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ABSTRACT

The drag forces controlling the amount of relative flow induced in a fluid-saturated
porous material by a mechanical wave are modeled here from first principles. Specif
ically, analytical expressions are derived for the drag force in material models that
possess variable-width pores; Le., pores that have widths that vary with distance along
their axis. The dynamic (complex, frequency-dependent) permeability determined for
such a variable-width pore model is compared to estimates made using the models of
Johnson, Koplik, and Dashen (JKD) and of Biot. Both the JKD model and the Biot
model underestimate the imaginary part of the dynamic permeability at low frequencies
with the amount of discrepancy increasing with the severity of the convergent/divergent
flow; Le., increasing with the magnitude of the maximum pore-wall slope relative to
the channel axis. It is shown how to modify the JKD model to obtain proper low
frequency behavior; however, even with this modification, discrepancies still exist near
the transition frequency that separates viscous-foree-dominated flow from inertial-force
dominated flow. The amount of discrepancy is again a function of the severity of the
convergent/divergent flow (maximum pore-wall slope).

INTRODUCTION

This paper is concerned with modeling the fluid flow induced in a fluid-saturated porous
material by a mechanical wave. The material type to be considered is characterized as
having continuously distributed fluid and solid phases; Le., it is assumed that no isolated
pockets of one phase are completely surrounded by the other phase. One example of this
material type wouid be a packing of solid grains. As a compressional wave propagates
through such a material, it both generates a pressure gradient in the fluid phase and
accelerates the solid framework of the material. These two forces drive an accelerated
flow of fluid relative to the solid frame. For a shear wave, the relative flow is driven only
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by the acceleration of the frame. As the fluid flows, traction forces are set up on the
fluid/solid interface that act to resist the flow. These traction forces are called "drag
forces." The maguitude of the relative flow is determined by the balance between the
driving forces of the wave, the drag forces, and the inertial forces. The drag forces are
usually modeled by assuming the pore space to consist of a collection of constant-width
flow channels; Le., flow channels whose widths do not vary with distance along their
axis (e.g., Biot, 1956b; Bedford, Costley and Stem, 1984; Yamamoto and Turgot; 1988).
In this work, allowance is made for variable-width flow channels.

The mechanical waves considered here have wavelengths much larger than the grains
and pores comprising the material. Therefore, the response of interest is that which has
been averaged over volumes much larger than a characteristic pore size but smaller
than the wavelengths. Upon carrying out such a volume average on the force balance
equations obeyed by the fluid and solid phases of a porous material, Pride, Gangi, and
Morgan (1992) have obtained the following coupled equations of motion
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where d is the drag force defined by

(1)

(2)

(3)

T I are the actual fluid stresses acting on the "wall" surface S", that separates the fluid
and solid phases within the averaging volume. VI is the volume of fluid in the averaging
volume. Equation (1) corresponds to a force balance on the bulk material, while equation
(2) corresponds to a force balance on the fluid in relative motion. Overbars denote
volume-averaged quantities. The average relative fluid velocity wis defined as w=
rjJ(TII - TI.) where rjJ is porosity, TIl is the average fluid velocity, and TI. is the average
solid velocity. 'FB is the average stress tensor acting on the bulk material, PB is the bulk
density, PI is the average fluid pressure, and PI is the fluid density. For an isotropic
porous material, the stresses are related to the strains by

(

(4)

and,
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-Pt = C'V· US + M'V· w.
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(5)

KG, C, M, and G are the four moduli of isotropic poro-elasticity. The definitions of
these moduli obtained by Pride, Gangi, and Morgan (1992) using volume-averaging
arguments are identical to those initially obtained by Biot and Willis (1957). Once
the drag vector d has been specified, equations (1), (2), (4), and (5) (plus boundary
conditions) form a complete description of isotropic porous-media dynamics.

The objective of this paper is to evaluate the drag integral defined by equation (3)
for specific pore models so that d is obtained in the form

(6)

In general, "f is an integro-differential time operator (or, in the frequency domain, a
complex frequency-dependent quantity). Equation (2) can then be written

where

8W oITs
PE at = -'VPt - Pt at' (7)

(8)

is the effective fluid-density operator that controls the magnitude of the wave-induced
relative flow. Equations (1) and (7) are now in the form of Blot's (1956a; 1962) equa
tions. For time-harmonic eiwt behavior, PE can be related to the so-called "dynamic
permeability" k(w) by

k(w)=. /-Lt( )'
ZWPE w

(9)

where /-Lt is the shear viscosity of the fluid. Such a substitution is seen to put equation
(7) in the form of Darcy's law.

Johnson, Koplik, and Dashen (1987) (to be referred to as "JKD") have provided an
interesting model for k(w) that can be expressed entirely in terms of three parameters.
After defining how the average time-harmonic flow through a porous material behaves
in the limit of both low frequencies (Darcy's law) and high frequencies (inviscid flow
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except for a thin viscous-boundary layer near the pore walls), JKD simply connect the
two limits with a postulated function given by

k(w) = [(1 _iP.!:!...) 1/2 _ i.!:!...]-1
ko WQ WQ

(10)

The three parameters are the d.c. permeability ko, the transition frequency WQ that
separates viscous-force dominated flow from inertial-force flow, and a pore geometery
term P that JKD suggest is commonly equal to 1/2 for many porous media. The JKD
model defines WQ as

(11)

where C¥= is called the "tortuosity" and will be given an exact definition later. Brown
(1980) has shown that C¥= can be equated to the electrical formation factor F (the ratio
of the fluld electrical conductivity to the bulk electrical conductivity) as C¥= = Frj;;
however, this relation is only valid if the solid phase is non-conductive and if surface
conductivity is negligible. The JKD model defines the geometry term P as

(12)

where A possesses the units of length and has a formal definition in terms of the velocity
potential for time-harmonic, inviscid flow. A/2 may be· interpreted, approximately, as
the pore-volume to pore-surface ratio Vf / Sw; however, it is found in this work that
simply taking P = 1/2 is a much better approximation. The frequency dependence of
the JKD model is nearly identical to that of a grouping of constant-width flow channels;
however, it is simplified in analytic form.

Charlaix, Kushniek, and Stokes (1988) have experimentally measured the dynamic
permeability for samples of fused-glass beads and crushed glass. Their samples have
porosities on the order of 50% and grain sizes ranging from 200-1000 /lm. They obtain
that equation (10) generally fits the data well; however, discrepancies occur for the
imaginary part of k(w) at frequencies W < WQ with differences on the order of 35%.
They determine the parameter P of equation (10) to be between 0.4 and 0.5 for their
samples in agreement with JKD. Zhou and Sheng (1989) have provided finite-element
modeling of the dynamic permeability for a variety of specific pore models that possess
variable-width flow channels. They also find the JKD model to be generally satisfactory
with the only deviations from equation (10) occuring when the throat regions of the
flow channels become "sharp"; I.e., when the slope of the channel walls relative to the

(
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channel axis deviates from zero in the throat region. Discrepancies in these cases are
again largest for the imaginary part of k(w) at frequencies w < woo The discrepancies
can be as large as 90% for some of their numerical simulations. The trend in both the
studies of Zhou and Sheng (1989) and Charlaix et al. (1988) is for the imaginary part
of k(w) to be underestimated by equation (10) when w < woo

The reason for the discrepancies is that JKD do not require the imaginary part
of k(w) to satisfy the exact frequency dependence in the limit of w «wo. In this
paper, the frequency-dependent flow properties of a variable-channel-width model are
analytically solved for. It is also shown how to generalize the JKD model so that
it contains the correct low-frequency behavior. Although such a "corrected" model
always has the proper behavior in both the limits of high and low frequency, it is
shown that errors may still occur near the transition frequency if there is strongly
convergent/divergent flow.

DRAG MODELING ASSUMPTIONS

To evaluate d, the actual fluid stresses T f acting on the walls of a given porous medium
model are required. These stresses are given by

where Pf and uf are the actual (non-averaged) thermodynamic fluid pressure and the
fluid velocity. "f is the coefficient of bulk viscosity. To obtain Pf and uf, one must
solve the equations of motion

(14)

subject to the continuity equation (8pt/f)/; = -\1. uf) and the boundary conditions
for a particular pore model. In general, this is a rather intractable problem that can
only be solved numerically. Fortunately, several assumptions can be made that greatly.
simplify the analysis. These assumptions will now be laid out.

Fluid Incompressibility

In the local modeling of Tf, it can be assumed that the fluid responds incompressibly
(\1 . uf "" 0) so long as the wave frequencies are small enough that scattering from the
grains of the material does not occur. Batchelor (1967, sec. 3.6) estimates how much
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the fluid density changes due to time-harmonic shaking of an object whose size is of the
order a (a can be interpreted to be a typical grain size). He obtains that if

(15)

where f is frequency in cycles per second and ci is the velocity of sound in the fluid,
then density variations are negligible in the equations of motion and \T. ill '" O. Since
CI is of the order of typical wave speeds in porous materials (albeit usually two or three
times smaller), it is seen that condition (15) is equivalent to the no grain-scattering
condition A >> a where A is the wavelength of the mechanical waves. It will be assumed
throughout that condition (15) is satisfied.

Skeletal Incompressibility

It is assumed that in the modeling of d, the solid skeleton (or "framework of grains")
is rigidly accelerating. In other words, it is assumed that within an averaging volume:
i) variations in the amount of wall-surface area 8", due to compressional stressing are
negligible; and ii) spatial variations in the acceleration of the walls are negligible. It
has already been assumed that linear stress/strain relations (as given by equations (4)
and (5)) govern the material response. Experimental evidence shows this to be the
case if compressional-wave strains E are less than 10-6 • If the wall-surface area 8", is
expressed as 8", = 8",0 +88", where 8"'0 is the surface area in an averaging volume prior
to stressing, then it is easily established that 88",/8"'0 < E. For example, if the pores
are modeled as cylinders then 88",/8"'0 = VI""+"€ - 1 < E. Thus 8", may be replaced by
8w o in the drag integral with great accuracy and assumption i) is satisfied. Assumption
ii) is also trivially satisfied because variations in the acceleration of the walls occur over
distances associated with the wavelengths. If the averaging volume is assumed to be
much smaller than the wavelengths then the wall accelerations can be modeled as being
constant within an averaging volume.

In granuiar materials, pore fluid may be present in the grain contact regions. This is
because nearly all grains have some roughness to them. It is the asperities of the rough
surfaces that are in contact, so fluid may reside in the regions surrounding the asperity
contacts. Although such regions contribute only minutely to the total porosity, they
can have a significant effect on the overall compressibility of the material as discussed
by Murphy, Winkler, and Kleinberg (1987). For a small hydrostatic background stress
(i.e., the state of stress prior to wave stressing), the grain-contact regions are "open"
and are highly compliant. When such a granular material is compressed by a wave, a
fluid pressure develops in the grain contacts that is much larger than the fluid pressure
in the main pore volumes. A local flow of fluid from the grain contacts to the main pore
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volumes is induced (sometimes called "squirt flow") that acts to equilibrate the fluid
pressure imbalance. Such local flow can be roughly modeled as being radially symmetric
about the center of each grain contact area and will, therefore, volume average to zero
(I.e., it does not directly contribute to w). By the same argument, such local flow will
not contribute to the drag integral (equation (3».

However, the local flow will tend to slightly enhance the macroscopic wavelength
scale pressure gradient in the main pore volumes. Such a pressure-gradient enhancement
will relax (be reduced) when the wave periods become smaller than the amount of time
it takes for the pressure equilibration between the contacts and the main pore volumes
to occur. The material will effectively stiffen at such small wave periods. For the
special case where w= 0, Murphy, Winkler, and Kleinberg (1988) have provided initial
modeling of these effects and show how to allow for such "contact relaxations" by adding
a complex, frequency-dependent term to the elastic constants KG and G of equation
(5). Generalizing their resuits to the case where w'" °is the subject of a future
investigation. It is clear that when W '" 0, the contact relaxation will affect all four
pora-elastic moduli KG, C, M, and G. In this work, it is simply assumed that variations
in the macroscopic fluid-pressure gradients due to contact relaxation are allowed for in
the stress/strain relations.

The only way that such local flow could affect the drag calculations of this paper
is if the fluid being injected from the contacts into the main flow channels significantly
altered the flow pattern in the main channels. However, the dominant contribution to
the drag integral comes from the throat regions of the flow channels, while the local
flow is being injected from the grain contacts which are typically in the "calm" regions
of the channels where little drag contribution is occurring. Such an effect is therefore
ignored.

In conclusion, then, it may be assumed that the actual relative fluid flow v(r) within
an averaging volume may be expressed as

v(r) = uf(r) - TIs.

Ignoring the Non-linear Convective Acceleration

The force balance on the fluid within a flow channel may now be expressed as

where r D represents the "deviatoric" stress and is given by

(16)

(17)
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(18)

To arrive at this equation, both equation (16) and \l . v = 0 have been substituted into
equation (14).

It would be convenient to ignore the convection term in equation (17). For rela
tive flow induced in constant-width flow channels, the convection term is exactly zero;
however, it is non-zero for relative flow in channels that possess a half-width function
h(z) that varies with distance z along the channel axis. If it can be shown that TIs' \lv
is negligible, then v . \lv will also be negligible because the induced relative flow v is
smaller in magnitude than the wall velocity.

Two frequency domains control the nature of the relative flow. At sufficiently low
frequencies, the viscous shear forces \l. r D dominate the inertial forces Pfav/ at, while
at sufficiently high frequencies, Pfav /at dominates \l . rD. Therefore, for TIs . \lv to be
negligible, the Reynold's number R == IpfTIs. \lvl/I\l . rDI must be much less than one
at low frequencies, while the Strouhal number S == ITIs ' \lv/lav/atl must be much less
than one at high frequencies. It is straightforward to establish (e.g., Pride, Gangi, and
Morgan, 1992, Appendix A) the following estimates for 8 and R in a variable-width
flow channel

8"'~ldhIEC (19)
ho dz W

and

W
R'" -8, (20)

WI

where

Mf (21)
WI = Pfh~'

WI is another expression (c,f., equation (11)) for the transition frequency separating the
low and high frequency domains, c is the wave speed, E is the wave strain, ho is the
mean channel halfwidth, and Idh/dzl is a characteristic (Le., flow controlling) channel
wall slope. It is clear that both 8 and R tend to zero in the limit of high and low
frequencies, respectively, as desired. At the transition frequency, Sand R are given by

(
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S = R = ehoP/c Idh I.
fl./ dz
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(22)

For water as the saturating fluid and a maximum allowed strain of 10-6 one obtains the
geometric condition that

(23)

if the non-linear convection terms are to be considered negligible. Since flow controlling
channel-wall slopes are likely to be characterized by Idh/dzl ::; 1 (this is consistent with
the experimental data of Charlaix, Kushnick, and Stokes, 1988), then the condition
simply becomes that ho << 100 fl.m which is satisfied by many porous media of interest.
It is assumed that condition (23) is satisfied.

Form Drag and Friction Drag

Given the above assumptions, the drag vector may now be written as

d = d(Jorm) + d(Jric)

where,

and

(24)

(25)

(26)

The equations satisfied by the relative velocity v and the fiuid pressure p/ are the
incompressibilty condition \l . v = a and the equation of motion (the Navier-Stokes
equation)

(27)
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The separation into form drag and friction drag is made because the two have distinctly
different character. The form drag depends strongly on the shape of the pore channels,
being significant when there are convergent/divergent or tortuous flow channels. It is
largely (but not entirely) an inertial effect proportional to &W/ &to The friction drag,
however, depends mainly on the smallest channel aperture, and is, as the name implies,
largely (but not entirely) a frictional effect proportional to w. For time-harmonlc mo
tions, the two drags therefore have different frequency dependence. In particular, it
should be noted that for constant-width flow channels, the normal to the walls is per
pendicular to the average-flow direction and, therefore, the form drag provides no flow
resistance. In a variable-width model, however, there is always a form drag contribution
with the contribution increasing with increasing slope of the channel walls.

THE VARIABLE-CHANNEL-WIDTH MODEL

In this section, the drag integrals will be detennined for two-dimensional flow in channels
possessing periodic and smooth variations in their half-width function h(z). A typical
channel cross-section is depicted in Figure 1. Cartesian coordinates (x, z) are employed,
and only wall oscillations Uz and macroscopic pressure gradients fJp/8z in the z (axial)
direction will be considered. The subscript "f" referring to the fluid will be dropped
henceforth. The periodicity may be expressed as h(z) = h(z +L) where h(z) is the half
width function, and it is further assumed that L »h(z). L being significantly larger
than h(z) (say at least a factor of four) will provide the basis for an analytical solution to
the problem. Adjusting the results to accommodate flow in channels possessing circular
cross sections will be briefly discussed in a later section.

Flow Velocity and Pressure Determination

For time-harmonic stressing, the Navier-Stokes equation can be rewritten as

(

where

~=~.

(28)

(29)

(30)
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The relative velocities Vx and Vz must also satisfy the incompressibility condition

and the boundary and symmetry conditions

Vz (x= ±h) =Vx (x = ±h) =0

Vx (x = 0) = ~~ (x = 0) = o.

101

(31)

(32)

(33)

Analytical solutions to this differential problem are obtained if it is assumed that

(34)

A successive-approximation solution scheme begins by making the additional assump
tion that

&p «&p
8x 8z

(35)

Taking 8p/8x « 8p/8z is equivalent to saying that p(x, z) '" p(z) (Le., variations
in pressure across the channel are insignificant). That this is equivalent to the state
ment Idh/dzl '" Ivx/vzl « 1 is easily detennined from the Navier-Stokes equations.
This condition will be relaxed through the successive-approximation scheme; however,
condition (34) will not be relaxed and is the fundamental restriction on the geometry.

Given conditions (34) and (35), the governing equations become

and

82vz . .,2 1 &P ..,2-'
-82 - z~ Vz = - -8 + z~ U z

x J.L z
(36)

x

Vx =-J8vz dx
8z . (37)
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These equations, subject to the given boundary and symmetry conditions, can be solved
with the result

and,

Q(I) ( cosh il/2<:X)v(1) = _Z_ F 1 __-;--:;-;;,-:':;-
Z h cosh iI/2~h

d (1) (Q(I))p _ ·<:2 ~ + Z F- - -Z, J.L U z --
dz h

(38)

(39)

(40)

where the superscript (1) on the velocities and pressure means that this is the first-order
approximation to the problem. F and G are auxiliary coefficients defined as

tanh iI/2~h

G = iI/2~h _ tanh iI/2~h (41)

while QP) is the volumetric flow-rate constant defined as

h

Q~I) = J viI) dx.
a

(42)

Q~l) therefore represents half the total volume of fluld fluxing axially through a cross
section of the channel per unit time and per unit length in the y direction. Since the
fluid is incompressible, QiI ) must be everywhere constant.

To proceed to the next level of approximation, the neglected x component of the
Navier-Stokes equation (equation (29)) is integrated so that pressure variations across
the channel width are allowed for. This gives,

x

- ieJ.L J v~I) dx.
a

(43)
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(44)

It is easily shown that the real part of Q2 is negative (at least for t;h < 1), which gives
the intuitive result that in converging portions of the channel (dhldz < 0) the pressure
at the wall is greater than at the axis, while in diverging portions (dhldz > 0) the
pressure at the wall is less than at the axis.

The updated pressure gradient is then given by

where

8p(2) (x, z) = 8p(1)(z) + It Q(l) t;4 H x
2

8z 8z z 2

H= ~ (dh Q2).
8z dz

(45)

(46)

Returning to equation (36) with this new pressure gradient allows V z to be updated

From the continuity equation (equation (37)), Vx is updated

(47)

V(2) = v(1) _ Q(l) 8H [(x + ieX
3

) _ (h + ieh
3

)
x x z 8z 6 6

and, finally, the flow-rate constant is updated

h

9~2) =Jvi2) dx = Q~l) [1 + hHJ]
o

where J is another auxiliary coefficient given by

(48)

(49)

tanh i l / 2t;h
i l / 2t;h

(50)
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The last step is to'replace Q11
) by Q12

)/(1 + hHJ) in the above expressions for v12
), V~2),

and p(2) where Q12
) is now taken as the flow-rate constant. What equation (49) says is

that, in reality, Q11
) as deflned by equation (42) was not really a constant independent

of z, Strictly speaking, this means that an additional term proportional to oQ11
) / oz

should have been allowed for in the expression for Op(2) / oz. If this additional term is
carried through into the expression for Q12

), it is easily shown to be proportional to
[dh/dzl 4 • Since the other terms at this level of approximation are at most proportional
to Idh/dzl 2

, the process of taking Q11
) as constant until it is replaced at the end with

equation (49) is therefore justified. Terms proportional to [dh/dzI 4 are allowed for at
the next level of approximation.

The error in the first-order approximation is of O([dh/dzI2 ), while the error in the
second-order approximation is of 0 (Idh/ dz [4). The process could clearly be continued ad
infinitum generating an infinite series so long as [dh/dz[m= < 1. For [dh/dzlm= > 1,
the series would almost certainly diverge; however, the constraint of Idh/dz[max < 1
seems reasonable for many porous materials. In practice, the successive-approximation
scheme has not been taken further than the second-order results given above.

A Flow Modeling Example

Consider the simple pore model given by

(
21l'Z)h(z) = ho+ecos L . (51)

For the particular case of e = ho/2 and L = 21l'ho (which then gives [dh/dz[m= = 1/2),
the first and second order solutions given above are compared in Figure 2. v., vx , and
dp/dz are plotted from the channel axis to the wall at an axial position of z = L/4
(i.e., in a converging segment of the channel). The plots are for a low applied frequency
characterized by t;h = .01; i.e., the fiuld-flow response is everywhere controlled by the
viscous forces. Both Vx and Vz in Figure 2 have been normalized by 3Qz/(2h) (the value
of vP) in the center of the channel at d.c.). The pressure gradient was normalized by
3/loQz/h3 (the value of _6p(l)/OZ at d.c.).

The differences between the two levels of approximation arise completely from the
fact that the pressure near the wall in a converging channel is higher (due to the "colli
sion" with the wall) than at the center. As stated, the first-order approximation ignores
this completely. The increased pressure results in an enhanced radial fiux of momentum
as is seen in the Vx plot. It also causes the axial pressure gradient near the wall to be
reduced and even reversed which, in turn, causes the axial fiux of momentum near the
wall to be reduced as is seen in the Vz plot.
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In Figure 3, the onset of boundary-layer flow has been investigated for the same
channel geometry and axial position (z = L/4) as in Figure 2. The curves have all been
normalized by the same constants used in Figure 2. Only the second-order results are
displayed. It is seen that as frequency increases, there develops a viscous boundary layer
(I.e., a region near the wall where the velocity is reduced enough that viscous forces still
dominate inertial forces). The thickness of the boundary layer is seen to be of the order
1;-1 as is expected from the equations.

Now that a solution procedure has been established for flow in variable-width chan
nels, the drag may finally be determined. In all the drag calculations to follow, the
second-order results from above will be used.

Drag analysis

Consider the idealized (x, z) plane cross-section of a porous material depicted in Figure
4. Each periodic pore channel is assumed to be identical except for an arbitrary shift (i
in the z-direction. There are assumed to be N pore cross-sections within the averaging
area. For each pore of the cross-section the drag integrals are written

and

d(farm) = ~;; _p n de
z A Z

Lw

d(fMe) = 2J.L;; [(avz avx ) 2 avz ] dO
z A a + a nx + a nz <.Lw x Z z

(52)

(53)

A is the area and Lw the length along the wall of each pore cross-section. Both A and
Lw are constant for all N pores. The factor of two denotes that both walls of a channel
contribute to the drag. The length element along the wall is de = [1 + (dh/dz)2jl/2 dz,
while the (outward) normal vector to the wall is

-dh/dz )
[1 + (dh/dz)2JI/2 .

(54)

The form drag within the cross-section is then given by

1 N 2
d(farm) = _ '"

z NL.,A
i=l

L+'·
" dhJ dz p dz.

(,

(55)
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where the sum is over each pore in the cross-section. Integrating by parts gives

N{ L+(,}
d~JCYrm) = A~ ~ h«(i) [peL + (i) - P«(i)] - [ h: dz • (56)

The second tenn in the brackets is independent of (i since both hand {)P/8z are periodic
with length period L. The first tenn, however, depends on (i. Although it is true that
the pressure drop [peL + (i) - P«(i)] is a constant for each of the pore cross-sections and
when divided by L is simply the macroscopic pressure gradient fJp/8z, h«(i) takes on,
in general, a different value for each pore. However, it will be assumed that the shifts
(i are uniformly distributed so that

(57)

The pressure gradient 8p/8z along the wall involved in the second tenn is (from equation
(45))

so that the fonn drag is given by (note that A = hoL)

L

d(Jcn-m) = _" Q _1_ J (ho - h(z)) [F "C2h2 H]
z tWP z hoL 1 + hHJ h + t~ 2 dz.

o

(58)

(59)

Qz is next replaced with the filtration velocity -lvz, By definition, -lvz is given by

L h

-lvz = <P ~ J dz JVz dx
o 0

<P=-Qz
ho

(60)

(61)

where <Po is the porosity represented in the cross-section of Figure 4. The fonn drag
may now be expressed in the desired fonn
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ifarm) = -iwp "((farm) W;

where the dimensionless complex form-drag constant "((farm) is

L

(farm) = ~ J ho - h(z) [F ·t;,2h2 H] d
"( L 1 +hHJ h + Z 2 z.

o
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(62)

(63)

The friction drag is obtained more directly since the integral of equation (53) is
independent of (i and is the same for all the pore cross-sections in Figure 4. The
pertinent velocity gradients (at the wail) are

Ovz = -it;,2 Qz [G + hH (it;,26
h2

_ J)]
8x l+hHJ

8vz = it;,2 dh Qz [G + hH (ii;2
6
h2 - J)]

8z dz l+hHJ

and,

Ov:z = it;,2 dh Qz [dh G _ h 8H/8z J ]
8z dz 1 + hHJ dz i1/ 2t;tanhi1/ 2t;h'

d~lric) can therefore be expressed as

d~Jric) = -iwp "((fric) ::

where the complex frictionai-drag constant "((fric) is

h 8H/8z J dh] dz
+ i1/ 2i; tanh i 1/ 2i;h dz 1 + hHJ'

(64)

(65)

(66)

(67)

(68)
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In general, the axial integrations of equations (63) and (68) must be done numerically.
The total drag coefficient "( involved in the expression for the effective fluid density
(equation (8)) is simply"( = "((form) + "((fric).

In terms of the drag coefficients, the dynamic permeability is expressed as

(69)

The d.c. permeability ko is therefore given by

(70)

For the variable-channel-width model of this section, the result is

1 3
=

ko ¢L (
1 + (dh)2) +.!!- dh dM

dz 10 dz dz

where M is defined as

M = h ~h _ 4 (dh)2
dz2 dz

(71)

(72)

All the results given above have been made using the second-order solutions from
the successive-approximation scheme. Results valld to the first order of approximation
may be obtained by setting H = 0 (and, therefore, 8H/8z = 0) in the expressions for
"((form) and "((fric) and by setting M = 0 in the expression for ko; I.e.,

(

and,

(form) = ~ {L [ho _ 1] Fd
"((1) L Jo h z,

(fric) = ~ {L [1 + (dh)2] Gd
"((1) L Jo dz z,

(73)

(74)
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_1 _ 2- {L [hO +~ (dh)2] dz
ka(l) - ¢L Jo h3 h2 dz .
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(75)

An even lower order of approximation, to be called the "zeroth-order" approximation,
is made by modeling a variable-width channel as a collection of constant-width channels
that are simply added in series. The drag in a constant-width channel goes as ,(form) = 0
and ,(fric) = G. It is assumed that, in the limit, each constant-width channel has a
half-width h(z) and a length dz. Thus, performing a sum over one length period of a
variable-width channel gives the zeroth-order estimates

and,

(form) _ 0
'(0) -,

(fric) _ ~ (L G d
'(0) - L Jo z,

(76)

(77)

(78)

The three different levels of approximation are compared in Figures 5, 6, and 7.
The three figures are plots of the real and imaginary parts of the dynamic permeability
as a function of frequency for three different realizations of the pore model previously
employed: h(z) = ho + c:cos(27l"jL). The three models are:

Modell: L = 27l"ho;
1

I~~L=
1

c: = -ho· = -
2 ' 2

Model 2 : L = 27l"ho;
3

1~~I=x
3

c: = 4ho; - 4

Model 3 : L = 12ho;
3

1~~I=x
1

c: = -ho; =2"7l"

Model 1 is the same model used in Figures 2 and 3. All models have the same porosity
of 20%.

The frequency in the figures has been normalized by the relaxation frequency Wo of
equation (11). The tortuosity a oo required in the expression for Wo is defined as
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aoo = lim (1 + 'Y(Jorm»)w_oo (79)

b(Jric) -> 0 as W -> 00). For the variable-channel-width model, aoo is detennined from
equation (63) to be

where

1 (L(ho ) (1+N/2)
aoo = 1 + L Jo h - 1 1 + N/6 dz

N = h
d2h

-2 (dh)2
dz2 dz

(80)

(81)
(

Similarly, the dynamic permeability has been scaled for all three models by the same ko
given by the second-order result of equation (71). The difference in d.c. permeability
estimates between the three models is then clearly seen from the plots. For a mean
half-width of ho = lOJLm, the three models give the following (second-order) results:

Modell: a oo = 1.15; ko = 279.8 rnD

Model 2: a oo = 1.51; ko = 76.0 rnD

Model 3: a oo = 3.37; ko = 1.1 rnD.

Figures 5-7 show that the zeroth-order model is not very reliable, and that the
difference between the first-order and second-order results is only a function of the
maximum channel slope. The error in the zeroth-order model is dramatically greater in
Model 3 as compared to Modell even though the two models have the same maximum
channel slope; however, the first and second-order results do not vary from Modell to
Model 3. In Figure 8, the three different solutions are plotted as a function of maximum
pore slope for a frequency of w/wo = 0.1. For Idh/dzlmaz < 1/2, the differences between
the first-order and second-order results become negligible. The zeroth-order result only
becomes valid when Idh/dzlm= < 1/5. The error in the first-order result is proportional
to Idh/dzl~ while the error in the second-order result is proportional to Idh/dzl;;""'.
Thus, for Idh/dzlmax > 3/4 the second-order result will also become invalid.
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The second-order variable-width model is now compared to the constant-width model
considered by Biot (1956b) and the model of Johnson, Koplik, and Dashen (1987) (the
"JKD" model). In the comparison, all models are reqH.ired to have the same porosity
and d.c. permeability. Again taking ko to be determined from the second-order results
given above, one obtains that the half-width hB to be used in Biot's constant-width
model is

(82)

The values of ./jarm) and 'Y)fric) corresponding to the constant-width model are obtained
by setting h(z) = hB in equations (63) and (68) with the result

(farm) 0
'YB =

(fric) _ G( '1/2 Ch )
'YB - z ,B'

The total drag constant 'YJ for the JKD model may be expressed as

(83)

(84)

(85)

The JKD approach is to define the dimensionless function F(~) so that: 1) Darcy's law
is satisfied at low-frequencies

limF(~) = 1,{_a (86)

and 2) ideal flow is obtained at high-frequencies except for a thin viscous boundary layer
of thickness C 1 near the pore walls

(87)

The parameter K. is defined as
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(88)

The argument used by JKD to define the high-frequency limit is essentially exact and
is similar to a development given by Landau and Lifshitz (1987, sec. 24). It provides a
formal definition for A/2 that can be interpreted, approximately, as the pore-volume to
pore-surface ratio. Alternatively, as mentioned in the introduction, JKD suggest that
taking

(89)

is an adequate approximation for many porous media. Charlaix, Kushnick, and Stokes
(1988) experimentally determined that equation (89) held (to within 10%) for their
samples of lightly-sintered glass beads and crushed glass. Finally, the functional nature
of F is obtained by postulating a function that connects these two limits in a "simple"
fashion. The function employed by JKD is (

(90)

Although there is inherent non-uniqueness in defining such a function, equation (90)
does appear to be the most simple such function.

In Figures 9-11, the second-order results of this study are compared to the Biot
and JKD results for the three pore models already considered in Figures 5-7. In the
JKD estimates, 0<00 was taken from the second-order results while A was taken from
equation (89). It is seen that at frequencies w < wo , the imaginary part of the dynamic
permeability is underestimated by both the Biot and JKD models. However, for pore
slopes less than or roughly equal to 1/2, the discrepancies are negligible. In the JKD
estimate, the correct behavior of the real part of k(w) at large frequencies depends on
the value of A assumed. It was numerically determined that for all three models, the
definition of A given by equation (89) gave much better results than interpreting A/2
to be the pore-volume to pore-surface ratio. In Figure 12, the Biot, JKD, and second
order results are compared as a function of maximum channel-wall slope at the same
frequency considered in Figure 9 (w/wQ = 0.1). It is seen that for slopes above roughly
.6, the JKD model begins to break down.



Modified JKD Model

Porous Media Acoustics 113

The JKD model can be easily modified so as to match the low-frequency behavior
exactly. This is done by requiring the function F to satisfy the limit

lim F(';) = 1+ ie (2~)2 f3
e-o 2 A

(91)

where the parameter f3 is related to the low-frequency real parts of .yelorm) and .yCIT;c)

as

f3 = A
2 [_1_ (1 + lim Re {_porm)} + lim Re {"'fUriC)}) - 1] . (92)

2~ 0<00 e-o e-o

The coefficient scaling f3 in equation (91) was chosen so that f3 = 1 gives the JKD
estimate of F (equation (90)). To connect the limits, a generalized form of JKD's F
function may be employed

(93)

where the coefficients a and b (having the units of length) are given by

(94)

and

(95)

Clearly, when f3 = 1, the JKD estimate of F is recovered.

As stated by Johnson, Koplik, and Dashen (1987) themselves, a formal definition
of f3 that can be expressed entirely in terms of experimentally measured parameters
(other than those obtained by performing the dynamic permeability experiment itself)
has not been found. Although the definition given by equation (92) is correct, it requires
knowledge of how the real parts of the drag coefficients behave at low frequencies. It
is possible that such information is only obtainable by solving the time-harmonic flow
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problem for each porous material type that is considered. For the variable-width model,
these low-frequency limits are obtained from equations (63) and (68) as

lim Re {"parm)} =
.;~o

6 {L (ho 1) [1 N 1 ( 1 + 3M/2 ) (4M N)] dz
5Lio il- +2+2" 1+3M/10 7-5 1+3M/10

and

lim Re {7(fric)} =
.;~o

1 {L dz { (dh)2 (3M ) ( (dh)2)5L io 1 + 3M/10 1 + dz - 2 - N 1 + 2 dz

+dh [2.. (5M dh _ hdM) _ ~ (3N dh _ hdN)]
dz 14 dz dz 5 dz dz

3(4M/7-N/5) [(1 M)(l (dh)2) !!:...dhdM]}+ 1+3M/10 + 2 + dz + lOdz dz .

(96)

(97)

These rather cumbersome expressions do not appear to relate in any simple manner to
the definitions of a"" and ko given by equations (80) and (71).

In Figure 13, the "modified" JKD estimate based on equation (93) is compared to
the second-order results of this study for the same Model 2 considered earlier. Although
the modified JKD estimate is required to have the correct behavior in both the limits of
high and low frequencies, it still cannot correctly mimic the behavior near the transition
frequency with discrepancies of about 45%. However, for channel slopes less than or
roughly equal to 1/2, the modified JKD estimate becomes essentially exact. The values
of /3 obtained for the three models using A/2 given by equation (89) are: Model 1---+
/3 = 1.183; Model 2---+ /3 = 3.822; Model 3---+ /3 = .899.

Generalizing the Variable-Width Model to 3-D

The variable-width model presented so far has been limited to two-dimensional flow
channels all aligned in the same direction. Adjustments can be made to extend the
model, in an approximate manner, to three-dimensional isotropic media. Firstly, it may
be assumed that in an isotropic medium supporting compressional wave propagation
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in a particular direction, roughly one third of the pore space will be involved in the
conduction of relative flow. This one third of the pore space is modeled as a collection of
variable-width channels aligned in the direction of wave propagation. The remainiug two
thirds of the pore space can be thought to consist of flow channels aligned perpendicular
to the wave direction and, therefore, not involved in the flow. Because the average
relative flow Wwill be reduced by a factor of three in such an isotropic model, the drag
results given above should be modified by replaciug 1 + 'Y in equation (8) by 3(1 + 'Y).

This allows wto be interpreted as a filtration velocity as in Darcy's law. It also means
that the tortuosity Cloo will be enhanced by a factor of three, while the d.c. permeability
will be reduced by a factor of three.

If it is desired to model the channels as having circular cross-sections as opposed to
the planar cross-sections considered so far, one must simply make the substitution

tanh(il/2~h(z)) -+ h(il/2~a(z))
fo(il/2~a(z))

(98)

in the above expressions for 'Y(farm) and 'Y(fr;c) (equations (63) and (68)) where hand
fo are modified Bessel functions and a(z) is the pore-radius function. This substitution
is detennined by carrying out the flow modeliug in cylindrical coordinates. Of course,
such a replacement will affect the high and low frequency limits used to define ko, Cloo ,

and equations (96) and (97).

CONCLUSIONS

A model has been presented that detennines the drag force in porous-material models
that possess variable-width flow channels. The flow channels are assumed to have widths
that vary smoothly, have a periodicity L that is at least a factor of four greater than
the mean channel half width, and have maximum channel-wall slopes that are less
than or equal to 3/4. The dynamic permeability detennined from such a model has
been compared to the dynamic permeability predictions of Biot (1956b) and Johnson,
Koplik, and Dashen (1987). It has been shown that for maximum channel-wall slopes
less than 1/2, the JKD model is very good. The Biot model is less adequate particularly
if large tortuosities are present (as in Model 3). The JKD model has also been modified
so that it is guaranteed to have the correct behavior in the limit of small frequencies (the
existing JKD model is already accurate in the limit of high frequencies). It was shown
that even with this modification, errors can still exist near the transition frequency with
the error being roughly proportional to Idh/dzl~.
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Figure 4: A cross-section of a hypothetical porous material.
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Figure 13: Real and imaginary parts of the dynamic pe=eability for Model 2. Com
parison of the 2nd-order and modified JKD drag solutions.
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