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Introduction

In this report, we consider the model reduction of a set of singularly perturbed chemical Langevin
equations, according to Theorem 3.1 in [1].

Mathematical Notation and Terminology

We use || - || to denote the euclidean norm and | - | to denote the absolute value.

A continuous function « : [0,a) — [0, 00), is said to belong to class K if it is strictly increasing and
a(0) = 0. It is said to belong to class Koo if @ = 00 and a(r) — oo as r — co. [2]

A continuous function 3 : [0,a) x [0, 00) — [0, 00), is said to belong to class KL if, for each fixed s,
the mapping 3(r, s) belongs to class K with respect to r and, for each fixed r, the mapping 5(r, s)
is decreasing with respect to s and f(r,s) — 0o as s — 00. [2]

System Model

We consider a set of singularly perturbed chemical Langevin equations (1) - (4) with the singular
perturbation parameter 0 < € < 1, x = (21, x2)’, 2 = (21, 22)’, being the state variables :

EZ'1 =u-— (5121 + \/@ Fl —\ 65121 FQ, (

¥ = P21 — 01(x1 — 22) + v/ Bixr g — v/ 01(x1 — 22) Ty, (2

62'2 = b(flfl — 22) — CL(5122 + eb(CL‘l — ZQ) F5 —\/ CL65122 PG, (
(

Lo = Pozy — oty + \/Paza Ty — \/Gaxa Tg.

The equations (1) - (4), can be reduced to a system with ¢ = 0 according to Theorem 3.1 in [1].
The assumptions, given by (Al) - (A4), and the results of Theorem 3.1 in [1] are as follows.



Consider a set of singularly perturbed nonlinear Ito differential equations

edz = fi(z,2,0,¢)dt + g1 (x, 2,6, )dW,

5
dr = fo(z, 2,0, €)dt + ga(x, 2,0, €)dWa, (5)

where z € R?, z € R™ and 6 € R™ is an input that is absolutely continuous, and € is a small positive
constant (singular perturbation parameter).

A1l : The equation fi(z,z2,6,0) = 0 admits a unique solution z; = h(z, ) which further satisfies
g1(x,2,0,0) = 0. Moreover, the function h : R" x R? — RP as well as its first and second derivatives
are locally Lipschitz.

A2 : The reduced slow subsystem given by
dx = fo(z, h(x,0),0,0)dt + go(x, h(x,0),0,0)dWs,

is SISS with respect to input § € R™, i.e., Vv > 0, there exist a class L function 3(-,-) and class
K functions 7 (+), such that

Pl < Blaoll )+ (sup 10GI) | 2 1=0 v 0.v0 € B2\ 0.

A3 : The reduced fast subsystem defined by
dy = fi(x, h(z,0) +y,0,0)dr + g1 (x, h(x,0) +y,0,0)dWr,

where W is a standard Wiener process on the fast time scale, § = lime_0 g1 /+/€ is assumed to
be locally Lipschitz, and z,6 are to be viewed as constants (on the fast time scale), is SISS with
respect to state € R™ and input § € R™, i.e., Vv > 0, there exist a class L function 3,(-,-) and
class K functions 73 (), 72(-), such that

P{Hy(t)ll <5<|yo|r,t>+v§<sup Hx(sm) m(sup |re<s>r|)} S 1, W0,
0<s<t 0<s<t
V2o € R? \ {0}.

A4 : There exist class K function pi, a class K function ngj , a non-increasing function b : R} x
R4+ — (0,1] and positive constants d,,d such that

27% o(I+p1)o

Then, given v > 0, there exist class KL functions d1, d2, class K functions 41,52, 91, 75, and a positive
real number satisfying max{||zoll, ||voll, [|0],||0]|} < 6 and 0 < e < €*, the following relationship
holds:



P11l < a1l an, ). 0+ 5 (oi‘i‘it”e( H)+ (0.

and ||y(t)|] < d2(||(zo,v0)||,t/€) + 75 (€ <sup [10(s) >} >1—wv, Vt>0.

0<s<t

Using these results, we can see that ||y(¢)|| is bounded in probability and the bound decreases as
e — 0. Therefore, as e becomes smaller, h(x, ) becomes a better approximation of z.

To apply Theorem 3.1, we write the system (1) - (4) in the form of a set of Ito differential equations,
using the relation dW/dt = T' where dW is Wiener increment. Since I'; are independent identical
Gaussian white noise processes, these dynamics are given by

edz; = (u — 0121)dt + /eu + €121 AW, (6)
dry = (B121 — 61(z1 — 22))dt + v/ Brx1 + 81 (z1 — 22) dWs, (7)
edzy = (b(xy — 22) — ad122)dt + \/eb(x1 — 22) + aedyzo AW, (8)
dwy = (B2 — Sawa)dt + \/Baza + Oamy dWi, (9)

and correspond to system (5), with fi(z,z,0,¢) = (u — d6121,b(x1 — 22) — ad122)’, fo(z,2,0,€) =
(Brz1 — 51(331 — 22), Bozo — Baw3)’, g1(2, 2,0, €) = (Vieu+ €di21, \/eb(w1 — z2) + aedyzp)’ and
92(w,2,0,€) = (\/Bra1 + 61(x1 — 22), V/Bazz + 0212)".

In the following sections, we demonstrate that each of the assumptions (A1) - (A4) are satisfied for
the system (6) - (9).

Verification of A1l

u— 0121

When € = 0, the equation [ b(w1 — 22) — ad122

] = [ 8 } admits the unique solution,

and with € = 0, we have [

\/@ Pl VvV 6(5121 FQ . 0
\/ € £C1 — 2’2 F5 - \/CLE(S]_ZQ F6 - '

Therefore, Al is satisfied.



Verification of A2

We can obtain the reduced slow subsystem by substituting hi(z) and ha(x) in (7) and (9) as

follows:
_ ,Blu b.’L’l ﬂlu bl‘l
d%l—((sl 0 <x1 b+a(51>>dt+\/51 + 601 | 1 b+ ao; dWs,

( obn S
dze = (b—i— v 52:1:2) dt + b+ ao; + doxo dWjy.

Bru CLCS% Biu aéf
des = | == — dt —_— d
x1 ( 5 T 1 + 5 + T 1 dWa,

Let

B ad?
A= o ~(iR) ][0 =
ko —62 |’
L b+ad

B B ad?
Babzy kgxl + (52:62 )

b+ad; + 52:132

Then we obtain

Biu Biu ( ady )
+ + 1
dr = Awdt + | \/‘51 o [ e ] :
Ba2bxy 5 dWy
b+ad1 + 0222

dx = Axdt + g(x)dW,. (10)

where dW, = (dWs,dW,)’. To prove that the system described by equation (10) is SISS with
respect to an input # € R? that will be defined at the end of this section, we proceed by using
a change of coordinates such that v = P~lz, with A = PDP~! where D is a diagonal matrix.
Specifically, we have that

/52—
D = ~% - 6224Aﬂ~C2 Ol _| D 0
0 _572_'_ V 63747]{2 O _D2 ’
2 2

4



[ d2 1 |:522 + X 55_47]‘72] d2 1 |:52 V5%_47k2:| _ [ P P :|

P = k2 ko 2 ko ko | 2 2
1 1
1 1
i —ko 5%—{- 52—4’\/]62
pl_ | Vo—ik 2/02—dyky | _ | F1 B3
ko —63+14/62—4vks F Fy |

L /62 —dvks 2/82 —dvk>

Then,

|:P1 PQ- |:U1:| |:P1111+P2U2:|
r = Pv= =

1T 1 ][ v U1 + U2
dv = Dzdt + P~ g(z)dW,,

dv — —D1 O-U—l— F, F kq dt 4 Fy, F Vki+ vz dWs
0 —Dg_ F3 Fy 0 Fs Fy Vkox1 + 6210 dWy |-

(12)

We use Proposition 2.3 in [1] to prove that the slow subsystem defined by equation (12) is SISS
with respect to an appropriate input 6 to be defined later. Consider the Lyapunov function V =
1,2, 1.2

521 + 522. Then,

o w] (o [ 5 2][4))

FF R][FR F ki + oy
+Tr{[\/ki1+’ﬂl \/k2561+52552][1:; Fj][F; Fﬂ[\/%}}’

N —

= —Dﬂ)% — DQU% + Flklvl + nglvg

1
+ ~((F2 + F3) (k1 + y21) + 2(F1 Fs + FoFy)\/kaw1 + 6aw2/k1 + y1)

2

~—

((F5 + Ff) (ka1 + 6222)),

N | —

+
= —Dﬂ)% — DQ’U% + Fikiv1 + Fs3kivo

+ (R + By + 1)) + (FiFs + o) Vhowr + G/l + 7
+ (B} + F) (o + 5312)),
= — Dyl — Dyv3 + Fikyvy + Fskivg + %((Ff + F2) (k1 + y(Prvy + Powy)))
+ (P Fs + FyFy)\/kao(Prvy + Pavg) + 62(v1 + v2)V/ky +v(Prvt + Povg)

+ %((Fg? + F2) (ko (Prvy + Povg) + da(v1 + v2))).

Using that

VEko(Prvr + Povs) + 02(v1 + v2) k1 + y(Prvg + Povg)
< </<?2(P11)1 + Povg) + 2(v1 + v2) n k1 4~y (Pror + sz2)>
—_— 2 2 b




we can write

LV < —D1’U1 D2U2 + Fikivy + F3kivg + = ((F1 + FQ )(k‘l + ’7(P1U1 + PQUQ)))

ko(P P 5 i p P
+(F1F3+F2F4)< 2( “’H' 2U22)+ 2(U1+Uz)+ 1+7( 1;11+ 21)2))

*((Fg + F4 )(kg(Plvl + PQUQ) + 52(’01 + ’1)2)))

[\

—Dlv% — DQ'U%

<F1k‘1 + = (FE+ F3)yPy + (F1F3 + FoFy) (ko Py + 63 + vPy) + (F5 + Fp) (ko Py + 52))) v
(ngl + = ((F1 + F2)yPy 4 (F1 Fs + FoFy) (ko Py 4 09 + yP2) + (Fi + F2) (ko Py + 52))> Vo

+ 5((Fl2 + F)ky + (FLF3 + FyFy)ky).

Let

Fiky + 5 ((F1 + F2)yPy 4 (FLF3 + FoFy) (ko Py 4 69 + v P1) + (Fi + F2) (ko Py + 52))) ,

1
sk + 5 ((FF + F3)y Py + (FuFs + FaFy)(ka Py o 0 + 7 Po) + (F§ + F}) (k2 P2 + 62>>) :

&)

N

| I
1\3"—‘/_\/_\

((FE + F)ky + (P F3 + FoFy)ky).

Then, we obtain

LV < —Dyv? — Dov + Eyvy + Eyvy + E3,
Dy , D EN\® [(E\?\ Dy, D By Ey\?
LV < -t - =4 - ) - (F) | -2 -2 - 22) (= E
2 1 2((1 D1> D, 2 27 2 (\" D, D,) | T
Dy
2

Dy, D By E2 Dy 5, Dy BEy\? [ E2
-t B T ey (s —2 ) 4 Es.
<1 D1> +<21>1 > 2" 2 \" " Dn,) T\ap,) T

LV < ——w7 —
5 U1
We can show that LV < —n (v} 4 v3), with 1, = (min 2L, 22) /2, if

20 2
Dy 2, Do . E? N E? B (13)
o~ M) g T2 =1\ 9p, 2D, 3P
ie.,
E? E2
(a5) + (2:) . 1B
vy > B and vy 2 75, .
(Z—m) (Z —m)



Then,

!/

() .
(i) ) Tion)

v3), for |[v|| > /]|f]|, and therefore, according to Proposition 2.3 the system is SISS with input 6.

Therefore, for an input 6 = , we have that LV < —n(v? +

Thus, Vv > 0, there exist a class KL function §(-,-) and class K functions 71 (-), such that

Pl < Al )+ (sup I b 210 o> 0.0 € B\ g0}

As |[v]|? = 2T (P~HT P12, where (P~1)T P~! is a positive definite matrix, we have that
Amin(PHTPH ]2 < ol < Amaa(P™HT P[],

where Apmae and Apin are the maximum and minimum eigenvalues of ((P~1)T P~1), respectively.

Therefore, according to the definition of SISS, we obtain that the slow subsystem in the original
coordinates is SISS, i.e., Vv > 0, there exist a class K L function (-, -) and class K function 7y1,(-),
such that

P10 < salieoll. )+ o (sup B) 210 v 0,700 € B2 (0}

Where 52(7 ) = )\min(f;:)l)Tpfl) and ,71:2() — 71(')

This satisfies A2.

Verification of A3

To obtain the reduced fast system, we define y; = z; — hi(z) and yo = 23 — ho(x). Then the fast
subsystem is given by

dyr = (u— 61(y1 + h1(2)))dr + Vu + 61(y1 + hi(x)) dW,,,
dys = (bxl — b(yz + hg(l’)))d’l’ — a51(y2 + hg(l’)) + \/bxl — b(yg + h2($>) + a51(y2 + hg(l‘)) dWyQ.




Simplifying further, we obtain

dy1 = —01y1d7 + \/2u + 61y1 dWy,, (15)
2a01bx

dys = —(b+ ady)yadT + L) — (b—ad))ys dW,. (16)
b+ a(51

Proposition 2.3 in [1] can be used to prove that the reduced fast subsystem defined by the equation
(15) - (16) is SISS with respect to the input 6 and slow variable z, by considering an input 6, =
(0, )", with 6 defined in the previous section. Consider the Lyapunov function V (y) = %y% + %y% )
Then,
—01y1 ]
LV =
[ Y1 Y2 :| |: —(b+a51)y2

\/2u+51y1
20,5151‘1 o o
[ V2u + d1y1 \/ b+a51 (b — ad)y2 } [ } \/ Qz?fa%fl — (b— ad1)ys )
1 2a01bx
5.2 2, - ALY _p —
LV = =51y7 — (b+ ad)y; + 5 [QU + oy + <b+ pr > ady) yg]
01y ad1bz
LV = =015t = (b-+ ad)ys +u+ =57 + ;0o — (b= ad)ys
51 2 (51 2 (b+a51) 2 (b+ a51) (b a(51) aélbxl
L = — — _ — — — _—
|4 2yl 2(y1 yl) 2 Yo — 92 y +(b+ (5) u+b—i—a51’

. 01 2 01 1 2 1 (b+a51) 2
LV——E?A —5 ((3/1—2) —4> _Ty2
_ (b+ad) (b—ad)) \* [ (b—ad) adibay
2 RSTO 26+as)) | T bt ao

) ) 1\%2 & b+ ad
LV:—ly%—1<y1_> _1_71_(4-7&1)2@

2 2 2 8 2
(b + CL51) (b — a51) 2 (b — a61) 2 ad1bxy
2 Y2+ 2(b+a51) 2(()4—@(51) tut b+CL51.

We can show that LV < —a(y? + y3) with 7o = (min(%, (b+§51)))/2 if

5 b+ ad 5
<21—n2>yf+<(21>—772>y§>
(5-m)ot= |+

ie.,

(b+ ady) 9 | adibzy
Al y > .
and ( ) R T




Then,

51 adi1bzy
gt u‘ btao,

(3-m) (TP -m)

yi+y3 >

This condition will be satisfied if

) ad1br
\/ y? + y2 > max i U‘ ’ bﬁaéll
1 2 = ’ b+ad ’
(671 -2 (7( +§ 1 _ 772)
o1 ad1b
a4 u‘ 2 |1 ]
8 b+ad
y? + y2 > max V2 - 7 (b+a; ! ) (17)
o (btadi) _
V V(&) | (B )
(#)+()) |3+
Given the input 6 = lD 271y D‘Eg" , the state variable z = (z1,22) and
(*1—771) ZFn ) *—772)

0. = (6,z)’, then a sufficient condition for satisfying (17) is given by

o
2| gags | 116l

\/ y% +y% > max \@\/ |01,

which can be written as

Vi + 3 > p(]16:1))

ad1b
57 |lIsl]
where () = max (ﬁ\/usrm ((bitgiﬁ’ m>>

Then, applying Proposition 2.3, the reduced fast subsystem is SISS with respect to the input 6 and
slow variable z, i.e, Vi > 0, there exist a class KL function g,(-,-) and class K functions v§(-), y2(:),
such that

P{|y<t>\| <ﬁ<|ryo\|,t>+v§(sup Hx(s)l) m(sup HO(S)H>} > 1w, Vi3> 0,Y € B\ {0},
0<s<t 0<s<t

Therefore, A3 is satisfied.



Verification of A4

We can also show that there exist a class K, function p;, a class K function 7?, a non-increasing
function b: Ry x Ry — (0, 1] and positive constants ¢, such that

~ ,yl'
2’7:3[!0 (I+p1) © b((525)( ) S S,
by defining the functions

- 1

F}/?lJ(s) = 58’
p1 (8) =S,
- s

Y2 (8) - Z?
b(65,6) = 1.

This satisfies A4.

Conclusion

Applying Theorem 3.1 in [1], we can see that the bound on ||y(t)|| decreases as € — 0. Therefore,
z is better approximated by h(z,#) as € becomes smaller.
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