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ABSTRACT

Phase velocity and attenuation of guided waves have been estimated from acoustic log
ging data recorded by a receiving array. The method uses data from multiple sources
and successive depths yielding more accurate estimates than could be obtained with
data from one source and one depth. The inversion requires two steps: (1) all traces are
transformed into the frequency domain with a fast Fourier transform, and (2) at each
frequency a modification of Prony's method is used to estimate the guided waves' char
acteristics which include amplitude, attenuation coefficient, and wavenumber (which
yields the phase velocity). An important assumption underlying this technique is that
the formation, borehole fluid, and tool are homogeneous along the receiving array.
Application of this method to synthetic data shows that the phase velocity and at
tenuation of the tube and pseudo-Rayleigh waves are accurately estimated at many
frequencies. With noisy synthetic data, the phase velocities are correctly determined,
but the attenuation estimates, being sensitive to noise, are accurate only when the am
plitudes are high. Using data from multiple sources and successive depths suppresses
the noise effects and improves both estimates. The amplitude estimates are important
because they roughly indicate the reliability of the velocity and attenuation estimates.
From laboratory and field data, the velocities for the guided waves are accurately pre
dicted even when the amplitudes are low. The attenuation estimates are good when
the amplitudes are high but degrade as the amplitudes diminish.
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INTRODUCTION

In acoustic logging, the guided waves which propagate along the borehole are partly
affected by the properties of the formation. Because some acoustic logging tools have
many receivers, array processing methods can be used to calculate the phase velocity
and attenuation of these waves. This information is crucial when estimating formation
properties like permeability, which affects the tube wave's velocity and attenuation
(Cheng et aI., 1987; Williams et aI., 1984; Staal and Robinson, 1977), anisotropy,
which affects the guided waves' dispersion (White and Tongtaow, 1981), and S-wave
velocity, which can be estimated from the tube wave's velocity in slow formations
(Stevens and Day, 1986; Chen and Willen; 1984, Cheng and Toksoz, 1983).

The first array processing of acoustic logging data was done by Schoenberg et
al. (1981), who tried to estimate the frequency-wavenumber spectrum. By using a
Fourier transform over time with either another Fourier transform or the maximum
likelihood method over space, they were able to identify the tube and pseudo-Rayleigh
waves in the two-dimensional spectrum. However, because the data consisted of only
fourteen waveforms, the spectral estimates had poor resolution in the spatial dimension.
To overcome this problem, Parks et al. (1983) and McClellan (1986) used a model
based estimation technique, called the extended Prony's method, and obtained a high
resolution spectrum from which accurate dispersion curves for the guided waves were
calculated. Lang et al. (1987) implemented a variation of Prony's method which
does not include the effects of attenuation and obtained seemingly accurate dispersion
curves. A different technique, high-resolution slant stacking, has been used by Block
et al. (1986) and Hsu and Baggeroer (1986) to obtain phase velocity estimates for
the guided waves. This method, which requires extensive computations, yields phase
velocity estimates but no attenuation or amplitude estimates.

The purpose of this paper is to present an improved method of estimating phase
velocity and attenuation from acoustic logging data. By modifying Prony's method,
data from successive depths and different sources on the same tool are combined to yield
high quality estimates. Furthermore, the amplitudes are used to assess the accuracy
of the estimates, especially the attenuation. The performance of this new method is
demonstrated by processing synthetic, noisy synthetic, laboratory, and field data.

METHOD

As guided waves propagate along a borehole, the changes in their character are due to
their phase velocity and attenuation. An example of multi-receiver data is displayed
in Figure la, showing the traces which would be recorded by an acoustic logging tool.
The increasing temporal duration of these guided waves is called dispersion and is due
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to changes in their phase velocity with frequency. The decrease in amplitude is due to
intrinsic attenuation in the tool, fluid, and formation. Because geometric dispersion
does not occur for guided waves, it does not affect the amplitude.

To accurately estimate the amplitude, attenuation, and phase velocity of the guided
waves, a realistic mathematical model for the waves' behavior must be used. Lang et
al. (1987) used contour integration in the complex wavenumber plane to demonstrate
the appropriateness of their model. In contrast, the suitability of the model presented
here will be argued heuristically although a mathematical proof virtually identical to
that of Lang et al. (1987) is possible. Consider just the data at one frequency, say,
Wj (Figure Ib). Although these data samples in the frequency domain are complex
numbers, their real parts may be sketched as shown in Figure lc. At the first receiver,
the wave's amplitude is A(wj), and its phase ¢(Wj). As the wave propagates, its
amplitude change is characterized by a(wj), and its phase change by k(wj). The wave
at some distance z may be written as

(1)

In this description, a(wj) is the attenuation coefficient, which will be called just atten
uation in this paper, and is related to the spatial quality factor, Qs> via:

(2)

where c(Wj) is phase velocity (Aki and Richards, 1980).

The parameter k(wj) is the wavenumber, which describes the change in phase as
the wave propagates along the borehole, and is related to the phase velocity via:

(3)

Because the wave is recorded by receivers which only exist at discrete points, the
expression for the wave in Eq. 1 must modified by replacing z with (n - 1)6.z for
which n is an index varying from 1 to N, the total number of receivers, and 6.z is the
receiver spacing. When more than one wave is present, a recorded sample, x(n,wj),
may be expressed as a sum:

p

:1;(n, Wj) = L A/(wj )e"./(Wj) e[-a/(wj)+,k/(wj)](n-1)Ll.z (4)
1=1

where p equals the number of waves and is called the model order. The recorded
sample is only approximated by :1;(n, Wj) since noise is always present.

The array processing involves changing the data from the time to the frequency
domain by applying a fast Fourier transform to each trace and then estimating the
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parameters in Eq. 4 at every frequency. Because finding the parameters which minimize
the squared error,

N

I: Ix(n,wj) - x(n,wj)1 2

n=l

(5)

(6)

is a difficult, nonlinear problem, an approximate technique originally proposed by
Gaspard Riche, Baron de Prony (1795) is used. Eq. 4 is written as

p

x(n) = I:hIZi-1

1=1

(7)

where the variable Wj has been omitted to simplify the notation. The variables hi and
Z/ are defined as

and
ZI = e[-c<,(wj)+.k/(wj)Jtl.z (8)

and are called the complex amplitude and exponent, respectively. With Prony's
method, the complex exponents are estimated first using two equations for which the
derivations are given in the appendix. A matrix equation is established with the data
samples:

Da=-d (9)

x(l) Jx(2)

X(lV:- p) ,

x(p - 1)
x(p)

x(lV -2)
(

x(p)

x(p ~ 1)

x(lV - 1)

a = ( :i:;\ J' and d = ( :i: f;\ J
a(p) x(lV)

(10)
This equation is commonly solved for a using the covariance method (Marple, 1987).
The elements of a are the coefficients in the equation,

D=

where

zP + a(1)zP-1 + ... + a(p - l)z + a(p) = 0 , (11)

for which the roots are the complex exponentials. Finding the roots is the nonlinear
part of the estimation problem and is done with commonly available subroutines. Now
that the exponents are known, Eq. 6 represents a linear relation between the complex
amplitudes and the data samples. In matrix form, this equation is expressed as

Zh=x

where

( I

1 1

J. h{J=rl ( .(1) JZl Z2 zp x(2)
Z= x=

;-1 N-1 N-1 x(lV)zl Z2 zp

(12)

(13)
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The method of least squares is used to solve this equation.
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The accuracy of the phase velocity and attenuation estimates can be improved by
exploiting the redundancy of information in acoustic logging data. The processing
obtains average values for the phase velocity and attenuation of the guided waves over
the length of the array. Between successive depths, the tool moves a small fraction of
the array's length, and consequently the data sample nearly the same formation. In
carefully chosen situations, data from several depths may be combined. Furthermore,
for those logging tools having more than one source, the guided waves generated by
each source sample the same formation, and these data may be combined. In this
paper the data generated by each source at each depth will be called a data set.

The redundant information is included in the processing by modifying Prony's
method. After, say, M data sets have been transformed into the frequency domain,
the matrix equation:

(14)

is used to find the vector a at each frequency. Submatrix Di and subvector di come
from one data set and are identical to D and d in Eq. 10. Because each submatrix
and subvector are independent of the others, data sets from sources having completely
different characteristics can be combined, improving the estimates of a and ultimately
of the velocity and attenuation. Eq. 14 is solved by the method of least squares, and
then the roots of Eq. 11 yield the complex exponents. The complex amplitudes are
calculated using Eq. 12 with only one data set because the amplitudes may differ for
each source.

In summary, processing of acoustic logging data requires two operations. (1) All
data sets are transformed into the frequency domain by applying a fast Fourier trans
form to each trace. (2) For each frequency, the data sets are combined to estimate
ZI and hi by a modification of Prony's method, which requires applying Eqs. 14, 11,
and 12 in this order. The complex exponential determines attenuation and wavenumber
(Eq. 8), and complex amplitude the real amplitude (Eq. 7). Wavenumber is converted
to phase velocity using Eq. 3. Although the phase is determined by this estimation
procedure, this parameter would not be used in any inversion for formation properties
and will not be discussed again.

An important assumption is that the formation, borehole fluid, and tool are homo
geneous along the receiving array. Because reasonable estimates are obtained from field
data, this assumption is believed to be adequately satisfied for most situations. When
this assumption is seriously violated, which would occur, for example, at a boundary
between very different formations or at a washout, the parameter estimates will not
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The quality of the phase velocity and attenuation estimates is degraded by noise,
and several techniques may be used to diminish its effects. Combining several data sets
improves the accuracy of the parameter estimates, and this technique is demonstrated
in the Results section. Another method is to increase p in Eq. 4 until it is equal
to or is slightly less than half the number of receivers, N/2. The extra parameters
model the noise and thereby increase the accuracy of those parameters modeling the
actual waves. Another approach, which was originally proposed by McClellan (1986),
is to process only the data samples associated with the desired wave. This selection is
easily accomplished by applying a window in time to each trace. The window keeps
the desired wave and sets the remainder of the trace to zero. Standard processing
yields the parameter estimates for the wave, but to limit the computational burden
the processing is only performed for those frequencies at which the wave is expected to
exist and have a reasonably large amplitude. When processing field data, all of these
techniques are usually used.

RESULTS

Synthetic Data

Noiseless synthetic data were processed to determine the inversion '8 performance un
der controlled conditions. The first test used data from one source and one depth
(Figure 1a). For processing, the model order was selected to be six, half the number
of receivers, and the waveforms were not windowed. All synthetic data presented here
were processed in this manner. The amplitude, phase velocity, and attenuation esti
mates are shown in Figures 2a, b, and c, respectively. The processing detected a low
amplitude tube wave which is not easily observed in the traces. At all frequencies the
phase velocity estimates are very close to the correct values. Although the attenuation
estimates are reasonably accurate, their slight scatter suggests that they are somewhat
less robust than the other estimates. Attenuation plotted as l/Q (Figure 3) is much
more scattered than the attenuation coefficient estimates because two estimates (i.e.,
wavenumber and attenuation coefficient) are needed to compute l/Q. Because the
attenuation coefficient is the parameter which is estimated and would be used in an
inversion for formation properties, only it will be displayed.

When few traces are available, the inversion has difficulty determining the parame
ter estimates for two or more waves at the same frequency. For example, the estimates
for the low amplitude tube wave end at about 9 kHz (Figure 2), although the wave is
known to exist at higher frequencies. Above this threshold, the algorithm, using the
twelve samples corresponding to the twelve receivers, yields slightly biased tube wave
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estimates due to the presence of the high amplitude pseudo-Rayleigh wave. Experience
has shown that the estimates for the higher amplitude wave are fairly accurate.

The effect of noise upon the parameter estimates was determined by processing
synthetic data to which Gaussian random noise was added. The last trace from the
original data set (Figure 2a) is compared to the last trace from the noisy data set in
Figure 4. Noise of this magnitude is generally larger than is found in field data and
served as a good test of the inversion's robustness. The processing results are shown
in Figures 2d, e, and f. The amplitude and phase velocity estimates are very similar
to those from the noiseless data indicating that these estimates are quite robust. The
attenuation estimates for the high amplitude pseudo-Rayleigh wave are moderately
accurate whereas those for the low amplitude tube wave are scattered. The accuracy
of these estimates largely depends upon the signal to noise ratio.

To improve the parameter estimates from noisy synthetic data at one depth, noisy
data from three depths were combined. Each data set was generated by adding Gaus
sian random noise like that shown in Figure 4 to the traces displayed in Figure 1a. The
processing results are shown in Figures 2g, h, and i. The amplitude and phase velocity
estimates are smoother than those for one depth and closely resemble the estimates
from the noiseless data. The attenuation estimates are markedly closer to the correct
values.

Combining data sets from two sources improved the accuracy of the parameter
estimates. Both data sets (Figures 1a and 5) cannot be simply combined to form
one set with twenty-four traces because their sources are different and the distance
between the sources is less than the array length. However this problem is easily
overcome because Eq. 14 treats the data sets individually. The processing results are
shown in Figures 2j, k, and I. Using data from the additional source generally yielded
slightly better phase velocity and attenuation estimates than were obtained with data
from only one source (Figures 2b and c). The tube wave's attenuation estimates
at high frequencies are slightly biased because the pseudo-Rayleigh wave has a large
amplitude. When processing field data which may contain noise, the additional source
would probably improve these estimates noticeably.

Laboratory Data

Processing laboratory data was an ideal test for the method because the fluid and
formation properties are well known and a tool, which would complicate the wave
field, was not present. The data (Figure 6) were collected in a water-filled borehole
through a lucite block. Because the lucite's S-wave velocity is less than the fluid's P
wave velocity, the leaky-P wave is prominent, and the pseudo-Rayleigh wave does not
exist. In addition to the tube wave, the processing detected five modes of the leaky-P
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wave (Figure 7). The phase velocity estimates are very accurate even when several
modes exist at the same frequency because forty-three samples - corresponding to
the forty-three traces - are available to estimate the modes' parameters. At high
frequencies, the third and fourth leaky-P modes having somewhat low amplitudes are
slightly biased. The attenuation estimates are accurate when the amplitude is high
which occurs for the tube wave, for the leaky-P modes near their cutoff frequency, and
also for first leaky-P mode above 300 kHz. In general the quality of the attenuation
estimates degrades as the amplitudes diminish.

An interesting feature is the large amplitude event in the leaky-P wave which is
easily seen in those traces which are far from the source (Figure 6). Some researchers
have called similar events in field data fluid waves because their moveout nearly equals
the fluid's P-wave velocity. However, the processing shows that this event is the high
frequency portion of the first leaky-P mode which has a large amplitude and a phase
velocity virtually equal to the fluid's P-wave velocity. These data substantiate the
numerical studies on leaky modes conducted by Paillet and Cheng (1986).

Field Data

The processing results from the field data demonstrate the inversion's performance
under realistic conditions and, furthermore, show the effects of permeability upon ve
locity dispersion. Data consisting of ten traces (Figure 8) were collected in a sandstone
formation in which the permeability generally ranges from 200 to 300 mD and occa
sionally reaches 600 to 700 mD. The field logs indicate that the borehole wall is smooth
and that the density is fairly constant. The estimates for the amplitude, phase veloc
ity, and attenuation are shown in Figures 9a, b, and c, respectively, and were obtained
by combining data sets from four depths. The complicated behavior of the amplitude
estimates is due to the source's frequency spectrum. The phase velocity estimates
are believed to be reasonably accurate at all frequencies. The attenuation estimates
for the tube wave are probably most accurate at the low frequencies where only one
wave is present and seem to degrade near 6 kHz at which the pseudo-Rayleigh wave
begins. Between 6 and 10 kHz where the pseudo-Rayleigh wave has a relatively large
amplitude, the attenuation estimates seem reasonable. Beyond 10 kHz the estimates
are scattered because the amplitude is quite low. The phase velocity and attenuation
predictions, which were based on the Biot-Rosenbaum model (Cheng et a!., 1987) and
were constrained by measurements of the saturated P- and S-wave velocities, borehole
fluid density, formation density, and borehole radius, match the data reasonably well.
In particular, the low velocity of the low frequency tube wave - a characteristic of
highly permeable formations - is fairly well modeled.
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The results of the noise tests show that reliable parameter estimates can be obtained
from low quality synthetic data, but this conclusion does not always apply to field
data. The processing, which was performed on a VAX 11-780 computer for the results
presented in this paper, was also tested on a lower precision IBM 4381 computer.
With the IBM machine, the phase velocity estimates were generally biased about
one percent. The attenuation estimates varied much more about their theoretical
predictions but did not seem biased. Based upon this experience, the processing results
from field data, for which the precision depends upon the digitization, may also show
similar effects. Another important consideration is the effect of nonrandom noise which
might come from formation heterogeneity, mismatched receivers, or electronic problems
like clipping. The experience gained from processing field data indicates that these
problems can be ameliorated by carefully examining the acoustic logging data and
other borehole measurements like the caliper log before processing. Because these
problems appear to be infrequent, most of the data can probably be processed to
obtain reasonable phase velocity and attenuation estimates.

The processing time is quite short. In general, as the model order or the number
of data sets increases, the processing time increases. Excluding input and output
operations, about six to eight cpu seconds on the IBM 4381 computer were needed to
calculate the parameter estimates.

Before this method can be routinely applied to logging data, an automated method
to separate the parameter estimates for the actual waves from those for the noise
must be developed. Almost always a large model order is selected to model the noise
and thereby improve the accuracy of the estimates for the waves. Many of these
extraneous estimates can be eliminated if their velocity or attenuation estimates fall
outside reasonable ranges. For example, the attenuation must be positive and less than
some upper bound, which depends upon the formation and borehole fluid conditions.
Lang et al. (1987) eliminated the remaining, extra estimates when their amplitude fell
below an established threshold, but using their approach low amplitude waves, which
could have accurate phase velocity estimates, would be removed. For this paper, the
extra estimates were deleted manually.

The processing results for the synthetic, laboratory, and field data show that the
higher the amplitude the greater the reliability of the phase velocity and particularly
the attenuation estimates. When performing an inversion for formation properties,
the amplitude information can be used to weigh the data, which should improve the
inversion '8 performance.
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CONCLUSIONS

Array processing methods may be used to estimate phase velocity and attenuation for
the guided waves over a broad range of frequencies. The technique presented here com
bines a fast Fourier transform over time with Prony's method over space. This method
is based upon a model which is appropriate for the guided waves and from which the
amplitude, attenuation, and phase velocity may be estimated at each frequency. The
accuracy of these estimates may be improved by combining data from multiple sources
and successive depths. The assumption underlying this processing method, that the
formation, borehole fluid, and tool are homogeneous along the receiving array, appears
to be adequately satisfied for most field situations.

This array processing method was applied to synthetic data to determine its perfor
mance. Generally the phase velocity estimates are very accurate even when the waves
have low amplitude or when the data are noisy. Attenuation estimates are somewhat
sensitive to noise, and accurate estimates can only be obtained when the signal to
noise ratio is high. Prony's method has difficulty estimating the parameters for two or
more waves at the same frequency when the array has only a few receivers (e.g., about
twelve). For this situation, the phase velocity and attenuation estimates for the highest
amplitude wave are fairly accurate, but those for the lower amplitude waves should be
ignored. Including data from multiple sources and depths improves the phase velocity
and attenuation estimates.

The tests with the laboratory and field data corroborate what was learned with the
synthetic data. The velocity estimates are accurate over a broad range of frequencies
even when the amplitude is low. The attenuation estimates are reliable when the
amplitude is high but become inaccurate as the amplitude diminishes. The velocity
and attenuation estimates will be useful when performing an inversion for formation
properties.
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APPENDIX

The derivation of the equations needed to calculate the complex exponentials will be
presented in this appendix. Although similar material has been pu blished (e.g. Marple,
1987), the derivation is included to make the paper complete. The starting point for
the derivation is the equation,

(A - 1)
p

x(n) = I: hkZ'k-1
,

k=l

for which the variables are defined in the main body of the paper. Prony (1795)
recognized that this equation is the solution to some homogeneous, linear, constant
coefficient, difference equation which could be used to find the complex exponentials.
To find this difference equation, a polynomial, q,(z), having the exponents for its roots,
is defined as

p

q,(z) = I1(z- Zk) . (A- 2)
k=l

After performing the multiplication, q,(z) may be expressed as a summation:
p

q,(z) = I: a(m)zp-m (A- 3)
m:;;:;O

where a(m) are complex coefficients with a(O) = l.

Eq. A-1 and A-3 will now be used to determine the difference equation. Eq. A-1
has its index shifted by -m, is multiplied by arm), and is summed over the index m

to give:

(A-4)

P

I: a(m)x(n - m)
m=O

p p

= I: hk I: a(m)z'k-m- 1

k=O m=O
p p

= I: hkz'k-1
- P I: a(m )z~-m

k;;;;O m=O

which is valid for p+ 1 :::; n:::; 2p. The second summation on the right hand side is q,(z)
evaluated at a root, Zk, and consequently is zero. The left hand side may be rewritten
as the difference equation:

P

x(n) = - I: a(m)x(n - m)
m=l

(A - 5)

which appears in matrix form as Da = -d within the main body of the paper. After
this equation is solved for the coefficients, a(m), the roots of the characteristic equation,
(i.e., Eq. A-3),

zP + a(l)zP-l + ... + a(p -l)z + a(p) = 0 ,

yield the complex exponents.

(A - 6)
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Figure 1: Processing multi-receiver acoustic logging data. (a) The traces record the
wave field as it passes the acoustic logging tool. This data set was used to test
the processing method. (b) The first processing step is convert the data to the
frequency domain by applying a fast Fourier transform to each trace. These graphs
show the magnitude of the frequency spectrum. (c) The second step is to estimate
the guided waves' properties at each frequency. The samples at one frequency,
shown by the black squares in part (b), are complex, but their real parts describe
the wave's amplitude, A, phase, ¢, attenuation, a, and wavenumber, k, which are
estimated by Prony's method.
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Figure 2: Amplitude, phase velocity, and attenuation estimates from the synthetic
data. In this and all subsequent figures, an estimate for the tube wave is shown
by an open square, and for the pseudo-Rayleigh wave by an "X". The solid lines
are the correct values. The first three tests used the data shown in Figure la. (a),
(b), and (c) Results for noiseless data from one source and one depth. (d), (e),
and (f) Results for noisy data from one source and one depth. Random Gaussian
noise was added to the traces, and the last trace before and after contamination
is shown in Figure 4. (g), (h), and (i) Results for noisy data from one source and
three depths. The noise level was identical to that in the previous example. (j),
(k), and (I) Results for noiseless data from two sources and one depth. This test
used the data sets shown in Figures la and 5, and the amplitudes were estimated
for the latter set.
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Figure 3: Attenuation plotted as l/Q for the noiseless synthetic data with one depth
and one source.
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Figure 4: Last trace of the synthetic data (Figure la) before and after Gaussian random
noise was added. Noise having a similar magnitude was added to all traces.
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Figure 5: Synthetic data set which was combined with that shown in Figure la. The
character of the waves in the two data sets differs because the sources are different.
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Figure 7: Amplitude, phase velocity, and attenuation estimates from the laboratory
data. These estimates are plotted on different graphs for clarity, and amplitude is
scaled to decibels. The solid lines are theoretical predictions based upon measured
values for the velocity and attenuation. (a), (b), and (c) Results for first and
fourth leaky-P modes (plus signs and solid triangles, respectively). (d), (e), and
(f) Results for second, third, and fifth leaky-P modes (open triangles, plus signs,
and solid squares, respectively). (g), (h), and (i) Results for the tube wave (open
squares ).
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Figure 8: Field data collected in a highly permeable sandstone.
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Figure 9: Amplitude (a), phase velocity (b), and attenuation (c) estimates from the
field data. The solid lines are predictions constrained by the P- and S-wave veloc
ities and other well log measurements.


