}, a Vb = max{a,b} and a Ab = min{a,b}. The ¢3-norm
is denoted by || - ||, the ¢;-norm is denoted by || - ||1, the £oo-norm is denoted by || - ||,
and the £o-norm || - [|o denotes the number of non-zero components of a vector. Given a
vector 6 € R, and a set of indices T' C {1,...,p}, we denote by dr the vector in which
op; =06;ifj €T, op; =01if j ¢ T, and by |T| the cardinality of T'. Given a covariate
vector z; € IRP, we denote by z;[T] vector {z;;,j € T}. The symbol E[-] denotes the
expectation. We also use standard empirical process notation

n n

Enlf(ze)] := ) f(z:)/n and Gu(f(z)) =D (f(z:) = E[f(z:)])/V/n.
i=1 i=1
We also denote the L?(P,)-norm by |f|le,2 = (E.[f2])'/2. Given covariate values
T1,...,Tn, we define the prediction norm of a vector § € R? as |||z, = {En[(2}0)?]}/2.

We use the notation a < b to denote a < Cb for some constant C' > 0 that does not
depend on n (and therefore does not depend on quantities indexed by n like p or s); and
a Sp b to denote a = Op(b). For an event A, we say that A wp — 1 when A occurs
with probability approaching one as n grows. Also we denote by ¢ = (¢ +1)/(¢ — 1) for
a chosen constant ¢ > 1.

2. The setting, estimators, and conditions

2.1. The setting

Condition ( M ). We have data {(y;,2;),i = 1,...,n} such that for each n
yi = f(z) +e&, €~N(0,0%), i=1,...,n, (2.1)

where y; are the outcomes, z; are vectors of fized regressors, and €; are i.i.d. errors. Let
P(z;) be a given p-dimensional dictionary of technical regressors with respect z;, i.e. a
p-vector of transformation of z;, with components
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of the dictionary normalized so that
En[:zrfj] =1forj=1,...,p.

In making making asymptotic statements, we assume that n — oo and p = p, — 00, and
that all parameters of the model are implicitly indezed by n.

We would like to estimate the nonparametric regression function f at the design points,
namely the values f; = f(z;) for ¢ = 1,...,n. In order to setup estimation and define a
performance benchmark we consider the following oracle risk minimization program:

k
i 24 o2= 2.2
ot F 22
where
2 := min K, .—x’. 2]. 2.3
Pi= min B.(f - o,3)7 23

Note that ¢ + o?k/n is an upper bound on the risk of the best k-sparse least squares
estimator, i.e. the best estimator amongst all least squares estimators that use k out of
p components of x; to estimate f;, for i = 1,...,n. The oracle program (2.2) chooses the
optimal value of k. Let s be the smallest integer amongst these optimal values, and let

By € arg min E,[(f, — z,3)?]. (2.4)

1Bllo<s

We call fy the oracle target value, T := support(fp) the oracle model, s := |T| = ||5ollo
the dimension of the oracle model, and 8y the oracle approximation to f;. The latter is
our intermediary target, which is equal to the ultimate target f; up to the approximation
error

ri = fi — ;0.

If we knew T we could simply use z;[T] as regressors and estimate f;, for i = 1,...,n,
using the least squares estimator, achieving the risk of at most

2., 2
c; +o°s/n,

which we call the oracle risk. Since T' is not known, we shall estimate T" using lasso-type
methods and analyze the properties of post-model selection least squares estimators,
accounting for possible model selection mistakes.

Remark 2.1 (The oracle program). Note that if argmin is not unique in the prob-
lem (2.4), it suffices to select one of the values in the set of argmins. Supplementary
Appendix provides a more detailed discussion of the oracle problem. The idea of using
oracle problems such as (2.2) for benchmarking the performance follows its prior uses in
the literature. For instance, see [4], Theorem 6.1, where an analogous problem appears
in upper bounds on performance of lasso. O
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Remark 2.2 (A leading special case). When contrasting the performance of lasso and
ols post lasso estimators in Remarks 5.1-5.2 given later, we shall mention a balanced case
where

2 <o’s/n (2.5)

S

which says that the oracle program (2.2) is able to balance the norm of the bias squared
to be not much larger than the variance term o?s/n. This corresponds to the case that
the approximation error bias does not dominate the estimation error of the oracle least
squares estimator, so that the oracle rate of convergence simplifies to y/s/n mentioned
in the introduction.

2.2. Model selectors based on lasso

Given the large number of regressors p > n, some regularization or covariate selection
is required in order to obtain consistency. The lasso estimator [26], defined as follows,
achieves both tasks by using the ¢; penalization:

~ . A -
B € arg min Q(B) + —||Bll1, where Q(5) = En|(ye — 246)?]; (2.6)

and A is the penalty level whose choice is described below. If the solution is not unique
we pick any solution with minimum support. The lasso is often used as an estimator and
more often only as a model selection device, with the model selected by lasso given by:

T := support(B).

Moreover, we denote by 7 := |T'\ T'| the number of components outside 7' selected by
lasso and by ﬁ = x;B,z =1,...,n the lasso estimate of f;;¢i=1,... ,n.

Oftentimes additional thresholding is applied to remove regressors with small esti-
mated coefficients, defining the so called thresholded lasso estimator:

B(t) = (By{IB > t}.j = 1,....p), (2.7)

where t > 0 is the thresholding level, and the corresponding selected model is then

o~

f(t) := support(S(t)).

Note that setting ¢ = 0, we have f(t) = f, so lasso is a special case of thresholded lasso.

2.3. Post-model selection estimators

Given this all of our post-model selection estimators or ols post lasso estimators will take
the form

gt = argﬁrrelliélp Q(B) : B =0 for each j € Te(t). (2.8)
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That is given the model selected a threshold lasso T(¢), including the lasso’s model T'(0)
as a special case, the post-model selection estimator applies the ordinary least squares
to the selected model.

In addition to the case of ¢ = 0, we also consider the following choices for the threshold
level:

traditional threshold (t): t > (= max |BJ — Bojls
1<j<p

fitness-based threshold (fit): ¢t =t, := rgigc{t QB — Q(B) < v}, (29)
where v < 0, and || is the gain of the in-sample fit allowed relative to lasso.

As discussed in Section 3.2, the standard thresholding method is particularly appeal-
ing in models in which oracle coefficients Sy are well separated from zero. This scheme
however may perform poorly in models with oracle coefficients not well separated from
zero and in nonparametric models. Indeed, even in parametric models with many small
but non-zero true coeflicients, thresholding the estimates too aggressively may result in
large goodness-of-fit losses, and consequently in slow rates of convergence and even incon-
sistency for the second-step estimators. This issue directly motivates our new goodness-
of-fit based thresholding method, which sets to zero small coefficient estimates as much
as possible subject to maintaining a certain goodness-of-fit level.

Depending on how we select the threshold, we consider the following three types of
the post-model selection estimators:

ols post lasso: 30 (t=0),
ols post t-lasso: st (t > ), (2.10)
ols post fit-lasso: 3% (t=t,).

The first estimator is defined by ols applied to the model selected by lasso, also called
Gauss-lasso; the second by ols applied to the model selected by the thresholded lasso,
and the third by ols applied to the model selected by fitness-thresholded lasso.

The main purpose of this paper is to derive the properties of the post-model selection
estimators (2.10). If model selection works perfectly, which is possible only under rather
special circumstances, then the post-model selection estimators are the oracle estimators,
whose properties are well known. However, of a much more general interest is the case
when model selection does not work perfectly, as occurs for many designs of interest in
applications.

2.4. Choice and computation of penalty level for lasso

The key quantity in the analysis is the gradient of @ at the true value:
S =2E, [rec€]-

This gradient is the effective “noise” in the problem that should be dominated by the reg-
ularization. However we would like to make the bias as small as possible. This reasoning

imsart-bj ver. 2009/08/13 file: Post-LASSO-SecondRevision_AfterSubmitted_vOl.tex date: August 26, 2011



suggests choosing the smallest penalty level A so that to dominate the noise, namely
A > enl|S||eo with probability at least 1 — a, (2.11)
where probability 1 — a needs to be close to 1 and ¢ > 1. Therefore, we propose setting
A= 7 A(l — a|X), for some fixed ¢ > ¢ > 1, (2.12)

where A(1 — a|X) is the (1 — a)-quantile of n||S/o||«, and T is a possibly data-driven
estimate of o. Note that the quantity A(1 — «|X) is independent of o and can be easily
approximated by simulation. We refer to this choice of A as the data-driven choice,
reflecting the dependence of the choice on the design matrix X = [z1,...,2,] and a
possibly data-driven &. Note that the proposed (2.12) is sharper than ¢/62+/2nlog(p/a)
typically used in the literature. We impose the following conditions on &.

Condition (V). The estimated 7 obeys
¢ <o /o < wu with probability at least 1 — T,
where 0 < £ <1 and1 <wu and 0 < 7 < 1 be constants possibly dependent on n.

We can construct a ¢ that satisfies this condition under mild assumptions as follows.
First, set ¢ = 0, where g is an upper bound on ¢ which is possibly data-driven, for
example the sample standard deviation of y;. Second, compute the lasso estimator based
on this estimate and set 62 = Q(8). We demonstrate that & constructed in this way
satisfies Condition V and characterize quantities u and ¢ and 7 in the Supplementary
Appendix. We can iterate on the last step a bounded number of times. Moreover, we can
similarly use ols post lasso for this purpose.

2.5. Choices and computation of thresholding levels

Our analysis will cover a wide range of possible threshold levels. Here, however, we would
like to propose some basic options that give both good finite-sample and theoretical
results. In the traditional thresholding method, we can set

t=é\/n, (2.13)

for some ¢ > 1. This choice is theoretically motivated by Section 3.2 that presents the
perfect model selection results, where under some conditions ¢ < ¢\/n. This choice
also leads to near-oracle performance of the resulting post-model selection estimator.
Regarding the choice of ¢, we note that setting ¢ = 1 and achieving ¢ < \/n is possible
by the results of Section 3.2 if empirical Gram matrix is orthogonal and approximation
error c¢s vanishes. Thus, ¢ = 1 is the least aggressive traditional thresholding one can
perform under conditions of Section 3.2 (note also that ¢ = 1 has performed better than
¢ > 1 in our computational experiments).
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Our fitness-based threshold ¢, requires the specification of the parameter . The sim-
plest choice delivering near-oracle performance is v = 0; this choice leads to the sparsest
post-model selection estimator that has the same in-sample fit as lasso. Our preferred
choice is however to set

Q%) — Q(B)
2
where 50 is the ols post lasso estimator. The resulting estimator is more sparse than lasso,
and it also produces a better in-sample fit than lasso. This choice also results in near-
oracle performance and also leads to the best performance in computational ex/pemments
Note also that for any 7, we can compute ¢, by a binary search over ¢ € sort{|3;|,j € T'},
where sort is the sorting operator. This is the case since the final estimator depends only
on the selected support and not on the specific value of ¢ used. Therefore, since there are
at most |7T'| different values of ¢ to be tested, by using a binary search, we can compute

t, exactly by running at most [log, T[] ordinary least squares problems.

v = <0, (2.14)

2.6. Conditions on the design
For the analysis of lasso we rely on the following restricted eigenvalue condition.
Condition (RE(¢)). For a given ¢ > 0,

V5[9ll2.n

min > 0.
ll6ze 1 <cllorlli.6#0 |[07 |1

k(C) ==

This condition is a variant of the restricted eigenvalue condition introduced in [4], that
is known to be quite general and plausible; see also [4] for related conditions.

For the analysis of post-model selection estimators we need the following restricted
sparse eigenvalue condition.

Condition (RSE(m)). For a given m < n,

R(m)? =

0, o(m) =

min max
8¢ llo<m,670 H<5H2 [7¢ llo<m.o70 ||0]|?

Here m denotes the restriction on the number of non-zero components outside the
support 7. It will be convenient to define the following condition number associated with
the empirical Gram matrix:

¢(m)

o) (2.15)

p(m) =

The following lemma demonstrates the plausibility of conditions above for the case
where the values z;, ¢ = 1,...,n, have been generated as a realization of the random
sample; there are also other primitive conditions. In this case we can expect that em-
pirical restricted eigenvalue is actually bounded away from zero and (2.15) is bounded
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from above with a high probability. The lemma uses the standard concept of (unre-
stricted) sparse eigenvalues (see, e.g. [4]) to state a primitive condition on the population
Gram matrix. The lemma allows for standard arbitrary bounded dictionaries, arising in
the nonparametric estimation, for example regression splines, orthogonal polynomials,
and trigonometric series, see [14, 29, 32, 27]. Similar results are known to also hold for
standard Gaussian regressors [33].

Lemma 1 (Plausibility of RE and RSE). Suppose &;, i = 1,...,n, are i.i.d. zero-mean
vectors, such that the population design matriz E[Z;T)] has ones on the diagonal, and its
slogn-sparse eigenvalues are bounded from above by ¢ < co and bounded from below by
k% > 0. Define z; as a normalized form of &;, namely x;; = ;;/(E, [ifj])l/z. Suppose that
& maxi<i<n ||Zilloo < Kn a.5., and K2slog®(n) log?(slogn) log(pVn) = o(nk*/e). Then,
for any m + s < slogn, the empirical restricted sparse eigenvalues obey the following
bounds:

b(m) < dp, F(m)? = k2/4, and p(m) < 45/%,
with probability approaching 1 as n — oo.

3. Results on lasso as an estimator and model
selector

The properties of the post-model selection estimators will crucially depend on both the
estimation and model selection properties of lasso. In this section we develop the esti-
mation properties of lasso under the data-dependent penalty level, extending the results
of [4], and develop the model selection properties of lasso for non-parametric models,
generalizing the results of [19] to the nonparametric case.

3.1. Estimation Properties of lasso

The following theorem describes the main estimation properties of lasso under the data-
driven choice of the penalty level.

Theorem 1 (Performance bounds for lasso under data-driven penalty). Suppose that
Conditions M and RE(c) hold for ¢ = (¢ +1)/(c —1). If A > cn||S] o, then

15 ol < (141) 222

+ 2¢;.

nk(¢)

Moreover, suppose that Condition V holds. Under the data-driven choice (2.12), for ¢ >
c/l, we have X > cn||S|eo with probability at least 1 — o — 7, so that with at least the
same probability

Na

nk(c)
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If further RE(2¢) holds, then

3 1+2¢)vs 5 1\ 2
15 = Bollx < (%m—ﬂow v ((1+ 2-) Cflgcg) |

This theorem extends the result of [4] by allowing for data-driven penalty level and
deriving the rates in ¢i-norm. These results may be of independent interest and are
needed for subsequent results.

Remark 3.1. Furthermore, a performance bound for the estimation of the regression
function follows from the relation

||J?— flle,.2 — ||B— Bollz.n| < cs, (3.16)

where ﬁ = :1023 is the lasso estimate of the regression function f evaluated at z;. It is
interesting to know some lower bounds on the rate which follow from Karush-Kuhn-
Tucker conditions for lasso (see equation (A.25) in the appendix):

(1—1/0)\/IT]|
2ny/o(m)

where 7 = |T'\ T|. We note that a similar lower bound was first derived in [21] with ¢(p)
instead of ¢(m). O

If = flle.2 =

The preceding theorem and discussion imply the following useful asymptotic bound
on the performance of the estimators.

Corollary 1 (Asymptotic bounds on performance of lasso). Under the conditions of
Theorem 1, if

p(m) S 1, k(e) 21, p(m) 1, log(l/a) Slogp, a=o(1), u/t $1, and 7= o(1)

(3.17)
-~ slo
1F = Fllze Sp oy =2 4

Moreover, if |f| Zp s, in particular if T C T with probability going to 1, we have

~ slo
If = flle..2 2P o/ ngp-

In Lemma 1 we established fairly general sufficient conditions for the first three rela-
tions in (3.17) to hold with high probability as n grows, when the design points z1,. .., z,

hold as n grows, we have that
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were generated as a random sample. The remaining relations are mild conditions on the
choice of o and the estimation of o that are used in the definition of the data-driven
choice (2.12) of the penalty level .

It follows from the corollary that provided x(¢) is bounded away from zero, lasso with
data-driven penalty estimates the regression function at a near-oracle rate. The second
part of the corollary generalizes to the nonparametric case the lower bound obtained for
lasso in [21]. Tt shows that the rate cannot be improved in general. We shall use the
asymptotic rates of convergence to compare the performance of lasso and the post-model
selection estimators.

3.2. Model selection properties of lasso

The main results of the paper do not require the first-step estimators like lasso to perfectly
select the “true” oracle model. In fact, we are specifically interested in the most common
cases where these estimators do not perfectly select the true model. For these cases, we
will prove that post-model selection estimators such as ols post lasso achieve near-oracle
rates like those of lasso. However, in some special cases, where perfect model selection is
possible, these estimators can achieve the exact oracle rates, and thus can be even better
than lasso. The purpose of this section is to describe these very special cases where perfect
model selection is possible.

Theorem 2 (Some conditions for perfect model selection in nonparametric setting).
Suppose that Condition M holds. (1) If the coefficients are well separated from zero, that
18

min |Bo;| >+,  for somet > (:= max |B; — Bosl,

Jjer Jj=1,....p
then the true model is a subset of the selected model, T := support(5y) C T .= support(E).
Moreover, T can be perfectly selected by applying level t thresholding to 3, i.e. T = T(t).
(2) In particular, if A > cn||S||«, and there is a constant U > 5E such that the empirical
Gram matriz satisfies |Ey,[ze;Ter]| < 1/(Us) for all 1 < j <k <p, then

AN U+eé o 6¢ c¢s 4cnc?
: + — Acs+

U—5EE+UAS'

These results substantively generalize the parametric results of [19] on model selection
by thresholded lasso. These results cover the more general nonparametric case and may
be of independent interest. Note also that the conditions for perfect model selection
stated require a strong assumption on the separation of coefficients of the oracle from
zero, and also a near perfect orthogonality of the empirical Gram matrix. This is the
sense in which the perfect model selection is a rather special, non-general phenomenon.
Finally, we note that it is possible to perform perfect selection of the oracle model by lasso
without applying any additional thresholding under additional technical conditions and
higher penalty levels [34, 31, 5]. In the supplement we state the nonparametric extension
of the parametric result due to [31].
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3.3. Sparsity properties of lasso

We also derive new sharp sparsity bounds for lasso, which may be of independent interest.
We begin with a preliminary sparsity bound for lasso.

Lemma 2 (Empirical pre-sparsity for lasso). Suppose that Conditions M and RE(c)
hold, A > en||S||oo, and let m = |T' \ T|. We have for ¢ = (c+1)/(c—1) that

Vi < s\ o(m) 26/k(E) + 3(¢ + 1)\/o() nes/ A

The lemma above states that lasso achieves the oracle sparsity up to a factor of ¢(m).
Under the conditions (2.5) and x(¢) 2 1, the lemma above immediately yields the simple
upper bound on the sparsity of the form

m Sp sg(n), (3.18)

as obtained for example in [4] and [22]. Unfortunately, this bound is sharp only when
¢(n) is bounded. When ¢(n) diverges, for example when ¢(n) 2 p /logp in the Gaussian
design with p > 2n by Lemma 6 of [3], the bound is not sharp. However, for this case
we can construct a sharp sparsity bound by combining the preceding pre-sparsity result
with the following sub-linearity property of the restricted sparse eigenvalues.

Lemma 3 (Sub-linearity of restricted sparse eigenvalues). For any integer k > 0 and
constant £ > 1 we have ¢([Ck]) < [€]p(k).

A version of this lemma for unrestricted sparse eigenvalues has been previously proven
in [2]. The combination of the preceding two lemmas gives the following sparsity theorem.

Theorem 3 (Sparsity bound for lasso under data-driven penalty). Suppose that Con-
ditions M and RE(c) hold, and let m := |T \ T|. The event X\ > cn|| S|/~ implies that

m<s- [ﬁéijr\l/lﬂm/\n)] - L,
where M = {m € N:m > s¢p(m An)-2L,} and L, = [2¢/k(¢) + 3(¢ + 1)ncs/(A/3))2.

The main implication of Theorem 3 is that under (2.5), if min,,er d(m An) < 1 and
A > cnl|S||oo hold with high probability, which is valid by Lemma 1 for important designs
and by the choice of penalty level (2.12), then with high probability

< s. (3.19)

Consequently, for these designs and penalty level, lasso’s sparsity is of the same order as
the oracle sparsity, namely 5 := |T| < s+m < s with high probability. The reason for this
is that min,,ep ¢(m) < ¢(n) for these designs, which allows us to sharpen the previous
sparsity bound (3.18) considered in [4] and [22]. Also, our new bound is comparable to
the bounds in [33] in terms of order of sharpness, but it requires a smaller penalty level
A which also does not depend on the unknown sparse eigenvalues as in [33].
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4. Performance of post-model selection estimators
with a generic model selector

Next, we present a general result on the performance of a post-model selection estimator
with a generic model selector.

Theorem 4 (Performance of post-model selection estimator with a generic model se-
lector).  Suppose Condition M holds and let B be any first-step estimator acting as the
model selector and denote by T := support(ﬁ) the model it selects, such that |f| <mn. Let
B be the post-model selection estimator defined by

5 in Q(B) : B; = hjeTe. 4.2
ﬂeargﬁnellllgpQ(ﬂ) B;j =0, for each j € (4.20)

Let B, == Q(B) — Q(Bo) and C, := @(BOT) —Q(Bo) and i = [T\ T| be the number
of wrong regressors selected. Then, if condition RSE(m) holds, for any e > 0, there is a

constant K. independent of n such that with probability at least 1 — ¢, for ﬁ = x;B we
have

17 Pl < Kooy ToB2E b ) oglen®) g iy

n

Furthermore, for any € > 0, there is a constant K. independent of n such that with
probability at least 1 — ¢,

w¢mmawwm+@mawmm

+2¢5| 1B = Boll2.n
n

lgn f;|‘ﬂ _'ﬁ0”57n4+

log () + k log(ep(0))

Con <HT' T} Hﬂofcngn + ng\/ + 2¢4 Hﬁ(ﬁc”ln

Three implications of Theorem 4 are worth noting. First, the bounds on the prediction
norm stated in Theorem 4 apply to the ols estimator on the components selected by any
first-step estimator 3, prov1ded we can bound both the rate of convergence || B— Boll2.n
of the first-step estimator and m, the number of wrong regressors selected by the model
selector. Second, note that if the selected model contains the true model, " C T, then
we have (Bp)+ A (Cp)y = Cp = 0, and B,, does not affect the rate at all, and the
performance of the second-step estimator is determined by the sparsity m of the first-
step estimator, which controls the magnitude of the empirical errors. Otherwise, if the
selected model fails to contain the true model, that is, 7' ¢ T', the performance of the
second-step estimator is determined by both the sparsity m and the minimum between
B,, and C),. The quantity B,, measures the in-sample loss-of-fit induced by the first-step
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estimator relative to the “true” parameter value 3y, and C, measures the in-sample
loss-of-fit induced by truncating the “true” parameter 5y outside the selected model T'.

The proof of Theorem 4 relies on the sparsity-based control of the empirical error
provided by the following lemma.

Lemma 4 (Sparsity-based control of empirical error). Suppose Condition M holds. (1)
For any € > 0, there is a constant K. independent of n such that with probability at least
1—¢,

~ ~ 1 1
|Q([‘30 n 5) B Q(ﬂo) B ||5||§7n| < KEO'\/m ogp + (m —;5) Og(eﬂ(m)) H(SHQH + 265”5”27717

uniformly for all 6 € RP such that ||d7¢||o < m, and uniformly over m < n.

(2) Furthermore, with at least the same probability,

) + klog(en(0))

~ ~ log
1Q(Byz) — Qo) — [1Bozell3nl < stf\/ ( | Bogellzm + 2¢sl|Bygell2,n
uniformly for all T C T such that T\ TV| =k, and uniformly over k < s.

The proof of the lemma in turn relies on the following maximal inequality, whose proof
involves the use of Samorodnitsky-Talagrand’s type inequality.

Lemma 5 (Maximal inequality for a collection of empirical processes). Let ¢; ~ N(0,0?)
be independent for i =1,...,n, and for m =1,...,n define

en(m.n) = 022 ( g (7)) + v/l 57108 (DG + v/ -9 log(l/n)>

for any n € (0,1) and some universal constant D. Then

!
(& (%)‘ <en(m,n), for allm <n,
2.n

sup
ll67¢llo<m,lI6]]2,n>0

with probability at least 1 —ne™* /(1 —1/e).

5. Performance of least squares after lasso-based
model selection

In this section we specialize our results on post-model selection estimators to the case of

lasso being the first-step estimator. The previous generic results allow us to use sparsity

bounds and rate of convergence of lasso to derive the rate of convergence of post-model
selection estimators in the parametric and nonparametric models.
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5.1. Performance of ols post lasso

Here we show that the ols post lasso estimator enjoys good theoretical performance
despite (generally) imperfect selection of the model by lasso.

Theorem 5 (Performance of ols post lasso). Suppose Conditions M , RE(¢), and
RSE(m) hold where ¢ = (c+1)/(c—1) and m = |f \T|. If X > en||S]|eo occurs with
probability at least 1 — «, then for any € > 0 there is a constant K. independent of n
such that with probability at least 1 — o — e, for fZ = x’ﬁ we have

cenk(l)

Hf fHPn < K. U\/mlogp+(7rL+.s) log(eu(m)) + 3¢, + 1{T g T}\/Tm(l) A4+a)A/s + 205)

In particular, under Condition V and the data-driven choice of X specified in (2.12) with
log(1/a) Slogp, u/t <1, for any e > 0 there is a constant K., such that

||f— fllp,.2 <3cs+ Ké o [\/mlog(PCH(M)) + \/slog(e#(m))]

+1{T ¢ T} [Kgyam [ s 4 cé]

with probability at least 1 —a —e — 7.

(5.21)

This theorem provides a performance bound for ols post lasso as a function of 1) lasso’s
sparsity characterized by m, 2) lasso’s rate of convergence, and 3) lasso’s model selection
ability. For common designs this bound implies that ols post lasso performs at least as
well as lasso, but it can be strictly better in some cases, and has smaller regularization
bias. We provide further theoretical comparisons in what follows, and computational
examples supporting these comparisons appear in Supplementary Appendix. It is also
worth repeating here that performance bounds in other norms of interest immediately
follow by the triangle inequality and by definition of k as discussed in Remark 3.1.

The following corollary summarizes the performance of ols post lasso under commonly
used designs.

Corollary 2 (Asymptotic performance of ols post lasso).  Under the conditions of The-
orem 5, (2.5) and (3.17), as n grows, we have that

slc;gp + ¢, in general,
1= fllevz Sp o fRm o /e = op(s) and T C T up =1,
oy/s/n+cs, YT=Tup— 1.

Remark 5.1 (Comparison of the performance of ols post lasso vs lasso). We now
compare the upper bounds on the rates of convergence of lasso and ols post lasso under
conditions of the corollary. In general, the rates coincide. Notably, this occurs despite
the fact that lasso may in general fail to correctly select the oracle model T as a subset,
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that is T ¢ T. However, if the oracle model has well-separated coefficients and condition
and the approximation error does not dominated the estimation error — then ols post
lasso rate improves upon lasso’s rate. Specifically, this occurs if condition (2.5) holds and
m = op(s) and T C T wp — 1, as under conditions of Theorem 2 Part 1 or in the
case of perfect model selection, when 7' = T wp — 1, as under conditions of [31]. Under
such cases, we know from Corollary 1, that the rates found for lasso are sharp, and they
cannot be faster than o4/slogp/n. Thus the improvement in the rate of convergence of
ols post lasso over lasso in such cases is strict.

5.2. Performance of ols post fit-lasso

In what follows we provide performance bounds for ols post fit-lasso E defined in equation
(4.20) with threshold (2.9) for the case where the first-step estimator 3 is lasso. We let

T denote the model selected.

Theorem 6 (Performance of ols post fit-lasso). Suppose Conditions M , RE(¢), and
RSE(im) hold where ¢ = (c+ 1)/(c — 1) and m = [T\ T|. If X > cn||S||s0 occurs with
probability at least 1 — «, then for any € > 0 there is a constant K. independent of n
such that with probability at least 1 — a — €, for f; = :CQE we have

n

1F = Flle 2 < Koo/ ZRert oo ml | g, (7 ¢ T | 20 (S22 o+ 2c.).

Under Condition V and the data-driven choice of \ specified in (2.12) with log(1/a) <
logp, u/l <1, for any € > 0 there is a constant K. , such that

£,

Hf— fle,2 <3cs+K.,0 {\/ﬁwlog(zileu(ﬁz)) + \/Slog(iu(ﬁz)):| i

+1{T ¢ T} [K;)aa slogp 1o+ cs]

n

(5.22)

with probability at least 1 —a—e — 7.

This theorem provides a performance bound for ols post fit- lasso as a function of 1)
its sparsity characterized by m, 2) lasso’s rate of convergence, and 3) the model selection
ability of the thresholding scheme. Generally, this bound is as good as the bound for
ols post lasso, since the ols post fitness-thresholded lasso thresholds as much as possible
subject to maintaining certain goodness-of-fit. It is also appealing that this estimator
determines the thresholding level in a completely data-driven fashion. Moreover, by con-
struction the estimated model is sparser than ols post lasso’s model, which leads to an
improved performance of ols post fitness-thresholded lasso over ols post lasso in some
cases. We provide further theoretical comparisons below and computational examples in
the Supplementary Appendix.

The following corollary summarizes the performance of ols post fit-lasso under com-
monly used designs.
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Corollary 3 (Asymptotic performance of ols post fit-lasso). Under the conditions of
Theorem 6, if conditions in (2.5) and (3.17) hold, as n grows, we have that the ols post
fitness-thresholded lasso satisfies

o Sl‘:lﬁ—l—cs, in general,
If = flle..2 Sp a\/o(s)nﬂ—i-a\/%—i-cs, if m=op(s) and TCT wp — 1,
oﬁ—i—cs, if T=T wp—1.

Remark 5.2 (Comparison of the performance of ols post fit-lasso vs lasso and ols
post lasso). Under the conditions of the corollary, the ols post fitness-thresholded lasso
matches the near oracle rate of convergence of lasso and ols post lasso: o/slogp/n+ cs.
If m=op(s) and T C T wp — 1 and (2.5) hold, then ols post fit-lasso strictly improves
upon lasso’s rate. That is, if the oracle models has coefficients well-separated from zero
and the approximation error is not dominant, the improvement is strict. An interesting
question is whether ols post fit-lasso can outperform ols post lasso in terms of the rates.
We cannot rank these estimators in terms of rates in general. However, this necessarily
occurs when the lasso does not achieve the sufficient sparsity while the model selection
works well, namely when m = op(m) and T C T wp — 1. Lastly, under conditions
ensuring perfect model selection, namely condition of Theorem 2 holding for ¢ = ¢,, ols
post fit-lasso achieves the oracle performance, o+/s/n + cs. [l

5.3. Performance of the ols post thresholded lasso

Next we consider the traditional thresholding scheme which truncates to zero all compo-
nents below a set threshold ¢. This is arguably the most used thresholding scheme in the
literature. To state the result, recall that 8;; = 8;1{|8;] > t}, m := |T\T|, my := |T\ T
and v, := ||B; — 3”2,1 where 3 is the lasso estimator.

Theorem 7 (Performance of ols post t-lasso). Suppose Conditions M , RE(¢), and
RSE(m,) hold where ¢ = (¢4 1)/(c — 1) and m = [T\ T|. If X > cn||S||s0 occurs with
probability at least 1 — o, then for any ¢ > 0 there is a constant K. independent of n
such that with probability at least 1 — o — e, for ﬁ = x;E we have

1F = fllens < Koy PAosp Ot iostentm)) 4 5o (T ¢ T} (70 + L Y5 4 2¢,) +

c nk(c)

+UT ¢ T}\/{KEU\/mongmns)1og(w(ﬁz>> +2CS} (%Jr 14e A5 +2CS)

c nk(c)

where v < ty/d(my)my. Under Condition V and the data-driven choice of A specified
in (2.12) for log(1/a) $logp, u/t S1, for any € > 0 there is a constant K[ , such that
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with probability at least 1 —a—¢e — T

1F=fllee < Se +KL, {a\/wm/mﬁw n

+1{T@f} [”yt—i-K;aa slogp 14 g0

n  k(c)

This theorem provides a performance bound for ols post thresholded lasso as a func-
tion of 1) its sparsity characterized by m and improvements in sparsity over lasso char-
acterized by my, 2) lasso’s rate of convergence, 3) the thresholding level ¢ and resulting
goodness-of-fit loss 7; relative to lasso induced by thresholding, and 4) model selection
ability of the thresholding scheme. Generally, this bound may be worse than the bound
for lasso, and this arises because the ols post thresholded lasso may potentially use too
much thresholding resulting in large goodness-of-fit losses ;. We provide further theoret-
ical comparisons below and computational examples in Section D of the Supplementary
Appendix.

Remark 5.3 (Comparison of the performance of ols post thresholded lasso vs lasso and
ols post lasso). In this discussion we also assume conditions in (2.5) and (3.17) made
in the previous formal comparisons. Under these conditions, ols post thresholded lasso
obeys the bound:

~ mlo s ~ slo
1F = Fllenz Sp oy =2 + a\/;+ e+ 1T ¢ T} <~yt Vol ngp> . (5.23)

In this case we have mVm; < s+m <p s by Theorem 3, and, in general, the rate above
cannot improve upon lasso’s rate of convergence given in Lemma 1.

As expected, the choice of ¢, which controls ; via the bound ~; < ty/¢(m;)my, can
have a large impact on the performance bounds: If

t S oy B2 then ||f — fllp, 2 Spoy/HEE 4 e, (5.24)

The choice (5.24), suggested by [19] and Theorem 3, is theoretically sound, since it
guarantees that ols post thresholded lasso achieves the near-oracle rate of lasso. Note
that to implement the choice (5.24) in practice we suggest to set ¢ = A\/n, since the
separation from zero of the coefficients is unknown in practice. Note that using a much
larger ¢ can lead to inferior rates of convergence.

Furthermore, there is a special class of models — a neighborhood of parametric models
with well-separated coefficients — for which improvements upon the rate of convergence of
lasso is possible. Specifically, if m = op(s) and T C T wp — 1 then ols post thresholded
lasso strictly improves upon lasso’s rate. Furthermore, if m = op (M) and T C T wp — 1,
ols post thresholded lasso also outperforms ols post lasso:

ra m) 1
17~ Flona e oy 2082 fve
| ] :
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Lastly, under the conditions of Theorem 2 holding for the given ¢, ols post thresholded
lasso achieves the oracle performance, ||f — fllp,.2 Sp ov/8/n + cs. O

Appendix A: Proofs

A.1l. Proofs for Section 3

Proof of Theorem 1. The bound in || - ||2,, norm follows by the same steps as in [4],
so we omit the derivation to the supplement.

Under the data-driven choice (2.12) of A and Condition V, we have ¢ > co with
probability at least 1 — 7 since ¢’ > ¢/¢. Moreover, with the same probability we also
have A < cuoA(1 — a|X). The result follows by invoking the || - ||2,, bound.

The bound in || - ||; is proven as follows. First, assume ||07¢|[1 < 2¢[|ér|1. In this
case, by definition of the restricted eigenvalue, we have ||d]j; < (1 + 2¢)[|or]1 < (1 +
2¢)\/s]|0||2,n/k(2¢) and the result follows by applying the first bound to [|d||2,, since
¢ > 1. On the other hand, consider the case that ||d7e||1 > 2¢||dr||1. The relation

A A
—5(||5TH1 + (|67 [11) + 18113, — 2¢5|6]|2m < 5(H5T||1 = ||67<l1),

which is established in (B.35) in the supplementary appendix, implies that ||d]2,, < 2¢
and also

c n
c—1M\

1 1 2c n
< (14 = i < (14 = ~cl.
ot < (14 52 ) ol < (14 52 ) 2552

The result follows by taking the maximum of the bounds on each case and invoking the
bound on ||d]|2,n-

C n
orelly < €l — |5
1o7<[lx < €flor(l+—— 3 119]

2.n(2¢5—0]]2,n) < [[o7[[1+

Thus,

(I
Proof of Theorem 2. Part (1) follows immediately from the assumptions.
To show part(2), let § := 3 — By, and proceed in two steps.
Step 1. By the first order optimality conditions of 5 and the assumption on A
[En[zeed]lloc < [En[re(ye — 24B)lloc + [15/2]l0c + [En[Tere]|loo
< % + ﬁ +min{%,cs
since [|Ep[ZeTe]l|co < min {%, cs} by Step 2 below.
Next let e; denote the jth-canonical direction. Thus, for every j =1,...,p we have
Enlejrexyd] — 65 = [Enle)(zexy — 1)0])] < maxi<jr<p [(En[zexy — I])jk| [10]l1
< [18ll/[Us].
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Then, combining the two bounds above and using the triangle inequality we have

1011
Us '

1\ A o
< . . 00 n|Le . - 00 < )5 i = Cs
91 < 1B fonllo + [Enlon] ~ o < (14 3) ot 4 min{ v+

The result follows by Theorem 1 to bound ||4||; and the arguments in [4] and [19] to show
that the bound on the correlations imply that for any C' > 0

K(C) > /1= 5(1 4 20)||En[zez, — 1]
so that k(¢) > /1 —[(1 4 2¢)/U] and x(2¢) > /1 — [(1 + 4¢)/U] under this particular
design.
Step 2. In this step we show that ||E,[zere][cc < min {%, cs} . First note that for
every j = 1,...,p, we have [Ep[zejre]| < /Ep[23,]E,[r2] = cs. Next, by definition of 5y
n (2.2), for j € T we have Ey[24;(fe — 2,50)] = Ep[xe;re] = 0 since Sy is a minimizer

over the support of fy. For j € T we have that for any t € R

En[(fo = 2450)%] + 02% < Eu[(fo — B0 — tzej)?] + o2 :; 1,

Therefore, for any ¢t € IR we have
_‘72/” <En[(fo— xl.ﬂo - tx-j)2] —En[(fe— xl.ﬂo)2] = _QtEn[$-j(fo - 17/.50)] +t2En[xgj]'
Taking the minimum over ¢ in the right hand side at t* = E, [z4;(fe — 2, 50)] we obtain

—0%/n < —(En[7ej(fo — 24 0)])? or equivalently, [y [2e;(fo — 250)]| < o/y/n. O

Proof of Lemma 2. Let T = support(ﬁ), and m = |f\T| We have from the optimality
conditions that |2E,[xe;(ye — 2,53)]| = A/n for all j € T. Therefore we have for R =
(riyeeo,rn)

VI < 2l - XB)z i
< (XY — R XBo)zll + 2(X'(R+ X o — XB))
< 1L llSlloe + 20 /BEN Eal(zB — £2)2)V2,

where we used the definition of ¢(m) and the Holder inequality. Since A\/c > n||S]|ec We
have

(1= 1/e)\/ITIX < 203/ G(7) (En[(24 5 — fo)*])'/2. (A.25)

Moreover, since 7 < |T), and by Theorem 1 and Remark 3.1, (E,[(2}8 — fs)2])"/2 <
18 = Bollam +cs < (1+1) A5 4 3¢, we have

nk(c)
(1 —1/e)Vm < 2/d(m)(1 + 1/e)\/5/k(€) + 61/d() ncs /A
The result follows by noting that (1 —1/¢) = 2/(¢+ 1) by definition of é. O
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Proof of Theorem 3. In the event X > ¢ - n||S|s, by Lemma 2 vV < /o(m) -

, 2
2¢\/s/k(C) + 3(¢+ 1)\/o(Mm) - ncs /A, which, by letting L,, = (% +3(c+ 1)/{1\0/;) , can
be rewritten as

i < s - $() Ln. (A.26)

Note that m < n by optimality conditions. Consider any M € M, and suppose m > M.
Therefore by Lemma 3 on sublinearity of sparse eigenvalues

m<s- [——‘ (M) L,.
Thus, since [k] < 2k for any k > 1 we have M < s-2¢(M)L,, which violates the condition
of M € M. Therefore, we must have m < M. In turn, applying (A.26) once more with

m < (M An) we obtain m < s-¢(M An)L,. The result follows by minimizing the bound
over M € M. O

A.2. Proofs for Section 4

Proof of Theorem 4. Let 5 AZNB — Bo. By definition of the second-step estimator, it
follows that Q(3) < Q(B) and Q(8) < Q(Byq). Thus,

Q(B) - Q(B) < (QB) - QBn)) A (QByr) = QB)) < Bu A C.

By Lemma 4 part (1), for any € > 0 there exists a constant K. such that with probability

at least 1 —&: |Q(B) — Q(Bo) — [10]12.] < Acnll8]l2,n + 2¢5]10]|2,n Where

Ac = Koo/l log p + (7 + 5) log(ep(i)) /.

Combining these relations we obtain the inequality ||6~H§n —Aen ||g|\2n —2¢4 ||g||2n < B, A

C',, solving which we obtain the stated inequality: ||g||2n < A 2+ (Bp)x A (Ch)+.
Finally, the bound on B,, follows from Lemma 4 result (1). The bound on C,, follows
from Lemma 4 result (2). O

Proof of Lemma 4. Part (1) follows from the relation

QB0 +8) = Q(Bo) = 1613,] = |2En[eald] + 2B [razs ],

then bounding |2E,,[rex,d]| by 2¢s||d]|2,, using the Cauchy-Schwarz inequality, applying
Lemma 5 on sparse control of noise to |2, [¢,2},6]| where we bound (?) by p™ and set
K. = 6y2log"?max{e, D,1/(e%c[1 — 1/e])}. Part (2) also follows from Lemma 5 but
applying it with s = 0, p = s (since only the components in T are modified), m = k, and
noting that we can take pu(m) with m = 0. O
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Proof of Lemma 5. We divide the proof into steps.

Step 0. Note that we can restrict the supremum over ||§|| = 1 since the function is
homogenous of degree zero. _

Step 1. For each non-negative integer m < n, and each set T C {1,...,p}, with

|T'\ T| < m, define the class of functions
Gy = {€ix;0/||d]|2,n : support(d) € T, [|6]] = 1}. (A.27)

Also define F,,, = {G5 : T c{l,...,p}:|T\T| <m}. It follows that

m) |T\T|<m feés

P(sup |Gn<f>|2en<m,n>> < (p) max P(sup |Gn<f>|zen<m,n>>. (A.28)
fE€EFm

We apply Samorodnitsky-Talagrand’s inequality (Proposition A.2.7 in van der Vaart
and Wellner [30]) to bound the right hand side of (A.28). Let

p(f,9) = VEGu(f) — Gun(9)]> = VEE[(f — 9)?]

for f,g € G7; by Step 2 below, the covering number of Gz with respect to p obeys

N(e,Gz,p) < (6opu(m)/e)™*, for each 0 < e < o, (A.29)

and 0%(G5) := maxseg. E[Gn(f)]* = 0. Then, by Samorodnitsky-Talagrand’s inequal-
ity

Dop(m)en(m,n) " -
P <fseu(§; G (f)] > en(m,n)> < ( i T so? ) D(e,(m,n)/o) (A.30)

for some universal constant D > 1, where ®=1—® and ¥ is the cumulative probabil-
ity distribution function for a standardized Gaussian random variable. For e, (m,n) de-

fined in the statement of the theorem, it follows that P (supfegf |G (f)] > en(m, 17)) <
ne~™=%/(?) by simple substitution into (A.30). Then,

P < sup |G (f)| > en(m,n),Im < n) < p ( sup |Gn(f)| > en(m,n)>
fEFm fEFm

IN

AL

ne "% <me /(1 —1/e),
0

3
]

which proves the claim. N
Step 2. This step establishes (A.29). For ¢t € R? and t € R?, consider any two functions

~
1 ~ ~
T and ¢; |(§Z ) in Gz, for a given T C {1,...,p} : [T\ T| < m.
2,n 2,n
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We have that

T Ay e R
o tllom/ |~ [1£113,.. ltlhzn  IEll2n
By definition of G in (A.27), support(t) C T and support(t) C T, so that support(t —
1) CT,|T\T|<m,and |t| =1 by (A.27). Hence by definition RSE(mn),

CAED)E
NG

r ~ ~ 2 ~ ~ 2
op e (@D @D\ | _ | 2@ ([~
*\Tllen Tz T

~ 2
lItl12,n — lIt]l2, = ~ -
= 02 < |TtH2 = < 02||t - tH%,n/”t”;n < 02¢(m)|‘t - tHQ/K(m)Q?
n

EE, ] < o?p(m)||t — t]]?/(m)?, and

so that

EEnf£<ﬁ§§1—|%“>> < 20|t — T|lv/3(m) /F(m) = 2op(m) |t .

2,n

Then the bound (A.29) follows from the bound in [30] page 94, N (e, G5, p)
< N(e/R,B(0,1),] - ]|) < (3R/e)™** with R = 20u(m) for any ¢ < 0. O

A.3. Proofs for Section 5

Proof Qf Theorem 5. First note that if 7" C T we have C,, = 0 so that B, ANC,, <
H{T ¢ T}B,.

_ Next we bound B,,. Note that by the optimality of 3 in the lasso problem, and letting
0= ﬂ - BO)

By = Q(B) = Q(Bo) < 2(1Boll = 1B11) < 28zl = [[57<][0)- (A.31)

If |67<|ly > ||67|l1, we have Q(B) — Q(Bo) < 0. Otherwise, if ||57<||1 < |71, by RE(1)

we have

By = Q(B) — Q(Bo) < 2|1é7|x < %ﬁ,!ﬂl)m' (A.32)

The result follows by applying Theorem 1 to bound ||g|\2n, under the condition that
RE(1) holds, and Theorem 4.

The second claim follows from the first by using A < y/nlogp under Condition V, the
specified conditions on the penalty level. The final bound follows by applying the relation
that for any nonnegative numbers a, b, we have vab < (a + b)/2. O
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Supplementary Appendix

Appendix A: Additional Results and Comments

A.1. On the Oracle Problem

Let us now briefly explain what is behind problem (2.2). Under some mild assumptions,
this problem directly arises as the (1nfea51b1e) oracle risk minimization problem Indeed,
consider a least squares estimator ﬂT, which is obtained by using a model T i.e. by
regressing y; on regressors x; [T] where x;[T ] = {x;5,j € T} This estimator takes value
3:; = E,[#e[T)2e[T)] " Ey,[24[T]ya]. The expected risk of this estimator E,E[f, — x.BT]
is equal to

min B, (f. — 7 TV8)7] + 0%

BERITI n’

where k = rank(E, [z [T]z4[T]']). The oracle knows the risk of each of the models T and

can minimize this risk

min min B, [(fo — 2[T)'B) ]—1-02E
T BeRITI n

by choosing the best model or the oracle model 7. This problem is in fact equivalent
o (2.2), provided that rank (E, [xe[T]2e[T]']) = ||Bo0llo, i-e. full rank. Thus, in this case
any value fy solving (2.2) is the expected value of the oracle least squares estimator
Br = Enlze[T)2e[T)] ' Enlze[T]ye), i-e. Bo = En[we|T)2e[T)]  En[ze[T]f.]. This value
is our target or “true” parameter value and the oracle model T is the target or “true”
model. Note that when ¢; = 0 we have that f; = x5y, which gives us the special
parametric case.

A.2. Estimation of o — finite-sample analysis

Consider the following algorithm to estimate o.
Algorithm (Estimation of o using lasso iterations) Set gy = /Var, [ye].

(1) Compute the lasso estimator B based on A = dooA(1 — ol X);
(2) Set & =/Q(B).
The following lemmas establish the finite sample bounds on ¢, u, and 7 that appear

in Condition V associated with using oy and 4/ @(3) as an estimator for o.
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Lemma 6. Assume that for some k > 4 we have E[|y;|¥] < C uniformly in n. There

18 a constant K such that for any positive numbers v and r we have with probability at

_ _KC¢c _ _KC_
least 1 /Ay k]2 nE/2pk

65 — og| < v+r(r+2C"F)
where oo = \/ Var{ye.

Proof. We have that 55 — o3 = E,[y2 — E[y2]] — (En[ye])? + (EE,[ye])%.
Next note that by Markov inequality and Rosenthal inequality, for some constant
A(r/2) we have

E>™ 12—]'312 k/2 T max{> " i|* o |4k
P(Eafy? - EZ)| > v) < PEL oyl < A2 mexlni, B (o 07
< A(k/2) max{nC, Ccnt/*y A(k/2)C

R 2yR/2 > R7Agk/z

Next note that (E,[ye])? — (EE,[ye])? = (En[ye + E[ye]]) (Er[ye — E[ye]]). Similarly, by

Markov inequality and Rosenthal inequality, for some constant A(r), we have P(|E,[ye —
Elge]l| > 1) < % Thus,

Q

A(k)

nk/2pk

The result follows by choosing K > A(k) Vv A(k/2). O

P(|(Enlye])® = (EEn[ya])?| > r(r +2CY%)) <

Lemma 7. Suppose that Condition M holds and that X\ > cn||S||e with probability at
least 1 — a. Then, for any €,y € (0,1) we have

~

(

g

Q)

2\%s 2cs\/5 2 2¢,
<1 = 4+ —/2log1l
S et o) T o2 t oy V2l te

2

)

9) 2 (244e A2 » 2¢s
Q()Zl—c—s—(+0) S +C \/§+C2_ C /210g1/’}/—8

o? o? co? n?k(2¢)k(¢)  nk(2c) ¢ ov/n
with probability 1 — a — 2 exp(—ne?/12) — 7.

Proof. We start by

Q(B) _ Q(B) — Enled]
o2 o2
To control the second term we invoke tail-bounds for the chi-square distribution, see for
instance Lemma 4.1 in [1]. Indeed, for any ¢ > 0 we have

P[] < 0*(1 - &) < exp (—”—52 (3-5)) wa

2 2 3

P(E,[€3] > 0%(1 +¢)) < exp <_n752 : (% - %)) .
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To bound the first term, we have

Q\(B\) —E,lel] = Q\(B\) - @(ﬁO) +En[r2] + 2En [eors).
where E,[r2] = ¢ and since 2E,[ee7e] ~ N(0,40%c¢2/n) it follows that 2E,[cers] <
(2¢s/+/n)(y/2log1/v) with probability 1 — ~
Finally, we bound the term @(3) — @(ﬁo) from above and below. To bound above, we
use the optimality of 3, so that @(B) — O(0) < 2(I8ell — 6z ). T [6z] < 67+
we have @(B) —Q(Bo) < 0. Thus we can assume |67 |1 < [|07|1. Then, with probability

at least 1 — a we have A > ¢n||S||o and by the definition of RE(1) and Theorem 1 we
have

R A\/_ l A2s 2CSA\/§
Q(B) - Q(Bo) < (T )H5H2n— (” c> 2R nn(l)

To bound from below note that by convexity
Q(B) = Q(Bo) = I3, — 1S lc 10111 = 2¢5]I6]l2,n

It follows that ||]|3 ,, — 2¢]|6]|2,n > —c2. Next, we invoke the ¢;-norm bound in Theorem
1 so that

Q(B) — Q(Bo) > —

B [/\(2+4c) Vs (/\\/E +Cs)] y [(2+4c)c§] '

en  k(2¢) \ nk(e) ¢

The result follows by simplifying the expression above. O

The result below verifies Condition V relying on Lemmas 6 and 7.

Theorem 8. Assume that Condition M hold and for some k > 4 we have E[|y;|*] < C
uniformly in n. Then, for any e, € (0,1) we have that Condition V holds with

ok/2
T=1—-a-— Kk/4 (Clok)(1 —c/d)F/? = Kk(j2 (C?/o3F) - (1 — ¢/ )% — 2exp(—ne?/12) —

25 (3¢ goA(1 — a| X))?

u<l1l+ + (3c'o0A(1 — a| X)) 2es/s —|——+ 2c: 2log1/v + ¢,

o2n?k(1)? o2nr(1) o

2 (244¢) | (3¢ooA(l — alX))?s  cs (3cooA(l — | X)) /5 o] 20
>1-—=- | - =/ —e.
e WR@ORE) R (20) M VA G

Proof. By Lemma 6 Wit}i/’g =02 (1—¢/c)/2 and r= (UO/Cl/k) (1 —e¢/c")/6, with
]|pr20babizlity at21(east 1/—/)% (ClobY(1—c/c) /%~ 711(,32 (C?/o2k)- (1 —c/c)7F, we have
o5 — o3| <o5(1—c¢/c) so that

52
c/c< <2+c/c < 3.

Since o < gy, for A\ = -7 - A(1 — a|X) we have A > en||S||oo- with probability at
least 1 — a — £22(C/q )(1 - c/c) k2 K6 (02 aBR) (1 —c/d)F
Thus, by Lemma 7, we have that Condition V holds with the stated bounds. O
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Under the typical design conditions
k(2¢) 2 1, a=o(1), and slog(p/a) = o(n), (A.33)

the bounds stated in Theorem 8 establish that £ — 1, u — 1 and 7 — 0 asymptotically.
In finite samples, the following lemma ensures that ¢ > 0.

-~

Lemma 8. We have that 69 > 0 and o = @( ) > 0 with probability 1.

Proof. First note that 5y = /Var,[ye] = 0 only if y; = 7 for every i = 1,...,n. That
is, ¢, = Ep [z}, B0 + €o] — }Bp which is a zero measure event.

Next note that o = \/Q\(B) = 0 only if y; = x;B for every ¢« = 1,...,n. By the
optimality conditions we have 0 € VQ(3) + 20 - [11(B (A) Since V@(ﬁ) = 0, we have
0 € || ||1(B) which implies that 3 = 0. In turn y; = [3 =0 for every i = 1,...,n which
is a zero measure event since y; = ;80 + €;. O

A.3. Perfect Model Selection

The following result on perfect model selection also requires strong assumptions on
separation of coefficients and the empirical Gram matrix. Recall that for a scalar v,
sign(v) = v/|v| if Jv] > 0, and 0 otherwise. If v is a vector, we apply the definition
componentwise. Also, given a vector x € R? and a set T C {1,...,p}, let us denote
,TZ[T] = {l‘ij,j S T}

Lemma 9 (Cases with Perfect Model Selection by lasso). Suppose Condition M holds.
We have perfect model selection for lasso, T =T, if and only if

n [2e[T e [T]] Ey [wa[T]aa[T)] {]En [e[T]us]

— 2sign(fo[T]) } — Enfwa[T*u]

< X

— 2n?’

minjer |Bo; + (En [2[T]2e [T]]) " {En[2e[T]us] — 2-sign(Bo [T])})j‘ > 0.

The result follows immediately from the first order optimality conditions, see [31]. The
paper [34] provide further primitive sufficient conditions for perfect model selection for the
parametric case in which u; = ¢;, and [5] provide some conditions for the nonparametric
case. The conditions above might typically require a slightly larger choice of A than
(2.12), and larger separation from zero of the minimal non-zero coefficient miner |Bo;|-

imsart-bj ver. 2009/08/13 file: Post-LASSO-SecondRevision_AfterSubmitted_vOl.tex date: August 26, 2011



31
Appendix B: Omitted Proofs

B.1. Section 2: Proof of Lemma 1

Proof of Lemma 1. We can assume that m + s > 1. Let 07 = E,[#3,] for j =

1,...,p. Moreover, let c.(m) and ¢*(m) denote the minimum and maximum m-sparse
eigenvalues associated with E,,[ZeZ,] (unnormalized covariates). It follows that ¢(m) <
max <j<p 0;¢*(m + s) and &(m)? > mini<j<p 7;¢.(m + s). These relations shows that
for bounding ¢*(m + s) and c.(m + s) it suffices to bound ¢(m), k(m), and deviations of
0;’s away from 1.

Note that P(maxi<j<p|0; — 1] <1/4) — 1 as n grows, since

P(maxi<j<p|0; — 1| > 1/4) < pmaxigj<, P(165 — 1] > 1/4)
<pmaxicj<p P 300, (8 — 1) > n/4)
< 2pexp(—n?/[32nK?2 + 8K2n/3]) — 0

by Bernstein’s inequality (Lemma 2.2.9 in [30]), Var(z};) < K7, and the side condition
K2logp = o(n).

Under slog(n)log®(slogn) < n[r/e'/?][e¢/K,]?/[(logp)(logn)] for some ¢ > 0 small
enough, the bound on ¢(m) and %(m)? follows from the application of (a simple extension
of) results of Rudelson and Vershynin [25], namely Corollary 4 in Appendix C. O

B.2. Section 3: Proofs of Theorem 1 and Proof of Lemma 3

Proof of || - ||2,, bound in Theorem 1. Similar to [4], we make the use of the following
relation: for § = 8 — By, if A > en||S]co

-~

Q(B) —Q(Bo) = 163, = 2E,[eaad] + 2B, [razld] > —|Slocl|8]l1 — 2¢5]|8]12,n

>

= (ol + [107<[l1) = 2¢s16]|2,n (B.34)

By definition of 3, Q(B) — Q(f) < 2[|Bolli — 2[|8]1, which implies that

A A
(62l + 116zell1) + 116113, — 2¢5/18]|2,n < E(H(STHl — |167<1) (B.35)

cn

If |6]|3,,, — 2¢s[|6]|2,n < O, then we have established the bound in the statement of the
theorem. On the other hand, if [|0]|3,, — 2¢4]|0|2,n > 0 we get for ¢ = (c+1)/(c — 1)

1671 < & [|or]|1, (B.36)

and therefore ¢ belongs to the restricted set in condition RE(¢). From (B.35) and using
RE(¢) we get

1\ A\ 1
1812, — 2¢4]|8llam < (1 i —) ool < <1 n —)
C n C

which gives the result on the prediction norm. O

\/g/\ ”6”2,11

n k(¢
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Proof of Lemma 3. Let W := E,[ze.x,] and & € R” be such that ¢([¢k]) = & Wa
and ||@|| = 1. We can decompose

[] []
=Y a;, with > [lairelo = [laze o and cir = G/ [€],
i=1 i=1
where we can choose «;’s such that ||a;re||o < k foreachi =1,...,[{], since [¢]k > [lk].

Note that the vectors a;’s have no overlapping support outside 7. Since W is positive
semi-definite, a;Wa; + a;Wa; > 2|ajWa;| for any pair (7, j). Therefore

s([tk]) =awa = Y1 S alwa,

I o) S (] 2] ol W

[0 o1 w12 ¢<||am|\o> < [0 maxi—y, _ &(||eirello) < [£](K),
where we used that

[l [l I dT ”2 [€]
Z sl = > (o | + llevire |1*) = + Z levie||* < [|a]|* =
=1

<
<

B.3. Section 4: Relation after (A.30) in Proof of Lemma 5

Proof of Lemma 5: Relation after (A.30). First note that ®(t) < exp(—t2/2) for
t > 1. Then,

m—+s _
I = (7D Homen () B (e (m,m) /o)
< exp ( e é;nzn) + (m + s)log [‘:‘;%ﬂ + (m+s) log(DUu(m)))

= exp (_ (m2+s) {%} + (m + s)log [%%ﬂ + (m+s) log(Dau(m)))

Next note that logz < x2/4 if x > 2/2. Note that e, (m,n)/[v/m + so] > 2v/2 since
p(m) > 1 and we can take D > e. Thus, the expression above is bounded by

I <exp (_ (m+ S) [en(m,ﬁ) :| + (m+ S) log(Dau(m)))

4 Vm + so
= exp —% + (m+s) log(Dau(m)))

<oxp (<og (7)) = (m+ 5y 10s(1/n))
O
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B.4. Section 5: Proofs of Theorem 6 and 7

In this Section we provide the proof for Theorems 6 and 7. We begin with Theorem 6
which threshold level is set based on the fit of the second step estimator relative to the
fit of the original estimator, in this case lasso.

Proof of Theorem 6. Let B, := @(B) — @(BO) and C, == @(ﬁof) — @(ﬂo). It follows
by definition of the estimator that B, < v+ @(B) — Q(By). Thus, by Theorem 4, for any
€ > 0, there is a constant K. independent of n such that with probability at least 1 — ¢
we have

||B— Boll2,n < stf\/mlogp * (@ —;S) log(ep () + 2¢s + (En)Jr A (671)+7
(Ba)s <7+ Q(B) = Qo).
(Bn)+ A (Cn)y < {T £ T}HBn)+,
since 5n=01fT§f.A R
We bound B,, = Q(8) — Q(fo) as in Theorem 5, namely,

DXV 1 A2s 2csM\/$
= nr(l) 15 = Bollz.n < (1 + _> n?k(1)2  nk(l)

C

B,

The second claim follows from the first by using A < y/nlogp under Condition V, the
specified conditions on the penalty level. The final bound follows by applying the relation
that for any nonnegative numbers a, b, we have vab < (a + b)/2. O

The traditional thresholding scheme which truncates to zero all components below a
set threshold ¢. This is arguably the most used thresholding scheme in the literature.
Recall that 8;; = B;1{1B8;] > t}, m = |T\T|, my :== [T\ T| and ¢ := ||B; — 5||2,n where

B is the lasso estimator.

Proof of Theorem 7. Let B, := @(Bt) —Q(Bo) and C,, := @(ﬁof) —Q(B).
By Theorem 4 and Lemma 4, for any € > 0, there is a constant K. independent of n
such that with probability at least 1 — ¢ we have

- Ml m 1 m - =
17 = follan SKEJ\/m ogp+(m4;8) og(ep(m)) + 200 +\/(Ba)s A (Co)ss

(Bn)+ < 18" = Boll3.n + +2¢5 | 18" = Boll2n,

P Wogm 7+ ) o)

(Bn)+ A (Cn)y < {T Z TH(Bn)+,

since CN'n:OifTCT. R
Next note that by definition of ~y;, we have ||3t — S|
follows by applying Theorem 1 to bound ||3 — S|

on <Y+ Hg—ﬁng,n. The result

2,n-
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The second claim follows from the first by using A < y/nlogp under Condition V,
the specified conditions on the penalty level, and the relation that for any nonnegative
numbers a, b, we have vab < (a + b)/2. O
Appendix C: Uniform Control of Sparse Eigenvalues

In this section we provide a simple extension of the sparse law of large numbers for
matrices derived in [25] to the case where the population matrices are non-isotropic.

Lemma 10 (Essentially in [25] Lemma 3.8). Let x1,...,2,, be vectors in IRP with
uniformly bounded entries, ||zillcoc < K for all i = 1,...,n. Then, for independent
Rademacher random wvariables €;, i = 1,...,n, we have

n
> ei(aia)’®
i=1

" 1/2
< (CK\/Elog(k)\/log(p V n)4/log n) sup (Z(miaf)

llello<k,llell=1 \ ;=1

E sup
llello<k,llerl|=1

where C is a universal constant.

Proof. The proof follows from Rudelson and Vershynin [25] Lemma 3.8 setting A =
K/Vk instead of A = 1/v/k so that the constant C(K) can be taken C - K. O

Lemma 11 (Essentially in [25] Theorem 3.6). Let z;, i = 1,...,n, be i.i.d. random
vectors in IRP with uniformly bounded entries, ||zi||lcc < K a.s. for alli=1,...,n. Let

Op = 2 (CK\/Elog(k)\/log(p\/n)\/logn) /v/n, where C is the universal constant in
Lemma 10. Then,

E [ sup ‘En [(o/xi)2 - E[(o/a:i)z]] ‘] < 5,21 + 0n sup E[(a/x;)?].
[leelfo <k, |lex||=1 [leelfo <k, ||| =1

Proof. Let
Vi = sup ’En [(o/2)? — E[(o/wi)2]” :

llello<Fk,llal|=1

Then, by a standard symmetrization argument (see Guédon and Rudelson [16], page
804)

nE[Vi] < 2E.E. {Supnanosze,nanzl > Ei(a’xi)ﬂ :
Letting

¢(k) = sup  En[(a’z;)’] and p(k)=  sup  E[(a'z;)%],
lello<k,lall<1 lallo<k lafi=1

we have ¢(k) < (k) + Vi and by Lemma 10

REVi] <2 (CKVElog(k)y/log(p v n)vIogn) vitEx [v/6(k)]
<2 (CKVEklog(k)y/log(p vV n)viogn ) /n\/o(k) + E[Vi].
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The result follows by noting that for positive numbers v, A, B, v < A(v 4+ B)'/? implies
v< A%+ AVB. 0

Corollary 4. Suppose x;, 1 =1,...,n, are i.i.d. vectors, such that the population design
matriz E[z,x}] has its k-sparse eigenvalues bounded from above by ¢ < oo and bounded
from below by k* > 0. If x; are arbitrary with maxi<;<p ||Zi]|c < K, a.s., and the
condition K2klog?(k)log(n)log(p V n) = o(nk*/¢) holds,

P ( sup En[(a/xi)Q] < 2¢p, |

lledllo <k, [[cefl=1

E,[(a/z;)%] > n2/2> =1-o0(1).

inf
lalo<k, [lafl=1
Proof. Let Vi, = supja)j,<k,jaf=1 |Ey [(o/2;)? — E[(¢/2;)?]]| . 1t suffices to prove that
PV > k?/2) = o(1). Indeed,

sup En[(a’xi)2] <Vi+ ¢ and En[(a/xi)2] > k2 — V.

inf
[[allo<k,|laf=1 laflo<k,[la|l=1

By Markov inequality, P(Vy > k?/2) < 2E[V,]/k? and the result follows provided
that E[Vi] = o(k?).

For §,, :=2 (C’Kn\/Elog(k)\/log(p V n)y/log n) /+/n, by Lemma 11, we have E[Vj]

<
62 + 0,,/@ = o(k?) by the growth condition in the statement. O

Appendix D: Empirical Performance Relative to lasso

In this section we assess the finite sample performance of the following estimators: 1)
lasso, which is our benchmark, 2) ols post lasso, 3) ols post fit-lasso, and 4) ols post
t-lasso with the threshold ¢ = A/n. We consider a “parametric” and a “nonparametric”
model of the form:

yi=fi+e, fi=z0, e~N(0,0%), i=1,...,n,
where in the “parametric” model
6o=C-[1,1,1,1,1,0,0,...,0], (D.37)
and in the “nonparametric” model
Op=C-[1,1/2,1/3,...,1/p]". (D.38)

The reason the latter model is called “nonparametric” is because in that model the
function f(z) = E§:1 zj0p; is numerically indistinguishable from the function g(z) =
Z;’;l zj7;0, characterized by the infinite-dimensional parameter ; with true values ;o =
1/7.
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The parameter C' determines the size of the coeflicients, representing the “strength of
the signal”, and we vary C' between 0 and 2. The number of regressors is p = 500, the
sample size is n = 100, the variance of the noise is 02 = 1, and we used 1000 simulations
for each design. We generate regressors from the normal law z; ~ N(0,%), and consider
three designs of the covariance matrix X: a) the isotropic design with X;, = 0 for j # k,
b) the Toeplitz design with ¥, = (1/2)F=* and c) the equi-correlated design with
Y, = 1/2for j # k; in all designs ¥;; = 1. Thus our parametric model is very sparse and
offers a rather favorable setting for applying lasso-type methods, while our nonparametric
model is non-sparse and much less favorable.

We present the results of computational experiments for each design a)-c) in Figures
2-4. The left column of each figure reports the results for the parametric model, and
the right column of each figure reports the results for the nonparametric model. For each
model the figures plot the following as a function of the signal strength for each estimator

B:
e in the top panel, the number of regressors selected, E[|T|],
e in the middle panel, the norm of the bias, namely ||E[S — 60]|l,
e in the bottom panel, the average empirical risk, namely E[E,[f; — z/3]?].

We will focus the discussion on the isotropic design, and only highlight differences for
other designs.

Figure 2, left panel, shows the results for the parametric model with the isotropic
design. We see from the bottom panel that, for a wide range of signal strength C', both
ols post lasso and ols post fit-lasso significantly outperform both lasso and ols post t-lasso
in terms of empirical risk. The middle panel shows that the first two estimators’ superior
performance stems from their much smaller bias. We see from the top panel that lasso
achieves good sparsity, ensuring that ols post lasso performs well, but ols post fit-lasso
achieves even better sparsity. Under very high signal strength, ols post fit-lasso achieves
the performance of the oracle estimator; ols post t-lasso also achieves this performance; ols
post lasso nearly matches it; while lasso does not match this performance. Interestingly,
the ols post t-lasso performs very poorly for intermediate ranges of signal.

Figure 2, right panel, shows the results for the nonparametric model with the isotropic
design. We see from the bottom panel that, as in the parametric model, both ols post
lasso and ols post fit-lasso significantly outperform both lasso and ols post fit-lasso in
terms of empirical risk. As in the parametric model, the middle panel shows that the first
two estimators are able to outperform the last two because they have a much smaller
bias. We also see from the top panel that, as in the parametric model, lasso achieves good
sparsity, while ols post fit-lasso achieves excellent sparsity. In contrast to the parametric
model, in the nonparametric setting the ols post t-lasso performs poorly in terms of
empirical risk for almost all signals, except for very weak signals. Also in contrast to the
parametric model, no estimator achieves the exact oracle performance, although lasso,
and especially ols post lasso and ols post fit-lasso perform nearly as well, as we would
expect from the theoretical results.

Figure 3 shows the results for the parametric and nonparametric model with the
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Toeplitz design. This design deviates only moderately from the isotropic design, and
we see that all of the previous findings continue to hold. Figure 4 shows the results
under the equi-correlated design. This design strongly deviates from the isotropic design,
but we still see that the previous findings continue to hold with only a few differences.
Specifically, we see from the top panels that in this case lasso no longer selects very
sparse models, while ols post fit-lasso continues to perform well and selects very sparse
models. Consequently, in the case of the parametric model, ols post fit-lasso substantially
outperforms ols post lasso in terms of empirical risk, as the bottom-left panel shows. In
contrast, we see from the bottom right panel that in the nonparametric model, ols post
fit-lasso performs equally as well as ols post lasso in terms of empirical risk, despite the
fact that it uses a much sparser model for estimation.

The findings above confirm our theoretical results on post-model selection estimators
in parametric and nonparametric models. Indeed, we see that ols post fit-lasso and ols
post lasso are at least as good as lasso, and often perform considerably better since they
remove penalization bias. ols post fit-lasso outperforms ols post lasso whenever lasso
does not produce excellent sparsity. Moreover, when the signal is strong and the model
is parametric and sparse (or very close to being such), the lasso-based model selection
permits the selection of oracle or near-oracle model. That allows for post-model selection
estimators to achieve improvements in empirical risk over lasso. Of particular note is the
excellent performance of ols post fit-lasso, which uses data-driven threshold to select a
sparse model. This performance is fully consistent with our theoretical results. Finally,
traditional thresholding performs poorly for intermediate ranges of signal. In particular,
it exhibits very large biases leading to large goodness-of-fit losses.
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A. Sparsity
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Figure 2. This figure plots the performance of the estimators listed in the text under the isotropic
design for the covariates, ¥;, = 0 if j # k. The left column corresponds to the parametric case and the
right column corresponds to the nonparametric case described in the text. The number of regressors is
p = 500 and the sample size is n = 100 with 1000 simulations for each value of C.
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Figure 3. This figure plots the performance of the estimators listed in the text under the Toeplitz design
for the covariates, X5, = p‘j*k‘ if j # k. The left column corresponds to the parametric case and the
right column corresponds to the nonparametric case described in the text. The number of regressors is
p = 500 and the sample size is n = 100 with 1000 simulations for each value of C.
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Figure 4. This figure plots the performance of the estimators listed in the text under the equi-correlated
design for the covariates, ¥, = p if j # k. The left column corresponds to the parametric case and the
right column corresponds to the nonparametric case described in the text. The number of regressors is
p = 500 and the sample size is n = 100 with 1000 simulations for each value of C.
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