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ABSTRACT

The purpose of the experiment is to investigate the
instability of a stream of mercury with circular cross section
and with current passing through it which falls freely in an
external magnetic field in the direction of current and fall.
Currents used were between 0-450 amps; magnetic field,
0-3000 gauss; stream radius, 1.5-3 mm; and initial speed of
the stream, 40-120 cm/sec.

We photographed at 250 frames/see the development in time
of at least four types of instabilities: the "sausage" pinch,
the side or "kink" pinch, the spiral instability, and a new
branching instability in which the stream splits, both halves
then being unstable. Qualitative and quantitative data are
exhibited on which generalizations are made about the depend-
ence of the instabilities on current, magnetic field, and
stream radius. In general the instabilities are nonlinearly
more violent for higher currents and fields )and thinner
streams.

A theory is developed which attempts to explain qualita-
tively and somewhat quantitatively the phenomena observed.
Suggestions are made for further and more detailed work.

Thesis Supervisor: Uno Ingard
Title: Associate Professor of Physics
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Introduction

We wish to investigate both theoretically and experi-

mentally two types of instabilities which result from the

motion of a fluid, conducting medium (through which current

passes) in an external magnetic field. The instabilities

arise from (1) the self-fields of the current distribution

and (2) the external field interacting with the current

distribution. As described in a recent paper by Lehnert,1

interaction (1) gives rise to the so-called "pinch effect."

In general, the "pinch" arises when the forces resulting

from the self-fields of a medium support a perturbation of

its mass distribution rather than to restore the medium to

some initial equilibrium distribution. The "pinch" was

first observed, recorded, and named by Carl Hering at the

turn of the century in relation to the heating of molten

metals by electric conduction. He found that a crucible

of molten metal through which current was flowing tended to

"pinch" in half (similarly to the manner in which one might

imagine the parting of the waters of the Red Sea in Biblical

references). E. E. Northrup analyzed the phenomenon several

years later.3

The pinch is an often observed phenomenon and has become

important in recent years because of the physical limitations

the "pinch" places on certain experiments in plasma dynamics0



and in solid state in relation to the exploding wire

phenomenon.5 Alfven's theory of the origin of the solar

system depends on an understanding of the "pinch."6

The "spiral instability" arises when the direction of

the current flow is exactly in the direction of an external

magnetic field and then the direction is perturbed slightly.

Rather than restoring its motion parallel to the external

field, the j x B body force causes the fluid conductor to

assume some type of helical motion about the direction of

the external magnetic field.

In particular, in this paper cylindrically symmetric

fluid conductors (where the axis of symmetry is along the

direction of flow) will be considered. Possibly the funda-

mental results of our theory may give us insight into the

general case of unidirectional conducting fluid flows.

Even by having such symmetry, the general magnetohydro-

dynamic equations are impossible to solve, but we will be

able to obtain reasonable first and second order approxi-

mations by reducing the problem to a very simplified model --

that of liquid mercury (with current passing through it in

the direction of flow) exiting from a circular orifice and

falling freely in a uniform magnetic field B along the

direction of flow. Mercury is ideal for such an experiment

because as a liquid conductor it (1) exhibits the fluid

properties of a plasma, but (2) has a well-defined boundary

and is incompressible, which facilitate the solution of the

general problem.
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From Lehnert's discussion we may predict that due to

any inhomogeneities in the mercury, beads (like "sausages")

will form along (and move with) the mercury flow. The

inhomogeneities may be (1) temperature gradients in the

mercury (local density changes), (2) impurities (local cur-

rent and magnetic properties change), and a non-perfect

orifice through which the mercury exits (slight imperfections

in the boundary of the mercury) -- plus externally induced

perturbations of the same general types above. From Lehnert's

work we also may predict that if we place the stream of

mercury (with current) such that the direction df flow (and

current) is along a uniform magnetic field B and perturb

the direction a few degrees, then the mercury will spiral

around B0 in a helical path of radius on the order of the

dimensions of the apparatus rather than remaining a small

deflection. Clearly, the mercury would spiral if Bo were

perpendicular to the flow.

Because magnetohydrodynamic instabilities have been

relatively unsystematically explored, the purpose of the

present work is to do initial groundwork -- which hopefully

will lead to further systematic experiment. Therefore, we

have not attempted to obtain precise quantitative results

by inducing precisely known perturbations and measuring the

effects. Indeed, our perturbations result by not having a

carefully ground outlet nozzle for the mercury stream and

by having the mercury stream disaligned from B by a small



amount; we show, though, that the initial perturbations are

smaller than the eye can detect.

Our work consisted of designing and setting up equipment,

developing suitable photographic techniques of observation,

and predicting theoretically the nature of the instabilities.

From our results we made suggestions for new and improved

experiments to systematize our understanding of the pinch

and spiral instabilities.

We observed, recorded, and were able to reproduce the

pinch and spiral instabilities. In fact, we found a new type

of instability in which the mercury stream splits into two

halves, both parts then spiraling around each other (the

bifurcation instability). From the results of our data, we

were able to make generalizations on the dependence of the

instabilities on the current through the stream Io, the

external magnetic field B0 , the radius of the stream R0 , and

the exit speed from the nozzle v0 .

For increasing fields (B0 ), we have a quicker, more

violent field-current interaction which results in more

loops in the spiral and larger spirals. We found that the

violent reaction cuts off the current; for higher fields,

the current actually flows less than lO of the time. The

current cut-off phenomenon results in a periodic variation

of the spiral instability. For very high fields and currents

we obtained the new bifurcation instability which we men-

tioned before.



For increasing currents through the mercury (I ), we

found that the pinches pinch faster and there are more of

them along the stream, and that the spirals grow faster and

contain more loops.

For slower stream speeds (v0 ), we have more pinches and

more violent pinches. By varying v0 we are able to compute

an approximate time for the mercury stream to pinch in two.

For smaller stream radii (R0 ), the spiral instabilities

are larger and contain more loops.

The report contains charts of quantitative data from

which the above generalizations were taken.

A theory was developed which to first order qualita-

tively predicts the phenomena which were observed.





Theory

As stated in the introduction, our problem is to describe

the motion of a circular stream of Hg with current through it,

falling freely in a region which has a constant magnetic

field B0 along the direction of flow and current. We wish

to derive the theoretical result that such a stream is

unstable with respect ,ath to its diameter (the pinch effect)

and with respect to its direction along BO (the spiral

instability).

We may ask for the motion of each volume element of the

Hg as a function of x and t or we may look for a macro-

description, asking only for the functional dependence of

the boundary surface of the Hg, not caring what goes on

within the volume. The former approach implies a complete

solution of the MED equations. The latter, the approach we

shall take, lends itself more readily to approximate and

heuristic arguments.

The Pinch (No External Magnetic Field)

I. To first order we shall neglect viscosity and heat

conduction (joule heating in the Hg). The forces on the Hg

stream are due to (1) magnetic forces -- the interaction of

the self-field with its current distribution, (2) surface

tension, (3) gravity, and (4) air pressure (which we assume

to be uniform).
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(1) Magnetic forces

Consider the symmetrical stream

of Hg in Fig. L (Hg flowing

downward with a perturbation /

on the surface moving with the

Me.t stream).

0
Bef(r,z) 2rz

3 self. 5red-z
from Ampere's Circuital Law.

- I (We shall use c.g.s. electro-

magnetic units.) Therefore,

Flow 2

the net volume force f = 2pr.

r

We note that f acts inwardly

on the stream. We can consider

the average pressure on the

Fig. a surface of the stream given by

fdr P, (re(z)) = 2
0 w 0o 0 Vfro

If the average radius of the stream is R and r (z) < RO

then Po (R0 ) < P0 (r0 ). Therefore, heuristically the inward

perturbation / tends to grow and eventually will pinch off.

In the above arguments, we made two assumptions; (a) the

current density has only a z-component, and (b) the circuital

law holds in the region of the perturbation.
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(a) It is clear that the current at the surface of the Hg is

approximately parallel to the tangent of the surface and that

the current at r = 0 is along the z-axis. We can guess

- o -= --4 Io ( )f (r): + k

Trr2 2 re 2)1V2
(1 + f2 0

Setting -'j = 0, solving for f(r) such that f(0) = 0, and

dropping terms of order f2 ()r0/dz) 2 < < 1, we have f(r) = r

2 z r 4 r + kj.
Trre o r

We shall use this value of J(i2,z) for future calculations.

(b) How valid is the circuital law in our calculations?

If we set up the vector potential A(-) =J 1

regardless of the functional form of J('), by symmetry

A 0 and A,, Az are functions only of r and z. .. B is

the only component. Therefore, the circuital law is exact

(for our symmetry) with respect to direction, but is correct
Ar

only to an additive quantity given by --. If we assume a

2
perturbation of the form r0 (z) = R + ae- Z a << R

"O R +ae W 2

Ar =2 ;2 - jdzJ dr' jdG

g 0 0

r' ) o%(Z')

ro(z') ['z'zt)2 +(r22rr'cos9'+r'2 1/2
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rAr 2Io ape-Pz _ 2 2 1 1
Blc~~ ~F~ 3 e-P y dy--

R (y2 +r +RoYa (y2+r

We note that B1 is proportional to a and is therefore small;
2

also it goes as e . Because of its analytical complexity,

and smallness, we shall neglect it (though in more exact

calculations we must include it because if the stream pinches

off ca R0 , and the term becomes important).

II. Using our value of j(r,z) and the discussion of the

circuital law, we can now derive more precisely the force

on the Hg surface.

r02 2
o .. 10 o .. I dr o

0self )dr = - r 2 _ k 2 3 ( ')ro rr00 0

Clearly, the magnetic forces must have a z-component, since

in the region of the perturbation, we have current in the er

direction. From the form of P it is clear that the

z-component of P tends to stretch the pinch by a factor

1/r2 which -+ ** as r0 -- 0. The average magnetic volume

force is then given by

.- er -- 4 I Jrof 3 + k 3z (1)
rr 0 ;4

Equation (1) could have been approximately obtained by taking

the gradient of the P obtained in section I, part (1).
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(2) Surface tension

Given a tube of Hg (see fig. b)

AF = Tdzl - Tdz

= 2TdzA9

Pressure 2Tdz d249r odz r 0  T

Fig. and clearly acts inwardly.

_# T ~*O T o)
The volume force due to surface tension = - T+ ez &

(2)

III. In order to discuss instabilities due to self-interactions

of the current distribution, we must know the conditions

under which the stream will not pinch with no current. We

must also discuss a smooth stream flow (with no perturba-

tions) in order to discover what type of steady state the

perturbations are superimposed upon.

(a) If 1 0= 0, T = 0 then r2 (v + 2gz) R v, where RO is the

radius and v the velocity at z =0. If v0 = 120 cm/sec,

z = 5 cm, R0 = .25 cm, then ro = .215 cm, i.e., Z147

contraction -- i.e., no pinch.

(b) If Io + 0, T t 0 then conservation of momentum requires:

))7r 0V) ')(7Fr v) 2 2 a ' 0 rP{(- v + ; F pgwr2 + +rr r2 z

a~ ~ ~ o.ob
b T



and conversation of mass:

2 
2) =)

(rr 0v) = - -(wr 0) j 0

where v is the velocity of the stream in the z-direction,

ro = r(z,t).

We obtain:

(i)

)ro ro v _r+
(11)V z + - g +pt 0

We shall linearize the equations by assuming r0 = R + r

where r <( R0 .

We obtain:

g + A - Br-

A 1 + b
P R3 R2

R Dv + r0d '?Z - 0

+2b
R3

If we drop the nonlinear terms,

Ar
Ajz;

' 2
d2r
)t

dv
0 j z

'Y =(A )/

which gives a solution of the type:

15

(3)

(4)

C) v + 1 a
01 t P r31 0

=t

)v= g + dr
~ 9t *

+ - ro
r 20

I 3aB S -2
P I Ro
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and g(w)e(-ity-z)

00

,', r (z, t) ff (cu)eiyte -zdw + Jg(w)e-iyte -CPzdc
0 0

In order to solve for r(z,t) we need a linear approximation

to the initial stream size with no perturbations. We use

the approximation that Dr/dt - 0. In this case,

b

r2 gzP )~~ = - +

r 2 2 v

2pRv 2

r5o0

+ pg

v = z

b2

ro

a

o 0

Solving and linearizing, we find:

- Ropgz

2pv 2 + a+b

- R 0vz

We shall use as initial conditions
00

r(z,0) = me-pz2 - R vz = f(fe~)z
0

00

cr zt) = 0 f o(f - g)ewzdo
t-o

where ae is an induced perturbation.

+ ge~ *z)dz

We see f = g.

f (w) emw(17t -z )
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Taking the Laplace transform of both sides, and solving

for f, we see
2

r(z,t) = Re {e l- ROVz,
01z =(z-ity)

r(z,t) = ae z2 -t2Y 2) cos 2pzty - Rovz . (5)

'y acts like the propagation velocity of the perturbation.

For ty > z, the pulse begins to grow, which is exactly
what we would expect. However, we would expect y vo.

This is not the case -- the reason being that we neglected the

v term in equation (4). Thus, we expect that r-(z,t) is

incorrect for our particular problem. We submit it because

it is approximately the solution for an incompressible plasma

whose ve 2 0 (thus justifying our neglecting of the v term).

We predict that the pinches are unstable in the plasma and

move with velocity 'y. The fact that plasmas are compressible

may invalidate the value of the propagation velocity. We

also must keep in mind that equation (5) is strictly valid

only for r << Ro. For the case of Hg moving with v0 initially,

the above solution may be correct if we make the physically

intuitive assumption that the correct yl is given approximately

2 2 2
by y =y +v -- a guess which may correct for our neglecting

the v g term in equation (4).

The cos 2pzty factor oscillates

- - - extremely fast (for a given z),

which indicates that the

perturbation (except for z - 0)



is very unstable. A more physical interpretation would lead

us to conclude that the contour of the above packet repre-

sents the perturbation. Our solution is valid only in the
limit as z --+. r

The information obtained above neglecting the v,5- z term

will now yield the general solutions of our linearized pertur-

bations on the stream of Hg. Letting v = v0 + v1 , equations

(3) and (4) become A, 4 M.

= g + A (6)

and

which give:

(ve + v ) + R z + = 0,0 + t 0

)2Vi 2 D 2

Vo0 az z) + y c)'62 ~t 2

(7)

Let vi = Veit e

which implies - veoki + gk + 7 2

vkio 2 2 v 2 2  gv oi \'/2.

2- 7 4'y 4  24.2,y 2,y r 4.y 4- 2y

k y io +
k= y 2+ 2 2

a = (1

-g

1 2y

gv
0

2y3a

gvi

2y3a

gv 0
2,3a
27
vo)

4,2

M - Ni

M + Ni

18
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1 - o

v i

'r2 2,Y2

k+'-' and
T1

a
fy

+ .D

io)t T -CoZ -f z
e e do + g(o)e

icor -oZ -W2 z
.2 e 2 dw).

Using our linear approximation as before, and starting

2
with a perturbation of form ae~ at t =0

r(z,O) = - Rovz + ae 2 F(z)

)r= 2Rvv 2z - R a + v2z 22pa e G(z)

satisfying equation (4).
00 00

F(z) = - Rvz + ae 2 e-= z off zdo + e 2 fge-tdo

0 0
00

G(z) = i e - zwfe -zdco + iT2e
0

00
voc

2 
-ogd

O

By taking Laplace transforms, solving for f,g and

solving for r(z,t), and using the same approximation we made

earlier that f(o) 0 as o - 0, which enables us to linearize

to obtain the Laplace integrals, we find

19

r (z, t ) =- f(f (o)e
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r(z,t) =(---C e e T2F(z' )e + i Ge dz]

Mz +Ntt~ T2r M- e e 2T F(z')e-Mz' + i Ge -MzdzJ

The terms involving G are impossible to integrate exactly;

however, since they depend on they are small. The

physically important part of our solution will come from the

terms involving F. We shall denote this part of r(zt) by

r'(z,t), calling T P - iq 2iQ

r'(z,t) = et (MQNP)- (ztQ)2 t2 P2lcos Xt - sin Xt)

X - NQ + MP + 2PP(z - tQ)

where

P = ay Q 0
Q 2

Noting Q= vo, i.e., we now have the proper group velocity.

Clearly, for (z - tQ)2 < t2 2 we have an exponential increase

of the pulse.

The terms depending on G(z) can be integrated numerically,

but will add no new information as far as obtaining the

approximate size of the pinch. We may plot r'(z,t) as follows:

Let RO = .15 cm, I0 = 4ooa. v0 = 80 cm/sec; then

'y = 4.6 cm/sec, p 3. a = .33, M = .23, N = 1.20, P = 15,

Q = 40 which yields (at z = 4 cm) a pulse which looks like



Re - o;

R* 1.0 oSsec.

i.e., our linear approximations clearly indicate that the

stream should pinch off (a is negative). We also note that

the group velocity of the disturbance now depends on v and

is approximately v0 . However, the equation does not yield

the experimentally observed results as yet (for example, it

predicts pinching too close to the nozzle). We do have a

general form -- possibly we can choose the constants P, Q,

M, N, a, ... to fit the experimental results. Further

analysis of the present solution will be deferred to a later

paper. 2

If '.> 1, i.e., 10 and To- 0, then
47

a- i a P - iP N iN

r' (z,t) -- - oe-t(NQ + MP - NP)e-z - tQ + t sin tMP,

which has a completely different functional dependence: the

strongest term goes as ae- P (z-Qt+Pt)2 e-t(PM+QN-NP)

which decays to zero. Perturbationsclearly do not grow in

this case. Further investigation should be done on the cutoff

value = 1.
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IV. We have seen that we obtain a reasonable estimate of

the pinch by considering the motion of the stream as functions

of z and t. However, in order to obtain the result we were

required to linearize the force and the equations of motion.

In doing this we lost the physical result that the forces

due to I0 and T go as l/r , n = 3 and 2 respectively, i.e.,

the forces approach infinity as ro --+ 0. Therefore, to

avoid this difficulty, we shall use a more physical argument

to determine the shape of a pinch as a function of time cbyi

linearizingjust the equations of motion and by making certain

assumptions about the nature of a pinch.

We shall move with the stream and consider z, the dis-

placement of the "wall" of a pinch from its initial position

as f(z0,t).

+ t ,c) 0

Analogously to what has been done previously:

o( o
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We will not consider the possibility of generating surface

waves (as we did in the previous calculation), which would

contribute significantly toi the energy. We will use only a

first order approximation to ?r0/)t since the energy con-

tribution from r0 /)t is small. Therefore, as before, we

write the conservation of mass equation as

v r ? 0  ro ?)v r0

The physical assumption being made through equation (9)

coupled with equation (8) is that the elongation of a pinch

increases the velocity of the mercury which in turn decreases

the radius of the stream. We are justified by the physical

observation that pinches elongate as they "grow." The

physical nature of ro and z(z0 ,t) leads us to guess a func-

tional dependence of the type:

r 0 (z 0 ,t) = f(zo + z(z0 ,t), t),

where f(zo,O) describes the initial perturbation and

z(zo,O) = 0 for all z0.

r(z0 ,t) : f0 + z(z0 ,t) + tG(zO),

where we have taken the first terms in the Taylor's expansion

of r(z0 ,t). 
2

f0 = f(z0,0) = Ro + ae

r(z0 ,t)= f0 + Y
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/2 t2

(o z)

4 a +
(f 0 + y)

(a + bf 0 )

dY2
dY

b

( + Y)2

20 2

c) zo )

(C + DY)

(f 0 +

2 _ 2
0

_ _(E + 2DY)
22(Y +

where E = C + Dfo

and Y0= G(z0 ).

From equation (9):

+ vo 2

evaluated at t = 0,

z(zot) + (f + 2g)

v 2 + 2gz

gives

G = - v0

f 0 g

v2+ 2 g z1 i

zi = height of fall of the Hg stream when t = 0,

the stream is perturbed.

i.e., when

P t2

C 2

+ E.
2f 2'

0f o )z
Z0 0 t

v) f 0
o ) z 0

)f0+

D - 2b f
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Y I Y+f 0d 2
dY dY0f Y

t - ,P

o f( YA(2G2f2+E) - 2 + Df3)0 0

Such an integral is trivial, but yields a transcendental

equation which must be solved numerically to obtain Y(z0 ,t)

from which we can get z(zo,t). Therefore, since we have an

estimate on G(z0 ) we know r(z0 ,t). Although the above equation

utilizes the exact nature of the force dependence, we again had

to linearize the functional dependence. Thus, a more correct

solution is probably a synthesis of the two methods we have

presented. A more complete analysis (for example, plotting

Y(z0 ,t)) has not as yet been completed. We note, though, that

the pole of l/Y should give enough divergence so as to require

the mercury to pinch off.

V. The methods of Section III and IV do not lend themselves

to obtain easily the time it takes for a perturbation to

collapse (pinch off). From Section III we may approximate it

as ~% l/12 sec, a value which is too large by a factor of 2.

We may estimate it as follows:

~22 )ro al _ R
Star3 =2 ro

which implies
2 2

+ a' a 2
o p r2 R2 a

rf R 0



26

Ro R 0r 0 dr0  2 T-E
R rdr = R

af(R - r

Let R = .25 cm, Io= 300a 'J : .01 sec, which is the right

order of magnitude. The experimental value is a .04 sec,

i.e., p should be sixteen times as large.

This gives us some approximation to the "effective" mass

being displaced.

VI. One might ask if the mercury always pinches off -- such

a question .being brought up because as ro --* 0, the resistance

R of the circuit approaches infinity and Io -- 0.

x
R :R + 00 2

Trr 0aC

where ROO. .02

and x0  length of pinch ' 1 cm.

2
Ro = x0/iroa for ro = .2 mm, i.e., the current cuts in

half when ro = .2 mm. If we set up the equations for the

pinch but use x instead of I0, we find that r0 should

R + 0

oscillate about some small value, with the current oscillating

accordingly. However, if we compute the temperature rise of

the part of the mercury comprising the pinch, we find that the

temperature change, given by



r
0

T = -

o Ro +

is approximately

enough, the last

"pinched" off by

V2 x0
xo fro) 2 2

t rroaCyprox 0

56ooA, i.e., when the radius becomes small

filament is vaporized, rather than being

the magnetic forces.

VII. If the stream of mercury is placed

magnetic field parallel to the directior

then due to the slope of a pinch, we may

on the stream. (See Fig.f.) From Fig. T

pE0

*A~0)

BO
F .

Fet.

in a weak external

of flow and current,

predict a net torque

we see that the top

half of the pinch has

a net torque T1 which

is equal and opposite

to that T2 on the

bottom half, i.e.,

the pinch should tend

to twist off:

Force/volume = JB sin 9
ext.

. )r I0 o 2r
a = gz2 r) Z /r O

B = B0

sin 9" ) rr
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The net average torque/length as a function of z

r

e qials 2 y 2 Brr 2r3dr
jz o o o

2
Or )

Ior0B 0

If we assume a pinch of the type ro(z)

torque

= R + me-Z the net

Go

T = I B4a,2 40z2e-2pz 2(R + aePz 2)

=B I a2 P2 R + V 7

If we want to find an approximate angle of rotation:

r2

let the pinch f'orm linearly, i.e.,

Ret
a = to to 1/25 see

2B0 Ijf'
4VROpI

R3 t 11
00

to 304

R3 t S
0 0

i27t3 4'5

2
tl 

2
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If B' = 2000, 10 = 300a, R .25 cm, to = 1/25 see, lr- 2cm,

and P z: 10, then 9 ~ 600. 2 is greater than the length of

the pinch because surface tension and viscosity will couple

the torque to the rest of the stream. The above calculation

suggests an experiment to measure the rotation. The important

result, though, is that we have found the stream to be unstable

with respect to rotations about the axis of symmetry,

VIII. Thus far our considerations have concentrated on

cylindrically symmetric perturbations. It is clear that many

perturbations will be local fluctuations rather than sym-

metrically distributed,
D

i.e., of the type A rather than

It is clear that the pressure at A is greater than that at B.

Therefore, we might expect not only that the pinch at A grows,

but also that the whole stream is displaced to the left (with

C and D moving appropriately so that the center of mass stays

fixed). Therefore, we might predict a pinch sequence of the

type:
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The analysis of the above type of pinch is complicated by

the appearance of Br and Bz self-field components. Our

analysis will therefore stop at the above physical prediction.

Spiral Instability

In discussing the spiral instability, we wish to (1) show

analytically that a spiral of some sort should develop, and

(2) demonstrate using physical and geometrical arguments to

conclude that the spiral will become large in comparison

with an initial, small perturbation.

IX. The motion of a straight flow of mercury with current,

falling in a magnetic field which is in the same direction

as the flow and which is perturbed, looks (for small pertur-

bation) like a perturbed string of tension T with a side

thrust due to the current field interaction. To first order

in x/dz, )y/Dz, the equations of motion are:

p~r2 )2 (2lB ro73) 2 (10)prr2(z) = I0B0  + dz2 z/Tr (z)

and

pyr(Z ) = I + (2rTro(z) , . (11)

If ro = constant, then

2 .= Ka + Bz -L =X Ak + B Y
) 22 3z 2? 2 z )z2

2 (r IOB 2 B(r) 2T
0 r
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which has the normal mode solution

X OAA )2 C

o giot eikz , k =+ B + B

i.e., purely undamped waves on the string. Therefore, we

conclude that any instabilities must arise from the variation

of ro(z) with z. From previous results we shall approximate

ro(z) = R0 - Rvz (12)

Inserting (12) into (11) and (10) and linearizing we find:

0)t 2  dz ) z 2 z (3

A- + B - v (14)

with A, B evaluated at r0 = R0 .
Trying solutions of the type e oteAkz we find

A iv + A )2 +U2 v 2 A vi X2
k=+2B 2B I- 2B- +B B

A '> B and A ?> v. Therefore, the only growing expo-

nential term is evz/2B but v/2B (( 1, i.e., we cannot assume

that this is the only result which predicts that the mercury

will spiral -- it is independent of 10 and B0 .
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X. There are two physical considerations which we have not

considered in the above arguments. (1) The field of the

magnet is not 1007. homogeneous. Consider the presence of

a cross field By (where we know B < .02 B0 ). The force
.y y

resulting from B is the order of magnitude of A)y/.)z andy
therefore for By 4 .02 B0 , it would not be strong enough to

give us the deflection we seek. However, certainly the cross

field inhomogeneity does help the instability, a problem which

we cannot look into in further detail because of lack of

detailed information about the character of the magnetic

field.

(2) The second factor we did not consider in equations

(10) and (11) is the effect due to perturbations resulting

from pinch. For example, a side pinch of the type sketched

has a large horizontal component of current

_A and therefore the points A and B tend to

move outward due to the force resulting

(1) from the j x B volume force which causes

the mercury to rotate and (2) from the cen-

trifugal force of the velocity of the stream.

The only restoring force is due to surface tension,which we

have seen is very small in comparison with the magnetic forces.

The pitch of the spirals is determined somewhat by the number

of pinch instabilities along the stream. As the mercury

spirals outward, it must become thinner, which, as we have

seen, causes the spiral to become larger exponentially by the
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factor e (,-)z/2B thus increasing the instability even more.

(s is the arc length along the stream.) As the stream spirals

outward, the j x B force is even greater (because j is more

nearly perpendicular to i). If we consider the stream d~s a
A 1njgk R
rod rotating about an end, and compute the torque and moment

of inertia of it:

Torque IB--B= const.Moment of inertia 2pr2R

2
Since 7rr2R ~ const. to conserve mercury

d29
2 = constant

dt

=de kt,dt

which means the angular velocity increases, i.e., the spiral

takes off for infinity. The sum total of all the above effects

leads us to conclude that the mercury stream is unstable with

respect to its motion in an external magnetic field. The

physical limitations on the spiralling are that (1) if the

radius becomes too great, the stream becomes thin enough so

that surface tension and the pinch effect tend to break the

stream into droplets, which cuts the current off. The spiral

then simply falls until electrical contact is re-established.

From equations (11) and (10) and our above arguments, we can

predict that the spiralling will be more violent for higher 10
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and B0 , and lower stream radius ro. However, purely analyti-

cal predictions cannot be made at the present time. (1) We

have seen that if we have an initial perturbation it will

grow as e , while at the same time the j x B force causes

the perturbation to rotate about the direction of B while

the centrifugal force due to the initial velocity v0 causes

the stream to move outward. (2) Also the pinch effect leads

to instabilities which cause the stream to spiral. (3) The

high nonlinearity and coupling in (1) and (2) lead us to con-

clude that the spiralling is limited only by the stream

breaking into droplets and hence cutting off the current.

XI. We note that the velocity of the stream is not neces-

sarily the velocity of fall of the spiral. In general, if

the stream has an initial velocity vo, and the magnetic force

is so strong that the plane of the spiral is almost horizontal,

then the plane of the spiral

falls at 0 gt cm/sec. If

0) ()v 0 > gt and the radius of

the spiral is small, then

the stream radius may

thicken, thus giving rise

00 00 to globs of mercury spiral-

ling. If such a globule

were elliptically shaped

and perturbed near the

center (such that an end
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view of the stream would look like Fig. 3 )/*hen due to the

pinch effect and the inertial forces due to its rotation, we

might expect that the globule of mercury would divide in half,
(k-e leguentte () -+ (4)

thus giving rise to two streamsA -- which would then spiral

around each other. Such a phenomenon has been observed --

and we submit it here as a third type of instability, the

"bifurcation instability.

XII. Now that we have qualitatively and somewhat quantita-

tively analyzed the pinch and spiral instabilities, it might

be worth while to propose the general solution to the problem,

by looking at the MHD equations. We may summarize them as

follows:

Assuming p = constant and 7-0= 0, D 5 + (v.V).

We have

V-B =0 (15)

0 (16)

Dv 2-* 2~~(P~
pD= -Vp +I[V v + pg - (( +

pt (C T + )9 = - 7 + + .(Jx)
P~g2C+T+~v2)

+ K2T + pg-Y +v - .2 2 + v2(41

(18)

DB (-9) + 2.f
BV =vE (19)

=ixB) (20)



where p =

vL=

Cv

K=

density

velocity

viscosity

specific heat

conductivity (electrical)

thermal conductivity

permeability

current density

Dot equation (17) with v and subtract (18). We find:

p $ + (-)T - ki2T = ( + ) +v

Thus, we can isolate the temperature dependence from the

calculations, that is, we can find T(xZt) once we know

B(x,t) and 7(7,t). We wish to solve:

p + p(v-V )v = -Vp + v + pg -V( +

and

+ ,,' ' "~'~ -+ 1 2-(v-V)B (B-V)v + VdtPC

such that

v-B ='v.v 0

Call P + 2p This represents the pressure on the

stream due to surface tension and magnetic forces. The

procedure is as follows: From our analysis of the pinch,

we know Po fairly accurately at t = 0. We can then solve

36
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the general MHD equations using this value, which gives us

v and B. 0 . t ! At. At At we can recompute P0 and repeat

the procedure, ad infinitum. Let us solve for v and B in

-4 ~- - -IN4 -4 -4 -

general. Let H E B/p and let H = H0 + H1, v=v 0 + v1 .

JH1 < (.I H l 71 \ I-C 4 vl . Hj v0  are constants, i.e.,

the initial stream velocity and external magnetic field are

much larger than the local fields and velocities caused by

the currents and perturbations. This is justified in our

experiment for vo '7 100 cm/sec. B0 '7 1000 gauss. Lineariz-

ing the equations we find:

t + (V ) = 67 v 1 + g -VP 0 + H-V )H

and

--- + (vd. )H V= )v1 + NV H

where

6 1
p ~Pa

Letting

L t= ti gk - e-i tA (ko)d3kdt

H1 = e e-tB(lCo)d3kdt

FT Fourier transform:

FTg G(k,w)

FT) o -4ko
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We find:

(G - M)(io + i(v- k) - Ak2)

[=(iCo + i(vg k) k- i -) + 6k 2 ) + - 2

-+ (Hg k)A
Bk =
io + i(vk) -

Since we know G and M, we know A and B and can solve for v

and H, and find the new Po at At, .... Such a program could

be accomplished on a computer to find the general motion of

the mercury stream, given the initial perturbations.





The Experiment

Refer to Fig.h on the next page. The experiment

consists of letting mercury fall freely from reservoir A

to reservoir B through the circular hole (with a 2-inch

spout) at C. Steel wool in the funnel-shaped nozzle pre-

vents vortices from forming in the exit stream. Current

flows through the mercury and makes contact via copper

electrodes at the top and bottom. Current is supplied from

a bank of submarine batteries ranging from 0-52 in 2 steps.

A .09 steel tube (water-cooled) resistor, capable of dis-

sipating 25 kw, is available in order to keep the current I0

through the mercury column approximately constant. The

resistor, however, can be removed in order to decrease the

open circuit voltage across the mercury stream (to minimize

sparking).

The current through the mercury was measured using a

50 ma shunt connected both to a Sanborn two-channel recorder

and a voltmeter (to calibrate the Sanborn recorder). Since

reservoir A empties during a run, the exit velocity vo is

a function of time. The velocity was measured as a function

of time by filling the reservoir with known quantities of

mercury, and measuring the time it takes for the reservoir

to empty. A pump circuit was designed and built to cycle

the mercury back to reservoir A after a run. A 10-pancake

coil, water-cooled magnet, homogeneous to 2*% and with a hole
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(40)

iA

Db

*

Fig. k

(a) 1 inch cooper electrode; (b) 35 cm.; (c) h0 , 4-6 inches;
(d) 3 feet; (e) 5 cm.; (A) supply reservoir filled with Hg;
(B) receiving reservoir for the falling Hg; (C) outlet nozzle
with a diameter which can be varied from 2-6 mm.; (D) falling
Hg stream with spiral and pinches; (M) annular shaped magnet;
(P) pump assembly to recycle the Hg.
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through both pole faces (in which we built reservoirs A and

B) was used. The magnetic field was calibrated to 2% both

in magnitude and direction.

Observations of the mercury stream were made using a

General Radio motor-driven camera capable of 550 frames/sec

(we ran at 250 frames/see) using Kodak Plus-X 35 mm film.

The lighting came from a Strobotac (GR stroboscope) with a

flash rate from 100-25,000 rpm and a pulse approximately

-6
4 x lo sec long. We ran at 15,000 rpm. We used a special

reflecting screen for shadow photography. Experiments on

direct and indirect lighting were run; these were unsatis-

factory because of specular reflection from the mercury

stream. We tried using a Leica manually-controlled camera

but found we could not take pictures nearly fast enough to

see the instabilities forming. We tried various filters

with limited success. Pan-Atomic X film was tried, but

found not sensitive enough.

It was not clear at the start of the experiment that we

were obtaining spirals and pinches. A great deal of guess

work was required until we finally hit on the combination

that gave us the desired results.

In addition to doing the experiment many precautions

were taken because of the health hazard of an over-exposure

to mercury vapor.

The parameters of the system that we were able to vary

were:



43

(1) Magnetic field, 0-4000 gauss

(2) Current, 0 -500a

(3) Hole size of the orifice at C, .1-.3 cm radius

(4) Initial velocity of the stream, v0, 40-140 cm/sec

(5) Height of fall (distance between the magnets,

4-6 inches).

The experimental procedure consisted of setting the above

parameters and then taking approximately 14 feet of film

(2 sec) -of the mercury stream. Although much more work is

yet to be done, enough film has been taken at the present

time to obtain some feeling for the phenomena involved artj

in order to suggest further experiments.





Presentation of Data and Results

We systematically varied the parameters of our apparatus.

These are:

(1) The current 10 through the mercury stream,

(2) The initial exit speed vo from the nozzle of

reservoir A,

(3) The initial stream radius RO,

(4) The external magnetic field B0 , and

(5) The height of fall ho.

The mercury stream under the given conditions was then photo-

graphed. The photographs and tabulation of results follow.
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From a general perusal of the photographs, one clearly sees

the pinch and spiral instabilities predicted in the theory.

Each film strip represents a section taken from the

14. feet of film used in each test. Often several sections

are presented from each test (a test number between 1 and 34

was assigned to each test; capital letters designate sections

within a test, e.g., 22C, etc.). It was found that within a

test the phenomena observed were periodic. This is due to the

current "cut-off" nature of the instabilities. For a pinch,

the mercury begins in what appears to be equilibrium, pinches

off (the current therefore going to zero), and then returns

to equilibrium (that is, looks like a smooth stream flow with

no perturbations). The process repeats itself when the current

begins flowing through the mercury again. In an exactly

analogously manner the spiral instabilities exhibit a periodic

nature. Therefore, in the data presented, each strip repre-

sents one cycle from equilibrium to instability to equilibrium.

It was also observed that all of the cycles of instabilities

within a test fall into one or two classes. Therefore, we

present only the typical examples of each of these types

from each test, instead of presenting here all 14 feet of

each of the 34 tests. From looking at the total 14 feet of

film, there apparently is no time ordering of the types, which

gives us the freedom to choose our examples randomly in time.

Each frame represents - .004 sec. Therefore, a complete

cycle takes place in less than 1/10 sec; no wonder the

instabilities could not be observed visually.
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Some of the frames are "white" due to sparking in the

mercury. When the mercury pinches down so far, apparently

the current approaches zero so rapidly that L $ is muchdt

greater than the ionization potential of mercury and there-

fore causes the current to arc. The open circuit voltage

is not large enough to cause such a breakdown. We shall

say more about this later.

In general, we see that for B,= 0,the current pinches

and then sparks. For B > 0, the mercury spirals outward, and

then apparently breaks electrical contact so that the spiral

stops growing and simply falls into the reservoir below.

Therefore, the last 4-6 frames of a test are usually uninter-

esting. We show a complete cycle in the No. 9C and No. 10?

tests but because of space limitation have chopped off the

uninteresting end section of the rest of the cycles Any

exceptions, though, are presented in their entirety.

In addition to the photographic data of the mercury

stream, we have the current characteristics taken from the

Sanborn recorder. The recorder was used to obtain the

qualitative nature of the current behavior. However, we now

feel that new information may be obtained if we could corre-

late the film with the pulses on the recorder. Future experi-

ments will be designed with an electronic synchronization

device. As a first approximation, the recorder and film were

synchronized by mechanically synchronizing an extra flash of

light on the camera lens with a mechanical timer in the

recorder. The results were generally unsatisfactory because
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of mechanical lag and of difficulty in distinguishing the

flash from the mercury sparks. However, at present the film

and recorder data cannot be uniquely correlated. This will

not bother us, because for pinches, the sparks correlate the

current and the film, and for spirals the current pattern was

cyclic in the same way that the spirals on the film were

cyclic (later we present results showing that the cycles are

of identical duration).

The results of the oscillograms of the current for the

34 tests show that the current obeys one of the five typical

types displayed on the next page. Later we shall describe

the other tests in terms of these. In each of our examples,

we take about 1 sec of paper from each of the 5 tests. Note

in particular the time scale on the Sanborn data in comparison

with the time scale on the films (~.004 sec/frame). For

example, each major peak represents a whole cycle of a spiral

instability.
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For the tests No. 26 and No. l(for B= 0),the current

is on most of the time -- but the pinches intermittently cut

the current down (often to zero). The number of pinches is

greater for high currents than low currents.

For tests Nos. 12, 24 and 29 the current is off more time

than it is on -- characterized by major peaks separated by a

few minor peaks. The minor peaks disappear as the magnetic

field increases, the mercury stream acting as a "noise-free

pulse generator" in No. 29 (for the highest magnetic field

shown).

In tests Nos. 12 and 24 on the Sanborn data, we note a

somewhat periodic nature of the major peak heights (tests

Nos. 24 and 12 exhibit spiral instabilities), that is the

maximum current of the spiral cycles seems to be a function

of time. Reason: If we start with a smooth stream so that

the current is the maximum possible, then the forces causing

the spiral are very large and cause the mercury to spiral

very widely and quickly, hence violently. The stream becomes

thinner, and the current goes down very close to zero. The

stream breaks into droplets because of the violent disturbance.

Therefore, the main stream loses most of the mercury which

went into the spiral except for a small tail (most of the

spiral breaking away in droplets). The stream will then

remake contact on the lower plate via the "tail." Therefore,

the current surge for the next cycle will be almost, but not

quite, the same as the smooth stream's initial surge of current
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because the tail has a higher resistance. But if the current

is less, we should expect the violence of the spiral to be

less. Therefore, again the mercury spirals and breaks up,

but the "tail" left on the main stream is now longer because

the forces were less violent. Therefore, since the tail is

longer, when the mercury makes contact the third time the

current is even smaller. Repeating the above process several

times, the current peak should drop to a minimum value. The

minimum is determined by surface tension -- the "tail" can

only be so long and thin. Therefore, the "tail" breaks off

and the initial contact is made again by the main stream

thus giving a large surge of current, etc., etc. The "tail"

can clearly be seen in the last five or six pictures of

Nos. 9C and 10. Note that it is thinner than the main stream.

For the most part, the periodic variations of the ampli-

tude of the major peaks are small. We shall note the cases

where they are large, because they could change our value of

I0 by as much as 20%. One can note such variations on two

of the 14-foot lengths of film (Nos. 12 and 17). Other films

show differences in cycles but not of a periodic nature as

described above. Care was taken for the most part to select

tests which give us current at the maxima so that we know

approximately what the value of the current is. However,

the possibility of an error of as much as 20% in Io is possi-

ble. This is the main reason why we desire to synchronize

Io(t) with the film so that we have all the currents of all
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the cycles as a function of time. Clearly, the study of the

periodic nature of the current would be an interesting prob-

lem in itself. However, for the present we are interested

mainly in the over-all picture of the instabilities; such

details can be investigated later.

Here it might be mentioned that on tests Nos. 28, 29, 31,

and 34 the current was turned on after the camera was running

(a very delicate operation since the film ran out in -1 1/2

seconds). Unfortunately none of these four tests exhibit the

periodicity of the amplitude of the major peaks of the current

near enough to the beginning of the test to be of any value,

i.e., the current peaks are all approximately the same height

at the start of each of these runs.

Before comparing the results of the various runs to

obtain the I, Bo, vo, and R0 dependence, let us first point

out certain qualitative aspects of some of the more unusual

photographs.

Test 1. We note the side pinch as described in the

theoretical predictions. Also, a mercury spark provides

light to photograph itself, revealing a well-defined pinch

with the mercury pinched down to almost a thread.

Test 2B. Side pinch.

Tests 3 and 4 represent the 6 mm stream with B0 = 0,

I0 = 0. We note that the stream is fairly nonuniform, which

gives us very large initial perturbations. The asymmetry

probably leads to the excellent side pinches in Tests 1 and 2.
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However, because of this, we ran most of the tests on the

5 and 3 mm streams, which are extremely smooth for 10 = B= 0

(see Tests 5, 6, and 8).

Test 7B reveals two side pinches forming, culminating in

two sparks.

Test 10B, frame 4. A globule of mercury forms at a bend

of the stream at the expense of thinning the stream.

Test 13B, frame 10. Beads form along the stream. (This

is probably due more to surface tension than to the current.)

Test 15A through G. The stream has a tendency to broaden

and flatten out(this appears as a globule in the photographs)

at the bends of the spiral. This is especially true in

Test 15F, frame 8, where the globule actually splits, the two

halves then spiralling around one another. A blow-up of this

phenomenon appears on the next page. Note that the radius of

the spirals of the bifurcated streams is approximately one-

half that of the original stream. The current divides; there-

fore, the magnetic force should be approximately half. Note

also the pinches which appear on the stream. Such a bifur-

cated stream was theoretically explained earlier (though

probably inadequately).

This is probably the first time such an instability has

been observed; indeed, such an instability invites a great

deal of further study.

Other cycles in Test 15 show signs of splitting; Test 15C,

frame 6, splits but it is almost out of the range of the
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camera. The bifurcation phenomena appear to occur only for

very high fields.

Note the pinches along and the very wide radius of the

spiral in Test 15A.

Test 17B. A globule of mercury travels along the stream.

Test 18A, B, C. Nice symmetrical pinches.

Test 19B. A globule again forms and bifurcates as in

Test 15F.

From these pictures it is clear that the globule is more

nearly a thin sheet of mercury rather than cylindrically solid.

Under such conditions surface tension is probably responsible

for the split. Such a phenomenon may suggest experiments

with rectangular streams of mercury where, in particular, one

side of the rectangle is much greater than the other, and GAd

elliptically shaped streams.

Test 22B. A very symmetrical spiral.

Test 25A and B. Very wide, symmetrical spirals with

many loops.

Test 27A. Wide, many looped spiral with whole loops

breaking into droplets.

Test 28A. Three pinches in a row -- magnificent.

Test 29C. Note how small the tail is after a violent

spiral (tending to support a previous hypothesis).

In addition to their scientific beauty, of course, one

cannot fail to appreciate the aesthetically pleasing nature

of some of the photographs.
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Before going further, we should discuss briefly Bo, ho,

Ro, and vo. The magnetic field was calibrated for ho =

4 inches and 6 inches. Previous work has shown it homogeneous

to 2%in direction and magnitude, and to within -5% linear

in current (for I 7 4a). Throughout the paper we shall refer

to the magnetic field in terms of the amperage. Since we are

seeking only comparison, such a reference is satisfactory.

However, the conversion to gauss is given by

B0 = (142.4 - I + 50) + 2 for h 0 = 4"

Bo = (107.5-I +30) ±2% for ho = 6"

The initial stream speed vo was measured (see the

"Experiment" section). The results are shown in Fig.4 for

the three orifice diameters, 3mm, 5 mm, and 6 mm. In these

graphs the dotted line extrapolates to the average value of

time for 500 cc of mercury to leave the reservoir. All experi-

ments were run with 500 cc but the total times varied from

those on the chart by ± 2-3 7. Therefore, our speeds v0 are

valid by a corresponding amount. The shape of v0 vs t is

due to baffles placed in reservoir A to support the copper rod.

The apparatus is constructed with five nozzles (ranging

from 2-6 mm in diameter), four of which were corked during a

test. Time permitted us to run tests on the 3 mm, 5 mm, and

6 mm streams. (Although we shall continue to refer to them

as 3, 5, and 6, the actual diameters are 3.32, 4.70, and

5.75 mm, respectively.)
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Measurements of pinch size, spiral radius, rate of

change of spiral radius, and stream speed were made by

projecting the film on a piece of graph paper calibrated

such that one unit equals .05 cm.

A summary

tests were run

separation of

Test

1

2

3

4

5

6

7

8

9

10

11

12

13

V

volts

8

6

0

0

0

0

6

0

6

6

6

6

6

6

of

at

the details of each test follows. All

ho = 4 inches, where ho is the pole

the magnet.

2R%

mm

6

6

6

6

5

3

6

3

6

6

5

5

5

B0
amps

0

0

0

0

0

0

0

0

4

8

0

5

10

v I Iav
cm/sec

45

45

45

40

100

120

40

85

45

45

100

100

100

amps

370

290

0

0

0

0

260

0

270

250

270

275

265

Osc v

amps sec amps

320 -- --

260 -- --

0 -- --

0 -- --

0 -- --

0 -- --

0

90

60

270

135

70

- - 80
-- 100

.6 20

1.1 60

5 15 100 270141 35 1.5 100
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Test C

1 .04

.022

3

4

5

6

7

8

9

10

.04.

.04

11 0 0

Type -r x10 3

-SC c

.17 1

.05 26--Fewer but deeper peaks

- - Wrong recorder speed--
Sanborn data no good

.2 12 and 24--Not as rough as
24 and Iav1ma for 9 is

less than for 24

.23 24--But some peaks 10%
higher than the average
peak height, and the
peaks are more pointed

No fluctuations--
I = constant

T1

6.7

6.7

5.7

5.0

5. 45
.5-4-5
5.45

5.45

5.45

5.45 13 t 3

5.45 17 t 1

4.3 --

.25 12

.25 12--But I av/Im for 13
less than for 12

is

.20 29--But more secondary
peaks (but of small ampli-
tude) between the main
peaks; also, high ampli-
tude periodicity in the
major peak heights

12

13

.08

.08

.06

4.0

4.0

4.0

16 t 1

16 + 2

16 + 3



Test V 2

volts
B v
B vm ap m

RM amps CM/
0 Imax 'av Osc v
sec amps amps sec amps

.8 loo

.6 120

1.1 60

15

16

17

18

19

21

22

23

24

25

26

27

28

29

30

31

32

33

34

6

8

8

8

8

10

2

2

2

2

6

6

6

6

2

10

4

4.

4

25

0

10

0

20

0

15

30

10

25

0

10

0

20

0

10

0

0

15

100

100

100

85

100

100

100

100

120

120

120

120

90

120

85

120

85

80

100

265

340

340

325

300

415

84

77

66

62

190

190

184.

182

65

270

130

170

170

18

340

34

310

150

370

40

20

30

10

180

40

140

30

65

20

130

170

50

-- 15

.8 10

.8 15

-- 0

-- 10

-- 0

1.0 10

-- 40

R



Test C S

15 .08 .13

16 0 .02

17 .o6 .25

19

21 0

22

23

24

25

26 0

T x 10 3 Ti

29--But very high ampli-
tude periodicity of major
peaks--and more low
amplitude peaks between
the major peaks

5 26--But see S and C

12--But compare
IavIax and v

.02 .2 1--Compare C

-- -- 29--Compare v

.17 1

.1 .25 24

.1 .25

.08 .25

.08 .08

.17

24 and 12

24

29

26

.1 .1 29

28

29

.06

.11

.20

.11

30 0 0

31 .12

32 0

.12

26 and 1

29

No fluctuations--
I = constant

29--But very high,
sharp peaks

.017 Almost no fluctuations--
see C and S

33 0 0

34 .08 .42

No fluctuations--
I = constant

4.0

4..0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0

4.0o

4.0

4.0o

15 t 2

16 + 3

16 t 4

16 + 2

16 t 1

15 + 1

18 + 1

16 + 1

16 t 1

16 t 1

Type

12



In the above chart, V is the voltage of the batteries

supplying current to the mercury stream, R0 is the stream

radius in mm, Bo is the applied external magnetic field in

amps B0 = (142.4. - I + 50) + 2%, v is the outlet speed

of the stream from the nozzle taken from Fig. max is

the peak current of the major peaks as recorded by the

Sanborn recorder, Iav is the approximate (+ 10% ) time

average of the current and is a measure of how long the

current was actually flowing, osc is the average period of

the fluctuations of the amplitude of the major peaks (about

which we have spoken before), v is a measure of the total Maximvm

amplitude of the fluctuations of the amplitude of the major

peaks (and is also a measure of the maximum uncertainty in

Io), C is a measure of the cut-off (for pinches) and cut-on

(for spirals) of the current, i.e., the number of times per

second the current cuts completely off or on, S is a measure

of the total number of peaks/second (of all amplitudes) in

the current pattern, type is

a comparison with one of the

five typical 
oscillograms

presented earlier - - we note

V that I max, Iav osc, v, S, C,

and type almost completely

characterize an oscillogram --

T corresponds to the time

(- O. ) { between successive frames on
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the film, and Ti represents the number of frames for a spiral

instability to complete its cycle.

We observe that Tis constant for all V, vo, and B0 ,

which means it is only a function of the apparatus or is a

slowly varying function over the range of values we used.

The approximate average uncertainty given for T1 is a measure

of the relative magnitude of v. (These were measured inde-

pendently.) This should be the case because longer cycles

would imply smaller current pulses and short cycles larger

current pulses. If one checks the cycles we are using, we

find that they all are either average length or shorter

implying that they represent the higher currents, i.e.,

I Imax'

In order to compare pinches and spirals from one set

of parameters to the next, it is necessary obviously to find

a basis of comparison. After viewing many feet of film, the

following quantities were chosen: (1) vr: the average of

the rate of change of the radius of the largest loop of the

fourth and sixth frames of a spiral instability. The zero

frame is defined to be the most unperturbed frame of the cycle.

It was found that most spirals develop between the fourth and

sixth frames. For a pinch, vr is the average rate of change

of the radius of a pinch at its smallest point averaged over

the four frames before it pinches off. (2) N: For a spiral,

N is the average number of loops in the spiral of the fourth

and sixth frames. For a pinch, N is the average number of



pinches along the total length of the stream at any instant

of time. (3) R is the average of the radius of the largest

loop of the fourth and sixth frames for a spiral instability.

Its analog for a pinch is relatively meaningless. We did not

use the stream speed vz because it is very dependent on the

distance of fall and we cannot make all our measurements at

the same z (it takes a stable point of reference to make a

measurement). Measurements were not taken on all the cycles.

Only the most typical were measured. The results are as follows:

Vr
(arbitrary units)

9
7 1/2

10 1/2
9
12
22
11 1/2
8
9 1/2
21
21
12 1/2
23
12 1/2
25
13
20
10
8

4-5
12 1/2
30
10
60

50
6

16

N

1/2
1/2

1/2
3/4
1/4.
1/4

1/2
+
1/2
1/2
1/2

3/4.
1/2

R

(arbitrary units)

37
4.1

9
13
50
31

46

36

23
13
15
75

65

75

6o

27

Test

1
2A
2B
7B
90

lOA
llA
12B
13A
14A
15A
16
17A
18B
19D
21A
22B
23A
24B
25A
26A
27A
28A
29A
30A
31
32
33A
34A

1/2

Pinch P

Spiral S

P
P
P
P
S
S
P
S
S
S
S
P
S
P
S
P
S
S
S
S
P
S
P
S
P
S
P
P
S1/2



In order to systematically review the data, we must

first define correlation groups. Clearly, voltage cannot be

used to correlate the data. However, the currents resulting

from the voltage are distributed over wide ranges.. Therefore,

to make any sense out of the data, we shall group the tests

into five "current groups" which cover the densest regions in

"current space." (Tests which are circled belong half way

between the two groups in which they appear.)

Group Current (amps) Tests

6o-8o 22, 23, 24, 25, 30,

II 180-220 26 27, a8, 29, 33, 34,

III 250-280 2 7, 9, 10, 11 12, 13,
14, 31, , 0

IV 320-340 16, 17, 18, )
V 370-415 1, 21

Using these current groups, we can now arrange our

results in terms of the following correlation groups:

Ai -- vary B0 , Bi -- vary I , Ci -- vary v0, Di -- vary R .



2R0 B0 vT

III ,

III, (II)

Iv, (III')

Al

A
2

A
3

A4

A
5

A6

A
7

B1

I

III, V

B2  V, IV,
III, (II)

B3 .IV, (IV
and III),
III, II

B4  (II),
and I), I

III

IV

II

6

5

5

5

5

3

3

6

5

5

3

6

5

3

0, 4, 8 45

0, 5, 10,
15, (25)

0 910,
(20)

15, 30

100

100

100

(0), 15 (80),100

0, 10, 120
20

(0), 10, (85),120
25

0 45

0

15

0

0

0

0

100, (80)

100

(120),85

45, 40

100, 85

120, 90

2, 9, 10

11, 12, 13,
14, (15)

16,17, (19)

22, 23

(33), 34

26, 27, 29

(30),24,25

2, 1

21, 16, 11,
(33)

(17 and 19),
14, 34

(26), (32),
30

2, 7

16, 18

26, 28

6, 5 0

6, 5 0

6, 5, 3 10

3, 5 0

5, 3 15

(45), (100)

(45), (100)

45),(100),
(120)

(1), (21)

(2), (11)

(13),

(120), (80) (26), (33)

(100), (120)

5, 3 (15),(10) (100),(120)

5, 3 (30),(25) (100), (120)

(34), (27
and 29)

(22), (24)

(23), (25)

II

II

Cl

C2

C3

Di

D2

V

III'

III

II

IID
5

D6 I

I

TestsGroup Io

(10),
(31)



In the table, order has been preserved horizontally and

symbolically. These are the only possible group correlations.

Parentheses refer to elements which strictly do not belong to

the group, but probably will give some positive indication of

a trend. Note that the Di groups really have no vo correla-

tion because we could not control v0. The above groups will

be discussed by systematically considering: (1) the films,

(2) the Sanborn recorder oscillograms, and (3) the summary

chart of the tests given on page

Results

(1) There is no correlation between tests run with B = 0 and

B greater than zero except that pinches often form along the

spiral instabilities. Such a correlation would be attained

by letting B approach zero in small steps.

(2) Define Iav max = 6, a measure of the average relative

time the current flows during a test. We will then correlate

the data by plotting the dependence of changes in B or vo

or I0 or R0 in terms of 6, Iav, V, soC, C, S, Vr (pinch or

spiral), N(pinch or spiral), and R. We shall also judge each

correlation as to whether we feel the relative numbers fit

the over-all physical phenomena (+++ good, ++ fair, + poor- ).



Test Subgroup B0

B0 Dependence

6 I v

-- Group A:

Osc C S T

8 .24.

4 .33

(25) .05

250

270

100

80

265 100

-- .04.
-- .04.

.8 .08
15 .1 270 100 1.5
10 .25 265

5 .5 275

(20) .1 300

10 .5 340

06

.23 17 22

.2 13 12

.13 16 21

.2 16 21

2 1/2 41

2 1/2

3 1/4 31

3 1/4 50
60 1.1 .08 .2 16 9 1/2 2 3/4- 13 1/2

30 .6 .08 .25 16 8

60

120

30 .25 77 40

15 .5

1.1 --

.6 .06
-- 16 25
.25 16 23

-- .1 .25 16

84 15 .8 .1 .25

1 1/2

4 1/2 36

3 1/2

10

-- 20

2

2 1/2 23

No correlation

20 .15 182

10 .2 190

25 .16

10 .5

0

10

62 0

-- .1 .1 16 6o

-- .1 .1 16 30

-- .08 .08 18 45
66 15 .8 .08 .25 25 8

5
5

75
65

4 1/2 75
2 3/4 15

9
10

Al

(++)

A
2

(+++)

(15)
14

13

12

(19)

17

N R

A
3

(+++)

37

23

22

A4.
(+)

34
(33)

A
5

9

15

0

A6
(++)

29

27

25

24

46

13

A
7

v r



Io Dependence -- Group B:

Test Subgroup 6. ImaxI0 v Osc C S T1 vr

V .85
III .90

V

IV

370
290

.9 415
1.

III 1.

(II) 1 .

340

270

170

-- -- .04.
-- -- .02

-- -- 0
-- -- 0
-- -- 0
-- -- 0

.17

.05

.17

.025

0

0

-- 9
-- 9

- - 13

-- 12 1/2 1 1/2

-- 11 1/2

(

B3 IV and
(IV and
III)

+) III

(spiral)

(.3) (320) (90) (.8) (.06) (.25)

.11

II .45

B4. II .95
(+++) II and 1.0

I

270 100 1.5

170

190

130

40

.06
-- .08

-- -- 0
-- -- 0

.2 16

.42 --

.17

.017

(24)

21

(4)

3 1/4
3 1/2 27

-- 12 1/2

-- 6
2

1

30 pinch I 1.0 65 -- -- 0 0

1

2

21

16
11

33

B

(pinch)

B
2

pinch

N R

4
2

2 1/2

(17
and
19)
14

34

26

32

1

(41)

50



Speed vo Dependence -- C Group:

Test Subgroup

2

7

16
18

26

28

Cl

(pinch)

C
2

(pinch)

C3

v0 6 Imax

45 .9 290
4.0 -- 260

100 1

85 1

120

340

325

1901

90 .8 184

v Osc C

-- -- .02 .05

S T1 vr

-- 9
-- -- . -- -- -- 9

-- -- 0
-- -- .02

-- -- 0
-- - - . o6

.025

.2

.17

.2

-- 12 1/2

-- 12 1/2

-- 12 1/2_

- - 10

N R

3
3

2

2+

2

3

0



Stream Radius R0 Dependence -- D Group:

Test Subgroup

1

21

2

11

10

13

31

33
26

2R0  v0  6 max

6 45 .9 370

5 100 .9 415

6 45
5 100 1

.9 290

270

6 45 .24. 250 100

5 100

(+++)
(pinch)

D2

(++)

(pinch)

D3
(+++)

(spiral)

D4.

(+)
(pinch)

D 5
(++)

(spiral)

D6

(+)
(spiral)

.25 265 6o

v Osc C S T

-- -- .04 .017
-- --0 .17

-- -- .02 .05
-- -- 0 0

vr

-- 9
-- 13

-- 9
-- 11 1/2

-- .04 .23 17 22

1.1

N

4
2 1/2

3
1

2 1/2 37
.08 .25 16 9 1/2 2 3/4 13 1/2

120 .07 270 10 1.0 .12 .12 16

5 80 1

3 120 1

170

190

5 100 .45 170

3 120 -- 186

5 100 .5 84 15

3

-- -- 0 0
-- -- 0

4.0 -- .08

.17

.42
-- -- .1 .1

50

-- 12 1/2

- - 16
-- 60

-- .1 .25 16 20

120 .5 66 15 .8 .08 .25 15 8

5

1

2

3 1/2
5 1/2 70

2 1/2 23

2 3/4 15

23 D
25 (++)

(spiral)

5 100

3 120

.26

.16
77 10 .8 .1 .25

62 -- -- .08
-- 10

.08 18 45

2 13

4 1/2 75

R

3

34.
27 and
29

22

24.

60

27

'"0
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Group A Generalizations:

(1) As the magnetic field increases the relative time

average of the current decreases. Also the number of second-

ary peaks decreases, indicating a more violent, but very fast

interaction. For the very highest fields (as in test 29) the

current output looks like the output of a "noiseless" pulse

generator. (2) As B0 increases, the Imax decreases, for a

given voltage and radius. For higher B., we have a more

violent spiralling; therefore the stream which makes contact

with the copper electrodes is thinner, resulting in an average

decrease in current. (3) There appears to be no correlation

between V and B0 (for half the tests v increases and for half

the tests v decreases, as B increases). (4) A small amount

of evidence indicates that Osc increases almost linearly

with magnetic field. (5) T1 usually is approximately 16, but

for those cases where it appears to change, the cycles become

larger as B0 increases. This is due to the fact for large B0 ,

small perturbations are amplified quickly and often to sustain

a cycle. (6) The rate of change of spiral radius yr very

definitely increases as B0 increases as does also the average

spiral radius R. (7) The number of loops in the spiral also

very definitely increases as B0 increases. The force for

higher fields is so great that the mercury travels almost

horizontally, thus allowing many more loops to form within

a given space.



Group B Generalizations:

(1) As 10 increases, the relative time average of the

current decreases very slightly. (2) There is a slight

indication that v increases as Io increases. (3) For B = 0,
0 0

there are more peaks and more cut-offs as Io increases, i.e.,

for high currents, the pinch has time to pinch off where even

the smallest perturbations occur, perturbations which the

lower currents do not have time to pinch. A detailed study

of this could be made if we were able to induce known per-

turbations. From our B = 10 = 0 photographs we can say,

though, that the initial perturbations are smaller than the

eye can detect. For B> 0 apparently the trend reverses,

i.e., the number of peaks decreases as Io increases (though

this conclusion is borne out by "poor" evidence). (4) For

B = 0, the pinches pinch faster and there are more of them

along the stream, i.e., even the smaller initial perturba-

tions are amplified at the higher currents. For B> 0 the

spiral radius, the number of loops, and vr all increase as

Io increases.

Group C Generalizations:

(1) As vo increases the I ma increases because the faster

stream makes better contact with the lower reservoir. (2) As

vo increases C decreases and S decreases. E.g., in C2 we

have a real cut-off in S; in going from v0 = 85 to 100, S

goes from .2 to .025, i.e., the pinch time for most of the
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perturbations on the 5 mm stream is greater than .042 sec

and less than .046 sec, the order of magnitude of our

theoretical prediction. (3) As v0 increases, vr of a pinch

increases slightly -- an important assumption in our theory

is then borne out. (4) As v0 increases the average number

of pinches along the stream decreases.

Unfortunately we do not have any elements of group C

with B > 0.
a

Group D Generalizations:

Because we had no control over the accessible ranges of

vo for the various stream radii, we note that our correla-

tions for R0 dependence also depend upon a speed v0 correla-

tion. We must therefore consider the correlation operator X

defined as R0 increasing and vo decreasing. The results of

D have meaning only for X rather than R0 or v.. The results

of group C will be needed to find any R0 dependence. (1) For

X and B0 = 0, C increases and S decreases indicating that

pinches are taken more to completion for X. Since as vo

decreases, S increases (from group C) then as R0 increases,

S decreases, a fact which probably just describes the geome-

try of our system (i.e., the smoothness of outlet nozzles,

etc.). For B 0 > 0, for X, S increases and we can say nothing

about R0 . (2) We have insufficient data to discuss the effect

of X on pinching. For B 370, for X, vr decreases, N decreases,

and R decreases. From this most probably, as R0 increases,
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Vr, N, and R decrease, i.e., a thinner stream spirals more

violently, other conditions being equal.

Of course, the above generalizations are no better than

our sampling of the data -- data which depend very much on

unknown initial conditions. Certainly, though, we have noted

definite trends, and obvious experiments suggest themselves

to more thoroughly support them. A more analytical comparison

may be interesting, but not justified from the nature of the

tabulated data. When an accurately synchronized apparatus

with a mechanically flexible design (so that we can vary vo

and Io) is built, then a more detailed study may be justified.

Also, in the same spirit we cannot possibly expect to corre-

late our data analytically with our theoretical results.

However, our group correlations yield qualitatively the

identical results that we predicted earlier.

In experimenting to find the best lighting, type of film,

etc., we took many random single pictures. Those that lead

to new or interesting comparative results will be presented

here.

EC



F

H

M1



N, M,2

NA 14

0

P



E5 and E6 are good pictures of spirals after breaking

into droplets (R = 3 mm, ho = 4. in., B0 = 8 a-1 2 a, Io 1 6 0 a).

F is a series of frames showing sparks rising on the

stream as the speed v0 decreases. Each frame represents

.~,5 sec. The alternate frames are Io = B = 0. This series

of shots hints very strongly that the pinch time is not

random, but depends very strongly on the initial perturbation

(the pinch rises linearly as vo decreases linearly). There-

fore, experiments done by inducing known perturbations and

measuring the effects may yield a great deal of information.

(F: B = 0, V = 8 volts, Ro = 5 mm, ho = 6 in.)

H is a spiral for R0 = 3 mm, V = 6 volts, B0 = 4a

ho = 6 in.

M is a series of 5 sec apart frames showing sparks

rising as vo decreases for R= 3 mm, V = 6 volts, h0 =

6 in., Bo = 0. The dense cloud is mercury vapor resulting

from the heat of the spark. We note that the alternate

pictures with Io = Bo = 0 show nice pinches due just to

surface tension. It is for this reason that measurements

were not taken at ho = 6 in. -- because the effects of surface

tension and the current-field interactions cannot be separated.

N is a series of four photographs at h = 6 in.,

V = 2 volts, R0 = 6 mm, N, at Bo = 0, N2 at B0  - 4a

N3 at B0 = 8a, N4 at Bo = 16a. Qualitatively this series

is in agreement with our previous discussion for B0

dependence.



99

0 shows the line-up of the stream with the direction

of magnetic field (the edge of the tape) to within 20.

P is the 3 mm stream, V = 2 volts, B0 = 0, h0 = 6 in.,

exhibiting a pinch.

Clearly, the above series of pictures exhibit qualita-

tively the same characteristics (where applicable) as in our

previous discussion. Clearly, changing h0 to 6 in. does not

change qualitatively the results, except that surface tension

then plays a greater role.

Having discussed the main body of our data, let us look

now at several relatively minor questions which may be of

interest to an over-all interpretation of the experiment.

Does a large majority of the spirals always begin in the

same direction? No. If they did, the spiral instability

might be strongly a function of our geometry.

Tests were run reversing the direction of the magnetic

field and/or reversing the current direction. Qualitatively,

no difference was noted.

What are the limits on V and B such that the stream is

stable? From our charts we can see that the 3 mm stream has

no pinches for Io ( 70 to 100 amps and the 5 mm stream for

Io < 200-240 amps. Correcting for the differences in v0 we

see that the cut-off current goes approximately as the area

of the stream. (If v0 of the 3 mm stream equals 120 cm/sec

and vo of the 5 mm stream equals 100 cm/sec, then
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I_(3) 85 - 120

lower limit 220'100

for pinching

The ratio of the areas is .50.) This relationship may be

accidental; we certainly do not have conclusive evidence.

Of course, more experimental work should be done on this

point. Clearly the value of the current below which there

are no pinches is velocity dependent, i.e., if one waits

long enough, pinches will probably form for all currents

(even if there is no surface tension). The apparatus broke

before we were able to test the lower limit of B0 for

instability.

It is found that for most pinches, the mercury arcs

when the pinch gets to a very small radius. We can explain

this on the grounds of two phenomena: (1) We calculated

theoretically that the mercury at the narrowest point of a

pinch should heat to thousands of degrees C. This is suffi-

cient to vaporize the mercury and create thermal electrons.

(2) The self-inductance of the circuit is approximately given

by L = 92 0 ln d/a (where we are using rationalized mks units),

d is the average separation of the wire, a is the radius of

the wire, and I is the length of the wire. L - .3 10~ hen-

ries (d = 6 in., a, 1/4 in., 1 V.20 meters).

d$ '7 1.2 105 amps/sec (using the test No. 1 oscillogram).
et >

Therefore, V ? 4. volts, i.e.,. the added voltage must take us
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over the first excitation potential of mercury, 13.6 volts.

The high electric fields cause a cascade of the thermal

electrons formed from the heating, the whole process result-

ing in a cascade of photons, i.e., the spark. The spectrum

of the spark was recorded and found to-have the normal mercury

spectral lines 4047, 4078, 4-358, 4916, 5461, 5770, and 5790 i.
In addition, two relatively weak (but as yet unidentified)

lines were found at 4.960 and 5360 . (They are not in the

air spectrum or mercury spectrum.)

The arcing resulting from the pinch causes great diffi-

culty in photographing the stream because the cloud of

mercury vapor hides the stream. A capacitor across the

stream was considered, but to have any effect, it must be

' .1 farad. Possibly by rewiring the circuit (and decreas-

ing the inductance) we can eliminate a great deal of the

arcing.

As we stated earlier, the present work is to investigate

the instability phenomena in such a way as to understand the

physical mechanisms involved in order to suggest further

detailed work. For the experiments done and presented in

this paper we did not have enough mechanical control of the

variables vo, Io, and the initial perturbations to conduct

meaningful functional dependence experiments; we had too

many mechanical operations for recording the data. We there-

fore suggest the following improvements and new experiments

in order to understand the instabilities in a more detailed
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manner. We should, of course, keep these suggestions in

mind in the light of our data and previous discussion.

(1) We should change the external resistance R (which

includes the resistance of the batteries and line) to see

how this influences the current vs time plot. In particular,

we should let R be large enough so that 10 stays constant

(i.e., we eliminate our periodicity of the major peaks

phenomenon) and we should be able to vary R so that we can

adjust Io, i.e., so that we can obtain a definite current

dependence of the instabilities. (We now know what voltages

correspond to a given Imax*) (2) It would be advantageous

to have control over v0 by using a pressure device in

reservoir A to either keep v0 at a constant value over a

test or to let vo vary continuously over a wider range than

we had in our experiment. (3) It is vital that the Sanborn

recorder be correlated with the film by either turning the

current on in the middle of the film and/or correlating a

flash on the camera lens with a spark burning a hole in the

recorder paper (no mechanical parts!). Also, the Sanborn

recorder should be redesigned to run faster to spread out

the peaks in order to study in detail the time dependence

of I. (4) The voltage across the stream should also be

recorded. This will give us some indication about the

sparking and also will allow us to plot the conductivity of

the stream as a function of time. Probably the variations

of the conductivity of the mercury in the vicinity of a pinch
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are very-interesting. (5) The upper limit of the B and Io

for stability should be found as a function of R and vo.

(6) Many extensive experiments can be done by varying the

height ho and the radius R0 (say from 10 mm down to 1 mm).

(7) A more homogeneous magnet should be found. Even though

2%is fairly homogeneous, it could be much better. Then we

could show conclusively that the instabilities arise from

our other considerations and are not due just to an inhomo-

geneous field. (8) Experimentsshould be done on elliptical,

annular, and rectangular streams. These could be related to

our bifurcation phenomenon, in an attempt to better under-

stand it. We should also test two streams of mercury fall-

ing parallel to each other. (9) In order to understand the

role the initial perturbation plays, we could induce per-

turbations -- by oscillating the nozzle (which would give

MHD waves on the surface of the mercury), by varying the

angle between Bo and the flow, by letting the mercury rotate,

by letting the mercury run over a small wedge as it falls,

by having an external low amplitude oscillating field Bx, or

by heating the mercury locally for a very short time with a

carbon arc -- and then measuring the functional dependences

of the resulting disturbances. (10) We can extend our work

to exploding wires and in particular exploding wires in an

external magnetic field (a problem which has not as yet been

investigated). A fundamental understanding of the above

problems will probably lead to a fundamental understanding of

magnetohydrodynamics.



From the results of the experiment there can be no doubt

that a mercury stream with current and in an external magnetic

field along the direction of flow is unstable both with

respect to its diameter (the pinch) and to its direction

along the direction of the magnetic field (the spiral). We

have seen, recorded, and are able to reproduce the instabili-

ties. We have presented charts showing approximate relative

magnitudes of the instabilities and have made generalizations

upon these charts. In general, we found that the instabili-

ties depend very strongly and nonlinearly on the current and

magnetic field (spirals and pinches growing faster and being

more numerous for the higher fields and currents). We have

a first order theory which predicts qualitatively the phe-

nomena we have observed: the symmetrical pinch, the side

pinch, the spiral instability, and the new bifurcation

instability. Our qualitative results agree with Lehnert's.

On the basis of our results we have been able to suggest

improvements and new experiments which should lead to a more

detailed and fundamental understanding of magnetohydrodynamic

instabilities.
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