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PANEL DATA MODELS WITH NONADDITIVE UNOBSERVED
HETEROGENEITY: ESTIMATION AND INFERENCE
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ABSTRACT. This paper considers fixed effects estimation and inference in linear and nonlin-
ear panel data models with random coefficients and endogenous regressors. The quantities
of interest — means, variances, and other moments of the random coeflicients — are estimated
by cross sectional sample moments of GMM estimators applied separately to the time se-
ries of each individual. To deal with the incidental parameter problem introduced by the
noise of the within-individual estimators in short panels, we develop bias corrections. These
corrections are based on higher-order asymptotic expansions of the GMM estimators and
produce improved point and interval estimates in moderately long panels. Under asymptotic
sequences where the cross sectional and time series dimensions of the panel pass to infinity
at the same rate, the uncorrected estimator has an asymptotic bias of the same order as
the asymptotic variance. The bias corrections remove the bias without increasing variance.
An empirical example on cigarette demand based on Becker, Grossman and Murphy (1994)
shows significant heterogeneity in the price effect across U.S. states.
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1. INTRODUCTION

This paper considers estimation and inference in linear and nonlinear panel data models
with random coefficients and endogenous regressors. The quantities of interest are means,
variances, and other moments of the distribution of the random coeflicients. In a state level
panel model of rational addiction, for example, we might be interested in the mean and vari-
ance of the distribution of the price effect on cigarette consumption across states, controlling
for endogenous past and future consumptions. These models pose important challenges in
estimation and inference if the relation between the regressors and random coefficients is
left unrestricted. Fixed effects methods based on GMM estimators applied separately to
the time series of each individual can be severely biased due to the incidental parameter
problem. The source of the bias is the finite-sample bias of GMM if some of the regressors
is endogenous or the model is nonlinear in parameters, or nonlinearities if the parameter of
interest is the variance or other high order moment of the random coefficients. Neglecting the
heterogeneity and imposing fixed coefficients does not solve the problem, because the result-
ing estimators are generally inconsistent for the mean of the random coefficients (Yitzhaki,
1996, and Angrist, Graddy and Imbens, 2000).! Moreover, imposing fixed coefficients does
not allow us to estimate other moments of the distribution of the random coefficients.

We introduce a class of bias-corrected panel fixed effects GMM estimators. Thus, instead
of imposing fixed coefficients, we estimate different coefficients for each individual using the
time series observations and correct for the resulting incidental parameter bias. For linear
models, in addition to the bias correction, these estimators differ from the standard fixed
effects estimators in that both the intercept and the slopes are different for each individual.
Moreover, unlike for the classical random coefficient estimators, they do not rely on any
restriction in the relationship between the regressors and random coefficients; see Hsiao and
Pesaran (2004) for a recent survey on random coefficient models. This flexibility allows us
to account for Roy (1951) type selection where the regressors are decision variables with
levels determined by their returns. Linear models with Roy selection are commonly referred
to as correlated random coefficient models in the panel data literature. In the presence of
endogenous regressors, treating the random coefficients as fixed effects is also convenient to
overcome the identification problems in these models pointed out by Kelejian (1974).

The most general models we consider are semiparametric in the sense that the distribu-
tion of the random coefficients is unspecified and the parameters are identified from moment
conditions. These conditions can be nonlinear functions in parameters and variables, accom-
modating both linear and nonlinear random coefficient models, and allowing for the presence

of time varying endogeneity in the regressors not captured by the random coefficients. We

'Heckman and Vytlacil (2000) and Angrist (2004) find sufficient conditions for fixed coefficient OLS and IV
estimators to be consistent for the average coefficient.
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use the moment conditions to estimate the model parameters and other quantities of interest
via GMM methods applied separately to the time series of each individual. The resulting
estimates can be severely biased in short panels due to the incidental parameters problem,
which in this case is a consequence of the finite-sample bias of GMM (Newey and Smith,
2004) and/or the nonlinearity of the quantities of interest in the random coefficients. We

develop analytical corrections to reduce the bias.

To derive the bias corrections, we use higher-order expansions of the GMM estimators,
extending the analysis in Newey and Smith (2004) for cross sectional estimators to panel data
estimators with fixed effects and serial dependence. If n and T denote the cross sectional
and time series dimensions of the panel, the corrections remove the leading term of the bias
of order O(T 1), and center the asymptotic distribution at the true parameter value under
sequences where n and T grow at the same rate. This approach is aimed to perform well in
econometric applications that use moderately long panels, where the most important part
of the bias is captured by the first term of the expansion. Other previous studies that used
a similar approach for the analysis of linear and nonlinear fixed effects estimators in panel
data include, among others, Kiviet (1995), Phillips and Moon (1999), Alvarez and Arellano
(2003), Hahn and Kuersteiner (2002), Lancaster (2002), Woutersen (2002), Hahn and Newey
(2004), and Hahn and Kuersteiner (2011). See Arellano and Hahn (2007) for a survey of this
literature and additional references.

A first distinctive feature of our corrections is that they can be used in overidentified mod-
els where the number of moment restrictions is greater than the dimension of the parameter
vector. This situation is common in economic applications such as rational expectation mod-
els. Overidentification complicates the analysis by introducing an initial stage for estimating
optimal weighting matrices to combine the moment conditions, and precludes the use of
the existing methods. For example, Hahn and Newey’s (2004) and Hahn and Kuersteiner’s
(2011) general bias reduction methods for nonlinear panel data models do not cover optimal
two-step GMM estimators. A second distinctive feature is that our results are specifically
developed for models with multidimensional nonadditive heterogeneity, whereas the previ-
ous studies focused mostly on models with additive heterogeneity captured by an scalar
individual effect. Exceptions include Arellano and Hahn (2006) and Bester and Hansen
(2008), which also considered multidimensional heterogeneity, but they focus on parametric
likelihood-based panel models with exogenous regressors. Bai (2009) analyzed related linear
panel models with exogenous regressors and multidimensional interactive individual effects.
Bai’s nonadditive heterogeneity allows for interaction between individual effects and unob-
served factors, whereas the nonadditive heterogeneity that we consider allows for interaction
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between individual effects and observed regressors. A third distinctive feature of our analy-
sis is the focus on moments of the distribution of the individual effects as one of the main

quantities of interest.

We illustrate the applicability of our methods with empirical and numerical examples
based on the cigarette demand application of Becker, Grossman and Murphy (1994). Here,
we estimate a linear rational addictive demand model with state-specific coefficients for price
and common parameters for the other regressors using a panel data set of U.S. states. We find
that standard estimators that do not account for non-additive heterogeneity by imposing a
constant coefficient for price can have important biases for the common parameters, mean of
the price coefficient and demand elasticities. The analytical bias corrections are effective in
removing the bias of the estimates of the mean and standard deviation of the price coeflicient.
Figure 1 gives a preview of the empirical results. It plots a normal approximation to the
distribution of the price effect based on uncorrected and bias corrected estimates of the
mean and standard deviation of the distribution of the price coefficient. The figure shows
that there is important heterogeneity in the price effect across states. The bias correction
reduces by more than 15% the absolute value of the estimate of the mean effect and by 30%
the estimate of the standard deviation.

Some of the results for the linear model are related to the recent literature on correlated
random coefficient panel models with fixed 7. Graham and Powell (2008) gave identification
and estimation results for average effects. Arellano and Bonhomme (2010) studied identi-
fication of the distributional characteristics of the random coefficients in exogenous linear
models. None of these papers considered the case where some of the regressors have time
varying endogeneity not captured by the random coefficients or the model is nonlinear. For
nonlinear models, Chernozhukov, Fernandez-Val, Hahn and Newey (2010) considered identi-
fication and estimation of average and quantile treatment effects. Their nonparametric and
semiparametric bounds do not require large-T', but they do not cover models with continuous

regressors and time varying endogeneity.

The rest of the paper is organized as follows. Section 2 illustrates the type of models
considered and discusses the nature of the bias in two examples. Section 3 introduces the
general model and fixed effects GMM estimators. Section 4 derives the asymptotic properties
of the estimators. The bias corrections and their asymptotic properties are given in Section
5. Section 6 describes the empirical and numerical examples. Section 7 concludes with a
summary of the main results. Additional numerical examples, proofs and other technical
details are given in the online supplementary appendix Fernandez-Val and Lee (2012).



2. MOTIVATING EXAMPLES

In this section we describe in detail two simple examples to illustrate the nature of the bias
problem. The first example is a linear correlated random coefficient model with endogenous
regressors. We show that averaging IV estimators applied separately to the time series of each
individual is biased for the mean of the random coefficients because of the finite-sample bias
of IV. The second example considers estimation of the variance of the individual coefficients
in a simple setting without endogeneity. Here the sample variance of the estimators of the
individual coefficients is biased because of the non-linearity of the variance operator in the
individual coefficients. The discussion in this section is heuristic leaving to Section 4 the
specification of precise regularity conditions for the validity of the asymptotic expansions

used.

2.1. Correlated random coefficient model with endogenous regressors. Consider
the following panel model:

(2.1) Vit = qoi + o+ €4, G=1,...,mt=1,..,T);

where y;; is a response variable, z; is an observable regressor, €; is an unobservable error
term, and i and ¢ usually index individual and time period, respectively.? This is a linear ran-
dom coefficient model where the effect of the regressor is heterogenous across individuals, but
no restriction is imposed on the distribution of the individual effect vector a; := (ap;, a1;)'.
The regressor can be correlated with the error term and a valid instrument (1, z;;) is available
for (1, z;), that is Fley | a;] = 0, Elzyey | ai] = 0 and Cov[zyzy | ;] # 0. An important
example of this model is the panel version of the treatment-effect model (Wooldridge, 2002
Chapter 10.2.3, and Angrist and Hahn, 2004). Here, the objective is to evaluate the effect
of a treatment (D) on an outcome variable (Y). The average causal effect for each level
of treatment is defined as the difference between the potential outcome that the individual
would obtain with and without the treatment, Y; — Y;. If individuals can choose the level
of treatment, potential outcomes and levels of treatment are generally correlated. An in-
strumental variable Z can be used to identify the causal effect. If potential outcomes are
represented as the sum of permanent individual components and transitory individual-time
specific shocks, that is Yj; = Yj; + €;4 for j € {0,1}, then we can write this model as a
special case of (2.1) with y;; = (1 — Di)Yoir + DitYiie, aos = Yos, ai = Y1 — Yoi, i = Dy,
zig = Zit, and € = (1 — Dye)eoir + Diserie.

Suppose that we are ultimately interested in a; := E[ay;], the mean of the random slope
coefficient. We could neglect the heterogeneity and run fixed effects OLS and IV regressions

2More generally, ¢ denotes a group index and t indexes the observations within the group. Examples of
groups include individuals, states, households, schools, or twins.



in
Yit = Qo; + Q1T + Ust,

where u;; = x;(q1; — ;1) + €5 in terms of the model (2.1). In this case, OLS and IV estimate
weighted means of the random coefficients in the population; see, for example, Yitzhaki
(1996) and Angrist and Krueger (1999) for OLS, and Angrist, Graddy and Imbens (2000)
for IV. OLS puts more weight on individuals with higher variances of the regressor because
they give more information about the slope; whereas IV weighs individuals in proportion to
the variance of the first stage fitted values because these variances reflect the amount of in-
formation that the individuals convey about the part of the slope affected by the instrument.
These weighted means are generally different from the mean effect because the weights can

be correlated with the individual effects.

To see how these implicit OLS and IV weighting schemes affect the estimand of the fixed-
coefficient estimators, assume for simplicity that the relationship between z;; and z;; is linear,
that is x4 = m; + T1i2i + Vit (€3, Uyg) is normal conditional on (2, a;, m;), 2 is independent
of (e, m;), and (ay, m;) is normal, for m; := (mg;, 71;)'. Then, the probability limits of the OLS
and IV estimators are’

af™® = ay + {Covle, vt + 2E[my]Var[zi|Covlon;, myi]}/V ar[zs),

a{V = o1+ CO’U[ali, 7T”]/E[7T11']'

These expressions show that the OLS estimand differs from the average coeflicient in presence
of endogeneity, i.e. non zero correlation between the individual-time specific error terms, or
whenever the random coeflicients are correlated; while the IV estimand differs from the
average coefficient only in the latter case.* In the treatment-effects model, there exists
correlation between the error terms in presence of endogeneity bias and correlation between
the individual effects arises under Roy-type selection, i.e., when individuals who experience
a higher permanent effect of the treatment are relatively more prone to accept the offer
of treatment. Wooldridge (2005) and Murtazashvile and Wooldridge (2005) give sufficient
conditions for consistency of standard OLS and IV fixed effects estimators. These conditions
amount to Covle;, vit] = 0 and Cov[zy, agi|as] = 0.

Our proposal is to estimate the mean coeflicient from separate time series estimators
for each individual. This strategy consists of running OLS or IV for each individual, and
then estimating the population moment of interest by the corresponding sample moment

3The limit of the IV estimator is obtained from a first stage equation that imposes also fixed coefficients,
that is x;; = mo; + 1245 + wse, where wy; = zy(w1; — m1) + viz. When the first stage equation is different for
each individual, the limit of the IV estimator is

OL{V = -+ 2E[7F1,']CO’U[C!1,‘, 7T11;]/{E[7T1i]2 + Va?"[ﬂli]}.

See Theorems 2 and 3 in Angrist and Imbens (1995) for a related discussion.
4This feature of the IV estimator is also pointed out in Angrist, Graddy and Imbens (1999), p. 507.
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of the individual estimators. For example, the mean of the random slope coefficient in the
population is estimated by the sample average of the OLS or IV slopes. These sample
moments converge to the population moments of interest as number of individuals n and
time periods T grow. However, since a different coefficient is estimated for each individual,
the asymptotic distribution of the sample moments can have asymptotic bias due to the
incidental parameter problem (Neyman and Scott, 1948).

To illustrate the nature of this bias, consider the estimator of the mean coefficient oy
constructed from individual time series IV estimators. In this case the incidental parameter
problem is caused by the finite-sample bias of IV. This can be explained using some expan-
sions. Thus, assuming independence across t, standard higher-order asymptotics gives (e.g.
Rilstone et. al., 1996), as T — oo

\/T(a{ alz \/' Z 'szt + \/lTﬂz + OP(T_1/2):

where ¥y = E[Z%: | ou, m5) " Zisey; is the influence function of IV, 8; = —E[Zu%: | ai, m5) ™2

E[Z2%ue | i, m;] is the higher-order bias of IV (see, e.g., Nagar, 1959, and Buse, 1992), and
the variables with tilde are in deviation from their individual means, e.g., Z;; = 2z — E[zy |
a;, ;). In the previous expression the first order asymptotic distribution of the individual
estimator is centered at the truth since vVT'(afY — ay;) —¢ N(0,02) as T — oo, where
02 = Ez4%u | i, m) 2E[2263 | oy, ).

Let & = n~! 37  alY, the sample average of the IV estimators. The asymptotic distri-
bution of @; is not centered around «; in short panels or more precisely under asymptotic
sequences where T'/4/n — 0. To see this, consider the expansion for @

ar—a =——}——na~—a Ln&w—a‘
V(e 1) \/ﬁ;( 1i—o)+ \/ﬁ;( 1 1)

The first term is the standard influence function for a sample mean of known elements. The
second term comes from the estimation of the individual elements inside the sample mean.

Assuming independence across ¢ and combining the previous expansions,

Vn(@ — a;p) = \/—Z o1 — Otl)"*'\/—\/——zzi/fn‘l* Zﬁz"‘OP(l

i=1 t=1

=0p(1) ~0p(1/VT) ~O(/A/T)
This expression shows that the bias term dominates the asymptotic distribution of @; in
short panels under sequences where T'/y/n — 0. Averaging reduces the order of the variance
of afY, without affecting the order of its bias. In this case the estimation of the random
coefficients has no first order effect in the asymptotic variance of @; because the second term

is of smaller order than the first term.



A potential drawback of the individual by individual time series estimation is that it might
more be sensitive to weak identification problems than fixed coefficient pooled estimation.®
In the random coefficient model, for example, we require that E[Z;Z: | o, m;] = m1; # 0 with
probability one, i.e., for all the individuals, whereas fixed coefficient IV only requires that this
condition holds on average, i.e., E[ry;] # 0. The individual estimators are therefore more
sensitive than traditional pooled estimators to weak instruments problems. On the other
hand, individual by individual estimation relaxes the exogeneity condition by conditioning on
additive and non-additive time invariant heterogeneity, i.e, F[Zy€ey | ai, m;] = 0. Traditional
fixed effects estimators only condition on additive time invariant heterogeneity. A formal
treatment of these identification issues is beyond the scope of this paper.

2.2. Variance of individual coefficients. Consider the panel model:
Vie = 0y + €, € | s~ (0,02), oy ~ (a,02), (t=1,..,T;i=1,..,n);

where y;; is an outcome variable of interest, which can be decomposed in an individual effect

2, and an error term €; with zero mean and variance o?

o; with mean o and variance o2
conditional on «;. The parameter of interest is 02 = Var[o;] and its fixed effects estimator

is
n

Go=(n—-1)" Z(az' - a)?,

where a; = T! z;f:l yeand @ =n"1Y " @
Let @o, = (s — @)? — 02 and ¢, = €2 — 02. Assuming independence across i and ¢, a

standard asymptotic expansion gives, as n,T — oo,

V(32 - o2 \/_Zgoai N ZZ(pm+ —naz + op(1).

=1 t=1 ., \-\/—/
=0(vn/T)

—OP( ) :Op(l/\/T)
The first term corresponds to the influence function of the sample variance if the o;’s were
known. The second term comes from the estimation of the a;’s. The third term is a bias
term that comes from the nonlinearity of the variance in @;. The bias term dominates the
expansion in short panels under sequences where T'/y/n — 0. As in the previous example,
the estimation of the a;’s has no first order affect in the asymptotic variance since the second

term is of smaller order than the first term.

SWe thank a referee for pointing out this issue.



3. THE MODEL AND ESTIMATORS

We consider a general model with a finite number of moment conditions d,. To describe it,
let the data be denoted by z;; (i =1,...,n;¢t =1,...,T). We assume that z;; is independent
over ¢ and stationary and strongly mixing over ¢. Also, let § be a dg—vector of common
parameters, {a; : 1 < i < n} be a sequence of d,—vectors with the realizations of the
individual effects, and g(z;6, ;) be an dg—vector of functions, where dy > dy + d..6 The
model has true parameters 6y and {a;o: 1 < i < n}, satisfying the moment conditions

E [g(zit; 90, Ot,'())] = 0, (t = 1, ceey T,Z = 1, ey n),
where E[-] denotes conditional expectation with respect to the distribution of z; conditional

on the individual effects.

Let E[-] denote the expectation taken with respect to the distribution of the individual
effects. In the previous model, the ultimate quantities of interest are smooth functions of
parameters and observations, which in some cases could be the parameters themselves,

¢ = EE[(i(zit; 60, o)),

if EFE|C(z; 60, aso)| < 00, or moments or other smooth functions of the individual effects

k= Elu(an)),
if E|p(auo)| < 0o. In the correlated random coefficient example, g(zi; 0o, o) = 2it (Yis — i0 —
a10%it), 0 =0, dg =0, do, = 2, and p(ai) = asp. In the variance of the random coefficients
example, g(zi; 6o, o) = (yie — i), =10, dg =0, do = 1, and p(ou0) = (a0 — Efosio])?.
Some more notation, which will be extensively used in the definition of the estimators and

in the analysis of their asymptotic properties, is the following
Q]l(ea ai) = E[g(zit; 95 ai)g(zi,t—j; 6) ai),]; J S {Oa 1) 2; }7
Go,(0, ;) = E[Gy(zi;0,;)] = F [89(2it; 0, ;) /00],
Go,(0,0:) = E[Ga(2i;0, ;)] = E [8g(zu; 0, ;) /0],
where superscript ’ denotes transpose and higher-order derivatives will be denoted by adding

subscripts. Here €);; is the covariance matrix between the moment conditions for individual
i at times ¢t and ¢ — j, and Gy, and G, are time series average derivatives of these conditions.

bwe impose that some of the parameters are common for all the individuals to help preserve degrees of
freedom in estimation of short panels with many regressors. An order condition for this model is that the
number of individual specific parameters d, has to be less than the time dimension T
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Analogously, for sample moments

T
Qji(0,00) == T7' ) gz 0, 0)g(zi4j; 0,0)', j €{0,1,..., T =1},

t=j+1

@gi(ﬁ,ai) = T_IZGG zi; 0, ;) = 1239(%,0 a;)/ 00,

t=1
T

Go,(0,05) = T-lzaamt;e,ai):T*Zagm;e,ai)/aa;-
t=1 t=1

In the sequel, the arguments of the expressions will be omitted when the functions are
evaluated at the true parameter values (6}, o), .., g(2it) means g(z; 6o, o).

In cross-section and time series models, parameters defined from moment conditions are
usually estimated using the two-step GMM estimator of Hansen (1982) To describe how
to adapt this method to panel models with fixed effects, let §;(8, ;) := T} Zt_l 9(zit; 0, o),
and let (@, {&}™_,)’ be some preliminary one-step FE-GMM estimator, given by (¢, {&/}™,) =
arginfyg oyeryn | Yiny Gi(0, i)’ W' Gi(6, 0z), where Y C R%+de denotes the parameter
space, and {f/.V\z : 1 < ¢ < n} is a sequence of positive definite symmetric dy X d, weighting
matrices. The two-step FE-GMM estimator is the solution to the following program

@ Aatn) =g, e Zgz (8, ) (B, G:)75i(6, ),

where ﬁz(é, @;) is an estimator of the optimal weighting matrix for individual ¢
VQO,+Z Qi + Q).

To facilitate the asymptotic analysis, in the estimation of the optimal weighting matrix
we assume that g(zi; 6o, ai0) is a martingale difference sequence with respect to the sigma
algebra o(wi, z;t—1, 2it-2, ...), S0 that €; = Qp; and ﬁz(é, G;) = QOi(é, &;). This assumption
holds in rational expectation models. We do not impose this assumption to derive the
limiting distribution of the one-step FE-GMM estimator.

For the subsequent analysis of the asymptotic properties of the estimator, it is convenient
to consider the concentrated or profile problem. This problem is a two-step procedure. In
the first step the program is solved for the individual effects, given the value of the common
parameter 6. The First Order Conditions (FOC) for this stage, reparametrized conveniently
as in Newey and Smith (2004), are the following

o sy 6’1(90@( ))A:(6) o (e .
tz(ﬁ,'yz(ﬂ))— <A( a( )) (é&))\ (0)> 07 ( _'17“'a )7
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where ); is a dg—vector of individual Lagrange multipliers for the moment conditions, and
v = (af, A}) is an extended (d, + dg)-vector of individual effects. Then, the solutions to
the previous equations are plugged into the original problem, leading to the following first
order conditions for 6, 3(5) = 0, where

5(0) =n1 D 5:(0,7:(0)) = —n71 > Ga,(6,8:(0) Nu(8),
i=1 =1

is the profile score function for 4.7

Fixed effects estimators of smooth functions of parameters and observations are con-

structed using the plug-in principle, ie. ¢ = C (9\) where

= (nT)~ ZZ( (zi; 6, @;(0)).

i=1 t=1

Similarly, moments of the individual effects are estimated by 1z = ﬁ(a), where

A0) =nt > @)
i=1

4. ASYMPTOTIC THEORY FOR FE-GMM ESTIMATORS

In this section we analyze the properties of one-step and two-step FE-GMM estimators in
large samples. We show consistency and derive the asymptotic distributions for estimators
of individual effects, common parameters and other quantities of interest under sequences
where both n and T pass to infinity with the sample size. We establish results separately
for one-step and two-step estimators because the former are derived under less restrictive

assumptions.

We make the following assumptions to show uniform consistency of the FE-GMM one-step
estimator:

Condition 1 (Sampling and asymptotics). (i) For eachi, conditional on oy, z; == {ziy : 1 <t < T}

is a stationary mizing sequence of random vectors with strong mizing coefficients a;(l) =

SUP, SUP sc4i D, |P(AN D) — P(A)P(D)|, where Al = o(oy, 2it, Zig-1, ---) and Dt = o (au, zit, Zig+1, ),
such that sup; |a;(1)] < Ca' for some 0 < a < 1 and some C > 0; (i) {(z;, ) : 1 <i < n}

are independent and identically distributed across i; (i) n,T — oo such that n/T — K2,

where 0 < k2 < 00; and (w) dim [g(+; 0, a;)] = dy < 00.

"In the original parametrization, the FOC can be written as

LY Go,(0,3:(0)) (6, Gi) 5i(6,5:(9)) = O,
=1
where the superscript ~ denotes a generalized inverse.
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For a matrix or vector A, let |A| denote the Euclidean norm, that is |A|? = ¢trace[AA].

Condition 2 (Regularity and identification). (i) The vector of moment functions g(-; 0, a) =
(g1 (0,2) ..., 94, (;0,a)) is continuous in (6,a) € T; (i) the parameter space Y is a
compact, conver subset of RU*da: (i) dim (0,a) = dp + do < dy; (i) there erists a
function M (zy) such that |gr (zit; 0, ci)| < M (zi), 109k (zit; 0, s) [0 (0, 05)| < M (2t), for
k=1,..dg, and sup; E [M (zit)4+‘5] < 0o for some & > 0; and (v) there exists a deter-
ministic sequence of symmetric finite positive definite matrices {W; : 1 < i < n} such that
SUP;<i<n |Wz — W;| —=p 0, and, for eachn >0

lnf Q'YV (00a Oéi()) - sup va (9) a) > O)
* {(8,0):((6,0)~ (80, cvi0 )| >n}

where
Q:/V (07 0(1') = G (9) ai)’ Wi—lgi (91 az) y G (97 al) = E [’g\l (9$ az)] .

Conditions 1(i)-(ii) impose cross sectional independence, but allow for weak time series
dependence as in Hahn and Kuersteiner (2011). Conditions 1(iii)-(iv) describe the asymptotic
sequences that we consider where T and n grow at the same rate with the sample size, whereas
the number of moments d, is fixed. Condition 2 adapts standard assumptions of the GMM
literature to guarantee the identification of the parameters based on time series variation for
all the individuals, see Newey and McFadden (1994). The dominance and moment conditions
in 2(iv) are used to establish uniform consistency of the estimators of the individual effects.

Theorem 1 (Uniform consistency of one-step estimators). Suppose that Conditions 1 and
2 hold. Then, for anyn >0

Pr (‘é— 001 > 7)) = o(T™),
where 6 = argmaxy(g,a,)eY? ; % Z?=1 @iw(e, ;) and @W (0,:) == —75: (0, Olz'),/Wi_l@ (6, ).

Also, for any n >0

Pr ( sup |&; — auo| > 77) =0(T™") and Pr ( sup

1<i<n 1<i<n

5| > n) —o(T7),

where & = argmax, QY (4, a) and \; = —W{lﬁi(f}, &;).

Let &V = (G, W;'Ga) ™', HY = SWG, Wi, PV = W' = W 'Go, HY, JY =
Gy PY Gy, and JY := E[J}Y]. We use the following additional assumptions to derive the

limiting distribution of the one-step estimator:

Condition 3 (Regularity). (i) For each i, (8o, o) € int [Y]; and (1) J)” is finite positive
definite, and {G,,W;'Gq, : 1 < i < n} is a sequence of finite positive definite matrices,
where {W; : 1 < i < n} is the sequence of matrices of Condition 2(v).
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Condition 4 (Smoothness). (i) There exists a function M (2i) such that, for k =1,...,dg,
|6d1+dzgk (Zit; G,Ozi) /39(1180(?21 <M (Zit) , 0<di+dy £1,...,5,

and sup; £/ [M (zit)s(d9+d°‘+6)/(1_w”)+5] < 00, for some § > 0 and 0 < v < 1/10; and (it)

there emists & (zi) such that Wi = W+ "L, &(zu)/T+ RY /T, where maz;|RY| = op(T?),
E[&(z)] =0, and sup; E[|€;(2) |2/ 10)+8] < 0o, for some § > 0 and 0 < v < 1/10.

Condition 3 is the panel data analog to the standard asymptotic normality condition for
GMM with cross sectional data, see Newey and McFadden (1994). Condition 4 is similar to
Condition 4 in Hahn and Kuersteiner (2011), and guarantees the existence of higher order
expansions for the GMM estimators and the uniform convergence of their remainder terms.

Let Gaai = (G, RN G;ai’q)’, where Gaai,j = E[(’?Gai(zit)/aai,j], and Gﬁai = (Gloai,l’ Ceey ’Gaiyq)l’

oy,

where Gya, ; = E[0Gy,(21)/d ;). The symbol ® denotes kronecker product of matrices, Iq,
a dg X dy identity matrix, e; a unitary dg—vector with 1 in row 7, and P;’K ; the j-th column
of P¥. Recall that the extended individual effect is v; = (of, Aj)".

Lemma 1 (Asymptotic expansion for one-step estimators of individual effects). Under Con-
ditions 1, 2, 3, and 4,

(4.1) VT (Fio — vio) = I + T712QY + T™'RY,,

where Fi == ¥;(6o),

) HW -
v _ ( ) T3 o) 5 NO, V),

t=1

V2 g S N© EVY), n T, QW B E[BY], BY = BW 4+ BWG 4 BIIS,
Suplgsn Rgi/ = OP(\/T), fO'I“

w, 1 _
BWI =

wi1s
B‘Yi -

Ww,G B¢ -Zg S 1 pW
B o=\ pwe | =\ pgw Z E [Gay (i) Pal 9(7i6-3)] »
7

Bgs T, / Wy W ng / W pW
BW:1S = Gaai,ij QH,, /2+ Goa; (la, ® ej)Hai Qipai,j/2 ’
J

j=1 j=1

HY s
+ ( pf’; ) Z E [&(2it) PY, 9(zi0-5)] -
[¢73 j=—00
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Theorem 2 (Limit distribution of one-step estimators of common parameters). Under Con-
ditions 1, 2, 8 and 4,

VT (6 - 6) 5 —(JY)"IN («BY, V),
where

TV = B[Gy, P Gy V¥ = B[G)PYUuPY Gy ], BY = E[BY” + BYC + BYY,

T

and
BIYP = ~Gy, (BN + B + BYY)  BIYC = T ElGo () P i(za-3)),
o / d
B:X‘V = Z?:l ;az,JP(:‘!YQ'LH;{/ /2 - Z]g:l éai (Ida ® e])H(‘l}‘:Q@Pau]/2

. w1 . .
The ezpressions for By BYC and B are given in Lemma 1.
A 7 A Ai

The source of the bias is the non-zero expectation of the profile score of ¢ at the true
parameter value, due to the substitution of the unobserved individual effects by sample es-
timators. These estimators converge to their true parameter value at a rate VT, which
is slower than v/nT, the rate of convergence of the estimator of the common parameter.
Intuitively, the rate for 5; is v/T because only the T observations for individual i convey
information about <;y. In nonlinear and dynamic models, the slow convergence of the es-
timator of the individual effect introduces bias in the estimators of the rest of parameters.
The expression of this bias can be explained with an expansion of the score around the true

value of the individual effects®

E [V (60,%0)] = E[Y]+E [gml E [%io — vio] + E [, = E [3¥]) (Gio — vi0)]

da-tdg
+ E| Y Giog — o) E [8%:] (Fio = o) | /2+ o(T ™)
=1

= 0+ BYB/T 4+ BYC/T + BYV /T + o(T™).

This expression shows that the bias has the same three components as in the MLE case, see
Hahn and Newey (2004). The first component, BY"Z, comes from the higher-order bias of the
estimator of the individual effects. The second component, BY:C| is a correlation term and

is present because individual effects and common parameters are estimated using the same

8Using the notation introduced in Section 3, the score is
n n
57 (00) =715 (00, %i0) = —n 1Y G, (60, &io) Mo,
i=1 i=1
where ;6 = (&g, Ajy) is the solution to

Wog = Ga: (B0, &io) Mo )
t” (0g,%i0) = — | . M p =0.
G ( Gi(0, Gio) + Wikio
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observations. The third component, BV, is a variance term. The bias of the individual
effects, B2, can be further decomposed in three terms corresponding to the asymptotic
bias for a GMM estimator with the optimal score, B/‘\/V’I, when W is used as the weighting
function; the bias arising from estimation of G, B}(V’G; and the bias arising from not using

an optimal weighting matrix, B;V’IS.

We use the following condition to show the consistency of the two-step FE-GMM estimator:

Condition 5 (Smoothness, regularity, and martingale). (i) There ezists a function M (z)
such that |gx (zit; 0, au)| < M (zi), |09k (2it;6,;) /O (0, cq)] < M (zi), for k = 1,...,dg,
and sup; F [M (zit)lo(d"+d“+6)/(l"mv)+6] < 00, for some & > 0 and 0 < v < 1/10; (i)
{ : 1 <1 < n} is a sequence of finite positive definite matrices; and (i) for each 1,
9(zit; 0o, o) is a martingale difference sequence with respect to o(wu, Zig—1, Zig—2, - - -)-

Conditions 5(i)-(ii) are used to establish the uniform consistency of the estimators of the
individual weighting matrices. Condition 5(iii) is convenient to simplify the expressions of
the optimal weighting matrices. It holds, for example, in rational expectation models that

commonly arise in economic applications.

Theorem 3 (Uniform consistency of two-step estimators). Suppose that Conditions 1, 2, 3
and 5 hold. Then, for anyn > 0

Pr (15— 00| > n) =0 (T_l) ,

s or S QXO, i) and QF (6, ) == i (8, @) (6, &) 15 (6, ).

where § = arg max(g o)}z
Also, for anyn >0

X

> n) — o (1Y),

Pr ( sup |a; — ag| > 77) =o(T™") and Pr ( sup

1<i<n 1<i<n
where @; = arg max, Q%(8, a) and 5;(8,a;) + (6, &)X ; = 0.
We replace Condition 4 by the following condition to obtain the limit distribution of the
two-step estimator:
Condition 6 (Smoothness). There exists some M (z;) such that, fork =1,...,dg
|08 gy (2450, 04) /004 0a?| < M (2r)  0<di+dp <1,...,5,

and sup; E [1\1 (zit)10(d9+d“+6)/(1_10”)+5] < 00, for some § >0 and 0 < v < 1/10.

Condition 6 guarantees the existence of higher order expansions for the estimators of the
weighting matrices and uniform convergence of their remainder terms. Conditions 5 and 6
are stronger versions of conditions 2(iv), 2(v) and 4. They are presented separately because
they are only needed when there is a first stage where the weighting matrices are estimated.
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Let Sy, i= (G4, Q7' Co,) ™) Hay = Tae G, 7Y, and Py, := Q7! — 971G, Ha,

2

Lemma 2 (Asymptotic expansion for two-step estimators of individual effects). Under the
Conditions 1, 2, 8, 4, and 5,

(4.2) VT Hio — o) = ¥ + T™Y2B,, + T 'Ry,

where Yo == 3;(6o),

T
vim- ( I;w ) TS g(ew) S NO, V),
a; t=1

V25" 2 N(o, E[V]), By, = BL + BS + B + BY, sup;¢;c, Roi = op(V/T), with, for
Qai,j = BQai/aai,j,

Vi = dzag (Eai’ Pai) )
L BL Ha, &
B’Yi = B(;z = P ' - ZGaai,z‘ Bei/2+ E[Ga,(2it) Ha,9(2i—5)] | »
Ai Qi Jj=1
BS .
By = ( RS >=< H,a >ZE[Gai(zit)'Paig(zi,t—j)],
Ai a; 7=0
BY H, \ &
BY = ( Bff; )= ( Pa )ZE[g(zit)g(zit)lpaig(zi,t-j)]’
Ai o j=0
BY Hy, | :
W i — 2] w !
B s ( BY ) - ( P, )Z”aw (F2, — e,
; N =

Theorem 4 (Limit distribution for two-step estimators of common parameters). Under the
Conditions 1, 2, 8, 4, 5 and 6,

VT — 60) 5 —J7 N (kB,, Js)

where J, = E [Glo,-PaiGGi] ,B,=E [Bﬁ + Bsc;] , B2 = -Gy, [Bii + B,\Gi + B?i + BKH , BS =
> ieo E (G, (2it) Poyg(2it—;)]. The expressions for B}, BS, B and BY are given in Lemma
2.

Theorem 4 establishes that one iteration of the GMM procedure not only improves as-
ymptotic efficiency by reducing the variance of the influence function, but also removes the
variance and non-optimal weighting matrices components from the bias. The higher-order
bias of the estimator of the individual effects, B2, now has four components, as in Newey and
Smith (2004). These components correspond to the asymptotic bias for a GMM estimator
with the optimal score, B{; the bias arising from estimation of G,,, B¢; the bias arising
from estimation of §;, BY; and the bias arising from the choice of the preliminary first step
estimator, BYY. An additional iteration of the GMM estimator removes the term BY .
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The general procedure for deriving the asymptotic distribution of the FE-GMM estimators
consists of several expansions. First, we derive higher-order asymptotic expansions for the
estimators of the individual effects, with the common parameter fixed at its true value ;.
Next, we obtain the asymptotic distribution for the profile score of the common parameter
at 0y using the expansions of the estimators of the individual effects. Finally, we derive the
asymptotic distribution of estimator for the common parameter multiplying the asymptotic
distribution of the score by the limit profile Jacobian matrix. This procedure is detailed
in the online appendix Fernandez-Val and Lee (2012). Here we characterize the asymptotic
bias in a linear correlated random coefficient model with endogenous regressors. Motivated
by the numerical and empirical examples that follow, we consider a model where only the
variables with common parameter are endogenous and allow for the moment conditions not
to be martingale difference sequences.

Example: Correlated random coefficient model with endogenous regressors. We

consider a simplified version of the models in the empirical and numerical examples. The
notation is the same as in the theorems discussed above. The moment condition is

9(zit; 0, o) = wir(yar — 33/m04i — T9;48),

where w;; = (2};;, wh;,)" and z = (2,4, Thy, Why, ¥i) . That is, only the regressors with com-
mon coefficients are endogenous. Let €; = y;; — 2,00 — T5,600. To simplify the expressions
for the bias, we assume that ¢; | w;, a; ~ 1.4.d.(0, 02) and E[zoi€is—j | wi, o) = Elzaiteir—j],
for w; = (wy, ..., w;r) and j € {0,£1,...}. Under these conditions, the optimal weighted
matrices are proportional to F[w;w},], which do not depend on 6y and a;9. We can therefore
obtain the optimal GMM estimator in one step using the sample averages 7! ZZ;I Wi Wy
to estimate the optimal weighting matrices.

In this model, it is straightforward to see that the estimators of the individual effects have
no bias, that is B}Y’Y,’I = Bx:/’c = Bf;‘fls = 0. By linearity of the first order conditions in § and
o, B::/fv = 0. The only source of bias is the correlation between the estimators of 6 and a;.
After some straightforward but tedious algebra, this bias simplifies to

B::/"C = —(dg — da) Z Elzaiteiz—j].
j=-00
For the limit Jacobian, we find
sz =E {E [i2itw/2it]E [lb?itwéit]—lE [“72#5’2&]} )

where variables with tilde indicate residuals of population linear projections of the corre-

sponding variable on zy;, for example #y;; = Ta5 — E[22:t%1;) E[T166T%5) 1. The expression
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of the bias is

(4.3) B(0o) = —(dg — do)(J))'E Y Elfait(fi-j — Fhie-i00))-

j=—c0

In random coefficient models the ultimate quantities of interest are often functions of
the data, model parameters and individual effects. The following corollaries characterize
the asymptotic distributions of the fixed effects estimators of these quantities. The first
corollary applies to averages of functions of the data and individual effects such as average
partial effects and average derivatives in nonlinear models, and average elasticities in linear
models with variables in levels. Section 6 gives an example of these elasticities. The second
corollary applies to averages of smooth functions of the individual effects including means,
variances and other moments of the distribution of these effects. Sections 2 and 6 give
examples of these functions. We state the results only for estimators constructed from two-
step estimators of the common parameters and individual effects. Similar results apply to
estimators constructed from one-step estimators. Both corollaries follow from Lemma 2 and
Theorem 4 by the delta method.

Corollary 1 (Asymptotic distribution for fixed effects averages). Let ((z;0,a;) be a twice
continuously differentiable function in its second and third argument, such thatinf; Var[((zy)] >
0, EE[C(21)?] < 00, EE|(o(2i4)]? < o0, and EE|Cp(zi)|?> < 00, where the subscripts on ¢
denote partial derivatives. Then, under the conditions of Theorem 4, for some deterministic
sequence Ty — 00 such that rpr = O(V'nT),

rar(C— ¢ = B¢/T) 5 N(0, V%),
where ( = EE [((24)],

0o do
B;=EE |~ Cai(2) Haug(2is—;) + Cau(2a) Bas + D Caoiy (2t) Tai /2 = Calzi) I ' Bs |
Jj=0 J=1
for Bo, = BL + BS + BSl + BY, and for r* = lim, 100 727/ (nT),

Ve

1 & ’
(T ;(C(zm-o) } }

Corollary 2 (Asymptotic distribution for smooth functions of individual effects). Let pu(a;)
be a twice differentiable function such that E[u(ai)?] < oo and E|pq(ci)|® < oo, where the
subscripts on u denote partial derivatives. Then, under the conditions of Theorem 4

Vi — p) 5 N(kB,, V,),

2
E{rzE [Ca (2it) Ta; Gas (20) + Colzn) I3 o (zi0)] +  lim %IE

n,T—ro00
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where p = E [u(au)]
da
BN =E Nai(aiO)IBai + Z Haa,; (aio)lzai/Q ’

j=1

fO’I‘ Baz‘ = Ba’u + Bg + Bgz + BW and V;l = E [(:u(aio) - “)2] .

;0

The convergence rate r,p in Corollary 1 depends on the function ((z;0, a;). For example,
rar = VnT for functions that do not depend on a; such as ((z;6, ;) = '8, where c is
a known dy vector. In general, r,r = /n for functions that depend on «;. In this case
r? = 0 and the first two terms of V; drop out. Corollary 2 is an important special case
of Corollary 1. We present it separately because the asymptotic bias and variance have
simplified expressions.

5. BiAs CORRECTIONS

The FE-GMM estimators of common parameters, while consistent, have bias in the asymp-
totic distributions under sequences where n and T grow at the same rate. These sequences
provide a good approximation to the finite sample behavior of the estimators in empirical
applications where the time dimension is moderately large. The presence of bias invalidates
any asymptotic inference because the bias is of the same order as the variance. In this section
we describe bias correction methods to adjust the asymptotic distribution of the FE-GMM
estimators of the common parameter and smooth functions of the data, model parameters
and individual effects. All the corrections considered are analytical. Alternative corrections
based on variations of Jackknife can be implemented using the approaches described in Hahn
and Newey (2004) and Dhaene and Jochmans (2010).°

We consider three analytical methods that differ in whether the bias is corrected from the
estimator or from the first order conditions, and in whether the correction is one-step or
iterated for methods that correct the bias from the estimator. All these methods reduce the
order of the asymptotic bias without increasing the asymptotic variance. They are based on
analytical estimators of the bias of the profile score Bs and the profile Jacobian matrix Js.
Since these quantities include cross sectional and time series means F and E evaluated at the
true parameter values for the common parameter and individual effects, they are estimated
by the corresponding cross sectional and time series averages evaluated at the FE-GMM
estimates. Thus, for any function of the data, common parameter and individlial effects
fi(8,03), let Fir(8) = f(8,@:(9)), Fi(6) = Elfi(®)] = T7* T°r_, Ju(6) and f(8) = E[fi(0)] =
n~! " Fi(6). Next, define $o,(0) = [Gau(6) 2 Gay(0)]7), Hai(0) = £ (8)Ca,(0)05,
9Hahn, Kuersteiner and Newey (2004) show that analytical, Bootstrap, and Jackknife bias corrections meth-

ods are asymptotically equivalent up to third order for MLE. We conjecture that the same result applies to
GMM estimators, but the proof is beyond the scope of this paper.
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and P, (0) = Q;'G,, (0)H,,(6). To simplify the presentation, we only give explicit formulas
for FE-GMM three-step estimators in the main text. We give the expressions for one and
two-step estimators in the Supplementary Appendix. Let

B(6) = —Jo(6)"'B,(0), B,(6) = E(BE(6) + BS(0)], T.(8) = E[Go,(6) Ps(6)Ga,(6)),
where B2 (6) = —Go,(9)'[BL,(6) + BS (8) + BE () + BY (0)],

d, ¢ T
Bl(0) = —Pa(0)) Gaciy(0)Za,(0)/2+ Pai(0)D T 3 Gaur(0)Hai(6)Gie-5(6),
j=1 j=0 t=j+1
BS(0) = Ha0) Y T Y Gaul0) Pau(0)5is—4(0),
j=0 t=j+1
BRO) = Pal0)D T7' D Git(0)3ie(0) P (6)Gie—5(0),
J=0  t=j+1
and BY(6) —15¢ = Ozt'—J 11 G, (0)' P, (6)Gis—;(6). In the previous expressions, the spec-

tral time series averages that involve an infinite number of terms are trimmed. The trimming
parameter £ is a positive bandwidth that need to be chosen such that £ — oo and £/T — 0
as T'— oo (Hahn and Kuersteiner, 2011)

The one-step correction of the estimator subtracts an estimator of the expression of the
asymptotic bias from the estimator of the common parameter. Using the expressions defined
above evaluated at 8, the bias-corrected estimator is

(5.1) 65C = § — B(0)/T.

This bias correction is straightforward to implement because it only requires one optimiza-
tion. The iterated correction is equivalent to solving the nonlinear equation

(5.2) 67BC = § — B(7B°)T.

When 0+@(9) is invertible in 0, it is possible to obtain a closed-form solution to the previous
equation.!® Otherwise, an iterative procedure is needed. The score bias-corrected estimator
is the solution to the following estimating equation

(5.3) 5(65B%) — B,(6°B°) )T = 0.
This procedure, while computationally more intensive, has the attractive feature that both
estimator and bias are obtained simultaneously. Hahn and Newey (2004) show that fully

iterated bias-corrected estimators solve approximated bias-corrected first order conditions.
IBC and SBC are equivalent if the first order conditions are linear in 6.

103ee MacKinnon and Smith (1998) for a comparison of one-step and iterated bias correction methods.
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Example: Correlated random coefficient model with endogenous regressors. The
previous methods can be illustrated in the correlated random coefficient model example in
Section 4. Here, the fixed effects GMM estimators have closed forms:

-1 T

T
ai(0) = <Z ﬂﬁmw'ut) > zralyie — Thieb),
=1 =1

and
-1 T

0= E E Itawzn (E w2ztw21t) g WoitYit |
t=1

=1 | t=1

where JW = Y7 [T Fouih (Y rey WaieWhiy) ST | Woitdh;), and variables with tilde now

indicate residuals of sample linear projections of the corresponding variable on xi;, for
~ _ T ’ T / —~1

example Zaip = Toit — 4o T2itT0e(Doemy T10tTha) T Lrie:

We can estimate the bias of @ from the analytic formula in expression (4.3) replacing
population by sample moments and 6, by 6, and trimming the number of terms in the
spectral expectation,

min(T,T+j)

‘13(5) —(dg — da) -1 Z Z Z Tout (-5 — 53/2¢,t—j§)~

i=1 j=—ft=max(1,j+1)
The one-step bias corrected estimates of the common parameter 6 and the average of the

individual parameter a := E|o;] are
BP¢ =G-B@)/T, aC=n"'d a6

The iterated bias correction estimator can be derived analytically by solving
éYBC 0 B(’\[BC')/

which has closed-form solution

min(T,T+35) -1

61BC = Ig, + (dg — (j,w)_l Z Z Z $2iti/2¢,t—j/(nT2) X

i=1 j=—{t=max(1,j+1)
min(T,T+j)

0+ (dy — da) -1 Z Z Yo Baubin—s/(nT?)

1=1 j=—{ t=max(1,j+1)
The score bias correction is the same as the iterated correction because the first order con-
ditions are linear in 6.

The bias correction methods described above yield normal asymptotic distributions cen-
tered at the true parameter value for panels where n and T grow at the same rate with
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the sample size. This result is formally stated in Theorem 5, which establishes that all the

methods are asymptotically equivalent, up to first order.

Theorem 5 (Limit distribution of bias-corrected FE-GMM). Assume that v/ nT(B,(0) —
B,)/T % 0 and vVnT(J,(8) - J,)/T 5 0, for some § = §y+0p((nT)~Y/?). Under Conditions
1, 2, 8, 4, 5 and 6, for C € {BC,SBC,IBC}

(5.4) VaT(8° - 6p) 5 N (0,J;71),
where 88C, 818C and §55C are defined in (5.1), (5.2) and (5.8), and J; = E[G} Po,Gy).

The convergence condition for the estimators of By and J; holds for sample analogs eval-
uated at the initial FE-GMM one-step or two-step estimators if the trimming sequence is
chosen such that £ — oo and ¢/T — 0 as T'— oo. Theorem 5 also shows that all the bias-
corrected estimators considered are first-order asymptotically efficient, since their variances
achieve the semiparametric efficiency bound for the common parameters in this model, see
Chamberlain (1992).

The following corollaries give bias corrected estimators for averages of the data and indi-
vidual effects and for moments of the individual effects, together with the limit distributions
of these estimators and consistent estimators of their asymptotic variances. To construct
the corrections, we use bias corrected estimators of the common parameter. The corollaries
then follow from Lemma 2 and Theorem 5 by the delta method. We use the same notation
as in the estimation of the bias of the common parameters above to denote the estimators

of the components of the bias and variance.

Corollary 3 (Bias correction for fixed effects averages). Let ((z;0, ;) be a twice continu-
ously differentiable function in its second and third argument, such that inf; Var[((z;)] > 0,
EE[((2it)Y] < 00, EE[(a(2:)?] < 00, and EE|(s(2i)|? < 00. For C € {BC,SBC,1BC}, let
CC = ((6°) — B,(6°)/T where

e ~ ~ do -~
B.(6) Z Z Caue (6) Py, (6) + Cas(8) Bay (6) + ZCaai,j(G)'Zai(f)W] )

t=j+1 Jj=1

where £ is a positive bandwidth such that £ — oo and £/T — 0 as T — oco. Then, under the
conditions of Theorem 5

rar(C = ¢) 5 N(0, Vo),
where T, ¢, and V; are defined in Corollary 1. Also, for any 8 = 6o + Op((nT)~*/?) and
¢ =¢+O0p(rar

-~

Ve = f—ﬁ{ﬁ[@,() 0 (0)Caa () + o (0 T(0) G0, 0)] + T ( EIG(8) - 61)2}
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is a consistent estimator for V.

Corollary 4 (Bias correction for smooth functions of individual effects). Let p(a;) be a
twice differentiable function such that E[,u(alo)Q] < 00 and E|ps(oq)|* < 0o. For C €
{BC,SBC, IBC}, let i = E‘[,u,(@c)] - (90)/T where [1;(0) = p(@;(0)), and B“(O)
E[,uai( 'B.,(0) + Z] 1 Haag ; (0) $,(0)/2]. Then, under the conditions of Theorem 5

VAR — ) 5 N, V),

where p = E [u(aq)] and V, = E [(1{ai) — p)?] . Also, for any 6 = 6y + Op((nT)~V/?) and
fi=p+Op(n~'72),

(5.5) V= B {0 = i + 1o, () S (0700, (8)/T |

is a consistent estimator for V,. The second term in (5.5) is included to improve the finite

sample properties of the estimator in short panels.

6. EMPIRICAL EXAMPLE

We illustrate the new estimators with an empirical example based on the classical cigarette
demand study of Becker, Grossman and Murphy (1994) (BGM hereafter). Cigarettes are ad-
dictive goods. To account for this addictive nature, early cigarette demand studies included
lagged consumption as explanatory variables (e.g., Baltagi and Levin, 1986). This approach,
however, ignores that rational or forward-looking consumers take into account the effect of
today’s consumption decision on future consumption decisions. Becker and Murphy (1988)
developed a model of rational addiction where expected changes in future prices affect the
current consumption. BGM empirically tested this model using a linear structural demand
function based on quadratic utility assumptions. The demand function includes both future
and past consumptions as determinants of current demand, and the future price affects the
current demand only through the future consumption. They found that the effect of future
consumption on current consumption is significant, what they took as evidence in favor of

the rational model.

Most of the empirical studies in this literature use yearly state-level panel data sets. They
include fixed effects to control for additive heterogeneity at the state-level and use leads and
lags of cigarette prices and taxes as instruments for leads and lags of consumption. These
studies, however, do not consider possible non-additive heterogeneity in price elasticities or
sensitivities across states. There are multiple reasons why there may be heterogeneity in the
price effects across states correlated with the price level. First, the considerable differences
in income, industrial, ethnic and religious composition at inter-state level can translate into
different tastes and policies toward cigarettes. Second, from the perspective of the theoretical
model developed by Becker and Murphy (1988), the price effect is a function of the marginal
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utility of wealth that varies across states and depends on cigarette prices. If the price
effect is heterogenous and correlated with the price level, a fixed coefficient specification
may produce substantial bias in estimating the average elasticity of cigarette consumption
because the between variation of price is much larger than the within variation. Wangen
(2004) gives additional theoretical reasons against a fixed coefficient specification for the

demand function in this application.

We consider the following linear specification for the demand function
(6.1) Cit = agi + 01 Pit + 01Cip-1 + 02C1 001 + X6 + €t

where Cj; is cigarette consumption in state 7 at time ¢ measured by per capita sales in packs;
ap; is an additive state effect; ay; is a state specific price coefficient; Py is the price in 1982-
1984 dollars; and X is a vector of covariates which includes income, various measures of
incentive for smuggling across states, and year dummies. We estimate the model parameters
using OLS and IV methods with both fixed coefficient for price and random coefficient for
price. The data set, consisting of an unbalanced panel of 51 U.S. states over the years 1957
to 1994, is the same as in Fenn, Antonovitz and Schroeter (2001). The set of instruments for
Cit-1 and Cjty1 in the IV estimators is the same as in specification 3 of BGM and includes
Xit, Pity Pit—1, Piev1, Tazi, Taxiz_1, and Taz; 41, where Taz;, is the state excise tax for
cigarettes in 1982-1984 dollars.

Table 1 reports estimates of coefficients and demand elasticities. We focus on the coeffi-
cients of the key variables, namely Py, C;:—1 and C;;41. Throughout the table, FC refers
to the fixed coefficient specification with aj; = a; and RC refers to the random coefficient
specification in equation (6.1). BC and IBC refer to estimates after bias correction and iter-
ated bias correction, respectively. Demand elasticities are calculated using the expressions in
Appendix A of BGM. They are functions of Cj, Py, a14, 61 and 65, linear in a;;. For random
coefficient estimators, we report the mean of individual elasticities, i.e.

n T
Ch= ;L}’f Z Z Ch(zir; 0, @),

i=1 t=1
where (y(2i; 6, ;) = 0log Cyny/01og Pyn) are price elasticities at different time horizons
h. Standard errors for the elasticities are obtained by the delta method as described in
Corollaries 3 and 4. For bias-corrected RC estimators the standard errors use bias-corrected
estimates of @ and «;.

As BGM, we find that OLS estimates substantially differ from their IV counterparts.
IV-FC underestimates the elasticities relative to IV-RC. For example, the long-run elastic-
ity estimate is —0.70 with IV-FC, whereas it is —0.88 with IV-RC. This difference is also
pronounced for short-run elasticities, where the IV-RC estimates are more than 25 percent
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larger than the IV-FC estimates. We observe the same pattern throughout the table for
every elasticity. The bias comes from both the estimation of the common parameter 6,
and the mean of the individual specific parameter E[ay;]. The bias corrections increase the
coefficient of future consumption C;;,; and reduce the absolute value of the mean of the
price coefficient. Moreover, they have significant impact on the estimator of dispersion of
the price coefficient. The uncorrected estimates of the standard deviation are more than
20% larger than the bias corrected counterparts. In the online appendix Ferndndez-Val and
Lee (2012), we show through a Monte-Carlo experiment calibrated to this empirical example,
that the bias is generally large for dispersion parameters and the bias corrections are effective
in reducing this bias. As a consequence of shrinking the estimates of the dispersion of ay;,
we obtain smaller standard errors for the estimates of E|ay;] throughout the table. In the
Monte-Carlo experiment, we also find that this correction in the standard errors provides

improved inference.

7. CONCLUSION

This paper introduces a new class of fixed effects GMM estimators for panel data mod-
els with unrestricted nonadditive heterogeneity and endogenous regressors. Bias correction
methods are developed because these estimators suffer from the incidental parameters prob-
lem. Other estimators based on moment conditions, like the class of GEL estimators, can be
analyzed using a similar methodology. An attractive alternative framework for estimation
and inference in random coefficient models is a flexible Bayesian approach. It would be inter-
esting to explore whether there are connections between moments of posterior distributions
in the Bayesian approach and the fixed effects estimators considered in the paper. Another
interesting extension would be to find bias reducing priors in the GMM framework similar
to the ones characterized by Arellano and Bonhomme (2009) in the MLE framework. We

leave these extensions to future research.
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FIGURE 1. Normal approximation to the distribution of price effects using
uncorrected (solid line) and bias corrected (dashed line) estimates of the mean
and standard deviation of the distribution of price effects. Uncorrected es-
timates of the mean and standard deviation are -36 and 13, bias corrected
estimates are -31 and 10.



Table 1: Estimates of Rational Addiction Model for Cigarette Demand

OLS-FC 1IV-FC OLS-RC IV-RC
NBC BC IBC NBC BC IBC
Coeflicients

(Mean) P, -9.58 -34.10 -1349 -13.58 -13.26 -36.39 -31.26 -31.26
(1.86) (4.10) (3.55) (3.55) (3.55) (4.85) (4.62) (4.64)
(Std. Dev.) B 435 4.22 4.07 12.86 10.45 10.60
(0.98) (1.02) (1.03) (2.35) (2.13) (2.15)
Ci-1 0.49 0.45 0.48 0.48 048 0.44 0.44 045
(0.01) (0.06) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
Cii1 0.44 0.17 044 043 044 0.23 0.29 0.27
(0.01) (0.07) (0.04) (0.04) (0.04) (0.05) (0.05) (0.05)

Price elasticities
Long-run -1.05 -0.70  -1.30 -1.31 -1.28 -0.88 -0.91 -0.90
(0.24) (0.12) (0.28) (0.28) (0.28) (0.09) (0.10) (0.10)
Own Price -0.20 -0.32 -0.27 -0.27 -0.27 -0.38 -0.35 -0.35
(Anticipated) (0.04) (0.04) (0.06) (0.06) (0.06) (0.04) (0.04) (0.04)
Own Price -0.11 -0.29 -0.15 -0.16 —0 15 -0.33 -0.29 -0.29
(Unanticipated) (0.02) (0.03) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
Future Price -0.07 -0.05 -0.10 -0.10 -0.09 -0.09 -0.10 -0.09
(Unanticipated)  (0.01)  (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
Past Price -0.08 -0.14 -0.11' -0.11 -0.10 -0.16 -0.15 -0.15
(Unanticipated)  (0.01)  (0.02) (0.03) (0.02) (0.03) (0.02) (0.02) (0.02)
Short-Run -0.30 -0.35 -0.41 -041 -0.40 -044 -0.44 -0.43
(0.05)  (0.06) (0.12) (0.12) (0.12) (0.06) (0.06) (0.06)

RC/FC refers to random/fixed coefficient model. NBC/BC/IBC refers to no bias-correction/bias
correction/iterated bias correction estimates.
Note: Standard errors are in parenthesis.
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This supplement to the paper “Panel Data Models with Nonadditive Unobserved Heterogeneity: Estima-
tion and Inference” provides additional numerical examples and the proofs of the main results. It is organized
in seven appendices. Appendix A contains a Monte Carlo simulation calibrated to the empirical example of
the paper. Appendix B gives the proofs of the consistency of the one-step and two-step FE-GMM estima-
tors. Appendix C includes the derivations of the asymptotic distribution of one-step and two-step FE-GMM
estimators. Appendix D provides the derivations of the asymptotic distribution of bias corrected FE-GMM
estimators. Appendix E and Appendix F contain the characterization of the stochastic expansions for the
estimators of the individual effects and the scores. Appendix G includes the expressions for the scores and
their derivatives.

Throughout the appendices O,p and o,p will denote uniform orders in probability. For example, for a
sequence of random variables {§; : 1 < i < n}, & = Oyp(1) means sup;<;<, & = Op(1l) as n — oo, and
& = oup(1) means sup;¢;<, & = op(1) as n — oo. It can be shown that the usual algebraic properties for
Op and op orders also apply to the uniform orders O,p and o,p. Let e; denote a 1 x dy unitary vector with
a one in position j. For a matrix A, |A| denotes Euclidean norm, that is |A|? = trace[AA’]. HK refers to
Hahn and Kuersteiner (2011).

APPENDIX A. NUMERICAL EXAMPLE

We design a Monte Carlo experiment to closely match the cigarette demand empirical example in the
paper. In particular, we consider the following linear model with common and individual specific parameters:

Ci¢ = api+aPy+01Ci—1+ 020041 + Ve,
-Pit = 7]0i+n1iTax'it+uit, (i=1)2$~"1n3t=1,27"'>T);
where {(aji,75) : 1 < i < n} is iid. bivariate normal with mean (uj, u1s,), variances (a ’Gn ), and
correlation p;, for j € {0,1}, independent across j; {uy : 1 <t < T,1 < i < n}is iid N(0,02); and
{ei : 1<t <T,1<i<n}isiid. standard normal. We fix the values of T'az;: to the values in the data
set. All the parameters other than p; and 1 are calibrated to the data set. Since the panel is balanced for
only 1972 to 1994, we set T = 23 and generate balanced panels for the simulations. Specifically, we consider
n=>51,T = 23; po = 72.86, u1 = —31.26, pn, = 0.81, py, = 0.13, o9 = 18.54, 01 = 10.60, o, = 0.14,
on = 2.05, oy, = 0.15, 6; = 0.45, 62 = 0.27, pg = —0.17, p1 € {0, 0.3, 0.6, 0.9}, ¥ € {2, 4, 6}.
In the empirical example, the estimated values of p; and % are close to 0.3 and 5, respectively.
Since the model is dynamic with leads and lags of the dependent variable on the right hand side, we
construct the series of C;; by solving the difference equation following BGM. The stationary part of the
solution is

Cu = 91¢1(¢2—¢)Z¢1h‘“”)+0¢(¢2 ¢1)Z¢

s=1



where
1— (1 —46,02)!/2 ¢__L+u—4m@ﬂﬂ
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In our specification, these values are ¢, = 0.31 and ¢, = 1.91. The parameters that we vary across the

hi(t) = o + a1 Bp—1 + Ve 41, L =

experiments are p; and 1. The parameter p; controls the degree of correlation between a;; and P;; and
determines the bias caused by using fixed coefficient estimators. The parameter ¢ controls the degree of
endogeneity in C;;:—1 and C;;y1, which determines the bias of OLS and the incidental parameter bias of
random coefficient IV estimators. Although v is not an ideal experimental parameter because it is the
variance of the error, it is the only free parameter that affects the endogeneity of C; ;1 and Cj ;1. In this
design we cannot fully remove the endogeneity of C;¢—; and C;¢4+1 because of the dynamics.

In each simulation, we estimate the parameters with standard fixed coefficient OLS and IV with additive
individual effects (FC) , and the FE-GMM OLS and IV estimators with the individual specific coefficients
(RC). For IV, we use the same set of instruments as in the empirical example. We report results only for
the common coefficient 62, and the mean and standard deviation of the individual-specific coefficient ajy;.
Throughout the tables, Bias refers to the mean of the bias across simulations; SD refers to the standard
deviation of the estimates; SE/S D denotes the ratio of the average standard error to the standard deviation;
and p; .05 is the rejection frequency of a two-sided test with nominal level of 0.05 that the parameter is equal
to its true value. For bias-corrected RC estimators the standard errors are calculated using bias corrected

estimates of the common parameter and individual effects.

Table A.1 reports the results for the estimators of #;. We find significant biases in all the OLS estimators
relative to the standard deviations of these estimators. The bias of OLS grows with 1. The IV-RC estimator
has bias unless p; = 0, that is unless there is no correlation between ay; and Pj, and its test shows size
distortions due to the bias and underestimation in the standard errors. IV-RC estimators have no bias in
every configuration and their tests display much smaller size distortions than for the other estimators. The
bias corrections preserve the bias and inference properties of the RC-IV estimator.

Table A2 reports similar results for the estimators of the mean of the individual specific coefficient u; =
Ela1;]. We find substantial biases for OLS and IV-FC estimators. RC-IV displays some bias, which is
removed by the corrections in some configurations. The bias corrections provide significant improvements
in the estimation of standard errors. IV-RC standard errors overestimate the dispersion by more than 15%
when 1) is greater than 2, whereas IV-BC or IV-IBC estimators have SE/SD ratios close to 1. As a result
bias corrected estimators show smaller size distortions. This improvement comes from the bias correction in
the estimates of the dispersion of a;; that we use to construct the standard errors. The bias of the estimator
of the dispersion is generally large, and is effectively removed by the correction. We can see more evidence

on this phenomenon in Table A3.

Table A3 shows the results for the estimators of the standard deviation of the individual specific coefficient
o1 = E[(a1; — p1)?]*2. As noted above, the bias corrections are relevant in this case. As 1) increases, the
bias grows in orders of 9. Most of bias is removed by the correction even when % is large. For example,
when 1 = 6, the bias of IV-RC estimator is about 4 which is larger than two times its standard deviation.
The correction reduces the bias to about 0.5, which is small relative to the standard deviation. Moreover,
despite the overestimation in the standard errors, there are important size distortions for IV-RC estimators
for tests on o, when 1 is large. The bias corrections bring the rejection frequencies close to their nominal
levels.
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Overall, the calibrated Monte-Carlo experiment confirms that the IV-RC estimator with bias correction
provides improved estimation and inference for all the parameters of interest for the model considered in the

empirical example.

APPENDIX B. CONSISTENCY OF ONE-STEP AND Two-STEP FE-GMM ESTIMATOR

Lemma 3. Suppose that the Conditions 1 and 2 hold. Then, for every n > 0

Pr{ sup sup ‘Q\XV(Q,Q) - }’V(H,a)‘ > n} =o(T™Y),

1<i<n (8,a)€Y

and
sup |QY (0,0) — QY (¢, a)| < C - E[M(24))210 — ¢'|

for some constant C > 0.
Proof. First, note that
’@Yv(o, a) - Q:/V(H’ a)‘ S I@\z(e: a)’Wi_lgi(e) a) - 92(61 a)lWi‘lgi(97a)| + ?l(oa a)/(Wi_l - Wi_l)ﬁi(ﬁy a)’
< |60, @) = gi(8, Q) W, [3:(6, @) — gi(6,0)]| +2 - |g:(6, @) W, [G:(6, @) — gs(6, )]
[6:(6,) ~ gu(6, 0))/ (W™ = W)(3:(6,0) - 9:(6,)]| +2][6:(6,0) — 0:(6, ) (Wi~ — W) gu(6, )

+

+

9:(0,0)' (W = W )gi(6,0)] < & max [Ges(0, @) — gus(8, )| [Wil ™!
1<k<d,

2 , it i~ _ . =~ _ .
+ 2d2 1215)7; E[M(z:)] |Wi] 12%?;9 [Gk,:(0, @) — gk.:(0,a)| + op (lg}casafiy |Gk,: (0, @) — g (6, a)]) .

where we use that sup;;.,, III/I7z — Wil = op(1). Then, by Condition 2, we can apply Lemma 4 of HK to
[Gr,:(6, @) — gi,i(8, )| to obtain the first part.

The second part follows from
(va(aa Ot) - Q:/V (‘9/7 O.’)' < ’91(07 a)lWi_‘l{gi(ev Ot) - gi(ela Ol)]l + .[92(67 a) - gi(elv a)],vVi_lgi(gl’ a)l
2-d2E[M (z:)> Wi "1 16 - ).

IA

B.1. Proof of Theorem 1.

Proof. Part I: Consistency of §. For any 7 > 0, let ¢ := inf;[Q¥ (6,, 0i0) —=SUP (g, 0):)(8,a)— (80, a:0) [ > 7} QY (6,)] >
0 as defined in Condition 2. Using the standard argument for consistency of extremum estimator, as in Newey
and McFadden (1994), with probability 1 — o(T~1)
noo noo 1
n"l Z QZW (9, ai) < n"l Z Q:/V (90, aio) - 56,
i=1

max
|6—60|>n,a1,...,an i=1

by definition of € and Lemma 3. Thus, by continuity of @f" and the definition of the lefthand side above,
we conclude that Pr Hé - 00{ > n] =o(T1).
Part II: Consistency of &;. By Part I and Lemma 3,

(B.1) Pr [ sup sup [QV (5, a) -QY (Hg,a)l > 77] =o(T™Y)

1<i<n «a
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for any n > 0. Let
¢ = inf Q,W (60, aig) — sup Qlw (90,ai)] > 0.
¢ {ait|lai—aiol>n}

Condition on the event

@Y (4,) - Q' Gu.)| < 3¢}

which has a probability equal to 1 — o (T~!) by (B.1). Then

{ sup sup

1<i<n @«

~ ~ 1 2 ~ ~ 1

max QW (G,ai) < max QY (B0, )+ s < QY (Bo, o) — = < QV (0,a¢o> - ze.
|ai—aio|>n |oi —avio|>n 3 3 3

This is inconsistent with @YV (5, &i) > @fv (é,aig) , and therefore, |@; — ;0| < 1 with probability 1—o(T 1)

for every i.

Part III: Consistency of );. First, note that

N — A~1A'~~l A. SN s o
*)\z - ‘Wz gl(e,az) < dg th lg}caé)ég (lgk,z(e,az) gk,z(g, az) + ‘gk,l(e, az) )
-1
: Wi 9r,i(0, i) = i\U, (g
< dg ' 129024, (e’i‘j)l)e'rwk, (0, 05) — gr.i(6, )|
—~ -1 . -1
+ dngi M (2it) |0—00‘+d91Wi‘ M(zit) |G — aio -

Then, the result follows because sup;<;<,, (Wi — Wi| = op(1) and {W; : 1 < i < n} are positive definite
by Condition 2, maxX;<k<d, SUP(,q;)e [9k,i(0,@:) — gk,i(0, )| = op(1) by Lemma 4 in HK, and ‘é - GOI =
op(1) and sup; <;<,, |&; ~ a0l = op(1) by Parts I and II.

B.2. Proof of Theorem 3.

Proof. First, assume that Conditions 1, 2, 3 and 5 hold. The proofs are exactly the same as that of Theorem
1 using the uniform convergence of the criterion function.

To establish the uniform convergence of the criterion function as in Lemma 3, we need

sup [@:(0,6) = (60, 0u0)| = 0r (1),

1gi<n
along with an extended version of the continuous mapping theorem for o,p. This can be shown by noting
that

Q:(6, &) — (8o, asn) +

(6, &) — Qi(ﬁo,aio)‘

S ﬁz(é, &1) — Qq,(é, &1) + d;E []V[(Zit)z] ‘(é, dz) - (90,&,‘0). .

The convergence follows by the consistency of 6 and &;’s, and the application of Lemma 2 of HK to

9k (zi; 0, 0:) g1(zit; 0, ;) using that |gi(zie; 0, i) gi(zit; 0, ;)| < M (241)% a

APPENDIX C. ASYMPTOTIC DISTRIBUTION OF ONE-STEP AND TwO-STEP FE-GMM ESTIMATOR

C.1. Some Lemmas.

Lemma 4. Assume that Condition 1 holds. Let h(zi;0, ;) be a function such that (i) h(zit;0,0s) is
continuously differentiable in (0,0;) € T € R¥+de; (44) Y is convez; (iti) there exists a function M(zit) such
that |h(zi; 0, 05)] < M(zi) and |Oh(zit;0,,)/0(6, 0s)| < M(zi¢) with E [M(zit)s(d"+d°+6)/(1"10“)+5] < 00
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for some § > 0 and 0 < v < 1/10. Define Hi(0,05) =T} ZZ;I h(zi1; 0, a;), and H;(0, ;) := E [ﬁi(ﬁ,ai)].
Let
* __ AW [ n*
o =argmaxQ; (0%, ),
such that af — aio = oup(T**) and 6* — 6y = op(T?*), with ~2/5 < a <0, for a = max(aq, ag). Then, for

any 0 between 6* and 6, and @; between o and oo,

ﬁ[ﬁ,(?,a’l) — Hl(é,al)] = OuP(Tl/lo), ﬁi(é,ai) - Hz‘(007 C“z’O) = OuP(Ta)'

Proof. The first statement follows from Lemma 2 in HK. The second statement follows by the first statement
and the conditions of the Lemma by a mean value expansion since
T

T
~ — 1 _ 1
Hi(0,a;) — Hi(eo,aiO)’ < 10— 6o T > M(2i)| + |G — ol T ZM(Zit)
=o.,p(Ta)\——i=—L,——/ =oup(T*®) =
=0.,p(1) =0.p(1)

H; (60, ai0) — Hi (00, cvio)| = 0up(T9).

J

=0up (T_2/5)

(i

Lemma 5. Assume that Conditions 1, 2, 8 and 4 hold. Let fzw(ﬁ, v;) denote the first stage GMM score of

the fixed effects, that is
“w 601‘ 0, a; ,)\i
ti (9’ '71) == ~ ( )/\ )
9i(0, o) + Wi

where v; = (&}, \L)', SV (6,v:) denote the one-step GMM score for the common parameter, that is

§fV(9, 72) = —aai(e, Oli)l)\i,
and %;(0) be such that EXV(G,f'yi(O)) =0.

Let ﬁ‘,’;{(ﬁ,vi) denote 8tV (0,v:)/ 07,0 ; and W(G,Vi) denote 95 (0,7v:)/0v.0vi,j, for some 0 < j <

dg + do, where v; ; is the jth element of v; and j = 0 denotes no second derivative. Let N’,W (8,7:) denote
AtV (6,7:)/0¢' and S (0,v) denote 95V (0,7:)/30'. Let (0,71, ..,7s) be the one-step GMM estimator.
Then, for any 8 between 6 and 6o, and 7, between ¥; and Yo,
ﬁ‘g(éﬁz)“Tz‘,};’ = OuP (1)7 AZYZ(§171)—MK = OuP (1)a ﬁzvv(a’ﬁz)_NzW = OuP (1) ’ STXV(@’WJ_SZVV = OupP (1) .
Also, for any 7,9 between v;o and ;o = %;(00),

VT (60, 7:) = our (Tl/m) NT (Tiv,g(goﬁio) - Tf;’) = Oup (Tl/w) )

vT (m(eoﬂio) - Mi‘:‘;) = Oup (Tl/w) ’

Proof. The first set of results follows by inspection of the scores and their derivatives (the expressions are
given in Appendix G), uniform consistency of §; by Theorem 1 and application of the first part of Lemma 4
to 6* = § and of = &; with a =0.

The following steps are used to prove the second set of result. By Lemma 4,

\/TEW = Oyp (Tl/m) ) ﬁw(eo,ﬁio) - Tiw = oyp (1)
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where ¥, is between 7,0 and 7;0. Then, a mean value expansion of the FOC of ¥, 7‘,}"’(00,’)'1-0) = (0, around
Yio = Vi gives

VT (Fio — Yio)

-1 -1(7 _ -
—(@¥) VIR - (@) (T 00, i0) = T ) VT Gio = o)
—_— —— ——, ,
=04(1) =0.p(T1/10) =0y (1)
= 0up(TY*) + 0,p (\/T(’yio - 'y,-o)) ,
by Condition 3 and the previous result. Therefore,

(1 + 0up(1)) VT (Fi0 — vi0) = 0up(TY*®) = VT(%i0 — ¥i0) = 0up(T*/*°).

Np—

=oup(1)

Given this uniform rate for #;9, the desired result can be obtained by applying the second part of Lemma
4 to 6* =y and a} = G0 with a = —2/5. O

C.2. Proof of Theorem 2.

Proof. By a mean value expansion of the FOC for 6 around 6 = 6,

L sV (6) -
0=3"(0) =W (0) + Sdaf ) - 00),
where 0 lies between 6 and 6.
Part I: Asymptotic limit of ds" (8)/d¢’. Note that
@) _ 1 2”: ds¥ (8,%(6))
L ag
(C.1) sy (6,%(0) _ 057 (0,%(0) + a5y (6,%:(9)) 9%(8)
' do’ o' o} o
By Lemma 5, )
357 (0,%:(9) _ w o8¢ (8,4:(6)) w
i = =8 +o,p(1), o = MY + oup(1).
Then, differentiation of the FOC for %;(8), t¥(8,4:()) = 0, with respect to 8 and ¥; gives
= = (O A= .~
3,50 220 4 87 @,5.0) =o,
By repeated application of Lemma 5 and Condition 3,
8%(6)

T == (@) NN +oup(D).

Finally, replacing the expressions for the components in (C.1) and using the formulae for the derivatives,

which are provided in the Appendix G,

ds" ()
do’

1< _
(C.2) == > Gy PY Gy, +op(1) = J}Y +op(1), IV = E[Gy, Py} Go,].
i=1

Part II: Asymptotic Expansion for 6—6g. By (C.2) and Lemma 22, which states the stochastic expansion
of VnTsW (),

W ds¥(0) =
0 = VnTs"(6s)+ ——VnT(0 — o).
(S do
Op(1)

opr(1)



Therefore, vVnT (0 — o) = Op(1), and by part I, Lemma 22 and Condition 3,
VAT (0 - 60) % —(J7)IN (xBY , VW)

C.3. Proof of Theorem 4.

Proof. Applying Lemma 4 with a minor modification, along with Condition 4, we can prove an exact coun-
terpart to Lemma 5 for the two-step GMM score for the fixed effects

where the expressions of ¢’ and tI* are given in the Appendix G, and for the two-step score of the common
parameter

5:(6,3:(0)) = —Gos(6,8:(6)) N (6),
The only difference arises due to the term E;R(H,'yi), which involves ﬁz(é, &;) — ;. Lemma 8 shows that
VT(£:(6,6:) — Q) = 0up(T19), so that a result similar to Lemma 5 holds for the two-step scores.

Thus, we can make the same argument as in the proof of Theorem 2 using the stochastic expansion of
vnT$(6p) given in Lemma 23. O

APPENDIX D. ASYMPTOTIC DISTRIBUTION OF BIAS-CORRECTED TwoO-STEP GMM ESTIMATOR

D.1. Some Lemmas.

Lemma 6. Assume that Conditions 1, 2, 8, 4 and 5 hold. Let t;(8,v;) denote the two-step GMM score for
the fized effects, 5i(0,v:) denote the two-step GMM score for the common parameter, and 7;(0) be such that
1:(6,7:(0)) = 0. Let ’ﬁ,j(ﬂ,'yi) denote aa(e,yi)/ayga%,j, for some 0 < j < dg + dy, where v, ; is the jth
component of v; and j = 0 denotes no second derivative. Let ﬁi(ﬁ,%) denote 8t;(0,+;)/80'. Let A//fi,j 9,v)
denote 95;(8,v:)/ 07,07 ; , for some 0 < j < dg+dqy. Let §i(6,7,~) denote 08;(6,;)/0¢. Let (5, {Fi},) be
the two-step GMM estimators.

Then, for any 8 between 6 and 0o, and 7; between 7; and 7y,
vT (ﬁ-,d(é, ¥i) — Ti,d) = oup (Tl/m) , \/_( +5(8,7:) ) = oup (Tl/lo) ’
vT (N’i(?, ¥;) — Ni) P (Tl/lo) ’ ﬁ( .(3,7,) — Sz) o (Tl/w) .

Proof. Let 7; = ‘y}(é) and F;0 = ¥i(00). First, note that

VT (F; — Fio) 679‘0(?)\/_(0 0o) = — (T®) ™" NiVT (@ - ) + oup (ﬁ(b‘-a@):oup(n-l/z).
e e

=0,(1) =O0p(n~1/2)
where the second equality follows from the proof of Theorem 2 and 4. Thus, by the same argument used in
the proof of Lemma 5,
VT @i = %i0) = VT(Fi = Fio) + VT (Fio — ¥i0) = 0up(T*/0).

Given this result and inspection of the scores and their derivatives (see the Appendix G), the proof is similar

to the proof of the second part of Lemma 5. d
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Lemma 7. Assume that Condition 1 holds. Let hj(zit;0,c:), 7 = 1,2 be two functions such that (i)

hj(zit; 0, i) is continuously differentiable in (8, ;) € T C R¥+da; (i) T is convex; (iii) there exists a func-

tion M (zi) such that |h;(2i; 0, 0q)] < M(2i) and |0h;(zi; 0, ;) /0(0, ;)| < M (2i) with E [M(z,'t)10(49""1"'*'6)/(1‘10”)"'5] <
o0 for some & > 0 and 0 < v < 1/10. Define Fi(6,a;) = T~} Zz;l hi1(zit; 0, ai)ha(zit; 0, o), and

Fi(0,0;) == E [ﬁi(é’,ai)]‘ Let

o = argsup QY (6%, @),
o
such that of — a0 = oyp(T) and 0* — Oy = op(T**), with —2/5 < a <0, for a = max(ay,ag). Then, for

any 6 between 0* and 6y, and @; between of and oo,

F;(8,@;) — Fi(6o, o) = 0up(T*), VT[F(8,@;) — Fi(6,)] = oup(TY).

Proof. Same as for Lemma 4, replacing H; by F, and M(z;) by M(z;:)?%.
0O

Lemma 8. Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. Let Q;(0, ;) = T—! S 923 0, @) g(2i45 0, @)’
be an estimator of the covariance function Q; = E[g(zit)g(zit)'], where 8 = 6y + op(T~%/%) and &@; =
a0 + oup(T'z/s). Let ﬁadw‘,’? 6,@) = 6d1+dzﬁi(§, @;)/0% ;0920, for 0 < dy + d2 < 2. Then,

VT (B0, 00 0,50 — Qpurgia) = oup (TV1°).

Proof. Note that

|9(2it; 6,0)g(2i15 0, %) — E [9(zit; 6, 8) gzt 0, 0:)] |

<d’ e |9k (2it; 0, %) g1 (23 0,00) — E [gr (215 0, 0:) i (i3 0,3:)'] | -

Then we can apply Lemma 7 to hy = gx and hy = ¢; with a = —2/5. A similar argument applies to the
derivatives, since they are sums of products of elements that satisfy the assumption of Lemma 7. O

Lemma 9. Assume that Conditions 1, 2, 3, 4, 5, and 6 hold, and € — oo such that £/T — 0 as T — oo. For
_ ~ ~ . ~ ~ 1~ 11 — ~ — o~ —~ -~
any 0 between § and 0o, let Sa, (0) = [Ca, (1) O7Ca )], Ha (9) = Sa, (0) Ga, (0)' O, Pus (6) =

~ ~ ~ —_ o~ — o~ - ~ — ~ —1-1 = — ~ _ A~ — ~
8710710, (5) o, (0)., Y (3) = [Co, (5) W' Ga, @)L Y (B) = Y (3) B, (0) Wi, 72 () =
Go, (8)' Pa, (8) Go, (6) , BG(8) = T 5o iz ;41 Goue (B) P (0)Gii—5(8), and BE(8) = —Go, (9)'[BS, (6)+
B§ (6) + Ef{ll 6) + EK‘:(@)], where

do £ T

B/{,v (0) = _Pﬂi (0) Z Gaai,j (G)Eai (0)/2 + Pai (0) Z T—l Z G(Jtn (e)Haz' (e)gi,t—j (9)7

j=1 =0 t=j+1
B(0) = Ha(0) D T > Gaiw(0) Pai(6)3ii—5(6),

=0 t=j+1
B,% (6) = P,(0) ZT*I Z Git(0)G3¢(6)" Pa, (6)Gi e (6),

=0 t=j+1

Foy da ~ ~vxr! o~
BY(0) = Pay(0)d Qa,,[HY (6)- H,, ,(0)],



9

be estimators of £q,, Ha,, Po;, ):f,‘j, H(‘f:, Jsi, BS and BE. Let Fadledgi(G,ai(a)) and Fa, ga:,(0, 0;), with
Fe {Z], H,P,xW HWY J., BS, Bg} denote their derivatives for 0 < di + da < 1. Then,

\/T (ﬁadladzi (‘é, a:,,(g)) - Fadl(9'12i> = OupP (Tl/lO) .
where Fpaygay; = F if dy +d2 = 0.
Proof. The results follow by Theorem 3 and Lemma 6, using the algebraic properties of the o, p orders and
Lemma 12 of HK to show the properties of the estimators of the spectral expectations. O

Lemma 10. Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. Then, for any 0 between 8 and 0o,
7, (3) = J, + op(T3/5).
Proof. Note that
VT [Go,(0) Pa, ()G, (0) — Gp, Pas G, | = 0up(T*®),

by Theorem 3 and Lemmas 6 and 9, using the algebraic properties of the o, p orders. The result then follows
by a CLT for independent sequences since

Jo(®) - Js = E[Go,(0) Pa, (0)Go,(0)) — E[Gh, PasGo,] =n™'Y . (G, Pa,Go, — B(Gh, Pa,Gay)) + 0up(T~2/%).

i=1

g
Lemma 11. Assume that Conditions 1, 2, 3, 4, 5, and 6 hold. Then, for any 6 between 8 and 0o,
B, (a) = B, + op(T~%%).
Proof. Analogous to the proof of Lemma 10 replacing J; by Bs. a

Lemma 12. Assume that Conditions 1, 2, 8, 4, 5, and 6 hold. Then, for any 0 between 6 and 6o, and
B =-J; !B,

~

B(0) = ~Ju(0) ' Ba(B) = B+ 0p(T*°).
Proof. The result follows from Lemmas 10 and 11, using a Taylor expansion argument. d
D.2. Proof of Theorem 5.
Proof. Case I: C = BC. By Lemmas 10 and 25
VT (5- ao) = —J,(8) 7" 5(60) = —J;15(60) + op(T~%/*)0Op (\/g) = —J715(60) + op(1).
Then, by Lemmas 12 and 25

VnT (é‘BC - 00>

nT (5— 90) - \/ﬁ-;-@ (é‘) = —J715(60) + \/ng‘lBs +op(1)

1 & - n n
= - = 81 _Bs - _Bs
Is [\/ﬁ;w VTP TNT
Case II: C = SBC. First, note that since the correction of the score is of order Op(T}), §sBC _§ =

Op(T~1). Then, by a Taylor expansion of the corrected FOC around 65BC = ¢,
0 = 5(7%5¢) ~771B, (9°°€) = 5(00) + J; (9) B°7° ~ o) = T By + 0p(T ),

+op(1) 5 N(0,J;h).
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where 0 lies between #55C and ;. Then by Lemma 25

VAT (655€ —05) = ~J,(8) " [VaT5(00) - ni2T12,] + 0p(1)

5.0 % > it 7B - [2B,
i=1

Case III: C = IBC. A similar argument applies to the estimating equation (5.2), since
O(T™') neighborhood of 6. O

+op(1) 3 N(O, J7Y).

6'BC isin a

APPENDIX E. STOCHASTIC EXPANSION FOR ¥;0 = 7i{60) AND ;0 = J;(60)

We characterize the stochastic expansions up to second order for one-step and two-step estimators of the
individual effects given the true common parameter. We only provide detailed proofs of the results for the
two-step estimator 79, because the proofs the one-step estimator ;9 follow by similar arguments. Lemmas 1
and 2 in the main text are corollaries of these expansions. The expressions for the scores and their derivatives
in the components of the expansions are given in Appendix G.

Lemma 13. Suppose that Conditions 1, 2, 3, and 4 hold. Then

VT(%io — 1i0) = 9fY + T~2RY S N (O, V),

where
~ 1 ) -1 oy ~
W= =l = - (@) VIR = o), RY = 0up(TV), V¥ = BN
t=1
Also

J R
— " = Op(1).
ﬁ ; (N P( )
Proof. We just show the part of the remainder term because the rest of the proof is similar to the proof of
Lemma 16. By the proof of Lemma 5, VT (Fi0 — Yio) = oup(T?/1%) and

RY = = ()7 (T (00,7:0) = T ) VT Gio = ) = 0up(TV/9).
N —, N

)

=0, (1) =ouP(‘;ﬂ/w) =0, p(T1/10)

Lemma 14. Suppose that Conditions 1, 2, 3, and 4 hold. Then,

VT (R0 — o) = Y +T72QY + TR},

where
1 1 Yatde
W= @) AR g 3 BTl | = our(T),
Jj=1
AV = VT@Y -T¥) = 0up(TY"), R = 0up(T*").
Also,

I w
;;czu = 0p(1).
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Proof. Similar to the proof of Lemma 18. ]

Lemma 15. Suppose that Conditions 1, 2, 3, and 4 hold. Then,

\/_ Z IV 4 N0, E[VY]), Z QY & EBM + BYVC + B'S| = BY,
where
HY /
wo _ i w w
% ( o ) Q (H PY)
w1 Byt S S w w'
B.h,’ = I/‘z/,l = W Z E i Zzt) g(zi,t—j)] - ZGaai.]‘H&,’ QiHai /2 ’
BA.‘ PCh j==00 Jj=1
w,G B¢ -y = ! pW
BYC = Wa | = wi | Y ElGai(zie) P 9(zin-5)]
BAi’ Hai j=-
W18 B8 22 w w’ & w w
BW1S — B%’ls = HW ZGaauPa UHY 24 G, (Ta, ® €)) HY QUPY (/2|
Aq (o713 ]

HW
+< Pcljlj ) Z E [&(zu) PY g(zi6-5)] »

j=—o0

for SV = (G, W, Go,) ', HY =SW G, WY, and PY = Wt — W Go HY .

Proof. The results follow from Lemmas 13 and 14, noting that

- ~-xW HY HY
N A IR e P
(o793 [s'5) (s %)
pliwar] = [ "= Vo (uv P
[1/)1 2 ] = ng i ( ;) a,-) )
“W T > E [G .(Zit)/PWg(Zi t— )]
E A;/V )lW = ai i t=J ’
[ Y ] j;oo ( E [Gai (2it) HY g(zit—5)] + E [€i(2i) P 9(2i0—5))
Gl PYuHY ,
7 7 - g i ’ s if Sda;
E[ST Y] = ( Gl HY . HY na
Gl (s, ®€j—a, JHYQUPY ;) if j > da.

Lemma 16. Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. Then,
VTR0 — vio) = ¥ + T™Y2Ru % N(0, Vi),

where

i — (1) VTR = oup (Tl/lo) . Rui= oup (T”“") , Vi= E[p:d)).

ﬂl

Also
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Proof. The statements about 1; follow by the proof of Lemma 5 applied to the second stage, and the CLT
in Lemma 3 of HK. From a similar argument to the proof of Lemma 5,

-1 - _ - -1 ~ _ ~
Ry = —(T8)" VT(TH00,7:) — T VT Gio — vio) — (T2 VT(TE(90,7;) — TF) VTG — vi0)
N—— ~ -~ ——_—— ~—
=04y (1) =o0,p(T1/10) =0, p(T1/10) =0(1) =0, p(T1/10) =0, p(T/10)
= OuP(T1/5)7
by Conditions 3 and 4. O

Lemma 17. Assume that Conditions 1, 2, 8, 4 and 5 hold. Then,
Qu(6,6;) = Qs + T V2% + T 1R,
where )
ve =T (ﬁ, - Q’) + iﬂaﬂ/;zu; = 0up(TY1%), R, = 04p(TY°),

Jj=1
and P}, is the jth element of ).

Proof. By a mean value expansion around (fg, asg),
Qub,a) = Qi+ Qa,,0,@) (G — aiog) + Y Q,(8,3)(6; — bo,5),
= j=1
where (0, &;) lies between (5, &;) and (g, a;0). The expressions for 7]1;‘3‘: can be obtained using the expansions
for 4;0 in Lemma 13 since 4; — Fio = 0yp(T~3/1%). The order of this term follows from Lemma 13 and the

CLT for independent sequences. The remainder term is

do de
Bl = 3[R0, R, + VT(@a,, (0,8:) = Qa,, WGy = as)] + D O, (B,@)T(E; - 60)
j=1 j=1

The uniform rate of convergence then follows by Lemmas 8 and 13, and Theorem 1.

Lemma 18. Suppose that Conditions 1, 2, 3, 4, and § hold. Then,

(E-1) VT Fio = Yi0) = i + T~Y2Qu; + T Ry,
where
dg+ds
= “1 ] 2q~ ~ ~ ] o~
Quivi, @) = - (Tzn) A + 3 Z wi,ij}wi + diag|o0, U’gﬂwz‘ = Oup (T1/5) ,
j=1
A¢ = \/T(ﬁﬂ — T = o,p (Tl/lo) . Roi= oup (Ta/w) '

Also,
1 n
=Y Qui=0p(1).
n =1

Proof. By a second order Taylor expansion of the FOC for ¥,9, we have
dg+da
0 = (60, Fi0) = &' + Ti(Fio — wio) + 3 > (io.g = %0, T3 (00, %:) Fio — Yi0),

=1
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where 7, is between ;0 and ;0. The expression for Q1; can be obtained in a similar fashion as in Lemma
A4 in Newey and Smith (2004). The rest of the properties for Q1; follow by Lemma 5 applied to the second
stage, Lemma 16, and an argument similar to the proof of Theorem 1 in HK that uses Corollary A.2 of Hall
and Heide (1980, p. 278) and Lemma 1 of Andrews (1991). The remainder term is

dg+da
Ry, = - (Tln) AQRh + Z [Rlz,]T \/_(’y,'() - Yi0) +"/’i,jTiZR1i] /2
j=1
dg+da
-1
- TQ Z \/_ ’Ylo] ’YZO,J)\/.—( 7 3(00171 13)\/_— '710 - 71,0)/2
i=1
NGON [dzag[O RY, VT (Ri0 — io) + diag[0, M]RM] .
The uniform rate of convergence then follows by Lemmas 5 and 16, and Conditions 3 and 4. d

Lemma 19. Suppose that Conditions 1, 2, 8, 4, 5, and 6 hold. Then,

ZJ 4 N(0, E[i)), ZQh E(B! + BS + BS + BY]=: B,,
where
V. = diag(Za,, Pa;)
Bl H do
B,In = (}ti = o - Z Gaahj Zo¢,/2 + E[Gai (Zit)HOtig(zi,t‘-j)] s
BL P,, P
BS D DN e
B¢ = ( ‘“):( )ZE[G (2it)" Pa; 9(2it—3)]
i Ve a; \<t a; \Rit—j
BS H, )=
B2 H,, | —
B—fyz,- = ( BC;{ ) = ( Pa )ZE[Q zu)g Zzt) Po.g (z, t~J)]
i (273 Jj=
BY H = .
W _ i _ a; w /
o ( BEV > B < Py, ) 2 e <H“w ‘Hau>’
i i j=1
for Sy = (GL. Q7 Ga,) ") Hay = $0, G, Y, and Po, = Q7' = Q7 G, Ha, -

Proof. The results follow by Lemmas 16 and 18, noting that

CONE (;f ) w5 )

0] & o (2i6) P,z -)
B g = ) B[40 - JZ( g[[ga,(:z:) ;g(zzi JJ)]]>
[T/’wTQ ] =

if j > dq-
) )
du 4 .
5% o Ela(ze)gzi) Paud(z10-5)] + Sy Qs (HY, = Ha )

) , i § <das
E!Otij C!,

B [diaglo, B} 4]
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APPENDIX F. STOCHASTIC EXPANSION FOR 31V (60, %i0) AND 3;(0o, Fio)

We characterize stochastic expansions up to second order for one-step and two-step profile scores of the
common parameter evaluated at the true value of the common parameter. The expressions for the scores
and their derivatives in the components of the expansions are given in Appendix G.

Lemma 20. Suppose that Conditions 1, 2, 8, and 4 hold. Then,

3V (60, %i0) = T~V + T71QY, + T~*/*RY,,

where
d g+da
P = MIPY =o0up(@V1), QU=MFQY + Iy + Z PP ME Y = 0up(T5),
CV = VT(MY — M) = o0,p(TV"), RY, = o0up(T?).
Also

Zv}sz - )a %ZQK; = OP(l)
i=1 =1

SI

Proof. By a second order Taylor expansion of §; W(00,4:0) around ;5 = Yi0,

dytda
5 (60, %0) = 8 + M (%0 —mo) + 5 > Giog — vi0.5) M (60,%:) (Fio — Yio),
Jj=1

where 7, is between ;0 and 7y;0. Noting that 5! (6, vio) = 0 and using the expansion for ¥;0 in Lemma
14, we can obtain the expressions for @Xy and Q. after some algebra. The rest of the properties for these
terms follow by the properties of 1)V and Q. The remainder term is

dg+d
Rg‘s/i = M'LVVR;‘Z/ + C;/VRYY Z |:Rlz_1 z‘:lg/ﬁ(;?zo - '77,0) + quWR

d+d

+ 3 Z VT Fio,j — Yiog)VT (MY (60,7,) — MY )IVT (Fio — vio)-

The uniform order of R/, follows by the properties of the components in the expansion of ¥;9, Lemma 5,
and Conditions 3 and 4. a

Lemma 21. Suppose that Conditions 1, 2, 3, and 4 hold. We then have

S NOVY), VY = BlG), P QP G,

s
1 & _
;Z W, 5 BE(QY] = BB+ BYC + BYY = BY
where BZZ’B = —GQ;BW = _G’ (BKY’I*MBK;/,G*_BWYIS) BW’C = Z]O'i—ooE[GGi(zit), Wg(zz t—j)]7
BYY = —¥i Gy, PYQ HW'/Z‘ — b Gl (. ® e)HYQPY /2, HY = SWa, Wi, sV =

(GL W Go,) ™!, and BY = W' =W 'Go HY .
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Proof. The results follow by Lemmas 20 and 15, noting that

B [J,WJW’] - MW HXYQ,-HC'Z/ HY PV MW
S 81 K] PO“YQZHK P(Q/szgt/ (] ?
FE [OZVV’IZ)ZVV] = Z FE [Ggi (zit)/ngg(zi,t—j)] y
j==o0
A ~Gog,(ld, ® ej_da)HX‘:Qin:’,j, if 7 > da-
O
Lemma 22. Suppose that Conditions 1, 2, 3, and 4 hold. Then, for W (o) = n=1 Y1, 37 (80, Vo),
VaTs% (00) % N (xBY, V),
where BY and VW are defined in Lemma 21.
Proof. By Lemma 20,
1 - nlw— n 1«
g - w jn2 w [ w.
n1's (00) - \/ﬁ lesz + Tn Z lei + T2 n Z RZsz
i= i=1 =1
=0r(1) =0r(1) =op(1)
1 & [nl
= v — = . 1).
\/ﬁ;wsz+ Tnigl:let+0P()
Then, the result follows by Lemma 21. a

Lemma 23. Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. Then,
5i(60,5i0) = T~ + T71Quss + T~ 2 Rpg,

where all the terms are identical to that of Lemma 20 after replacing W by Q1. Also, the properties of all the
terms of the expansion are the analogous to those of Lemma 20.

Proof. The proof is similar to the proof of Lemma 20. g

Lemma 24. Suppose that Conditions 1, 2, 3, 4, 5, and 6 hold. Then,

1 & - _
=Y s % N(0,J.), Ju=E[Gy,PaCol
1< _ _

- Zlei % EE[Q.s] = E[BE + B =: B,,

where BE = —G4 (B + BS + B + BY), BS, = Y32 E[Go,(2it) Pas §(2it—5)] » Po = Q7' =9 G, Ha,,
Hy, = Do, G, Q7Y and B, = (G4, 97 Ga,) ™

Proof. The results follow by Lemmas 16, 18, 19 and 23, noting that

B [uiils] = MF ( Egi P‘i )My’, B[0P = gE[Goi (2it) Pasg(zi4-3)]s B [, M3 =o0.

O
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Lemma 25. Suppose that Conditions 1, 2, 3, 5, and 4 hold. Then, or 3(6¢) = n=* Y i, 8i(60,Fi0),
" 1 K& in
VnTS(ﬁo) = ﬁ;d)si'i' TBs'}'OP(l) i) N("@Bm‘]s):
where 1,7)“ and B, are defined in Lemmas 23 and 24, respectively.

Proof. Using the expansion form obtained in Lemma 23, we can get the result by examining each term with
Lemma 24. O

APPENDIX G. SCORES AND DERIVATIVES

G.1. One-Step Score and Derivatives: Individual Effects. We denote dimensions of g(z;:), i, and 8
by dg, do and dg. The symbol ® denotes kronecker product of matrices, and I, denotes a d,-order identity

matrix. Let Gaa, (2it; 0, i) = (Gaas, (250, i)'s .., Gaay o, (2it; 0, i)")’, where

0Gq, (23t 6, a;)

Gaai‘j (zit;ayai) = aa )
2¥)

We denote derivatives of Gaa, (2it; 6, ;) with respect to a;; by Gaa,a: ;(2it; 0, ), and use additional sub-

scripts for higher order derivatives.
G.1.1. Score.
T o~
' T =\ g(zit;0, i) + Wik 9i(0, ;) + Wik

G.1.2. Derivatives with respect to the fized effects.

First Derivatives

ﬁw(077i)

87{ éai (61 az) Wi

!
TV = B[T]=- 0 Ga )
Gai Wz

-z HY
HY PY )

oY (1,60) _ ( Goa(0,0:) (Is, ® ;) Gay(0,0s) )

It

()™

Second Derivatives

Gaaau,y (0,00) (TIao @ Ni) - Gaay, (0, 03)' ) , i < dag

W,y = 0% _  Gaa,,(6,04) 0
n 97,07} Goo:(0,0:) (Ia, ®ej_a,) 0 e
- s 1fj > da.
0 0
!
-1 4 0 Gagi,j > ) if j <da;
T = E[Tz“g(%o;%)} = S

/ .
Gaai(fda()@eg—da) g) if § > da.
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Third Derivatives

Aaaawez‘/] >\z éﬂa"e’i/

_ [ Goweain(6,00) (Ia, ® X)) Gaaa, 50 (6, ) y i J < dayk < do;
Gaaai,jk(e’ai) 0
_ @aa,m,j (aaai)’(ldu ®ek—du) 0 1fJ <dg, k>da;
.(6,7) B (0,m) 0 0 B
i,jk\Y> Vi = 6,823'= G i) j
ek DYi O] ~ Gw,ai’k(e,a%(lda®e]-da) g 7 if§ > dg, k < das
00 , if § > do, k> da.
| 00
4
3 0 Gaaai,jk , if j <dg,k < dg;
Gaaai,jk 0
!
1, ke
_ Gaa,as,( «81®"k do) g ,if j <dy, k> dy;
w . W | _
Tiik = E[Tiu‘k] - G (ls, ®€j-a,) O
_ e,k v J o , lf] > dcuk S da;
0 0
0 0
’ if j >da, k> dg.
{ (0 0) ’ * °

G.1.3. Derivatives with respect to the common parameter.
First Derivatives

]VW(G ) = (ﬂv(%@) _ < 693‘%(9"11'),)\1‘ )
2,7 1 1 - - .

Bej égi,j (Hvai)
< 0
w
NY = E[N{ﬂ:— .
GG&,J‘

G.2. One-Step Score and Derivatives: Common Parameters. Let Gpq, (2it; 0, a;) :=

(Goau, (zit;0,04), ..., Goa, 4 (2it; 0, 05)"), where

8Gg(2i1; 0, 03
Geai,j (Ziﬁe,ai) — _%__OZ_)
%)

We denote the derivatives of Gy, (2it; 0, ;) with respect to a;; by Gea,ai,,-(zu;@, @;), and use additional

subscripts for higher order derivatives.

G.2.1. Score.

T
1 ~
S (0,%) =~ Y Golzies 0, as)' i = =Gy (0, 00) A
t=1

G.2.2. Derivatives with respect to the fized effects.
First Derivatives
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s (8, v ~ ~
J0,v) = T(,Wll =— ( Goo, (0, ;) (Ia, ® M) Go, (0, ;) ) ‘

5

|

MY = E[]\Z-W}=—(O G;i).

Second Derivatives

]\ZW(G,’}/Z) _ 623\?/(0,’2’1) — - €Ga,ai,j (ovai)l(lda ® )\z) Geai,j (0,0{1;), ) ’ If] S da;
& 81,50, —( Gpa, (6, ) (Is, ® €j-a.) O ) , if § > da.
_ (o0 &, ), if 5 < das
Mz‘:_‘; = FE [MZI:‘J/(G():’Y’LO)] = , " ) ip .
- o, (ld, ®€j-d,) 0O ) , ifj>da.

Third Derivatives

- é9a,aai,jk(6aa’i)/(1da ® Az) @aaa.-,jk (0aa’i), ) ’ lfJ S dark S da;

A/ZW (9 ) 83:9\'}”(0’71') - 690,01‘,]’ (0:ai)/(1da ® ek—da) 0 ), if j <da, k> dy;
Wellm) = —12L = . -

J i 07 k0,507, — GOa,ai'k(e, ;) (Ia, ®ej—d“) 0 ), 5> dy, k < dyg
-(00), if 5> do, k> da.

- 0 Gleaaijk )’ ifjsda7ksda;

iWk = F [Wk] = - Gloaﬁaiu([d“ ® ek—da) 0 ’ ifj < dOU k> da;

! v ~( ooy i ®€jmg) 0 ), ifj>da,k < das

~(00), £ > da,k > da.

G.2.3. Derivatives with respect to the common parameters.

First Derivatives

& 95" (6, )
b i - . : - = i35 i 1
S;75(0,7) 26, Gog, ;(6,04)' A
W cw] _
W = E [sm.] =0.
G.3. Two-Step Score and Derivatives: Fixed Effects.
G.3.1. Score.
56,v) = 1 i G, (2it; 0, i)' i _ Ga, (6, ;) s ~ 0
i\V, 7i - T =1 g(Zit; 9,011') + ﬁl(é) di))‘i §i(0, ai) + (Qz - Qz)/\,

= THO,v) + 70, %)

Note that the formulae for the derivatives of Appendix G.1 apply for %?, replacing w by Q. Hence, we only

need to derive the derivatives for £I*.
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G.3.2. Derivatives with respect to the fized effects.
First Derivatives

~ OtR(6,v; 0 0
TiR(H,%‘) = L,f” =- S8 .
i 0 Qi(ﬁ,ai) - Q,’

0 0

?'R]z“(o E [0 - o] )

Since ZIA"iR(’yi, #) does not depend on +;, the derivatives (and its expectation) of order greater than one are

TR

2

i
ey

Second and Third Derivatives

Z€ero.

G.3.3. Derivatives with respect to the common parameters.

First Derivatives

LR (0, 1)

NEO.w) = —g

=0.
G.4. Two-Step Score and Derivatives: Common Parameters.

G.4.1. Score.
1 & .
5i(0,m) = -7 > Golzit; 0, 05)' N = —Go, (6, 0) \i.
t=1
Since this score does not depend explicitly on ﬁi(é, &;), the formulae for the derivatives are the same as in
Appendix G.2.
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Table Al: Common Parameter 6,

p1=0 p1=03 p1=06 p1=09
Estimator Bias SD SE/SD p;.05 Bias SD SE/SD p;.05 Bias SD SE/SD p;.05 Bias SD SE/SD p;.05

Y =2
OLS-FC 0.06 001 084 100 006 001 083 100 0.06 0.01 084 1.00 0.07 001 071 1.00
1V -FC 000 001 090 0.08 -001 002 084 011 -001 0.02 078 018 -0.01 0.02 0.63 0.28
OLS—-RC 0.04 0.01 097 100 004 0.01 099 1.00 0.04 001 1.02 100 0.04 0.01 096 1.00
BC-0OLS 0.04 0.01 097 100 004 0.01 099 1.00 0.04 001 102 100 0.04 0.01 096 1.00
IBC-0OLS 0.04 001 097 100 004 001 099 1.00 0.04 0.01 1.02 1.00 0.04 0.01 096 100
IV -RC 000 001 100 0.06 0.00 001 101 005 000 0.01 100 005 000 0.01 101 005
BC -1V 000 001 099 006 0.00 001 101 005 000 0.01 100 005 000 0.01 100 0.05
IBC~1IV 0.00 001 099 006 000 001 101 005 000 001 100 005 0.00 001 100 0.056

v =4
OLS -FC 012 001 1.09 1.00 012 001 103 100 0.12 0.01 110 100 0.12 0.01 1.07 1.00
Iv-FC 000 002 094 007 -001 002 089 008 -001 002 092 009 -001 003 079 0.15
OLS —RC 010 001 1.06 1.00 0.10 001 1.05 100 0.11 0.01 108 100 0.11 001 1.07 1.00
BC -0OLS 010 001 1.06 1.00 0.10 001 105 1.00 0.11 0.01 1.08 1.00 0.11 0.01 1.07 1.00
IBC -OLS 0.10 0.01 1.06 1.00 0.10 001 1.05 100 0.11 0.01 108 100 0.11 0.01 1.07 1.00
1V —-RC 0.00 0.02 098 0.06 0.00 0.02 09 006 000 002 101 005 0.00 002 1.00 0.06
BC-I1V 000 0.02 097 005 000 0.02 095 0.06 000 002 100 005 0.00 0.02 099 0.06
IBC -1V 0.00 002 097 005 0.00 002 095 006 000 002 100 005 000 002 099 0.06

Y==6
OLS - FC 0.16 001 1.27 1.00 0.16 0.01 122 100 0.16 0.01 125 100 0.16 001 134 1.00
IVv-FC 000 003 095 006 000 003 094 0.06 -0.01 003 092 008 -0.01 004 092 0.08
OLS - RC 0.15 001 1.20 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.21 1.00 015 001 126 1.00
BC-0LS 015 001 1.20 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.21 1.00 0.15 0.01 126 1.00
IBC-0OLS 0.15 001 120 100 015 0.01 1.21 1.00 0.15 0.01 121 1.00 015 0.01 126 1.00
IV—-RC 000 003 098 0.06 000 003 100 0.04 0.00 0.03 101 0.05 000 0.03 1.05 0.04
BC-1v 000 003 095 006 000 003 097 0.04 0.00 003 098 005 0.00 003 1.02 0.04
IBC -1V 0.00 0.03 095 0.06 000 003 097 004 000 003 098 005 0.00 0.03 1.02 0.04

RC/FC refers to random/fixed cocflicicnt model. BC/IBC refers to bias corrected/iterated bias corrected estimates.
Note: 1,000 repetitions.



Table A2: Mean of Individual Specific Parameter pu; = E[ay;]

p1=0 p1=03 p1=0.6 p1=09
Estimator Bias SD SE/SD p;05 Bias SD SE/SD p;.05 Bias SD SE/SD p;.05 Bias SD SE/SD p;.05

V=2
OLS—FC 233 165 035 078 258 191 031 079 301 1.92 030 084 368 220 027 0.89
IV-FC 008 159 040 044 016 172 037 047 046 1.66 039 046 096 1.80 037 0.53
OLS-RC 116 153 102 012 115 165 096 012 119 1.59 099 012 125 162 097 0.13
BC-OLS 116 1.53 097 0.14 115 1.65 092 0.14 119 159 095 0.14 125 1.62 093 0.15
IBC-0OLS 116 153 097 014 115 165 092 014 119 159 095 014 125 1.62 093 0.15
IV—RC 001 151 107 004 -001 162 100 005 002 156 104 005 0.08 1.59 1.03 0.5
BC—1V -001 151 1.02 004 -0.02 1.62 096 006 000 156 1.00 0.06 0.06 1.59 098 0.06
IBC -1V -0.01 151 1.02 004 -0.03 1.62 096 006 000 156 1.00 006 0.06 1.59 098 0.06

v=4
OLS -FC 415 184 052 090 443 195 049 090 490 208 046 0.93 545 222 043 095
IV-FC 009 1.8 059 025 021 1.92 057 027 056 189 058 0.27 1.03 1.94 057 0.32
OLS—~RC 319 176 106 041 312 181 104 038 312 176 107 0.38 3.18 1.78 1.06 0.38
BC-OLS 319 1.76 093 050 3.12 1.81 091 048 312 176 094 047 3.18 178 093 047
IBC—-0OLS 319 176 093 050 312 181 091 048 312 1.76 094 047 3.18 1.78 093 0.47
IV—-RC 006 178 115 003 -001 1.86 110 003 003 178 115 0.03 0.10 1.78 115 0.03
BC—1IV 000 178 102 005 -0.08 1.86 0.98 005 -0.04 178 1.02 0.05 0.03 1.78 1.02 0.05
IBC -1V -001 178 1.02 005 -008 1.86 0.98 005 -0.04 178 1.02 005 003 1.78 1.02 0.05

v="6
OLS—FC 562 2.13 062 093 587 225 058 092 619 231 057 093 635 228 057 095
IV—FC 014 229 069 017 026 234 068 019 053 231 069 019 080 226 070 0.20
OLS—RC 469 2.10 108 053 459 214 107 051 452 211 1.09 050 430 2.0l 1.15 0.46
BC —OLS 469 2.10 0.88 069 459 214 088 0.67 452 211 089 0.64 430 2.01 094 0.61
IBC—OLS 469 2.10 088 069 459 2.14 0.88 067 452 211 089 064 430 201 094 0.61
IV—RC 009 230 112 004 005 233 111 0.03 003 223 116 0.02 -0.10 2.18 1.19 0.02
BC -1V  -0.05 230 095 006 -0.10 2.33 0.94 0.06 -0.12 223 097 006 -0.26 2.18 1.00 0.05
IBC -1V -006 230 095 006 -0.10 232 094 006 -0.13 2.23 0.97 006 -026 218 100 0.05

RC/FC refers to random/fixed coefficient model. BC/IBC refers to bias corrected/iterated bias corrected estimates.
Note: 1,000 repetitions.
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Table A3: Standard Deviation of the Individual Specific Parameter o, = E{(ay; — p1)?/?

p1=0 p1=03 p1=06 £ =09
Estimator Bias SD SE/SD p;.05 Bias SD SE/SD p;05 Bias SD SE/SD p;05 Bias SD SE/SD p;.05

W =2
OLS-RC 001 1.06 102 005 015 1.06 1.02 0.05 0.11 1.08 0.99 0.06 017 1.06 0.99 0.06
BC-0OLS -063 1.10 104 0.10 -048 1.11 1.04 0.09 -0.52 1.12 1.01 0.10 -046 1.11 101 0.09
IBC-OLS -063 110 1.04 010 -048 1.11 1.04 009 -0.52 1.12 1.01 0.10 -0.46 1.11 1.01 0.09
1V -RC 038 1.08 1.03 0.05 047 1.10 1.02 0.06 041 1.13 098 006 046 1.11 099 0.06
BC -1V -025 1.13 105 006 -0.16 1.14 1.04 006 -0.22 1.18 1.00 0.07 -0.17 1.16 1.00 0.06
IBC-1V -025 1.13 105 0.06 -0.16 1.14 1.04 006 -0.22 1.18 1.00 0.07 -0.17 1.16 1.00 0.06
P =4
OLS—-RC 089 121 117 0.04 098 120 117 005 1.08 1.16 1.19 006 109 1.05 1.23 0.08
BC-OLS -1.24 146 119 0.08 -1.13 144 120 008 -1.02 1.41 120 005 -0.98 1.23 1.24 0.03
IBC—-OLS -124 146 119 0.08 -1.13 144 1.20 0.08 -1.02 1.41% 120 0.05 -0.98 1.24 122 0.03
IV — RC 184 128 117 017 183 129 116 016 1.8 126 1.17 0.18 1.87 1.18 117 0.20
BC-1vV -025 152 120 003 -026 152 119 002 -0.26 1.51 1.18 0.03 -0.21 1.37 1.18 0.02
IBC—-1V -025 1.52 120 0.03 -026 152 1.19 0.02 -026 1.51 1.18 003 -021 138 1.16 0.02
Yy=6
OLS -~ RC 235 133 138 014 260 140 130 021 257 1.37 1.31 021 269 131 1.28 0.38
BC -OLS -2.06 204 141 0.00 -1.71 214 130 0.01 -1.75 2.06 135 0.00 -1.54 1.78 1.28 0.00
IBC - OLS -2.06 204 141 0.00 -1.71 214 130 001 -1.75 2.06 1.35 0.00 -1.54 1.80 1.26 0.00
IV-RC 379 152 131 046 387 155 128 049 3.78 150 1.30 047 387 148 1.23 0.60
BC -1V -049 213 137 0.00 -042 2.23 129 0.01 -0.55 214 1.35 0.00 -0.40 196 1.24 0.01
IBC -1V -049 2.13 137 000 -041 223 129 0.01 -055 214 135 0.00 -0.39 1.97 122 0.02

RC/FC refers to random/fixed coefficient model. BC/IBC refers to bias corrected/iterated bias corrected estimates.
Note: 1,000 repetitions.



