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ABSTRACT

Using acoustic logging data, we develop a method of estimating the horizontal shear
modulus C66) of a transversely isotropic formation with its axis of symmetry parallel
to that of the borehole. The data for the inversion are the wavenumbers, at every
frequency, of the guided waves. The inversion minimizes the difference between these
observed wavenumbers and those calculated by a forward model. The final estimates
of the elastic moduli are constrained by the a priori estimates of their values and by
the requirement to keep the stiffness tensor positive definite. The inversion produced
similar results when it was applied to synthetic data from hard and soft formations.
The estimate for the shear modulus, C66, was fairly accurate because this parameter is
moderately well resolved. The estimates for Cll and C13 are inaccurate because they
are poorly resolved by the data. Tight constraints on the fluid modulus prevent this
parameter from changing. much. The inversion did not attempt to estimate either C33

or C44 because they can be determined from the refracted P - and S-waves or the flexural
wave.

INTRODUCTION

Knowledge of the elastic properties of a formation is important in the earth sciences and
the petroleum industry. In the Ocean Drilling Project, Poisson's ratio is used to predict
the lithification of sediments and as a marker for specific formations. In industry, these
constants are used to correlate acoustic logging and seismic data, which is necessary for
reservoir characterization and stratigraphic analysis. They are also used to estimate the
strength of a formation - an important parameter which determines how a formation
is fractured and whether a formation might collapse during production. Since these
applications require closely spaced estimates of the elastic properties, the estimates
are often made with acoustic logging measurements because of the small wavelengths
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of the elastic waves used.
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Several years ago, most sedimentary rocks were considered to be isotropic, meaning
that their elastic properties are characterized by only two constants, the bulk and
shear moduli. When logging in hard formations, the velocities of the refracted P- and
S-waves and the density logs were enough information to determine these moduli. In
soft formations, the refracted S-wave does not exist, but the shear modulus can be
determined from the tube and leaky P waves (Cheng et a!., 1982; Stevens and Day,
1986; Cheng, 1987; Meredith et a!., 1989).

Recent evidence (see e.g., Thomsen, 1986 and Winterstein, 1985) suggests that
many sedimentary rocks are actually transversely isotropic, which means the elastic
properties are characterized by five constants: C11, C13, C33, C44, and CBB. White and
Tongtaow (1981) and Chan and Tsang (1983), who investigated acoustic logging in
transversely isotropic media, found that the velocities of the refracted P- and S-waves
are~ and .,;c;;rp, respectively, where p is the formation density. Consequently,
the refracted waves can be used to estimate these two moduli. The important problem
then is developing a method to estimate the other moduli. White and Tongtaow
discovered that the only elastic modulus which affects the tube wave velocity at 0 Hz
is C66. This fact suggest that the guided waves might be used to estimate some of the
unknown moduli as these waves are used in isotropic formations to estimate the shear
modulus.

In this paper, we describe a method of estimating the horizontal shear modulus,
C66, of a transversely isotropic formation using the wavenumbers of the guided waves.
We develop a robust procedure and apply it to synthetic data from hard and soft
formations. These two cases establish how accurately C66 can be estimated and why
C11 and C13 cannot be determined with this procedure.

METHOD

Formulation

The model consists of a fluid-filled borehole through a transversely isotropic formation,
the axis of which coincides with that of the borehole (Figure 1). The properties of the
formation are described by five elastic moduli and density; the properties of the fluid
by one modulus and density. For the synthetic examples in this paper, a tool is
not present, although it must be included when analyzing field data. The formation
is assumed to be homogeneous which implies that the formation has been neither
extensively damaged by drilling nor altered by shale swelling. The permeability must
be small to make its effects upon the guided waves negligible (Rosenbaum, 1974).
The viscosity of the fluid can be ignored (Burns, 1988), and the effects of azimuthal
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anisotropy are assum·ed to be unimportant. The borehole wall is cylindrical because
small perturbations from the cylindrical shape, which always exist in field situations,
have a minor effect upon the phase velocity of the guided waves (Ellefsen and Cheng,
1989).

The forward model for the inversion is based upon the period equation. Using
expressions for displacements and stress in a transversely isotropic solid (Tongtaow,
1982), boundary conditions at the fluid-formation interface are used to derive the
period equation. This equation incorporates all of the information about the formation
and fluid in terms of elastic constants and densities and about the guided wave in terms
of its wavenumber and frequency. The period equation is solved numerically at each
frequency for a wavenumber when it exists.

The inversion, which selects appropriate elastic constants for the formation and
fluid, is based upon a cost function that has three terms. The first term contributes
information about the data, the second about the original estimates of the elastic
moduli, and the third about the physical constraints on the moduli. These three terms
will now be developed.

The first term in the cost function requires that the wavenumbers predicted by
the forward model closely match the observed .wavenumbers. Array processing of
microseismograms from multi-receiver tools yields, in the frequency domain, estimates
of the wavenumber and the amplitude for each guided wave (Ellefsen et aI., 1987). For
the inversion the wavenumbers are arranged in a vector denoted dobs. The amplitude
of the guided wave is roughly proportional to the accuracy of the wavenumber estimate
and is used to develop a data covariance matrix, CD, which is diagonal because all
wavenumber estimates are assumed to be independent. The predicted wavenumbers
are arranged in a vector denoted g(m), where m represents the model parameters
(i.e., the elastic moduli). In terms of probability theory, the relationship between the
observed and predicted wavenumbers may be expressed by the generalized Gaussian
density function:

(1)

(Tarantola, 1987) where 1(, is a normalizing constant. The important property of
fp(m) is that when p is close to 1 fp(m) decreases slowly away from its maximum
value at dobs = g(m). Hence, a few observed wavenumbers can deviate significantly
from their correct value without seriously affecting the solution. This property makes
the inversion robust. Maximizing the probability density function is equivalent to
minimizing the negative of its exponent,

~(Idobs - g(m)IPj2 )TCi)'(ldobs _g(m)lpj2
) ,

p .

which will be the first term in the cost function.

(2)
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C13 C33 C44 C66

C11 0.37 0.95 0.83 0.89
C13 0.28 -0.090 0.022
C33 0.88 0.85
C44 0.95

Table 1: Correlation coefficients between the elastic moduli of transversely isotropic
rocks.

The second term in the cost function requires that the elastic constants obtained
by the inversion be close to the initial estimates of their values. Because C33 can be
determined from the refracted P-wave and C44 from either the refracted S-wave or flex­
ural wave, the values for these moduli are fixed during the inversion. Thomsen (1986)
tabulated 44 laboratory and field measurements of the elastic moduli for transversely
isotropic rocks; cross-plots (Figure 2) show that, when C33 and C44 are given, the ranges
of values for C11, C13, and C66 are well defined. Notice that C13 depends strongly on
the linear combination, C33 - 2C44' (To understand this result, assume for a moment
that the rock is isotropic. The elastic moduli in terms of the Lame p"arameters are
C11 = C33 = A + 2j1., C13 ;= A, and C44 = C66 = j1.. For a rock which is only slightly
anisotropic, C33 - 2C44 is close to CI3') The most-likely value for each modulus is ap­
proximately in the middle of its range and will be called the a priori model parameter.
For the inversion, these parameters are placed in a vector denoted mo. The initial
model covariance matrix, CM, is calculated from the standard deviations of the model
parameters, which are estimated from the cross-plots, and from the correlation coeffi­
cients between the moduli, which were calculated from Thomsen's data and are listed
in Table 1. The modulus for the fluid is uncorrelated with the moduli for the forma­
tion. The relationship between the initial model parameters and those predicted by
the inversion may be expressed by the normal density function:

(3)

where E 2 is a normalizing constant. Maximizing this density function is equivalent to
minimizing the negative of its exponent,

(4)

which will be the second term in the cost function.

The third term in the cost function requires that the elastic moduli be physically
possible. The elastic strain energy density, ~eijCijklekz, is always positive for any
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nonzero strain, eij. Hence, the tensor of elastic moduli, Cijkl, must be positive definite.
For a transversely isotropic medium, a sufficient set of equations to insure positive
definiteness are

(5)

(6)

and

(Auld, 1973). These three equations, which are written symbolically as hi(m) > 0
(where i is an equation index), are used to develop penalty functions,

(Xi
..pi = hi(m) , (8)

where (Xi is a small, positive constant (Bard, 1974). For acceptable values of the elastic
moduli, the penalty function is negligibly small. As hi(m) approaches zero, the penalty
function becomes very large forcing the current estimate of the model parameters to
remain within the acceptable region. The penalty functions are written in vector form
as 'I!, and the inner product,

(9)

is the third term in the cost function.

The cost function used by the inversion combines the expressions in 2, 4, and 9:

if>(m) = (10)

This cost function is minimized with respect to m to find the best choice for the elastic
moduli of the formation and fluid.

Optimization Technique

An approximate technique is used to perform the lp optimization of the cost function
(equation 10). The differences between the observed and predicted wavenumbers are
the residuals: Ti = (di)obs - gi(m). A diagonal weighting matrix, W, is defined from
these residuals:

w. _ {P(€/hIl 2
-

P if hi > E

" - 1 if hi S E
(11)
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where E is a small positive constant and 1 ::; p ::; 2 (Scales and Gersztenkorn, 1988).
The cost function is now rewritten as

i[>(m) = (12)

This equation shows that W prevents large residuals from significantly increasing the
cost function and adversely affecting the inversion. The advantage of this formulation
is that standard least-squares algorithms can be used to perform the optimization.

The cost function is minimized using a Levenburg-Marquardt algorithm which has
been developed for nonlinear, least-squares problems (More, 1978; More et aI., 1980).
The Jacobian matrix, which is required for this algorithm, is calculated using a per­
turbative method (Ellefsen and Cheng, 1989) which is usually more accurate than
numerical differentiation. When the inversion obtains a good solution, the costs as­
sociated with the constraints are virtually zero. If the product 1/pW"/2 CVW"/2 is
interpreted as a corrected data covariance matrix, then the optimization is like the
maximum likelihood inversion (Aki and Richards, 1980).

Interpreting the Results

Three different methods are used to interpret the results of the inversion. First, the final
standard deviations for the model parameters are compared to the initial deviations.
If a deviation has been significantly reduced, then the corresponding model parameter
is well resolved. The final deviations are calculated from the final model covariance
matrix,

for p = 2, (13)

(Tarantola, 1987) where Gi; = 8g;/8m;. This formula is only approximate because
the problem is nonlinear. No formula for CM' exists when 1 ::; p < 2, but this relation
may still be used for a crude estimate of CM'. Second, the elements of the resolution
matrix,

(14)

are examined to determined how well the parameters (or a linear combination of pa­
rameters) are resolved. When a diagonal element of R is close to 1, the corresponding
parameter is well resolved; but, when it is close to 0, the parameter is poorly re­
solved. Because the resolution matrix strictly applies to undamped, linear problems
with p = 2, the matrix for this highly damped, nonlinear problem with p = 1 is severely
distorted. Third, the Jacobian matrix for the optimal model parameters is examined
to determine how strongly the wavenumbers, I, depend upon the elastic moduli at each

(

(



Estimating Elastic Moduli 103

frequency. The elements are normalized,

mi 81---
I 8mi

to make them nondimensional. The sensitivity can be interpreted as the percent change
in the wavenumber due to a one percent change in a modulus.

RESULTS AND DISCUSSION

Hard Formation

An accurate estimate for C66 but poor estimates for Cll and C13 were obtained from
the synthetic data for the hard formation. Using the Green River Shale (Thomsen,
1986) as the formation in the borehole model, synthetic seismograms were calculated
(Figure 3) and were processed to obtain wavenumber and amplitude estimates at many
frequencies (Figure 4). The initial model parameters and standard deviations were
selected from the cross-plots (Figure 2) and are listed in Table 2. The initial modulus
for the fluid, >., corresponds to an acoustic ve]ochY of 1500 mis, and its standard
deviation to an equivalent deviation in velGcity of 38 m/s. p was selected to be 1.
The final model parameters and standard deviations are also listed in Table 2. The
estimate for C66 is fairly close to its correct value, but those for Cll and C13 are even
less accurate than their initial values. The value for the fluid modulus did not change
because the standard deviation is very small. The estimate for C66 using a least-squares
inversion (p = 2) was slightly less accurate than the result presented here.

The initial and final standard deviations, the resolution matrix, and the sensitivi­
ties show that the inversion resolves C66 and>. moderately well but Cll and C13 poorly.
Comparing the initial and final standard deviations suggests that Cll and C66 are mod­
erately well resolved whereas C13 and>. are poorly resolved. The resolution matrix
(Table 3) indicates that C66 is moderately well resolved but that the other moduli are

Model Parameters Standard Deviations
Moduli initial final correct initial final

Cll 3.00 2.68 3.13 1.00 0.729
C13 1.10 4.14 X 10-3 0.345 2.00 1.98
C66 1.00 0.892 0.882 0.500 0.341

>. 0.225 0.225 0.225 1.50 x 10-4 1.50 X 10-4

Table 2: Initial and final parameters of the inversion for the hard formation.
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Cll C13 CBB A
Cll 0.066 0.015 0.88 31.
C13 0.17 0.21 3.7
CBB 0.47 0.17
A 6.7 x 10-5

Table 3: Resolution matrix from the inversion for the hard formation. The matrix is
highly distorted.

poorly resolved. Only the upper triangle of the resolution matrix is displayed because
it is symmetric. The resolution matrix is highly distorted for two reasons: (1) the
damping is severe (i.e., the element in CM associated with the fluid elastic modulus
is small compared to the elements CD); and (2) C M " which is used to calculate R,
is very crude because p = 1. Because Cll and CBB are highly correlated (Table 1) the
linear combination of these two parameters is well resolved. Furthermore, the changes
to CBB, which are large because the data are moderately sensitive to this modulus, cause
corresponding changes to Cll. The resulting improvement in the standard deviation
falsely indicates that this parameter is well resolved. The sensitivities (Figure 5) show
that the data should resolve A well and CBB moderately well but not the other mod­
uli. (The sensitivities for C33 and C44 are also shown, but since these parameters are
fixed they will not affect the inversion.) For the tube wave, the effects of A and CBB

on the wavenumber are important at low frequencies but diminish as the frequency
increases. Elastic constants Cll and C13 have little influence on the wavenumber for the
tube wave. For the pseudo-Rayleigh wave, the wavenumber is affected by A at high
frequencies but is virtually unaffected by the other moduli. Despite the sensitivity of
the wavenumber data to A, the sensitivity is not large enough to decrease the very
small standard deviation. For the same reason, the diagonal element in the resolution
matrix associated with A is small.

Soft Formation

The synthetic data from the soft formation yielded an accurate estimate for CBB but
poor estimates for Cll and C13. Shale (5000) (Thomsen, 1986) was used as the forma­
tion in the borehole model. The procedures for generating the synthetic seismograms
(Figure 6), processing the seismograms to obtain wavenumber and amplitude estimates
(Figure 7), and performing the inversion (Table 4) are the same as those used for the
hard formation. The estimate for CBB is fairly close to its correct value. The improve­
ment in Cll results from its strong correlation with CBB. That is, CBB must increase from
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Model Parameters Standard Deviations
Moduli initial final correct initial final

Cll 3.00 3.06 3.40 1.00 0.995
C13 0.900 0.128 1.06 2.00 2.00
C66 0.900 1.03 1.05 0.500 0.497
A 0.225 0.225 0.225 1.50 x 10-4 1.50 X 10-4

Table 4: Initial and final parameters of the inversion for the soft formation.

Cll C13 Ge6 A

Cll 3.9 x 10-4 5.9 x 10 -, 2.0 x 10-" 3.8x10· '
C13 1.4 X 10-5 1.9 X 10-3 3.4 X 10-2

c66 1.1 X 10-2 2.1 X 10-1

A 3.6 X 10-7

105

Table 5: Resolution matrix from the inversion for the soft formation. The matrix is
highly distorted.

its initial to its final value, and the large correlation coefficient makes Cll increase also.
Like the inversion for the hard formation, the estimate for C13 is poor, and the estimate
for A did not change. The 12 inversion yielded similar, but slightly less accurate results.

Elastic moduli, C66 and A, are well resolved, but the others are poorly resolved.
Comparing the initial and final standard deviations suggests that all moduli are poorly
resolved. Similarly the resolution matrix, although it is distorted by damping and the
reweighting matrix, also indicates that all parameters are poorly resolved. However, the
sensitivities (Figure 8) for the tube wave suggest that some moduli are actually better
resolved. The wavenumber data are greatly affected by A and C66 at low frequencies
but their influence diminishes as the frequency increases. The effect of Cll and C13 on
the wavenumber is small at all frequencies.

CONCLUSIONS

The inversions performed on the synthetic data from the hard and soft formations
had similar results. The estimate of C66 was reasonably accurate whereas those for
Cll and C13 were poor. In fact, the cross-plots seem to give better estimates of Cll
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and C13 than the inversion. The tight constraint on .x prevented this parameter from
changing much. The interpretation of these results is difficult for two reasons: (1)
the final model covariance matrix, C M', is distorted by the reweighting matrix for
the data, W, and by the nonlinearity of the problem and (2) the resolution matrix,
R, which is calculated from CM', is corrupted by the same problems that affect CM'
and by the severe damping. Nonetheless, the resolution of the model parameters can
be roughly ascertained by examining the initial and final standard deviations, the
resolution matrix, and sensitivities. In both the hard and the soft formations, C66 and
.x are moderately well resolved by the data, and C11 and C13 are poorly resolved.
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TRANSVERSELY ISOTROPIC FORMATION:
ELASTIC MODULI C11, C13, C33, C44, C66

BOREHOLE FLUID:
ELASTIC MODULUS A

Figure 1: Borehole model used for the inversion.
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