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This paper explores some issues in equilibrium solutions of stochastic

.multicriteria decision problems. Corract treatment of this problem involvas

an extended notion of state, thereby altering conventional concepts of open-
loop and closed-loop decisions. Restrictions on transfer of information
lead to signalling-free concepts. These topics are discussed and illus-
rated with a simple example.

1. INTRODUCTION

A common approach in the study of Qecentralized decision-making in op-
timization problems is to model the individual decision makers as players
within a game [2]. Such an approach is appropriate for classes of systems
where there are multiple criteria for multiple decision makers, decentral-
ized information, and natural hierarchies in the order of decision-making.
Recent works in the field [1], [5], [8], have focused on systems with a
sequential decision structure; these decisions are commonly referred to as
"Stackelberg" solutions. Most of thess works have dealt with deterministic
systems, or with systems where the stochastic structure is very simple.

This paper discusses solutions of systems with sequential decision structure
and nontrivial stochastic information structure. In particular, it defines
and examines three classes of equilibrium solutions, providing a 51mple
example which highlights their differences.

2. DEFINITIONS

This section formally defines soms basic terms, and formulates the se-
guential decision problem.

Definition 2.1. An n-player game is a triple G: {Q, J, SR}, where

D = Dl X D2 X ee X DN is a decision space, Di is the set of decisions

for player i, J is a vector, extended~real valued verformance criteria.

3:p + (RSN

J; is the criterion of the 1th player. SR is a selectlon rule which
selects a subset S* C D as a solution of the game

The essential problem of solving a game consists of obtaining S*. The
selection rule (also known as solution concept) is usually based on behav-
ioral principles governing the players in the game; examples of these prin-
ciples are Nash, Pareto, minimax, and Stackelberg principles.

Definition 2.2. An Eggilibrium selection rule is a selection rule such that
ax = (d¥, ... dﬁ) £ S*
if J.{(d*) < J.(d.) for all 4. € D of the form
1= = Ti=i —i -

- * * * * -
4, = (arf,..., a_;, a,, daf ,...d%) for all i = 1,...N.
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Equilibrium solutions are thus defined in terms of performance criteria
and admissible strategies. Consider now the following stochastic sequential
dynamical system:

(a) State eguation

1l n
X = ft(xt’ Worees U, 8

£+l &) ' (2.1)

Observation equation

i_ i i
v = glx ED) (2.2)
Loss functionals
. ™1 . .
i 1 e
L‘s = Z 'ht(xt, ut,...,uz) + h;(xT) (2.3)
t£=0

The variables X yi, ul are elements of approoriately defined state, obser-—
vation and decision spaces, assumed to be finite-dimensional Euclidean
spaces. The variables Gt E and x, are randoxm variables, with the func-
tions £, g and hi assumed aporoprlate ly measuraedble. The active informa-
tion avallable to each decision-maker i at time t is denoted I%, where

1 i-1
Ig-= {yo, uo,...u } (2.4)
i i+l n (¢] i-1-
I, = LJ { Yer e ree-Yeoqr Uooesoty - 7 (2.5)

Each player knows the value of the previous de
At each stage, decision are made and announceé s
tial information pattern is typical of Stackel:zs
. The stochastic sequential dynamical system &escr
(2.5) is a typical model of hierarchical systen
matical description does not constitute a game;
missible strategies and selection rules must k

ions made by all players.
guentially. This sequen-

g dynamic games [3}, [4].
ived in equations {2.1) to-
[6]. However, this mathe-
cverformance criteria, ad-
specified.

is
2
v
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Definition 2.3. An open-loop strategy Ki is a measurable map from the space

of information sets to the space of decision such that

i - el

Definition 2.4. An open-loop equilibrium solution to the dynamic decision
model (&) is a member of the equilibrium solution set of the game G L’ where

(s}
G_: = {QOL' J, SReq}

o
e
n

i i i
{open-loop At = (ko,...xr_l)}

1

A o= 5, AB

sty = Aad

and Eﬁ-is the expectation with respect to the probability distribution in-
duced by the strategy A.

Notice that, even through the admissible strategies are functions of
available information, the solution is_termed oczen-loop. This distinction
is made because the information sets I% do not truly represent the state of
.the system; they do not include knowledge of the previous strategies used
in the game by other players.




Definition 2.5: A closed-loop strategy Yt is a strategy-dependent map

which maps {xé} and Ii into an admissible decision ui, where

Y:

“

i

1 1 i-1
LYgeee-Yor Yyrees Yo_ir Yereee Yy o}

i i, i i

ut - Yt(It' l"\:)

The key difference between open— and closed-loop strategies is the
dependence of closed-loop strategies on previous strategies, because the
true state of the system is a probability distribution (conditional or un-
conditional) depending on previous strategies.

Definition 2.6: A closed-loop equilibrium solution to the dynamic decision
model (A) is a member of the equilibrium solution set of the game G __, where

CL
»GCL: {BCL QCL SReq}

and DéL
x= oty

s = 2tah

il

{closed-loop 1} = (YO,... ; l)}

ﬁi is the expectation‘with regard to the induced probability distribution.

Occasionally, the dependence of closed-loop strategies on previous
strategies may be summarized through a transformation to a standard form,
as in Witsenhausen [7], or Castanon and Sandell [l1]. The original sto-
chastic model is transformed to an eguivalent deterministic model, defining
the unconditional probablllty dlstrlbublon of the state, Xy denoted by ﬁt'
" as the true state. -

The closed-loop strategies are represented as

i i i
Up = V(T )
The equilibrium solutions obtained with this representation of admissible
strategies are included in the eguilibrium solutions obtained in definition
(2.6); the converse is not true in gsneral.

This approach requires a non-trivial transformation of the system
dynamics to a standard form, which is not always possible to do. An alter-
native approach is to use another representation of closed-loop strategies,
making Yt dependent on the conditional distribution of the state, glven
information I1 and previous strategies Yl That is,

t
i i,A1 -
ut—-y("rt,l)
where
Al ‘s . . . - . i i
o= probability distribution of X s given It and It

The form of closed-loop strategies implies that the players have exact
knowledge of all strategies used by other players previously. This enables
the players to extract information about the system state from observation
of the previous decisions. This is known as signalling [4]. In many situa-
tions, it is impractical or inaccurate to use strategies which require
exact knowledge of past strategies; furthermore, it may be desirable for
players to choose their strategies on the basis of internal perceptions
of cost (delayed commitment) rather than an external cost such as the uncon-
ditional expectation of the loss function.




Definition 2.7: A 51gnalllng-rren conditional probability distribmtion for
player i at stage t, denoted Pt' is a version of the conditional probability
distribution of the system variables assuming all ua € Il were prodaced by -
constant strategies.

Definition 2.8: A signalling-free equilibrium solution to the dynamic deci-
sion model (A) is a member of the eguilibrium solution set of the game G -~
where

Cgp* {ESF Lopr SReq}

]

|

i i .
Dep: = {Yt(lt, pt)}

i_ i n 1 n
Yo = Oiee Yoo Yeppre Yot

i i
. PrYe
i i -t i
qt(xt) =E (™)
i i

PerYe '
where E 1s the expectation with respect to the conditional probability
dlstrlbutlon Pt' assuming future d90151ons are defined using strategies

Y .

-t A key point to note is that signalling-free equilibrium solutions are
equilibria hetween nT players, reflecting the fact that decisions are made
stagewise based on internal perceptions. Also, the equilibrium properties
of the strategies are not lost if at any prior stage, non-equilibrimm strat-
egeis were used. This is possible because of the lack of signalling; the
solution (and the relevant probability densities) can be obtained recur-
31vely dealing exclusively with the 1ﬂrormatloﬁ sets It and future strate-
gies x%

3. ILLUSTRATIVE EXAMPLES

Consider the discrete-time system described by the state equations
X, = % +ouy v+ 60 - {3.1)

x, = x; tu; + 91 (?-2)

2 1

with ébservations
zy = xq + Eo - (3.3)

= 3.4

z1 xl ( )

where X 6., 6., &, are independent zero-mean Gaussian random variables

with covariances 20, 90, Gl, EO respectively, and all variables are real-

valued scalars. :
The players'’ active information sets are

N .

Io = {zo} {3.5)
1 .

I = {xl, Z vo} 4 . (3.6)
2 _

Ig = {uo} (3.7

whare player u is denoted 1, player v is denoted 2. The loss functionals
are 5

2 ,
L + Uy + uy (3.8)

L2 = X

It

X

NN NN

,f vg (3.9)




The linear guadratic Gaussian nature of this example implies that there
are open-loop and closed-loop stochastic equilibria of the form

uO = az0 (3.10}
. buO (3.11)
ul = cxl _ (3.12)

Additionally, the signalling-free equilibria will also be in that form.
Appendix A computes the signalling-free equilibrium strategies and the asso-
ciated unconditional losses. Appendicss B and C compute the linear closed-
loop and open-loop strategy and the unconditional losses, respectively. The

results are summarized in Table 3.1 when Eo = ZO = OO = @l = 1.
Table 3.1
Signalling-free Closed-loop Open-loop
Equilibrium Ecuilibrium Equilibrium
5 - 4 2 .3
* - —— - — — e [
a 33 S 33 33(2 +/3)
b* X 3 -1 +/3
5 8 2
1 1 1
* - — - — - —
¢ 2 2 2
at 1.94 1.87 1.86 or 2.03
J2 _ 1.45 - - 1.43 - 1.46 or 1.51

4. CONCLUSION

The concepts of open-loop and closad-lcop strategies in seguential sto-
chastic games were adapted from deterministic games with one principle in
mind: Closed-loop strategies are maps which depend on the state of the
system. In stochastic systems, this state is often a probability distribu-
tion. These concepts also apply to non-sequential games. The example in
Section 3 and Appendices B and C highlight the differences betwean open-loop
and closed-loop equilibrium strategies. In particular, open-loop equilibria
are obtained using variational principles; closasd-loop eguilibria can be ob-
tained through stagewise decomposition similar to dynamic programming.

A third class of equilibrium solutions was defined, based on the con-
cept of "delayed commitment” and no signalling. This solution is easier to
compute in general because of the restrictions on signalling and the recur-
sive nature of the definition.

There are many open areas of research. Castanon [4] has established an
equivalence between signalling-free and closed-loop equilibria for special
information patterns. It is not clear that open-loop equilibria are also
closed-loop equilibria in stochastic games, as is true in deterministic
games [8]. The dependence of closed-loop eguilibria on the representation
of the true system state must be studied in depth. Understanding these
questions is essential in formulating a unified theory of generalized deci-
sion-making.




APPENDIX A

Consider the problem of obtaining a signalling-free equilibrium for the
system described in Section 3.

1 2 2 2 2
= + = = 0B
37 = B{u] + x3|x } up o o(x, +ou) 9 (a.1)
Hence, '
1
=t gx (a.2)
Similarly,
2 2 2 1
Jg = E{vO + leuo = constant, 4 =-3 xl} '
_ 1 2, .2 .
= GO + @l + 2}‘-(uo + VO) + v+ Zo ] (a.3)
because Xq is zexo-mean. Thus,
1 .
* - _ 1 o
Vi = - F o ‘ » (A.4)
‘For player u at stage 0, one gets ‘
1 2 2 2 1 R
Io = Bl +u) +upfzg, vy = -3 w = - oxgd
_1=2_ 2 0 |
=3 x *ug+ Zl {(n.5)
where . . :
5 %o L aee
X, = p——— g S , - . g
0 Iy+E,0 . :
- " 4u0 _ §
o X) = Xy * 5 ’ (r.7) %
. )
2 E . - 39
o _“070 ' Ik
Zl =5z * OO (a.8) i
, . 0 0 )F,.
‘ 2
Hence, ¥ %
-10 A -10 0 5
ut = Eo g = 20 2z - (3.9) %
0 33 70 33L,+ 5, 0 o &
Assuming 20 = EO = 90 = Gl = 1, the unconditional costs can be computed as: E
v 5]
2, _1 102 | E
elug} =5 - 53 o (a.10) - g;
2 1 2 2 5
E{vo} =3 ) (a.11)
E{xz} =2 - 8'292 . ' (a.12)
1 (33) -
Thus, . -
1 (33)°
3, - _g_ _ 58 - 2 ~ - %_ 56 _ (A.14)
(33) (33) " (33)
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APPENDIX B

Consider the problem of obtaining a closed-loop equilibrium solution
for the model in Section 3, using strategies with conditional probability
distribution dependence.

1 2 2 2 2 A
Jl = E{ul+x2!a, b, Zq0 xl} = + (xlvul) + @l A {(B.1)
Thus, uI = - %-xl (B.2)
2 2 2 1
JO = E{x2 + Uglazy = uy, vy = -3 Xl} _ (B.3)'

If a=0, then b=0. Thus, assume a # 0. In this case, knowledge of u,.

implies knowledge of Zqe Thus °
—2
x
2 1 2 0 .
Jo =7 % v0+@l+21 (B.4)
where
, 5 o
~ 0 ’
X = = z ' : (B.5)
0 ZO+_0 0
xl = X, + ud + buO ' (B.6)
=
Zg = 0+g + 9, ‘ £B.7)
070
1, A 1l 2:0
K e e — = o= — — E .
Thus, vg = - glx + azy) 5(3%0) 1+ g ey {8.8)
Now,
1 _ 2 2 2 - .]_._ _ 1 *
Iy = E{x2+u0+ul]zo, w o= - 5%, vy o= u, (b )}
%
_ 1 2 0 :
=t u, + Zl . | (B.9)
where - 4 A
X, = g{uo + xo) (8.10)
=0 8 Z0
u¥ = - — z = (B.11)
0 330 ZO+“0
" When EO = Go = Ol = Zo = 1, then, the unconditional cost is given by
2 8..2 1
E{uo} = (53) ) (B.12)
2 5,2 1 )
Elvil = 597 - 3 4 (B.13)
EGC} = 200 - 222 (8.14)
(66)
187
-5 _ 287 .15
I =2~ 132) (69) (B.13)
3 589
= o e D B.
Jz > (B.16)

2(66)2




APPENDIX C

Consider the problem of obtaining a closed-lcop equilibrium solution for
the model in Section 3, using strategies with unconditional probability dis-
tribution dependence. The equivalent deterministic problem is

zi = Zo(l + a + ab)2 + 30(1+b)2a2 + 90 (c.1)
I, = £, (+a)” + 0 . (c.2)
Jl = 22 + czzl + a2(}:0 + EO) 7 (C.3) -
3, =35, +ab (5, + &) (c.4)

Using dynamic programming for the model of eguations (C.1l)~(C.4) yields

__1 ‘ )
c* = - 5 (C.5)
5 .

1 0

b* = = =1l + —=—=7) . {(C.6)
5 a(20+_0) S

b .

a* = —~ —— s - ‘ (007)

33 ZO+“0

This solution is exactly the same solution obtainsd in Appendix B.

.Now consider the problem of finding an opsn-loop equilibrium. Using
the equivalent deterministic moael of eguations (C.l) to (C.4), one obtains
* necessary conditions : .

c* = %- ‘ {C.8)
I °9J )
§g£ = 0 ’ ", (C.9)
8.32 :
aJl
3a 2(Zo+:0)a + (20(1+b)(1+a+ab) + :0(1+a1ﬂa+ab) (C.11)
an ZO 50 5
B - a5 (L+a+ab) + e a(a+ab) + 2a D(ZO+:0) (C.12)
Zg
Let g = s ‘then, (C.8)-(C.12) imply
0 "0
2a + (l+b)2a + g(l+b) = 0 A (C.13)
2 2 : - :
4ab + a (1+b) + ga =0 (Cc.14)
Assuming a # O, thén
b = - %- ii% (C.15)
__4g 3 | |
a=-33( +/3) (C.16)




P The solution costs, assuming OO =C =¥ =2 =1, are

1 0 0
oo (L2277
g, =2 GG + 6v/3) (c.17)
3 1,1 .2,49 ,10/3
I, =37 30D Gz 3 (c.18)
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