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6.01: Introduction to EECS I 

Solving Circuits 

Circuit Abstractions 

Week 8	 October 27, 2009 

Analyzing Complicated Circuits 

All circuits can be analyzed by systematically applying 

•	 Kirchoff’s voltage law (KVL), 

•	 Kirchoff’s current law (KCL), and 

• current-voltage laws (constituitive relations) for the components 

and then solving the resulting equations. 

Developing a systematic approach is especially important for auto­

mated simulation tools (such as CMax). 

Week 8	 October 27, 2009


Analyzing Simple Circuits 

Simple circuits (of the type that we have been building in lab) can 

usually be analyzed by 

•	 recognizing equivalent representations (that are even simpler) 

e.g., series and parallel combinations 

•	 recognizing common patterns 

e.g., voltage and current dividers 

• serendipitous formulation of circuit equations


Analyzing complicated circuits requires a more algorithmic approach.


Step 1: KVL 

The sum of the voltages around any closed path is zero. 
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Check Yourself 

How many KVL equations can be written for this circuit? 
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Example: −v1 + v2 + v4 = 0  

KVL Equation Solver 

To solve circuits algorithmically using KVL, we must 

•	 enumerate a complete set of linearly independent KVL equations 

•	 eliminate those that are linearly dependent on others. 

This task is not trivial, even for just moderately complicated circuits. 

+ 

− 

+ + 
+ v2 v3 

− − 
v1 V0 

+ v6 −− + + 
v4 v5 
− − 

1




6.01: Introduction to EECS 1 Week 8 October 27, 2009 

Alternative Representation: Node Voltages Node Voltages 

Node voltages represent the voltage between each node in a circuit 
Node voltages are linear combinations of component voltages.


and an arbitrarily selected ground.

Component voltages are differences between node voltages. 
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gnd 
gndNode voltages and component voltages are different but equivalent 

representations of voltage. Examples: e0 = v2 + v4 

v2 = e0 − e1• component voltages represent the voltages across components. 

• node voltages represent the voltages in a circuit. 

Node Voltages 

Node voltages automatically satisfy KVL. 
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using component voltages: −v1 + v2 + v4 = 0  

using node voltages −e0 + (e0 − e1) + (e1) ≡ 0 

Check Yourself 

The following voltages are not consistent with KVL but 

can be made consistent by changing just one. Which one? 
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1. a 
2. b 
3. c 
4. d 
5. none of the above 

Node Voltages Check Yourself 

Node voltages eliminate the need to enumerate any KVL equations. 

This is especially helpful when the KVL equations are difficult to 

enumerate ! 
Many KVL equations can be written for this circuit. 

How many contain exactly three component voltages? 

1. 4 2. 5 3. 10 4. 16 5. none of these 
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Analyzing Complicated Circuits 

Using node voltages is much easier than formulating KVL equations 

for complicated circuits. 

Node Voltages 

Node voltages 

• eliminate the need to enumerate any KVL equations 

• slightly complicate component (constitutive) relations: 

e.g., Ohm’s law: V1 = I1R1 → e6 − e7 = I1R1 

Eliminating all KVL equations can be well-worth the added compli­

cation to Ohm’s law, especially when the KVL equations are difficult 

to find. 

Pentagonal circuit CMax representation


CMax may have to solve this circuit regardless of whether it is useful.


Step 2: KCL Check Yourself 

The net current into (or net current out of) any node is zero. 
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How many distinct KCL relations can be written for this 

circuit? 
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Example: i1 + i2 + i3 = 0  

Analyzing Circuits: KCL Analyzing Circuits: KCL 

The net current out of any closed surface (which can contain mul- The net current out of any closed surface (which can contain mul­

tiple nodes) is zero. tiple nodes) is zero. 
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node 1: i1 + i2 + i3 = 0  node 1: i1 + i2 + i3 = 0  

node 2: − i2 + i4 + i6 = 0  
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Analyzing Circuits: KCL 

Week 8 

Analyzing Circuits: KCL 

The net current out of any closed surface (which can contain mul­

tiple nodes) is zero. 

i2 
i1 

− i4 

October 27, 2009 

+	

i5 

i3 

i6 

The net current out of any closed surface (which can contain mul­

tiple nodes) is zero. 

i2 i3 
i1 

i6 

i4 
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−	 i5 

node 1: i1 + i2 + i3 = 0  nodes 1+2: i1 + i3 + i4 + i6 = 0  

node 2: − i2 + i4 + i6 = 0  node 3: − i3 − i6 + i5 = 0  

nodes 1+2: i1 + i3 + i4 + i6 = 0  nodes 1+2+3: i1 + i4 + i5 = 0  

KCL with Node Voltages KCL: Summary 

The sum of the currents entering “ground” is equal to the sum of 

the currents exiting all of the other nodes. 
e0 

i3 
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− i5 

gnd 
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i6 e1 e2 

The sum of the currents out of any node is zero. 

One KCL equation can be written for every closed surface (which 

contain one or more nodes) in a circuit. 

Sets of KCL equations are not necessarily linearly independent. 

KCL equations for every primitive node except one (ground) are 

linearly independent. 

Node-Voltage-and-Component-Current (NVCC) Method 

Combining steps 1, 2, and 3 leads to the NVCC method for solving 

circuits: 

•	 Assign node voltage variables to every node except ground 

(whose voltage is arbitrarily taken as zero). → n − 1 variables 

•	 Assign component current variables to every component in 

the circuit. → m variables 

•	 Write one constitutive relation for each component in terms 

of the component current variable and the component voltage, 

which is the difference between the node voltages at its terminals. 

→ m equations 

•	 Express KCL at each node except ground in terms of the com­

ponent currents. → n − 1 equations 

•	 Solve the resulting m + n − 1 equations in m + n − 1 unknowns. 

We need only write KCL equations at e0, e1, and e2. 

Step 3: Component (constitutive) Equations 

One equation is needed to characterize each linear component. 
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Node Method 

The “node method” is a variant of NVCC in which component cur­

rents are not represented by variables but are calculated as needed, 

using the node voltage variables. Also, nodes connected to voltage 

sources are represented by constants rather than by variables. 

V0 
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KCL at e1:

R3 e1 − V0 e1 − e2 e1
+ + = 0  

R2 R6 R4 
e2 

KCL at e2: 
R5 e2 − V0 e2 − e1 e2+ + = 0  

R3 R6 R5 

gnd 

• solve (here just 2 equations and 2 unknowns) 

Check Yourself 

Determine the current I in the circuit below. 

+10 A+15 V 
3 Ω  

2 Ω  

I 

1. 1 A  2.  5 
3 A  3.  −1 A  4.  −5 A 

5. none of the above 

Circuit Abstractions: One-ports 

A “one-port” is a circuit that can be represented as a single element. 

i + 

− 

v 

A one-port has two terminals. Current enters one terminal (+) and 

exits the other (−), producing a voltage (v) across the terminals. 

Series Combinations 

The series combination of two resistors is equivalent to a single 

resistor whose resistance is the sum of the two original resistances. 
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v Rs 

v = R1i + R2i v = Rsi 

Rs = R1 + R2 

The resistance of a series combination is always larger than either 

of the original resistances. 

Parallel Combinations Voltage Divider 

The parallel combination of two resistors is equivalent to a single 

resistor whose conductance (1/resistance) is the sum of the two 

original conductances. 
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Resistors in series act as voltage dividers. 
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V 
I = 

R1 + R2 
R1V1 = R1I = V 

R1 + R2 
R2V2 = R2I = V 

R1 + R2 

The resistance of a parallel combination is always smaller than either 

of the original resistances. 
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Current Divider 

Resistors in parallel act as current dividers. 

I 

I2 

V 
R1 R2 

I1 

V = (R1||R2) I 

V R1||R2 1 R1R2 R2I1 = = I = I = I 
R1 R1 R1 R1 + R2 R1 + R2 
V R1||R2 1 R1R2 R1I2 = = I = I = I 
R2 R2 R2 R1 + R2 R1 + R2 

Linear Circuits 

If a one-port contains just resistors, voltage sources, and current 

sources, then the relation between its terminal voltage and current 

is a straight line. 

Example: parallel combination 
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vp v2 

− ip = i1 + i2 

vp = v1 = v2 

Thevenin Equivalents 

If the relation between terminal voltage and current can be repre­

sented by a straight line, then the terminal behavior of the one-port 

can be represented by a voltage source in series with a resistor. 

I V 

1 
R 

V

V0


I 

V0 
R 

The voltage V0 is equal to the voltage where I = 0. 

The resistance R is the reciprocal of the slope. 
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Check Yourself 

Find VA so that IA = IO 

+12 V 
4 Ω  

12 Ω 6 Ω 

IO 

VA 6 Ω  

IA 

Linear Circuits 

If a one-port contains just resistors, voltage sources, and current 

sources, then the relation between its terminal voltage and current 

is a straight line. 

Example: series combination 
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v1 

v2 

i2 

is + 

vs 
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i1 i2 is = i1 = i2 

vs = v1 + v2v1 v2 

Norton Equivalents 

If the relation between terminal voltage and current can be repre­

sented by a straight line, then the terminal behavior of the one-port 

can be represented by a current source in parallel with a resistor. 

I 
I V 

R I01I0 R 

V 

The current I0 is equal to the current where V = 0. 

The resistance R is the reciprocal of the slope. 
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Check Yourself Linear One-Ports 

If a one-port contains just resistors and current and voltage sources, 

then its terminal behavior can be characterized by determining just 

two points on its v-i curve. 

Example: open circuit voltage and short circuit current. 

V 
I 

1 V 
2 Ω  

2 Ω  

V 

I 

V0 is the voltage V when I = 0 , i.e., V0 = 1 V. 

I0 is the current I when V = 0 , i.e., I0 = −1/2 A. 

Find VB and RB so that IB = IO. 

Choose values so that IB = IO even if RO �= 6 Ω. 

+12 V 
4 Ω  

12 Ω RO = 6 Ω  

IO 

VB 
RB 

RO = 6 Ω  

IB 

Check Yourself 

Find IC and RC so that IC = IO. 

Choose values so that IC = IO even if RO �= 6 Ω. 

+12 V 
4 Ω  

12 Ω RO = 6 Ω  

IO 

IC RC RO = 6 Ω  

IC 

Superposition 

If a circuit contains only linear parts (resistors, current and voltage 

sources), then any voltage (or current) can be computed as the sum 

of those that result when each source is turned on one-at-a-time. 

I0V0 
R1 

R2 
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I0 = 0V0 
R1 
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I1 

I0V0 = 0  
R1 

R2 

I2 

I = I1 + I2 = 
V0 

R1 + R2 
− 

R2 

R1 + R2 
I0 

Superposition 

For many circuits, superposition is even easier to apply than the 

node or the loop methods. 

+10 A+15 V 
3 Ω  

2 Ω  

I 

+15 V 
3 Ω  

2 Ω  

I1 

+10 A 
3 Ω  

2 Ω  

I2 

I = I1 + I2 = 
15 

2 + 3  
− 

2 
2 + 310 = 3 − 4 = −1A 

Summary 

Circuits represent systems as connections of elements 

• through which currents (through variables) flow and 

• across which voltages (across variables) develop. 

We have seen three (of many) methods for analyzing circuits. Each


one is based on a different set of variables:


• currents and voltages for each component


• node voltages and component currents


• node voltages


There are circuit abstraction methods that facilitate design:


• series and parallel combinations


• voltage and current dividers


• Thevenin and Norton equivalents


• Superposition
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PCAP 

To design and analyze complex systems, we have to find organizing 

structures that are compositional: 

• primitives 

• means of composition 

• means of abstraction 

• abstract entities can do anything a primitive can 

8




MIT OpenCourseWare
http://ocw.mit.edu 

6.01 Introduction to Electrical Engineering and Computer Science I

Fall 2009 


For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms. 

http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice




