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Abstract

Recent research in quantum computation with superconducting qubits relies on SQUID
magnetometers to distinguish the supercurrent states of the qubits. This poses a new
challenge of demanding the measurement SQUID to introduce the least decoherence
on the qubits during the measurement process. The SQUID is desired to operate
in an unconventional way and be biased at currents significantly below the critical
current level. This thesis lays the fundamental work of achieving the above by using
the SQUID as a flux-sensitive inductor. The read-out relies on incorporating the
SQUID inductor in a resonant circuit, and the state of the qubit is detected from the
resonant frequency of the peak. A series of prototype resonant circuits were made
from printed circuit boards and tested at room temperature. On-chip high-Q reso-
nant circuits were designed to optimize the signals in the inductance measurements to
about ten microvolts. Calculations of the decoherence times based on the spin-boson
model were performed and the relaxation time falls in the microsecond regime.
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Chapter 1

Introduction

Abstract

The SQUID inductance measurement is an innovative way to detect magnetic
flux signal with a SQUID magnetometer. The need to develop this new measurement
scheme proves to be essential for quantum computation with superconducting qubits.
It offers significant improvement over the existing switching current method in de-
tecting the states of the Josephson persistent current qubits. This chapter begins
with a description of the Josephson persistent current qubit, its two distinct energy
states, and how the state of the qubit can be determined by flux measurement. The
shortcoming of the existing measurement scheme will be discussed, and the improved
method of using the SQUID as a magnetic-flux sensitive inductor will be proposed.

1.1 Josephson Persistent Current Qubit

Quantum computation is based on controlling the evolution of physical systems which
function based on the framework of quantum mechanics. With properties only charac-
teristic to quantum systems such as superposition and entanglement of states, quan-
tum computers have the potential to perform some tasks exponentially faster than
classical computers.

Superconducting Josephson junction circuits rank among the best systems as a
candidate for realizing a quantum computer. Unlike earlier implementations involv-
ing nuclear magnetic resonance or ion traps, these superconducting systems are solid-
state in nature and utilize familiar electrical devices controlled by voltages and cur-
rents. The main advantage of such an approach is that the technology for expanding
one single operational qubit to a large-scale integrated computer is readily available.
For quantum computation, it is important to control individual qubits as well as
qubit-qubit coupling. The level of control and coupling can be more easily varied in
Josephson devices for they are artificially designed and fabricated systems. However,
the ease of manipulation also means the systems are coupled strongly to the outside
world. This posts a challenge as qubits must also be sufficiently isolated from the
environment so that they can maintain coherence throughout the computation. Extra
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care must therefore be taken to reduce the source of noise and decoherence from the
environment to the solid state quantum systems.

Recent research on superconducting qubits has been focused on either the charge
regime (number of Cooper pairs on a superconducting island is well defined) or flux
regime (phase in a superconducting loop is well defined). In particular, qubits op-
erating in the flux regime have two distinct energy states characterized by the dif-
ferent magnetic flux generated in a superconducting loop. The two states can be
distinguished by an extremely small difference in magnetic flux sensed by a SQUID
magnetometer. One such flux-biased superconducting qubit is the Josephson persis-
tent current qubit [1, 2]. The persistent current qubit is a single superconducting
loop interrupted by three Josephson junctions in series. Upon applying an external
magnetic field, a persistent current is induced in the loop as a direct consequence of
fluxoid quantization, which states that the sum of the gauge-invariant phase around
the loop must be an integral multiple of 27. The presence of the three junctions gives
rise to a double-well-like potential in flux space without requiring the loop to have a
large geometric inductance as in the one-junction or two-junction case. This is ad-
vantageous because the smaller the size of the qubit loop, the easier it is to decouple
it from environmentally induced noise.

When the external flux as seen by the qubit is biased near half integrals of a flux
quantum @, the two lowest energy states correspond to persistent current circulating
in opposite directions. These two current states are chosen as the logical states of
the qubit. The flux of the induced current either adds or subtracts from the external
flux, and by detecting the difference in the overall flux with a DC SQUID inductively
coupled to the qubit, the states of the qubit can be measured. There lies the challenge
of maintaining the coherence of the qubits not only throughout the computational
process, but also during the period between initiating the detector and the instant at
which the final results are accurately measured and stored. In particular, the detector
should not introduce enough noise to cause the qubit to transfer from the original
state to another during the measurement process.

Quantum superposition of the two qubit states have been verified experimentally
by pulsed microwave spectroscopy [3]. As predicted by theory, the energy separation
between the ground state and the first excited state was evidenced at the anti-crossing
in flux space (0.5®,) where the two uncoupled persistent-current states would have
been degenerate.

1.2 The Switching Current Measurement and its
Drawbacks

The choice of a good measurement setup to detect the qubit states is of paramount
importance in reducing environmentally induced decoherence. The process of design-
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ing a good detector presents us with the usual quantum mechanics dilemma. For a
detector that is only weakly coupled to the qubit, its backaction on the qubit is small.
However, the measured signal can be too weak to be resolved by the measurement
apparatus. On the other hand, a strong coupling between the detector and the qubit
yields a strong signal but also introduces severe backaction and decoherence on the
qubit.

The additional flux generated by the persistent current in the qubit can be sensed
by a SQUID magnetometer. The size of the qubit flux as seen by the SQUID depends
on the strength of the coupling. The coupling in turn depends on the mutual induc-
tance M between the qubit and the SQUID, and the size of the persistent current
Ip within the qubit loop. The resultant flux due to the persistent current sensed
by the SQUID is between 0.001®, to 0.01®,. Therefore, the two qubit states can
be distinguished by a difference in flux signal of 0.002®, to 0.02®,. The present
detection scheme employs a non-shunted (underdamped) DC SQUID and uses the
property that its critical current is a function of magnetic flux. In principle, SQUIDs
have a typical sensitivity of 107°®,/ v/Hz and should be able to detect this minute
qubit signal. One of the ways to directly measure the critical current is the so-called
switching current method. Typically, one ramps the current through the SQUID and
determines the discontinuous point at which the junction switches from the super-
conducting state to the finite voltage state.

The switching current method has some major disadvantages. Firstly, one is most
concerned about the decoherence of the qubit introduced by the switching DC SQUID.
Calculations based on the spin-boson model have showed that the level of decoher-
ence increases with the amount of bias current that is passed through the SQUID
([4] pg.55-66). In particular, the relaxation and dephasing times decrease drastically
as the bias current approaches the critical current. However, the switching current
method relies on the discontinuous action, and by definition cannot avoid the high
bias regime. The backaction of the measurement process can thus severely interfere
with the original state of the qubit.

Secondly, the switching action of the SQUID to the finite voltage state excites a
large number of quasi-particles, which must then be allowed to relax to the supercon-
ducting state before another measurement can be performed. This relaxation time
can be fairly long and may restrict the repetition rate of the measurements [5].

Thirdly, the choice of an underdamped DC-SQUID has some drawbacks. Due to
thermal fluctuations and other sources of noise, the switching current is suppressed
and is lower than the actual critical current. The measured switching currents are
usually distributed over a finite current range and are plotted in a switching current
histogram. The uncertainty corresponds to the width of the histogram. This un-
certainty can be larger than the qubit flux signal, and thus it may be necessary to
measure the signal based on averaging over 1000 to 10000 switching events.
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Finally, the switching current method is not very efficient. Over a cycle of the
hysteretic I-V curve, the switching event only takes up a small fraction of the time.
During the waiting time before readouts, there is a possibility for the qubit to tunnel
from the original state to another. In other words, the time required to perform a
switching current measurement has to be much shorter than the mixing rate (inversely
proportional to the relaxation time) of the qubit. However, the upper bound of the
measurement rate is limited by an order lower than the filter bandwidth [4].

While seeking for alternatives, one may consider a damped DC SQUID. It is the
most common way by which a SQUID magnetometer is operated. However, the
damped DC SQUID requires one to bias the current above the critical current, which
may even be more catastrophic in terms of the level of decoherence. Moreover, the
voltage-SQUID has a non-hysteretic I-V characteristic which requires the junctions
to be shunted with resistors. The shot noise introduced by the resistive shunt unfor-
tunately causes yet additional decoherence on the qubit even when no measurement
is performed. This problem can be improved if the SQUID is placed very far away
from the qubit [6]. However, this is not desired for the three-junction qubit due to
its minute flux signal.

Conventional ways to operate DC SQUID magnetometers such as using it as a
switching current detector or biasing it in the finite voltage state are not the best
candidates to be used for quantum computation with superconducting Josephson
qubits. An original and innovative method has to be developed with factors such as
shot noise, decoherence time, and short measurement time taken into account. These
are the motivation and ultimate goal of the SQUID Inductance Measurement scheme.

1.3 The SQUID Inductance Measurement

The above disadvantages of the present measuring scheme posts a need to operate
the SQUID magnetometer differently. The manner of which the level of decoherence
is related to the size of the bias current suggests that the backaction of the measuring
SQUID can be strongly reduced at low bias current. This is possible with the Induc-
tance Measurement Method originally proposed in [7]. The basic principle is to use
the SQUID as a flux-sensitive inductor. In other words, the Josephson inductance
across the junctions of a DC SQUID is a periodic function of the magnetic flux which
threads the loop. Such an operation mode requires the SQUID biased only at low
current along the supercurrent branch, and the qubit signal can be detected without
any discontinuous actions. The read-out can be performed by inserting the SQUID
inductor in a resonant circuit, and the state of the qubit is detected from the position
of the resonant peak.
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1.4 Overview of Thesis

This thesis studies the SQUID inductance measurement scheme and lays the exper-
imental framework for implementing the idea. Chapter 2 begins with a derivation
of the Josephson inductance of a SQUID, and how it can be used as a flux-sensitive
inductor. The principles of the inductance measurement will also be outlined. A
series of prototype resonant circuits were made from chip components on printed cir-
cuit boards, and the results from the room-temperature testing will be presented in
chapter 3. Chapter 4 presents the design of four high-Q on-chip circuits optimized
for the inductance measurement. The optimal operating points will be proposed,
and the expected signal due to the qubit will be calculated. Finally, the decoherence
calculations based on the spin-boson model will be presented in chapter 5.
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Chapter 2

Principles of SQUID Inductance
Measurement

Abstract

This chapter begins with the derivation of the inductance across a single Josephson
junction. The derivation is then extended to the case of a DC SQUID. The non-linear
effects of the Josephson inductance will also be discussed. It will be shown that the
SQUID is a flux and bias-current sensitive inductor. Subsequently, the principles of
measuring the Josephson inductance by incorporating it in a LC resonant circuit will
be introduced.

2.1 Inductance of Josephson junctions

2.1.1 Inductance of a single Josephson junction

In the circuit definition, the inductance across an element is defined as

dI(t)
V(t)=L—>= (2.1)

One can regard the inductance L as a measure of how fast the current passing through
the element has to change to produce a certain voltage. While typical circuit elements
have an inductance L that is constant with time and operating conditions, we will
relax this restriction here and allow the inductance to vary with time. As will be seen
later, the parametric inductance L(t) as defined in eqn. 2.2 can better describe the
Josephson inductance that is non-linear and usually time-varying during operation.
It is useful to compare this with the case of a varacter diode, where the parametric ca-
pacitance is also a time-varying parameter that depends on the operating bias voltage.

dI(t)

(2.2)
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We will now consider a single Josephson junction as a circuit element. The current
passing through the junction is related to the invariant phase according to the current-
phase relation:

I(t) = ICO sin (p(t) (23)

where oo is the critical current and I(t) is the bias current through the junction.
The voltage across the junction is given by the voltage-phase relation:

_ Lo dp(t)
Com dt
We know that when the Josephson junction is voltage-biased, an ac current is de-
veloped and this is known as the AC Josephson effect. More thought would actually
lead to the observation that the junction is actually inductive. Since a superconduct-
ing Josephson junction has zero resistance, the voltage has to be distributed across
some purely reactive impedance. The voltage-phase relation tells us that the volt-
age manifests itself as a rate of change of phase. The phase in turn is related to
the current in a non-linear fashion. Thus, the voltage is somehow related to the rate
of change of current, which is exactly the definition of an inductive element (eqn. 2.2).

V() (2.4)

Mathematically, we can derive the expression of the non-linear Josephson induc-
tance Ljo from eqn. 2.3 and eqn. 2.4. First, assume we are passing through the
junction a current I(t) which has both AC and DC components as in fig. 2-1.

Figure 2-1: Circuit setup for deriving Josephson inductance. The cross represents a
pure Josephson junction as a circuit element. Ip is the DC offset and Ig is the AC
oscillation.

We take the time derivative of eqn. 2.3 and obtain:

dl dy
_(ﬂj- = ICO Ccos gO(t)E (25)

But %ste can be expressed in terms of voltage by rearranging eqn. 2.4 to obtain:
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dI 2V (1)

%zlcocosgo(t)( o, ) (2.6)

By comparing eqn. 2.6 with the definition of inductance given in eqn. 2.2, one could
extract the Josephson inductance as

P,

~ lgo cos o(t) 27)

L;o

For the special case when (1) the AC oscillation is small compared to the DC
offset (Is < Ip), and (2) the total I(t) is along the supercurrent branch, then sin ¢ ~

I’fg anq is approxir.nately‘constant. By using the iden.tity cos = /1 —sin? p, the
expression for L ;o is obtained as eqn. 2.8 and plotted in fig. 2-2.

®,

Ljo =
2l /1 — (72)?

Inductance of a Single Junction as a function of bias current
8 —T T T T T T T T T

(2.8)

0/272’:0]
T

Lt[in o
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Figure 2-2: Inductance of a single Josephson junction as a function of bias current
I(t). Assume Is < Ip

Eqgn. 2.7 was obtained by defining a parametric inductance in eqn. 2.2. This is a
common approach widely used in circuit analysis. Alternatively, one can rigorously
treat the voltage as the negative rate of change of the magnetic flux, which in turn
is equal to the product of L(t) and I(t) as shown in eqn. 2.9. Note that the negative
sign is omitted for simplicity as it can be easily absorbed in the other parameters.
With this approach, the Josephson inductance can be derived as follows:
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V(t) = ——+ (2.9)
By the product rule, we obtain

dI(t) dL(t)
dt dt
Note that the first term is the same as eqn. 2.2 and the second term is now additional.
We will go ahead and find the expression for L ;o from the definition in eqn. 2.9 where

it is treated rigorously as time-dependent. First, rewrite the voltage-phase relation 2.4
as

V() = L) =+ I(2) (2.10)

_ Pod(e(t) _ d [ Pop(2)
VO =0r—a "~ @ omI(t) 1) (2.11)
and we extract Ljo based on eqn. 2.9:
R 20
Lo = 2nIco sin p(t) (2.12)

Again, if Is < Ip, Ljo can be expressed in a more useful form:

, arcsin(l—c%)

2%[00,/1 — (76{—0)2

Eqns. 2.8 and 2.13 are plotted in fig. 2-3. It can be seen that the time-dependent
definition yields a smaller inductance, but the difference is significant only for large
current values. Since the SQUID inductance measurement will be biased only at low
current values, both methods are comparable in that regime. Since eqn. 2.7 is more
commonly used, it will be adopted for the rest of the thesis.

Lo = (2.13)

2.1.2 Inductance of a DC SQUID

The above derivation of the Josephson inductance can be extended for the case of a
DC SQUID. Fig. 2-4 shows a DC SQUID made up of two identical junctions each
with Ico. The overall critical current I of the SQUID depends both on I¢o and the
 magnetic flux ® which threads the loop:

d
Icsq = Ic cos %— (2.14)

o

where Ic = 2Ico. Thus the Josephson inductance of a SQUID is given by:

@,

2rlc| cos %l, /1— (Tc_j_éngV
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Comparison of L | as a function of | calculated using different equations
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Figure 2-3: Comparison of L; as derived from the two definitions mentioned above.
The difference is not significant in the inductance measurement regime.

The dependence of L;, on I, and @ is illustrated more clearly in the plots 2-5 and
2-6. Note that the inductance is normalized to units of [E%E]

Therefore a SQUID is effectively a bias-current and fluz-dependent inductor. It
is important to realize that the Josephson inductance originates from the junctions,
and is an effect in addition to the SQUID loop inductance which depends only on the
geometry and does not vary with biasing conditions.

P [+

Figure 2-4: Single junction (left) and a DC SQUID (right)
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Iinductance of a SQUID as a function of bias current, ® = 0.67d_

12 T T T T T T T T T

J,squid [¢°/21rlc]
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Figure 2-5: SQUID Josephson inductance as a function of bias current, with & =
0.67®,. The actual switching current is suppressed to I.cos g, above which the
SQUID is no longer in the supercurrent branch and the inductance becomes complex.

For & = 0, the SQUID inductance reduces to a single junction case (fig. 2-2).

Ly sl 2?: ? ]
107 ¢

\

1—.,....0.....ﬁ..ré¢)/q)o

Figure 2-6: SQUID Josephson inductance as a function of flux through the loop.
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2.1.3 DC SQUID Parameters from Lincoln Lab Fabrication
Process

It is useful at this point to get a sense of the size of the DC SQUID Josephson induc-
tance fabricated in the Lincoln Laboratory process. At the bias point of zero magnetic
field and II—C‘} = 0.3, the SQUID inductance L; is about 0.1 to 0.5nH (for Io between
0.7 to 4.8uA). If the field bias is raised to 0.67®,, Ly is about 0.2 to 1.1nH. How these
values are obtained will be more clear in the later part of the thesis. It is sufficient
to realize at this point that the Josephson inductance are on the order of nanohenries.

2.2 Resonance Measurement of SQUID Josephson
Inductance

2.2.1 RLC Resonance

We have shown that the SQUID Josephson inductance varies according to the qubit
flux signal that it senses. The next stage is to develop a scheme to measure the
inductance effectively. The method to measure the SQUID inductance proposed in
[7] is to incorporate the SQUID in a RLC resonant circuit. The resonant frequency
of the circuit depends on the inductance of the circuit. Upon the addition of the
qubit signal, the corresponding change in the SQUID inductance can be measured by
keeping track of the peak position. For illustrative purposes, a simple parallel RLC
resonant circuit is shown in fig. 2-7. The actual inductance measurement circuit will
be more complex than this, but the principles are the same. The parallel configura-
tion is chosen over its series counterpart, because one can show that the series case is
easily overdamped unless the resistance R is very small. In the diagram, the SQUID
is shown as an ordinary inductor, and the resistance R includes the 502 source and
amplifier impedances connected to it. The circuit is fed by a DC current source and
a single frequency AC source.

...............................

Figure 2-7: Parallel RLC resonant circuit for inductance measurement
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The frequency-dependent impedance Z(w) of the network with output taken across
the resistance R is given by:

1 R(%g2)
1Z(w) = = — (2.16)
VR + WL — (1)) \/(“’0 —wh)?+ (5%
where w, is the resonant frequency given by
1
Wo = —— (2.17)

and Q is the quality factor which measures the sharpness of the resonant peak. Q is
equal to the ratio of the effective resistance to the reactance of the inductor X at

wo- (Note that X equals X at resonance, where X, = wL and X¢ = %)

Q= A woRC (2.18)

This above analysis for RLC resonant circuits assumes the circuit elements to be
linear with constant values of R, L and C. For the inductance measurement circuit,
only the values of R and C are constant and satisfy the above condition, but the
SQUID inductance varies in a non-linear fashion with the size of the bias current,
which in turn oscillates with time. In the limit of small amplitude of the AC os-
cillation, the SQUID inductance is fairly constant with time, and one can treat the
SQUID as a lumped-element inductor with inductance given by eqn. 2.15. However if
the amplitude of the oscillation is comparable to the DC bias, the SQUID inductance
varies significantly at the same rate as the driving frequency. To completely describe
the dynamics of such a resonant circuit requires solving the non-linear second-order
differential equation for circuit 2-7:

Io + Igcos (wt) = I.sin(p(t)) + 1(;) Cdt

= Lein(p() + 52() L + ;I)(C)%Tf
(2.19)

The differential equation is second order in ¢(t) which is the gauge invariant phase.
To calculate the transfer characteristics for a range of frequency, one has to solve the
equation for ¢(t), 22, and hence V(t) at each frequency, and subsequently calculate

the instantaneous impedance Z(t) = % Such an analysis was carried out on a

circuit similar to fig. 2-7 [8], and the resulted resonant peak is slightly asymmetric
with the maximum point leaning towards the low-frequency side. The peak has a
sharper slope on the low-frequency side as well. Considering that the actual induc-
tance measurement circuit is too complex for the differential equation approach to be
feasible, we will assume the actual resonant peak to have a similar deformation as in
the simple case, and the effect will not affect the principles of the operation scheme.
For the rest of the thesis, we will proceed with a quasi-static approach and assume
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the SQUID as a lumped inductor with L; given by:

P,
Ly= (2.20)

2 l,| cos (m2)|, /1 — %ﬁ_ﬁ%

o

This is similar to eqn. 2.15 except that I, is now replaced by I, and I,,.

Returning to eqn. 2.17, we can see that a change in SQUID inductance upon the
qubit flux signal will be indicated by a change in resonant frequency. This is the
basis of how the flux signal can be detected. The operating procedures will be briefly
outlined below. They will be revisited in more details in chapter 4 with calculations
using the actual circuit parameters.

Z(w)
!

-

30007 <—FWHM

(DD

Figure 2-8: Re [Z] as a function of frequency

2.2.2 Operating Conditions for the SQUID
DC Current Bias

Recall that the SQUID inductance L; depends both on the bias current and the
flux. We will begin by first focusing on the effect of the bias current and assume the
flux is kept constant for now. The SQUID is to be operated at a DC bias current of
0.3I¢. The DC offset is chosen for two reasons: (1) it is significantly away from the
critical current; the level of decoherence introduced to the qubit can be kept low. (2)
With reference to fig. 2-2, we can see that at this DC offset, the inductance varies
linearly with the current. Thus any additional non-linear effect due to the AC oscil-
lation can be minimized. To bias the SQUID at the right DC level, one can simply
apply a DC current source to the overall resonant circuit. Since the SQUID is biased
along the supercurrent branch (0.3I¢ < I¢), all of the DC current will pass through
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the SQUID branch.
AC Current Bias

In addition to the DC offset, an AC oscillating current of amplitude 0.1/ and
frequency about 500MHz is superimposed on the SQUID. The amplitude affects the
size of the output signal, and will be discussed in further details in chapter 4. The
frequency is chosen to be near 500MHz so that it is significantly away from the fre-
quency range of 5-15GHz, over which the signal is sensitive to the qubit and can cause
unwanted excitations.

Over an AC cycle, the value of L; oscillates about the DC offset point. As a
result, the resonant peak of the circuit also oscillates accordingly. This shift in peak
position due to the AC variation is a side-effect, and should be distinguished from the
shift due to the flux signal. Fortunately, this can be achieved because the shift due
to the AC variation varies over a cycle, while the shift due to the flux is independent
of time. The AC effect will be approximated by taking the time-average of the peak
positions over a cycle to give a resultant peak which has a broader FWHM (fig. 2-
9). The flux signature will be an additional shift in the position of the broadened peak.

Figure 2-9: Broadening of peak due to the AC effect

2.2.3 Measuring the Inductance Change as a Voltage signal

On the preliminary level, one may suggest observing the shift in peak position by
measuring the transfer function with a network analyzer at the two flux values. How-
ever, this approach does not allow us to keep the current bias through the SQUID
at a certain level over the whole frequency range. This will be explained in further
details in chapter 4. For now, it is enough to note that the measurement is done at a
single frequency, and the shift in peak position can be mapped to a voltage signal as
follows. The voltage across the output resistance of the resonant circuit is given by

Vo = L, % Z(w) (2.21)
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where wj is the bias frequency. Upon a change in magnetic field, the peak position
shifts to a new w,. Since our current frequency remains biased at wj, we will sense a
voltage difference across the output given by

AV, = I, x AZ(w) (2.22)

This is illustrated in fig. 2-10. AZ(ws) is maximum if wy is close to w,, where Z(w)
has the sharpest slope. This establishes an additional constraint that w; has to be

near wo,.

Z(w)

AZ ;

#f
0
------

Aw,

Figure 2-10: Shift in peak position upon a change in magnetic field. AZ is to be
detected as a voltage signal

2.2.4 Summary

This chapter laid the foundation for understanding the basic ideas behind the SQUID
inductance measurement. We have taken a rather qualitative approach. In chapter 4,
the measurement procedures will be revisited and explained more thoroughly based
on some specific circuit designs. Calculations with the actual parameters will then
be presented.
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Chapter 3

Room-temperature Measurements
of Resonant Circuits

Abstract

Prototype resonant circuits were built from surface mount components on printed
circuit boards. The first part of this chapter covers the experimental aspects of the
making of the printed circuit boards such as choosing the suitable surface mount com-
ponents, understanding the circuit parasitics, and designing the co-planar waveguide
structures. The second part presents the results from the reflection and transmission
measurements of the resonant circuits with a network analyzer at room temperature.
The value of the parasitics in the measured circuits were estimated and confirmed with
PSPICE simulations. A resonant circuit with improved characteristics was designed
with RF techniques to optimize the conditions for the inductance measurement, and
was also tested to work at room temperature. Finally, the experimental set-up for
RF measurements at 4 kelvin will be presented.

3.1 Making Resonant Circuits on Printed Circuit
Boards

The resonant circuits for the SQUID inductance measurements were implemented
with printed circuit boards. The idea was to replace the SQUID with a surface
mount inductor of comparable inductance, and to build the rest of the resonant circuit
with surface mount capacitors and resistors as well. This allows one to effectively
implement and test the resonant circuit designs, and to measure their reflection and
transmission characteristics with a network analyzer at room temperature.

3.1.1 Surface Mount Components

When one moves from DC to RF (radio frequency) measurements, the stray reac-
tances (parasitics) due to the leads and bulk materials of the circuit elements start
to dominate. In addition, for lumped-element analysis to hold, one has to ensure
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the dimension of the circuit elements be much smaller than the wavelength of the
signal. For these purposes, surface mount (chip) components are used to build RF
circuits. Their performance is better than the leaded components due to the compact
size. Nevertheless, the parasitics of the chip components cannot be totally ignored
and may still come into effect in the measurements. Figure 3-1 shows the equivalent
circuit and the impedance characteristic of a real inductor [9].
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Figure 3-1: Equivalent circuit (left) and the impedance characteristic (right) of a real
surface mount inductor [9)].

In the circuit model, L represents the ideal inductance, Cs is the capacitance between
adjacent windings of the inductor coil, and Ry is the resistance distributed across the
coil. It is convenient to define the reactance of the inductor as X; = wL, then the
Q of the inductor is given by )—Igfs‘ and is desired to be as high as possible at the fre-
quencies of interest. The presence of the stray capacitance Cg causes the impedance
X1 to deviate from the ideal linear characteristic and instead peak at the so-called
self-resonant frequency at which L and Cyg resonate. The self-resonant frequency is
given by Fg = m and is desired to be much higher than the frequencies of interest.

Figure 3-2 shows the equivalent circuit and the impedance characteristics of a chip
capacitor. The Q of the capacitor is given by E—)gcﬁ, where X¢ is the reactance of the
capacitor given by 'Jl(f ESR stands for Effective Series Resistance and is the effective
resistance of Rg and Rp. The maximum absorption peak occurs at Fg = %‘1\@?
It turns out that the parasitics of the chip capacitors were much more dominant in
our measurements than those of the inductors. This is because the inductance values
needed for the experiment is only on the order of nanohenries. On the other hand,
the required capacitance values are fairly large (10-100pF) especially for typical RF
measurements. Larger-value components tend to exhibit more internal stray than
smaller-value ones.

3.1.2 Co-Planar Waveguides

To have better control of the parasitics of the circuit, and to match the characteris-
tic impedance of the trace on the circuit board to the 50€2 coaxial cables, co-planar
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Figure 3-2: Equivalent circuit (left) and the impedance characteristic (right) of a
surface mount capacitor [9].

waveguides were placed on the printed circuit boards. The schematic of a co-planar
waveguide is shown in fig. 3-3. This particular waveguide structure was chosen be-
cause the center conductor and the two ground planes reside on the same plane. As a
result, the surface mount components can be mounted in series or shunt configuration
very easily. It also eliminates the need for drilling hole vias and makes fabrication
simpler. In addition, the properties of a co-planar waveguide only depend on the
relative dimensions of the center conductor, the gap, and the thickness, and thus the
waveguide can be scaled as desired and still have the same properties.

Figure 3-3: Schematic of a coplanar waveguide on a dieletric substrate of finite thick-
ness. [10]

We are mostly interested in calculating the effective dielectric constant (e.sys), the
characteristic impedance (Z,), and the stray inductance of the line. The closed form

expressions are obtained using the conformal mapping techniques [10] and are given
below:

(e = 1) K(K) K (ky)
2 K(k)K(k)

_ 30m K(¥)

° eerr K(k)
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_ Mo K(K)
4 K(k)

where K(x) is the complete elliptic integral of the first kind, with modulus x given by:

(3.3)

k=7 (3.4)
 sinh(z)

Sinh(22) (35)

K= VI—R (3.6)

K =1/1—k? (3.7)

3.2 Resonant Measurements with Network Ana-
lyzer

3.2.1 Scattering Matrix Parameters

We characterize the resonant circuits by measuring the scattering parameters with a
vector network analyzer. The scattering parameters relate the voltage waves incident
on the ports to those reflected from the ports, and completely describe the network.
Fig. 3-4 shows a general two-port network with voltage waves indicated [11].

ZS
* v, | Two-port vy T
v, v, =2 v, =z
! < | Network ~ :
A g

Figure 3-4: A general two-port network with arbitrary source and load impedances.

The scattering matrix is defined as
Vil | Su S Vit
[ Vi } = [ Sn Sn } [ vy (3.8)
which can be expanded as
Vio = SuVi" + SVt (3.9)
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Vi = SnVit + SVt (3.10)

The scattering parameters are defined by the ratio of the voltage waves and are
individually given by:

Sn = “;—? v =0 (3.11)
Sor = -‘% v —o (3.12)
S12 = “;—;—. |V1+=0 (3-13)
S = 125 o (3.14)

Now, we will focus on the parallel LC resonant circuit as a two-port network. We
consider the specific case where the resonant circuit is terminated by 5082 cables at
both ends as in the actual measurements. The simplified network is shown in fig. 3-5.
Our goal is to measure the transfer function of the circuit —m(w) We will see how
this can be extracted from the S-parameter measurements. Because of the symmetry
of the circuit, we only have to focus on two of the S-parameters Si; (same as Sp)
and Sy; (same as Si,).
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v $ v 2,
) P —> 500
I R ! vz' -
, O .
I\IN,
I

Figure 3-5: A parallel RLC circuit as a two-port network. For our measurements,
both ports are always terminated with 50€) cables.

For a matched load (Z;, = 50), V5" is always zero, and the expressions for V;~ and
V5, reduce to:

Vi =SuVj* (3.15)
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Vi = SVt (3.16)

It is useful to find the reflection coefficient I';,, looking into the network from the
source. By definition,

(3.17)

This can be expressed in terms of the impedances of the network based on transmission
line theory [11):

Zi “Zo

Tjp = 2220
" Zin+Zo

(3.18)

Since the input impedance Z;,, looking into port 1 is given by the parallel combination
of Zr//Zc//Zinguctor] | Z1, We can obtain an expression for I';,:

Zin — Ly
Zin+ Z,
(Zr//Zc/ | Zinductor ]/ /50) — 50
(Zr//Zc ]| Zinductor/ /50) + 50

Pin =

(3.19)

The definition of Si; (eqn. 3.11) is almost the same as Iy, (eqn. 3.17), except that
S11 has an additional condition that V5" must be zero. This simply means that port
2 has to be terminated in a 502 matched load and there is no back-reflection into the
network. When we calculated I';, above for our particular measurement setup, we
already assumed the load is matched, and thus Sy; is conveniently given by eqn. 3.19.

It is useful to keep in mind that whenever port 2 is terminated by a matched load,
S11 = Tin.

St = Tin|z,=s0 (3.20)

We will now study the forward transmission property of the two-port by finding the
ratio of the voltages at the input port and the output port, i.e. ‘—‘ff, where V; and V,
are defined in figure 3-5. By definition,

Vi=Vi+Vf (3.21)

Vo=Vy +V;h =V, (3.22)

The transfer characteristics in terms of the S-parameters can be derived as follows:

38



(3.23)

It is interesting to note that the transfer characteristics ‘—‘jf defined right at the ports
depends not only on the transmission parameter S,;; but also on the reflection pa-
rameter S);. This is because only part of the source voltage V; is absorbed into
the network. The input voltage at the port is given by the voltage divider in equa-
tion 3.24. It should also be mentioned that the standard voltage divider holds for our
circuit analysis because over the frequency range of interest, the wavelength is much
longer than the circuit dimension.

Z;
=V
Although we can learn about the transfer property by finding % as above, the con-
cern about back-reflection can be avoided if we view the voltage source as part of
the “network” as well. There is no reflected voltage right at the source because Z; is
matched. It is therefore convenient to define the transfer function of the RLC reso-
nant circuit as the ratio between the output voltage to the source voltage V{’,—:“, instead

(3.24)

of the ratio between the voltages at the ports ‘—‘;11 In fact the former is more consistent
with the conventional definition of the transfer function of a resonant circuit. Given
the matched source and load impedances, V; is equal to V;* and V,,; is equal to V; .
Thus Z{;sﬂ is simply given by Ss;. We will adopt this convention and include the
source as part of network when we analyze the measurement results, and Sy; will be
the direct measurement of the transfer function of the resonant circuit ‘—’&M as long as
port 2 is terminated with a matched load. )

V2_ ‘/out
V—]:FIV;r:O = I/s

321 = (325)

3.2.2 Experimental Data

Simple LC resonant circuits were built on printed circuit boards, and the S;; and
S1 characteristics were measured with the network analyzer HP 8510B. The ef-
fective resistance R of the LC resonant circuits in fig. 2-7 is mainly dominated by
the parallel combination of the 502 source and load impedances. Since the Q of
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the peak is directly proportional to R, it is desired to raise the Q by raising the
effective resistance R as seen by the circuit. However, simply inserting a large
shunting resistance in parallel with the LC circuit cannot achieve the purpose, as
Rers = Rs//Rr//Rshunt = Rs//Rr = 50§2//50Q, assuming Rgspunt => 50§2. This is
called the loading effect problem; special techniques have to be employed to raise the
effective resistance. This will be discussed in further details in section 3.3.

One of the first experiments involved placing a 1nH chip inductor (Coilcraft
0402CS) in parallel with a 100pF chip capacitor (ATC 650F). The dielectric of the
circuit board was FR~4 with ¢, of 4.6. The dimensions of the coplanar waveguides
were a=0.7mm, b=2.25mm, t=0.00lmm, h=1.57mm, length=50mm. According to
equations 3.1 to 3.3, €.5;=2.42 and Z, = 97Q2. The separation between the center
conductor and the ground planes (b-a) was mainly determined by the size of the
shunt chip components. The measurement results are summarized in figures 3-6 to
3-10. The S»; data in fig. 3-6 shows a resonant peak at 221MHz and an inverted
peak at 310MHz. The resonant frequency due to the LC combination of L=1nH and
C=100pF is expected to be about 500MHz. The discrepancy was due to the para-
sitics of the circuits. To estimate a more accurate model of the actual circuit, we first
extract the stray inductance Lg of the chip capacitor from the position of the inverted
peak, which is calculated to be 2.6nH. The parasitics Lo, L3 and L4 are the stray in-
ductances along the center trace of the co-planar waveguides and are calculated to be
8nH, 2.4nH and 10nH respectively based on the waveguide dimensions. Referring to
fig. 3-9, resonance occurs when the impedance of Cy, Lg, L, and L3 add up to zero, in
which case current will circulate around the loop marked by the four nodes. With the
estimated values of the parasitics, the resonant frequency corresponding to the above
four elements is estimated to be 205MHz, which is much closer to the measured value.

Figure 3-10 shows the PSPICE calculation of the Sy; response with the parasitics

taken into account. It agrees well with the actual data within uncertainty and indi-
cates the validity of the estimated parasitics.
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Figure 3-6: S3; measurement data. The resonant peak occurs at frequency f, =
221MHz with a Q of 10.4. The inverted peak was due to the self resonance of the
chip capacitor and occurs at f,s = 310MHz.
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Figure 3-7: S1; has a minimum at the exact same frequency where a resonance was
observed in the Sy measurement (221MHz). The signature due to the capacitor
self-resonance was not evidenced.
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Vin = ! p 50Q Vour
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Figure 3-8: Circuit schematic of the network analyzer measurement. The source and
output impedances are both 502 and matched to the 50§2 cables at both ends. The
analyzer feeds in a voltage source V;y and measures Vpyr across the 502 output
impedance. The resonant circuit is a chip capacitor C; of 100pF in parallel with a
chip inductor L; of 1nH. The parasitics of the circuit are ignored in this diagram.

50Q L u L o L,
AN——585) PI—4———"
8nH 2.4nH 10nH +
C, 100pF -~
Viv 1 100p L, Rg ﬁSOQ Vour
Lg 2.6nH InH 103Q B
N3 I\;4

Figure 3-9: More accurate estimation of the actual circuit with parasitics considered.
Ls and Rg are chip-component related. Lg is the stray inductance within the chip
capacitor, and Rg is the stray resistance of the chip inductor. Ly, L3 and L, are the
stray inductances due to the center trace of the coplanar waveguides.
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Figure 3-10: PSPICE simulation of the S; response of the circuit in fig. 3-9. The
resonant peak is calculated to be at 208MHz with a Q of 17. The inverted peak occurs
at 312MHz. The simulation agrees well with the actual data within uncertainty.

The 100pF chip capacitor was then replaced by a 10pF capacitor, and the experi-
ments were repeated using the same circuit board design. The results are summarized
in figs. 3-11 to 3-14. The change of the capacitance from a high to a low value affects
not only the resonant frequency, but also the sharpness of the peak. It can be seen
from figure 3-11 that the resonant peak due to the 10pF capacitor suffers from a
much lower Q. Recall that Q = %i, where X¢ = 515, hence Q decreases with the
value of the capacitance. This is the reason why when designing a resonant circuit,
although the same resonant frequency can be achieved with several combinations of
L and C values, the optimal Q is obtained when the inductor is a small value and the
capacitor is a large value.
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Figure 3-11: S3; measurement data with C replaced by 10pF. The resonant peak is
identified at f, = 749MHz yet suffers from a very low Q of 3.8. The inverted peak
due to the self resonance of the chip capacitor occurs at f,, = 970MHz.
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Figure 3-12: S;; has a minimum at 749MHz, where the resonant peak was also
observed in the Sy; measurement. This is consistent with the 100pF capacitor case.
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Figure 3-13: Actual circuit with parasitics included. The capacitor is 10pF and the
associated stray inductance Lg is extracted to be 2.7nH from the position of the
inverted peak. This is comparable with the stray inductance for the 100pF case
(2.6nH) for the packaging of the chips is the same.
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Figure 3-14: PSPICE simulation of the Sy response of the circuit in fig. 3-13. The
resonant peak is calculated to be at 675MHz with an expected Q of 9. The inverted
peak occurs at 985MHz.
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3.3 Improved Resonant Circuit for Inductance Mea-
surement

3.3.1 Background on Impedance Transformation and Impedance
Matching

As we have seen earlier, the low values of the source and load impedance tend to load
a given resonant circuit and decrease its Q. One way in overcoming this loading effect
is to incorporate an impedance transformer to step the source/load impedance to a
higher value. For the inductance measurement, we have chosen to use the so-called
tapped-L transformer. It involves a split inductance where the ratio of the number
of coils in each separated section corresponds to the factor by which the impedance
is increased. Figure 3-15 illustrates a transformation of the load impedance and the
equivalent resultant circuit “as seen” by the resonant circuit (fig. 3-16). Ry is trans-
formed to R} according to the equation:

Ry = Ry(=4)? (3.26)
n
where n is the number of coils, and is proportional to L. Thus, eqn. 3.26 can be
rewritten as:

, L
Ry = Ry(12)? (3.27)
1
RS
AN
v.. ("o C 1~ N )
n, R Vour

Figure 3-15: Tapped-L circuit in which Ry, is transformed by the square of the ratio
of the turns n; : ng

Note that there is a equivalent transformation which involves a split capacitance
instead of inductance. Such an approach was not selected because it requires a ca-
pacitance of very high value and poses difficulty for on-chip fabrication.

Very often, impedance matching is also employed to RF circuits to maximize the
power transfer between the source and the load. This is particularly important for
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Figure 3-16: Equivalent circuit

the SQUID inductance measurement, since the input current (and hence power) that
can be passed through the SQUID is limited by its critical current, and hence the
output signal is extremely small.

Maximum power is transferred to the load when the load impedance is made
to equal the complex conjugate of the source impedance. This can be achieved by
a matching circuit called the L-network. It comprises an inductor and a capacitor
which orient in the shape of a ‘L. Figure 3-17 shows a low-pass version of that (series
inductor and shunt capacitor), and represents a particular case when the source and
load are purely real. In general, they can be complex impedances.

Zs= 50 Zl L-Network
AN 200
-1 ZL -
Vv
AY/ 2 ouT
N §1000

Figure 3-17: An example of a low-pass L-network used to match a 1000€2 load to a
50€2 source. In general Zg and Z, can be complex.

The way it works is that the shunt capacitor branch introduces some complex
impedance Z; = —j(-5), where C is carefully chosen so that its shunt combination
with the 100092 load will give a complex load of 50 — jX (fig. 3-18). Finally, the
series inductor is chosen so that Z; = jwL cancels with —j X, leaving only the 502
which matches with the 5052 source. Note that the reactance of L and C are functions
of frequency, and thus the matching can only be optimized at one single frequency.
For cases when the impedances to be matched are complex, an additional reactive
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component has to be inserted to “resonate” or cancel out the reactive impedance,
and then the remaining real impedances can be matched as above.

X
i
Aol 2w < 50

Figure 3-18: The capacitive branch turns the overall load into 50-jX, where -jX is
later cancelled out by the series inductor.

3.3.2 Resonant Circuit for Inductance Measurement

With the knowledge we gathered from some simple parallel LC circuits which were
tested at room temperatures, our next goal is to optimize a resonant circuit for the
inductance measurement.

The first concern is that the SQUID inductance is even smaller than the 1InH chip
inductance that we used. It is about 0.2nH to 0.7nH from the Lincoln parameters. To
bias the resonant frequency at about 500 MHz, one would need a capacitor of about
500pF. Not only that such high a capacitance is not practical as far as on-chip fab-
rication constraints are concerned, it is also undesired for microwave measurements
because high capacitance is associated with large parasitics. For our designs, we will
keep the capacitor between 10pF to 100pF. Our solution is to add a bias inductor
which resonates together with the capacitor and the SQUID, and consequently helps
lower the overall resonant frequency. This bias inductor also has a double duty for
the tapped-L transformer configuration.

The second concern is that the change in the SQUID Josephson inductance due
to the qubit signal is also very small. In view of that, the resonant peak has to be
as sharp as possible to maximize the voltage signal. The tapped-L transformation
technique will be used to raise the Q of the circuit.

Finally, it is important to maximize the amplitude of the resonant peak as much
as possible. As mentioned above, one is really limited on the input power that can be
passed through the resonant circuit while still keeping the SQUID below its critical
current. The L-network will be employed to ensure maximum power transfer.
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A circuit was designed with the above techniques and is shown in fig. 3-19. Keep in
mind that the goal at this stage is to have a prototype circuit built with chip compo-
nents and readily tested at room temperature with a network analyzer. The values of
the chip components are limited, and as will be seen later the final circuit parameters
were slightly different from the optimal design. The inductance transformer is split
into 5.6nH and 1.6nH, which steps the output resistance up by a factor of 20, i.e. from
5092 to 1k€2. The equivalent circuit is shown in fig. 3-20. The 10pF shunt capacitor
resonates with a total equivalent inductance of 7.2nH to give a resonant frequency
of about 600MHz. At resonant frequency, the capacitive impedance cancels out with
the 7.2nH inductive impedance, we are left to match a real 1k load resistance to a
source resistance of 50. Some calculations will show that this can be achieved with a
L-network made up of a series inductor of 69nH and a shunt capacitor of 1.4pF. The
1.4pF capacitor can be combined with the 10pF to give a total of 11.4pF shunt. Due
to the limited values available from chip components, circuit 3-21 was built instead,
and its transfer characteristics were measured and shown in fig. 3-22. Comparing this
with the previous results from the simple shunt of 10pF and 1nH (fig.3-11), the Q is
significantly improved from 3.8 to 14.
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Figure 3-19: Resonant circuit improved with L-network matching and Tapped-L
impedance transformation.
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Figure 3-20: Equivalent circuit showing the transformed load.
50Q L, L §
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Figure 3-21: Actual circuit built with surface mount components.
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Figure 3-22: S;; measurement data. The resonant frequency is at 480MHz with an

improved Q of 14. The discrepancy is due to the stray inductance of the co-planar
waveguides and circuit components
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3.4 RF Measurement Setup at 4 Kelvin

The experiments discussed so far were carried out at room temperature with the
SQUID replaced by a chip inductor. Further experiments involving a SQUID have
to be carried out at 4 kelvin, and later at dilution refrigerator temperatures. A
helium-4 probe was set up with co-axial cables and the transmission characteristics
were measured. In addition, the characteristics of the chip capacitors were also mea-
sured with the probe at 4K. Finally, the parasitics of the wire bonds will be discussed.

3.4.1 Characteristics of He-4 Co-axial cables

The helium-4 insertable cryostat manufactured by Janis Research Company was
equipped with a pair of UT-85-B-B semi-rigid coaxial cables. The end of the ca-
bles near the sample end was attached with SSMC connectors. Owing to the limited
space in the sample stage, SSMC connectors were chosen over the SMA or 3.5mm
connectors for their micro-miniature size. The transmission properties of the cryostat
was tested with a network analyzer, and the Sy; characteristic is shown in figure 3-23.
The cables exhibit increasing but acceptable loss with higher frequency. The loss is
to be accounted for by calibrating the network analyzer in future measurements.

0 I T 1 1 T T T T T
&\02 04 06 038 1 1.2 14 16 1.8 2

2
@ \\\"»\A

-10
Frequency [GHz]

Figure 3-23: S5; characteristics of the UT-85 coaxial cables on the helium-4 cryostat.
The maximum loss at 2GHz is -7dB.
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3.4.2 Properties of chip capacitors at 4 Kelvin

The performance of the ATC 650F series chip capacitors at 4 kelvin was tested with
the cryostat described above. Referring to figure 3-24, the performances at room
temperature and at 4K are exactly the same. This confirmed that the capacitors can
be used for off-chip low-temperature experiments.

10

dB
S

Frequency [GHz]

Figure 3-24: The Ss; characteristics of a 10pF ATC 650F series chip capacitor. The
solid line represents data at 4K and the dotted line at room temperature. The per-
formances are the same within experimental uncertainty.
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3.4.3 Parasitics of wire bonds

The results from the room-temperature experiments strongly suggest that the effect
of the parasitics has to be taken into account. With the on-chip implementation of
the circuits, some of the parasitics due to the bulk surface mount components can
be avoided. A new source of parasitics will be introduced by the wire bonds. The
diameter of the wire bonds is on the order of a thousand of an inch (mil), and the
stray inductance of the wire is expected to be significant. The following experiment
was carried out to measure the value of the stray inductance. As shown in figure 3-25,
a single-layer capacitor (AVX SLC series) was wire-bonded from the center trace to
the ground plane. The self-resonant frequency will be given by:

1
V[ B 4 Lo, ]C

where Lponq is the stray inductance of one wire bond, and n is the number of wire
bonds which vary from 1 to 3, and L, is the stray inductance of the capacitor pack-
aging. Each gold wire bond is 1 mil thick and about 2.5mm long.

(3.28)

Wos =

O
C
Lcap
Lbond
n
(o}

Figure 3-25: Illustration of how the capacitor is wire-bonded and the equivalent circuit
model. Lyona is the stray inductance of one wire bond, and n is the no. of wire bonds
which vary from 1 to 3. The overall bond inductance is given by ﬂ;ﬂi because the
bonds behave like inductors in parallel.

The S,; transmission was measured and is shown in figure 3-26. We are mainly in-
terested in the position of the self-resonant frequency f,s of the capacitor with the
series stray inductances. To extract the stray inductance of a single bond, we can
rearrange eqn. 3.28 as follows:

I Lbond
n

€+ LG (3.29)
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Figure 3-26: Sy measurement of the capacitor (100pF) in series with 2 gold wire
bonds. The position of the dip is the self-resonant frequency.

Then a plot of — vs. = w111 have a slope that corresponds to Ly,nq X C and an inter-
cept of Legp X C’O The plot is shown in figure 3-27. For C=100pF, Lpong is extracted
to be 1.4nH (per 2.5mm length), while L, is 1.6nH.
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Figure 3-27: Plot of —2 Vs. ; For C=100pF, the parasitic inductance of one wire
bond Lpyng is extracted to be 1.4nH (per 2.5mm length), while the stray inductance
due to the single layer capacitor L.qp is 1.6nH
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Chapter 4

On-chip Circuit Designs with
Calculations of Qubit Signal

Abstract

On-chip circuits were designed for the SQUID inductance measurement and will
be in fabrication in Lincoln Laboratory under the run ‘QC4’. The resonance proper-
ties of each of the circuits will be discussed, followed by a detailed analysis of their
performance in the measurement process. In particular, the expected size of the signal
due to the qubit flux will be calculated. Finally, the schematics of the RF electronics
required for the inductance measurement will be briefly discussed.

4.1 On-chip circuit designs

In this section, we will present four on-chip circuits for the SQUID inductance mea-
surement. All of the circuits are designed to resonate at about 500MHz, and have a
high quality factor of at least 20. They are also optimized for power transfer with the
peak voltage amplitude stronger than -10dB. These circuits also meet the fabrication
constraints for the Lincoln fabrication process.

Conservative and aggressive SQUID junction parameters

Before introducing the circuit designs, it is important to get a sense of the SQUID pa-
rameters upon which the rest of the circuit parameters are determined. In general, the
size of the Josephson inductance Lj for the typical SQUID parameters is extremely
small. To optimize the qubit signal detected by the inductance measurement, the
SQUID should have as large an L; as possible. In this way, the absolute change in
inductance due to a certain flux signal will be larger as well. Since L; is inversely
proportional to the critical current 1., we have to push for the limit of fabricating
Josephson junctions with the smallest I, possible. This not only poses a challenge
in fabrication constraints, but also implies more demanding handling procedures as
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junctions of low I, are very susceptible to electro-static discharge (ESD) problems.

For a certain fabrication process, the critical current density of the junction J, is
usually fixed. This value is between 100 A/cm? to 200 A/cm? for the Lincoln process
(or 1pA/um? to 2pA/um?). One is therefore left with a choice of the junction size
to determine /.. Two sets of SQUID junction parameters were used in the QC4 run
and are summarized in the following table. The inductance values are based on the
biasing conditions at ® = 0.67®, and I;, = 0.31¢. The ‘conservative’ SQUID has a
bigger junction size and have been previously fabricated and measured at MIT with
success. The ‘aggressive’ SQUID has even smaller junction size yet to be tested out.
As will be seen later, the circuit parameters have to be slightly modified for each
SQUID, but the overall design is essentially the same.

SQUID Conservative |  Aggressive
Bias Points ¢ =0.679,, I, = 0.31,
wm? 1.1 x1.1 0.6 x0.6

JoolpAfum?] | 1 | 1.5 | 2 1 | 15| 2
Ic [nA] 2421363484072 |1.08|1.44
L, [nH] |034]0230.17 [ 1.13]0.76 | 0.57

4.1.1 Design 1: Tapped-L circuit with 10pF resonance ca-
pacitor

Figure 4-1 shows the circuit diagram of the first design for a conservative SQUID. The
SQUID has a L; of 0.225nH and is shunted by a total capacitance Cgpyns of 10 pF
across the junctions. The advantages of this shunting capacitor have been confirmed
both in the experiments at MIT and Delft. The large capacitance corresponds to a
more massive particle in the shunted-junction model and serves to suppress fluctua-
tions and narrow the distribution of the measured switching currents. In addition, it
relieves the electro-static discharge (ESD) problems with the junctions by providing
an alternative path for the high frequency noise to by-pass the junctions. However,
the side-effect of the shunting capacitance is that it resonates with L; to give an ad-
ditional resonant peak, which has to be kept out of the qubit frequency range as well
as the 500MHz inductance measurement range. The value of 10pF was chosen based
on the decoherence calculations which will be presented in chapter 5. It corresponds
to a peak at about 3.5 GHz, slightly below the qubit frequencies.

The transfer function is shown in fig. 4-2. The resonant peak for the inductance
measurement has a position of 596MHz and a Q of 23. This occurs when the 10pF
capacitor C,.s resonates with the sum of L;, L;, and L, which total 7nH. The ‘res-
onating loop’ is denoted by nodes N1 to N4 in fig. 4-1. Note that this 10pF resonance
capacitor is not to be confused with the shunting capacitance across the SQUID,
which also happens to be 10pF.
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The voltage output is tapped across a split inductance configuration. We know
from section 3.3 that this so-called tapped-L configuration transforms the 5082 out-
put resistance to a higher resistance depending on the square of the ratio of the split
inductances. For the values used here, the 50€2 is stepped up by a factor of 20 to
1k€2. The L-network matches the resultant 1k$2 output resistance to the 502 source.
It comprises the 69nH inductor and a 1.4pF capacitor. At the resonant frequency,
the impedances of the loop N1-N4 add up to zero and thus can be ignored as far as
impedance matching is concerned.

50 L,=69nH NI L,=5.43nH N2
A —
%Ll-_-l.snﬁ +

V /\/ Cmatch —_ C]'e 50

ouT

C =

shunt

5pF

7=5pF

N4 N3 1. =0.225nH

Figure 4-1: Circuit 1: Tapped-L circuit with 10pF resonance capacitor for the ‘con-
servative’ SQUID
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Transfer function of circuit 1: Conservative SQUID, G = 10pF
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Figure 4-2: Transfer function of circuit 4-1. The peak is at 596MHz with amplitude
-6.3dB and a Q of 23.
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Figure 4-3: Transfer function of circuit 4-1 plotted over a wider frequency range in

a log scale. The second peak at 3.5GHz is due to the shunting capacitor across the
SQUID

60



Figure 4-4 is a similar design modified for the SQUID with aggressive parameters.
L; is now 0.756 nH. The only adjustment is that L; is now 0.8nH instead of 1.3nH
as for the conservative SQUID. Its transfer function is shown in fig.4-5. The peak is

at 587TMHz with a Q of 23.

50 L;=69nH L,= 5.43nH
B0 /56
L,=0.8nH +
V Cmatch _L —— Cres 50

o 1.4pE T~ T~ 10pF =" Vour

Cshunf: g 7:51)]:
5pF -

L=0.756nH

Figure 4-4: Circuit 2: Tapped-L circuit with 10pF resonance capacitor for the ‘ag-
gressive’ SQUID
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Transter function of circuit 2: Aggressive SQUID, C__ = 10pF
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Figure 4-5: Transfer function of circuit 4-4. The peak is at 587MHz with amplitude
-6.3dB and a Q of 23. The second peak at about 1.9GHz is due to the shunting
capacitor across the SQUID.

The role and drawback of the biasing inductors

The design for both circuits 1 and 2 has used two biasing inductors L, and Ly which
are worth discussing here. Owing to the small value of L;, they are introduced to
lower the resonant frequency to about 600MHz which will otherwise be in the GHz
regime. However, the absolute change of the inductance due to the qubit signal will
be smaller due to the presence of these constant bias, and the sensitivity of the mea-
surement will decrease. In the next design, this problem will be improved at the cost
of raising the resonance capacitor from 10pF to 100pF. Nevertheless, some biasing in-
ductance is still needed to realize the tapped-L impedance transformation. One may
propose to totally get rid of the biasing inductance and use a tapped-C configuration
instead. However as mentioned before in section 3.3.1, this would involve using a
capacitor as big as InF. This demands a huge chip space and cannot be realized with
the Lincoln process.

4.1.2 Design 2: Tapped-L circuit with 100pF resonance ca-
pacitor

We now introduce the second design for the inductance measurement which uses a
100pF resonance capacitor, about ten times bigger than the capacitance of the previ-
ous design. The circuit diagram is shown in fig.4-6. The advantages of having a large
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capacitance are that (1) it requires only a smaller inductance bias and thus improves
the signal sensitivity, and (2) the quality factor Q of the circuit is raised since it is
proportional to —ﬁ C. However one should also be aware of its drawbacks: (1) the
design occupies a larger chip space, (2) 100pF is much bigger than the capacitance
typically fabricated in the Lincoln process and its performance is yet to be tested,
and (3) for microwave measurements, a larger capacitance is usually associated with
larger parasitics.

50 L,=69nH L,=0.78nH
A e
+
V(v Crraten L L R 1 <50
QY 1.4pF T~ T~ 100pF C,°F § T <7 Vo
S5pF SpF
L,= 0.225nH —~

Figure 4-6: Tapped-L circuit with 100pF resonance capacitor for the ‘conservative’
SQUID

The transfer function is shown in figure 4-7. The resonant peak has a position
of 500MHz and a Q of 150. The Q is significantly higher because a larger resonance
capacitor is used. Only one biasing inductor L, is employed, and it also serves as
the tapped-L transformer. Again, the 50(2 is stepped up to 1k€). The L-network
impedance matching is the same as the previous design.

The circuit modified for the aggressive SQUID is shown in fig.4-8. From the trans-
fer function in fig.4-9, the resonant frequency is at 495MHz with a QQ of 46. Note that
the 100pF resonance capacitor is replaced by a 30pF capacitor to get the right fre-
quency bias.
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Transter function of circuit 3: Conservative SQUID with Ces = 100pF
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Figure 4-7: Transfer function of circuit 4-6. The peak is at 500MHz with amplitude
-6.0dB and a Q as high as 150.
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Figure 4-8: Tapped-L circuit with 30pF resonance capacitor for the ‘aggressive’
SQUID
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Transfer function of circuit 4: Aggressive SQUID with C__ = 30pF
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Figure 4-9: Transfer function of circuit 4-8. The peak is at 495MHz with amplitude
-6.0dB and a Q of 46.

4.1.3 Qubit and SQUID coupling

For the inductance measurement, the qubit is coupled to the SQUID in the same way
as the switching current method. It is placed inside the SQUID loop as in figure 4-10.
The geometry and proximity of the loops determine the strength of the coupling M.
In addition, since both the qubit and the SQUID are subject to the same external
magnetic field, their area ratio sets the flux bias for the SQUID as the qubit is always
biased very near 0.5®,. To illustrate this more clearly, consider the case of biasing
the SQUID at 0.67®,, we can calculate the required area ratio as follows:

AsqlBl 05,
AQubit I BI 0.67%,
Asq_ - 13
AQubit

For the above circuit designs, the inner dimensions of the qubit loop are 18 x 18m?
and that of the SQUID are 20.8 x 20.8um?2. The width of the SQUID trace is 1um
and the qubit trace is 0.7um. A simulation with the software Fast Henry calculates
the mutual inductance to be M=30.5pH. The loop inductance is 53pH and 64pH for
the qubit and SQUID respectively. For comparison, the value of M used at Delft is
8pH. Due to the stronger coupling, we expect a larger qubit signal of 0.01®,, about
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10 times larger than the signal at Delft which is 0.0015®,. On the other hand, deco-
herence calculations in chapter 5 will show that the relaxation time in our system is
about 50 times shorter. The dimension of the bigger and smaller qubit junctions are
1 x 1pm? and 0.9 x 0.9um? respectively. The constant « is 0.65.

20.8

Figure 4-10: The layout of the qubit inside a SQUID loop. The patterned boxes
represent the junctions, and the circle represents a via hole.

4.1.4 Spiral Inductors

Inductances of the on-chip designs were implemented by a planar spiral configura-
tion. Square spirals were chosen for the ease of the layout. There exists numerous
mathematical models to estimate the inductance of a certain layout. In our case, the
expected values are simulated using the software Fast Henry. The L-shaped matching
network in the designs involves a relatively large inductance of 69nH. The performance
of the spiral layout therefore needs to be optimized as much as possible. Some useful
strategies for designing spiral inductors will be presented in appendix B.
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4.2 Calculation of Voltage Signal

So far, we have been focusing on the resonant characteristics of the circuit designs.
We will now take a step further and analyze the performance of the circuits in the in-
ductance measurement process. The basic ideas of the measurement scheme has been
outlined in section 2.2 and will be described in details here. The actual parameters
of the on-chip designs can now be used to address issues such as (1) the actual size
of the shift in peak position upon the qubit flux, (2) the optimal DC and AC bias,
(3) the side effects of the AC bias on the shape of the resonant peak, (4) the need for
retrieving the flux information as a voltage signal and the way that can be achieved,
and (5) the size of the optimal voltage signal.

As also discussed in section 2.2, the variation of the SQUID inductance in time
with the oscillating current requires one to solve the non-linear differential equation
in order to completely describe the dynamics of the resonant circuit. Based on the
simulated results in [8] for a simplified resonant circuit, it is reasonable to believe
that analyzing the inductance measurement scheme based on a semi-static approach
assuming the SQUID as a lumped inductor (L; given by eqn. 2-18) should give sim-
ilar results. We will adopt this approach because it is particularly useful to help us
get an intuitive understanding of the measurement method.

4.2.1 Inductance measurement with circuit 1:
Conservative SQUID with 10pF resonance capacitor

Our first task is to find the right operating conditions for the SQUID. Recall that the
Josephson inductance depends on two factors: the current through the SQUID and
the magnetic flux that threads the loop. Thus, both the flux bias and the current bias
have to be determined. Fig. 4-11 shows the dependence of L; on flux between 0.6 to
1 ®,. This is the range of possible flux bias for the SQUID considering the qubit flux
is biased very near 0.5®,, and that the SQUID needs to have a bigger area than the
qubit. It can be seen that L; has a higher sensitivity to flux between 0.6 and 0.7 $,
than the operating point of 0.76®, that has previously been used in the switching cur-
rent measurement. One should however be cautious not to get too close to 0.6 where
L diverges. The bias is thus set to 0.67®,. (the choice is partially influenced by the
design rules for the qubit and SQUID layout) For the current bias, it is chosen to be
0.31. as that falls on the linear region of the plot and can avoid unwanted non-linear
effects (fig.4-12). At the bias point with & = 0.67®, and I, = 0.31., the inductance
L, of the conservative SQUID with I, being 3.63uA is 0.225nH (conservative SQUID
parameters used before).
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Figure 4-11: SQUID inductance as a function of external flux bias

To determine the optimal AC operating conditions, we must first consider the
effect of the AC bias on the SQUID. As the current through the SQUID varies over
an AC cycle, its Josephson inductance also varies accordingly. We will analyze this
with a semi-static approach and calculate the inductance using the equation:

Ly= (4.1)
2nI,| cos (m )|\/1 el

Izcos2(7r—)

L over a current cycle is plotted in figure 4-13. For illustrative purpose, we assume
It qc = 0.11, cos(wt), Ip, 4o = 0.31, and ® = 0.679,,.

As expected, the resonant peak position oscillates with L; over a cycle as well.
This is illustrated in figure 4-14. The actual shift of the complete transfer functions
is shown in figure 4-15.

Since the actual qubit flux also manifests itself as a shift in resonant position, the
AC oscillation in figure 4-15 has to be distinguished from the qubit signature. This
can be achieved because the shift due to the AC variation varies over a cycle, while
the shift due to the flux is independent of time. The AC effect will be approximated
by taking the time average of the peak positions over a cycle to give a resultant peak
which has a broader FWHM. The time-averaged peak is shown as dotted-line in fig.4-
15. The flux signature will be an additional shift in the position of this dotted peak.
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Inductance of a Single Junction as a function of bias current
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Figure 4-12: SQUID inductance as a function of bias current, with ® =0

L y oscillation over an AC current cycle, lL o= 0,3I°, ILu =01 Ic
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Figure 4-13: L; oscillation over an AC current cycle.
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Resonant frequency over an AC current cycle
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Figure 4-14: Oscillation of resonant frequency over an AC cycle.

Resonant peaks over an AC current cycle
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Figure 4-15: Illustration of how the resonant peak oscillates. The time-average is a
broadened peak represented by the dotted line.
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For the parameters at MIT, the junction sizes of the qubit and the strength of its
coupling to the SQUID corresponds to a flux signal of about 0.01®,, while the signal
at Delft is 0.0015®,. We have calculated the frequency shift for the MIT case and
compared that with the Delft scenario. The results are summarized in the following
table.

Circuit 1

Bias | MIT | Delft

Signal size [,) | - 0.01 | 0.001

Flux Level [®,] | 0.67 | 0.68 | 0.671
fo [MHz 592.3 | 593.0 | 592.5
A, [MHz] |07 | 02

On the preliminary level, one may suggest observing the shift in peak position
by measuring the transfer function with a network analyzer at the two flux values.
To sweep a transfer function, the network analyzer sends down a constant voltage
level from one port and measures the output signal at the other port over a range of
frequency. However, at different frequencies, the impedance of each circuit element is
not the same. This poses a problem of biasing the SQUID at the right current level.
In particular, at low frequencies, more current will pass through the SQUID inductor,
while at high frequencies, the current will be diverted to some other branches instead.
It is therefore impossible to actually current bias the SQUID at the operating point
over the whole frequency range. This means the measurement needs to be performed
at one single frequency only.

The way this can be achieved is as follows. Consider the scenario of sending a
single-frequency voltage source down the circuit. The output will also be at the same
frequency with an amplitude depending on the voltage transfer ratio K‘l—ﬁ in dB (dB
= 20log |—M|) Initially, at the flux bias of 0.67®,, the output voltage is Vm X gt
Upon the addition of the qubit flux, the resonant peak shifts to the right, and the
transfer ratio as seen at the frequency bias will be reduced to dBy, and the new output
voltage is now V, x Yﬂt| #. Therefore the flux signal is now mapped to a difference
in output voltage given by

Youy  You
Vin ' Vi
Note that —‘MI1 (or dB;) is higher than l/ﬂt| s (or dBy) because the peak shifts to the
right. In addltlon it is clear that the smgle frequency should be chosen as close to the
resonant peak as possible because that region has the sharpest slope and is the most
sensitive. For this particular circuit, the resonant frequency is about 590MHz, and so
the frequency bias is chosen to be 580MHz. We are now in the position to consider
what is the optimal voltage signal possibly achieved. Typically for a linear circuit,

signal = AV, = Vip X ( (4.2)
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V..t is a fraction of Vj, according to the voltage divider. This may suggest that a
larger V;, always gives a larger V,,;. However, this does not apply to our circuit here
because a SQUID is involved. Firstly, there is an upper limit to how much current
that can be passed down a SQUID since it has to be biased along the supercurrent
branch. Secondly, the Josephson inductance L of the SQUID actually varies with the
size of Ir. A larger V;, leads to a larger AC current amplitude and the time-averaged
peak will be broader due to the wider oscillation. In other words, as Vj, increases,
the resonant peak broadens, dB; — dB; decreases and finally becomes negative when
Vin reaches beyond a certain level. This is clearly illustrated in figures 4-16 to 4-17.

With all these factors taken into consideration, the size of the voltage signal as
a function of input voltage is calculated and shown in fig.4-18. The optimal voltage
signal is 2.4uV.

Shift in peak position for Viﬂ = 100 uV, Qubit signal = 0‘01&I>°

s 555 0 585 %0 5% &0 6% 610 65 60
Freq [MHz]

Figure 4-16: Case when Vi, = 10uV. The solid line shows the peak at ® = 0.67®,; the
broadening is due to an AC current amplitude of 0.079I.. The dotted line corresponds
to the shifted peak at ® = 0.68®,; the broadening is caused by a current amplitude
of 0.0851,. Note that the current amplitude is slightly different at the two flux levels
even tough Vj, is the same, because the different inductances also affect how much
current actually passes through the SQUID branch.
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Shift in peak position for V, =240 uv, Qubit signal = 0.010_
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Figure 4-17: Case when V;, = 240uV. The peaks have been seriously broadened

due to the large driving source. The difference in transfer ratio dB; — dBy actually

becomes negative.

Voitage signal as a function of input voltage
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Figure 4-18: Voltage signal as a function of input voltage for circuit 1. The input

voltage is only plotted for 0 to 240uV because above that the SQUID is no longer

along the supercurrent branch. The optimal input voltage is 190xV yielding a voltage

signal of 2.4uV. This corresponds to a AC current amplitude of 0.15/; through the

SQUID. Beyond this point, the signal decreases and finally turns negative.
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4.2.2 Inductance measurement with circuit 2:
Aggressive SQUID with 10pF resonance capacitor

Similar analysis was performed for the remaining three on-chip circuit designs. Firstly,
for the second design (fig.4-4), the Josephson inductance of the SQUID and the cor-
responding peak position at the two flux values are summarized in the following table:

Circuit 2

Bias | MIT | Delft

Signal size [P, - 0.01 | 0.001

Flux Level [®,] | 0.67 | 0.68 | 0.671
fo [MHz 587.8 | 590.4 | 588.2
Af, [MHz - 2.6 0.4

The voltage signal as a function of input voltage is shown in figure 4-19. The optimal
signal is 5.7V corresponding to an input voltage of 1754V (amplitude of AC current
through the SQUID is 0.11.). The signal is twice that of the case for the conservative
SQUID.

Voitage signal as a function of input voitage for circuit 2
T

6 T T T T T T T T T T

1 1 i 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200 220 240
Vin [uV]

Figure 4-19: Voltage signal as a function of input voltage for circuit 2. The frequency
bias is 570MHz. The optimal voltage signal is 5.7uV corresponding to an input
voltage of 175V . This signal is about twice that of the conservative SQUID.
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4.2.3 Inductance measurement with circuit 3:
Conservative SQUID with 100pF resonance capacitor
The table summarizes the results for the third design (fig.4-6). It should be pointed

out that the shift in peak position is significantly larger than the previous two designs
due to the smaller biasing inductance.

Circuit 3

Bias | MIT | Delft

Signal size [®,] | - 0.01 | 0.001

Flux Level [®,] | 0.67 | 0.68 | 0.671
fo [MHz 500.8 | 501.8 | 505.4
Af, [MHz] -

Voltage signal as a function of input voltage for circuit 3
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Figure 4-20: Voltage signal as a function of input voltage for circuit 3. The frequency
bias is 475MHz. The optimal voltage signal is 11.8uV corresponding to an input
voltage of 210uV. Although a conservative SQUID is used, the signal is yet larger
than that of circuit 2. This is mainly contributed by the larger shift in peak position
as a result of the smaller biasing inductance.
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4.2.4 Inductance measurement with circuit 4:
Aggressive SQUID with 30pF resonance capacitor

Finally, the analysis was performed with circuit 4 (fig. 4-8) and the important results
are summarized below.

Circuit 4
Bias | MIT | Delft
Signal size [®,) - 0.01 | 0.001
Flux Level [®,] | 0.67 | 0.68 | 0.671
fo [MHz 494.9 | 495.6 | 499.4
Af, [MHZ] 07 | 45

Voltage signal as a function of input voltage for circuit 4
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Figure 4-21: Voltage signal as a function of input voltage for circuit 4. The frequency
bias is 475MHz. The optimal input voltage is 200uV yielding a voltage signal of
12.1u4V. Although this design uses an aggressive SQUID, the signal is comparable
yet not signifcantly better than circuit 3 which uses a conservative SQUID. This is
due to the fact that the Q of this circuit is smaller than that of circuit 3.
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4.3 Schematics of RF electronics

The discussion so far has been mainly a presentation of the simulated results of the
SQUID inductance measurement, and the conceptual ideas of the measurement pro-
cedures were emphasized. Before we end this chapter, we will briefly discuss how the
voltage signal can be measured experimentally. The schematics of the RF electron-
ics are shown in figure 4-22. Referring to the diagram, the amplitude of the single
frequency RF source is denoted as V,. The output voltage has the same frequency,
but its amplitude depends on the transfer characteristics of the SQUID resonant cir-
cuit at that particular frequency, which in turn is sensitive to the qubit flux. The
amplitude of this output voltage is expected to be very small, and the signal has to
pass through a series of amplifiers. Finally, the AC output voltage is converted to
a DC signal using a PIN diode. The DC level is proportional to the power of the
original waveform. The qubit signal is detected as a difference in the DC voltage levels.

Single
Resonant Cascadable 5 PIN L 5 A
Frequency Circuit with Arolif diode be
RF source SQUID and mpher detector I
(50MHz to Qubit
2GHz)

-“F Q | Amplified /)~
vin $_ ch RS Vom %A_'

Figure 4-22: Schematics of RF electronics for measuring the voltage output.

7



4.3.1 Summary

The strategy of mapping the qubit flux signal to a difference in amplitude of the AC
voltage output was presented. The voltage difference due to a flux signal of 0.01,
was calculated for each of the four on-chip designs and ranges from 2.4V to 12.1uV.
The results are summarized in the following table. Keep in mind that when the qubit
changes from one state to another, the overall flux difference will be 0.02®,,, and hence

the voltage difference will be twice as large.

Summary of Voltage Signal Calculations

SQUID Cres [PF] fbias [MHZ] Vm [ﬂv] IL,AC ‘/signal [NV}
Circuit 1 | Con. 10 580 190 0.151, 24
Circuit 2 | Agg. 10 570 175 | 0.17, 5.7
Circuit 3 | Con. 100 475 210 0.11, 11.8
Circuit 4 | Agg. 30 475 200 0.11. 12.1
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Chapter 5

Decoherence Calculations of
SQUID Inductance Measurement

Abstract

The relaxation and dephasing times of the qubit resulting from the on-chip SQUID
inductance measurement circuits were calculated based on the spin-boson model. The
effect of circuit design, mutual coupling, and the SQUID bias current on decoherence
will be discussed. The idea of using the inductance measurement to measure the
effect of the SQUID bias current experimentally will also be proposed.

5.1 Calculating Relaxation and Dephasing Times
with Spin-boson Theory

In the previous chapter, we presented several circuits which were designed based on
considerations for maximizing the signal size and sensitivity of the inductance mea-
surement, as well as fabrication constraints. We will now analyze the decoherence of
the qubit resulting from such measuring circuits. In particular, the relaxation and
dephasing times will be calculated using the spin-boson theory.

The relaxation time determines how fast the qubit relaxes from a certain quan-
tum state to its equilibrium state, based on the occupancy probability in each state
given by the diagonal terms of the density matrix. The dephasing time determines
how fast the qubit loses coherence information, i.e. when the off-diagonal elements
of the density matrix goes to zero. As far as the measurement process is concerned,
the relaxation time bears much more significance than the dephasing time, because
it directly affects the measurement results. On the other hand, the fact that a qubit
dephases and loses the coherence information only means it cannot be used for further
computation, and is not a concern once the measurement process has started.

The spin-boson model estimates the relaxation time 7, and dephasing time 74 by
assuming the 2-level quantum system is coupled to some impedance Z;(w) described
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by a bath of LC oscillators [13, 4]. The influence of the oscillator bath on the qubit is
described by the environmental spectral density function J(w). For the specific case
of a measuring DC SQUID, J(w) is given by [4]:

(2m)? MI,

hw ( d,
where M is the mutual inductance between the SQUID and the qubit, I, is the size of
the persistent current, Iy, is the bias current through the SQUID, ® is the external flux
bias, and Z;(w) is the total circuit impedance as a function of operating frequency.
Note that Z; is the impedance as seen by the qubit, and is different from the usual
circuit impedance as seen by the source. The dimensionless factor (%—Iﬂ) describes
how strongly the qubit is coupled to the SQUID. As the coupling grows gtronger, the
spectral density J(w) gets bigger in a quadratic fashion, and as will be seen later,
leads to faster decoherence times.

J(w) = ) I1tan® ®Re[Z;(w)] (5.1)

Before introducing the expression for 7, and 7, we need to define some parameters
for the qubit operation. We define the Hamiltonian of the two-level system as

€ A
H= 502 + 50, (5.2)

where o, and o, are Pauli matrices, € is the energy bias and A is the coupling param-
eter. The proposed operation point is to have € ~ 5A. The two energy eigenvalues
of the system is

1
E:i: = :i:§ V g2+ A2 (53)
and the energy separation v between the two states is given by £, — E_:

V=Ve?+ A? = lpes (5.4)

Now we will introduce the relaxation rate, which is the inverse of the relaxation time.
It is given by the expression:

1 A v
Fr = Tr_l = 5(—}}—)2J(wres) COth(QkBT)
where w,.; is the resonance frequency range over which the qubit is operated, and is
between 5 and 15GHz. The prefactor % is related to eqns. 5.2 and 5.4 above. Since
v = hwrs, the value of the prefactor should be a function of frequency as well. How-
ever over the qubit frequency range of 5-15GHz, the value is fairly constant, and for
simplicity can be approximated by using € &~ 5A which gives:

(5.5)
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(—) =% (5.6)
€2 25
(;) =% (5.7)

The dephasing rate is in turn given by the expression:

Iy
Ty=r1,"= 5t (—E—)Qa27r————— (5.8)

Even though the dephasing rate depends on the relaxation rate through the first term,
it is actually dominated by the second term (especially «) which is much smaller. «
is a dissipation factor determined by the slope of J(w) at very low frequencies, and
thus strongly depends on the circuit impedance at low frequencies:

~ lim Jw) 138J(w)

wol 2w 2T Ow

(5.9)

5.2 Decoherence due to on-chip SQUID Inductance
Experiments

We will now analyze the decoherence due to the SQUID inductance measurement
based on the above theory. The calculations will mainly focus on the specific on-chip
experiments that were presented in chapter 4.

5.2.1 Tapped-L circuit with 10pF resonance capacitor

Figure 5-1 corresponds to the circuit in fig.4-1. It is redrawn here across the ports as
seen by the qubit for decoherence calculation purpose. The qubit is shown coupled to
the SQUID which is modelled by the inductance L;. The results from the calculations
of Re[Z;(w)], J(w), 7, and 74 are presented in figures 5-2 to 5-5.
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Figure 5-1: Tapped-L circuit redrawn across ports as seen by the qubit. The resonance
capacitor Cres of 10pF is in parallel with the matching network capacitor Cyacn Of
1.4pF. L; = 0.225nH.

Real [Z] of tapped-L (with C = 10pF) as seen by the Qubit
T T

—— C-shunted
-~ not shunted

RealzI in [Q]
3
T

10 1 1 e 1
10’ 10° 10° 10" 10"
Freq [Hz]

Figure 5-2: Z;(w) of the tapped-L circuit. The dashed line shows the case without
the shunting capacitor and the solid line corresponds to the case when the SQUID is
shunted with Cspune = 10pF. For the non-shunted case, the impedance has an unde-
sired ‘tail’ which levels off to a constant of 10°Q(1€2) at high frequencies . Fortunately,
the presence of the shunting capacitor has an effect of bringing the impedance down.
The shunting capacitance was chosen to be large enough to bias the peak below the
5-15GHz range. The resultant peaks in the figure occur at 590MHz and 3.5GHz.
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J(w) of Tapped-L circuit (C’M = 10pF)
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Figure 5-3: The spectral density J(w). The parameters used were M = 8pH, I, =
500nA, T =30mK, I, = 0.3, I, = 3.63uA, ® = 0.679,.
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Figure 5-4: Relaxation time 7, for the resonant frequency range of 5-15GHz. (%)2
was assumed to be constant and equal to % The plot indicates a trend of longer
relaxation time as one moves further away from the resonant peaks, especially the

second peak due to the shunting capacitor since it is at a much higher frequency.
T, ~ 42us at 10GHz.
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Dephasing time t ' for fr\35 between 5 and 15GHz
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Figure 5-5: Dephasing time 7, for the resonant frequency range of 5-15GHz. a =
0.0003, (£)* was assumed to be 3—2. Unlike the relaxation time, it has a trend of
levelling off. 7, ~ 127ns at 10GHz

Effect of coupling (C,.; = 10pF)

As mentioned before, the strength of the qubit-SQUID coupling has a strong effect
on the decoherence values. To illustrate this further, we have repeated the above
calculations with a combination of different M and I, values. Case 1 is based on the
parameters from the Delft experiments, while case 4 is based on the current parame-
ters in our experiments.

M [pH] | I, [nA] | slope lim, o 2% | o | 7,@10GHz | 7,@10GHz
Case 1 8 500 0.002 0.0003 42us 127ns
Case 2 30.5 500 0.03 0.0048 2.9us 8.8ns
Case 3 8 915 0.007 0.0011 10.3us 38ns
Case 4 30.5 915 0.10 0.0161 0.86us 2.6ns

Effect of bias current through the SQUID (C,.; = 10pF)

One of the main advantages of the SQUID inductance measurement scheme is the
capability to vary the bias current through the SQUID. As discussed in chapter 1,
decoherence calculations for the switching current method have showed that the level
of decoherence increases with the amount of bias current. This can also be easily
seen from the equation for J(w) which is proportional to I3oy;p. The inductance
measurement therefore has the potential to study the effect of the bias current on
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decoherence time experimentally. In figures 5-6 and 5-7, the dependence of the deco-
herence times on the bias current is shown.

tasa function of bias current through the SQUID at t(es=10GHz
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Figure 5-6: Relaxation time as a function of bias current through the SQUID. The
resonant frequency is set at 10GHz, M = 8pH, I, = 500nA. I, here equals 2/, and
is the critical current when ® is zero. The proposed operating point is to have
® = 0.67®,, and thus the actual critical current of the SQUID is suppressed to
21| cos 7r§;| ~ 0.51,. Currents above 0.51, is no longer along the supercurrent branch
and are therefore not plotted. The plot shows clearly that the relaxation time is longer
as one moves to lower biasing current.
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T 352 function of bias current through the SQUID atf = 10GHz
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Figure 5-7: Dephasing time as a function of bias current through the SQUID. The
resonant frequency is set at 10GHz, M = 8pH, I, = 500nA. The plot shows that the
dephasing time does not vary much with biasing current.

5.2.2 Tapped-L circuit with 100pF resonance capacitor

The analysis was then performed for the tapped-L circuit with a resonance capacitor
of 100pF (circuit 3). As expected, the results are very similar to the C,.s = 10pF case,
and are summarized in the following figures.
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Figure 5-8: Tapped-L circuit redrawn across ports as seen by the qubit. Only the
resonance capacitor of 100pF is shown, for the capacitor of the L-matching is a lot
smaller (1.4pF) and thus ignored. L; = 0.225nH.

Real [Z] of tapped-L circuit (with C_ = 100pF) as seen by the Qubit
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Figure 5-9: Z,(w) of the tapped-L circuit. The dashed line shows the case without
the shunting capacitor and the solid line corresponds to the case when the SQUID is
shunted with Cigpyns = 10pF. The peaks occur at 496MHz and 3.5GHz. The character-
istics have two major differences from the previous design with C,..s of 10pF. Firstly,
the first peak has a larger magnitude and is a signature of a higher Q associated with
a larger C,es. Secondly, for the non-shunted case, the ‘tail’ levels off to 50€2 at high
frequencies.
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Figure 5-11: Rel

, with M = 8pH, I, = 500nA, T =30mK, I; = 0.31., I. = 3.63uA,
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axation time 7, for the resonant frequency range of 5-15GHz. In

general, the relaxation times are shorter compared to the Cr.; = 100pF case. 7. =

9.4us at 10GHz
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Dephasing time A for fms between 5 and 15GHz

130

-
n
Q

A in [ns]

%
L3
E1s
(=]
&
8
=4
Q
o
[=]

110

105

100 N 1 L 1 1 1 1 1 1

5 6 7 8 9 10 1 12 13 14 15
Freq [GHz]

Figure 5-12: Dephasing time 7, for the resonant frequency range of 5-15GHz. « is
still the same as the C,.s being 10pF case, and is equal to 0.0003. Since the dephasing
time is mainly dominated by «, it is also comparable to the 10pF case as well.

Effect of coupling (C,.s = 100pF’)

The following table summarizes the decoherence calculations for the tapped-L circuit
with C,.s = 100pF for different coupling parameters. The relaxation times are about
4 times shorter than the earlier circuit design with a smaller C,.s of 10pF. The de-
phasing times, on the other hand, are exactly the same.

M [pH] | I, [nA] | slope lim,,_o 22 a | ,@Ql10GHz | 7,@10GHz

Case 1 8 500 0.002 0.0003 9.4us 127ns
Case 2| 30.5 500 0.03 0.0048 0.62us 8.8ns
Case 3 8 915 0.007 0.0011 2.7us 38ns
Case 4| 30.5 915 0.10 0.0161 0.2us 2.6ns

Effect of bias current through the SQUID (C,., = 100pF’)

The dependence of the decoherence times on the bias current through the SQUID is
shown in figures 5-13 and 5-14.
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Tasa function of bias current through the SQUID at fras=10GHz
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Figure 5-13: Relaxation time as a function of bias current through the SQUID. The
resonant frequency is set at 10GHz, M = 8pH, I, = 500nA, ® = 0.67®,. The x-axis
spans the supercurrent branch.

A as a function of bias current through the SQUID at f'es =10GHz
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Figure 5-14: Dephasing time as a function of bias current through the SQUID. The
resonant frequency is set at 10GHz, M = 8pH, I, = 500nA, ® = 0.679,. As in the
previous case with Crs= 10pF, the dephasing time is fairly constant over the whole
range.
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5.3 Discussion

Two inductance measurement circuits were analyzed for their effects on the decoher-
ence of the qubit. For the first tapped-L design with a 10pF resonance capacitor, the
relaxation times at 10GHz are calculated to be 0.86 to 42us depending on the qubit-
SQUID coupling. The second design with a 100pF resonance capacitor has relaxation
times between 0.2 to 9.4us at 10GHz. The difference here originates from the circuit
design, but more thought is needed to account for the exact cause. One observation
was that as the biasing inductance (L, in figure 5-1) decreased, the relaxation time
increased accordingly. In any case, the two sets of relaxation values are of the same
order and the difference can be accepted. As for the dephasing times, both designs
have values between 2.6 to 127ns depending on the coupling.

It is reasonable to compare our results with that for the switching current method
[4]. For the conditions of Isgua = 120nA, I, = 200nA, M=8pH, and I, = 500nA,
the relaxation time 7, for the switching current case was between 103us at 5GHz to
10%us at 15GHz, while the dephasing time is fairly constant at 70ns over the frequency
range. However, one should be aware that these calculations were not done for higher
bias values for Iq,q4, and that the actual effect on decoherence immediately before
the switching action was not included. Nevertheless, this suggests that there is cer-
tainly room for improving the inductance measurement circuits as far as decoherence
is concerned, especially that the circuits were designed so far to mainly optimize the
resonant characteristics and sensitivity for the measurements.

The main constraint for not achieving longer relaxation times at this point is in
fact not so much due to the principles of the inductance measurement, but rather due
to the shunting capacitor across the SQUID. The shunting capacitor was originally
inserted to narrow the distribution of the measured results. It also has a significance
of relieving the electro-static discharge (ESD) problems with the junctions. However,
the shunting capacitor and the Josephson inductance of the SQUID introduces an
additional resonant peak; operating the qubit near the resonant frequency regime
leads to extremely short decoherence times. As a result, the shunting capacitance
has to be carefully chosen to avoid causing the resonant peak to occur in the qubit
frequency range (5-15GHz). From the calculated results, the shunting capacitor is
recommended to be at least 10pF, preferably larger, at which case the resonant peak
is at about 3.5GHz. At Delft, the resonant peak is biased at 500MHz and significantly
away from the qubit frequency, hence the much improved relaxation time. However,
this poses a new concern that the peak now falls right into the SQUID inductance
frequency range. A possible alternative is to keep the resonant peak still near 3.5GHz,
but design the peak to be much sharper (with a higher Q). In this way, the amplitude
past the resonant peak decays faster and will have less effect in the qubit frequency
range. This can be achieved by raising the resistance in the branch N1-N3 in figure
5-1. For instance, when R is raised from 5052 to 2k, 7, increases from 40us to 400us.
However, since the voltage output is always measured across a 50€2 input resistance
of the amplifier, the voltage signal will be significantly reduced by the voltage divider
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ratio of 22 and may not be desired.

There are some additional issues that are worth special attention. Firstly, refer-
ring to the dotted line of figure 5-2, the real impedance of the circuit without the
shunting capacitor has a ‘tail’ that climbs up at high frequencies. This is because
in the higher frequency regime past the resonance, the impedance of Ly of figure
5-1 starts to dominate and the current would be forced to enter the branch N1-N3
rather than N1-N4. N1-N3 has purely real impedance, consequently the real part of
Zi(w) increases. Fortunately, once the SQUID is capacitively shunted, the ‘tail’ can
be suppressed by the falling edge of the resonant peak introduced by the shunting
capacitor. Thus this turns out not to be a concern.

In addition, the coupling between the qubit and the SQUID has a significant role
on decoherence. This is well expected and agrees with the dilemma that a strong
coupling between the detector and the qubit yields a strong signal but also intro-
duces severe decoherence on the qubit. The first coupling parameter is the mutual
inductance M between the SQUID and the qubit. It mainly depends on the geomet-
ric loop sizes and the proximity between the structures. For the on-chip designs at
MIT, M is about 30pH. While at Delft, the dimensions of the SQUID and the qubit
are both smaller and correspond to M = 8pH. The second coupling parameter is the
size of the persistent current in the qubit loop I,. This is mainly determined by the
critical current of the junctions. It is about 915nA in our case and 500nA for Delft.
Consequently, the coupling parameters at MIT yield a larger signal, yet the relaxation
time is about 50 times shorter.

Finally, the inductance measurement has the flexibility to vary the SQUID bias
current while the switching current method does not. Therefore, the inductance
measurement can serve as a valuable tool to study the effect of the bias current on
decoherence experimentally. One may be concerned that since the optimal signal
of the inductance measurement relies critically on the bias current, and so as one
gradually varies the current away from the optimal point, the signal will inevitably
suffer. Fortunately, the operation relies mainly on the amplitude of the AC bias and
less so on the DC bias. So far as the SQUID is kept in the supercurrent branch, one
may use the DC current bias as a knob to measure the corresponding decoherence
times. Unwanted issues such as the non-linear effects of the Josephson inductance
may come into play, but should not affect the principles of the operation.
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Chapter 6

Conclusion and Future Work

In this thesis, we have presented a way of measuring the state of the superconducting
persistent current qubit by operating the SQUID magnetometer as a flux-sensitive
inductor. Unlike the preceding switching current method, the current through the
SQUID can now be biased significantly below the critical current level. Prototype
resonant circuits were made with chip components on printed circuit boards. The
resonant testing at room temperature with a network analyzer enhanced our under-
standing of the parasitics and confirmed the reliability of the impedance matching
design and the tapped-L impedance transformation. Four high-Q on-chip circuits
were designed with optimizing the signal of the inductance measurement in mind.
These circuits will soon be in fabrication and tested. The operating procedures have
been carefully thought through with the specific circuit parameters. Optimal biasing
points for the external magnetic flux, DC bias current and AC bias current through
the SQUID were proposed. Despite the extremely small value of the SQUID Joseph-
son inductance, the resulting voltage signal from the qubit ranges from 2 to 12 uV
depending on the circuit, and is large enough to be measured. Calculations of the
decoherence times for the specific circuits were also performed, and the results sug-
gested that the relaxation times are on the order of 1 to 50 us depending on the
strength of coupling between the qubit and the SQUID.

This thesis laid the foundation for experimentally implementing the SQUID in-
ductance measurement. It has taken the work to a point where several significant
experiments are ready to be carried out in the near future. Preparation for RF
measurements at 4 kelvin has started with the setup of the co-axial lines and the
installation of a new sample stage on the cryostat. The current task involves build-
ing the RF electronics to replace the functionality of the network analyzer. Off-chip
inductance measurements with a SQUID and chip components is also well underway;
this will facilitate the future testing of the on-chip experiments. Not only this new
measurement scheme provides an improved way to detect the qubit state, it also has
the promise of studying the effect of the biasing conditions on decoherence. The
prospect of the SQUID inductance measurement looks very promising in the years to
come.
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Appendix A

Copper powder Filters

Copper powder filters are microwave filters used in cryogenic experiments especially
those involving Josephson junctions and SETs [14]. These passive filters serve to
eliminate electromagnetic noise introduced through the lead wires from the high-
temperature part of the experimental setup. A general description of the filters and
the making procedures are presented below. With reference to some literature, the
effect of varying the components such as the material of the inner wire, the type of
powder and the grain size will also be discussed.

Figure A-1: Cross section of a copper powder filter. The center wire is wound into
a coil and acts as the inner conductor. The copper tube housing acts as the outer
conductor. The SMA connectors are press-fit into the copper tube at both ends. The
powder fills up the space inbetween and can be thought of a damping material for
the electromagnetic signal. A small amount of epoxy is added at the end to improve
the thermal property at low temperature.

The cross section of a typical powder filter is shown in figure A-1. The filter is
made from an insulated wire wound into a coil. The coil is then housed inside a copper
tube filled with metallic powder made from copper or stainless steel. The insulation
of the wire is stripped off at both ends, and each end is attached to a SMA connector.
The connectors are then press fit into the tube. The tube acts as an outer conductor
while the wire is the inner conductor. The powder can be thought of as a damping
material inbetween. A small amount of epoxy is added to the copper powder as a
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thermal anchor at low temperature. For reference, the complete procedures are listed
at the end of this section.

The filter essentially acts as a low-pass network as shown in figure A-2. The ca-
pacitance is contributed by the natural oxide layer on the surface of the grain, and
the big resistance R is the sheet resistance due to the skin depth effect. Moreover, L
is the inductance of the wire and r is the resistance of the wire and is very small.

L T
B —

R

\|
/l
9!

Figure A-2: Low pass model of the powder filter.

The attenuation property of the filters were studied by varying the component
sizes [15]. In summary, it was found that stainless steel powder has a stronger atten-
uation than copper powder. Moreover, the attenuation is larger for a grain size of
30pum than 1pum. A possible reason was that the more compact packing associated
with the smaller grain size leads to a less effective surface area of the oxide layer. The
attenuation has little change when the inner copper wire was replaced by a supercon-
ducting wire, but depends on the length of the wire.
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Figure A-3 shows the transfer characteristics of the powder filters made in our
group. The inner wire was 1m long. The powder was made from stainless steel and
of 325 mesh size. The epoxy was BIPAX Tra-bond BA-2115. The solid line shows
the data from a filter made with a magnet wire of copper core (Belden 8083, AWG
34), and the dotted line corresponds to a manganin wire (5mils OD). Both materials
show similar characteristics. The attenuation reaches -3dB at 60MHz and -20dB by
1GHz.

Frequency [GHz]

Figure A-3: Attenuation characteristics of the powder filters. The solid line shows

data for a copper inner wire, and the dotted line corresponds to a manganin wire.
The attenuation reaches -3dB at 60MHz and -20dB by 1GHz.
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Procedures to make a copper powder filter

A. Copper Tube:

1.

Start with a copper cylinder or a specific shape designed to fit on the sample
stage.

Drill a hole through the center of the cylinder in two steps. Use a 1st drill bit
of size no. 12, then use a 2nd drill bit of size 13/64”. The size of the hole has
to be fairly accurate in order for the SMA connectors (Johnson’s components
528-1970) to press fit.

B. Filter:

10.
11.

12.

. Cut a piece of insulated copper wire (Belden 8083) about 1 meter long.

. Wind the wire into a coil by wrapping it tightly around a rod of 0.125” O.D.

or a wooden stick e.g. Q-tip.

Strip about 5mm of the insulation off at both ends with sand paper or a razor
blade.

Solder one stripped end (exposed copper) to the center gold conductor of a SMA
connector.

Slightly wind the remaining exposed length tightly around the center conductor.

Squeeze some Duno Cement all around the solder connection to insulate the
wire and the center conductor from the outside. This is particularly important
to avoid shorting the filter when the tube is later filled with metallic powder.

Allow the Duno Cement to dry for 15 mins.

Add a drop of epoxy (Tra-Bond 2115) on the hardened cement to ensure com-
plete insulation.

Allow the epoxy to dry for 15 mins.
Pass the coil through the hole of the copper tube prepared in part A.

Press fit the SMA connector at one end of the copper tube. Use a vice for press-
fitting. Put some soft insulation (e.g. plastic block) between the vice and the
connector to avoid damaging the connector. Make sure the coil is kept inside
the tube while press-fitting to avoid damaging the coil. It may be useful to put
some scotch tape to seal the other end of the hole so that the coil would not
stick out on the other end.

After the connector is press-fit in the copper tube, remove the scotch tape, but
use a finger to keep the coil in the hole.
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13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

Pick out the end of the stripped wire and keep it outside the hole.

Carefully use a micro-spoon to fill the hole with powder (Alfa Aesar 325 mesh,
type 315-L).

Gently shake the tube occasionally to facilitate powder to settle. Fill the tube
until 1em below the top.

Add 1 to 2 drops of epoxy on top of the powder.

Wait for 15 mins for powder and epoxy mixture to settle. Add more powder
and then epoxy if room permits. But remember to leave room for press-fitting
the other SMA connector.

Partially cover the hole with scotch tape and let dry overnight.

On the next day, solder the remaining stripped end to the second SMA connec-
tor. Insulate with Duno Cement and epoxy as steps 6-8.

Press-fit the connector into the tube as step 11.

Check open/short of filter with a digital multimeter. The filter should be short
when tested at the 2 ends of the inner SMA conductors, and open between the
SMA inner conductors and the outer copper tube.

Filter is completed. Measure characteristics with network analyzer.

Remarks: Powder filters are made with SMA connectors so that the transfer char-
acteristics can be tested with a network analyzer. Beyond the testing stage, actual
filters are soldered to DC pin connectors at both ends. The DC pin connectors have
been home-made with a short piece (about lem) of thick bare copper wire of 0.144”
diameter (e.g. manufactured by Malin Co.) inserted through a short teflon tube
(plastic plug). The tube can be made by drilling a 0.158” (slightly bigger than wire
diameter) hole through the center of a teflon rod.
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Manufacturers/Suppliers for Parts

e Insulated Copper Wire
Manufacturer: Belden
Part no: 8083

e Stainless Steel Powder
Manufacturer: Alfa Aesar
Specs: 325 mesh type 316-L

e Epoxy
Manufacturer: Tra-Con
Part no: BIPAX Tra-bond BA 2115

e SMA Connectors
Manufacturer: Johnson’s Components
Distributer: Allied Electronics, 205 E. Central St., STE 10, Franklin, MA 02038.
Tel: (508) 384-0400
Manufacturer part no: 528-1970
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Appendix B

Spiral Inductors

Some useful strategies for designing spiral inductors for on-chip circuits are presented
based on [16, 17].

Figure B-1 shows a simple model of a spiral inductor. Other than the inductance
L, there are also some parasitic capacitance C; and C,,. The overlap between the
spiral and the overpass causes unwanted direct capacitive coupling between the two
terminals of the inductor, and this is represented by C;. The oxide capacitance be-
tween the spiral and the silicon substrate is modelled by C,,. Note that there is no
resistance associated with the Nb wire because the material is superconducting at 4K.

Cox = éLS 7LCS | | <—

overpass

Figure B-1: Simple model of a spiral inductor(left) and the illustration of the over-
pass(right)

The overall inductance L, is contributed partly by the self-inductance of each
wire segment but mainly by the positive and negative mutual inductances between
all possible pairs. Wires that are perpendicular to each other have no mutual coupling
since their magnetic flux are not linked. The coupling is positive if the currents in
the two wires are in the same direction and negative for opposite currents. Typically,
the inter-winding spacing is either equal to or smaller than the width of the wire.
The spiral inductors on QC4 were chosen to have both equal 1um. Smaller spacing
improves the magnetic coupling and reduces the area of the spiral. A large spacing is
only desired to reduce the interwinding capacitance, which is usually dominated by
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the overpass capacitance anyway. In addition, it is usually preferred to leave as much
space in the center of the spiral as possible. A spiral that is fully occupied towards
the center has smaller inductance because the innermost turns in the center region
contribute to more negative mutual inductance.

The performance of the spiral inductor is measured by its Q. The reduction of
Q is caused by unwanted effects such as substrate loss and self-resonance. The self-
resonant frequency is given by:

1
VLs % (Cs + Cor)

In addition, one has to make sure that the total length of the spiral is much shorter
than the wavelength, so that it can still be considered as a lumped element. This is
confirmed for the inductors on QQC4 since the operating wavelength is about 60cm.

(B.1)

f os,spiral —
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