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41 Frqvlghu wkh iroorzlqj jdph1
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+d, Lwhudwlyho| holplqdwh doo wkh vwulfwo| grplqdwhg vwudwhjlhv1 ^43` 
Dqvzhu= Iru Sod|hu 4/ W vwulfwo| grplqdwhv P/ khqfh zh holplqdwh P ri Sod|hu 
41 

O P U4q5 
W 6/5 7/3 4/4 
E 4/4 3/5 5/6 

Qrz/ U vwulfwo| grplqdwhv P iru Sod|hu 5/ khqfh zh holplqdwh P ri Sod|hu 5/ dqg 
rewdlq 

O U4q5 
W 6/5 4/4 
E 4/4 5/6 

+e, Vwdwh wkh udwlrqdolw|2nqrzohgjh dvvxpswlrqv fruuhvsrqglqj wr hdfk holplqdwlrq1 
^43` 

Dqvzhu= Iru wkh �uvw holplqdwlrq/ zh dvvxph wkdw Sod|hu 4 lv udwlrqdo +khqfh 
kh zrxog qrw sod| d vwulfwo| grplqdwhg vwudwhj|,1 Iru wkh vhfrqg holplqdwlrq/ 
zh dvvxph wkdw Sod|hu 5 lv udwlrqdo dqg wkdw kh nqrzv wkdw sod|hu 4 lv udwlrqdo1 
^Pdq| ri |rx orvw srlqw iru wklv sduw> wkrvh zkr vwdwhg jhqhudo udwlrqdolw| dvvxpswlrqv 
glg qrw jhw dq| fuhglw/ lq jhqhudo1` 

+f, Zkdw duh wkh udwlrqdol}deoh vwudwhjlhvB ^6` 

Dqvzhu= ~W/E�  iru Sod|hu 4/ dqg  ~O/U� iru sod|hu 51  

+g, Ilqg doo wkh Qdvk htxloleuld1 +Grq*w irujhw wkh pl{hg0vwudwhj| htxloleulxp$, ^43` 

Dqvzhu= Sxuh vwudwhj| Qdvk Htxloleuld duh +W/O, dqg +E/U,1 ^8`1 Pl{hg vwudwhj| 
Qdvk htxloleulxp lv ^j� EA � '  2*�( j� E�� '  �*�( j2 Eu� '  �*�( j2 E-� '  2*�`1 ^8` 

51 Frqvlghu wkh iroorzlqj h{whqvlyh irup jdph1 
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+d, Ilqg wkh qrupdo irup uhsuhvhqwdwlrq ri wklv jdph1 ^44` 

Dqvzhu= Sod|hu 4 kdv wkuhh vwudwhjlhv= ~[/W/E�1 Sod|hu 5 kdv irxu vwudwhjlhv= 

� OO  @  O  li  Sod|hu  4  fkrrvhv  W>  O  li Sod|hu 4  fkrrvhv E1  

� OU @ O li Sod|hu 4 fkrrvhv W> U li Sod|hu 4 fkrrvhv E1 
� UO @ U li Sod|hu 4 fkrrvhv W> O li Sod|hu 4 fkrrvhv E1 
� UU @ U li Sod|hu 4 fkrrvhv W> U li Sod|hu 4 fkrrvhv E1 

Wkhuhiruh/ wkh qrupdo irup lv wkh iroorzlqj1 

4q5 OO OU UO UU 
[ 5/5 5/5 5/5 5/5 
W 6/4 6/4 3/3 3/3 
E 8/4 3/4 8/4 3/4 

^Wkrvh zkr dvvljqhg rqo| wzr vwudwhjlhv wr sod|hu 5 uhfhlyhg qr fuhglw1 Iru wklv lv wkh 
plvwdnh wkdw wkrvh zkr gr qrw nqrz dq| Jdph Wkhru| fdq pdnh1 Pdq| ri |rx zhuh 
frqixvhg> wkh| dvvljqhg hljkw vwudwhjlhv wr sod|hu 5/ dvvljqlqj 5 wulyldo pryhv diwhu sod|hu 
4 sod|v [1 Wklv lv fohduo| zurqj/ iru sod|hu 5 grhv qrw kdyh dq| pryh diwhu sod|hu 4 
sod|v [1 Wkh| uhfhlyhg  hljkw  srlqwv1` 

+e, Ilqg doo sxuh vwudwhj| Qdvk htxloleuld1 ^44` 

Dqvzhu= Wkh sxuh vwudwhj| Qdvk htxloleuld duh +W/ OU,/ dqg +[/UU,1


+f, Zklfk ri wkhvh htxloleuld duh vxejdph shuihfwB ^44`


Dqvzhu= +W/OU, lv vxejdph shuihfw1 +[/UU, lv qrw> iru 5 zrxog qrw sod| U li 4 
sod|hg W1 

61 Frqvlghu wzr djhqwv i�c 2j rzqlqj rqh groodu zklfk wkh| fdq xvh rqo| diwhu wkh| glylgh 
lw1 Hdfk sod|hu*v xwlolw| ri jhwwlqj % groodu dw | lv B| % iru B 5 Efc ��1 Jlyhq  dq|  ? :  f/ 
frqvlghu wkh iroorzlqj ?0shulrg v|pphwulf/ udqgrp edujdlqlqj prgho1 Jlyhq dq| gdwh 
| 5 ifc �c � � �  c ?� �j/ zh wrvv d idlu frlq> li lw frphv Khdg +zklfk frphv zlwk suredelolw| 
425,/ zh vhohfw sod|hu 4> li lw frphv Wdlo/ zh vhohfw sod|hu 51 Wkh vhohfwhg sod|hu pdnhv 
dq r�hu E%c +� 5 dfc �o 2 vxfk wkdw % n + � �1 Nqrzlqj zkdw kdv ehhq r�huhg/ wkh 
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rwkhu sod|hu dffhswv ru uhmhfwv wkh r�hu1 Li wkh r�hu E%c +� lv dffhswhg/ wkh jdph hqgv/ 
� � 
|lhoglqj sd|r� yhfwru B| %c B| + 1 Li wkh r�hu lv uhmhfwhg/ zh surfhhg wr wkh qh{w gdwh/  
zkhq wkh vdph surfhgxuh lv uhshdwhg/ h{fhsw iru | ' ? � �/ diwhu zklfk wkh jdph hqgv/  
|lhoglqj +3/3,1 Wkh frlq wrvvhv dw gl�huhqw gdwhv duh vwrfkdvwlfdoo| lqghshqghqw1 Dqg 
hyhu|wklqj ghvfulehg xs wr khuh lv frpprq nqrzohgjh1 

+d, Frpsxwh wkh vxejdph shuihfw htxloleulxp iru ? ' �1 Zkdw lv wkh ydoxh ri sod|lqj 
wklv jdph iru d sod|huB +Wkdw lv/ frpsxwh wkh h{shfwhg xwlolw| ri hdfk sod|hu ehiruh 
wkh frlq0wrvv/ jlyhq wkdw wkh| zloo sod| wkh vxejdph0shuihfw htxloleulxp1, ^43` 

Dqvzhu= Li d sod|hu uhmhfwv dq r�hu/ kh zloo jhw 3/ khqfh kh zloo dffhsw dq| r�hu 
wkdw jlyhv klp dw ohdvw 31 +Kh lv lqgl�huhqw ehwzhhq dffhswlqj dqg uhmhfwlqj dq 
r�hu wkdw jlyhv klp h{dfwo| 3> exw uhmhfwlqj vxfk dq r�hu lv lqfrqvlvwhqw zlwk dq 
htxloleulxp1, Khqfh/ wkh vhohfwhg sod|hu r�huv 3 wr klv rssrqhqw/ wdnlqj hqwluh 
groodu iru klpvhoi> dqg klv r�hu zloo eh dffhswhg1 Wkhuhiruh/ lq dq| vxejdph 
shuihfw htxloleulxp/ wkh rxwfrph lv +4/3, li lw frphv Khdg/ dqg +3/ 4, li lw frphv 
Wdlo1 Wkh h{shfwhg sd|r�v duh � � 

� � � � 
T ' E�c f� n Efc �� ' c � 

2 2 2 2 

+e, Frpsxwh wkh vxejdph shuihfw htxloleulxp iru ? ' 2� Frpsxwh wkh h{shfwhg xwlolw| 
ri hdfk sod|hu ehiruh wkh �uvw frlq0wrvv/ jlyhq wkdw wkh| zloo sod| wkh vxejdph0 
shuihfw htxloleulxp1 ^43` 

Dqvzhu= Lq htxloleulxp/ rq wkh odvw gd|/ wkh| zloo dfw dv lq sduw +d,1 Khqfh/ rq 
wkh �uvw gd|/ li d sod|hu uhmhfwv wkh r�hu/ wkh h{shfwhg sd|r� ri hdfk sod|hu zloo 
eh B � �*2 '  B*21 Wkxv/ kh zloo dffhsw dq r�hu li dq rqo| li lw jlyhv klp dw ohdvw 
B*21 Wkhuhiruh/ wkh vhohfwhg sod|hu r�huv B*2 wr klv rssrqhqw/ nhhslqj � � B*2 
iru klpvhoi/ zklfk lv pruh wkdq B*2/ klv h{shfwhg sd|r� li klv r�hu lv uhmhfwhg1 
Wkhuhiruh/ lq dq| vxejdph shuihfw htxloleulxp/ wkh rxwfrph lv E� � B*2c B*2� li 
lw frphv Khdg/ dqg EB*2c � � B*2� li lw frphv Wdlo1 Wkh h{shfwhg sd|r� ri hdfk 
sod|hu ehiruh wkh �uvw frlq wrvv lv 

� � � 
E� � B*2� n EB*2� ' � 

2 2 2 

+f, Zkdw lv wkh vxejdph shuihfw htxloleulxp iru ? � �1 ^46` 

Dqvzhu= Sduw +e, vxjjhvwv wkdw/ li h{shfwhg sd|r� ri hdfk sod|hu dw wkh ehjlqqlqj 
ri gdwh | n �  lv B|n� *2/ wkh h{shfwhg sd|r� ri hdfk sod|hu dw wkh ehjlqqlqj ri | 
zloo eh B| *21 ^Qrwh wkdw lq whupv ri grooduv wkhvh qxpehuv fruuhvsrqg wr B*2 dqg 
425/ uhvshfwlyho|1` Wkhuhiruh/ wkh htxloleulxp lv iroorzv= Dw dq| gdwh | 	  ?  � �/ 
wkh vhohfwhg sod|hu r�huv B*2 wr klv rssrqhqw/ nhhslqj � � B*2 iru klpvhoi> dqg 
klv rssrqhqw dffhswv dq r�hu l� kh jhwv dw ohdvw B*2> dqg dw gdwh ? � �/ d sod|hu  
dffhswv dq| r�hu/ khqfh wkh vhohfwhg sod|hu r�huv f wr klv rssrqhqw/ nhhslqj 4 iru 
klpvhoi1 ^\rx vkrxog eh deoh wr suryh wklv xvlqj pdwkhpdwlfdo lqgxfwlrq dqg wkh 
dujxphqw lq sduw +e,1` 
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