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£;-PENALIZED QUANTILE REGRESSION IN HIGH-DIMENSIONAL
SPARSE MODELS

BY ALEXANDRE BELLONI AND VICTOR CHERNOZHUKOV*T

Duke University and Massachusetts Institute of Technology

We consider median regression and, more generally, a possibly
infinite collection of quantile regressions in high-dimensional sparse
models. In these models the number of regressors p is very large, pos-
sibly larger than the sample size n, but only at most s regressors have
a non-zero impact on each conditional quantile of the response vari-
able, where s grows slower than n. Since ordinary quantile regression
is not consistent in this case, we consider ¢;-penalized quantile regres-
sion (£1-QR), which penalizes the ¢i1-norm of regression coefficients,
as well as the post-penalized QR estimator (post-¢1-QR), which ap-
plies ordinary QR to the model selected by ¢1-QR. First, we show
that for the leading designs ¢1-QR is consistent at the near-oracle
rate \/s/_n\/m7 uniformly in the compact set & C (0,1) of
quantile indices. In deriving this result, we propose a partly piv-
otal, data-driven choice of the penalty level and show that it satisfies
the requirements for achieving this rate. Second, we show that for
the leading designs post-¢1-QR is consistent at the near-oracle rate
\/s/_n \/m , uniformly over U, even if the £1-QR-selected mod-
els miss some components of the true models, and the rate could be
even closer to the oracle rate otherwise. Third, we characterize condi-
tions under which ¢;-QR contains the true model as a submodel, and
derive bounds on the dimension of the selected model, uniformly over
U; we also provide conditions under which hard-thresholding selects
the minimal true model, uniformly over /. Finally, we evaluate the
performance of ¢/1-QR and post-£1-QR in a numerical experiment,
and provide an application to testing the validity of the Solow-Swan

model for international economic growth.
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1. Introduction. Quantile regression is an important statistical method for analyzing
the impact of regressors on the conditional distribution of a response variable (cf. [24], [21]). In
particular, it captures the heterogeneity of the impact of regressors on the different parts of the
distribution [8], exhibits robustness to outliers [20], has excellent computational properties
[31], and has wide applicability [20]. The asymptotic theory for quantile regression is well
developed under both a fixed number of regressors and an increasing number of regressors.
The asymptotic theory under a fixed number of regressors is given in [21], [30], [16], [18], [13]
and others. The asymptotic theory under an increasing number of regressors is given in [17]
and [3, 5|, covering the case where the number of regressors p is negligible relative to the

sample size n (i.e., p = o(n)).

In this paper, we consider quantile regression in high-dimensional sparse models (HDSMs).
In such models, the overall number of regressors p is very large, possibly much larger than the
sample size n. However, the number of significant regressors for each conditional quantile of
interest is at most s and smaller than the sample size, that is, s = o(n). HDSMs ([7, 12, 29])
have emerged to deal with many new applications arising in biometrics, signal processing,
machine learning, econometrics, and other areas of data analysis where high-dimensional data

sets have become widely available.

A number of papers have begun to investigate estimation of HDSMs, primarily focusing
on penalized mean regression, with the ¢;-norm acting as a penalty function [7, 12, 23,
29, 36, 38]. [7, 12, 23, 29, 38] demonstrated the fundamental result that ¢1-penalized least
squares estimators achieve the rate \/s/n+/logp, which is very close to the oracle rate \/s/n
achievable when the true model is known. [36] demonstrated a similar fundamental result
on the excess forecasting error loss under both quadratic and non-quadratic loss functions.
Thus the estimator can be consistent and can have excellent forecasting performance even
under very rapid, nearly exponential growth of the total number of regressors p. See [7, 9—
11, 15, 27, 32| for many other interesting developments and a detailed review of the existing

literature.

Our paper’s contribution is to develop a set of results on model selection and rates of
convergence for quantile regression within the HDSM framework. Since ordinary quantile re-
gression is not consistent in HDSMs, we consider quantile regression penalized by the £1-norm
of parameter coefficients, denoted ¢1-QR. First, we show that /1-QR estimates of regression
coefficients and regression functions are consistent at the near-oracle rate \/s/n/log(p V n)
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in leading designs, uniformly in a compact interval & C (0,1) of quantile indices.! (This
result is different and hence complementary to [36]’s fundamental results on the rates for
excess forecasting error loss.) Second, in order to make ¢;-QR practical, we propose a partly
pivotal, data-driven choice of the penalty level, and show that this choice leads to the same
sharp convergence rate. Third, we show that ¢;-QR correctly selects the true model as a
valid submodel when the non-zero coefficients of the true model are well separated from zero.
Fourth, we also propose and analyze the post-penalized estimator (post-¢1-QR) which applies
ordinary, unpenalized quantile regression to the model selected by the penalized estimator,
and thus aims at reducing the regularization bias of the penalized estimator. We show that
post-£1-QR can perform as well as £1-QR in terms of the rate of convergence, uniformly
over U, even if the ¢1-QR-based model selection misses some components of the true models.
This occurs because £1-QR-based model selection can miss only those components that have
relatively small coefficients. Moreover, post-£1-QR can perform better than ¢1-QR if the ¢4-
QR-based model selection correctly includes all components of the true model as a subset.
(Obviously, post-£1-QR can perform as well as the oracle if the ¢;-QR perfectly selects the
true model, which is, however, unrealistic for many designs of interest.) Fifth, we illustrate the
use of £1-QR and post-£1-QR with a Monte Carlo experiment and an international economic
growth example. To the best of our knowledge, all of the above results are new and contribute
to the literature on HDSMs. We also hope that our results on post-penalized estimators and
some proofs could be of interest in other problems. We provide further technical comparisons

to the literature in Section 2.

1.1. Notation. In what follows, we implicitly index all parameter values by the sample
size n, but we omit the index whenever this does not cause confusion. We use the empirical
process notation as defined in [37]. In particular, given random sample Z1, ..., Z,, let G,,(f) :=
n~Y23" (f(Z)—E[f(Z)]) and E,, f = n~ ' S| f(Z;). We use the notation a < b to denote
a < cb for some constant ¢ > 0 that does not depend on n; and a <, b to denote a = O,(b).
We also use the notation a V b = max{a,b} and a A b = min{a,b}. We denote the fo-norm
by || - |, 1-norm by || - ||1, feo-norm by || - ||oc, and the £p-“norm” by || - |lo (i-e., the number
of non-zero components). We denote by |31, = ;-):1 7|B;] the £1-norm weighted by &;’s.
Finally, given a vector 0 € IRP, and a set of indices T' C {1,...,p}, we denote by dr the vector
in which o7y =9;if jeT, dp; =0if j ¢ T.

!Under s — oo, the oracle rate, uniformly over a proper compact interval i, is 1/(s/n)logn, cf. [5]; the
oracle rate for a single quantile index is \/s/n, cf. [17].



2. The Estimator, the Penalty Level, and Overview of Rate Results. In this
section we formulate the setting and the estimator, and state primitive regularity conditions.

We also provide an overview of the main results.

2.1. Basic Setting. The set-up of interest corresponds to a parametric quantile regression
model, where the dimension p of the underlying model increases with the sample size n.
Namely, we consider a response variable y and p-dimensional covariates x such that the u-th

conditional quantile function of y given x is given by

(2.1) Qyla(u) = 2'B(u), Blu) eRF, uel,

whered C (0,1) is a compact set of quantile indices. We consider the case where the dimension
p of the model is large, possibly much larger than the available sample size n, but the true

model 3(u) has a sparse support

T, = support(f(u)) = {j € {1,...,p} : |G;(u)| > 0}

having only s, < s < n/log(n V p) non-zero components for all u € U.

The population coefficient §(u) is known to be a minimizer of the criterion function

(2.2) Qu(B) = Elpu(y — 2B)],

where p,(t) = (u — 1{t < 0})t is the asymmetric absolute deviation function [21]. Given a
random sample (y1,x1), ..., (Yn, T,), the quantile regression estimator of 3(u) is defined as a
minimizer of the empirical analog of (2.2):

~

(2'3) Qu(ﬁ) =E, [pu(yz - x;ﬁ)} .

In high-dimensional settings, particularly when p > n, ordinary quantile regression is
generally not consistent, which motivates the use of penalization in order to remove all, or at
least nearly all, regressors whose population coefficients are zero, thereby possibly restoring
consistency. A penalization that has been proven to be quite useful in least squares settings

is the ¢1-penalty leading to the Lasso estimator [34].

2.2. The Penalized and Post-Penalized Estimators. The f1-penalized quantile regression

estimator 3 (u) is a solution to the following optimization problem:

(2.4) min Q,(3) + Aivu(;_u) Zp:
j=1

nin 751551
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where 7 = E,[z;]. The criterion function in (2.4) is the sum of the criterion function
(2.3) and a penalty function given by a scaled ¢1-norm of the parameter vector. The overall
penalty level A\\/u(1 — u) depends on each quantile index u, while A will depend on the set
U of quantile indices of interest. The f1-penalized quantile regression has been considered in
[19] under small (fixed) p asymptotics. It is important to note that the penalized quantile
regression problem (2.4) is equivalent to a linear programming problem (see Appendix C)
with a dual version that is useful for analyzing the sparsity of the solution. When the solution
is not unique, we define 3 (u) as any optimal basic feasible solution (see, e.g., [6]). Therefore,
the problem (2.4) can be solved in polynomial time, avoiding the computational curse of
dimensionality. Our goal is to derive the rate of convergence and model selection properties

of this estimator.

The post-penalized estimator (post-¢1-QR) applies ordinary quantile regression to the

model T}, selected by the f/1-penalized quantile regression. Specifically, set

T, = support(ﬁ(u)) ={je{l,...,p} : ]B](u)\ > 0},

and define the post-penalized estimator B(u) as

(2.5) B(u) € arg  min @u(ﬂ),

ﬁERp:ﬁ?ﬁ =0

that is, in (2.5) we remove the regressors that were not selected from further estimation. If
the model selection works perfectly — that is T, = T, — then this estimator is simply the
oracle estimator whose properties are well-known. However, perfect model selection might
be unlikely for many designs of interest. Specifically, we are interested in the highly realistic
scenario where the first step estimator 3(u) fails to select some the components of 3(u). Our
goal is to derive the rate of convergence for the post-penalized estimator and to show that it

can actually perform well under this scenario.

2.3. The choice of the penalty level A\. In order to describe our choice of the penalty level

A, we introduce the random variable

(2.6) A =nsup max |E, [xZ](Au — Hu = up) ,

weld 1<5<p givu(l —u)
where uq,...,u, are ii.d. uniform (0,1) random variables, independently distributed from
the regressors, z1,...,x,. The random variable A has a known, that is, pivotal distribution
conditional on X = [z1,...,x,])". Then we set

(2.7) A=c-A(l —a|X), where A(1 —a|X) := (1 — a)-quantile of A conditional on X,
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and the constant ¢ > 1 depends on the design.? Thus the penalty level depends on the pivotal
quantity A(1 — «|X) and the design. Under assumptions D.1-D.4 we can set ¢ = 2, similarly
to [7]’s choice for least squares. Furthermore, we recommend computing A(1 — «|X) using

simulation of A.3

The parameter 1 — « is the confidence level in the sense that our (non-asymptotic) bounds
on the estimation error will hold with probability close to 1 — «. If we want to maximize this
confidence level, e.g., as in [7], subject to the estimation error contracting at the optimal rate

as n — 0o, then we may set
(2.8) l-a=1-1/p—1lasp— oo.

This choice of 1 —« does not affect the stochastic order of magnitude of A(1—a|X) and leads
to optimal rates of convergence, as follows from Theorem 1 and 2, respectively. However, a
high confidence level has the cost of a high regularization bias. Therefore, if, instead, we want
to minimize the regularization bias subject to the estimation error contracting at the optimal
rate, then we should set the confidence level 1 — a to grow as slowly as possible. As a limit

of this rule, we may set
(2.9) 1—a=1-—qp for some fixed 1/p < oy < 1.

In this case, estimation error will contract at the optimal rate with a probability that is
close to 1 — agy. Our non-asymptotic bounds on the estimation error stated in Theorem 2
expressly allow for any choice of 1 — a, including either (2.8) or (2.9). Also, in computational

experiments, we found that (2.9) with 1 — ag = .9 worked well.

The formal rationale behind the choice (2.7) for the penalty level A is that this choice pre-
cisely leads to the optimal rates of convergence for £1-QR. (The same or slightly higher choice
of \ also guarantees good performance of post-¢1-QR.) Our general strategy for choosing A
follows [7], who recommend selecting A so that it dominates a relevant measure of noise in
the sample criterion function, specifically the supremum norm of (a suitably rescaled) gradi-
ent of the sample criterion function evaluated at the true parameter value. In our case this
general strategy leads precisely to the choice (2.7), because the gradient of the quantile re-

gression objective function evaluated at the truth has a pivotal representation, as we further

2¢ depends only on the constant co appearing in condition D.4; when co > 9, it suffices to set ¢ = 2.
#We also provide analytical bounds on A(1 — a|X) of the form C(a,U)+/nlogp for some numeric constant

C(a,U). We recommend simulation because it accounts for correlation among the columns of X in the sample,
whereas the analytical bound effectively treats the columns of X as uncorrelated and is thus more conservative,

at least in finite samples.
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explain below. This makes our choice of A independent of the conditional density of y; given
x;, which is of considerable practical value. In contrast, in the least squares problem, the
choice of A depends on the standard deviation of the regression errors, and also relies on the

homoscedasticity and Gaussianity of errors.

A less formal, though more intuitive rationale for the choice (2.7) is as follows. By opti-

mality B(u) obeys
0 € 0Qu(B(u)) + (A/n)\Ju(l —u) d||B(w)|[1n for all u €U,

where 0 is the subdifferential operator. Let S, denote an element of dQ,,. Since 9|3 lin C

{Dv : v € [~1,1]P}, where D = diag[51, ..., 5, for each u € U there is an element S.(B(u)) €

9Q.(B(u)) such that SUDyc1s n||D~t S,(B(w)/v/ull —u)|lec < A Then it makes sense to
choose A so that the true value 3(u) also obeys this constraint with a high probability:

(2.10) P {A “sup n Hf)—l (8w /\/u(1 —u)

ueU

<Ay >1-—a,
o

where S,(B(u)) = Enl(u — H{y; < 28w)})zi] € 0Qu(B(w)). A key observation is that
Su(B(w)) = Epnf(u— 1{u; < u})a;] for uy, ..., u, i.id. uniform (0,1) conditional on X, and so

we can represent A as in (2.6), and, thus, choose A as in (2.7).

2.4. Regularity Conditions. We consider the following conditions on a sequence of models
indexed by n with parameter dimension p = p,, — co. In these conditions all constants can

depend on n, but we omit the explicit indexing by n to ease exposition.

D.1. Sampling and Smoothness. Data (y;, ;)i = 1,...,n, are an i.i.d. sequence of real
(1 + p)-vectors, with the conditional u-quantile function given by (2.1), and with the first
component of x; equal to one. For each value x in the support of x;, the conditional density
fyiles (ylx) is continuously differentiable iny, and fy, ., (y|x) and a%fyi\wi (y|x) are bounded in
absolute value by constants f and f', uniformly in y and x. We assume that n A p > 3.

Condition D.1 imposes only mild smoothness assumptions on the conditional density of the
response variable given regressors, and does not impose any normality or homoscedasticity

assumptions commonly made in the literature on HDSMs.

D.2. Sparsity and Smoothness of u — [((u). Let U be a compact subset of (0,1). The

coefficients B(u) in (2.1) are sparse and smooth with respect to u € U:

sup [B(u)llo <5 and  [|B(u) = B(u)|| < Lju |, for all u,u’ €U
ueld
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where s > 1, and log L < Cplog(p V n) for some constant C7,.

Condition D.2 imposes sparsity and also smoothness on the behavior of the quantile re-

gression coefficients G(u) as we vary the quantile index wu.

D.3. Well-behaved Covariates. Covariates are normalized such that sz = E[:E?j] =1 for all

2

j=1,...,p, and 55 = Ey[z};] obeys P(maxi<j<p|5; —1] <1/2) >1—~ — 1 as n — oo.

Condition D.3 requires that o; does not deviate too much from o; and normalizes ajz- =

E[mfj] = 1. That 1 — vy — 1 as n — oo implicitly restricts the growth of p relative to n; in
particular, for bounded or Gaussian regressors this requires n/log p — oo. The normalization
E[xfj] = 1 is not restrictive since we do not exploit it in the construction of the estimator
and since we can always rescale the original parameters so that regressors have this prop-
erty. Indeed, given original parameter 3°(u) and regressors z°, define the rescaled parameter
B(u) = DB°(u) and & = D~'a° for D = diag[o?{, ...,09], 09> = E[z{?]. Then the rates of con-
vergence in the original parametrization follow from the rates of convergence in the rescaled
parametrization from the relation ||G(3°(u)—3°(w))||? < maxeig(D'G'GD )| 3(u)—B(w)|?

for any matrix G.

In order to state the next assumption, for some ¢y > 0 and each u € U, define
Ay ={6 € R": |0rg|1 < colldz, [lv, [[07gllo < n},

which will be referred to as the restricted set. Define T, (5, m) C {1,...,p} \ Ty, as the support
of m largest in absolute value components of the vector § outside of T;, = support(5(u)),

where T, (6, m) is the empty set if m = 0.

D.4. Restricted Identifiability and Nonlinearity. For some constants m > 0 and ¢y > 9,
the matrices Blz;x)] and J, = E[fy, 5, (v;6(u)|z;) zix)], u € U satisfy

! el /
(RE(co,m)) K2, := inf Blziwild >0, f:= 0 Ju0

P inf it 00
™ el se Az o uUTu((S,m)Hz L7 B se dioro §Elzxi]d =

and log(i/{g) < Cylog(n V p) for some constant Cy. Moreover,

_3f oy EladPP

RNT =37 CE[JeoP]
(RNI(co)) U= 87 weuscansto B2

> 0.

COMMENT 2.1 (RE condition). The restricted eigenvalue (RE) condition is a quantile
analog of [7]’s condition for means. The RE constants x,, and f determine the rate of conver-

gence and can change with n, although in many designs such as Example 1 given below these
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constants will be bounded away from zero and from above. [7] prove that the RE condition
on the design matrix E[z;2}] is quite general, and is weaker than nearly all other design con-
ditions used in the least squares literature; also, since k,, is non-increasing in m, RE(cy, m)
for any m > 0 implies RE(cg,0). The constant f controls the modulus of continuity between
norms weighted by the design matrix E[z;z}] and the Jacobian matrices .J,. Note that f is
bounded below by f?, the minimal value of the conditional density of y; evaluated at the
conditional quantile x5 (u):

(2.11) f>f0= inf )fyi\xi (z'B(u)|z),

weU ,xEsupport(z;

where f = f° holds with equality in location models, such as Example 1, but f > f° in
general. The overall rationale behind the RE condition is that under our choice of penalty
level, § = 3(u) — B(u) will belong to the restricted set A, with a high probability, and so
identifiability and rates would follow from the behavior of §J,8/||6||* characterized by fr2,.
Lastly, the additional condition log(fx3) < log(n V p) requires that fx} does not increase
faster than some power of (n V p). This assumption is mild, since typically we are more

concerned with f 12 going to zero, and simplifies the statements of the main results.

COMMENT 2.2 (RNI condition). The restricted non-linear impact (RNI) coefficient ¢
appearing in D.4 is a new concept, which controls the quality of minoration of the quantile
regression objective function by a quadratic function over the restricted set, in the sense
precisely described by Lemma 2. It turns out that this coefficient is well-behaved for several

designs of interest. Indeed, if the covariates x have a log-concave density, then
q> 3i3/2/(8Kgf') for a universal constant Kj .

On the other hand, if the covariates |z;;| are uniformly bounded by Kp for each j < p, and
the RE(cg, 0) condition holds, then ¢ > 3i3/2/£0/(8f’KB(1—|—co)\/§). Indeed, the former bound
follows from E[|2}6]%] < K/E[|}6]?]*/? holding for log-concave z for some universal constant
K; by Theorem 5.22 of [28]. The latter bound follows from E[|z:5[] < E[|zi6|*|Kp||d]l1 <
E[|26]2Kp(1 + co)v/sl07, || < BE[ja:6)?]>2Kp(1 + co)v/5/ko holding since § € A, so that
16]l1 < (1 + co)lldz, [[1 < V/s(1 + co) |6z, []-

Finally, we state another condition that is needed to derive results on the post-model
selected estimator. In order to state the condition, define the sparse set A,(m) = {0 € R :
|67¢]lo < m} for m >0 and u € U.
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D.5. Sparse Identifiability and Nonlinearity. The matrices E[z;x}] and J,,, u € U satisfy:

'Elz;z] 7 "Ju
(SE(m)) &% :=inf _inf M >0and f~:=inf _inf M > 0,
™ w€l e, (m)s40 00 T wel se T, (m) 620 0'Blwiz}]o
for some m > 0. Moreover,

3 72 E[|z!6]]3/2

m

(SNI(m)) gy = =2 inf inf

> 0.
8 f! well seq,(my.s+0 Ell7iol]

COMMENT 2.3 (SE condition). We invoke the sparse eigenvalue (SE) condition in order to
analyze the post-penalized estimator. This assumption is similar to the conditions used in [29]
and [38] to analyze Lasso. Our form of the SE condition is neither less nor more general than
the RE condition. The rationale behind this condition is that the post-penalized estimator
B(u) will be sparse, of dimension at most 5, = |T,| < s + M, where m is the number of
unnecessary components, that is, components outside T,. Therefore, both identifiability and

rates of convergence would follow from the behavior of §.J,6/||5||* characterized by zﬁﬁ%

COMMENT 2.4 (SNI condition). The SNI coefficient g controls the quality of minoration
of the quantile regression objective function by a quadratic function over sparse neighbor-
hoods of the true parameter. Similarly to the RNI coefficient, if the covariates x have a
log-concave density, then the SNI coefficient satisfies

N ~3/2 _
Gy = (3/8)f 5 /(Kef')

and if the covariates |z;;| are uniformly bounded by Kp and SE condition holds, then g~ >
(3/ S)E%QR% /(f'Kpv/m + s). Note that if the selected model has no unnecessary components

(m = 0), condition D.5 is an assumption only on the true support.

ExAaMPLE 1 (Location Model with Correlated Normal Design). Let us consider estimating
a standard location model
y=a'0"+e,
where ¢ ~ N(0,0?), o > 0 is fixed, 1 = 1 and

x_1~N(0,%), X;;= p'i_ﬂ, for a fixed — 1< p < 1.

This model implies a linear quantile model with coefficients 3i(u) = 3¢ + c® 1(u) and
Bj(u) = B9 for j =2,...,p, in which conditions D.1-5 are easily met for any compact set of
quantile indices U C (0,1). Indeed, let

f'=swd(z/0)/0%, f=swe(z/o)/o, [*=ming(@"(u))/o,
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so that D.1 holds with the constants f and f’. D.2 holds, since ||B3(u)]jo < s < [|8°]lo + 1
and u — B(u) is Lipschitz over U with the constant L = sup,,c;, 0/¢(®~1(u)), which trivially
obeys log L < log(n V p). D.4 also holds, in particular by Chernoff’s tail bound

P{ max |0; — 1] < 1/2} >1—v=1-2pexp(—n/24),
1<j<p

where 1 — ~ approaches 1 if n/logp — oo. Furthermore, the smallest eigenvalue of the
population design matrix X is at least (1 — |p|)/(2 + 2|p|) and the maximum eigenvalue is at
most (14 |p|)/(1 —|p]). Thus, D.4 and D.5 hold with

Km N Ry 2 \/<1 — 1o/ 2+ 20pl), FAF=>F andz > (3/8)(f?/FKy),

for all m,m > 0 and for a universal constant K, > 0 defined in Comment 2.2.

2.5. Overview of Main Results. Here we discuss our results under the simple setup of
Example 1 and under 1/p < a — 0 and v — 0. These simple assumptions allow us to
straightforwardly compare our rate results to those obtained in the literature. We state our
more general non-asymptotic results under general conditions in the subsequent sections. Our

first main rate result is that the ¢1-QR, with our choice (2.7) of parameter \, satisfies

1 slog(n V p)
|| Sp )
i1/2/£0 i1/2/£8 n

(2.12) sup [|5(u) — B(u)
uel

provided that the upper bound on the number of non-zero components s satisfies

slog(n V p)
- -
Vi {72 k0q

Note that kg, ks, f, and ¢ are bounded away from zero in this example. Therefore, the rate
of convergence is y/s/n - y/log(n V p) uniformly in the set of quantile indices v € U, which

is very close to the oracle rate when p grows polynomially in n. Further, we note that our

(2.13)

resulting restriction (2.13) on the dimension s of the true models is very weak; when p is

polynomial in n, s can be of almost the same order as n, namely s = o(n/logn).

Our second main result is that the dimension [|3(u)|jo of the model selected by the /;-
penalized estimator is of the same stochastic order as the dimension s of the true models,

namely

(2.14) sup | B(u)lo S s-
uel
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Further, if the parameter values of the minimal true model are well separated from zero, then
with a high probability the model selected by the ¢;-penalized estimator correctly nests the

true minimal model:
(2.15) T, = support(8(u)) C T, = support(3(u)), for all u € U.

Moreover, we provide conditions under which a hard-thresholded version of the estimator

selects the correct support.

Our third main result is that the post-penalized estimator, which applies ordinary quantile

regression to the selected model, obeys

sup [|5(u) = Bu)ll S,

1 \/ﬁﬂog(n\/p)—l—slogn
2

ueU ?A%A n
(2.16) Sm ~
n supyey H{Tw € T} |slog(nVp)
/2. 179 n ’
F R ko

where m = sup,¢; || BTg (u)]|o is the maximum number of wrong components selected for any
quantile index u € U, provided that the bound on the number of non-zero components s

obeys the growth condition (2.13) and

vmlog(nVp)+ slogn
~1/2~ N —>P0

\/7_1 S Emln

(2.17)

We see from (2.16) that post-¢1-QR can perform well in terms of the rate of convergence
even if the selected model 7}, fails to contain the true model Tj,. Indeed, since in this design
i <p s, post-f1-QR has the rate of convergence /s/n - \/log(n V p), which is the same as
the rate of convergence of ¢£1-QR. The intuition for this result is that the ¢1-QR based model
selection can only miss covariates with relatively small coefficients, which then permits post-
/1-QR to perform as well or even better due to reductions in bias, as confirmed by our

computational experiments.

We also see from (2.16) that post-£1-QR can perform better than ¢1-QR in terms of the rate
of convergence if the number of wrong components selected obeys m = o, (s) and the selected
model contains the true model, {7, C fu} with probability converging to one. In this case

post-£1-QR has the rate of convergence \/(op(s)/n) log(n V p) + (s/n)logn, which is faster

than the rate of convergence of £1-QR. In the extreme case of perfect model selection, that
is, when m = 0, the rate of post-£1-QR becomes +/(s/n)logn uniformly in 4. (When U is a
singleton, the logn factor drops out.) Note that the inclusion {7, C fu} necessarily happens
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when the coefficients of the true models are well separated from zero, as we stated above.
Note also that the condition m = o(s) or even m = 0 could occur under additional conditions
on the regressors (such as the mutual coherence conditions that restrict the maximal pairwise
correlation of regressors). Finally, we note that our second restriction (2.17) on the dimension
s of the true models is very weak in this design; when p is polynomial in n, s can be of almost

the same order as n, namely s = o(n/logn).

To the best of our knowledge, all of the results presented above are new, both for the
single /1-penalized quantile regression problem as well as for the infinite collection of ¢;-
penalized quantile regression problems. These results therefore contribute to the rate results
obtained for /1-penalized mean regression and related estimators in the fundamental papers of
[7, 12, 23, 29, 36, 38]. To the best of our knowledge, our results on post-penalized estimators
have no analogs in the literature on mean regression, apart from the rather exceptional
case of perfect model selection, in which case the post-penalized estimator is simply the
oracle.* Our results on sparsity of £;-QR and model selection also contribute to the analogous
results for mean regression [29]. Also, our rate results for £;-QR are different from, and hence
complementary to, the fundamental results in [36] on the excess forecasting loss under possibly
non-quadratic loss functions, which also specializes the results to density estimation, mean
regression, and logistic regression. Indeed, in principle we could apply theorems in [36] to the
single quantile regression problem to derive the bounds on the excess loss from forecasting y;
with :E;B(u) under loss p,.> However, these bounds would not imply our results (2.12), (2.16),
(2.14), (2.15), and (2.7), which characterize the rates of estimating coefficients F(u) by ¢1-QR
and post-£1-QR, sparsity and model selection properties, and the data-driven choice of the

penalty level.

3. Main Results and Main Proofs. In this section we derive rates of convergence

for £1-QR and post-£1-QR, sparsity bounds, and model selection results.

3.1. Bounds on A(1—a|X) . We start with a characterization of A and its (1—«)-quantile,
A(1 — a|X), which determine the magnitude of our suggested penalty level A via equation
(2.7).

“In a companion work, we extend our results to least squares and related problems.
50f course, such a derivation would entail some difficult work, since we must verify some high-level as-

sumptions made directly on the performance of the oracle and penalized estimators in population (cf. [36]’s
conditions I.1 and 1.2 and others), and which do not apply in our main examples, e.g., in Example 1 with

normal regressors.
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THEOREM 1 (Bounds on A(l — «|X)). Let Wy = maxyey 1//u(l —u). We have that
there is a universal constant C'n such that

(i) P(A>k-Cy Wyy/nlogp |X) < p+,

(i) A(1—a|X) < \/1 +log(1/a)/log p - Cn Wiyn/nlogp with probability 1.

3.2. Rates of Convergence. In this section we establish the rate of convergence of 1 —QR.
We start with the following preliminary result which shows that if the penalty level exceeds
the specified threshold, the estimator B(u) — B(u) will belong to the restricted set A,.

LEMMA 1 (Restricted Set). 1. Under D.3, with probability at least 1 —~ we have for every
0 € IR? that

2
(3.1) ghole < M0l < 2[10]l1.n-
2. Moreover, if for some a € (0,1)
3
(3.2) A3 o= D001~ alx),
co — 3

then with probability at least 1 — o — 7, uniformly in v € U, we have (3.1) and

~

Bu) = Bu) € Au = {0 € R”: [|org |1 < colldm,[|1, [197¢llo < n}.
This result is inspired by the analogous result of [7] for least squares.

LeEMMA 2 (Identifiability Relations over Restricted Set).  Condition D.4, namely RE(cy, m)
and RNI(cy), implies that for any 6 € A, and u € U,

(3.3) [(Blwiag])'/20] < [[1a/28/ £1/2

(3.4) 167, Il < V51142601 /[ kal,

(3.5) 18]l < V(1 + co) [l Ja/28]|/1f /o),

(3.6) 1811 < (14 coy/s/m ) 1927281/1£ 2,

(3.7) Qu(B(w) + ) — Qu(B(w) > (73/25]12/4) A (qllJ3/25])-

This second preliminary result derives identifiability relations over A,. It shows that the
coefficients f, kg, and ky, control moduli of continuity between various norms over the re-
stricted set A,, and the RNI coefficient ¢ controls the quality of minoration of the objective

function by a quadratic function over A,.

Finally, the third preliminary result derives bounds on the empirical error over A,:
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LEMMA 3 (Control of Empirical Error). Under D.1-4, for any t > 0 let

)= swp |Qu(B) +6) — Qu(Bu) +9) — (Qu(Bw) — Qu(Bw)))|.

uelU S Ay, || 73/ 8| <t

Then, there is a universal constant Cg such that for any A > 1, with probability at least
1—3vy— ?)p_A2

u+%m¢ﬂ%@vwfﬂmm>

t)<t-Cg-
() < o il/%o n

In order to prove the lemma we use a combination of chaining arguments and exponential
inequalities for contractions [25]. Our use of the contraction principle is inspired by its fun-
damentally innovative use in [36]; however, the use of the contraction principle alone is not
sufficient in our case. Indeed, first we need to make some adjustments to obtain error bounds
over the neighborhoods defined by the intrinsic norm ||Jé/ 2. || instead of the || - ||; norm; and

second, we need to use chaining over u € U to get uniformity over U.

Armed with Lemmas 1-3, we establish the first main result. The result depends on the
constants Cy, Cg, Cr, and Cy defined in Theorem 1, Lemma 3, D.2, and D.4.

THEOREM 2 (Uniform Bounds on Estimation Error of ¢1-QR). Assume that conditions
D.1-4, and let C > 2Cp\\/1 + log(1/a)/logp V [CE\/l V[CrL + Cr+1/2]]. Let Ao be defined
as in (3.2). Then uniformly in the penalty level X such that

(3.8) Ao <AL C-Wyy/nlogp,

we have that, for any A > 1 with probability at least 1 — o — 4y — 3p‘A2,

(1+co)WyA  [slog(pVn)
fl/ZKO n

)

sup || J,/%(B(u) — B(w))|| < 8C-
ueU
provided s obeys the growth condition

(3.9) 2C - (1 + co)Wy A -y/slog(pVn) < qf/zmo\/ﬁ.

This result derives the rate of convergence of the /1-penalized quantile regression estimator
in the intrinsic norm uniformly in u € U as well as uniformly in the penalty level A in the range
specified by (3.8), which includes our recommended choice of \g. An immediate consequence

of this result and of Lemma 2 is the following corollary.
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COROLLARY 1. Under the conditions of Theorem 2, for any A > 1 with probability at

least 1 — o — 4y — 3p—A2’
sup (Ex[x’(ﬁ(u) _ g(u))]g)lm <8C. (14 co)WyA ' slog(p Vv n),
uel iﬁ:o "

sup [|B(u) — Bu)|| < L+ coy/s/m .8C - (14 co)WyA slog(p\/n)‘

ueld Km Sfro n

We see that the rates of convergence for /1-QR generally depend on the number of signifi-
cant regressors s, the logarithm of the number of regressors p, the strength of identification
summarized by ko, Km, f, and ¢, and the quantile indices of interest ¢/ (as expected, extreme
quantiles can slow down the rates of convergence). These rate results parallel the results of
[7] obtained for /1-penalized mean regression. Indeed, the role of the parameter f is similar to
the role of the standard deviation of the disturbance in mean regression. It is worth noting,
however, that our results do not rely on normality and homoscedasticity assumptions, and
our proofs have to address the non-quadratic nature of the objective function, with parameter
g controlling the quality of quadratization. This parameter ¢ enters the results only through
the growth restriction (3.9) on s. At this point we refer the reader to Section 2.4 for a further
discussion of this result in the context of the correlated normal design. Finally, we note that
our proof combines the star-shaped geometry of the restricted set A, with classical convexity

arguments; this insight may be of interest in other problems.

PrROOF OF THEOREM 2. We let

1+c)WyA [slog(pVn)

g0 !
ti=8C -

I

and consider the following events:

(i) ©; := the event that (3.1) and B(u) — B(u) € A, uniformly in u € U, hold;
(ii) € := the event that the bound on empirical error €(¢) in Lemma 3 holds;
(iii) 3 := the event in which A(1 — a|X) < /1 +1og(1/a)/logp - Cn Wiv/nlog p.

By the choice of A and Lemma 1, P(21) > 1 — a —v; by Lemma 3 P(Q9) > 1 — 3y — 3p‘A2;
and by Theorem 1 P(Q3) = 1, hence P(N;_ Q) > 1 —a — 4y — 3p= A2,

Given the event N?_,Q, we want to show the event that

(3.10) Juel, |[JYV*(B(u) — )| >t
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is impossible, which will prove the theorem. First note that the event in (3.10) implies that

for some u € U

0> min  QuBu) +) ~ Qu(Bw) + T (5w) 151 — 18w ).
SE AL || T 25| >t n

The key observation is that by convexity of Q,(-)+ || - |[1..A\v/u(1 — u) /n and by the fact that
A, is a cone, we can replace \|J5/25H >t by ||J;/25|| = t in the above inequality and still

preserve it:

AMu(l —u)
1/2

€A, || Ju’ =t n

0 > min  Qu(Bu) +6) — Qu(Bw)) + UB(w) +6ll1n = 18W)l1n) -

Also, by inequality (3.4) in Lemma 2, for each § € A,

18l = 18C) + 8l < 1167l < 20167, 11 < 2V/51172/26)/ £/ R0,

which then further implies

(311) 0 > min  Qu(B(u) +) — Qu(B(u) - WULTU 2VS g,

1/2
S€ Au, |1/ 26)=t no Mk

Also by Lemma 3, under our choice of ¢ > 1/[i1/2/£0\/ﬁ], log(LfK3) < (CL + Cy)log(n V p),

and under event (9

(I+co)A [slog(pVn)
i1/2H0 n ’

(3.12) e(t) < tCp\/1V [CL + Cp +1/2]

Therefore, we obtain from (3.11) and (3.12)

o )‘\/u(l _u) 2\/g HJ1/25H o
1/2 u

— 1/2
S€ Au | I/ 26)=t no Mk

0 > min Qu(B(u) + 8) — Qu(B(uw))

(14 ¢o)A |slog(pVn)
f1/2/{0 n :

—t Cp\/1V[CL + Cy +1/2]

Using the identifiability relation (3.7) stated in Lemma 2, we further get

t2 L AMu(l —u) 24/s

0o > Z A (qt) n i1/2,{0

(14 ¢p)A [slog(pVn)
f1/2/{0 n

~t Cpy1V[CL + Cy +1/2)

Using the upper bound on A under event €23, we obtain

2 2/sTogp W,
0 > S A(q)—tc NP _TU
4 Voo Y2

(1+¢o)A [slog(pVmn)

—t Cp\/1V[CL+Cf +1/2] 7 -
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Note that gt cannot be smaller than t?/4 under the growth condition (3.9) of the theorem.

Thus, using also the lower bound on C' given in the theorem and ¢y > 1, we obtain the

relation
t2 1 A 1
4 i1/2 Ko n
which is impossible. Therefore, the result follows. O

3.3. Sparsity Properties. Next we derive sparsity properties of the solution to ¢1-penalized
quantile regression. Fundamentally, sparsity is linked to the first order optimality conditions
of (2.4) and therefore to the (sub)gradient of the criterion function. In the case of least squares,
the gradient is a smooth (linear) function of the parameters. In the case of quantile regression,
the gradient is a highly non-smooth (piece-wise constant) function. To control the sparsity of
B(u) we rely on empirical process arguments to approximate gradients by smooth functions.
In particular, we crucially exploit the fact that the entropy of all m-dimensional submodels

of the p-dimensional model is of order m log p, which depends on p only logarithmically.

The statement of the results will depend on the maximal k-sparse eigenvalue of E [z;z]]

and E,, [z;2]], specifically on

(3.13) (k) = E [(xgd)z} and ¢(k) = sup E, [(x;5)2] VE [(xgé)ﬂ .

max
61=1.[I8llo<k l6l1<1,lI6llo<k

In order to establish our main sparsity result, we need two preliminary lemmas.

LEMMA 4 (Empirical Pre-Sparsity). Let 5 = sup, ¢y |B(w)|lo- Under D.1-4, for any A > 0,
with probability at least 1 — v we have

§<nApA AN e(3)WAE/N2.

In particular, if A > 2v/2Wy\/nlog(n V p)é(n/log(n V p)) then 5 < n/log(nV p).

This lemma establishes an initial bound on the number of non-zero components s as a
function of A\ and #(5). Restricting A > 2v2Wyv/nlog(n V p)o(n/log(n V p)) makes the
term ¢ (n/log(n V p)) appear in subsequent bounds instead of the term ¢(n), which in turn

weakens some assumptions. Indeed, not only is the first term smaller than the second, but
also there are designs of interest where the second term diverges while the first does not; for
instance in Example 1, we have ¢(n/log(n V p)) <, 1 while ¢(n) 2, /logp by [4].

The following lemma establishes a bound on the sparsity as a function of the rate of

convergence.
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LeEMMA 5 (Empirical Sparsity). Assume D.1-4 and let r = sup,cy HJul/2 (B(u) — B(w))]|.
Then, for any e > 0, there is a constant K. > /2 such that with probability at least 1 —e —

%gémaguAn+v%KQMbw?ww®,u%%z%M%thﬂf”)

Finally, we combine these results to establish the main sparsity result. In what follows, we
define ¢. as a constant such that ¢(n/log(n V p)) < ¢. with probability 1 — e.

THEOREM 3 (Uniform Sparsity Bounds). Let e > 0 be any constant, assume D.1-4 hold,
and let A satisfy A > \g and

KWy /nlog(nVp) < X < K'Wyy/nlog(nVp)

for some constant K' > K > 2K, _;/2, for K. defined in Lemma 5. Then, for any A > 1 with

probability at least 1 — o — 2 — 4y — p_A2

~ 3 12, 12 172
s:%WWM§yMMWﬂmeMMKML

where p = p(n/log(n V p)), provided that s obeys the growth condition
(3.14) 2K'(1 4 co) AWy /slog(n V p) < qil/zlio\/ﬁ.

The theorem states that by setting the penalty level A to be possibly higher than our
initial recommended choice Ay, we can control S, which will be crucial for good performance
of the post-penalized estimator. As a corollary, we note that if (a) p <1, (b) 1/(f 120) <1,
and (c) ¢. < 1 for each € > 0, then § < s with a high probability, so the dimension of the
selected model is about the same as the dimension of the true model. Conditions (a), (b),
and (c) easily hold for the correlated normal design in Example 1. In particular, (c) follows
from the concentration inequalities and from results in classical random matrix theory; see
[4] for proofs. Therefore the possibly higher A needed to achieve the stated sparsity bound
does not slow down the rate of £;-QR in this case. The growth condition (3.14) on s is also

weak in this case.

PROOF OF THEOREM 3. By the choice of K and Lemma 4, § < n/log(n V p) with proba-
bility 1 — . With at least the same probability, the choice of A yields

= 71/2
K. Vnlog(nVp)o(s) < K.¢ < 1 7
A KWy 2Wyy
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so that by virtue of Lemma 5 and by p(S) < p:= u(n/log(n V p)),
V5 - (rAln V3 V5 (rAl)n

V5 V5 9

W St o o st
with probability 1 — 2e. Since all conditions of Theorem 2 hold, we obtain the result by
plugging in the upper bound on r = sup,,¢;, HJ&/2(§(U) — B(w))]| from Theorem 2. O

3.4. Model Selection Properties. Next we turn to the model selection properties of £1-QR.

THEOREM 4 (Model Selection Properties of ¢1-QR). Let 7° = sup,,cyy 18(w) — B)||. If

inf, ey minjer, |Bj(uw)| > r°, then
(3.15) T, = support(B(u)) C T, := support(B(u)) for all u € U.
Moreover, the hard-thresholded estimator 3(u), defined for any v >0 by

(3.16) Bi(w) = Bt {|B;(w)] >+}, weld, j=1,....p,
provided that y is chosen such that r° < v < infy,e minjer, |Bj(u)| — r°, satisfies

support(3(u)) =T, for allu € U.

These results parallel analogous results in [29] for mean regression. The first result says
that if non-zero coefficients are well separated from zero, then the support of £1-QR includes
the support of the true model. The inclusion of the true support in (3.15) is in general
one-sided; the support of the estimator can include some unnecessary components having
true coefficients equal zero. The second result states that if the further stated conditions
are satisfied, the additional hard thresholding can eliminate inclusions of such unnecessary
components. The value of the hard threshold must explicitly depend on the unknown value
minjer, |Bj(u)|, characterizing the separation of non-zero coefficients from zero. The addi-
tional conditions stated in this theorem are strong and perfect model selection appears quite
unlikely in practice. Certainly it does not work in all real empirical examples we have explored.
This motivates our analysis of the post-model-selected estimator under the conditions that
allow for imperfect model selection, including cases where we miss some non-zero components

or have additional unnecessary components.

3.5. The post-penalized estimator. In this section we establish a bound on the rate of

convergence of the post-penalized estimator. The proof will rely crucially on the identifiability

and control of the empirical error over the sparse sets A,(m) := {6 € RP : |[|d7ello < m}.
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LEMMA 6 (Sparse Identifiability and Control of Empirical Error). 1. Suppose D.1 and
D.5 hold. Then for all 6 € /Nlu(ﬁl,),u cU, and m < n, we have that

7a"%5])2

(3.17) Qu(B(w) +8) = Qu(B(u)) = +=—= A (G5 191/241) -

2. Suppose D.1-2 and D.5 hold and that | Uyeyy Ty| < n. Then for any € > 0, there is a

constant C. such that with probability at least 1 — & the empirical error

€u(6) = | Qu(B(w) +6) = Qu(Bw) + ) — (Qu(Bw) — Qu(Bw)))|

obeys

sup for allm <n.

€u(0) \/( mlog(n V p) + slogn)od(m + s)
<C:
wEU 5E Ay (m),670 H(SH

n

In order to prove this lemma we crucially exploit the fact that the entropy of all m-
dimensional submodels of the p-dimensional model is of order mlogp, which depends on
p only logarithmically. The following theorem establishes the properties of the post-model-

selection estimators.

THEOREM 5 (Uniform Bounds on Estimation Error of post-f1-QR).  Let 3(u) be any first
step estimator, By, a random variable such that B, > sup,cy Qu(Bw)) — Qu(B(w)), and B(u)
the second step estimator defined as (2.5) for each uw € U. Assume that |Uyey Ty < n, D.1-3
hold, and D.5 holds with m := sup,cy HBTg (u)|lo with probability 1 — . Then for any e > 0

there is a constant Cg such that the bound

(3.18) sup | 7/2(B(u) — B))|| < 442/ T Fs] + sup 1T, £ T} /4B,
ucl

uelU

holds with probability at least 1 — 2¢, where A., = Ce\/(mlog(n V p) + slogn)p(m + s)/n,
provided that s obeys the growth condition 46771145,”/@%2%@] +supyey HTw € Tu} By < 4(}%1.
In particular, when the first step estimator B(u) is the £1-QR estimator defined by (2.4) and
D.1-5 hold, the random wvariable B, can be defined as

(3.19) B, = Asr/(nf'ro), 1= sup T4/ (B(u) — B(u)]-

This theorem describes the performance of a general post-model selection estimator as well
as the performance of the post-£1-QR estimator that results from using /1-QR as the model
selector. After plugging in the bound on the rate r and the choice of A from Theorem 2 into
(3.19), we obtain the following more explicit statement about the performance of post-£1-QR,

as measured by the intrinsic norm.
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COROLLARY 2. Under the conditions of Theorems 2 and 5, when the first step estimator
B(u) is the £1-QR estimator defined by (2.4), with probability at least 1 — 3y — 3p_A2 — 2¢

4C’ (m+s) mlog(nVp)+ slogn
V2 (Bw) - pla))| < AT snvp) tologn,
[ kg "
~ 4+/2(1 A I
+Sup1{Tu@Tu}.%.o.Wu slog(n Vv p)
ueU i R

We can use the following corollary to assess performance in other norms of interest.

COROLLARY 3. Under conditions of Theorem b5, with probability 1 — ¢

sup (B, [2' (3(u) — A())]?) " < sup | 7/2(Bw) — 5| /7127,
ueld uelU
sup () — B(w)| < sup |12 (Bw) - Bw)| /EL R
ueld u€eU

From Corollaries 2 and 3 we can conclude that in many interesting cases the rates of post-
£1-QR could be the same or faster than the rate of /1-QR. Indeed, first consider the case where
the model selection fails to contain the true model, i.e., sup,c {7 € fu} = 1 with a non-
negligible probability. If (a) m < 5 <, s, (b) ¢(m+s) Sp 1, and (c) the constants z;% and R%
are of the same order as f and ko, respectively, then the rate of convergence of post-£1-QR
is the same as the rate of convergence of /1-QR. Recall that Theorem 3 provides sufficient
conditions needed to achieve (a), which hold in Example 1. Recall also that in Example
1 (b) holds by concentration of measure and classical results in random matrix theory, as
shown in [4], and (c) holds by the calculations presented in Section 2. This verifies our claim
regarding the performance of post-£1-QR in the overview, Section 2.4. The intuition for this
result is that even though ¢1-QR misses true components, it does not miss very important
ones, allowing post-£1-QR still to perform well. Second, consider the case where the model
selection succeeds in containing the true model, i.e. sup, ¢, 1{T7, Z T, w} = 0 with probability
approaching one, and that the number of unnecessary components obeys m = 0,(s). In this
case the rate of convergence of post-£1-QR can be faster than the rate of convergence of
£1-QR. In the extreme case of perfect model selection, when m = 0 with a high probability,
post-£1-QR becomes the oracle estimator with a high probability. We refer the reader to
Section 2 for further discussion of this result, and note that this result could be of interest in

other problems.
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PrROOF OF THEOREM 5. To show the first claim, let

o~ ~ ~

6(u) = B(u) = B(u), 6(u) := Blu) — B(u), and b, := | J;/*6(u)].

For every u € U, by optimality of B(u) in (2.5),

(320)  Qu(B(w) — Qu(Bw) < UT, Z T} (Qu(B(w) — Qu(B(w)) < T, & T} B,

Also, by Lemma 6, with probability at least 1 — ¢, we have

(3.21) sup eu(0(u)) - 05\/(7% log(n V p) + slogn)o(m + s)

al < =: A p.
wed |0 (u)| n

)

m

Recall that sup, ¢, HSTE(U)” < m < n so that by D.5 ¢, > £¥2EA”5(U)H for all uw € U with
probability 1 — e. Thus, combining relations (3.20) and (3.21), for every u € U

Qu(BW) — Qu(B(W) < tuAcn/[FL Fa] + 1T, € T} B,

with probability at least 1 — 2¢. Invoking the sparse identifiability relation (3.17) of Lemma
6, with the same probability, for all u € U,

(/DA (Gate) < tuden/ [T F] + 1{T, € T} B,

We then conclude that under the assumed growth condition on s, this inequality implies
ty < AA. . /[FL75R] + 1{T, € T} VAB,

for every u € U and the bounds stated in the theorem now follow.

To show the second claim we note that by the optimality of 3(u) in (3.16), with probability

1 —~ we have uniformly in v € U

P _ Ml = N

Qu(B(w) ~ Qu(p) < Y= )0 13w )
(3.22)

< VA= < 2015wy,
where the last term in (3.22) is bounded by

1/2%
(3.23) )\\/u(i —u) 2\/§H<1];L2 5(u)]] < AMu(l —u) 21\//257‘ < B,
f ko n S ko

using that HJul/23(u)H > fpﬁoHéATu (u)]| from RE(co,0) implied by D.4. O
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4. Empirical Performance. In order to access the finite sample practical performance
of the proposed estimators, we conducted a Monte Carlo study and an application to inter-

national economic growth.

4.1. Monte Carlo Simulation. In this section we will compare the performance of the
canonical, £1-penalized, post-f1-penalized, and the ideal oracle quantile regression estimators.
Recall that the post-penalized estimator applies the canonical quantile regression to the
model selected by the penalized estimator. The oracle estimator applies the canonical quantile
regression on the true model. (Of course, such an estimator is not available outside Monte
Carlo experiments.) We focus our attention on the model selection properties of the penalized

estimator and biases and standard deviations of these estimators.

We begin by considering the following regression model, as in Example 1, where
y:x,ﬁ(0'5) +€7 /3(0'5) = (17 17 17 17 1707"' ’0)/7

where x consists of an intercept and covariates z_1 ~ N(0,X), and the errors ¢ are inde-
pendently and identically distributed e ~ N(0,1). We set the dimension p of covariates z
equal to 1000, and the dimension s of the true model to 5, and the sample size n to 200. We
set the regularization parameter A equal to the 0.9-quantile of the pivotal random variable
A, following our proposal in Section 2. We consider two variants of the model above with
uncorrelated and correlated regressors, namely p = 0 and p = 0.5. We summarize the results
on model selection performance of the penalized estimator in Figures 1-2. In the left panels of
Figures 1-2, we plot the frequencies of the dimensions of the selected model; in the right panel
we plot the frequencies of selecting the correct components. From the right panels we see that
the model selection performance is particularly good. From the left panels we see that the
frequency of selecting a much larger model than the true model is very small. We also see
that in the design with correlated regressors, the performance of the estimator is quite good,
as we would expect from our theoretical results. These results confirm the theoretical results
of Theorem 4, namely, that when the non-zero coefficients are well-separated from zero, with
probability tending to one, the penalized estimator should select the model that includes the
true model as a subset. Moreover, these results also confirm the theoretical result of Theorem
3, namely that the dimension of the selected model should be of the same stochastic order
as the dimension of the true model. In summary, the model selection performance of the

penalized estimator agrees very well with our theoretical results.

We summarize results on the estimation performance in Table 1. We see that the penalized

quantile regression estimator significantly outperforms the canonical quantile regression, as



25

we would expect from Theorem 2 and from inconsistency of the latter when the number of
regressors is larger than the sample size. The penalized quantile regression has a substantial
bias, as we would expect from the definition of the estimator which penalizes large deviations
of coefficients from zero. Furthermore, we see that the post-penalized quantile regression
drastically improves upon the penalized quantile regression, particularly in terms of drasti-
cally reducing the bias. The post-penalized estimator in fact does almost as well as the ideal
oracle estimator. We also see that the (unarbitrary) correlation of regressors does not harm
the performance of the penalized and the two-step estimators, which we would expect from
our theoretical results. In summary, we find the estimation performance of the penalized and

two-step estimators to be in agreement with our theoretical results.

MONTE CARLO RESULTS

Isotropic Gaussian Design

Mean ¢p norm Mean ¢; norm Bias Std Deviation
Canonical QR 1000 25.27 1.6929 0.99
Penalized QR 5.14 2.43 1.1519 0.37
Post-Penalized QR 5.14 4.97 0.0276 0.29
Oracle QR 5.00 5.00 0.0012 0.20

Correlated Gaussian Design

Mean o norm Mean ¢; norm Bias Std Deviation
Canonical QR 1000 29.40 1.2526 1.11
Penalized QR 5.19 4.09 0.4316 0.29
Post-Penalized QR 5.19 5.02 0.0075 0.27
Oracle QR 5.00 5.00 0.0013 0.25
TABLE 1

The table displays the average £y and €1 norm of the estimators as well as mean bias and standard deviation.
We obtained the results using 5000 Monte Carlo repetitions for each design.

4.2. International Economic Growth Example. In this section we apply £1-penalized quan-
tile regression to an international economic growth example, using it primarily as a method
for model selection. We use the Barro and Lee data consisting of a panel of 138 countries for
the period of 1960 to 1985. We consider the national growth rates in gross domestic product
(GDP) per capita as a dependent variable y for the periods 1965-75 and 1975-85.° In our
analysis, we will consider a model with p = 60 covariates, which allows for a total of n = 90

complete observations. Our goal here is to select a subset of these covariates and briefly

5The growth rate in GDP over a period from ¢; to t2 is commonly defined as log(GDP;:, /GDP;,) — 1.
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Histogram of the number of non-zero components in 3(1/2) Histogram of the number of correct components selected (s = 5, p = 0)
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Fic 1. The figure summarizes the covariate selection results for the isotropic normal design example, based
on 5000 Monte Carlo repetitions. The left panel plots the histogram for the number of covariates selected out
of the possible 1000 covariates. The right panel plots the histogram for the number of significant covariates
selected; there are in total 5 significant covariates amongst 1000 covariates.

Histogram of the number of non-zero components in 3(1/2) Histogram of the number of correct components selected (s =5, p = 0.F
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0 0 . . . . .
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Fic 2. The figure summarizes the covariate selection results for the correlated mormal design erxample with
correlation coefficient p = .5, based on 5000 Monte Carlo repetitions. The left panel plots the histogram for the
number of covariates selected out of the possible 1000 covariates. The right panel plots the histogram for the
number of significant covariates selected; there are in total 5 significant covariates amongst 1000 covariates.
We obtained the results using 5000 Monte Carlo repetitions.
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compare the resulting models to the standard models used in the empirical growth literature
(Barro and Sala-i-Martin [1], Koenker and Machado [22]).

One of the central issues in the empirical growth literature is the estimation of the effect
of an initial (lagged) level of GDP per capita on the growth rates of GDP per capita. In
particular, a key prediction from the classical Solow-Swan-Ramsey growth model is the hy-
pothesis of convergence, which states that poorer countries should typically grow faster and
therefore should tend to catch up with the richer countries. Thus, such a hypothesis states
that the effect of the initial level of GDP on the growth rate should be negative. As pointed
out in Barro and Sala-i-Martin [2], this hypothesis is rejected using a simple bivariate re-
gression of growth rates on the initial level of GDP. (In our case, median regression yields a
positive coefficient of 0.00045.) In order to reconcile the data and the theory, the literature
has focused on estimating the effect conditional on the pertinent characteristics of countries.
Covariates that describe such characteristics can include variables measuring education and
science policies, strength of market institutions, trade openness, savings rates and others [2].
The theory then predicts that for countries with similar other characteristics the effect of the
initial level of GDP on the growth rate should be negative ([2])

Given that the number of covariates we can condition on is comparable to the sample
size, covariate selection becomes an important issue in this analysis ([26], [33]). In particular,
previous findings came under severe criticism for relying on ad hoc procedures for covariate
selection. In fact, in some cases, all of the previous findings have been questioned ([26]).
Since the number of covariates is high, there is no simple way to resolve the model selection
problem using only classical tools. Indeed the number of possible lower-dimensional models
is very large, although [26] and [33] attempt to search over several millions of these models.
Here we use the Lasso selection device, specifically £1-penalized median regression, to resolve

this important issue.

Let us now turn to our empirical results. We performed covariate selection using £i-
penalized median regression, where we initially used our data-driven choice of penalization
parameter A. This initial choice led us to select no covariates, which is consistent with the
situations in which the true coefficients are not well-separated from zero. We then proceeded
to slowly decrease the penalization parameter in order to allow for some covariates to be
selected. We present the model selection results in Table 3. With the first relaxation of the
choice of A\, we select the black market exchange rate premium (characterizing trade open-
ness) and a measure of political instability. With a second relaxation of the choice of \ we

select an additional set of educational attainment variables, and several others reported in
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the table. With a third relaxation of A we include yet another set of variables also reported
in the table. We refer the reader to [1] and [2] for a complete definition and discussion of each

of these variables.

We then proceeded to apply ordinary median regression to the selected models and we
also report the standard confidence intervals for these estimates. Table 2 shows these results.
We should note that the confidence intervals do not take into account that we have selected
the models using the data. (In an ongoing companion work, we are working on devising
procedures that will account for this.) We find that in all models with additional selected
covariates, the median regression coefficients on the initial level of GDP is always negative
and the standard confidence intervals do not include zero. Similar conclusions also hold for
quantile regressions with quantile indices in the middle range. In summary, we believe that
our empirical findings support the hypothesis of convergence from the classical Solow-Swan-
Ramsey growth model. Of course, it would be good to find formal inferential methods to
fully support this hypothesis. Finally, our findings also agree and thus support the previous
findings reported in Barro and Sala-i-Martin [1] and Koenker and Machado [22].

CONFIDENCE INTERVALS AFTER MODEL SELECTION FOR THE
INTERNATIONAL GROWTH REGRESSIONS

Penalization Real GDP per capita (log)
Parameter

A= 1.077968 Coefficient  90% Confidence Interval
\/2 —0.01691  [—0.02552, —0.00444]
A/3 —0.04121 [—0.05485, —0.02976]
A/4 —0.04466  [—0.06510, —0.03410]
A/5 —0.05148 [—0.06521, —0.03296]

TABLE 2

The table above displays the coefficient and a 90% confidence interval associated with each model selected by
the corresponding penalty parameter. The selected models are displayed in Table 5.

APPENDIX A: PROOF OF THEOREM 1

PRrROOF OF THEOREM 1. We note A < Wy maxi<j<psup, ey nEy [(u — H{u; < ul)ai;/oj].
For any uw € U, j € {1,...,p} we have by Lemma 1.5 in [25] that P(|G,[(u — 1{u; <
u})zij /7] > K) < 2exp(—K?/2). Hence by the symmetrization lemma for probabilities,
Lemma 2.3.7 in [37], with K > 2,/Iog2 we have
(A1)

P(A>K\nlX) < 4P (sup,eymaxicjcy [G[(u — Wui < ub)wi /5] > K /(4Wy)|X)
< dpmaxicjcy P (supye |Go[(u — Hui < uh)zy /5] > K/(4Wu)|X)
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MODEL SELECTION RESULTS FOR THE INTERNATIONAL GROWTH

REGRESSIONS
Penalization
Parameter Real GDP per capita (log) is included in all models
A = 1.077968 Additional Selected Variables
A -
A/2 Black Market Premium (log)
Political Instability
/3 Black Market Premium (log)

Political Instability
Measure of tariff restriction
Infant mortality rate
Ratio of real government “consumption” net of defense and education
Exchange rate
% of “higher school complete” in female population
% of “secondary school complete” in male population
A4 Black Market Premium (log)
Political Instability
Measure of tariff restriction
Infant mortality rate
Ratio of real government “consumption” net of defense and education
Exchange rate
% of “higher school complete” in female population
% of “secondary school complete” in male population
Female gross enrollment ratio for higher education
% of “no education” in the male population
Population proportion over 65
Average years of secondary schooling in the male population
/5 Black Market Premium (log)
Political Instability
Measure of tariff restriction
Infant mortality rate
Ratio of real government “consumption” net of defense and education
Exchange rate
% of “higher school complete” in female population
% of “secondary school complete” in male population
Female gross enrollment ratio for higher education
% of “no education” in the male population
Population proportion over 65
Average years of secondary schooling in the male population
Growth rate of population
% of “higher school attained” in male population
Ratio of nominal government expenditure on defense to nominal GDP
Ratio of import to GDP
TABLE 3
For this particular decreasing sequence of penalization parameters we obtained nested models.
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where G¢ denotes the symmetrized empirical process (see [37]) generated by the Rademacher
variables ¢;,7 = 1,...,n, which are independent of U = (uq,...,u,) and X = (z1,...,z,). Let
us condition on U and X, and define F; = {e;z;;(u — 1{u; <wu})/5j :uec U} for j=1,...,p.
The VC dimension of F; is at most 6. Therefore, by Theorem 2.6.7 of [37] for some universal

constant C7 > 1 the function class F; with envelope function Fj obeys
N(ellEjlle, 2. Fj, L2(Ba)) < n(e, F5) = C1 - 6 (16¢)°(1/2)",

where N (g, F, La(P,,)) denotes the minimal number of balls of radius ¢ with respect to the

Ly(Py,) norm || - ||p, 2 needed to cover the class of functions F; see [37].

Conditional on the data U = (uq,...,u,) and X = (x1,...,x,), the symmetrized empirical
process {G9(f), f € F;} is sub-Gaussian with respect to the La(P,) norm by the Hoeffding
inequality; see, e.g., [37]. Since ||F}||p, 2 < 1 and p(F;,Py) < 1, we have

p(FjPn)/4
17,2 | log n(e, ;)de < & = (1/4),/10g(6C} (16¢)%) + (1/4)/T0Tog 1.

By Lemma 14 with D = 1, there is a universal constant ¢ such that for any K > 1:

IN

1/2
P (sup Go.(f)] > KeelX, U) | e e ) Ve
0

fE]:j

5 10(K2-1)
(A2) < (/06 (167 e D G =

By (A.1) and (A.2) for any k& > 1 we have
P (A >k- (4\/§cé)Wu\/nlogp|X) <dp max EyP <sup |GS(f)] > k+/2logp ce|X, U)
<j<p feF;
< p76k2+1 < p7k2+1

since (2k?logp —1) > (log2 — 0.5)k? log p for p > 2. Thus, result (i) holds with Cy := 4v/2ce.
Result (ii) follows immediately by choosing k = /1 + log(1/a)/log p to make the right side

of the display above equal to . O

APPENDIX B: PROOFS OF LEMMAS 1-3 (USED IN THEOREM 2)

PrROOF OF LEMMA 1. (Restricted Set) Part 1. By condition D.3, with probability 1 — =,
for every j =1,...,p we have 1/2 < 7; < 3/2, which implies (3.1).

Part 2. Denote the true rankscores by af(u) = u — 1{y; < z;8(u)} for i = 1,...,n. Next
recall that Q,(-) is a convex function and E, [z;a*(u)] € dQ,(3(u)). Therefore, we have

~

Qu(B(w) > Qu(B(u) + Ey [} (w)] (B(u) — B(uw)).
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Let D = diag[61, ... ,5,] and note that A\/u(1 — u)(co — 3)/(co +3) > n||D™'Ey, [ziat (u)] ||
with probability at least 1 — a.. By optimality of B(u) for the f1-penalized problem, we have

IN

IN

En i} ()] (B(u) - <>>\+&(uﬂ< M = 18wl
= [ DB ez ] [DB@) - s, + 2= (18@)In — 15 1.0)
Wl s | (w35, ]ﬁj ()]mwy( IEACTONE

with probability at least 1 — a. After canceling A\y/u(1 — u)/n we obtain

0 < Qu(Bw) — Qu(Bu) + XUy )|y, — 2Dy ey
Blu
)

IN

B (123130 50l = 20 (50 - 6,00] 501 - )

Furthermore, since ’@(u) — ﬂj(u)’ + 18 (w)| — |B;(u)] = 0 if Bj(u) =0, ie. j € TE,
(B.2) za (185w) = B (w)| +18;(w)] — 1B;(w)l) < 2[1Br, (u) = B0

(B.1) and (B.2) establish that [|Gre(u)|1.n < (co/3)]| 67, (w) — B(u)|l1,, with probability at
least 1 — . In turn, by Part 1 of this Lemma, HET;(U)Hln > (1/2)|]§T5(u)|]1 and || 3, (u) —
B(w)|l1n < (3/2)1Br, (u) — B(w)||1, which holds with probability at least 1 —~. Intersection of
these two event holds with probability at least 1 — o — 5. Finally, by Lemma 7, ||3(u)]|o < n
with probability 1 uniformly in u € U. O

PrOOF OF LEMMA 2. (Identification in Population) Part 1. Proof of claims (3.3)-(3.5).
By RE(cg,m) and by 6 € A,

12, f1/2
7 ||5Tu||1_\[( )II 1.

Part 2. Proof of claim (3.6). Proceeding similarly to [7], we note that the kth largest in

f
17226 = [[(Elwiai])) 2801 2 = or, 1/ r0 = =

absolute value component of o7 is less than |[07¢||1/k. Therefore by § € A, and |T,| < s

ore |7 HéTcH 167, |13
2 ~ H T 1 <ec 2 ull1 <e 2115 25 < S
< X o < o, P < o

22
2 —
k>m+1 k

H‘S(Tuuﬂ(é,m))c I wUT (8,m) ‘ m’

so that ||0]|| < (1 + cov/s/m) [0, = ; and the last term is bounded by RE(c, m),
wIT o (6,m)

(1 coy/s/m ) @l 28] fom < (1 coy/s/m ) 1281/1£ 2K
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Part 3. Proof of claim (3.7) proceeds in two steps. Step 1. (Minoration). Define the maximal

radius over which the criterion function can be minorated by a quadratic function

. 1 . - -
R pp— {r - QulB) + ) — Qu(Bw) > 1T, for all § € A, 7125 < r} .
Step 2 below shows that r4, > 4q. By construction of r4, and the convexity of @,

it 5||2/\ e, QB +3) ~ Qu(B)

TAy
J1/26 2 Ji25) 3 g 5 2 1/2
> | Al o ”% g {q||Ju/ 5H}, for any § € A,.

Step 2. (ra, > 4q) Let F,), denote the conditional distribution of y given x. From [18], for

any two scalars w and v we have that
(B.3) pu(w —v) — py(w) = —v(u — H{w < 0}) +/ (H{w <z} — 1{w < 0})dz
0

Using (B.3) with w = y — 2/3(u) and v = 2/§ we conclude E [—v(u — 1{w < 0})] = 0. Using

the law of iterated expectations and mean value expansion, we obtain for Z, . € [0, 2]

QuB) +8) = Qu(B(w) = B |57 Fypa(a’B(u) + 2) — Fyja(a/B(w)d2]
(B4) :E[ 50 2 e @ B(w) + 5L, (2 B(u) + Z.2)dz]
> 417a/%6|2 = LF'Ela’o]] > 4HJ”26H2 + 1 fE[2/8%] - §FE(la']).

Note that for & € Ay, if |[Ja/>5]| < 4q < (3/2) - (f32/F") - infsca, 520 E [|2/6[2]* JE [|2/5]3],
it follows that (1/6) f'E[|z6]*] < (1/4) fE[|2/6]?]. This and (B.4) imply ra, > 4q. O

PrROOF OF LEMMA 3. (Control of Empirical Error) We divide the proof in four steps.

Step 1. (Main Argument) Let

At) = e(t)vn = sup |Gnlpu(ys — 23(B(w) +0)) — pu(yi — 238(w))]]

uel,||J4/?5]|<t,5€ A
Let € be the event in which maxi<j<,|0; — 1| < 1/2, where P(£21) > 1 — 7.

In order to apply symmetrization lemma, Lemma 2.3.7 in [37], to bound the tail probability
of A(t) first note that for any fixed § € A, u € U we have

var (G [pu(y: — 24(B(u) +8)) = puly: — 2iB(w)]) < B |(2[0)’] < £/f
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Then application of the symmetrization lemma for probabilities, Lemma 2.3.7 in [37], yields

2P(A°(t) > M/4) - 2P(A°(t) > M/4|Q) 4+ 2P(Q5)
1—t2/(fM?) — 1 —t2/(fM?) '

(B5)  P(A(t) > M) <

where A°(t) is the symmetrized version of A(t), constructed by replacing the empirical process
G,, with its symmetrized version G, and P(2) < 7. We set M > M; := (3/f)'/2, which

makes the denominator on right side of (B.5) greater than 2/3. Further, Step 3 below shows
that P(A°(t) > M/4|Q) < p=4* for

M/4>My:=t-A-18V2-T . \/2 logp +log(2 + 4V2LfY%kg /t), T = /s(1+co)/[f" ko).
We conclude that with probability at least 1 — 3y — 3p~4*, A(t) < My V (4My).

Therefore, there is a universal constant C'g such that with probability at least 1—37—3p‘A2,

Aw) < - O - L0 elogtp v L1 )
J 7 ko

and the result follows.

Step 2. (Bound on P(A°(t) > K|Q)). We begin by noting that Lemma 1 and 2 imply that
1811 < 2/5(1 + co)||Ja’ 6| /[f /2 k0] so that for all u € U

(B.6) {6€A, : [TV <t} C{6 € RP: ||8]l1n < 2T}, T = /5(1 4 co)/[f ko).

Further, we let Uy, = {u1,...,Ux} be an e-net of quantile indices in U with
(B.7) e <tl'/(2v2sL) and k < 1/e.

By pu(yi — 23(8(w) +6)) — pulyi — z;B(u)) = uzid + w;i(2id, u), for w;(b,u) := (y; — xiB(u) —

b)— — (yi — 2iB(u))—, and by (B.6) we have that A°(t) < B°(t) 4+ C°(t), where
B(t) = sup |G2 [2}6]| and C°(t) := sup |G [w; (0, u)]|.
W€U,||5]|1.n <2T W€U,||5]|1.n <24T

Then we compute the bounds

P[B°(t) > K|] < I§l>l{)l e ME[M]0,] by Markov

ggg e M exp((2MI)?/2) by Step 3

IN

IN

2pexp(—K?/(2v/2tT)?) by setting A = K/(2tT)? |

I§l>l{)l e MEE[ND|Q, X] by Markov

1§1>1B1 exp(—AK)2(p/e) exp((16MtT)%/2) by Step 4

PlCO(t) > K|Q]

IN A

IN

e 12pexp(—K?/(16V2tT)?) by setting A = K/(16tT')?
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so that

PlA°(t) > 2V2K +16V2K|Q] < P[B°(t) > 2V2K|Q] + P[C°(t) > 16V2K|]
2p(1 + e Y exp(—K?/(tT)?).

IN

Setting K = A-t-T - \/log{2p2(1 + e 1)}, for A > 1, we get P[A°(t) > 18V2K|] < p~#°.
Step 3. (Bound on E[e*3°®)|Q;]) We bound

E[e*°W|Q;] < Elexp(2\I max |Gy (xi;)/7;])|€]
ISP

< 2pmaxElexp (2MIG] (w15)/55) |u] < 2pexp((2MI)*/2),
I=p

where the first inequality follows from |G2[z}d]| < 2||d||1,n maxi<j<p |G2(xi;)/0;| holding
under event ¢, the penultimate inequality follows from the simple bound

E[max ] < pmaxE[e/] < pmaxE[e® + ¢™%] < 2pmax E[e*]
J<p J<p J<p J<p

holding for symmetric random variables z;, and the last inequality follows from the law
of iterated expectations and from Elexp (2AI'G2(z45)/5;) |1, X] < exp((2AtT")?/2) holding
by the Hoeffding inequality (more precisely, by the intermediate step in the proof of the
Hoeffding inequality, see, e.g., p. 100 in [37]). Here E[-|Q2;, X] denotes the expectation over
the symmetrizing Rademacher variables entering the definition of the symmetrized process
G .

Step 4. (Bound on E[e*¢()|Q;]) We bound

co(t) < sup sup |Gy [wi(2;(0 + B(u) — B(1)), a)]|
weld,|Ju—u|<e,ucly 16]1,, <2tT
+ sup |Gulwi((B(w) — B(@)), D))
weld,|Ju—u|<e,u€Uy
< 2 sup |G [wi (276, W)]| =: D°(t),

UEU,|[8]|1,n <4LT

where the first inequality is elementary, and the second inequality follows from the inequality

sup ||B(u) — B(@)|l1,n < V25L(2 max oj)e < V2sL(2-3/2)e < 2T,
o <j<p

fu—al<e

holding by our choice (B.7) of € and by event €.
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Next we bound E[eP’®)]Q]

EPW10)] < (1/e) maxElexp(2A  sup |Gy [wi(}d, @)]])|]

ueldy, [16]]1,n <4¢T
< (1/e) maxElexp(4\  sup |G [}0]])|€x]
ueldy, [16]|1,n <4¢T

< 2(p/e) max Elexp (I6MTG (247)/5;7) [u] < 2(p/e) exp((16XT)? /2),

where the first inequality follows from the definition of w; and by k& < 1/e, the second
inequality follows from the exponential moment inequality for contractions (Theorem 4.12 of
Ledoux and Talagrand [25]) and from the contractive property |w;(a, @) — w;(b,u)| < |a — b|,

and the last two inequalities follow exactly as in Step 3. O

APPENDIX C: PROOF OF LEMMAS 4-5 (USED IN THEOREM 3)

In order to characterize the sparsity properties of B (u), we will exploit the fact that (2.4)
can be written as the following linear programming problem:
i _ M u(l —u) - _
min B Jut + (- wg ]+ 20 S5 50 4 67)
(C.1) £+ 6= p+ B eRP " j=1
& —& =yi—x(BT-67), i=1,...,n.

Our theoretical analysis of the sparsity of B(u) relies on the dual of (C.1):

E. [u:a:
max  Ey [yia;]

(C.2) B, [zijai] | < MWul —w)g;/n, j=1,...,p,

(u—1)<a;<wu, i=1,...,n.
The dual program maximizes the correlation between the response variable and the rank
scores subject to the condition requiring the rank scores to be approximately uncorrelated

with the regressors. The optimal solution a(u) to (C.2) plays a key role in determining the

sparsity of B (u).

LEMMA 7 (Signs and Interpolation Property). (1) For any j € {1,...,p}

(C.3) @(u) >0 iff  Ep[ziiai(u)] = Mu(l—w)oj/n,
Bi(u) <0 iff By [zgai(u)] = —MJu(l —w)a;/n,
(2) HE(U)HO < n A p uniformly over w € U. (3) If y1,...,yn are absolutely continuous condi-

tional on x1,. .., Ty, then the number of interpolated data points, I, = |{i : y; = :E;B(u)}|, 18

equal to ||3(u)lo with probability one uniformly over u € U.
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PROOF OF LEMMA 7. Step 1. Part (1) follows from the complementary slackness condition
for linear programming problems, see Theorem 4.5 of [6].

Step 2. To show part (2) consider any u € U. Trivially we have ||B(u)llo < p. Let ¥ =
(Y1,---yyn), @ = (01,...,0p)", X be the n x p matrix with rows z},i = 1,...,n, ¢, =
(ue', (1—u)e, \yu(l —u)o’, \W/u(l —u)o’),and A= [I —I X —X], wheree = (1,1,...,1)

denotes an n-vectors of ones, and I denotes the nxn identity matrix. For w = (£7,£, 87, 87),

the primal problem (C.1) can be written as min,, {c,w : Aw =Y, w > 0}. Matrix A has rank
n, since it has linearly independent rows. By Theorem 2.4 of [6] there is at least one optimal
basic solution @(u) = (£7(u), & (u), BT (u), 3~ (u)), and all basic solutions have at most n

non-zero components. Since 3(u) = 3+ (u) — f~ (u), 3(u) has at most n non-zero components.

Let I,, denote the number of interpolated points in (2.4) at the quantile index u. We have
that n — I, components of £ (u) and £ (u) are non-zero. Therefore, ||B(u)|lo + (n — I,) < n,
which leads to [|3(u)|lo < I.. By step 3 below this holds with equality with probability 1
uniformly over u € U, thus establishing part (3).

Step 3. Consider the dual problem max,{Y’a : A'a < ¢,} for all u € U. Conditional on
X the feasible region of this problem is the polytope R, = {a : A'a < ¢,}. Since ¢, > 0,
R, is non-empty for all u € U. Moreover, the form of A’ implies that R, C [—1,1]" so R,
is bounded. Therefore, if the solution of the dual is not unique for some u € U there exist
vertices al,a? connected by an edge of R, such that Y'(a! — a?) = 0. Note that the matrix
A’ is the same for all v € U so that the direction ﬁ of the edge linking a' and a2 is
generated by a finite number of intersections of hyperplanes associated with the rows of A’.
Thus, the event Y'(a! — a?) = 0 is a zero probability event uniformly in u € U since Y is
absolutely continuous conditional on X and the number of different edge directions is finite.
Therefore the dual problem has a unique solution with probability one uniformly in v € U. If
the dual basic solution is unique, we have that the primal basic solution is non-degenerate,
that is, the number of non-zero variables equals n, see [6]. Therefore, with probability one

18(w)|lo + (n — I,) = n, or ||B(u)|o = I, for all u € U. O

PrROOF OF LEMMA 4. (Empirical Pre-Sparsity) That s < nAp follows from Lemma 7. We

proceed to show the last bound.

o~

Let @(u) be the solution of the dual problem (C.2), T, = support(3(u)), and 5, =
1B(uw)]lo = |To|. For any j € Ty, from (C.3) we have (X'a(u)); = sign(3;(u))A6;/u(l — u)
and, for j ¢ T,, we have sign(ﬁj (u)) = 0. Therefore, by the Cauchy-Schwarz inequality, and
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by D.3, with probability 1 — v we have

Sul sign(B(u))'sign(B(u))A < sign(B(w))'(Xa(u))/ minj=1,..p551/u(l = u)

2|| Xsign(B(w))|l[[aw)ll/v/ull = u) < 2y/nd(5.) |sign(B ( )la)ll/vu = w),

IN

where we used that ||sign(8(u))|o = 5. and mini<j<,d; > 1/2 with probability 1 —~. Since

[a(u)| < v/n, and ||sign(3(w))|| = v/3. we have $,A < 2n+/3,6(5,) Wy, Taking the supremum
over u € U on both sides yields the first result.

To establish the second result, note that § < m = max {m :m < n A pAdn’p(m)W3a/\?}.
Suppose that m > my = n/log(n V p), so that m = mgfl for some ¢ > 1, since m < n is
finite. By definition, m satisfies m < 4n?¢(m)W;5/\?. Insert the lower bound on A, my, and
m = mpl in this inequality, and using Lemma 11 we obtain:
4n’ W3 d(mol) - n n

m = mot < 8Winlog(nV p) ¢(mg) — 2log(nV p) 11 < log(n \/p)g

- m0€7
which is a contradiction. O

PROOF OF LEMMA 5. (Empirical Sparsity) It is convenient to define:

1. the true rank scores, af(u) =u — {y; < zip(u)} for i =1,...,n;
2. the estimated rank scores, a;(u) = u — 1{y; < x;B(u)} fori=1,...,n

3. the dual optimal rank scores, a(u), that solve the dual program (C.2).

Let T, denote the support of 3(u), and 3, = ||3(u)o. Let T = (xij/5,7 € T,), and
Bf (u) = (Bj (v),j € T,,). From the complementary slackness characterizations (C.3)

(C4) V3, = [sign(Bz (w)] =

nk, { al(u)}
MWau(l—u) |

Therefore we can bound the number s, of non-zero components of B(u) provided we can
bound the empirical expectation in (C.4). This is achieved in the next step by combining the

maximal inequalities and assumptions on the design matrix.

Using the triangle inequality in (C.4), write

mgsup{H"En[%<az-<u>—ai<u>>ﬂ\+H"En[@-aww— O]+ e [, H\}

ueld ’U,(l - u)
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This leads to the inequality

Ve ]ﬂ)paj (sup [ 7, @) = ast)] | + sup [ [z, a0 an)] ) +
+31€1an15 (7.7 01 (u /mm

Then we bound each of the three components in this display.

(a) To bound the first term, we observe that @;(u) # a;(u) only if y; = /3(u). By Lemma
7 the penalized quantile regression fit can interpolate at most 5, < § points with probability
one uniformly over u € . This implies that E,, [|a;(u) — a;(u)|?] < 8/n. Therefore,

sup HnEn [aziﬁ (@;(u) — az(u))} H <n sup sup E, [|o/z;| |@;(u) — a;(u)]]
el lloflo <5, flo| <1 uEU

<o swp Bl sup B [13(0) — ai(w)] < no(s)s

llaflo<s,llaf/<1

(b) To bound the second term, note that

iléBHnE [a:,f (ai(u —af(u))”‘
< sup ||V Ga (2,7, (aw) = i (@) | + sup |nF [2,7, (ai(w) — a7 (w)]|
< /nei(r, ) + /neay(r, 8).

where for ¢;(3,u) = ({y; < 236} —u)x;,

ei(r,m) = sup Gn('9i(8,1)) — Gpla'ti(B(u), u))l,
(C.5) wel,fE R (r,m),aeS(S) , /
e2(r,m) = sup Vn|E[a'v;(8,u)] — E[a¢;(B(u), v)]|, and

UEZ/{,,BGRU, (Tym)vaes(ﬁ)

g Fulm) = {BER: 5 p) €Ay s Bl < m. LB - Bl <7 )
5(6) = faeR?: ||a\|<1support( ) C support(3)}.

By Lemma 10 there is a constant Ai/2 such that \/ne;(r,s) < A;/2 V/nslog(n V p)y/o(s) with
probability 1 —e/2. By Lemma 8 we have y/nea(r, s) < n(u(s)/2)(r A1).

(¢c) To bound the last term, by Theorem 1 there exists a constant Ag /2 such that with
probability 1 —&/2

nE,, [ /\/TU]H<WA<WAE/2WW/@,

where we used that af (u) = u — 1{u; <wu}, i=1,..n, for ui, ..., u, i.i.d. uniform (0, 1).

sup
ueld




39

Combining bounds in (a)-(c), using that min;—; __,&; > 1/2 by condition D.3 with prob-
ability 1 — v, we have

Vs vnlog(n V p)é(s)
— < 1 SK,
i ,u())\(r/\)+\/§ : : :
with probability at least 1 —e —~, for K. =2(1 + Aa/2 + Aa/2) O

Next we control the linearization error e; defined in (C.5).
LeMMA 8 (Controlling linearization error e3). Under D.1-2

ea(r,m) < \/EM{l A (2[f/il/2]r) } for allr >0 and m < n.
PRrROOF. By definition

ea(r,m) = sup VilE((d/z;) (Hy: < 2iB} — Wy < 2(8(u)})]|-

uw€U,BE Ry (r,m),aeS(3)

By Cauchy-Schwarz, and using that ©(m) = sup|a<1,(jafjo<m Elle/zil?]

e(rm) < Vifom)  sup By <28} — Uy < 218w},

wel,fE Ry (r,m)

Then, since for any 3 € R, (r,m), u € U,

[(1{yz < ziB} — 1{% < ﬁ( D] < E [y — 2i8(u)] < |25(3 — B(w))[}]
E [(2]]w}(8 - Bu))) A1) < {2F (Bl2(8 — Bw)2)*} A1

and (E[|2}(8 — ﬁ(u))|2])1/2 < ||J5/2(ﬁ - ﬁ(u))”/il/2 by Lemma 2, the result follows. O

Next we proceed to control the empirical error €; defined in (C.5). We shall need the
following preliminary result on the uniform L covering numbers ([37]) of a relevant function

class.
LEMMA 9. (1) Consider a fized subset T C {1,2,...,p}, |T| = m. The class of functions

Fr = {/(1i(8,u) — i(B(u), ) :u €U, a €S(f),support() € T'}

has a VC index bounded by cm for some universal constant c. (2) There are universal con-

stants C' and ¢ such that for any m < n the function class

Fm = {04/(1/%(57“) - wl(ﬂ(u)vu)) ruel,peR?, ”ﬂHO Sm,a € S(ﬂ)}
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has the the uniform covering numbers bounded as

16e

2(ecm—1) ep\™
supN(eHFm||Q,2,fm,LQ(Q»gc(—> (—) s
Q € m

PROOF. The proof of part (1) follows by showing that the corresponding subgraph class
is created by at most K operations of taking unions, intersections, and complements of VC
classes of sets with VC index at most m, and then appealing to [37] Lemma 2.6.17. We
relegate the details to [4] for brevity.

To show part (2) let Fr denote a restriction of F,, for a particular choice of m non-zero
components. Part (1) implies N (e||Fr| .2, Fr, L2(Q)) < C(em)(16e)°™(1/€)*™=1)  where
C is a universal constant (see [37] Theorem 2.6.7). Since we have at most () < (ep/m)™
different restrictions 7', the total covering number is bounded according the statement of the

lemma. O

LEMMA 10 (Controlling empirical error €1).  Under D.1-2 there exists a universal constant
A such that with probability 1 — ¢

e1(r,m) < A(S_l/z\/m log(n \/p)\/qb(m) uniformly for all r > 0 and m < n.

PrROOF. By definition €;(r,m) < supscyz,, |Gn(f)|- From Lemma 9 the uniform covering
number of F,, is bounded by C (16¢/€)2™ Y (ep/m)™. Using Lemma 17 with 6,, = p we
have that uniformly in m < n, with probability at least 1 — ¢

(C.7) sup |G,(f)| < Aé_l/zw/mlog(n V p) max{ sup E[f2]1/2, sup En[fz]l/z}

fEF’UL fej:'m fej:'m

By | (¢;(8,u) — ¥;(B(u),u)) | < |o’z;| and definition of ¢(m)
(C.8) En[f?) < Enlla/zi’] < 6(m) and E[f?] < E[|o'zi|’] < ¢(m).

Combining (C.8) with (C.7) we obtain the result. O

(c) The next lemma provides a bound on maximum k-sparse eigenvalues, which we used

in some of the derivations presented earlier.

LEMMA 11. Let M be a semi-definite positive matriz and ¢p(k) = sup{ o’ Ma : «a €
R?, ||of| = 1, ||allo < k }. For any integers k and Lk with £ > 1, we have ¢pr(Ck) < [€]dnr(k).
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PROOF. Let @& achieve ¢y (Lk). Moreover let Zi@l a; = @ such that Zi@l llevillo = |l@lfo-
We can choose «;’s such that ||«;]jo < & since [¢]k > ¢k. Since M is positive semi-definite,
for any 4,j w ajMa; + o Ma; > 2 |a;Maj|. Therefore

[41
o (lk) = a'M Za Mai+Y ) o Ma]<2{a Ma; + ([0] = V)t Ma; }

1=1 j#i
[€]
< (A llealéar(llesllo) < €1 _max, Snr(flaslo) < [€1on (k)
i=1
where we used that Z 4 Jlei]? = 1. O

APPENDIX D: PROOF OF THEOREM 4

PROOF OF THEOREM 4. By assumption sup,,c;, 18(w)—B(u)||ls < SUDycy/ 18(w)—B(w)]|| <
r? < inf,ey minjer, |Bj(u)|, which immediately implies the inclusion event (3.15), since the

converse of this event implies [|3(u) — B(u)]|so = infyeu minjer, |55 (u)].

Consider the hard-thresholded estimator next. To establish the inclusion, we note that
inf ey minjer, |8 ()| > infuey minjer, {|8; ()| — |8;(w) = B; (u)|} > infuey minjer, |8;(u)| -
r® > =, by assumption on 7. Therefore inf,cy minjer, |8j(u)] > v and support (B(u)) C
support (3(u)) for all u € U. To establish the opposite inclusion, consider e,, = SUDy,c/MaXjgT,
| Bj(u)| By definition of r°, e, < r° and therefore e,, < 7 by the assumption on . By the
hard-threshold rule, all components smaller than + are excluded from the support of 3(u)
which yields support (3(u)) C support (8(u)). O

APPENDIX E: PROOF OF LEMMA 6 (USED IN THEOREM 5)

PROOF OF LEMMA 6. (Sparse Identifiability and Control of Empirical Error) The proof
of claim (3.17) of this lemma follows identically the proof of claim (3.7) of Lemma 2, given
in Appendix B, after replacing A, with A,. Next we bound the emprical error

@Ol
ol =

sup
u€U,5€ Ay (m),6740

sup
uel, SEA, (m),d#0 H(SH\/_

m) = L su
e3(m) := \/ﬁk%l@n( )|

/8 (3(B(u) + 76, u))d
(E.1)

IN

where the class of functions .7?~ is defined in Lemma 12. The result follows from the bound

on e3(m) holding uniformly in m < n given in Lemma 13. U
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Next we control the empirical error €3 defined in (E.1) for .7?771 defined below. We first

bound uniform covering numbers of 7.

LEMMA 12.  Consider a fized subset T C {1,2,...,p}, T, = support(B(u)) such that
T\ T,| <m and |T,| < s for some w € U. The class of functions

Fru = {zi(H{y; <28} —u) : a € S(B),support(3) C T'}
has a VC index bounded by c(m + s) + 2. The class of functions
Fo =A{Fru: weld,T C{1,2,....p},|T\ T,| <m},
obeys, for some universal constants C and ¢ and each ¢ > 0,

sgpN(enﬁ,%uQ,z,f%, Ly(Q)) < C (32efe)*Clmta)+2) 2y 128

PROOF. The class Fr,, is a subset of Fr := Gr + Hy where Gy = {/z; - 1{y; < 2,5}
a € S(B), support(8) C T} and Hy = {—v-d/z; v eU,a € S(B),support(8) C T'}. The
VC index of Gy and Hyp is bounded by ¢|T|. Therefore the VC index of Fr is bounded by
2e|T|+2 <V =2c(m+ s) + 2, for every u € U, which shows the first result.

To show the second result, we first note that the uniform covering numbers of Fr are
bounded by supg N (€| Fr||q,2, Fr, L2(Q)) < C(2V)(16€)?V*+2(1/€)22Y =1 where C is a uni-
versal constant (see [37] Theorem 2.6.7). We also note that .7?771 is a subset of .7?7% = {Fr:
T C {1,2,....,p}|T\ Ty < m, u € U}. Therefore, the bound stated in the lemma now
follows by taking the product of the bound on the uniform covering numbers above with
the total number of different function sets F7r, indexed by models T, that generate f% ,
followed by some simplifications. To bound the number of function sets, first, note that
for any fixed u € U, since |T' \ T,| < 7, we can pick at most max, ;5 (7) < p™ dif-
ferent models T'; second, note that by varying across u € U, we can generate at most
S (|U“€]$4T“|) < 381 | Unew Tul¥ < 2| Uyey Tyul® different sets Ty, since s < | Uyeys Thl-
The number of sets Fr is therefore bounded by p’71 2| Uyer Tl O

LeMMA 13 (Controlling empirical error €3). Suppose that D.1 holds and |Uyey/Ty| < n.

There exists a universal constant A such that with probability at least 1 — ¢,

e3(m) == sup [Gn(f)| < A5_1/2\/(T7L10g(n V p) + slogn)p(m + s) for all m < n.
feF~
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PrOOF. Lemma 12 bounds the uniform covering number of j—}l Using Lemma 17 with

2s/m

m=m and 0,, =p*>-n , we conclude that uniformly in m <n

(E.2) sup |Gn(f)] < A™Y2\ /i log(n V 0,,) - max sup E[f%/2, sup E,[f?]"/?

fers fer~ feF~

with probability at least 1 — §. The result follows, since for any f € .7?771, the corresponding
vector a obeys||allo < m+s, so that E,[f?] < E,[|o/2;]?] < ¢(m+s) and E[f?] < E[|o/x;]?] <
¢(m + s) by definition of ¢(m + s). O

APPENDIX F: MAXIMAL INEQUALITIES FOR A COLLECTION OF EMPIRICAL
PROCESSES

The main results here are Lemma 14 and Lemma 17, used in the proofs of Theorem 1
and Theorem 3 and 5, respectively. Lemma 17 gives a maximal inequality that controls the
empirical process uniformly over a collection of classes of functions using class-dependent
bounds. We need this lemma because the standard maximal inequalities applied to the union
of function classes yield a single class-independent bound that is too large for our purposes.
We prove Lemma 17 by first stating Lemma 14, giving a bound on tail probabilities of a
separable sub-Gaussian process, stated in terms of uniform covering numbers. Here we want
to explicitly trace the impact of covering numbers on the tail probability, since these covering
numbers grow rapidly under increasing parameter dimension and thus help to tighten the
probability bound. Using the symmetrization approach, we then obtain Lemma 16, giving a
bound on tail probabilities of a general separable empirical process, also stated in terms of
uniform covering numbers. Finally, given a growth rate on the covering numbers, we obtain

Lemma 17.

LEMMA 14 (Exponential Inequality for Sub-Gaussian Process).  Consider any linear zero-
mean separable process {G(f) : f € F}, whose index set F includes zero, is equipped with a
Lo(P) norm, and has envelope F. Suppose further that the process is sub-Gaussian, namely
for each g € F — F: P{|G(g)] >n} < 2exp (—%7]2/D2Hg|]%2) for any n > 0, with D a
positive constant; and suppose that we have the following upper bound on the Lo(P) covering
numbers for F:

N(e||F|p2,F,La(P)) < n(e, F,P) for each e > 0,

where n(e, F, P) is increasing in 1/¢, and e+/logn(e, F, P) — 0 as 1/e — oo and is decreasing
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in 1/e. Then for K > D, for some universal constant ¢ < 30, p(F, P) := supscr || fllp2/[|F| P2,

supser |G/ > CK} < /p(f,P)/2 e tn(e, F, P)—{(K/D)2—1}d€'
0

P
{ IF||pa 852 Jlogn(z, F, P)da

The result of Lemma 14 is in spirit of the Talagrand tail inequality for Gaussian processes.
Our result is less sharp than Talagrand’s result in the Gaussian case (by a log factor), but it

applies to more general sub-Gaussian processes.

In order to prove a bound on tail probabilities of a general separable empirical process, we
need to go through a symmetrization argument. Since we use a data-dependent threshold,
we need an appropriate extension of the classical symmetrization lemma to allow for this.
Let us call a threshold function z : IR" — IR k-sub-exchangeable if for any v,w € R"™ and
any vectors v, w created by the pairwise exchange of the components in v with components
in w, we have that z(v) V z(w) > [z(v) V z(w)]/k. Several functions satisfy this property, in
particular z(v) = |Jv|| with & = /2 and constant functions with & = 1. The following result
generalizes the standard symmetrization lemma for probabilities (Lemma 2.3.7 of [37]) to the

case of a random threshold = that is sub-exchangeable.

LEMMA 15 (Symmetrization with Data-dependent Thresholds). Consider arbitrary in-
dependent stochastic processes Zi,...,Z, and arbitrary functions pi,...,u, : F — IR. Let
x(Z) =x(Zy,...,Zy,) be a k-sub-exchangeable random variable and for any T € (0,1) let q,
denote the T quantile of ©(Z), p; := P(x(Z) < q;) > 7, and p; := P(x(Z) < q;) < 7. Then

4k
where xg is a constant such that infper P (|20 Zi(f)| < %) >1- 27,

n

37

i=1

n

> ei(Zi— i)

i=1

>:170\/x(Z)> < iP(

pr

F F

Note that we can recover the classical symmetrization lemma for fixed thresholds by setting

k=1, p; =1, and p, = 0.

LEMMA 16 (Exponential inequality for separable empirical process). Consider a separable
empirical process G,(f) = n=2 " {f(Z;) — E[f(Z;)]} and the empirical measure P, for
21,y Ly, an underlying i.i.d. data sequence. Let K > 1 and 7 € (0,1) be constants, and
en(F,Pp) = en(F, Z1,...,2Zy,) be a k-sub-exchangeable random variable, such that

p(F,Pr)/4 . )
||F||pm2/ logn(e, F,P)de < e, (F,P,) and sup varpf < 5(4k‘cKen(.7:, P,))
0 feF
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/\1) + 7.

LEMMA 17 (Maximal Inequality for a Collection of Empirical Processes). Consider a
collection of separable empirical processes Gy (f) = n= 2" {f(Z;) — B[f(Z:)]}, where

L1y Zy is an underlying i.i.d. data sequence, defined over function classes Fp,m =

for the same constant ¢ > 0 as in Lemma 14, then

p(F,Pn)/2
P {Sup G (f) > dkeKen(F, ]Pn)} < éE]P> <[/ e n(e, F, ]P’n)_{Kz_l}de
feFr T 0

Finally, our main result in this section is as follows.

L,...,n with envelopes Fr, = supgseg, |f(x)l,m = 1,...,n, and with upper bounds on the

uniform covering numbers of Fp, given for all m by
n(eafmvpn) = (n \% em)m(w/e)vm’ O<e<,

with some constants w > 1, v > 1, and 6,, > 6y. For a constant C := (1 4+ /2v)/4 set

en(Fm,Pp) = C’\/mlog(n Vb, Vw) max{ sup ||fllp2, sup HfH]pn,g} .
fe€Fm fe€Fm

Then, for any 6 € (0,1/6), and any constant K > \/2/d we have

sup |G, (f)| < 4V2cKep(Fin,Pr), for all m < n,
fEFm

with probability at least 1 — 9§, provided that n VvV 0y > 3; the constant ¢ is the same as in

Lemma 14.

PrROOF OF LEMMA 14. The strategy of the proof is similar to the proof of Lemma 19.34
in [35], page 286 given for the expectation of a supremum of a process; here we instead bound

tail probabilities and also compute all constants explicitly.

Step 1. There exists a sequence of nested partitions of F, {(F4i,i =1,...,Ny),q = qo,q0+
1,...} where the g-th partition consists of sets of Ly(P) radius at most || F'||p2279, where ¢
is the largest positive integer such that 279 < p(F, P)/4 so that gy > 2. The existence of

such a partition follows from a standard argument, e.g. [35], page 286.
Let fq; be an arbitrary point of Fg;. Set my(f) = fqi if f € Fgi. By separability of the
process, we can replace F by Uy ; fqi, since the supremum norm of the process can be computed

by taking this set only. In this case, we can decompose f—mq,(f) = 2202 11 (7 (f) —7mg-1(f))-
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Hence by linearity G(f) — G(m4o(f)) = 252 40+1 G(mg(f) — mg—1(f)), so that

PlamlEl> S uh < Y P{mxIEm() - malr)] > m)

4=qo0 g=qo+1
+ P {mj}X |G (mgo ()] > nqo} )

for constants 7, chosen below.

Step 2. By construction of the partition sets ||7,(f) — my—1(f)|lp2 < 2||F|[p22-@"1 <
4||F||p2279, for ¢ > qo+1. Setting n, = 8K || F'|| p22~9,/log Ny, using sub-Gaussianity, setting
K > D, using that 2log N, > log NyN,_1 > log ng, using that ¢ — logn, is increasing in g,
and 279 < p(F, P)/4, we obtain

S P {max 6 (H) = ma ()] > b < 3 N2 (a2 /(4D Fl a2 7))

q=qo+1 q=qo+1
< Z NyNy_12exp (—(K/D)22log Nq) < Z 2 exp (—{(K/D)2 — 1} log nq)
q=qo+1 q=qo+1

o0 5 p(F,P)/4 1 K/D)2—1
§/ 2 exp (—{(K/D) - 1}lognq) dq :/ (zIn2) " 2n(x, F, P)~1E/D =1k gy,
q0 0

By Jensen \/Tog Ny < ag := >5_, +/logng, so that 3502 0y < 8302 1y K||F|p22 %,
Letting b, = 2 - 279, noting ag41 — ag = /logng41 and bgy1 — by = —279, we get using
summation by parts

[ee] [e.e] [ee]
Z 2790y = — Z (bg+1 — bg)ag = —agbglg 1 + Z bg+1(ag+1 — ag)
q=qo+1 q=qo+1 g=qo+1
o0 [e.9]
=2.2" @+ flog Ngo+1 + Z 2.27(@+) flog Ng41 = 2 Z 279, /log ng,
q=qo+1 q=qo+1

where we use the assumption that 279,/logn, — 0 as ¢ — o0, so that —aqbq](‘;f)’ﬂ = 2.
2~ (@+1) | /Tog Ngy+1- Using that 279, /logn, is decreasing in ¢ by assumption,

2 Z 2" q\/lognq<2/ 2" q\/logn 2-4, F, P)dq.

q=qo+1

Using a change of variables and that 27% < p(F, P)/4, we finally conclude that

16

AR ] F,P)d
1g2/ ogn(z,F,P)dzx.

Z nq < KI|[F[|p2
q=qo+1
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Step 3. Letting ng, = K|/ F| p2p(F,P)\/2log Ny, , recalling that Ny, = ng,, using that

oo ()l P2 < ||F||p2 and sub-Gaussianity, we conclude
q0 5 )

IP’{ m?X|G(7TqO(f))| > 77qo} < ng2exp (—(K/D)2 lognq) < 2exp (—{(K/D)2 — 1}log nq)

p(F,P)/2

q
< / ’ 2exp (—{(K/D)2 — 1} log nq) dq = / (zIn2)~"2n(z, F, p)—{(K/D)Q—l}dx_
qo—1 P

(F,P)/4
Also, since ng, = n(27%,F,P), 279 < p(F,P)/4, and n(z, F, P) is increasing in 1/z, we
obtain 7y, < 4V2K||F|p2 [§ pIF-P)/4 Viegn(x, F, P)dx.

Step 4. Finally, adding the bounds on tail probabilities from Steps 2 and 3 we obtain the
tail bound stated in the main text. Further, adding bounds on 7, from Steps 2 and 3, and

using ¢ = 16/log 2 + 4v/2 < 30, we obtain > aeqo a < cK|[|F| p2 p(fP /4 Viegn(x, F, P)dx.
O

PROOF OF LEMMA 15. The proof proceeds analogously to the proof of Lemma 2.3.7 (page
112) in [37] with the necessary adjustments. Letting ¢, be the 7 quantile of 2(Z) we have

|

Next we bound the first term of the expression above. Let Y = (Y7, ...,Y,) be an independent

n

37

i=1

n

37

i=1

>x0\/a;(Z)} §P{az(Z)2qT, >m0\/x(Z)}+P{a:(Z)<qT}.

F F

copy of Z = (Zy,...,Z,), suitably defined on a product space. Fix a realization of Z such
that 2(Z) > q- and [|>272 Zi|| p > 20 V 2(Z). Therefore 3f7 € F such that 321" Z;(fz)| >

xo V 2(Z). Conditional on such a Z and using the triangular inequality we have that

Py {gj(Y) < qr, |Zzn:1 }/Z(fZ)| < %} < Py |Z:L:1(}/Z _ ZZ)(fZ)| > w}
< IS5 (Y — Z3)| > Zove@redi

By definition of zy we have inf ez P {3201, Yi(f)] < %} > 1—p,/2. Since Py {z(Y) < ¢-} =
Ppr, by Bonferroni inequality we have that the left hand side is bounded from below by
Pr — Pr/2 = pr/2. Therefore, over the set {Z : 2(Z) > ¢, |21 Zi|| z > xo V 2(Z)} we have
b < py {HEZ":l(YZ - Zi)|l g > w} . Integrating over Z we obtain

n

>

i=1

n

S vi-2z)

i=1

&P{x(z) > gr, 5

2

> X0 \/x(Z)} < Pz Py {

- xo\/:v(Z)\/x(Y)}'
F F

Let e1,...,&, be an independent sequence of Rademacher random variables. Given €1, ..., &,,
set (}7; =Y. Z; = Z;) if g, =1 and (37; = 7;. Z; = Y;) if ¢, = —1. That is, we create vectors
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Y and Z by pairwise exchanging their components; by construction, conditional on each
€1y v vy Em, (37, Z) has the same distribution as (Y, Z). Therefore,

Pz Py { > 2 v x(Z2) Vet } =E.PzPy {
By z(-) being k-sub-exchangeable, and since &;(Y; — Z;) = (Y; — Z;), we have that

>x0\/x(2)\/x(Y}<Epzpy{ZalYZ Z) >x0\/:1:(Z)\/x(Y)}.
Z),

2 2k
the latter is bounded by

n

Si-z)

i=1

n

S - Z)

i=1

N xo\/:v(Z)\/x(f/)}.

2

F F

n

S (- Z)

i=1

E.P; Py {

F

By the triangular inequality and removing z(Y") or x(

- zo V(Y xoV x(Z)
P i le - M 2 .
{ 2 sllimm) >y } { C Tk
1= F F
O
PROOF OF LEMMA 16. Let G2(f) = n~ Y23 " 1 {e:f(Z;)} be the symmetrized empirical

process, where €1, ...,¢e, are i.i.d. Rademacher random variables, i.e., P(g; = 1) = P(g; =
—1) = 1/2, which are independent of Zi,...,Z,. By the Chebyshev’s inequality and the
assumption on ey, (F,P,) we have for the constant 7 fixed in the statement of the lemma

supypvarpGy(f)  supjepvarpf
(4kcKen(F,Pp))?  (4kcKen(F,Py))?

P(IGn(f)| > dkcKen(F,By) ) < <r/2.

Therefore, by the symmetrization Lemma 15 we obtain
4
P < sup |G, (f)| > dkcKen(F,Py) p < =P < sup |GO(f)| > cKen(F,P) ¢ + 7
feF T feF

We then condition on the values of Z1,...,Z,, denoting the conditional probability mea-
sure as P.. Conditional on Zi,...,Z,, by the Hoeffding inequality the symmetrized pro-
cess GY is sub-Gaussian for the Lo(P,) norm, namely, for g € F — F, P.{G%(g) > z} <
2exp(—x2/[2|]gH]%7“2]). Hence by Lemma 14 with D = 1, we can bound

PFPBn)/2 K21
P.< sup |Go(f)| = cKen(F,Pp) ¢ < / e n(e F, P)_{ el A1
feF 0

The result follows from taking the expectation over Zy, ..., Z,. O

PROOF OF LEMMA 17. Step 1. (Main Step) In this step we prove the main result. First,
we observe that the bound e — n(e, 5y, P,,) satisfies the monotonicity hypotheses of Lemma

16 uniformly in m < n.
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Second, recall e, (Fp, Pp) := Cy/mlog(n V 0, Vw) max{supfeﬂn | fllp 2, SUPfer,, | flle,,2}
for C = (1+ v2v)/4. Note that supscz, || fllp, .2 is V/2-sub-exchangeable and p(F,,P,) :=
suprez,, |flle, 2/ Fmllp,,2 > 1/y/n by Step 2 below. Thus, uniformly in m < n:

p(]:m 7Pn)/4
||Fm\|Pn,2/ log n(e, F, P)de
0

p(]:m 7Pn)/4
< 1Pl [ V108 (n v 0,,) + vmlog(w/e)de
0

P(FmPn)/4
< (1/4)/miog(n ¥ 6) sup 12+ WFile,2 | umlog(u/e)de

< \/mlog nVb,Vw) Sup I fllp,.2 (14—\/%) /4 < en(Fm, Pp),
f m

which follows by [ v/log(w/e)de < ([§ 1al6)1/2 (g log(w/e)de)1/2 < pyv/2log(n Vv w), for1/y/n <

p<1.

Third, for any K > /2/5 > 1 we have (K2 — 1) > 1/§, and let 7, = §/(4mlog(n V 0p)).
Recall that 4v/2¢C' > 4 where 4 < ¢ < 30 is defined in Lemma 14. Note that for any m <n
and f € F,,, we have by Chebyshev inequality

P(IG,(f)| > 4V2cKen(Fm,Py) ) <

2
supsez,, I f152 < 5/2 <2
(4V2cK ey (FmyPn))2 ~ (4v/2¢C)2mlog(n V 6p)

By Lemma 16 with our choice of 7,,, m <n, w > 1, v > 1, and p(F,,,Pp,) < 1

IP’{ sup |G (f)| > 4v2¢Key (Fm,Pp), Im < n}
fE€EFm

IN

i P{ sup |Gn(f)] > 4\/§CKen(-7:ma]Pn)}
= |rern
>

m=

" (nVOn, _m/5
Z Tm, Um/5+ZTm

m=1

(nV @)~ /0 0 (1+logn)
ST o
1—(nV6)~1/9 log(n V f0) + 4log(n VvV 6y) — %

4(nV 0p,) "m0

Tm

IN

1/2
| e miotide o,
0

IN
W

<16

where the last inequality follows by nV 6y > 3 and 6 € (0,1/6).

Step 2. (Auxiliary calculations.) To establish that sup ez, | f]le,,2 is v2-sub-exchangeable,

let Z and Y be created by exchanging any components in Z with corresponding compoents
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in Y. Then
V2(sup | f = o,V sup ||f - > (sup ||£I? 5, + sup |IfI? < 1/2
(52 171,202V S0 1Sl 512) = (52 TR, 70+ sup IR, 5
> (sup En[f(Z:)°] +Ealf(Y)*)"? = (sup Bu[f(Z:)] +Ealf (¥2)*)"?
feFm feFm
> ('sup ||f||12pn(z),2 V. sup HfH]%»n(y),z)l/z: sup | flle,z)2 V sap [ flle,ov)2:
feFm fe€Fm feFm feFm

Next we show that p(Fpm,Pn) = supseg, [|flle,.2/[Fnllp,2 = 1/y/n for m < n. The
latter follows from K, [F2] = Eulsupsez, |f(Z)?] < sup;c,supsez, |f(Zi)[?, and from
supser,, Enllf(Zi)’] = supser,, supicy [ £(Z:)? /0. O
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