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Abstract

This thesis consists of three chapters on optimal tax theory with endogenous wages.
Chapter 1 studies optimal linear and nonlinear income taxation when firms do not know

workers' abilities, and competitively screen them through nonlinear compensation contracts,
unobservable to the government, in a Miyazaki-Wilson-Spence equilibrium. Adverse selection
changes the optimal tax formulas because of the use of work hours as a screening tool, which
for higher talent workers results in a "rat race," and for lower talent workers in informational
rents and cross-subsidies. If the government has sufficiently strong redistributive goals, welfare
is higher when there is adverse selection than when there is not. The model has practical
implications for the interpretation, estimation, and use of taxable income elasticities, central to
optimal tax design.

Chapter 2 derives optimal income tax and human capital policies in a dynamic life cycle
model with risky human capital formation through monetary expenses and training time. The
government faces asymmetric information regarding the stochastic ability of agents and labor
supply. When the wage elasticity with respect to ability is increasing in human capital, the
optimal subsidy involves less than full deductibility of human capital expenses on the tax base,
and falls with age. The optimal tax treatment of training time also depends on its interactions
with contemporaneous and future labor supply. Income contingent loans, and a tax scheme
with deferred deductibility of human capital expenses can implement the optimum. Numerical
results suggest that full dynamic risk-adjusted deductibility of expenses is close to optimal, and
that simple linear age-dependent policies can achieve most of the welfare gain from the second
best.

Chapter 3 considers dynamic optimal income, education, and bequest taxes in a Barro-
Becker dynastic setup. Each generation is subject to idiosyncratic preference and productivity
shocks. Parents can transfer resources to their children either through education investments,
which improve the child's wage, or through financial bequests. I derive optimal linear tax
formulas as functions of estimable sufficient statistics, robust to underlying heterogeneities in
preferences. It is in general not optimal to make education expenses fully tax deductible. I also
show how to derive equivalent formulas using reform-specific elasticities that can be targeted
to already available estimates from existing reforms.
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Introduction

This thesis contributes to the study of the optimal design of the tax system. A large theoretical

literature has analyzed the tradeoff between efficiency and equity when setting taxes, while an

abundant empirical literature has considered the estimation of behavioral responses to the tax

system. Comparatively less attention has been given to the way taxation may affect the pretax

wage distribution, or the structure of compensation. The focus has predominantly been on the

response of taxable income to taxation and these reactions have typically been interpreted as

labor supply adjustments or tax evasion. The typical assumption in taxation models has been

that wages are exogenous because people are paid their marginal product, which is independent

of taxes.

This assumption, while analytically convenient, is conceptually and empirically not very

appealing. First, supposing that workers are indeed paid their marginal product, that marginal

product itself need not be exogenous to taxes. Workers can invest in their own productiv-

ity throughout life through human capital acquisition. Any investment in human capital is

naturally influenced by its net return, which depends on the tax system. Second, pay is not

necessarily equal to marginal product. When firms are introduced as distinct agents, informa-

tional frictions between employers and employees can emerge. These frictions can lead to a

divergence between pay and marginal product: firms set wages to balance the need to extract

information and provide incentives to workers of different qualities. Because taxes differen-

tially affect the returns to work of workers of different qualities, they influence the wage setting

process of firms.

This thesis explores optimal taxation when wages are endogenous. I consider both of the

aforementioned reasons: endogenous marginal products and a more complex endogenous wage
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setting process. Taking into account the dependence of wages on the tax system leads to new

and more complex implications for optimal tax design.

In Chapter 1, I introduce firms as important active agents in the optimal income tax prob-

lem. Firms do not know workers' abilities and competitively screen them through nonlinear

compensation contracts unobservable to the government. Because wages and hours are used as

screening tools by firms, they are interdependent across workers, and private labor contracts

are endogenous to the tax system. The government must anticipate that the compensation

structure itself, i.e., the pre-tax wage distribution, will emerge endogenously to taxes.

In Chapter 2, wages are endogenous because of investments in human capital. Agents can

improve their productivity throughout their lives by acquiring human capital through either

monetary expenses or time. Income taxation captures part of the net return to human capital

investments, and hence discourages them, but also provides insurance against risky returns to

human capital, which can encourage investments. Capital taxes affect the tradeoff between

physical and human capital investments as alternative ways of transferring resources intertem-

porally.

In Chapter 3, wages are again endogenous because of human capital investments, but the

intergenerational feature of human capital investments is acknowledged. It is now parents who

can choose between purchasing education for their children or leaving them financial bequests.

Hence, human capital investments and the wage are jointly influenced by the income tax, the

bequest tax, and education subsidies.

More precisely, chapter 1 studies optimal income taxation in a setting in which firms cannot

directly observe workers' talents. Unlike in the traditional Mirrlees (1971) frictionless labor

market - in which firms pay workers a wage equal to their marginal product - firms must set

nonlinear compensation contracts to screen high ability workers from low ability ones. The

government does not observe those potentially complicated private labor market contracts, but

only total income earned. When it sets income taxes, it must anticipate that the private market

contracts are nested in and interacting with the government's taxation contract.

The labor market is modeled according to a Miyazaki-Wilson-Spence (hereafter, MWS)

equilibrium, which is always constrained efficient, thus a priori minimizing the scope for gov-

ernment intervention. I derive new optimal linear tax formulas for a general discrete types
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model and characterize the full Pareto frontiers with nonlinear taxation.

A surprising result is that, when the government has sufficiently strong redistributive goals,

welfare is higher when there is adverse selection than when there is not. A sufficient condition

on social preferences is that lower types are weighted cumulatively more than their cumulative

proportions in the population. This result is due to the "rat race" in which high productivity

workers are caught, created by firms to screen them. The use of work hours and pay as

screening tools limits the scope of high types to react negatively to distortive taxation, and

helps the government redistribute at lower efficiency cost. This is true for both linear and

nonlinear taxation, and even when the government cannot observe the private labor contracts.

Second, the taxable income elasticity, which has been the focus of much of the empirical

literature, is no longer a sufficient statistic for optimal taxes. Indeed, because of the labor

distortions caused by adverse selection, there are first-order welfare effects of taxes through

labor supply, which appear as two new types of terms in the optimal tax formula. The "rat

race" terms measure the cost of labor supply distortions on each type's welfare, and provide a

rationale for a corrective Pigouvian tax, even absent redistributive concerns. In addition, firms

are already engaged in some redistribution between types through cross-subsidization between

different contracts offered: this is captured in the "informational rent" terms of lower types. If

the government's redistributive preferences are sufficiently strong, then at a given elasticity of

taxable income and a given income distribution, as observed in the data, the optimal tax will

be higher when there is adverse selection.

The two main policy implications of these findings are that, first, the interpretation, estima-

tion, and use of taxable income elasticities are complicated by the presence of adverse selection.

For instance, it is no longer straightforward to map measured elasticities into structural elastic-

ities without knowledge of the underlying market structure. Second, a government with highly

redistributive preferences might find some degree of adverse selection useful. The information

structure of the economy, and by consequence, the optimal tax and welfare, can be endogenous

to some widely used government policies, such as bans on discrimination, or regulations on

firing and pay structures.

Chapter 2 considers optimal taxation in the presence of endogenous human capital invest-

ments, which leads to an endogenous pre-tax wage distribution. Human capital accumulation

12



is a key concern for many people that starts early in childhood, continues through the formal

education system, and extends throughout working life in the form of job training. Investments

in human capital can be shaped by tax policy. Labor income taxes discourage investment by re-

ducing the net return to human capital, but also encourage investment by insuring against risky

human capital returns. Capital taxes affect the choice between physical and human capital.

This chapter jointly determines optimal taxes and human capital policies over the life cycle.

In the model, each individual's wage is a function of endogenous human capital and stochas-

tic "ability," a comprehensive measure of the exogenous component of productivity as in the

Mirrlees (1971) model. Agents' heterogeneous innate abilities are subject to persistent and

privately uninsurable shocks. This leads to heterogeneous and uncertain returns to human

capital. Throughout their lives, agents can invest in risky human capital by spending money

(e.g., tuition or books) or time (e.g., studying or training). The government attempts to provide

insurance against idiosyncratic uncertainty, as well as to redistribute across intrinsic heterogene-

ity. However, it faces asymmetric information about initial ability and its evolution, as well

as labor effort. This necessitates the imposition of incentive compatibility constraints in the

dynamic mechanism designed by the government. To describe the distortions in the resulting

constrained efficient allocations, the wedges, or implicit taxes and subsidies, are analyzed.

This chapter highlights that, because of the endogenous wage, the income tax and savings

tax distortions should optimally be counterbalanced by a subsidy for human capital expenses.

In addition, the endogeneity of wages makes a subsidy to human capital attractive as a way

to indirectly stimulate labor supply by increasing the returns to labor. Finally, the human

capital subsidy can itself fulfill a redistributive role traditionally assigned to the income tax, by

exploiting the differential effect of human capital on the pre-tax incomes of high and low ability

people. If the wage elasticity with respect to ability is decreasing in human capital, human

capital has a positive redistributive effect on after-tax income and a positive insurance value.

It is then optimal to subsidize human capital expenses beyond simply insuring a neutral tax

system with respect to human capital expenses, i.e., beyond making human capital expenses

fully tax deductible in a dynamic, risk-adjusted fashion.

The chapter illustrates these conceptual points by calibrating a stylized model with para-

meters roughly corresponding to the current-day U.S. economy. The results from this modeling
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exercise suggest that full dynamic risk-adjusted deductibility may be close to optimal and that

simple linear age-dependent human capital subsidies, as well as income and savings taxes,

achieve almost the entire welfare gain from the full second-best optimum for the calibrations

studied.

Two ways of implementing the constrained efficient allocations are proposed: Income Con-

tingent Loans (ICLs), the repayments of which depend on the history of earnings and human

capital, and a "Deferred Deductibility" scheme in which only part of current investment in

human capital can be deducted from current taxable income, while the rest is deducted from

future taxable incomes.

Chapter 3 continues the investigation of endogenous human capital, but turns to an inter-

generational setting. Parents are now the ones investing in the human capital of their children

and can alternatively choose to transfer resources to their offspring in the form of financial

bequests. Hence, children's future wages - determined by the investments in human capital

- become endogenous to income and bequest taxes, as well as education subsidies. Indeed,

income taxes reduced the net returns to education for children, but also redistribute resources

towards low income parents who can then invest in education. Bequest taxes affect the decision

to purchase education or leave bequests. In turn, bequests affect the incentives of children to

work and, hence, the revenues from income taxes.

This chapter jointly determines the optimal linear income tax, bequest tax, and education

subsidy in a dynamic intergenerational model. As in the standard dynastic Barro-Becker model,

each generation cares about the expected discounted utility of all future generations. The

future wage of each child is a function of his parents' endogenous education investments and a

stochastic exogenous component.

I express the optimal formulas for education subsidies, income taxes and bequest taxes in

terms of estimable statistics that are robust to heterogeneity in preferences and primitives. A

crucial determinant of education subsidies and bequest taxes are their distributional incidences,

i.e., how concentrated education expenses and bequests are among high marginal utility agents.

I compare the results to the benchmark result by Bovenberg and Jacobs (2005) which states

that income taxes and education subsidies are "Siamese Twins," i.e., they should be set equal

to each other. In a static model, this corresponds to full deductibility of education expenses.
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This no longer holds in a model with generalized preferences, heterogeneity, and uncertainty.

Even more, because of the unrestricted wage and utility functions, it is not even the case that

the education subsidy and the income tax should comove. I show that the optimal formulas can

equivalently be derived in terms of reform-specific elasticities that capture the same trade-off

between the efficiency and distributional impact of each instrument, but that can be targeted

to already conducted reforms for which elasticity estimates are easier to obtain.

This thesis tries to cast light on the income tax problem with endogenous wages. The main

contribution of this work is to describe how optimal income tax results need to be nuanced and

modified when taxes also shape the pre-tax wage distribution. This extension to the workhorse

taxation model can improve the applicability of optimal tax theory to policy.
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Chapter 1

Optimal Income Taxation

with Adverse Selection

in the Labor Market

1.1 Introduction

For many workers, the labor market may resemble a rat race, in which they have to compete

for high-paying jobs by always working harder. Indeed, if talent and ability are difficult to

recognize, hard work may be the only way for employees to favorably influence the perceptions

of their employers and, hence, their pay. Understanding the informational structure of the labor

market, and the mechanism through which hours of work and pay are set, is crucial for many

policy questions. One of them is optimal income taxation, since labor supply is a key margin

on which individuals may respond to taxation. What is the optimal income tax in a setting in

which firms cannot directly observe workers' talents, but instead set nonlinear compensation

contracts to screen high ability from low ability ones? In this chapter, I attempt to answer this

question by studying optimal linear and nonlinear income taxes with adverse selection in the

labor market.

The standard income taxation model, introduced in Mirrlees' (1971) seminal paper, assumes

a frictionless labor market in which firms pay workers a wage equal to their ability, i.e., their
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marginal product per hour. The government, on the other hand, tries to redistribute from high

to low ability workers, but does not observe abilities. It hence sets nonlinear taxes subject

to incentive compatibility constraints to ensure that workers truthfully reveal their types. By

contrast, in the current chapter, firms do not know workers' abilities and play an active role in

determining hours of work and pay. When the government sets taxes, it must take into account

the modified responses to them, due to the nonlinear, screening wage schedules facing workers.

Private market contracts are nested in and interacting with the government's contract. As an

added challenge, the government does not observe those potentially complicated private labor

market contracts, but only total income earned. Accordingly, it must not only anticipate which

contracts workers will choose out of a fixed set, but also the set of labor contracts, that is the

compensation structure itself, which will emerge endogenously to taxes. 1

To explain the functioning of the labor market, I use a Miyazaki-Wilson-Spence (hereafter,

MWS) equilibrium (Spence, 1978, Wilson, 1977 and Miyazaki, 1977), which is always con-

strained efficient, thus a priori minimizing the scope for government intervention. I also discuss

the Rothschild-Stiglitz (hereafter, RS) equilibrium notion (Rothschild and Stiglitz, 1976), which

has its own peculiar challenges of potential non-existence and constrained inefficiency in the

Appendix. I derive new optimal linear tax formulas for a general discrete types model and

characterize the full Pareto frontiers with nonlinear taxation.

The most surprising result is that, when the government has sufficiently strong redistributive

goals, welfare is higher when there is adverse selection than when there is not. This result is due

to the "rat race" in which high productivity workers are caught, which is engineered by firms

to separate them from lower productivity ones. The use of work hours and pay as screening

tools limits the flexibility of high types to react adversely to distortive taxation, and helps the

government redistribute.

Second, since the usual envelope conditions on labor supply no longer hold, there are first-

order welfare effects from affecting it through taxes, and the optimal linear tax formula is

modified to include two new types of terms. The corrective "rat race" terms capture the

cost of labor supply distortions on each type's welfare, and can make the optimal tax positive

'In the standard model, the pretax income distribution of the economy is endogenous to taxes, but the

endogeneity is driven solely by hours worked, while wages are equal to the intrinsic productivities of workers.
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even absent any redistributive agenda, akin to a Pigouvian tax. In addition, firms are already

performing some redistribution themselves by cross-subsidizing workers, which is captured in

the "informational rent" terms of lower types. For a given elasticity of taxable income and

a given income distribution, the optimal tax will be higher when there is adverse selection,

provided the redistributive preferences of the government are sufficiently strong. 2

Third, in the nonlinear tax case, I compare the Pareto frontiers under three different infor-

mational regimes: the standard Mirrlees, the Second Best with Adverse Selection - in which

neither the government nor firms know workers' types, but the government observes private la-

bor contracts - and the Adverse Selection with unobservable private contracts. The main result

carries over: whenever the government wants to redistribute from high to low ability workers,

the Pareto frontiers with Adverse Selection - with either observable or unobservable private

contracts - are strictly above the Mirrlees frontier. A sufficient condition on social preferences

is that lower types are weighted cumulatively more than their cumulative proportions in the

population. When private contracts are unobservable to the government, it can still implement

any Second Best allocation with observable contracts using a mix of nonlinear income taxes

levied on workers, and nonlinear payroll taxes levied on firms.

I discuss the two main policy implications of these findings and draw the link to tax praxis.

First, I outline how the interpretation, estimation, and use of taxable income elasticities is

complicated by the presence of adverse selection - an important cautionary tale given how

central the latter are in the taxation literature. In particular, it is no longer straightforward

to map measured elasticities into structural elasticities without knowledge of the underlying

market structure. Estimation relying on reforms as natural experiments may be affected by the

interconnections of different groups through their labor contracts. Even correctly estimated,

these elasticities are no longer sufficient statistics for the deadweight loss of taxation, and strict

reliance on them for optimal tax design may be misleading. Secondly, the result that welfare

may be higher with adverse selection suggests that a government with highly redistributive

preferences might find some degree of adverse selection useful, and naturally leads to question

to what extent the information structure of the economy is endogenous to government policies.

2 In addition, in the RS setting, raising taxes can destroy an existing equilibrium, and hence tax policy is more
constrained.

18



Some widely used labor market interventions, such as bans on discrimination, or regulations on

firing and pay structures can affect the degree of adverse selection, and, by consequence, the

optimal tax and welfare.

Empirical Literature on adverse selection: All results in this chapter are based on two

empirically testable assumptions. First, there must be asymmetric information about worker

quality between firms and workers, a friction that has been widely documented. Acemoglu and

Pischke (1998) show that a worker's current employer has more information about his quality

than other potential employers, suggesting that, at the time of hiring, quality is uncertain.

Gibbons and Katz (1991) also test a model in which the incumbent employer has superior

information, so that laid-off workers are perceived as lower ability.

The second assumption is that firms are screening their workers through the labor contracts

offered, rather than through other direct means, such as ability tests. Although I focus on

requirements on the hours of work, other productive actions which are costlier to lower ability

workers, such as sophisticated training programs, or effort on specific tasks, could also serve as

valid screening tools. Evidence that employers screen indirectly through training comes from

Autor (2001) for Temporary Help Firms. Career concerns seem to make workers work harder in

order to positively influence the perception of their employers about their talent (Holmstrom,

1978, Gibbons and Murphy, 1992, and Baker, Gibbons and Murphy, 1994). Most closely related

to this chapter is the empirical study of "rat races" at large law firms by Landers, Rebitzer and

Taylor (1996), who show that employees are required to work inefficiently long hours before

being promoted to partners in order to distinguish those with a high propensity to work.

Related optimal taxation literature: This chapter contributes to the optimal taxation

literature (as developed by Mirrlees, 1971, Diamond, 1998, Saez, 2001, Albanesi and Sleet, 2006,

Golosov, Tsyvinski and Werning, 2006, and Weinzierl, 2011 among others), but mostly to a

growing strand of it which considers the interplay of private markets and government-imposed

taxation. The focus until now has generally been on private credit and insurance markets rather

than on informational problems in the labor market itself. Golosov and Tsyvinski (2006) study

optimal dynamic taxation when agents can secretly trade risk-free bonds, while Krueger and

Perri (2010) examine the role of progressive income taxation in insuring agents when private

risk sharing is imperfect. But unlike their private market equilibria, the one in this chapter
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is already constrained efficient.3 Chetty and Saez (2010) highlight that the fiscal externality

generated by private sector insurance that suffers from moral hazard or adverse selection needs

to be taken into account in the optimal tax formulas. Unlike them, I focus on the labor supply

contract, and deal more explicitly with the private market equilibrium. Scheuer (2013a,b)

considers optimal income and profit taxes with incomplete credit markets for entrepreneurs.

The link to the literature on contracts, imperfect information, and hidden trades is drawn in

Section 1.4.1.

The rest of the chapter is organized as follows. The next section describes the labor market,

and solves for the optimal tax in the standard case with no adverse selection. Section 1.3

studies the optimal linear taxation problem with adverse selection, while Section 1.4 focuses

on the optimal nonlinear tax. Section 1.5 discusses the policy implications, and Section 1.6

concludes. All proofs are in the Appendix.

1.2 A Model of the Labor Market with Adverse Selection

1.2.1 The Labor Market

Consider a perfectly competitive labor market with workers of N different productivities, hired

by risk-neutral competitive firms. 4 Type i has productivity 0 E {E E 01, ON}, with 01 <

< Oi < ... < ON, and produces f (h) = 02 h units of output for h hours of work at a disutility

cost of q5 (h). The fraction of types i in the population is Ai with Et At = 1. The assumptions

on the cost functions required to permit screening are analogous to the ones in Spence (1978):

Assumption 1 i) ' (h) > 0, #'j' (h) > 0 Vh > 0, and #i (0) = 9'; (0) = 0, Vi

Assumption 1 ii) #$ (h) < #5_1 (h) Vh > 0, Vi > 1

iii) #' (h) < q'_ (h) Vh > 0, Vi > 1.

3 The potentially constrained inefficient Rothschild-Stliglitz equilibrium is in the Appendix.
4The N-type model was introduced and solved by Spence (1978) in the context of insurance policies. I adapt

it to the labor market and introduce taxes into the model.
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Hence, lower productivity workers not only have a higher cost of effort, but also a higher

marginal cost. The utility of a worker of type i takes a simple quasilinear form:

Uj (c, h) = c - Oi (h)

where c is net consumption, equal to total pay y minus any taxes T (y) paid to the government.

Firms cannot observe a worker's type, but can perfectly monitor hours of work. They hence

post screening contracts specifying pairs of pay and hours {y., hi} 1. There exist several

equilibrium concepts for such hidden information settings, but no consensus about the best one.

In this chapter, I focus mostly on an analytically tractable Miyazaki-Wilson-Spence foresight

equilibrium (MWS), (Spence, 1977, Wilson, 1976, and Miyazaki, 1977). The Appendix contains

the analysis of a Nash behavior A la Rothschild and Stiglitz (1976).

Definition 1 (Miyazaki- Wilson-Spence equilibrium) A set of contracts is an equilibrium if i)

firms make zero profits on their overall portfolio of contracts offered, and ii) there is no other

potential contract which would make positive profits, if offered, after all contracts rendered

unprofitable by its introduction have been withdrawn.

In the MWS setting, each firm is only required to break even overall on its portfolio of

contracts, allowing for cross-subsidization between contracts. Firms have foresight: they antic-

ipate that if they offer a new contract, some existing contracts might become unprofitable and

be withdrawn. An equilibrium always exists and is constrained efficient (Miyazaki, 1977), thus

reducing the scope for government intervention. 5

1.2.2 The Optimal Linear Tax Without Adverse Selection

Here and in Section 1.3, I suppose that the only two instruments available for redistribution

are a linear income tax t, levied on total earned income y, and a lump-sum transfer T, which

5In a two types model (N = 2) if A1 , the fraction of low types, is small, then the equilibrium involves cross-

subsidization from high productivity to low productivity workers. High productivity workers are paid less than

their product and low types are paid more than theirs. If A1 is sufficiently high, the MWS and RS equilibrium

allocations coincide.
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ensures budget balance.6 As a benchmark, it is useful to solve for the standard Second Best

Pareto frontier, in the case without adverse selection. A weighted sum of utilities is maximized,

subject to the reaction functions of the private market. For any given tax, workers of type i

choose a level of hours h (t) , referred to as the efficient level of hours for type i,7 at which the

marginal cost of effort just equals the net of tax return:

0'/ (h* (t)) = Oi (I - t)(.)

Earnings are y. (t) = O h (t). For a set of Pareto weights pi {=i}$ 1, the social welfare

function is:

N

SWF (p) = 2 (ci (t) - #i (hi (t))) (1.2)
i=1

Using that ci yi (1 - t) + T, the government's program is:

(PSBN ( )) : max p (Oih* (t) (1 - t) - 4 (h* (t)) + T)

with
N

T = t Ai0ih* (t)

where {h* (t)} are the workers' reaction functions to taxes as defined in (1.1).

It is instructive to derive the optimal tax formula heuristically, using a perturbation ar-

gument as in Saez (2001). When the tax rate is raised by a marginal amount dt, there are

three effects. The mechanical revenue effect, dM - the change in tax revenue if there were no

behavioral responses - is simply equal to average income, denoted y (t) > Aiyi (t):

dM = y (t) dt

6 Throughout the paper, it is assumed that the government cannot observe abilities, or, equivalently, that no
type-specific taxation is available. This case is called a Second Best case because the government needs to rely
on distortive taxation in order to redistribute.

7 Note that this efficient level is conditional on taxes and hence different from the first-best level of hours,
except for t = 0.
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The behavioral effect, dB, caused by changes in agents' labor supply, is:

dB =t Y10\ dt dt

which, after some algebraic manipulations, can be rewritten as:

dB = EyydtI - t

where Ey is the usual aggregate elasticity of taxable income to the retention rate (1 - t), also

equal to the income-share-weighted average of individual elasticities:

Ey = d log y/d log (1 - t) = ce (t) ey,

where

Eyi d log (yi) / d log (1 - t)

is type i's taxable income elasticity, and a. (t) Ajyi (t) /y is the share of total income produced

by type i workers.

Finally, the welfare effect dW - sum of the individual welfare effects dWi - is equal to the

Pareto weights weighted reduction in consumption, since the indirect effect on welfare through

changes in hours of work is zero by the envelope theorem:

dW = ZdW = - ( y(t))

Denote the Pareto-weights weighted income shares by E >3i pjyz (t) /y. y measures the

concentration of income relative to redistributive preferences. Whenever the social welfare

function puts the same weight on each type as his proportion in the population (A. = pi, Vi),

= 1. If Pareto weights are concentrated mostly on those with low incomes, then << 1.

Hence,

dW= -(yy)dt

The optimal tax is the one at which the sum of these three effects dM + dB + dW is zero,
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which yields the familiar (implicit) tax formula:8

tSB 1___ (1.3)
tSB 6

This formula highlights the two usual forces determining the optimal tax, namely, the equity

concern, proxied by the income distribution and Pareto weights in g, and the efficiency concern,

captured by the taxable income elasticity ey. Note that the revenue-maximizing tax rate is

tR/ (1 - tR) = 1/ey, while the Rawlsian tax rate (when pil = 1) is tRawls/ (1 - tRawls) - i-ni.

If pt = A, for all i, the utilitarian criterion, combined with quasilinear utility yields tSB 0.

1.3 Linear Taxes with Adverse Selection

Suppose now that firms do not know workers' types. An adverse selection problem arises if, at

the first best allocation, lower type workers would like to pretend they are higher types, i.e., if

and only if:

Oi+ 1h*+1 (0) - /; (h*+1 (0)) > O;hi (0) - #7 (h* (0)) Vi < N - 1 (1.4)

where h (0) is as defined in (1.1) at t = 0. I assume that (1.4) holds throughout this Section.

A two-stage game takes place, with the government first setting taxes t, and the correspond-

ing transfer T, and firms then choosing what labor contracts {h (t) , y (t)}4_ 1 to offer (see figure

1 - 1 below). Working backwards from the second stage, I study the reaction functions of firms

to any given tax, and then solve the government's optimal tax program, taking the responses

of the labor market as additional constraints. To build the intuition, I start with N = 2.

'With N = 2, this can also be rewritten as:

tSB 2 ((- _)(t -I a(t))

1- tSB

Note that a2 (t) / (1 - A) and ai (t) /A are the shares of total income per worker of each type respectively. The
greater this difference, and the greater inequality. Whenever the low type workers are valued more at the margin
than is justified by their population share (tL > A), the optimal tax is positive.
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Figure 1-1: Timeline

Government announces Firms post menu of Workers choose labor Type i works hi(t) hours, receives
t and T. contracts {hj(t),yj(t)}. contract from menu, yL(t), pays tyi(t) and gets T.

1.3.1 Second Stage: The Private Sector's Reaction to Taxes

Two types model N = 2:

In a MWS setting with N = 2, as shown by Miyazaki (1977) for the case without taxes,

firms offer a menu of contracts {hj, yi}/i solving program PMWS (t), conditional on a given tax

level t and a transfer T. The transfer T will not affect the firm's problem thanks to quasilinear

utility and is omitted. Let A1 = A and A2 = 1 - A.

(PMWS (t)) : max (1 - t) Y2 - #2 (h 2 )
{yi,Y2,hj,h 2}

(IC12) : (1 - t) y1 - #1 (hi) > (1 - t) y2 - # 1 (h 2 )

(IC21): (1 - t) y 2 - #2 (h 2 ) > (1 - t) Y1 - 02 (h)

(profit) : Ay, + (1 - A) Y2 = AO 1hi + (1 - A) 02h2

(RS1) : (I - t) y1 - #1 (hi) > (I _ t) yRS # (h RS) URs

The first two constraints are the incentive compatibility constraints for the low and high type

respectively, ensuring that each type self-selects into the appropriate work contract. The third

one is the zero profit condition on the full portfolio of contracts. The final constraint ensures that

the low productivity worker always receives at least his utility from the separating allocation, 9

defined by hRS (t) = h* (t) and yRS (t) = 0 hRs (t). Note that for some t, (IC12) could become

slack with hours at their efficient levels, even if it would be binding at t = 0 (when (1.4) holds).

9 This separating allocation is also known as the "Rothschild-Stiglitz" allocation. Why this constraint appears

in the program is explained in detail in the original Miyazaki (1977) paper for the case without income taxes.

In short, if this constraint was not satisfied, there would be a profitable deviation for some firm, consisting in

offering a slightly worse contract than the fully separating one, attracting all low types, and making a positive

profit.
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Then we would have:

(1 -0t 02h* (t) -- #1 (h* (t)) < (I - t) O1h* (t) - #1 (h* (t)) (1.5)

The following proposition characterizes the private market equilibrium for any tax t as a

function of a threshold I (t) for the fraction of low types (defined in the Appendix).

Proposition 1 For a given t, constraint (profit) is binding and (IC2 1) is slack. The low

type always works an efficient amount of hours h* (t) , and there are three possible equilibrium

configurations:

i) If (1.5) holds, h 2 (t) = h* (t) , and the allocation is equal to the Second Best one.

ii) If (1.5) does not hold and A > A (t) (called case AS1), constraint (RSI) is binding, each

worker earns his marginal product, and there is full separation. h 2 (t) is above the efficient level,

and is the solution to 01 h* (t) (1 - t) =0 2 2 (t) (1 - t) - (#1 (h 2 (t)) - # 1 (h* (t))).

iii) If (1.5) does not hold and A < A (t) (called case AS2), constraint (RS1) is not binding and

there is cross-subsidization from high to low productivity workers. h 2 (t) is above the efficient

level, and is the solution to 0' (h 2 (t)) = (1 - t) (1 - A) 02 + AO' (h 2 (t))

In addition,

iv) dhi (t) /dt < 0, for i = 1, 2

v) dh 2 (t) /dA > 0 for A < A (t), dh 2 (t) /dA = 0 for A > A (t).

The first case occurs if the low type no longer wants to pretend to be a high type at t and

is not of great interest: it is unlikely to occur with N > 2, and can be ruled out by assumption

2 below. More generally, low productivity workers work an efficient number of hours, but high

productivity workers work excessively. There is a critical level of the fraction of low types,

A (t), which determines whether firms find it profitable to cross-subsidize workers or not. The

intuition is that, for a low A, it is beneficial to reduce the distortion in the labor supply of

high types in exchange for a higher cross-subsidy to low types. When the fraction of low types

increases, however, this subsidy to each of them becomes too costly, and there is separation. 10

"'But each worker earns his product at the equilibrium levels of hours only. It is not the case that a worker
would earn his marginal product had he chosen another level of hours, unlike in standard competitive labor
markets.
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Hours of work of the high type are increasing in A for A < A (t) because of the standard trade-off

in screening models between the distortion imposed on the high type and the informational rent

forfeited to the low type (see Laffont and Martimort, 2001). The higher the fraction of bad

types, the costlier it becomes for the firm to give up an informational rent to each of them. As

a result, the hours of the high type must be distorted more.

An additional assumption, namely that the disutility of labor is isoelastic, simplifies the

exposition but is not needed for the derivation of the optimal tax in Subsection 1.3.2.

Assumption 2 #t (h) = allO, for i= 1, 2.

To satisfy assumption 1 with this specification would require a, > a2.

Proposition 2 If assumption 2 holds:

i) IC1 2 binds at all t,

ii) A (t) is independent of t: A (t) = A, Vt.

Result i) states that, if at t = 0 there is an adverse selection problem (i.e., (1.4) holds)

and assumption 2 holds, then there is an adverse selection problem at all tax levels. Then, the

marginal utility of the low type from his own efficient allocation and from deviating to the high

type's efficient allocation grow at the same rate, and the relative rewards from cheating versus

revealing truthfully are unaffected by the tax. The second result guarantees that the type of

equilibrium does not depend on the tax rate. A (t) is equal to the ratio of the marginal welfare

loss of the high type 02 (1 - t) - 0' (h2 ) and the marginal informational rent gain of the low

type, 01 (1 - t) - q'S (hi). As long as the cost of distortion in h2 remains low relative to the

informational rent (A > A (t)), the contract is separating. If it grows too high (A < I (t)), it

becomes better to grant the low type a cross-subsidy rather than to keep distorting hours of

work. With isoelastic disutility functions these two effects grow at the same rate with the tax,

so that their ratio is independent of t.

N types model, for N > 2:

For any t set by the government, define a sequence of programs (PMws(t) =1 and utilities

ii, such that:

(pmws(t)) : it = max 01h (1 - t) - 01 (h)
h
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For 2 < i < N:

(PMWS(t)) : ii max yi (1 - t) - #i (hi)
{yj,hj }>=

subject to:

yj (1 - t) - # 3 (h) ;> i!,3j < i

yj (1 - t) - #j (hj) ;> yj+l (I - t) - #j (h3-+), j < i

Z (Ojhj - yj)A = 0
j=1l

The equilibrium with N types is the set of income and hour pairs {yi, hi} 1 which solve, for a

given t, program pMWS,N = pMWS ()

Proposition 3 In the MWS equilibrium with N types, N > 2

i) There is a number of "break agents" k1 , k2 , ... kn with n < N such that:

- Firms make losses on all subsets of types of the form {1, .. , i}, {ki + 1, ... ,

{kn-1 + 1, ..., i} for i -f ki, k 2 ,...kn.

- Firms break even on the subsets of types of the form {1, .. , ki}, {ki + 1,..., k2},..,

{ kn-1 + 1, ... , kn }, called "cross-subsidization groups."

- If (ICj,j+ 1 ) is not binding for some j, types j and j + 1 are in two different cross-

subsidization groups, called "disjoint."

ii) The lowest productivity agents of each disjoint cross-subsidization group (including type

1) work efficient hours.

iii) All other types work excessively much, i.e., h- (t) > h (t), Vt < 1.

The cross-subsidization groups are subsets of agents such that the firms breaks even on the

group as a whole, but within which some types cross-subsidize others. With N types, if IC,,j+ 1

is not binding, then j and j + 1 are in different cross-subsidization groups (see the Appendix),

and the population is split into (at least) two non-interacting sets, above and including j + 1

and strictly below j + 1.
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1.3.2 First stage: The Optimal Linear Tax Problem with Two Types

In the first stage, the government chooses the optimal linear tax to maximize the weighted

sum of individual utilities in (1.2), taking as given the reaction functions of the private market,

{Y1 (t) , Y2 (t) , hi (t) , h2 (t)}. With N = 2 and ti = [, the program is:

(PAS (p)) :max 1 (y, (t) (I - t) - 01 (hi (t)) + T) + (I - Y) (Y2 (t) (I - t) - #2 (h2 (t))+ T)

s.t. : T = t (A0 1hi (t) + (1 - A) 02h 2 (t))

The behavioral and mechanical revenue effects are still the same as in the Second Best

(Subsection 1.2.2), but the welfare effects on the two types, dW1 and dW 2 , are now different.

They can be decomposed into a direct effect from reduced consumption, and, if and only if the

envelope condition does not hold, as is the case for h2 here, additional indirect effects from

changing labor supplies.

First, when taxes increase, the excessively high hours of work of the high type are reduced,

which has a positive marginal effect on his own welfare, called the "rat race" effect and denoted

by 2:

2 (I-t)0 2 - (h 2 ) 0

Second, the "informational rent" effect captures how the rent forfeited to induce the low type

to reveal his true type changes with taxes, and is denoted by K2:

K2 [(1 - t) 0 2 -1(h 2)] 0

As is usual in screening models, there is a trade-off for the firm between reducing the informa-

tional rent of the low type and the distortion in the hours of the high type. As taxes increase,

the high type is made to work less, which reduces the distortion in his labor supply, increases

the rent transfer to the low type, and hence indirectly redistributes income. When firms cross-
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subsidize workers, they redistribute from high to low types. Hence, the welfare effects are:

div1  = dh2 (t)ddW1 -pyidt + p (1 - A) I' (t) K2 d2()dt
dt

dW 2 =) Y2dt + (I - )2 - A\c (t) K2} dt
dt

(1.6)

(1.7)

where the indicator variable IC (t) = 1 if there is cross-subsidization, and 0 otherwise. The

informational rent effect only enters when there is cross-subsidization. Setting the sum dM +

dB + dW to zero, we obtain the optimal tax. 11

Proposition 4 The optimal tax rate with adverse selection is:

LAS _ Y2/
0

2 (1 _ EY2 Y2/
0 2c -A) 2

+ - (-p 2) + - -K2-tA Ey Yy E Y
(1-8)

In general, IC (t) , the elasticities, and incomes depend on t. The tax formula is thus as usual

endogenous. Recall that assumption (2), however, makes the type of equilibrium, and hence I',

independent of taxes t. It also guarantees that the Second Best never occurs (hence, 2 < 0).

Table 1 specializes formula (1.8) for the three possible cases.

Case Tax Rate Formula

Second Best tSB -__

(no adverse selection)

Adverse Selection tAS1 (i-2) /
0
2(1_ji)±

with full separation (case AS1) it -

Adverse Selection tss2 -2 _ 2/O2(1-t) f2 Y2/ 2(A-)

with cross-subsidization (case AS2) - +

TABLE 1

'Note that g, 6y, and Ey2 are not the same functions of the tax as in the Second Best case.
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The usual "sufficient statistics" 9 and ey are no longer sufficient, as they do not capture the

rat race and informational rent effects. The latter require knowledge of the underlying disutility

of effort functions.

Comparison of tax rates with and without adverse selection: There are two com-

plementary ways of comparing the optimal tax with and without adverse selection. The first

one is to take the primitives of the model, i.e., the production and utility functions, as given;

conceptually, this is akin to comparing tax rates in two economies which are exactly the same,

except that one of them suffers from adverse selection while the other does not. The second

possibility is to take as given the empirically measurable parameters, namely, the elasticities of

taxable income and the distributional factors, and to compare the taxes which would be optimal

if it was a market with adverse selection versus one without which generated them. This ap-

proach, adopted here, is more policy-relevant: it reflects the situation of a government equipped

with widely available measures of elasticities and statistics about the income distribution, but

unaware of the true market structure.

Proposition 5 At given ey and g:

i) In the separating equilibrium (case AS1): tAS1 > tSB and tAS1 _, tSB as p -+ 1.

ii) With cross-subsidization (case AS2): If y > A, tAS2 > tSB and tAS2 > tAS1.

At given and eY, the corrective Pigouvian term in 2 leads to a higher tax rate destined to

reduce the distortion in hours of work of the high type, the more so when the government cares

about the welfare loss of the high type (p small). In addition, if there is cross-subsidization, a

higher tax redistributes toward the lower type in two ways: directly through a higher transfer

T, but also indirectly through the informational rent term K2. If the government puts a high

weight on low type agents (ft > A), this pushes the tax up.

Comparison of welfare with and without adverse selection: To compare welfare, on

the other hand, the individuals' utility functions are held constant, since welfare is measured

relative to them.

Proposition 6 For the same economy: i) When the government has highly redistributive pref-

erences (p = 1), welfare is higher when there is adverse selection in the labor market than when
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firms can perfectly observe workers' types.

ii) When the government only cares about high type workers (y = 0), welfare is higher when

there is no adverse selection in the labor market.

iii) The low type is always weakly better off when there is adverse selection.

The counter-intuitive result in i) implies that the inability of firms to observe workers'

productivities and their reliance on nonlinear compensation contracts for screening are not nec-

essarily detrimental when the government wants to redistribute and can only use distortionary

taxes. Like in traditional second-best theory, fixing a distortion in one place (here, adverse

selection in the labor market) need not be good when there is another irremovable distortion

(here, the absence of non-distortionary taxation for redistribution). If the government had

lump-sum taxation available, or if it did not want to redistribute, adverse selection would only

cause a deadweight loss. It is the interaction of the imperfect instruments available to fulfill

strongly redistributive goals with adverse selection which improves welfare. This result becomes

most relevant if the informational structure in this economy is endogenous, a point discussed

in Section 1.5.

What are the sources of this welfare gain? First, the use of hours as a screening tool and

the resulting rat race limit the ability of the high type to reduce his labor supply as a response

to taxes. Hence, revenue is higher at any t, which is beneficial for the low type. Second, at a

given p, with adverse selection and cross-subsidization - a form of redistribution done by firms

- the optimal tax required to achieve the same level of redistribution could be lower, which is

beneficial for both types. 12

1.3.3 Optimal Linear Tax with N Types

With N > 2 types, the government maximizes social welfare as in (1.2), taking as given the

private sector's reaction functions {h. (t) , y. (t)}N derived in Proposition 3 and its proof. For

1 2 Result i) will hold as long as p ;t for some threshold y, as explained in the general N > 2 case below.
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any set of Pareto weights ft, the program is:

(PASN (p)) max p (yj (t) (1 - t) - # (hz (t)) + T)

N

s.t. :T-=tE Aiyi (t)
i=1

Let Iij (t) be the indicator function equal to 1 if j is in i's cross-subsidization group at tax

t. Define Ai (respectively, A') as the proportion of types strictly better (respectively, strictly

worse) than i in i's cross-subsidization group:

~= 1 ______ 3=1>j~

Let p E = , Iij p ft3 (respectively, ft' =E-< Iiji-p) be the cumulative Pareto weights on types

strictly better (respectively, strictly worse) than i in i's cross-subsidization group. As before,

denote the rat race term of type i by ( (t), and the informational rent forfeited by type i by

,'i (t):

M;()- 0 (1 - 0)- ' (hz)

si(t) = 6 (I t) -0/'_1 (h-)

Proposition 7 The optimal tax for any N > 2 is:13

tAS _ A AS

I tAS EY(1.9)

with

y E1-tAj=1

EYj, Ey, y, and g are as defined in Subsection 1.2.2. The formula in (1.9) highlights the

same basic effects that were at play in the two types case, but allows for all possible equilibria

configurations that can endogenously occur. Each type j (except type 1 and those at the bottom

" To reduce notational clutter, most dependences on the tax rate t are left implicit.
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of each disjoint cross-subsidization group) now has other types below him with binding incentive

constraints, leading to an upward distortion in his hours of work, and a rat race term j, which

tends to push the tax rate up whenever \' < pj + J. Put differently, if the government cares

sufficiently about the welfare of types higher than j, it will raise the tax to correct for their

excessive work.

Similarly, each type (except N and the highest types of each disjoint cross-subsidization

group) now receives an informational rent, rj. This will tend to increase the tax if the cumu-

lative Pareto weights exceed the fractions in the population, i.e., pi > A, which is the analog

of the condition [L > A for two types. The intuition lies again in the trade-off between the

informational rent earned by j (and, hence, all lower types) and the distortion imposed on

all higher types. When the government disproportionately cares about j and lower types, it

wants to raise the tax, reducing the hours distortions above j, and simultaneously increasing

the informational rent to j and below.

In the limit, an elitist government with pN = 1 mostly cares about the rat race terms of

high types, while trying to minimize informational rents transferred to low types. At the other

extreme, a Rawlsian government with pi = 1 would mostly focus on increasing the transfer and

informational rents to low types. If all agents are in the same cross-subsidization group, and

the population weights are equal to the Pareto weights, then all redistributive concerns drop

out, and only the corrective terms for the rat race remain, yielding a positive Pigouvian tax:

tPwgou EN 1 A , -y Y3

__J_______ Oy 1 .jPgou

1 - tPigou eY

If some worker groups in the economy are not affected by adverse selection, they will only

appear in the 1 - 9 and eY terms, but not in AAS. Hence, the discrepancy AAS between

the optimal Second Best and Adverse Selection taxes is directly linked to the fraction of the

population affected by adverse selection.

Proposition 8 At given and ey

i) With fully separating contracts, tAS > tSB and tAS _ tSB as the Pareto weights converge

to Rawlsian weights (fip - 1).

ii) With full cross-subsidization, when all types are in the same cross-subsidization group,
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if _p. -I > 0 (Vj > 1), tAS > tSB

Condition pd - Ai > 0, Vj > 1, is a generalization of the condition p > \ in Proposition 5,

with the same intuitions.1 4 Proposition 9 is the direct analog of Proposition 6.

Proposition 9 With a Rawlsian social welfare function, in the same economy, welfare is higher

when there is adverse selection than when there is not.

This result can be extended from Rawlsian weights to weights mostly concentrated on lower

productivity agents (in Section 1.4 a rigorous condition is given). The intuition is that there

are two sources of welfare gain from adverse selection. First, because of the rat race, revenues

raised at any tax level are higher. This effect unambiguously makes all types who are at the

bottom of a disjoint cross-subsidization groups better off. All other types directly suffer from

their upward distortion in work, but also indirectly benefit from the raised revenue. The net

effect is ambiguous, but lower types are more likely to gain on net, especially if higher types are

much more productive. Secondly, the optimal tax could be lower with adverse selection for a

given set of Pareto weights, benefitting most or all agents, especially whenever the government

has highly redistributive preferences (i.e., Pareto weights p, are concentrated on low 0% agents),

and the optimal tax in the Second Best would have been very high and costly to high types.

Overall, there is a range of Pareto weights, mostly concentrated on low types, for which welfare

is higher with adverse selection.

1.4 Nonlinear Taxation

When nonlinear income taxation is available, the goal is to compare the full Pareto Frontiers

under three informational regimes, illustrated in Figure 1. The first regime is the standard

Mirrlees one, in which firms pay workers their marginal products, and the government, who

does not know workers' types, sets nonlinear taxation subject to truth-telling constraints. The

second regime, the "Second Best with Adverse Selection," refers to a situation in which firms do

not know workers' types either, but the government sees private market contracts. Alternatively,

"As when yi < A in the two types case, there are intermediate cases involving different configurations of cross-

subsidization groups, Pareto weights, and population weights in which tAS and tSB cannot be unambiguously

ranked.
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one can imagine a government-run firm which takes over private firms, and directly sets the

hours and pay contracts so as to screen workers. 15 The most novel case, called Regime 3

or "Adverse Selection and unobservable private contracts," is the one in which neither firms

nor the government see workers' types, but the government is in addition either unable (or

unwilling) to take over private firms or to manipulate labor contracts directly. It only observes

total realized pay, not the underlying labor contract. Unlike in the Mirrlees case, it must

anticipate that workers are not free to choose their hours of work at a given wage, but face

a nonlinear screening wage schedule. Unlike in the Second Best, it must ensure not only that

workers self-select appropriately, but also that firms do not deviate by offering different types

of contracts in response to taxes. The main conclusion from the linear tax case is still true with

nonlinear taxation: whenever the government wants to redistribute from high to low types,

adverse selection improves welfare. 16 I formulate and solve the general problem with N > 2

types, but start with the more intuitive and graphically appealing solution for N = 2.

Figure 1-2: Informational Regimes

Regime 1: Mirrlees Regime 2: Second Best Regime 3: Adverse Selection and
with Adverse Selection unobservable private contracts

G t Government Government

Firms Firms

Workers Workers Workers

Agents within the same circle have the same information.

1
5 This case has been studied by e.g., Prescott and Townsend (1984) for an insurance and a signaling problem,

by Crocker and Snow (1985) for an insurance problem, and by Spence (1977) for a signaling problem.
1
6 Because the proof of this result relies on a direct revelation mechanism, it does not make any assumptions

on the tax instruments available to the government - an issue taken up again in the "Implementation" Section
1.4.3 - as long as the government cannot see abilities directly.
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1.4.1 Characterizing the Mirrlees Frontier and the Second Best Frontier

with Adverse Selection

Mirrlees Frontier

In the traditional Mirrlees framework (regime 1), the government sees total pay y and sets

a menu of contracts specifying consumption and hour pairs ({ci, hi})N 1 to solve the program

(pMirrN.

N

(pMirrN (a)) max pt (ci - /i (hi)) (1.11)
{ci,hi}N

(IC,i+1) :c - # (hi) > c-+ 1 - i (hi+ji+) Vi < N

(ICi+1,i) ci+ 1 - 4b+1 (h.+1 ) > ci - 0i+1 h0) Vi < NZ Z Oi+1
N N

(RC) : Aic < AOihi
i=1 i='1

The constraints (IC,i+1) (respectively, (ICi+1,i)) are called "upward incentive compatibility

constraints" (respectively, "downward incentive compatibility constraints"), as they ensure type

i does not pretend he is higher (respectively, lower) productivity. The final constraint (RC)

ensures aggregate resources balance. Alternatively, the government's problem can be specified

as maximizing the utility of the highest type (cN - ON (hN)) , subject to incentive compatibility

constraints, the resource constraint (RC), and minimal utility constraints on all other types.

Under this formulation, for N = 2, the low type needs to obtain at least some threshold utility u,

i.e., ci - 01 (hi) > u. By varying u, we can trace out the whole frontier. This latter formulation

will be more convenient for the graphical exploration and occasionally used.

The following Proposition characterizes the familiar Mirrlees frontier for two types.17

Proposition 10 The Mirrlees frontier can be characterized by three regions.

Region 1: When p = A, none of the incentive constraints are binding, hours of work are

efficient, and the Pareto frontier is linear in this region.

7 See also Bierbrauer and Boyer (2010). The result here is reformulated in terms of the relative proportions

of types in the population and extended to N types below.
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Region 2: When p > A, (IC21) is binding, the low type works inefficiently little, the high

type works an efficient number of hours, and the Pareto frontier is strictly concave.

Region 3: When p < A, (IC12) is binding, the low type works an efficient number of hours,

the high type works inefficiently much, and the Pareto frontier is strictly concave.

Whenever the low type is granted a disproportionate Pareto weight (p > A), the incentive

constraint of the high type is binding - the most typical case in the optimal taxation literature.

The threshold for p translates into thresholds for u. In particular, there exist four cut-off levels

uvI'irr < u < T < ufir, defined in the Appendix, such that the regions are delimited by,

respectively, L < u < i (Region 1), T < u < uMirr (Region 2), and ufr < u < u (Region

3). To interpret them, note that in Region 1, work hours are fixed at their efficient levels,

and utility is transferred one-for-one (because of quasilinearity) from one type to the other,

by varying only consumption. As the consumption of the low type keeps increasing, however,

constraint (IC21) will become binding. This point defines ii as the utility of the low type when

work hours are efficient, and constraint (IC21) has just become binding. It is the highest utility

level that can be granted to the low type without the high type wanting to mimic him, i.e.,

before hours h1 have to be distorted. The threshold u is defined symmetrically as the utility

level of type 1 when, at efficient hours, (IC12) has just become binding.

Second Best Frontier with Adverse Selection

In the Second Best case with Adverse Selection, neither firms nor the government know

workers' types, but the government can directly set private labor contracts. The program is

now:

N

(PSB,N(,)) : max Zp4 (ci - # (hi)) (1.12)
{ci,hi}i.

(IC,i+1) : ci - #i (hi) > ci+1 - #i (hi+1 ) Vi < N

(ICi+1,i) : ci+1 - #b+ 1 (hi+1 ) > ci - #i±1 (hi) Vi < N

(RC) : ZAzc,< A AOihi

The constraints look very similar to the ones in the Mirrlees model, with one crucial difference in

the downward constraints (ICi+1,i) , which drives all of the subsequent results. In the Mirrlees
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case, when a high productivity agent deviates to a lower level of income in response to taxes, he

can take advantage of his higher productivity to generate the same level of income as the low

type, but with less hours of work. In other words, he receives the same wage per hour for any

level of hours worked. With adverse selection, this is no longer true because the wage, which

serves as part of a screening mechanism, is a nonlinear function of hours worked. When a high

type wants to mislead the government into thinking that he is a lower type, by producing the

lower type's income level, he unavoidably also misleads the firm. The firm then pays him the

lower type's wage, so that he still needs to work as many hours as the lower type to earn the

same income. This makes the downward deviation less attractive. The following proposition

characterizes the Second Best frontier with two types:

Proposition 11 The Second Best Frontier with Adverse Selection is characterized by:

Region 1: For t = A, both incentive constraints are slack, both workers work efficient hours,

and the Pareto frontier is linear.

Region 2: For ft > A, (IC21) is binding, the high type works efficient hours, the low type

works too little, and the Pareto frontier is strictly concave.

Region 3: For p < A, (IC12) is binding, the low type works efficient hours, the high type

works too much, and the Pareto frontier is strictly concave.

SB / , uSB ndi h pedxAgain, there exist four thresholds for u, umin < u < u' < Um (defined in the Appendix)

which delimit the three regions, with an interpretation analogous to the Mirrlees case.

Comparing welfare with and without adverse selection

Proposition (12) compares the frontiers in the Mirrlees and the Second Best with Adverse

Selection cases.

Proposition 12 For f > A, welfare is higher in the Second Best with Adverse Selection regime

than in the Mirrlees regime. For p < A, welfare is lower.

Hence, whenever the government disproportionately cares about low types relative to their

share in the population, welfare is higher under adverse selection. It is also instructive to

rephrase this result more visually using the Pareto frontiers. There are two cases depending on

whether condition NL1 holds or not.
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Figure 1-3: Mirrlees and Second-Best with Adverse Selection Frontiers

Utility high
type

Mirrlees

Second Best
with Adverse

Selection

U 8 r U' U' uMirr usH Utility low type
i111 max max Y e

Condition NL1: (#1 (h*) (h*)) < q52 (_ - - 0 2 (h*) where h is the first best effort

level for agent of type i, defined by 4' (h*) = Oi.

If condition NL1 holds, then i) u < u' < - < ', ii) for u < u', the Mirrlees Pareto frontier

is above the Adverse Selection Pareto frontier, iii) for u' < u < -, the Adverse Selection and

Mirrlees frontiers coincide and are linear, and iv) for u > H, the Adverse Selection Pareto frontier

is above the Mirrlees Pareto frontier. If, condition NL1 does not hold, then i) u < U < u' < H',

ii) for u <H , the Mirrlees Pareto frontier is above the Adverse Selection Pareto frontier, iii) for

U < u < u', it is possible to have either frontier above the other one, and iv) for u > u', the

Adverse Selection Pareto frontier is above the Mirrlees Pareto frontier. Figure 1 - 3 illustrates

the relative position of the frontiers when NL1 holds.

The welfare result can be extended to N > 2 types, in a sharper way than with linear

taxes. To simplify the proof, we assume that at the optimum, different types are not pooled

completely - in the sense of being assigned exactly the same contract.

Proposition 13 For N > 2, if the government cannot observe workers' types, can use nonlin-

ear income taxation, and does not pool different types at the optimum, then:

i) if E-=1 pi > Iq=1 \i Vj (N - 1), welfare is higher when there is adverse selection,

ii) if Z= 1 pi' < -E=1 Ai Vj < (N - 1), welfare is lower when there is adverse selection.

These conditions on the Pareto weights make explicit how strong or weak the government's
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redistributive preferences have to be for welfare to be higher or lower with adverse selection.

Highly redistributive preferences are those which place higher cumulative welfare weights up

to a given type than the corresponding cumulative proportions in the population. 18 Whenever

the government wants to redistribute heavily toward low types, having adverse selection in the

labor market helps him do so with a lower deadweight loss. The intuition for this was already

captured in the relaxed incentive compatibility constraints. It is now less attractive for any

worker to try to lie to the government by pretending to have lower productivity, because, by

doing so, he also misleads the firm, and is paid a lower wage per hour. The rat race reduces a

worker's capacity to respond negatively to taxes.

Link to the literature on hidden trades and screening

Several differences with some important papers in the abundant literature on screening and

hidden trades explain why adverse selection can be welfare-improving.

Prescott and Townsend (1984) essentially consider a version of regime 2 in their analysis of

a Rothschild-Stiglitz insurance market. In the current chapter, there exists "double" adverse

selection, namely between the government and workers, and between firms and workers, which

are conflated in Prescott and Townsend. The welfare result here crucially depends on the

existence of firms, with potentially more information than the government, as a middle layer

between the latter and workers, something which is missing in Prescott and Townsend.19

There is also a literature that assesses the welfare effects of improving information when

there is adverse selection and that highlights the detrimental redistributive effects and positive

efficiency effects of allowing categorical discrimination in insurance markets (see Crocker and

Snow, 1986, Hoy, 1984, 1989, among others). While Schmalensee (1984) cautions against the

idea that more information is always welfare improving, there is general agreement that perfect

information is better than imperfect information, unless information acquisition is costly. The

1 8Note that there is an intermediate range of Pareto weights such that welfare cannot be unambiguously ranked

- analogous to the case ft = A with N = 2, when the ranking of the frontiers depended on whether condition NL1
held or not.

11 'Prescott and Townsend also note that the Second Best allocation is problematic to implement competitively

because of the absence of individualized prices - but these can be imitated by nonlinear income taxes. When

private firms can act in potential discordance with the government, the decentralization problem arises even

with nonlinear taxation and thus also requires nonlinear prices for firms (through the nonlinear payroll taxes

considered in the next Subsection).
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big difference is that, in these papers, any information that firms discover is immediately known

to the government as well. Of course, moving from a world with an uninformed social planner

to one with a perfectly informed one is welfare improving (this represents a shift from the

Second Best with Adverse Selection to the First Best case). But when the government wants

to redistribute, while firms have other objectives, improvements in the differential information

set of firms can be welfare-reducing and increase the efficiency cost of taxation, as represented

in the move from the Second Best to the Mirrlees frontier.

Related is the wide literature on hidden trades, in which trades adjust endogenously to

government policies as do the private labor contracts here. In Golosov and Tsyvinski (2007)

the government tries to insure agents who can engage in hidden trades in a private insurance

market. Their private market equilibrium is inefficient because of the externality imposed

by a firm's contracts on other firms' contracts through the work incentives of workers. The

government can correct for the externality and improve welfare using taxes and subsidies.

Within many such models, the government can create Pareto improvements relative to the

competitive equilibrium using tax tools - which might sound identical to the result in this

chapter. Rothschild and Stiglitz (1976) themselves showed that public subsidies for insurance

contracts can be Pareto improving, by essentially replacing the cross-subsidy which guarantees

efficiency in the MWS setting. Greenwald and Stiglitz (1986) show that asymmetric infor-

mation generates externalities which typically cause competitive equilibria to be constrained

inefficient 2 0 and that linear taxation can be Pareto improving. Guesnerie (1998) and Geanako-

plos and Polemarchakis (2008) focus on how differential commodity taxation can improve upon

a private market equilibrium with hidden trades. But in the current chapter, the private market

is already constrained efficient, and the government, armed with weakly less information than

firms, is not generating a Pareto improvement. It merely moves the economy along the Pareto

frontier. I take the redistributive preferences of the government as given and study the effects

of different market structures to find that a market with adverse selection may be better for

welfare when redistributive preferences are high. The distinctive result emerges by looking at

adverse selection from the different angle of Mirrleesian optimal taxation.

2 (The MWS equilibrium satisfies all their stringent conditions for not being constrained inefficient.
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1.4.2 Welfare in the Adverse Selection and Unobservable Private Contracts

Regime

I now turn to regime 3, in which the government no longer sees private labor contracts or

cannot directly control them. It can only see the income paid by firms to workers, but neither

the underlying menus offered by firms, nor actual work hours. Hence, for each desired allocation

{c, hi}, it needs to set income levels and taxes {yi, T} , with T = yj-c, such that i) firms do not

find it profitable to deviate and offer another contract outside of the menu {hj, yi}4_ 1 ("firms'

incentive compatibility constraints"), ii) workers indirectly choose the pair {ci, hi} destined for

them by directly choosing {hT, yi}, and paying income taxes T = T (yi) ("workers' incentive

compatibility constraints"), iii) firms break even on the portfolio of contracts offered, so that

N N

>i=y- >3 (1.13)

and iv) the government's budget constraint holds:

N N

Alyz = Aici (1.14)
i=1 i=1

If constraint i) could be omitted, then the constraints for problem (pSBN) in (1.12) would

be sufficient and setting y, = OihT would be feasible for all i, so that (1.13) would be equivalent

to (1.14). But firms too can deviate and offer different contracts than those the government

intended. To limit such deviations, the government needs to set prohibitively high taxes (say,

100%) on incomes not in {yi} . Even then firms can still undertake many possible devi-

ations. A profitable deviation must i) involve only one or several of the allowed incomes in

{ yi} 1 , ii) make non-negative profits, even after other contracts rendered unprofitable by it are

dropped. Formally, let P ({1, ... , N}) be the power set of {1, ... , N}. Let 0A, denote the average

productivity within any subset Ak E P ({1, ... , N}) . A deviation is a collection of K triples

{Ak, yk, hk,Ak } specifying which groups of agents Ak (potentially singletons) are targeted

by a contract offering income level yk in exchange for an amount of work hk,Ak .21 Profits from

'1 To be profitable, naturally, yk must be part of the allowed income levels {y} 1 .
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the deviating sets of contracts must be non-negative if accepted by their targeted groups, i.e.,

Ek hk,AkO Ak > 0. The required work hours hk,A, can be smaller than (respectively, larger than

or equal to) yk/OAk, in which case we say that group Ak is being cross-subsidized by other

groups (respectively, is cross-subsidizing others or breaking even)." In general, all possible

configurations of pooling groups and pooling income levels need to be considered. This under-

scores that firms still have a lot of leeway to trick the government by offering new contracts.2 3

Proposition 14 shows that despite this hurdle the ranking of the frontiers is the same as when

private contracts are observable (regime 2).

Proposition 14 For N > 2, if the government cannot observe private labor contracts, the

result from Proposition 13 still holds.

The essence of the proof is that, no matter what deviations firms consider, they can never

offer workers as profitable "downward" deviation opportunities as in the Mirrlees case without

making losses. Another way to gain intuition is to once more think in terms of the wage per

hour. In the Mirrlees case, the wage per hour of type i is equal to his marginal product 0, for

any amount of hours worked. In the Second Best with Adverse Selection, type i would only

be paid a wage of 0, < 02 per hour were he to deviate to a lower income level yj < yi. With

unobservable contracts, the situation is in between those two. Firms can potentially provide a

higher wage per hour than 0. at y. (the Second Best with Adverse Selection case), but will never

be able to pay a wage of 0, at any income level yJ : yi (the Mirrlees case) without violating

workers' incentive constraints. The natural next question is, how closely the government can

come to his desired Second Best allocation when private contracts are unobservable, or, the

question of implementation.

2 'For example, consider the deviation which consists in pooling workers Oi+i and 01 at yi. Using the newly
introduced notation, y1 = yi, A1 = {i, i + 1}. The required work hours for such a deviation would have to be at

least h1,fi,j+11 > yi/O{i,i+1} with V{i,i+1} = \ 1
0i + + Ot+1. This deviation will attract both workers

if y2 = Oihi, because then yi/O{i,i+1} < hi, and, by the binding (Ii+1,i), type i + 1, who was just indifferent
between {hi+ 1,yi+i} and {hi,yi} , will strictly prefer the deviating contract {h1,fi,i+1},yi1.

2
3 However, whenever the allocation that the government desires to implement is such that the upward con-

straints are binding, then then there is no conflict between firms and government. See the proof of Proposition
14.
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1.4.3 Implementation with Adverse Selection and Unobservable Private Con-

tracts

A little thought experiment can highlight the peculiarities of this adverse selection situation,

in which the government needs to ensure that firms, as well as workers, comply with its rec-

ommendations. Consider all potential choices available to the government. First, it could force

firms to break even on each contract separately, and do all of the redistribution itself through

taxes, so that y. = 0ihi and Ti = 07h 2 - ci for all i. At the other extreme, it could let firms

do all the redistribution, by assigning gross incomes to be the desired consumption levels, and

setting taxes to zero, i.e., yi = ci and T = 0. In between those two extremes, given the target

allocations {ci, h}i} , the government could set any incomes {yj}7 1 satisfying simultaneously

(1.13) and (1.14).

The question then becomes how much of the redistribution the government can leave to

firms. The choices of income and tax levels {y, Ti} determine the profitable deviation

opportunities available to firms. In particular, at a fully separating contract (y = 0h), as

illustrated above, firms are tempted to pool workers of type 0; and 01+1 at yi. On the contrary,

if income taxes are zero and firms take care of all the redistribution (c. = yi,V i), then, if agent

i is strongly cross-subsidizing others (0,h, >> cl), the incentives for firms are toward cream-

skimming worker i into actuarially fairer contracts. For N = 2, the government can perfectly

implement any Second Best allocation despite unobservable labor contracts.

Proposition 15 With unobservable labor contracts and N = 2, the government can implement

any allocation from the Second Best with Adverse Selection (when labor contracts are observable)

using only nonlinear income taxes.

The second-best allocation can be implemented by assigning any income levels (yi,Y2) such

that constraints (1.26), (1.27) and (1.28) in the Appendix hold. They could bear only weak

relation to consumption levels - leading to a potentially unusual and non-monotone tax system

- because, no matter what their assigned income levels are, workers only care about their

final consumption levels. Firms on the other hand only care about the assigned income levels,

and are happy to offer any pair satisfying the aforementioned constraints. The tax system

is indeterminate even at equilibrium income levels, in the sense that many (yi,y2) pairs can
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sustain the second-best consumption levels. This is not true in the Mirrlees model, where, for

any level of recommended hours, earned income is hours times marginal product. Here, it is

always necessary for the government to let firms do some of the desired redistribution through

cross-subsidization between workers (the conditions on Y2 imply that the high type is paid less

than his product).

In general, however, it will not be possible to implement any arbitrary Second Best alloca-

tion. As the number of types increases, the requirements on each income level become more

stringent, since any configuration of deviating contracts needs to be ruled out. There is no

guarantee that the ranges for the income levels needed to prevent all deviations will contain

non-negative values only, and yet allow firms to break even. The Appendix illustrates these

difficulties for N = 3.

The problem can be resolved by nonlinear payroll taxes, levied on firms, and which vary

with the income paid to workers. Since the Second Best allocation is resource-compatible, there

always exist transfers between firms and governments which allow firms to break even. The

optimal payroll taxes compensate for the net profits or losses that firms would have made if they

offered the income levels recommended by the government. Direct profit taxation is ruled out

because of the unobservable output. First, the government determines the admissible income

levels, which do not allow firms any profitable deviations. It then announces a menu of payroll

taxes (or transfers), TF = TF (y,) = 0 h - y as a function of the income paid by firms to

workers, so as to either tax away a net gain or to compensate for a net loss. 24 The two-tier tax

system is crucial. A pure income tax system may not allow firms to break even while satisfying

their no-deviation constraints. Conversely, a pure payroll tax need not satisfy all the deviation

constraints by firms.

Proposition 16 With N > 2 types, any allocation {ci, hj}4' 1 solving problem (PSBN) in the

Second Best with Adverse Selection can be implemented, even if private contracts are unobserv-

able, by a sequence of incomes {yz 1, income taxes {T} 1 , and payroll taxes {TF} such

that:

2"Note that, since the transfers are conditional on money which actually changes hands between firms and
workers (assumed to be observable, say, on the paystubs of employees), firms cannot game the system and collude
with workers, by pretending to pay some income level, when they in fact pay another one, in order to get a payroll
transfer that they could use to pay workers more.
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y* > maxm>i O{i,.,m}# (c - Cm + Om (hm)) Vi < N and YN < N-_ (CN) ON-

T (y) = y - ci if y = y- for some i, and T (y) = 2y otherwise.

TF (y) = 02hi - y if y = yi for some i, and TF (y) = 2y otherwise.

The addition of payroll taxes to the government's toolbox can allow to implement any

allocation from the Second Best with Adverse Selection, for N > 2, even if private contracts

are unobservable. This setting, in which the government cannot observe private contracts or,

equivalently, cannot make taxes dependent on the labor contract itself, seems more realistic.

Proposition 16 highlights that policies which would incentivize firms to reveal their contracts

offered would be helpful only insofar as the government did not have access to the nonlinear

payroll taxes needed.

1.5 Empirical and Policy Implications

The findings in this chapter have two implications for policy design. The first is that estimates of

labor supply and taxable income elasticities that are obtained using standard empirical methods

may not capture the underlying Marshallian elasticities that are the key inputs for optimal tax

calculations. The second involves the normative analysis of tax rates and their design, as well

as labor market policies that may affect the degree of adverse selection.

1.5.1 Interpretation, Measurement, and Use of Elasticities

Interpretation of measured elasticities: Because the wage depends on the tax structure in

equilibrium, one cannot directly map measured elasticities - the change in hours or income asso-

ciated with a given change in net wages - to structural elasticities, the fundamental parameters

of preferences, without a knowledge of the underlying market structure. For example, the labor

supply elasticity of the high type is no longer just a function of his disutility of effort, but also of

the low type's preferences, his proportion in the population, and the type of equilibrium. This

is because the high type's labor supply is determined by firms in general equilibrium, subject

to the low type's reaction.2 5 Related, the elasticity of taxable income is not directly mapped

2 5 This is reminiscent of other papers in which work hours are part of a job "package," and where knowledge of

the market structure is required in order to map estimated elasticities to primitives (Chetty et al., 2011, Altonji
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into the elasticity of labor supply, since taxable income is also the result of the wage per hour,

which is endogenously determined, and depends on taxes (see also Feldstein, 1999, Slemrod and

Yitzhaki, 2002, and Chetty, 2009).

Estimating taxable income elasticities: The second lesson is that the measurement

and estimation of the relevant elasticities is more difficult than typically assumed. Even policy

reforms used as "natural experiments" might not be able to correctly capture the elasticities,

which are determined in general equilibrium when different groups are interconnected. In the

US, the largest changes in tax rates have been for the top of the income distribution, typically

used as the treatment group, with lower incomes acting as control groups in a difference-in-

difference analysis (for comprehensive and critical assessment of this literature see Slemrod

(1998), Giertz (2004), and Saez et al. (2012)). Unfortunately, in the presence of adverse

selection, a reform affecting high incomes (the high types of the model) will also affect the

labor contracts offered to lower incomes (low types), turning the latter into an invalid control

group. 26 Paradoxically, the problem is greatest when the groups are more comparable, i.e.,

closer in the income distribution, as they are likely to interact in the same labor market and

have interdependent labor contracts.2 7

Use of elasticities for tax design: Taxable income elasticities may not be sufficient

statistics for the welfare cost of taxation, as they do not capture the externalities arising from

the distortions in labor supply (the rat race and the informational rent effects). This is similar

to the limitations of the taxable income elasticity as the sole measure of the efficiency cost of

taxation, when there are additional channels through which households react to taxes, such as

avoidance and income shifting, which generate fiscal externalities (see Saez et al., 2012, Chetty,

2009).

These three implications could also be valid for other environments in which adverse selection

is thought to be a problem, such as health care insurance or markets for used durables.

and Paxson, 1989, Dickens and Lundberg, 1993).
26 If there is cross-subsidization, the detrimental effect of tax hikes would be overestimated: As taxes increase

and the labor supply of high incomes decreases, the pre-tax incomes of the control group increase (through their

informational rents).
2

7This is reminiscent of models in which the effects of public policies act through coordinated changes in
institutions (here, labor contracts), rather than only individual behaviors (see for example Lindbeck's (1995)
"Social Multiplier" idea, or Alesina et al. (2005)).
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1.5.2 Construction of Optimal Tax Schedules

This model has three important implications for the praxis of tax policy design, as well as an

application to social insurance.

Setting the optimal linear tax rate: At any given set of measured elasticities and

income distribution, adverse selection will tend to push tax rates higher, as long as the govern-

ment wants to redistribute toward lower types (see Propositions 5 and 8). Knowledge of the

underlying market structure is hence important for the government; a government armed with

estimates of taxable income elasticities and inequality will set the tax rate too low if it wrongly

assumes there is no adverse selection.

The strength of this effect depends on the proportion of markets in the economy affected

by adverse selection and subject to the same income tax schedule. Markets more prone to

adverse selection can be defined among others by age groups (younger workers without a track

record), by type of job (more complex, multifaceted jobs), by profession (less automated jobs

where worker quality matters more). Ideally, the government could set market specific taxes

according to the formulas in this chapter. Age-dependent taxation could be viewed in this

light: if younger people are more prone to adverse selection, their income tax schedule would

optimally be shifted upwards at all income levels relative to older people.28 But if taxes only

condition on income, the optimal tax would be based on an average weighted taxable income

elasticity, and the externality term AAS would only take into account those affected by adverse

selection (see Subsection 1.3.3).

Adverse Selection is endogenous to government policy: While imperfect information

about heterogeneous workers' types might be a common feature in most markets and economies,

its consequences, i.e., adverse selection per se and the use of screening, depend on the structure

of the economy, which is endogenous to government action, mostly to regulatory policies.

Statistical discrimination: The government can influence firms' opportunities to engage in

statistical discrimination - that is, selecting workers based on characteristics correlated with

productivity - through regulations on labor contracts and anti-discrimination laws. For instance,

28Of course, this ignores considerations of age-specific labor supply elasticities or credit constraints for younger

people.
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through the lens of firms in my model, women with children are lower productivity workers.

If direct discrimination against them is prevented - as is the case in many countries - firms

will have to indirectly screen through the labor contract.2 9 They might then offer a menu

of contracts: a low-paying, part-time contract with shorter hours and more maternity leave,

likely to be taken up by working mothers, and a high-paying, full-time contract with overtime

bonuses, late-afternoon and week-end meetings, and little parental leave, likely to be taken up

by workers without small children.3 0

Firing costs: The more difficult it is to fire a worker once his type is discovered, the

costlier adverse selection will be for firms. Kugler and Saint Paul (2004) review empirical

studies which find that increasing the stringency of employment protection legislation shifts the

composition of employment away from young people and female workers, perceived as being

of lower productivity. If however increasing firing costs are coupled with stricter regulation on

ex ante statistical discrimination, screening through menus of work contracts becomes more

attractive to firms.

Pay structure: Adverse selection cannot occur if there is perfect pay for performance, such

as piece rates or purely bonus-based pay, because then the firm would directly reward the worker

as a function of his output. On the contrary, contracts specifying the wage as a function of

inputs (e.g., required number of hours per day, or set of obligatory tasks) are prone to adverse

selection since the firm bears the full risk of having hired a low type. Most pay structures are in

between these two extremes, including some pay-for-performance as well as some fixed or input-

oriented components. By reducing the prevalence of pay-for-performance, the government can

shift more of the risk to firms, and increase the consequences of adverse selection for them, thus

augmenting their need to engage in screening through labor contracts.3 1

These policies - widely used in the real world - might not have been introduced explicitly

to deal with adverse selection, but, once in place, need to be taken into account by the tax

2 9 This assumes that the market does not unravel once direct discrimination is forbidden, i.e., firms have access
to a screening tool such as hours.

3 (This result hinges on the inability of the government to leverage that information to set taxes. If the
government could itself use the information extracted by firms in the tax system (for example, base taxes on
gender or IQ tests performed by firms), this would pose a very different problem, in the spirit of the "tagging"
literature (Akerlof, 1976).

"'Incentive pay of course fulfills a useful role when there is moral hazard.
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system. A government interested in redistribution might choose not to reduce adverse selection

in the labor market, even though it had the aforementioned tools to do so.

If adverse selection were a relevant issue, higher redistribution should, all else equal, go hand

in hand with more anti-discrimination policies against lower productivity groups (potentially,

working mothers or inexperienced youth), more stringent employment protection, and less pay-

for-performance. Indeed, it might seem, at least anecdotally, that Continental Europe, with its

more rigid labor market, more generous youth and maternal employment policies, and regulated

labor contracts which alleviate workers from risk can afford a higher level of redistribution at

a lower efficiency cost than the US.

The government may hamper screening: If the government wants to redistribute,

firms' abilities to indirectly screen through work hours and contracts should not be excessively

restricted through, for instance, constraints on hours of work such as the 35-hour work week in

France.

Application to social insurance: The model in this chapter can be directly applied to

social insurance - such as health insurance - when it coexists with private insurance providers.

If the government chooses a subsidy on health insurance expenditures to maximize a weighted

sum of utilities of people with high and low health risks, redistribution toward higher health

risks will be facilitated by adverse selection. Intuitively, the government and private insurers

have conflicting objectives, which relieve insurees' incentive compatibility constraints. Hence,

policies to reduce adverse selection through mandates or regulations may be misguided under

some conditions.

1.6 Conclusion

Empirical evidence suggests that there is asymmetric information between firms and workers

regarding the latter's ability, and that, accordingly, firms may be screening workers through

nonlinear compensation contracts. Because work effort is used as a screening device for un-

observed talent, labor supply decisions and responses to income taxes are different from those

in the traditional optimal taxation literature. Firms have a more active role in setting hours
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of work and pay than is typically assumed, while workers are more constrained in their labor

supply choices.

This chapter considered the problem of optimal linear and nonlinear income taxation when

there is adverse selection in the labor market because of workers' private information about

their ability. Higher productivity workers are trapped in a rat race, in which they are forced

to work excessively, so that firms can screen them from low productivity ones. The nonlinear

wage schedule imposed by firms affects the response to taxes, with several implications for

optimal tax policy. Most importantly, if the government has sufficiently strong redistributive

goals, welfare is higher when there is adverse selection, both with linear and nonlinear taxes.

The informational structure of the economy is potentially endogenous to government policies

such as bans on discrimination or firing and pay regulations, and a government with strong

redistributive goals might find some degree of adverse selection useful. Secondly, the optimal

linear tax formula contains additional terms: corrective terms for the rat race distortions,

as well as redistributive terms due to the informational rents, whenever firms cross-subsidize

workers. At given taxable income elasticities and a given income distribution, taxes are higher

with adverse selection whenever the government has highly redistributive preferences. Thirdly,

the usual interpretation, estimation, and use of taxable income elasticities may be problematic

when labor market contracts are interconnected, and hours of work are determined not just by

workers, but also by firms.

At the most general level, the idea of this chapter is that there are endogenous private market

contracts which react to, and interact with, the government's tax contract. This "contract inside

a contract" setup modifies responses to taxes. In future research, it would be interesting to

consider the other ways in which wages and labor supply are part of private market contracts,

such as incentive or screening schemes, and their implications for optimal tax policy. The

consequences of these labor market imperfections for our interpretation of the estimated taxable

income elasticities would be important. It would also be useful to extend the analysis to other

labor market imperfections which could affect responses to taxes, among others moral hazard

or rent-seeking.
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L.A Appendix with Proofs

1.A.1 Proofs for the Linear Tax Problem

Lemma 1 Monotonicity: At an implementable solution, we have h2 (t) > h1 (t):

Proof: Combining the two (IC) constraints yields:

#2 (h) -#2 (h2) > (1 -t) (y - Y2) > #1 (hi) - 01 (h2 )

which requires: #2 (h 2 ) - # 2 (hi) #1 (h2)- #1 (hi), and hence: fh 0' (h) dh < fh2 0' (h) dh.

But since by the Spence-Mirrlees single-crossing condition, 0' (h) > 0' (h) at every h, imple-

mentability requires that h2 (t) > h1 (t).

Proof of Proposition (1).

Substituting for yi from the budget constraint, yi = [(AO1 hi + (1 - A) 02 h 2 ) - (1 - A) Y21,

the maximization problem of the firm is (multipliers are in brackets after the corresponding

constraint):

(PMWs (t)) : max (1 - t)y 2 - 2 (h2 )
y 2 ,h 2 ,hi

(IC12) : [(A 1 hi + (1 - A) 02h2) - (1 - A) Y21 (1 - t) - k1 (h1) Y2 (1 - t) - 01 (h2 ) [A121

(IC21) : Y2 (1- t) - b2 (h2 ) > [(1AO 1h + (1 - A) 02 h2 ) - (1 - A) Y 2 1 (1 - t) - 0 2 (hi) [A21]

(RS1 ) : [A1h, + (I - A) 02h2) - (I - A) Y21 (I - t) - 01 (hi) > URS

The general FOCs are:

[Y2] : = A2 - A1 + (I - A)

[hi] :[01 (1 - t) - (hi)] A2 - A1 ((1 - t) 01 - 01 1

[h 2 ] : -(h( 2 )±+ 2 [ 2 (l-t)+ '( 2) A21  A) (1 t) 02 ' (h2 ) + A02 (1 - t) 0

Note that whenever p = 0, we require that A12 > 0, or else we would have A2 1  -A < 0,

which is not possible. Secondly, the incentive compatibility constraint of the high type (IC21)

should never be binding since the firm is trying to maximize that type's utility. Finally, it could
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happen that the incentive constraint of the low type IC12 is not binding, although this will

never occur if the cost functions satisfy assumption (2). Whenever IC12 is slack, with A1 2 = 0,

then necessarily p = AAj1 > 0, so that the contract is fully separating.1-A

Hence, the three possible cases are: i) o > 0, A1 2 = A2 1 = 0 ii) o > 0, A1 2 > 0, A2 1 = 0 iii)

o= 0, A12 > 0, A21 = 0

i) Case SB, Second Best: (o > 0, A1 2 = A2 1 = 0. This is immediate, since no incentive

compatibility constraint is binding, hence the allocation is as in the second best.

ii) Case AS1, Separation: (o > 0, A12 > 0, A2 1 = 0 : The necessary equilibrium conditions

are:

01h, (t) (1 - t) = 02h2 (t) (I - t) - (#1 (h2 (t)) - 01 (h, (t))) (1.15)

#4(h 2 ) (A - (1 - A) p + o) - t) + (A - (I - A) (h

Y1 (t) = 01 h (t), Y2 (t) = 02h 2 (t)

and the second order condition is: (A - < p (1 - A). To rewrite the characterization as

in the main text, let 6 = o+ 1 > 1, so that: 0' (h2) = 02 (1 - t) 6 (1 - A) +(1 - 6 (1 - A)) #', (h2)

Note that there could be several solutions to equation (1.15). If this were the case, the one we

pick is the one which yields the highest utility to the type 2. For this case, we need p > 0.

Since the high type is supplying more labor than h* (t), we need:

A> (t) (1 - t) 02 - 0' (h 2)
(1 - t) 02 - #', (h 2)

Note that this is indeed a well-defined threshold since h2 (and hence the right-hand side) does

not depend on A in case AS1. To check that (IC21) is indeed slack, note that from the binding

(IC12) : 02 h2 (t) (1 - t) -0 1h 1 (t) (1 - t) = (#1 (h2 (t)) - #1 (h, (t))). Combined with the Spence

Mirrlees single-crossing condition q1 (h 2 (t)) - 01 (h, (t)) ;> #2 (h 2 ) - #2 (hi), this guarantees

that (IC21) is slack.

iii) Case AS2, Cross-subsidization: p = 0, A1 2 > 0, A2 1 = 0. The FOCs become:

A= 1 2 , 0 1 (1 -t) = (h) , 0 (h2 ) = (1 - A) 02 (1 - t) + A (h 2 ) (1.17)
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and the income levels are determined by the binding (IC12 ) :

yi (t) = A 1 h1 (t) + (1 - A) 02 h 2 (t) - 1 -t (1 (h2 (t)) - # 1 (h, (t)))

Y2 (t) = A01hi (t) + (1 - A) 02 h 2 (t) + (1 t) (1 (h 2 (t)) - 1 (hi (t)))

The Second order condition is: Ao' (h 2 ) < #' (h 2 ). This case can apply only if the last

equation in (1.17) has a solution at the given t, which requires that A < A (t) . To check

that (IC21 ) is indeed slack, note that from the expression for Y2 above: Y2 (1 - t) - #2 (h 2 ) =

(1 - t) A0 1 h1 (t) + (1 - t) (1 - A) 02 h2 (t) + A (# 1 (h 2 (t)) - #1 (h, (t))) - 0 2 (h 2 ) which is this

greater than:

y1 (1 - t)-#1 (hi) = (1 - t) A0 1h, (t)+(1 - t) (1 - A) 02 h2 (t)-(1 - A) (q 1 (h 2 (t)) - q1 (h, (t)))-0 2 (hi)

because, by the Spence-Mirrlees single crossing condition, and by monotonicity in the hours of

work h2 (t) > hi (t), (01 (h2 (t)) - #1 (h, (t))) ;> 2 (h2 ) - #2 (hi). At any solution to (1.17) the

high type is supplying too much labor relative to the second best case, since: (1 - t) (1 - A)02 =

0' (h 2 ) - A#' (h 2 ) < (1 - A) 0' (h 2 ), so that (1 - t) 02 < 0' (h 2 ) , and since the cost function

02 () is convex, this implies that h 2 (t) > h* (t).

iv) The result is straightforward for the low type. For the high type, consider the two cases

separately. In case AS2, (A < A (t)), dh 2 = (1-A)02 (, which is negative by the SOC. Indt 01(h 2)-A//(h2 )'wihineaiebteSO.n

case AS1, (A ;> (t)),

dh2 _ 02 [2' (h 2 ) - #'(h 2 )]
dt [(1 - t) 02 - # (h 2 )] 01/ (h 2 ) - [(1 - t) 02 - #' (h2 )] #'2 (h2 )

which is again negative by the SOC and the Spence-Mirrlees condition.

v) In case AS1, (A > A (t)), h2 is obtained directly from the binding (IC 1 2 ), and, hence,

does not depend on A. In case AS2, (A < A (t)), dh 2 /dA = (h'1(h2 ) - 02 (1 - t)) /0'2 (h 2) -

A#j (h 2 ). This is positive because the high type's excessive labor supply and the Spence-

Mirrlees condition together imply that 0'5 (h 2 ) > 0' (h 2 ) > 02 (1 - t). The denominator is

positive because of the SOC.

55



Proof of Proposition (2):

i) Let us show that (IC12) is binding, if condition (4) and assumption (2) hold. Suppose by

contradiction that at some level of taxes t, (1012) was slack. In that case, necessarily o > 0, as

explained above. With both incentive constraints slack, we know that both h, and h2 would be

at their efficient levels so that: h* (t) (Oi (1 - t) / (arj))V and a slack (IC12) would imply,

whenever t < 1:

01 (1-t)7 -a 01 (1-t) 02 (1- 0) --1
(1-()01 -al > ( t)2 -al 2( )

a177 aigj a277 a2TI

01 1 al 01 > 02 2 a l ( 2 7

(ai (a,77 (a277 a277

which exactly violates condition (4).

ii) With isoelastic utility of the form 01 (h) =aih7, the (IC12) constraint implies that:

02 (1 - t) h2 -ah? = K (t) where K (t) = (1 - t) 01h*-ah'. But from the FOC of the low type,

?7aih* (t)' 1 = (1 - t) 01 hence ht (t) = [(1 - t) 01/a] 7 so that K (t) = (7 - 1) al ((1 - t) 01/ail) 77.

Hence the (IC12) constraint implies that: 02 (1 - t) h 2 - aihj = (7 - 1) ai (I)(1-t)*T

1
For this to hold at any value of t, we require that: h 2 =M (1 - t)71-, for a constant M,

independent of t. In that case, A becomes independent of t:

S(1- t) 02 - a2 M'7 -1 (1 - t) 02 - a2M -1
(1 - t) 0 2 - a1JV- 1 (1 - t) 02 - a 1 I7-1

Proof of Proposition (3) :

In problem pMWS,N (t), let po be the multiplier on the constraint guaranteeing utility itj

for type j, /jj+1 the multiplier on the incentive constraint ensuring that j does not pretend to

be type j + 1, and 6 the multiplier on the resource constraint. The FOCs are:

[h-] : -#5 (hi) pi - #i+1# 4 (h1) + 71_1 1 (hi) + Aj0j3 = 0
1

[y] : Pi + Oii+i -fi-ii - t6Aj = 0

By convention, normalize SCN = 0,1 = 0, and 'N,N+1 = 0. Define the modified multipliers
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13 i,i+1/ /3i and q. = (,Oi + 3jg±) /6, so that the FOCs become:

1 (I - (i-t) j]

I - t "'#_ #;(h-) - (1 - t) 0i]

i) It is immediately clear that for the lowest type h, (t) = h* (t), Vt, since 0. For

all other groups, hours of work are inefficiently high since [' (hi) - (1 - t)O0] > 0, unless

;i = #f = 0, in which case the market splits into two non-interacting groups strictly below and

weakly above agent of type i + 1.

ii) Whenever po = 0, firms lose money on all groups 1 .... , j. On the other hand, whenever

aj > 0, firms break even on agents 1, ...,j as a group. To see why, note that firms cannot

make strictly positive profits on any subset of agents. Else, it would be possible for some

firm to enter, offer slightly lower hours of work at the same pay, and still make a positive

profit. Whenever po > 0, we have yj (1 - t) - #j (hJ) = RJ. By definition of uj, firms can

then break even on agents 1, ... , j, and they will not provide those agents with additional utility

(all surplus resources could instead be used to increase type N's utility). Whenever oj = 0,

yj (1 - t) - Oj (h) > i., and by the definition of ii, this means that the firm is losing money

on the subset 1, ..., j. Hence, the cross-subsidization groups referred to in the main text are

defined by the break points k1 , ... , k, at which ok > 0.

Generic solution for the equilibrium income levels of each type (no assumptions

on which constraints are binding):

Note that whenever f3 = 0, given that TI > 0, we must have pi > 0 (if ICij,+1 is not binding,

agent i must be a break agent and is not part of agent i+ I's cross-subsidization group). Thus,

within a cross-subsidization group, all ICs bind. Let Ni be the highest index of the types who

are together with i in a cross-subsidization group (if m and k are in the same cross-subsidization

group, then Nm = Nk). Symmetrically, let ni be the smallest index in the cross-subsidization

group. Let Iij be the indicator function equal to 1 if jis in i's cross-subsidization group. Ah,

is the average production in i's cross-subsidization group, i.e., Oh2 = A21j3h3/ E I- AJIij.

Let A= (Aj+ 1 + ... + Azv) / j jAj (respectively, A = (AJ-1 + ... + An ) / > I23 A3) denote

the population weights on those strictly above j (respectively, strictly below j) in i's cross

subsidization group. Using the binding ICs and setting the weighted profit in each cross-
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subsidization group to 0 allows to write each type's income as:

Nii

y hi= Oh + (1-[) [0j_1 (hj- 1 ) - #j-1

i1

(hj)]-
m=n.

-m+ [Om (hm) - #m (hm+1)] (1.18)

Proof of Proposition (4) and (7):

The welfare effect on i of changing taxes is:

dW = -p yidt + yudt { S:7

A,

tmA2  O

EZmhmAm

(hj)

1-t
+ -3 1 (hi.)I - t

+ (hi)
(1 - t)

A.
1 - t~j1(i

-+I# (hj)
I - t

+- A (hi)
(1 - t)

for j > i, Ii = 1

for j < i, Ii= 1

for j= i, IiJ =1

1 - ) I+ IX #(hj ) - _10'_1 (hj

+ # 1(hj) - j+10' (hj)) + AjO# (hi) - Aj_t h)

Using the definitions for i and ,- from the main text, some cumbersome algebra yields:

dWi = -puyidt - pidt { ( j>
j>i

(with Fy, - d log yj /d log (1 - t)).

Then:

- d h -
- j1 7) dj i~j 2

Define p7 >E,>I I y (respectively, if Z2<i p2).

dW _ ~ t _

2t dtRA
1 t

With an abuse in notation, let X A, A A , pJ = p , and p p. The behavioral anda' - 1 3' e

mechanical revenue effects are as in Subsection 1.2.2, dB = -Y1tt6A and cIM = ydt. Setting
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dh

dyi

dhj

dy2l

dhj

dy

dh3,

Hence:

-' (hi) ih
dWi = -pjyjdt+pjdt

- Pi -j pg + ( p E, )KI

(Ai+1 A Ki ) 15yj I t O



dW + dB + dM = 0 yields the formula in the proposition.

Proof of Proposition (5) :

Both results follow from the fact that 2 < 0, r2 < 0, and the terms g and ey are held

constant in the comparison.

Proof of Proposition (6):

i) When [ = 1 : In case AS1 (A ;> (t)), welfare is

(1 - t) 01 hi (t) - #1 (h, (t))+ t (A0 1 hi (t) + (1 - A) 02 h2 (t)), which is higher at any tax level

since the hi (t) function is the same while the h2 (t) function is higher at any tax level. In case

AS2, (A ;> (t)) , the difference in welfare with the second best is:

WS WS WAS2 = t (1 - A) 02 (h* (t) - h 2 (t))+(1 - A) [(1 - t) 0ih* (t) - 01 (h* (t)) - ((1 - t) 0 2h2 (t) - $ (h2 (t)))]

(1.19)

But by cross-subsidization and the binding (IC12 ), we have that:

[(I - t) O1h* (t) - #1 (h* (t)) - ((I - 0) 02h2 (t) - 01 (h2 (0)))]

< [(1 - t) yi (t) - #1 (h* (t)) - ((1 - t) 02 h2 (t) - 01 (h2 (t)))]

< [(1 -- t) yj (t) - #1 (h* (t)) - ((I - 0) Y2 (0) - #1 (h2 (t)))] = 0

so that the last term in (1.19) is negative. The first term is negative, since the high type is

working more under adverse selection than in the second best. Hence WSB < WAS 2 .

ii) If t = 0: In both the second best case and the adverse selection cases, the government

maximizes the utility of the high type exclusively. Hence, even with adverse selection, it acts as

a single agent with the firms. The addition of the incentive compatibility constraint makes the

best achievable allocation with adverse selection for the high type worse than in the second best

because: 1) hours are distorted relative to the second best level h* (t) (the level that maximizes

the high type's utility), and 2) because pay is weakly lower than the true product, for any level

of hours, i.e., Y2 () _ 02 h2 (t). The second best allocation is no longer feasible for the high type

with the added incentive compatibility constraint.

iii) When there is adverse selection, the low type is always working the same amount,

yet consuming weakly more due to the higher transfer T and the cross-subsidization transfer.
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Hence, he must be better off.

Proof of Proposition (8) :

At fixed ey and 9, tSB and tAS differ only by the term AAS, so the result will follow if we

show AAS > 0.

i) With fully separating contracts, AAS becomes simply -' EN Il pjeY, Ej > 0.

ii) With a single cross-subsidization group, Em IjmWm = E m mAm = 1. AAS can be

rewritten as: AAS A) ( - Aj . In this case Vj, j < 0, Kj < 0,

( j - Kj)= (h) - (h3 ) > 0 (by assumption 1), and hence AAS > 0 follows from the

condition in the Proposition.

Proof of Proposition (9):

Identical to the proof of Proposition (6), since the lowest type works the same hours, but

benefits from more revenues from the increased work of all other types.

1.A.2 Proofs for the Nonlinear Tax Problem

Proof of Proposition (10):

This proof is similar to Bierbrauer and Boyer (2010), adapted to the case at hand. I

first reformulate the problem as maximizing type 2's utility subject to the low type's utility

constraint. Multipliers are in brackets on the line of the constraint they apply to:

(PMirr (u)) : max c 2 - 02 (h 2)
{ci,c 2 ,hi,h 2}

(IC12 ) : ci - #1 (hi) > c2 - #1 h202  [/31]

(IC21 ) : c2 - # 2 (h 2 ) > C1 - #2 hiO) [32]

(RC) : Aci + (1 - A) c2  A01hi + (1 - A)0 2 h2  [6]

c 1 - #1 (hi) > u [-7]

The Pareto weights from the main text can be mapped into the multipliers of the utility

constraints using -y = pI/ 2 = [t/ (1 - p). Note that if the Pareto frontier is linear in some

regions, then the same set of Pareto weights could correspond to several different levels of u. I
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simultaneously solve for the thresholds for y in the Proposition and the thresholds for a from

the text.

Denote the set of admissible allocations, i.e., the allocations {c1 , c2, hl, h2 } which satisfy

both incentive compatibility and the resource constraint, by BMi" (u) and let V2Mirr

maxc1 ,c2 ,h1 ,h 2CBM"r(u) (c 2 - 02 (h 2 )). When the value of u varies, the function 2 MirM (u) traces

out all possible values for the utility of the high type. The Pareto frontier consists of all pairs

(, VMir (U)) such that V2Mrr (U) < 0.

The general solution to this problem is then characterized by the following necessary con-

ditions:

[c 2 : 1 + 2 - 1- (1 - A) 6 = 0

[c1]: /1 -2 + 5(1 - A) - 1 = 0

[hi]:- (/1 + (6 - 1)) 0' (hi) +2 (hj1 + 5 1A 0

[h2] : -' (h2 ) + 1 020/ h202  + 602 (1 - A) = 0

Ac1 + (1 - A) c2 = A0 1 h, + (1 - A) 02 h2 , c1 - #1 (hi) = U

There are three possible cases to consider: either one of (IC 12 ) or (IC21) is binding, or none

is. It is never optimal to have both binding, as has been shown several times in the literature

(e.g., Bierbrauer and Boyer, 2010).

Region 1. Suppose that both constraints are slack. This case occurs when 01 = 0, 42 = 0,

and hence -y = 7 . In this region, hours of work are at their efficient levels, defined by

#'; (hi) = 0%. The interval of levels of utility u for which this can occur, denoted by [u, U], is

derived as follows. Suppose that u increases. At some level, it will become attractive for the

high type to pretend to be a low type, and the (IC21) will just start binding. One can easily

check that this will occur exactly at level U, defined by: U T- - #2 (h*) + #2 ( ) - 1 (h*),

where 72 = AOIh* + (1 - A) 02 h* + A (#2 (h*) - q 2 (hp)). Similarly, if u decreases too much,

the low type will start wanting to pretend to be a high type and (IC12) will just become

binding. This occurs exactly at utility level u defined by 1 = c 2 - h1 ( 2 ) where c 2
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A0 1h*+ (I - A)02h+ A# 1 )- #, (h*)) . Note that in this region, the Pareto frontier is

linear, since V2i (U) = c2 - #2 (h*) = A601l1 + 02 h 2 - #1 (hi)-sne-(-A) (1A+1A 0 2h - ____s-

that &V2Mirr (U) /&u - A/ (1 - A).

Region 2. Suppose that (IC21) is binding, then (IC12) must be slack, so that 1 0. The

solution is then characterized by:

-yo' (hi) = - 01 + [-y - -yA - A] 01'2 -l 01 (1.20)

ci =A0 1hi + (1 - A) 02 h2 - (1 - A) 0 2 (h2) - #2 hil

02
C2 =A0ihi + (I - A) 02h2 + A 02 (h2) - #2 h~

h2 =h* = (0') -1(02) 
0

U + #1 (hi) = A01hi + (I - A) 02h* ( A) 02 (h*) - 02 h 01 (1.21)2 (1.21)2

Note that this case is consistent (i.e., /#2 > 0) if and only if -y > 7, or equivalently, if and only

if a > U. There is a downward distortion in the labor supply of the low type, as can be seen

from the FOCs for hl.

The maximal value for u in this region, denoted by uMrr, is achieved when hl is at the

level which maximizes c1 - #1 (hi) subject to (IC21), or equivalently, at the level which obtains

when -y -+ oo and #' (hi) = A0 1 + (1 - A) - (i'2 ).

In this region, A V2Minr (U) =-y < 0. The Lagrange multiplier -y is given by:

'(hi) A1 - [1 - A]

Note that since 02= #'2 (h 2 ), we have: 0' (h #2 (hi) < 0' (h 2 ) = 02 so that the numerator

of -y is positive and hence the denominator must also be positive.

To show that the Pareto frontier is concave in this region, note that:

a2 Oh "01 02 02 (hi) - 01) + 02 - 0#2 1' (h1  .
2 V 2 M r (') = A - 2'/ 1 - (1.22)au OU (2 (hi) + A01 - [1- A] -0-Lo 2
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Using expression in (1.21), the fact that dh 2 /du = 0 in this region, and that the denominator

of y is positive, we can see that dhi/du < 0. In addition, the numerator in (1.22) is positive

from the SOC with respect to hi. Hence, 0 2 V 2Mirr ( 2 < 0.

Region 3. Suppose that (IC 12 ) is binding and (IC21) is slack, with !2 = 0. The solution

is characterized by:

hi =h* =(0')- (01) , 0' (h2) = 02 + (--Y + A-Y + A) 02'1 02h2 -06

c1= A0hi + (I - A) 02h2 - (I - A) 1 02 h2  1 (hi)

c2= A0 1hi + (1 - A) 02h 2 + A # (0 2 h2 - #5 (hi)

ci - 0 1 (h1 ) = u

This case is consistent (i.e., #3 0) if and only if -y < 7 which is equivalent to u < u. The

minimal level of utility u in this regime, denoted by ua.Zir, is achieved when h2 is solution to

max (c 2 - 0 2 (h2 )) subject to (IC12), or equivalently, when -y - 0 and 0' (h2 ) = (1 - A) 02 +

A [-21 (02h2) . The argument to show concavity is as for Region 2, except that the SOC for

h2 is used.

The proof is complete by recalling that -y = / (1 - [t) so that -y > 7 A/ (1 - A) e yu> A.

Proof of Proposition (11):

The problem, indexed by the utility level of the low type and specialized to N = 2 is

reformulated here, with multipliers in brackets after each constraint:

(PSB (U)) : max c 2 - 02 (h2 )

(IC12) : ci - #1 (hi) > c 2 - 01 (h 2 ) [O 1

(IC21) : c2 - #2 (h 2 ) c1 - #2 (hi) [/32]

(RC) : Ac, + (1 - A) c2 < A0 1h1 + (1 - A) 2 2  [6]

ci - #1 (hi) a (-y) [-y]

Again, we can map problem pSB (ft) to pSB (U) using -y = y/ (1 - y), taking into account that

in linear regions of the Pareto frontier, several values of u correspond to the same value of y.
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Denote the set of allocations satisfying both incentive compatibility and the resource constraint

by BSB (u). Let V2SB (u) maxci,c2 ,,i,h2 EBsB c2 - 2 2 ). When the value of u varies,

the function V2SB (U) traces out all possible values for the utility of the high type. The Pareto

frontier consists of all pairs (u, V 2 SB (U)) such that aV1SB (u) < 0. In the general case, the

FOCs are:

[c21 1 + 02 - 1 - J (I - A) = 0

[c1] : 1 + - 2 - 6A = 0

[hi] : -1' (hi) + 02#'2 (hi) + 6A0 1 - 7#' (hi) = 0

[h 2] : - (1 + 2 ) #'2 (h2 ) + i31#' (h2 ) + 6 (1 - A) 02 = 0

Ac, + (1 - A) c 2 = AO1 hi + (1 - A) 0 2 h2 , c1 - #1 (hi) = u

Region 1: Suppose that the utility level u is in [L', V] where u' = c2 - #1 (h*), C2

AO1h* + (1 - A) 02h* + A (#1 (h*) - #1 (h*)), 's5-# h)+# h)-# (h*), and -e-2 C2=

A0iht + (1 - A) O2 h* + A (#2 (h*) - #2 (h*)). One can check that it is possible to set hours at

their efficient levels, and cl and c2 such that:

Aci+(1-A)c2  A0 1h* + (1 - A) 2 h*, c = u + #1 (hi)

and to have both incentive constraints slack. Any distortion in the hours of work would imply

a reduced welfare. Hence, both #j = 02 = 0, and -y = A/ (1 - A). The Pareto frontier is

linear and decreasing in u, since -L -

Region 2: Suppose that u > V'. Suppose by contradiction that (IC2 1 ) is slack, so that

hi = h*. Since ui = ci - #1 (h*), the inequality on u implies that: c1 > A0 1 h* + (1 - A) 0 2 h* +

A (0 2 (h*) - #2 (ht)) - #2 (h*) + #2 (ht). The utility of the high type from pretending to be low

type would be:

ci -2(*> AOih* + (1 - A) 02h* + A (#2 (h*) - #2 (h*)) - #2 (h*) = 2- - #2 (h*) > C2 - #2 (h*)
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where the last inequality follows from the inequality on c, which implies that c2 < ci by the

resource constraint. Hence, the high type agent has an incentive to deviate if hi = h*, so that

in fact, we need to have hi < h*. But then, (IC21 ) needs to be binding, or we could increase hi

by some small dhi without violating (IC21) and generate more output than would be necessary

to compensate the low type for the increased effort (that is, Oidhi > 0' (hi) dhi). In addition,

the constraint of the low type, (IC12), is slack since:

C2 -#1 (h*) < AO1h* +( - A) 02h + A(#2 (h*) - 2(h*)) - #1(h*)

< C1 + #2 (h*) - #2 (h*) - #1 (h*) < ci - #1 (h*)

where we used that #2 (h*) - 02 (h*) < #1 (h*) - #1 (h*), implied by the Spence-Mirrlees con-

dition. Hence 81 = 0 and the solution in Region 2 is characterized by:

32 =7-y- A7 - A, -y ;> , 7= + 1, u=- ci -01 (hi)
-(1 - A)'

-yo' (hi) = (7 - Ay - A) (0'2 (hi) - 01) + 7y1

02 = #2 (h 2 ) ,

C2 A01h 1 + (1 - A) 0 2 h2 + A (#2 (h 2 ) - #2 (hi)

c= A 1hi + (1 - A)0 2h 2 - (1 - A) (02 (h2 ) - #2 (hi) )

The maximal level of utility u in this region, denoted by u , is the level achieved when h is

set to maximize cl - 01 (hi) subject to (IC21), or equivalently, the level of u when 7 -+ oo and

q'1 (hi) = (1 - A) 0' (hi)+ A0 1 . The Pareto frontier is decreasing since v SB (U) /uO= -Y < 0.

In addition, it is concave. Indeed,

a2v2,SB3(U) -y Ohl 0"2 (hl) (0 - 04 (hi)) - (1-0 h) "(l2 B 2 2 2 1

OU2 OU OU ' (hi) - (I - A) 0' (hi) - A0112

First note that y = A ( 2. Since the numerator is positive, the denomina-

tor must be positive too. From the constraints: u = ci - #1 (hi) = A 1 hi + (1 - A) 02 h2 -

(1 - A) (32 (h*) - #2 (hi) ) - #1 (hi). Given that a = 0 in this region and that the denom-

inator of -y is positive, the previous expression shows that Oh1 < 0. From the SOC in h, and
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the positive denominator of -y, we have &2V 2 <0.

Region 3: Suppose that u is such that u < u', where u' is defined as u' c2 - 01 (h2)

and c2 = AO1h* + (1 - A) 02h* + A (#1 (h*) - k1 (h*)). Define ci = A0 1h* + (1 - A) 02 hi -

(1 - A) (#1 (h*) - #1 (h*)) from the budget constraint. In this case, it must be that (IC12) is

violated at the first best hour levels, since:

cl - # 1 (h*) < cl - # 1 (h*) = AOih* + (1 - A) 02 h -(1- A) (#1 (h*) - # (h*)) - # (h*)

= C2 - A (#1 (h*) - 1 (h*)) - (1 - A) ((h) - #1 (h*)) - (1 (h*) =)2 - 1 (h)

Hence, h* is distorted upwards, and (IC12) must be binding. If it were not, we could decrease h*

and c2 simultaneously so as not to change the utility of the high type and still create a surplus

to be given to the low type. Thus, 01 > 0. In addition, (IC21) is slack. From the (IC12), replace

c2 as a function of ci and note that c2 - #2 (h2 ) = c +# 1 (h2 ) - #1 (h*) - #2 (h2 ) ;> c1 - #2 (h*),

where the last inequality follows from the Spence-Mirrlees single crossing condition. Hence

2 = 0. The solution in this case is fully characterized by:

1= ( + 1) A - 7 < , ) '/ (hi) = 01, u = ci - 01 (hi)

#'2(h 2 ) = (A + A - -y) (0' (h2 ) - 02 ) + 02

C2 = A0 1hi + (1 - A) 02h 2 + A (#1 (h2 ) - #1 (hi))

ci = A01hi + (1 - A) 02 h2 - (1 - A) (#1 (h2 ) - #1 (hi))

The minimal level of utility u in this region, denoted by us, is the utility level achieved when

h2 is set to maximize c 2 - #2 (h 2 ) subject to (IC12), or equivalently, the level of u when y - 0

and 0' (h 2 ) = A#' (h 2 ) + (1 - A) 02. The proof of concavity of the frontier is exactly as for

Region 2.

Finally, the proof is complete by recalling that y = p/ (1 - y) so that -y > - A/ (1 - A) -

p > A.

Proof of Proposition (12):

The proofs of Propositions (10) and (11) showed that whenever P > A, IC21 is binding both

in the Mirrlees and SB with Adverse Selection case. But IC21 in the Mirrlees case is more
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stringent than in the SB with Adverse Selection: namely, for each {c., h.} Z, ci - 2  )2

CI - 0 2 (hi). The set of incentive compatible allocations is hence smaller and welfare is lower.

The exact opposite applies when p < A, as then IC12 - which is more stringent in the SB with

Adverse Selection - is binding.

Proof of Proposition (13):

The problem is reformulated conditional on the set of utilities to be provided to types lower

than N, u ={u}iN 1 . Multipliers are in brackets.

(PSBN (u)) : max cN - ON (hN)
{c 1 ,hi}

(ICi,i+1) : c- - 0. (hi) > c.+ 1 - 0. (hi+1 ) [1ii+1] i = 1, .., N - 1

(ICj+1,j) :cj+ - 0i+1 (h-+1 ) > c- - 0-+1 (hi) L3] i = 1, .. , N - 1

(RC) : Aic. < > A 0 h2  [S]

c. - 0. (h) ;> u i) i =1, .. N - 1

The weights from the main text can be mapped into the multipliers of the utility constraints

using: p= I/ yg, and the normalization N 1. Note that if the Pareto frontier is a

linear hyperplane along some dimensions in some regions, then the same set of Pareto weights

could correspond to several different threshold utilities u. The FOCs are:

tci] : '3 i +1 + 3i i-1 - #i 3  - -i1j - AZ6 + y2 = 0

[hi) : - (hi) )3 ii±_1+ ' # (h( hj + + (0+ (hi) /3 +, + A .O6 - 0'. (h2) y= 0

[cN] 1 + !3 N,N-1 ~ N-1,N AN = 0

[hN] -/N (hN) - N,N-10N (hN) + 'N-1 (hN) 3 N-1,N + ANON 3 = 0

[c 1] : 131,2 -I2,1 -- 6A 1 + -yi = 0 [hi] : -0' (hi) 01,2 + #' (hi) 02,1 + 6A 101 - 'k (hi) 'j 0

Lemma 2 In the Second Best with Adverse Selection, if _- pti > Z> Aj, Vj (N - 1),

all downward incentive compatibility constraints ICi+1,i are binding, and all upward incentive

compatibility constraints ICii+1 are slack for all i < N - 1.

Proof. Given the mapping from Pareto weights to multipliers, the condition >_I [it >
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Z$_ 1 Ai, Vi < N - 1 corresponds to:

N N

ZAk > Z Nk Vi>2 (1.23)
k=i k=i' j=1 =

Suppose that, for all i > 2, condition (1.23) holds. First, let us show that there cannot be any

upward binding constraint. Start from i = N - 1, and suppose by contradiction that constraint

ICN-1,N is binding, so that !N-1,N > 0, and fN,N-1 = 0 (since we assumed that pooling is

not optimal). The FOC for cN-1 would imply that #N-1,N - N-2,N-1 = YN-1J - YN-1 (with

/N-2,N-1 either strictly positive or zero), while the FOC for cN implies that: I-N-1,N = AN5-

Adding these two expressions yields:

~~N-2,N-1 = ±NJ + AN-13 - YN-1 - 1 (1.24)

But by the assumption on the parameters in (1.23), ANa AN-1 - N-1 -1 > 0, which implies

#N-2,N-1 < 0, a contradiction. Hence, #N-1,N = 0-

Proceeding recursively, consider agent N - 2 and suppose that constraint ICN-2,N-1 binds,

so that /N-2,N-1 > 0 and /N-1,N-2 0. The FOC for cN-2 then implies that !N-2,N-1 -

ON-3,N-2-AN-26'YN-2 = 0 with !N-3,N-2 either strictly positive or zero. The FOC for cN-1

implies -ON-2,N-1-1 3N,N-1-AN-16-kxN-1 =0. The FOC for CN implies: ON,N-1-AN6 +-KN

0. Adding these three expressions, we get: -N-3,N-2 = (AN + AN-23 + AN-16 - 7YN ~ N-1 7N-2) >

0 (by condition (1.23)). Hence, 1N-3,N-2 <0, a contradiction. We can continue in this fashion

up to type 1 to show that no constraint of the form IC,i+1 binds, hence !3j,+1 = 0.

To show that the downward constraints are not slack but binding, let us now show that it

is not optimal to have both ICi,i+1 and IC+,, slack for some i. Start from agent i = N - 1

and suppose that ICN-1,N and ICN,N-1 are both slack, so that #N-1,N = /3 N,N-1 = 0. Then,

the FOC for cN implies that 1 = AN6, which violates the strict inequality in (1.23). Continuing

recursively, suppose that ICN-2,N-1 and ICN-1,N-2 are both slack. Then, we can decrease

cN and cN-1 by the same small amount dc > 0 (leaving constraint ICN,N-1 unaffected) and

increase all ci for i < N - 2 by the same amount dc' such that the resource constraint is
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unaffected (this leaves all incentive constraints for types below N - 2 unaffected as well):

dc' (A, + .... + AN-2) = dc (AN-1 + AN)

The change in welfare from this resource neutral transfer is:

dc -(YN + 7N-1) A-I + AN (--- +7N-2)(A, + .... + AN-2)

Which is positive, from the assumption on parameters in (1.23). M

Lemma 3 In the Second Best with Adverse Selection, if Z_ pi < {__ A= Vj (N - 1),

all upward incentive compatibility constraints ICi,i+I are binding, and all downward incentive

compatibility constraints ICi+1,,i are slack for all i < N - 1.

Proof. The proof is symmetric to the one above, starting from the opposite strict inequality

than in (1.23) and proceeding recursively from type i 1, using the condition on multipliers:

N N

Ak < Y NIk , > 2 (.5
k=i k=i =1T

Lemma 4 In the Mirrlees regime, if p.> p > E A- Vj < (N - 1), all constraints ICi+1 ,i

are binding and all constraints ICi,i+1 are slack for all i < N - 1.

If E'=, pi < A'=1 Ai Vj < (N - 1) , all constraints IC,i-1 are binding and all constraints

ICi+1,i are slack for all i < N - 1.

Proof. The program of the Planner with N types can also be reformulated as maximizing the

utility of type N, conditional on the utilities of other types being above some thresholds, and

subject to the same (ICi,Z+ 1 ), (ICi+1 ,i), and (RC) as in (pMirrN (,)) in the text. The proof

is then exactly as for Lemmas 2 and 3, since the only thing that differs between the Mirrlees

and the Second Best with Adverse Selection cases is how hours of work enter the incentive

compatibility constraints, but the aforementioned proofs only used the FOCs with respect to

consumption levels {ci} N.
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Thus, when condition (1.23) holds, the downward incentive compatibility constraints (ICi+1,i

Vi < N - 1) are binding both in the Mirrlees and Adverse Selection case. But these con-

straints are more stringent in (PMirrN (p)) than in (PSBN ([)). Namely, for each {c., h.}, Vi,
# hi -oi) < qi (hi_ 1 ). The incentive compatible set of allocations is hence smaller and wel-

fare is lower. Inversely, when condition (1.25) holds, the upward constraints (ICi,i+1 , Vi < N - 1)

are binding, and are more stringent in (PSBN (p)) than in (PMirr,N

Proof of Proposition (14) :

i) Any second best allocation {h-, c.}N for which the upward incentive compatibility con-

straints (ICi,i+1, Vi < N - 1) are binding can be implemented by assigning yi = 02hl and

Ti = c, - y2 (and prohibitively high tax levels on all other incomes y ' {yi} I). The maximiza-

tion program of firms then becomes the same as the government's and, since the Second Best

allocation was optimal, there is no possible deviation which could make some type better off

without violating the ICs. Hence, welfare in this region is equal to welfare in the Second Best

case, and we showed in Proposition 13 that in this region, the Second Best frontier is below the

Mirrlees frontier.

ii) The proof proceeds by finding a lower bound for the Pareto frontier when /_-t >

E _= A3 Vi < (N - 1). In this case, Proposition 13 showed that in the Second Best all down-

ward incentive constraints are binding. We already know that, if the only ICs are those from

(PSB,N), the Pareto frontier is above the Mirrlees one in that region. The incentive compati-

bility constraints in (PSBN) are still necessary with unobserved contracts. Are the additional

constraints needed to prevent firms from deviating, if any, weaker than those in (PMirr,N)?

Suppose that the government artificially strengthens constraint (1.13) to y = Oihi Vi, lim-

iting its choice variables to only hi and Ti. Starting from i = N, we will now rule out all

deviations which involve type i being offered a new contract (together with a pool of types), in

which he is either cross-subsidizing other deviating agents or earning exactly his product. By

doing this for all i, no i can be attracted to a deviating contract in which he is cross-subsidized,

since the types made to cross-subsidize him will never join any such deviation.

Start with agent N and suppose firms try to attract him to a pool with some subset Ak of

workers at income level yk = yj = Ojhj(< YN) for some of the available income levels yj. This

requires hours of work of at least hk,A, Yj/OA, = (Oj/6A) h. In the Mirrlees case, on the
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other hand, N would have had to work only Yj/ON = (Oj/ON) hj < yj/OA k,A VAk, for

the same pay. Thus, ruling out even the most attractive (non-loss making) pool {Ak, y j, hk,Ak}

for type N is strictly easier than to rule out his most attractive deviation in the Mirrlees case:

the incentive compatibility constraint for type N has to be strengthened relative to ICN,N-1 in

program pSB,N, but it will never have to be strengthened as much as to become stricter than

IN,N-1 in pMirr,N

Continue with agent N - 1. Given that we have ruled out even the most attractive deviation

for agent N, any deviation offered to agent N - 1 must have him as the highest type in any pool

he is part of. Again, no matter at which income level ym the pool occurs, a deviation which

is not cross-subsidized by another contract (which we are ruling out for each type) cannot be

more profitable than in the Mirrlees case, since agent N - 1 will necessarily be pooled with

lower types and his pay per hour diluted to some 0 Ak for some Ak. Continuing recursively

this way, we see that for every desired allocation {cZ, hiI, the downward binding IC for each i

will be easier to satisfy than in the Mirrlees case. Removing the artificially imposed constraint

yZ =Ohi will then allow the government to reach even higher social welfare. Hence, a fortiori,

welfare will be higher than in the Mirrlees case.

Proof of Proposition (15):

Suppose the government wants to implement the second best consumption and hour levels,

({hi, cj}) 1 , which are characterized by (using the same notation as in the previous section):

C2 = A01h1 + (I - A) 02h2 + A (#2 (h2) - 02 (hi) )

c = A0 1hi + (1 - A) 02h2 - (I - A) (#2 (h2) - #2 (hi)

h2 = h*, (-y - A-y - A) (0'/h)-0)+ 8 #1(i

Take any arbitrarily assigned income levels (yi, y2), such that firms' break-even constraints

holds. There are no profitable deviations attracting only the low type, who is already weakly

subsidized in the second-best allocation; any such contract making him better off would make

a loss. It is also not possible to attract both types to a pooling contract at income level Y2. If

it were, then this contract would have made both types better off, be budget feasible for the

government, and, hence, would violate the Pareto optimality of the second best allocation. The
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only deviations that a firm could make are hence:

1) Offer to pay Y2 for hours of work h2 = Y2/ 0 2. This will be accepted by the high type if y2,

was originally not actuarially fair, i.e., Y2 < 02h 2 . Under the MWS assumption, other firms will

then drop the loss-making cross-subsidization contract. If the low type joins this new contract,

it becomes unprofitable. Hence an equilibrium requires that c2 - #1  2 0 so the low type

prefers joining the deviating contract rather than staying out of the market (at utility 0).

2) Pool both types at yi with hours h' such that: {1,21 h' = yi. The low type prefers this if

hI < hi (since he would be working less for the same pay). The constraint needed to render this

deviation unprofitable is hence: hi < Y1 . In order to implement the second-best allocation,{ 1,2}

we thus only need to find two assigned income levels yi and Y2 such that (using that from the

break even requirement, y, = - (1-A)

Ay 1 + (1 - A) Y2 = A0 1 hi + (1 - A) 0 2 h2 = Ac 1 + (1 - A) c2 := c (1.26)

0 < c2- 1 (Y) (1.27)

c _ (1-A)
hi A - \ Y2 (1.28)

0{1,2}

where c := Ac 1 + (1 - A) c2. 3 2 Thus, it is sufficient to find a y2 such that:
h___ hOf1 ,2  '

0 < Y2 < mi {3 (c2 ) 02, (1- c\ Al. Such a level will exist if and only if (1-A)

A > 0, or alternatively, if c > h1i{ 1,2}A. Using the resource constraint, this requires
F1-7)

A 1 h1 + (I - A) 0 2 h2 = Aci + (1 - A) c 2  h1A (A01 + (I - A)0 2 ) e h1 01 A +02 (h 2 - h 1 A) > 0,

which is always true since h2 > h, (and hence h2 > Ahi) in the Second Best.

Proof of Proposition (16):

Illustration with N = 3

The income level for type 3, y3, must be such that firms are not tempted to cream-skim

type 3. This requires that, if it occurs, and the unprofitable contracts of type 1 and 2 are

dropped in response, type 2 (at least) joins the new contract, i.e., 03#2 1 (c 3 ) > Y3. Income

level Y2 must be such that no pooling of 2 and 3 can occur, either because 1 would then

3To ensure that yi is non-negative, we need y2 < & but this is guaranteed by the third constraint, Y2 5
____ -l{2 AX <
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join the pool and a pool with 1 would not be profitable for 3 to join (i.e., O{2,3}#0j 1 (c2 ) >

Y2 > 0{1,2,3 1 h 2 ), or because the pooling would not attract type 3 in the first place, i.e.,

Y2 > h 20{ 2 ,3}. Income level yi must be such that pooling 1 and 2 at 1 is not profitable,

and pooling all 3 is impossible because 3 would not join such a pool. Hence, we need y1 >

max {hi O{ 1,2}, 0{ 1,2 ,3 }31 (03 (h 2 ) - (c 2 - ci))}. Finally, all income levels must be non-negative,

and firms must break even on average: E3 Ayi - A-Oh-. In general, we cannot ensure

that there are non-negative income levels {yi}N 1 which will satisfy all these constraints.

General implementation with N > 2

We now focus on the implementation of Second Best allocations {ci, hI}N 1 , in which

the downward ICs are binding. First, suppose that type m > i is attracted by a deviat-

ing contract, paying y, for yi/O{im} hours of work. Using the binding (ICm,m-1), we have

ci - 0"m (Yi/0{i,m}) > cm - #m (hm) = cm.- - Om (hlm-1). But, by the Spence-Mirrlees single

crossing condition in 1, if type Om prefers the allocation with less work and less consumption

{ci, yi/O{i,m}} to the one with more work and consumption {cm- 1 , hm-1}, then so must type

m - 1. Hence, if m is attracted by this deviation, so is m - 1. Repeating this argument itera-

tively, all types i, .., m - 1 will be attracted if m is. Thus, we only need to consider connected

intervals from i to m, for some m > i. For each y., pick the type for whom a deviation to y.

would be most attractive, and set y- such that the deviation is not preferred to the type's own

allocation:

yi > max {i,..,m}ml (c, - cm + Om (hm)) Vi < N
M>'i

The constraint on y. implies that there is no profitable pool that could attract all workers of

types i through m to income level yi, for any m, even if they were just made to work sufficient

hours for the firm to break even. By extension, this also implies that no contract could be offered

which allowed to cross-subsidize other contracts. For type N, YN must be set sufficiently low,

so that it would be attractive for type N - 1 to join if type N was offered an actuarially fair

contract with YN/ON hours of work for a pay YN, i.e., we need YN < 0 (cN) ON (this assumes

that N is not alone in a cross-subsidization group. If N is disjoint from other types, there is

no profitable deviation for firms to start with). Given these income levels, income taxes are set

according to c. = yi - T > 0, Vi, and to 100% for income levels not in the recommended set.
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The income levels thus specified are potentially very large, and would cause losses for the firms

overall. The government can rebate the losses or tax away the profits from each individual

contract, by setting a payroll tax schedule {TF such that TF TF (y) = h - y , and

TF (Y) = 2y for y 0 {Y 1.

1.B Rothschild and Stiglitz Equilibrium Type

I now consider the alternative equilibrium definition of Rothschild and Stiglitz (RS), but limit

myself to the N = 2 model, because of the existence problems with N > 2. In RS, firms offer

only a single labor contract and have to break even.33

Definition 2 (Rothschild-Stiglitz equilibrium) A set of contracts offered is a Rothschild-Stiglitz

equilibrium if i) firms make zero profit on each contract and ii) there is no other potential

contract which would make positive profits, if offered.

The Rothschild and Stiglitz (1976) equilibrium notion has been used almost exclusively for

two type models (N = 2). The authors show that no pooling equilibrium can exist, and that,

for a sufficiently low fraction of low productivity workers, A,, no equilibrium can exist at all.

Whenever a separating equilibrium exists, low types work an efficient number of hours, but high

types work excessively, so that firms can separate them from low types. Hence, high ability

workers are caught in a "rat race" (Akerlof, 1976).

1.B.1 Linear Taxation

In a RS-type equilibrium, firms are constrained to break even on each contract offered, so

that, at any potential equilibrium allocation, pay is equal to a worker's total product: y=

(1 - ti) Oihi.34 Whenever a separating equilibrium exists, the tax formula will be the same as

in case AS1. However, an equilibrium may not exist, because it might be possible for some firm

to offer an alternative pooling contract which would attract all workers. The existence of an

equilibrium depends on taxes. Rather than a smooth response of the private market, there may

3 3 Since firms need to break even on each contract, they might as well be offering a pair of contracts. But it is
without loss of generality to assume that those contracts are offered by two different firms.

3 4 Recall that a pooling equilibrium cannot exist in RS, even in the presence of linear taxes.
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be an abrupt shift, at some tax level, from a separating equilibrium to non-existence, which

makes the optimal tax problem more complicated.

One can check that a separating equilibrium (hRs, yRS) will be stable,35 if the fraction of

low types is larger than ARS (t), defined as the threshold value of A for which the indifference

curve of the high type worker going through the equilibrium allocation is just tangent to the

pooling line with slope ORS (t) - (ARS (t) 01 + (1 - ARS (t)) 02). Denote this tangency point by

h (t). In this case, there is no possible pooling region, that is, no allocations which are pooling,

make non-negative profits, and make both workers better off than the separating equilibrium

allocation. If, at a given tax t, A is already close to the threshold ARS (t) and the government

increases the tax, then this could open up a possible pooling region and destroy the equilibrium

altogether. This phenomenon is illustrated in Figure 1 - 4 where, starting from a situation

with low taxes (solid indifference curves), taxes are increased (dotted indifference curves) and

a pooling region is created. The following proposition describes when this can occur.

Proposition 17 With a general utility function, if the utility of the high type at the candidate

separating equilibrium, denoted u, is sufficiently strongly decreasing in taxes, that is if

dU2RSdt < _ 0 RS (t) h (t)

then raising taxes could destroy an existing separating equilibrium (in the sense of pushing up

the critical threshold ARS (t)).

With an isoelastic utility function, the critical threshold ARS (t) is always increasing in t

and higher taxes make the existence of a separating equilibrium less likely.

If nonexistence of an equilibrium is an undesirable state, then, the optimal tax rate must

be set subject to the additional constraint ARS (t) A.136

35Stability means that the separating equilibrium cannot be broken by a pooling equilibrium, which is the

definition used in the original Rothschild and Stiglitz (1976) paper.
3 (The detailed analysis of this problem is not particularly enlightening, given already performed for the MWS

case.
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Figure 1-4: Non Existence of the RS equilibrium
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1.B.2 Nonlinear Taxation

Is it still possible to implement all Second Best allocations in an RS setting like it was for

the MWS setting with N = 2 (i,e, regime 3 in the main text, called "Adverse Selection with

unobservable private contracts"), despite the government being unable to see private labor

contracts?37 We focus on the more interesting case in which the high productivity worker's

incentive constraint would be binding in the Second Best with Adverse Selection and show that

this allocation can no longer be an equilibrium with unobservable private contracts.

Suppose again, that the government imposes confiscatory taxes on all income levels other

than the recommended ones, yi and Y2. This reduces to only three the potential deviations that

firms can make. First, they could try to pool both workers at y2. However, no such contract

would attract high types, since they would have to work more for the same pay than under the

original contract, to compensate for the low type's poor productivity. Secondly, firm could not

possibly "invert" the separating equilibrium by offering contracts {yi, Y1/ 0 2} and {y2, Y2/01},

because that would violate the monotonicity condition on hours. There is however one other

"Again, any Second Best allocation {ci, hi} at which the incentive compatibility constraint of the low type

is binding can still be implemented. It is sufficient to set taxes equal to Ti = yi - ci at income levels yj = Oihi,

i = 1, 2, and T = y for all other income levels.
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profitable deviation, namely to offer a pooling contract at yi. To see this, start from the

candidate allocation at which the incentive compatibility constraint of the high type is binding:

Y2 - T2 - #2 (h2) = Y1 - T1 - #2 (hi) (1.29)

Consider a pooling contract paying yi in exchange for h' hours of work, where h' is determined

by the zero profit condition:

AO1h' + (1 - A) 02 h' = (1.30)

There then exists a slightly higher level of hours, h* = h' + E (for some very small E > 0), such

that AOih* + (1 - A) 02 h* > yi, and a new contract (yi, h*) which would yield strictly positive

profits if both types accepted it. And indeed, both types will accept it. By (1.29), the high type

was just indifferent between his allocation and the original allocation of the low type, (yi, hi).

Furthermore, by (1.30), it is clear that h' < hi, since 01h1 = y, so that 02 h1 > yi. If E is small

enough, we also have h* < hl. Thus, the high type now strictly prefers the allocation (yi, h*)

to (y2, h2 ). The low type also prefers this allocation, since he earns the same total pay but

works less. The original allocation can thus not have been an equilibrium. 38 Intuitively, the

government is trying to force the private market to do the opposite of what it would normally do,

namely to reduce the welfare of the high types for the benefit of the low types. But competition

among firms makes them exploit the loophole, created by the inability of the government to see

hours worked, to try to make the high type as well off as possible. Therefore, we need to add a

new incentive constraint for firms to not be able to deviate to that pooling contract, which is

more stringent than the standard incentive constraint for the high type:

Y2 - T2 - #2 2 > Y1 - T1 - 02 (h') (1.31)

The Pareto frontier for the RS case is thus obtained by solving program pRS (P) and is char-

"Note that this pooling allocation to which firms are tempted to deviate might not be an equilibrium either,
because of the familiar cream-skimming argument which also precludes the existence of a pooling equilibrium in

the original Rothschild and Stiglitz paper. But it still is a profitable deviation. Indeed, if it was an equilibrium

and it was making both types better off, it would have been on the Pareto frontier.
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acterized in the next proposition.

(PRS ()) max u (ci - #1 (hi)) + (1 - A) (c2 - #2 (h 2 ))
C1,C2,h1,h2

(IC12) Cl - #1 (hi) c2 - #1 (h2)

(IC21): C2 - #2 (h2) C1 - 2 01/ )

((1 - A) 02 + A01)
(RC) : Ac, + (1 - A) c2 ! AO 1 hi + (1 - A) 0 2 h 2

Proposition 18 The Pareto frontier in the RS setting is characterized by:

Region 1: When p = A, both (IC12) and (IC21) are slack and both workers work efficient

hours. The Pareto frontier is linear.

Region 2: When p > A, (IC21) is binding, the high type works efficient hours, the low type

works too little, and the Pareto frontier is strictly concave. The Rothschild-Stiglitz frontier is

above the Mirrlees frontier, but below the Second Best with Adverse Selection frontier.

Region 3: When p < A, (IC12) is binding, the low type works efficient hours, the high type

works too much, and the Pareto frontier is strictly concave. The Rothschild-Stiglitz frontier is

below the Mirrlees frontier and coincides with the Second Best with Adverse Selection frontier.

Again, the three Regions can be mapped into three regions for the utility of the low type,

it, with the four thresholds defined in the Appendix, uRS < u" < " < UR , and whose

interpretation is exactly as in the main text. Region 1 corresponds to u" < u < U", Region 2

to i7" < u < UR, and Region 3 to uR < u < u". In the proofs, I provide a ranking of all

four frontiers with two types (the RS setting, the Mirrlees case, the Second Best with Adverse

Selection case, and the Adverse Selection with unobservable private contracts case). Figure

1 - 5 illustrates this relation for when condition NL1 holds.

It is clear that, while adverse selection still helps the government redistribute, the Rothschild-

Stiglitz case lies between the Second Best with Adverse Selection and the Mirrlees case. Firms

try to attract the high type worker to a pooling allocation, by offering him an hourly wage

equal to the average productivity A0 1 + (1 - A) 02. This makes a deviation more attractive than

in the Second Best, but still less attractive than in the Mirrlees case. Note the difference to

regime 3 with N = 2: it is the fact that firms are constrained to break even on each contract
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Figure 1-5: Rothschild-Stiglitz, Mirrlees, and Second-Best with Adverse Selection Frontiers
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offered which prevents the government from implementing the Second Best allocation.3 9

1.B.3 Proofs

Proof of Proposition (17):

At any intersection of the indifference curve with the pooling line y = Oh we should have

(u2 + 0 2 (h)) / (1 - t) = Oh. In addition to obtain an exact tangency, the slopes must be equal

so that: 0' (h 2 ) / (1 - t) 0.

Special case: power disutility function (under assumption 2) $1 (hi) = aih7 .

Then: uV - [01 (1 - t) /ai7] T [ai - 1] is the utility of the low type at the candidate RS

allocation, (assume that aiq > 1). Then by the (IC12) being binding:

RS =RStRS\ 7
U2S - ul + (h2") (a, - a2)

RS - 01 (1 - t) ,- RS) " a 2u2 = [ 1 t) [aiq - 1] + (h2s) (a1 - a2)

3 As a side remark, it is interesting to consider what happens if instead of having the Rothschild-Stiglitz Nash

Equilibrium behavior, firms exhibit a behavior characterized by Wilson's (1976) foresight assumption. Under

this assumption, firms will consider a deviation to another contract, if and only if that deviation still remains

profitable after all contracts which have been rendered unprofitable by it have been dropped. The Wilson notion

can be used to justify why a pooling equilibrium may persist in the market. However, it is straightforward to

check that it does not alter the Pareto frontier characterization. Indeed, the deviation to pooling at income level

y, is still profitable, unless the appropriate incentive constraints from the RS setting hold.

79



The intersection and tangency conditions become: qa 2 h7- 1 = (1 - t)0 and uRS + a2h' =

(1 - t) Oh. We can rewrite: h =(uS/ (j - 1) a2 ) and solve for h:

h 1 77t ~[aiq - 1] + (h2s)n (a, - a2)

(7 - 1) a2

To obtain the threshold ARS (t), use that: 0 =qa 2 h7-1/ (1 - t), plug in the value for h which

leads to, after some algebra:

RS 02 1 a2 ( 1)] [al?) - 1 + (h2) (ai - a2)
A (M = +(01 -02) (01 -02) (1 - t) (T - 1) a 2

Taking the derivative of ARS (t) with respect to t:

dA -1 (a2 a177 T[ai7 - 1] + (h2s)n (a1 -

dt (01 -02) (1 - t)2 (77 - 1) a 2

1 qa2 77 -1

(0 1 -0 2 ) (1 - t) 77

-1

[17 ai7 - 1] + (h2s"(1 2

(ii- 1) a2

all terms of which are positive. Hence, with isoelastic utility, the critical threshold for existence

is increasing in taxes, which means that imposing taxes makes it harder for an equilibrium to

exist and the government runs the risk of destroying the equilibrium.

General case (no isoelastic utility):

The hours of type 1 are efficient: h* (#'j) ((1 - t) 01). From (IC12 ) binding, we get

Us = 02 (1 - t) h2 - #2 (h 2 ) = ujS + #1 (h 2 ) - #2 (h 2 ). The condition for intersection of the

indifference curve of the high type at the candidate separating allocation with the pooling line

y =O6h is iS -F #2 (h) = (1 - t) Oh, while the condition for tangency is 0' (h) = 0 (1 - t).
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Hence, combining these two gives a (implicit) solution for h:

U2 + #2 (h) (h) h (1.32)

ARS (t) is the solution to: ARS = (h) / (1 - t) (01 - 02) - 02/ (01 - 02) and taking the deriv-

ative: dA/dt = (h) (1 - t) - #2 (h) / (1 - t) 2 (02 - 01). Differentiate totally equation

(1.32), to obtain dh/dt = (duRS/dt) (1/ (0'2 (h) h)) , so that dA/dt = du2 i 01 / [(1 - t) (02 -
dRS

Hence, for dA/dt > 0, we need: dt2 < -Oh, which is the condition in the main text.

Proof of Proposition (18):

The problem, indexed by the utility level of the low type is restated here (multipliers for

each constraint are in brackets next to it):

(PRS (U)) : max c 2 - #2 (h 2 )
CIC 2 ,h1,h2

(IC12 ) : ci - 01 (hi) > c2 - #1 (h2 ) [Oil

(IC2 1): c2 - #2 (h2 ) c1 - #2 (1 [h) )+( I-A) 02 + A0

(RC) : Ac 1 + (1 - A) c 2 < A0 1hi + (1 - A)0 2 h2 [6]

U < ci - #1 (hi) [-y]

Denote the set of admissible allocations, that is, those allocations which satisfy both incentive

compatibility constraints and the resource constraint by BRS (u) and denote by V2RS ( _)

maxI,C2 ,h 1 ,h 2 EBRs(U) (c 2 - #2 (h 2 )). When the value of u varies, the function V2RS (u) traces

out all possible values for the utility of the high type. The Pareto frontier is made of all pairs

(U, V2RS (u)) such that "V 2Mi*r (u) < 0. The FOCs are:

[c1]: 1 + 1 2 - 1 - 3 (1 - A) = 0

[c2] :/31 + 7 - 2 - 6A = 0

[hi :-##' (i)+01 01 hi + 6A01 - y#i(hi) = 0[hi] :-,810' (hi) + 0~/2072 ( 1 h(I - A) 02 + AO1 ((I - A) 02 + A01

[h 2] : - (1 + /2) #' (h2 ) + 010' (h2 ) + 6 (1 - A) 02 = 0

Ac, + (1 - A) c 2 = A0 1 hi + (1 - A) 02h 2 , cl - 01 (hi) = U

81



Region 1: Suppose that u E [u", U"] where the thresholds are defined by " := c2 -#1 i

where c2:= A0ih*+(1 - A) 02h-+A (#1 (h*) - #1 (hi)) and U" := ci-# 2 (h*)+# 2 (O10

1 (h) where -j := AOih* + (1 - A) 02 h* + A (42 (hi) - 12 _ A1 )). Then it is possible

to set the hours at their efficient levels, h* and h* and ci and c2 such that:

Ac1 + (I - A) C2 = AOih* + (1 - A) 02h2*

cl - #1 (h*) = u

and have both incentive constraints slack. Then, Iy A and #31 = /2 = 0. In this region,

the Pareto frontier is linear.

Region 2: Suppose u > -". A parallel reasoning to the one in the proof of Proposition

(11) shows that in this region, (1C21) is binding and (IC12) is slack so that 01 = 0. Then, the

solution is characterized by:

2  A-y -AyA, -y> A -
(0 - A)

yo' (hi) = (y - Ay - A) 2 +01 hi 01 + - 01I ( \(1- A) 02 +AO 1 2 \(1 -A) 02-+-A0 1 1

02 = #2 (h 2 ) , u = cl - # 1 (hi)

cl =A01h + (1 - A) 02h2 - (1 - A) (2 (h2) - 2 ( 1h+Al)

C2= A0 1h, + (1 - A) 02h2 + A (2 (h2) - #2 (1 - A)0 2 + A

There is a maximal level of utility for the low type achievable here, denoted uR which is the

utility level attained when h1 is the solution to maxci-# 1 (hi) subject to (IC21), or equivalently,

when -y -+ oc in the above FOCs, that is when

01 01_hi+A01
(hi) I A)(I - A) 02 + A1 2 (1 - A) 02 + A01

A completely symmetric proof to Proposition (11) shows that the Pareto frontier is concave in

this region.

Region 3: Suppose that u < U". Applying the argument from the proof of Proposition
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(11), we can show that (IC12 ) is binding and (IC21) is slack, so that /2 = 0. Then the solution

is characterized by:

1 = (y + 1) A - y, (y 1 ' (hi) = 01, u = c - #1 (hi)

2 (h 2 ) = (yA + A - y) (#' (h2 ) -0 2 ) + 02

c2 = A01hi + (1 - A) 02 h2 + A (#1 (h 2 ) - #1 (hi))

ci = AO 1hi + (1 - A)0 2h 2 - (1 - A) (01 (h 2 ) - #1 (hi))

There is a minimum level of utility for the low type achievable here, denoted u which

is the utility level attained when h 2 is the solution to maxh c 2 - 0 2 (h) subject to (IC12), or

equivalently, when y - 0 in the above FOCs, that is when 0' (h 2 ) = AO'1 (h 2 ) + (1 - A) 02. A

completely symmetric proof to before shows that the Pareto frontier is concave in this region.

The logic for this result is as follows: For u small enough (below u") and hence -y small

enough (below A/ (1 - A)), (IC12) is binding and the high type is distorted upwards. As u grows,

h2 is allowed to fall, until the utility u reaches exactly the threshold u" (and correspondingly,

-y reaches the threshold 1AA) and h2 reaches its first best level. After that, as u grows, through

the transfer of consumption from agent 2 to agent 1, the (IC12) becomes more and more slack

while the (IC21) eventually becomes binding, which occurs exactly when u reaches the upper

threshold U" and -y becomes larger than A/ (1 - A).

Proposition 19 Let the thresholds U', U,U",_u',u"and u be defined as in the proofs.

For u < -U", the Second Best (and hence the Adverse Selection with unobservable private

contracts frontier) and Rothschild-Stiglitz frontiers coincide. For u > U", the Rothschild-Stiglitz

frontier is strictly below the Second Best frontier.

Furthermore, there are three regions:

Case 1: If condition (NL1) holds, the thresholds for utilities are ranked as

u <iUt' U1"< -U<U11 < U'
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Region 1: For u < u', the Mirrlees frontier (M) is above the Second Best (SB)4 0 and

Rothschild-Stiglitz (AS-RS) frontiers

Region 2: For u' < u <H , all frontiers coincide and are linear.

Region 3: For u > , the Second Best and Rothschild Stiglitz frontiers are both above the

Mirrlees frontier.

Case 2: If condition (NL1) does not hold, then:

U <H < U' = u <-ul' <U'

Region 1: For u < H, the Mirrlees frontier is above the Second Best and Rothschild-Stiglitz

frontiers.

Region 2: For U < u < u', either the Second Best and Rothschild-Stiglitz or the Mirrlees

frontier could be higher.

Region 3: For u > u', both the Second Best and the Rothschild-Stiglitz frontiers are above

the Mirrlees frontier.

Proof of Proposition (19):

This proof involves only cumbersome algebra on the thresholds for utilities from the various

regimes. Then, for a given ranking of those thresholds, the argument for which frontier is

above the others is based solely upon considering the binding constraints and under which

regime the constrained set is larger. To rank the thresholds, u, u (for the Mirrlees frontier),

U', H' (for the Second Best), and u", U" (for the Adverse Selection case) consider the following

calculations: u' - a = A (# (h*) - # 1 (h)) - #1 (h*) - A (#1 (2h) - # 1 (h*)) + # h2

- (1 - 0) 1# (0)1 #
2 0 0

H-H' = (# 2 (h*)-# 2(h )) A+ (# 2 (htoi) - #2 (h*)) - (1 - A) (#2 (ht) - 2h

0. Hence, it is always the case that: H < H' and u' > u. In addition, we need to compare u' to

"()Recall that the Second Best Frontier coincides with the Adverse Selection with unobservable private contracts

frontier.
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U :

U/< Ti~A0~h* + (1 - A) 02 h* + A (01 (h*) - 01~ (ht)) - 0b1 (h*) < AOih* + (1 - A) 02 h*

+A (#2 (h*) - #2 (h 1 )-#2 (h) +# 2 (
-42 ( h 1* )e 1-A) (01 (h*) - 1(h*)) < ( A) #2h)

(#1 (h*) - #1 (h*)) 5 2 <- 2 (h2)1 2 - 021

If this condition holds, (condition NL1 in the main text) then u' < U. Comparing " and U',

as well as TT" and U yields:

<" 0 ' 2 *0 1 <) 0252 (h*)

> 02( lh* O)
E";>E((I (- A)02 + A1

Sh*01
02

which are both always true. In addition, note that u' = u". Hence, there are two possible cases.

If (NL1) holds, then a < a' =" <TT < V" < '. Else, a < U a u' = a" <Ti" <Ti'.
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Chapter 2

Optimal Taxation and Human

Capital Policies over the Life Cycle

2.1 Introduction

Investments in human capital, in the form of both time and money, play a key role in most

people's lives. Children and young adults acquire education, and human capital accumulation

continues throughout life through job training. There is a two-way interaction between human

capital and the tax system. On the one hand, investments in human capital are influenced by

tax policy - a point recognized early on by Schultz (1961).1 Taxes on labor income discourage

investment by capturing part of the return to human capital, yet also help insure against

earnings risk, thereby encouraging investment in risky human capital. Capital taxes affect

the choice between physical and human capital. On the other hand, investments in human

capital directly impact the available tax base and are a major determinant of the pre-tax

income distribution. Policies to stimulate human capital acquisition, which vary greatly across

countries, shape the skill distribution of workers -a crucial input into optimal income taxation

models.

1 "Our tax laws everywhere discriminate against human capital. Although the stock of such capital has become
large and even though it is obvious that human capital, like other forms of reproducible capital, depreciates,
becomes obsolete and entails maintenance, our tax laws are all but blind on these matters." (Schultz, 1961, pg.
17).
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This two-way feedback calls for a joint analysis of optimal income taxes and optimal human

capital policies over the life cycle, which is the goal of this chapter. The vast majority of optimal

tax research assumes that productivity is exogenously determined, instead of being the product

of investment decisions made throughout life. 2 Therefore, this chapter addresses the following

questions. First, how, if at all, should the tax and social insurance system take into account

human capital acquisition? Should human capital expenses be tax deductible, and how should

the opportunity cost of time be treated? Second, how does the optimal tax system change

when human capital acquisition is unobservable to the government? Third, what parameters

are important for setting optimal human capital policies, such as subsidies, and how do optimal

policies evolve over time? Finally, what combination of policy instruments implements the

optimum? Can simple policies yield a level of welfare close to that achieved with complex

systems?

Specifically, this chapter jointly determines optimal tax and human capital policies over the

life cycle, and incorporates essential characteristics of the human capital acquisition process.

First, human capital pays off over long periods of time and thus returns are inherently uncertain:

skills can be rendered obsolete by unpredictable changes in technology, industry shocks, or

macroeconomic contractions. 3 Yet, private markets for insurance against personal productivity

shocks are limited. Second, the investment has two types of costs, namely financial costs (e.g.,

tuition or books) and time costs (e.g., opportunity cost of foregone wages and loss of leisure

while studying or training),4 the relative importance of which can change over the life cycle. 5

Finally, individuals have heterogeneous intrinsic abilities, which may differentially affect their

returns to human capital investment.6

Accordingly, in the model, each individual's wage is a function of endogenous human capi-

tal and stochastic "ability." Ability, as in the standard Mirrlees (1971) income taxation model,

2 See Mirrlees (1971), Saez (2001), Golosov et at. (2006), Albanesi and Sleet (2006), Farhi and Werning (2013).
Recent papers have relaxed the assumption of exogenous ability and are reviewed below.

3 See Goldin and Katz (2008) and the literature reviewed later in the introduction.
4 OECD countries spend on average 6.3% of GDP on education; the US spends 7.3% (OECD, 2013). Heckman

(1976a) indirectly infers that 30% of time in early working years is spent training. 40% of adults participate

in formal and/or non-formal education in a given year in OECD countries, and receive on average 988 hours of

instruction in non-formal education during life, out of which 715 are job-related (OECD, 2013).
5See Dynarski (2003) and Heckman et al. (2005) on, respectively, the effects of tuition and of disutility from

education on school enrollment decisions.
6 The empirical evidence on this issue is reviewed in section 2.5.1.
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is a comprehensive measure of the exogenous component of productivity. Agents have het-

erogeneous innate abilities, which are subject to persistent and privately uninsurable shocks.

Throughout their lives, they can invest in human capital with risky returns, through either

monetary expenses or time spent training at a disutility cost. The government maximizes a

standard social welfare function under asymmetric information about any agent's ability - both

its initial level and its evolution over life - as well as labor effort. This requires the imposition of

incentive compatibility constraints in the dynamic mechanism designed by the government. To

describe the distortions in the resulting constrained efficient allocations, the wedges, or implicit

taxes and subsidies, are analyzed.

The lifecycle model in this chapter highlights the different forces at play. The implicit

subsidy for human capital expenses is determined by three goals. The first is to counterbalance

the distortions to human capital from implicit income and savings taxes. The second is to

indirectly stimulate labor supply by increasing the wage, i.e., the returns to labor. The third is

to redistribute, taking into account the differential effect of human capital on the pre-tax income

of high and low ability people. When the wage elasticity with respect to ability is decreasing

in human capital, human capital has a positive redistributive effect on after-tax income and a

positive insurance value. It is then optimal to subsidize human capital expenses beyond simply

insuring a neutral tax system with respect to human capital expenses, i.e., beyond making

human capital expenses fully tax deductible in a dynamic, risk-adjusted fashion. In this case,

the human capital wedge drifts up with age, and the drift is amplified by the magnitude of the

wage elasticity with respect to ability. The persistence of ability shocks directly translates into

a persistence of the optimal human capital wedge over time.

When human capital can be acquired through training time at a disutility cost, as well as by

spending money on tuition or other inputs, there is an additional, direct interaction of training

with both contemporaneous and future labor supply, which affects optimal policies. Training

may increase the marginal disutility cost from working, the case labeled "Learning-or-Doing,"

or decrease it, labeled "Learning-And-Doing."

If, instead, human capital is unobservable to the government, the optimal labor and savings

wedges need to indirectly provide the right incentives for human capital acquisition. The labor

wedge may increase or decrease relative to the observable human capital case, depending, again,
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on whether human capital has a positive redistributive or insurance effect.

This chapter considers two ways of implementing the constrained efficient allocations: In-

come Contingent Loans (ICLs), and a "Deferred Deductibility" scheme. For ICLs, the loan

repayment schedules are contingent on the past history of earnings and human capital invest-

ments. In the Deferred Deductibility scheme, only part of current investment in human capital

can be deducted from current taxable income. The remainder is deducted from future taxable

incomes, to account for the risk and the nonlinearity of the tax schedule.

I calibrate the model based on US data to illustrate the optimal policies under different

assumptions regarding the complementarity between human capital and ability. When human

capital has a positive redistributive or insurance value, the net stimulus to human capital is

small and positive, and grows with age. It is not optimal to deviate much from a neutral

system with respect to human capital, a type of "production efficiency" result and, hence, full

dynamic risk-adjusted deductibility is close to optimal. The optimal labor wedge rises with

age, but the age trend is less steep than in standard models with no human capital. Labor

taxes are progressive in the short run when human capital has a positive insurance value, but

regressive otherwise. Simple linear age-dependent human capital subsidies, as well as income

and savings taxes, achieve almost the entire welfare gain from the full second-best optimum for

the calibrations studied.

2.1.1 Related Literature

The complex process of human capital acquisition has been studied in a long-standing literature,

starting with Becker (1964), Ben-Porath (1967), and Heckman (1976a,b). The model in this

chapter tries to adopt, in a stylized way, some of this literature's main findings. The structural

branch of the literature (Cunha et al. 2006, Cunha and Heckman, 2007, 2008) emphasizes that

human capital acquisition occurs throughout life, underscoring the need for a life cycle model.

Both ex ante heterogeneity in the returns to human capital and uncertainty matter. Disutility

or psychic costs, above and beyond pure opportunity costs, are important in explaining human

capital investment decisions (Heckman, Todd and Lochner, 2005). A large body of empirical

work documents the importance of human capital as a determinant of earnings (Card, 1995a,

Goldin and Katz, 2008, Chetty et al., 2011, Huggett and Kaplan, 2011, Acemoglu and Autor,
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2011), and the financial and other factors shaping individuals' decisions to acquire human capital

(Lochner and Monge-Naranjo, 2011, Altonji, Blom and Meghir, 2012, Avery et al., 2013). The

subset of this literature which studies the interaction between ability and schooling for earnings

- a crucial consideration for optimal policies in this chapter - is reviewed in detail in section

2.5.1.

On the other hand, the optimal taxation literature, dating back to Mirrlees (1971), and de-

veloped more recently by Saez (2001), Kocherlakota (2005), Albanesi and Sleet (2006), Golosov

et al. (2006), Werning (2007a,b,c), Battaglini and Coate (2008), Scheuer (2013a), Golosov,

Tsyvinski and Troshkin (2013), and Farhi and Werning (2013) typically assumes exogenous

ability, thus abstracting from endogenous human capital investments. Therefore, this chapter

builds on the lifecycle framework in Farhi and Werning (2013), and introduces endogenous

stochastic productivity as the result of human capital acquisition by agents.

A series of papers, evolving from static to dynamic, have considered optimal taxation jointly

with education policies. Bovenberg and Jacobs (2005), using a static taxation model, find that

education subsidies and income taxes are "Siamese Twins" and should always be set equal to

each other, which is equivalent to making human capital expenses fully tax deductible.7 A few

subsequent static papers emphasize the importance of the complementarity between intrinsic

ability and human capital (Maldonado, 2007, with two types, Bovenberg and Jacobs, 2011 with

a continuum of types), or between risk and human capital (DaCosta and Maestri, 2007).

Several recent dynamic optimal tax papers examine the impact of taxation on human cap-

ital, with important differences to the current chapter. Previous dynamic models allowed for

heterogeneity across agents, but not uncertainty (Bohacek and Kapicka, 2008, Kapicka, 2013a),

or uncertainty, but not heterogeneity (Anderberg, 2009, Grochulski and Piskorski, 2010), which

precludes a discussion of redistributive policies. Findeisen and Sachs (2013) include both het-

erogeneity and uncertainty, but focus on a one-shot investment during "college," before the

work life of the agent starts, with a one-time realization of uncertainty. By contrast, this chap-

ter features life cycle investment in human capital, through both expenses and time, and a

progressive realization of uncertainty throughout life. A complementary analysis is Kapicka

and Neira (2013), who posit a different human capital accumulation process with time invest-

7 Kaplow (1994) also considers the tax treatment of human capital.
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ments and a fixed ability, and consider the case in which effort spent to acquire human capital

is unobservable. Also complementary is the work by Krueger and Ludwig (2013), who adopt

a Ramsey approach by specifying ex ante the instruments available to the government, in con-

trast to the Mirrlees approach adopted here, which considers an unrestricted direct revelation

mechanism. In their overlapping generations general equilibrium model, "education" is a binary

decision that occurs exclusively before entry into the labor market. 8 The lifecycle analysis also

addresses the issue of age-dependent taxation, as explored in Kremer (2002), Weinzierl (2011),

and Mirrlees at al. (2011).'

The rest of the chapter is organized as follows. Section 2.2 presents the dynamic lifecycle

model and the full information benchmark. Section 2.3 sets up a recursive mechanism design

program using the first-order approach. Section 2.4 solves for the optimal policies when human

capital is observable and describes the forces shaping those policies, as well as their evolution

over life. Section 2.5 contains the numerical analysis, which brings out the main mechanics

behind the optimal policies, and illustrates their evolution over life. Section 2.6 discusses the

implementation of the optimal policies using Income Contingent Loans (ICLs) and a Deferred

Deductibility scheme. Section 2.7 considers the case with unobservable human capital. Section

2.8 concludes and discusses three alternative applications of the model: to intergenerational

transfers and bequest taxation, to entrepreneurial taxation, and to health investments.

2.2 Lifecycle Model of Human Capital Acquisition and Labor

Supply

This section starts with the setup of a lifecycle model with risky human capital.

The economy consists of agents who live for T years, during which they work and acquire

human capital. Agents who work it > 0 hours in period t at a wage rate wt earn a gross income

8Benabou (2002) jointly analyses taxes and education in a dynastic Ramsey model.

)This paper is more generally related to the dynamic mechanism design literature, as developed by, among
many others, Baron and Besanko (1984), Spear and Srivastava (1987), Fernandes and Phelan (2000), and Doepke
and Townsend (2006), which also underscores the challenges posed by general forms of persistence of shocks.

The closest methodological link is to Farhi and Werning's (2013) first-order approach to such problems (see also
Pavan, Segal and Toikka, 2013). The case with unobservable human capital builds on models with hidden savings
(Cole and Kocherlakota, 2001, Werning, 2002, Kocherlakota, 2004, Abraham and Pavoni, 2008) or hidden trades
(Golosov and Tsyvinski, 2007).
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yt = wtlt. Each period, agents can build their stock of human capital in two ways. The first

one is by spending money. A monetary investment of amount Mt (et) generates an increase in

human capital et > 0. The cost function satisfies: Mt(e) > 0, Vet > 0; M (0) = 0; Mt'(et) > 0,

Vet > 0. These monetary investments add to a stock of human capital acquired by expenses

("expenses" for short), St, which evolves according to st = st1 + et. 10 Expenses can be thought

of as the necessary material inputs into the production of human capital, such as books, tuition

fees, or living and board costs while at college, net of the cost of living elsewhere. Second, agents

can spend time training. This may represent the time spent in formal classes or training courses,

time spent reading, or on-the-job training. The disutility cost to an agent who provides it units

of work and spends it units in training is #t (lt, it), with it > 0. This second type of investment

leads to a stock of training time zt, which evolves according to zt = zt-1 + it. #t is strictly

increasing and convex in each of its arguments ( i) O > 0, V q, > 0; a1,2 '( > 0,

VI, i); however, no assumption is yet made on the cross partial 820(,i 11

These two forms of human capital acquisition might vary in importance over the life cycle.

For example, young people may face only low-wage opportunities, hence a low opportunity cost

of time, but high tuition fees and financial costs. On the other hand, for working adults with

college education and high opportunity cost of time, the costs of human capital investments in

the form of on-the-job training might mostly be time and disutility costs.

The wage rate wt is determined by the stocks of human capital built until time t and

stochastic ability Ot:

Wt = wt (0t, St, Zt)

wt is strictly increasing and concave in each of its arguments (W > 0, a < 0 for m = 0, s, z).12

Importantly though, no restrictions are placed on the cross-partials. This formulation allows

for different types of human capital to affect the wage differently over the lifecycle.

Agents are born at time t = 1 with a heterogeneous earning ability 01 with distribution

f 1 (01). Earning ability in each period is private information, and evolves according to a Markov

"'The agent cannot wilfully destroy human capital, hence et > 0. There is no explicit depreciation of hu-
man capital, but the ability shock 0 described right below can partially account for stochastic depreciation.
Deterministic depreciation each period is easy to add and dropped for notational convenience.

"Appendix A.l. links this model to the standard Ben-Porath model.
1 2 Equivalently, we could define human capital as a composite function ht of all expenses made and time spent

training ht = ht (st, zt) ,with wage Ct = Wt (0t, ht).
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process with a time-varying transition function ft (OtI1t-1), over a fixed support e = [2, 0].

There are several possible interpretations for Ot, such as stochastic productivity or stochastic

returns to human capital. For example, with a separable wage form wt = Ot + ht (st, zt), for

some function ht, Ot resembles a stochastic version of productivity from the static Mirrlees

(1971) model. With a wage such as wt = Otht (St, Zt), Ot is perhaps more naturally interpreted

as the stochastic return to human capital. To keep with the tradition in the literature, Ot will

be called "ability" throughout. Ability to earn income can be stochastic among others because

of health shocks, individual labor market idiosyncrasies or luck.

The agent's per period utility is separable in consumption and effort (both labor and train-

ing):

fit (ct, yt, St, zt; Ot, zt_1) = Ut (ct) - (t ,t zt Zt - Zt-1
(Wt (0t, st',)

ut is increasing, twice continuously differentiable, and concave.

Denote by Qt the history of ability shocks up to period t, by et the set of possible histories

at t, and by P (0t) the probability of a history Ot, P (0 t) ft (OtIOt-1) ... f2 (02101) f1 (0 1) . An

allocation {xt}, specifies consumption, output, and expenses and training stocks for each period

t, conditional on the history Ot, i.e., xt = {x (0t)}I9 = {c (Wt) , y (0t) , s (0t) , z (0t) },. The

expected lifetime utility from an allocation, discounted by a factor /3, is given by:

U ({c () , y (0t) , s (0t) , z (t)})

- 0 Ut (c (0t)) - (Wi (ots (ot; z (0t )) ,z (t) - z (Ot1) P (Ot) dOt (2.1)

where, with some abuse of notation, dOt dOt...dO1 .

Let wm,t denote the partial of the wage function with respect to argument m (m E {O, s, z}),

and wmn,t the second order partial with respect to arguments m,n E {0, s, z} x {O, s, z}. Two

important parameters are the Hicksian coefficients of complementarity between ability and
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human capital (of type s or z) in the wage function at time t, denoted by pos,,t and poz,t: 13

-WQSW _ W9ZW (2.2)
Pos w PozWsWO wzwo

A positive Hicksian complementarity between human capital s and ability 0 means that

higher ability agents have a higher marginal benefit from human capital (wo, > 0).14 Put

differently, human capital compounds the exposure of the agent to stochastic ability and to

risk. A Hicksian complementarity greater than 1 means that higher ability agents have a higher

proportional benefit from human capital, i.e., the wage elasticity with respect to ability is

increasing in human capital, i.e., a (2 ) > 0. The same applies to training time z.

A separable wage function of the form w, = Ot + ht (st, zt) for some function ht implies that

pos,t = poz,t = 0. A multiplicative form wt = 01ht (s, z), the one typically used in the taxation

literature, implies that po.,t = po2,t = 1. Finally, with a CES wage function, of the form

[t = a1et:- + a 2  + - aIt zii- Pt (2.3)

ability and human capital can be substituted one for the other at a fixed, but potentially

time-varying rate: po,, = Poz,t = Pt.

For training time, another relevant parameter is po, the Hicksian complementarity coefficient

between labor and training in the disutility function #t (It, zt - zt- 1 ). Let #zt = , 4 at=
azt 0,t =alt

#izt = a. Then:

01Z 0(2.4)

2.3 The Planning Problem

The informational problem that the planner faces is that he cannot see ability Ot in any period.

Hence, he also does not know an agent's wage wt (0t, St, Zt), or labor supply it = yt/wt. Output

yt and consumption ct on the other hand are observable. Human capital investments are

1 3 On studies of the Hicksian complementarity as see Hicks (1970), Samuelson (1973), Bovenberg and Jacobs
(2011).

4 po is also the Hicksian complementarity coefficient between education and ability in earnings y.
5 Equivalently, the wage elasticity with respect to human capital is increasing in ability.
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also observable to the government but the case with unobservable human capital expenses is

discussed in Section 2.7.

This technical section sets up the planning problem, starting from the sequential problem,

and defining incentive compatibility. It then goes through two steps to make this problem

tractable, following the recent procedure proposed for dynamic Mirrlees models by Farhi and

Werning (2013), augmented here with human capital. First, a relaxed problem based on the

first-order approach is written out, which replaces the full set of incentive compatibility con-

straints by the agent's envelope condition. This relaxed program is then turned into a recursive

dynamic programing problem through a suitable definition of state variables. The results on

optimal policies are in the subsequent section.

2.3.1 Incentive Compatibility

To solve for the constrained efficient allocations, suppose that the planner designs a direct

revelation mechanism, in which, each period, agents have to report their ability Ot. Denote a

reporting strategy, specifying a reported type rj after each history by r ={rt (0t)}>.. Let

R be the set of all possible reporting strategies and rt = {tr (01) , ... , rt (0t) } be the history

of reports generated by reporting strategy r. Because output, savings, and human capital are

observable, the planner can directly specify allocations as functions of the history of reports,

according to some allocation rules c (r) , y (rt), s (rt), z (rt).l" Let the continuation value

after history Ot under a reporting strategy r, denoted by Z (0t), be the solution to:

wT (6') = ut (c (rt (sW))) - # , z (rt (st)) - z (rl (O-1))Wt (0t, s (rt (0t)) , z (rt (0t)))

+ 3 W (Ot+1) f t+1 (Ot+l10t2) d~t+1

The continuation value under truthful revelation, w (0t) , is the unique solution to:

16 Hours of work are determined residually by I (r) = y (r') /w (Ot, s (rt) , z (rt)) and hours of training by
i (rt) = z (r t ) - z (r').
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w (0') = ut (c (0')) - $, ( (01) , z (0t) - z (Ot-1) + 3 w (Ot+1) f t+1 (Ot+110t) dt+1

Incentive compatibility requires that truth-telling yields a weakly higher continuation utility

than any reporting strategy r:

(IC) : (01) > Wr (01) V01, Vr (2.5)

Denote by X'C the set of allocations which satisfy incentive compatibility condition (2.5).

2.3.2 Planning Problem

The analysis is in partial equilibrium, or assuming a small open economy with fixed gross interest

rate R. The planner's objective is to minimize the expected discounted cost of providing an

allocation, subject to incentive compatibility as defined in (2.5) , and to expected lifetime utility

being above a threshold U. The planning problem in sequential form is:

i J({c, y, s, z}) [z(C (0t) - y (9 t) + Mt (s (0t) - s (0'-1))) P (0t) dO (2.6)

s.t. : U ({c, y, s, z}) > U

y (Ot ) > 0, s (t) > s (01') , z (') > z (0 1 ) , c (Ot ) 0

{ c, y, s, z} is incentive compatible

First order approach: To solve this dynamic problem, a version of the first order approach

is used. The following assumptions are needed and maintained throughout the chapter.

Assumption 3 i) fit (c, y, s, z; 0, z_) and Do(i,i) Ow 9,s,z) are bounded. ii) f(otiot-1) exists anda1 99 w 0 9 t-1

is bounded.17 iii) ft (Ot|ot_1) has full support on .

" For some distributions, this derivative is not bounded and assumption 3 in Kapicka (2013) could be used
instead, namely that for Ft (OtlOt-1) = f f t (0, 8 0t_ 1)dO,, we have a -F (tl0~t_1) < 0 and F t (Ot|Ot-1) either
concave or convex.
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Suppose the agent has witnessed a history of shocks 0'. Consider one particular deviation

strategy it, under which he reports truthfully until period t (Fs (0s) = Os Vs < t - 1), and lies

in period t by reporting jt (0 t) = 0' # Ot. The continuation utility under this strategy is the

solution to:

w1 (0t) = Ut (c (Ot-1, 0')) - t , z (Ot-,O/)) , z (Ot, /) - z (Ot-1)

+0 j 2 (Ot- , 0', Ot+1) f t (Ot+d 10t) dat+1

Incentive compatibility in (2.5) implies that, after almost all Qt, the temporal incentive con-

straint holds:

w (0t) = max 2 (ot) (2.7)
0/

Inversely, if (2.7) holds after all 0- and for almost al Ot, then (2.5) also holds (see Kapicka

(2013b), Lemma 1). The first order approach consists in replacing(2.7) by the envelope condition

of the agent:

c (ot) := Dt ( (0) 0t (I (0) , zL (Ot) - zt_1 (Ot-1))+ (t+1) Df Ot+1t) dOt+,

(2.8)

or its integral version:

o (ot) = (Qt-1, 0) + ' ( Ii't I (ot-1, 0s) t ( (Qt 1, 0s) , zt (0t, o8) - zt-1 (ot1)

+ JW (ot-1, O t+) aft+ (t+1ls) dOt+1 )dOs (2.9)

Let XFOA denote the set of allocations which satisfy the envelope condition (2.9). It can be

shown that this is a necessary condition for incentive compatibility, i.e., XIC C XFOA.18 The

18 An application of Theorem 2 in Milgrom and Segal (2002), under assumption 3.
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relaxed planning problem, denoted by pFOA is:

min II ({c, y, s, z})
{ c,y, SZ}

s.t: U ({c, y, s, z}) > U

{ C, y, s, z} E XFOA

2.3.3 Recursive Formulation of the Relaxed Program

To write the problem recursively, let the second term in the envelope condition in differential

form - which governs the future incentives of the agent - be denoted by:

A (0t) J (0t+1) Of t+1lt) d0t+1 (2.10)

The envelope condition can then be rewritten as:

w (0t) = lotI (0t) 01 t (1 (0') , zt (0 t) - ztl_ (0 t1)) + /3A (0t)
Wt

Let v (0t) be the expected future continuation utility:

v (0 ') Jw (Ot+1) f t+1 (t+1 10t) d0t+1

Continuation utility w (0t) can hence be rewritten as:

(2.11)

(2.12)

W (0t) = ut (c (0')) - (t ( o 0t)z (0t) -(Wt (0t, s (0t ), z (Ot))

Define the expected continuation cost of the planner at time t, given t-1, At- 1 , Ot-1, st_1, and

zt-1:

(0T) - y, (0') + M, (Sr (0') - s, (o -r- ))) P (0 -t) dOrtl

z (0t-1) ) + #v (0t) (2.13)

J (c
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where, with some abuse of notation, dOTt = dOTdOT_1...dOt, and P (0oT) = fT (QTjQT_1) ... ft (Ot|Bt1).

The minimization is over continuation allocations after period t, {c, y, s, z, w, v, A} >t, and sub-

ject to the constraints (2.10), (2.11), (2.12), and (2.13), evaluated at t - 1.

A recursive formulation of the relaxed program is then for t > 2:

K (V, A, 0-, s_, z_, t) =min J(C (0) + Mt (s (0) - S_) - Wt (0, s (0), z (0)) 1 (0)

1
+ -K(v(O),A(O),O,s(9),z(O),t+1))f t (010-)dO (2.14)

R

subject to:

W (0) =Ut (C (0)) - $t (1 (0) , Z (0) - Z-) + 3v (0)

S(0) = 't 1 (0) #(1 (0) , Z (0) -_) + A (0)wt
Wt

v Jw(O) ft (010_) dO

A JW( of t (0 0 ) _dO

where the maximization is over (c (0), l (0) , s (0) , z (0) , w (0) , v (0) , A (0)).

For period t = 1, the problem needs to be reformulated only if the initial shock 01 is

interpreted as heterogeneity, rather than uncertainty, and the objective is not utilitarian, so as

to derive the full Pareto frontier. Suppose all agents have identical initial human capital levels

so and zo. The problem for t = 1 is then indexed by (U (0))E, the set of target lifetime utilities

U (0) for each type 0:

K ((U (0))e ,1) = min (c (0) + M1 (s (0) - SO) - W1 (0, s (0), z (0)) l (0)

1
+ K (v (0) A (0), 0, s (0), z (0), 2))f 1 (0) dO

R
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S. t. :w (0) = U1 (C (0)) - 0, (1 (0) , Z (0) - ZO) + OV (0)

S(0) = O 1' 1 (0) $g(1 (0), (0)) + OA (0)W1
w(0) > U (0)

where the maximization is again over (c (0) , l (0) , w (0) , s (0) , z (0) , v (0) , A (0)). The set of

constrained efficient allocations that solve the Planning problem is indexed by the set of utilities

(U (0))e and denoted by X*,FOA ((U(O))

2.3.4 Validity of the First-order Approach and Assumptions

The solution to the relaxed program might not be a solution to the full program, because

the envelope condition is only a necessary condition. In the static taxation model (Mirrlees,

1971), the validity of the first-order approach is guaranteed if the utility function satisfies the

standard Spence-Mirrlees single-crossing property and a simple monotonicity condition on the

allocation. However, in the dynamic case, the conditions imposed on the allocations are more

involved (see Battaglini and Lamba, 2013, Golosov, Troshkin and Tsyvinski, 2013 or Pavan,

Segal and Toikka, 2013), and do not always provide much simplification. Hence, for the proposed

calibrations in section 2.5, incentive compatibility of the candidate allocation, as well as any

omitted non-negativity constraints, are checked numerically, using a procedure in the spirit of

Werning (2007) and Farhi and Werning (2013).'"

Technical assumptions: The following assumptions are used as sufficient conditions only

to determine the sign of the optimal wedges. All formulas derived still apply without them.20

Assumption 4 i) > 0 for all 0, ii) . ft (O|Ob) dO f0 ft (|Os) dO, Vt,0', and 0
b > O;

() a (afo t(tt-i > 0 Vt, V_ iv) a K > 0 and K > 0.,i \ &O, 7ft OtIoti) 0 t V 1; Z - ard 7 0

"An alternative could be the random contracts or "lotteries" approach (e.g.: Karaivanov and Townsend,
2013), which circumvents the sufficiency problem, and has explored increasingly sophisticated methods to increase
computational efficiency, and counter the "curse of dimensionality," which arises from the exponential growth of
incentive constraints when adding hidden states or actions. For optimal tax analysis, however, it is appealing to
have analytical formulas, which the first order approach, when valid, can deliver, and which build the intuition
for the solution.

2
1)In addition, all theoretical results on the signs of the wedges are indeed satisfied in the simulations (section

2.5).
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Assumption i) guarantees that the expected continuation utility is increasing in the type.

The first-order stochastic dominance assumption in ii) ensures that, for any given future payoff

function increasing in 0, higher types today have a higher expected payoff. Assumption iii)

introduces a form of monotone likelihood ratio property. Assumption iv) states that the resource

cost is increasing and convex in promised utility.

To reduce notational clutter throughout the chapter, the dependence on the full history

is often left implicit, e.g.: ct c (0t) and TLt = TLt (0t). Similarly, function arguments are

sometimes left out, e.g.: wz,t = SWt (at, s (0 t) , z (0t)). Et denotes the expectation at time t,

conditional on Ot.

2.4 Optimal Human Capital Policies

This section characterizes the allocations, obtained as solutions to the relaxed program PFOA

above, using wedges, or implicit taxes and subsidies. Unless otherwise stated, "optimal" refers

to the optimum of program pFOA.

2.4.1 The Wedges or Implicit Taxes and Subsidies

In the second best, marginal distortions in agents' choices can be described using wedges which

represent the implicit local marginal tax and subsidy rates. At a given allocation and history Ot,

define the intratemporal wedge on labor TL (0t), the intertemporal wedge on savings or capital

TK (0t), and the human capital wedges TS (0 t) and 7-z (0t) as follows:

TL (0 1- 0) (1t, Zt - Zt1) (2.15)
Wt (0t, st, zt) U, (ct)

TK (c) 1 - (2.16)
R3 Et (N' (ct+i))

FS (tL(O 4±~ +U I (ct±1) 7
TS (Ot) - (1 - TL () w,tlt + [Ml (st - st-1) - fEt U Mt+1 (St+1 - sd).}7)

Tz (0 t ) - (1 -7T (0t)) [z,tnt+ c) - fEt (u/+ (ct+i) dz,t+ (2.18)
[U't (Ct) U't (ct) Ut+1 (Ct+1)

The labor wedge TL is defined as the gap between the marginal rate of substitution and the

marginal rate of transformation between consumption and labor. The savings or capital wedge
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TK is defined as the difference between the expected marginal rate of intertemporal substitution

and the return on savings. The implicit subsidy on human capital expenses 'rs can be thought

of as the reduction in marginal cost for an additional dollar of spending on human capital:

the agent's net marginal cost is Mt (et) - Tst. 2 1 Similarly, the "bonus" for training rZ can be

viewed as the incremental pay received by an agent for one more unit of training time.

Intuitively, conditional on a history, wedges are akin to locally linear subsidies and taxes,

and would be zero absent government intervention. Indeed, the chapter will sometimes loosely

refer to the wedges as taxes and subsidies, and often appeal to intuitions related to a stan-

dard tax system. The relation between wedges and explicit taxes is studied in the section on

implementation (section 2.6).

The following definitions will be needed for the formulas below. For any variable x, define

the "insurance factor" of x, x,t+1

Xt+ _ CoV ( 3 u , t+1I / (Et (0ut±1) Et (xt+1)

with x,t+1 E [-1, 1]. If x is a flow to the agent, it is a good hedge if < 0, and a bad hedge

otherwise. With some abuse of notation, define also:

X -Coy ( 1i - + / (E t+ -U ) Et(xt+1 )

which, up to an additive constant, captures the same risk properties as x,t+1-

Denote by Exy,t the elasticity of xt to yt, Exyt = dlog (xt) /dlog (yt). Let eu and e' be the

uncompensated and compensated labor supply elasticities to the net wage, holding both savings

and training fixed. 2 2

21The wedges are here written with a recursive shorthand notation, replacing the future stream of marginal
benefits by the future marginal cost, which holds at interior solutions.

22I.e., e' and E' are defined as in the static framework (e.g., Saez, 2001), at constant savings and training time:

#E(,U)/ u ( (c

W i ile i o mti (c) l r ( is te ) - , l a t (c)

With per-period utility separable in consumption and labor, is the Frisch elasticity of labor.
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2.4.2 Optimal Subsidy for Human Capital Expenses

The Net Subsidy

To achieve insurance and redistribution in the presence of incentive compatibility constraints,

the optimal allocation features a labor wedge and an intertemporal wedge, both of which affect

human capital investments. Intuitively, an increase in the implicit labor tax captures part of

the return to the agent's investment, while the implicit savings tax encourages substitution

from physical capital to human capital as an indirect way to transfer resources intertemporally.

Hence, part of the implicit subsidy on human capital expenses merely acts to counterbalance

the distortions in the human capital choice caused by other wedges. A useful benchmark is

the subsidy which just ensures that the tax system is neutral with respect to human capital.

Hence, I define a "net subsidy," as the gross subsidy from which we filter out all the parts that

only go toward compensating for the other distortions.

Definition 3 Define the net wedge on human capital expenses, tat, as:

_ TSt - TLt Md + Pt (2.19)
st ~ (Mid - TSt) (1 - TLt)

Mtd = Mt-l Q Et (Mj 1 ) denotes the dynamic, risk-adjusted cost.

Pt= 1TK) (1 - TLt) (1 - , Et (M+ 1 ) captures the risk-adjusted savings distortion.

A zero net wedge tot means that the tax system is neutral with respect to human capital.

It is equivalent to full dynamic, risk-adjusted deductibility.23 For instance, in the last period

T, or in a static problem, tot = 0 means that TST = TLTM+, i.e., full local contemporaneous

deductibility of expenses - akin to the type of deductions we are familiar with (see Bovenberg

and Jacobs, 2005). In this dynamic setting, however, three additional effects need to be filtered

out. First, the effective marginal cost of investing is dynamic (Mtd), since a higher investment

at t means a lower cost of reaching any given human capital stock at t + 1. Second, the

intertemporal resource transfer from human capital investment is also taken into account in

Pt, which would be zero with no savings distortion or with linear utility. Finally, uncertainty

2
3It is not strictly speaking a standard tax deductibility, because wedges are not equivalent to explicit taxes,

but this intuition is helpful to grasp the underlying logic, and will often be referred to.
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requires a risk-adjustment, embodied in the insurance factor M,' since a given deduction is not

worth the same in different states given that marginal utility is not constant.

The net wedge is positive if the government wants to encourage human capital acquisition

on net, i.e., above and beyond simply ensuring a neutral tax system with respect to human

capital. The next proposition shows how the net wedge is set in a recursive fashion at the

optimum.

Proposition 20 i) At the optimum, the net wedge is given by:

t* -p (o ) U' (c (OT) E' (2.20)t (or) -= (t , (t)) (1 - Po t) t (2.20)ft (Ot|Ot_1) Ot

where the multiplier [t (0t) can be written recursively as:

u () = (o) +, i)O (2.21)

r, (0 t) = (1 - gs) _1 f (08 1_)) d)s (2.22).0 U ,' (C (o - , 05))

with g. = u' (c (Ot-1, 0,)) At-_ and At-_, = J (OM 1(()) dom
t~ 0 , (C (ot- ,OM))

tc ( ) t(1 RO 1 t- 1 'O f (OsOt_1) dO
() =t 1 ( i) u' C (01-1)) (1 - p 0St_1) _t_ d j

ii) If assumption (4) holds, then at each history 0 t :24

t*,t (ot) ;> 0 4' POst <; 1

iii) 't (0t) = 0 if u' (ct) 1 and Ot is iid.

iv) t* (- S) = t* (0 t-1, 0 ) = 0, Vt.

The multiplier p (0t) on the envelope condition is split into two parts. The insurance motive

is captured in r, (0t) , familiar from the static taxation literature. It would be zero with linear

2 4 Assumption 4 can be replaced by the condition TLt (01) > 0. That tot = 0 when p,, = 1 and corollary 1 apply
even when the first-order approach is not valid (see the Appendix).
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utility. g, is the marginal social welfare weight on an agent of type O, measuring the social

value of one more dollar transferred to that individual, and 1/\ 1 is the social cost of public

funds.

The novel term q (0 t) captures the previous period's net wedge, hence indirectly the previous

period's insurance motive, weighted by a measure of ability persistence. Recall that there can

be a redistributive motive in the first period if there is initial heterogeneity. 25 This motive

remains effective through q (0t), the more so if types are more persistent, but vanishes as skills

become less persistent. In the limit, if Ot is identically and independently distributed (iid), only

the contemporaneous insurance motive , (0t) matters. If, in addition to iid shocks, utility is

linear in consumption, the optimal net subsidy is 0.26

The zero distortion at the bottom and top result, familiar for the labor wedge from the

static literature, holds here for the net human capital wedge. It does not hold for the gross

wedge rst (see below), underscoring again that the true incentive effects are captured by tst,

not TSt.

Importantly, the proposition underlines that the net wedge on human capital is positive if

and only if p 8,, < 1, a point discussed next.

The Redistributive and Insurance Values of Human Capital

Together with the aforementioned insurance and persistence channels, the Hicksian coefficient

of complementarity po, plays a crucial role. The optimal net wedge results from the balance

of two effects that human capital has on social welfare. First, because it increases returns to

work, it makes leisure less attractive and encourages labor supply, the "Labor Supply Effect."

This is a positive effect in the presence of a distortion in the labor decision. 27 At the same time,

if po, > 0, which is equivalent to ability being complementary to human capital in the wage

2 With a non-utilitarian objective, if 01 is interpreted as heterogeneity (see section 2.3.3):

it (01) = u' (c1(03)) (1 - Ao (0,) U' (ci (0,))) f (0,)

where Ao (0,) is the multiplier (scaled by f (0,)) on type 0, target utility. With linear utility: 1 = fo AO (0,) f (0.)2"Except at t = 1 with a non-utilitarian objective, see the previous footnote.
2

7 This effect would disappear if there were no distortion on labor, ie., if P (0') = 0. This is different from

the direct effect of human capital on earnings, through the increase in wage, which would exist even with no

distortion on labor, or with fixed labor supply, and which is filtered out from the net subsidy.
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> ), human capital mostly benefits already able agents, and hence compounds existing

inequality due to intrinsic differences in Ot. The opposite occurs if po, < 0, in which case human

capital reduces inequality. This effect will be labeled the "Inequality effect." Because ability

is stochastic, it is equivalent to say that if po, > 0, human capital increases exposure to risk,

because it mostly benefits agents when they receive high productivity shocks.

Technically, the inequality effect is the result of a rent transfer, which arises from the

need to satisfy agents' incentive compatibility constraints. If high productivity agents benefit

more from a marginal increase in human capital than lower productivity agents (po, > 0), an

increase in their human capital tightens their incentive constraints. What matters for social

welfare is whether, when encouraging human capital, the increase in resources from more labor

is completely absorbed by the compensation forfeited to high productivity agents to satisfy

their incentive compatibility constraints, or whether there are resources left over. The answer

is that, when po, < 1, i.e., when high ability agents do not disproportionately benefit from

human capital, the positive labor supply effect dominates any potential inequality effect, and

generates net resources to be used for redistribution and insurance of all agents. Hence, it will

be beneficial to encourage human capital on net. In this case, human capital is said to have

a positive insurance effect, or a positive redistributive effect on after-tax income inequality. 28

Put differently, if po, > 0, a human capital subsidy increases pre-tax income inequality, but as

long as po, < 1, after-tax income inequality will be reduced thanks to the additional resources

generated by human capital investment.

Although the human capital and labor literatures have long studied the interaction between

human capital and ability (see the summary in section 2.5.1), the optimal taxation literature has

mostly adopted the more restrictive wage form w = Os.29 This special case entails po, = 1 and,

2 8 Importantly, the social objective assigns non-negative weights to all agents, and hence all consumption gains
arising from higher resources are positively weighted, even if they increase inequality. Any Pareto improving rise
in human capital would be stimulated. But the subsidy does not encourage rises in human capital, which benefit
some agents at the expense of having to draw resources from other agents, with a resulting negative change in
total social welfare.

2 9 With the exception of the references in the introduction (Bovenberg and Jacobs, 2011, Maldonado, 2007,
DaCosta and Maestri, 2007). This generalized dynamic model nests their findings. In particular, it emphasizes
the role of the distribution of productivity and its persistence over time, which can modulate, amplify, or fully
dampen the effects of the complementarity between human capital and ability. In addition, I show below how
the evolution of the net wedge is affected by the coefficient of complementarity, something which could not be
seen in a static model.
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hence, a null net wage at the optimum. This is reminiscent of the Atkinson and Stiglitz (1976)

result on the non-optimality of differential commodity taxation if preferences satisfy a form of

separability between goods and labor. Note that the zero net subsidy result for po, 1 does

not depend on the optimality of the labor or intertemporal wedges.3 0 Indeed, when po, 1, the

choice of education does not reveal any additional information on ability, as all types benefit

equally from it in proportional terms. This benchmark case is discussed next.

Full Risk-adjusted Dynamic Deductibility

With any multiplicatively separable wage of the form w (0, s, z) = w1 (0) w2 (s, z), where wl

and w 2 are increasing functions, the gross wedge TSt only compensates for the distortion caused

by income and savings taxes. The following corollary shows the implicit dynamic deductibility

relation that the gross wedge, the labor tax, and the capital tax need to satisfy at the optimum.3 1

Corollary 1 If po0 = 1, the constrained efficient human capital wedge T*t, labor wedge T*t,

and capital wedge T*g< must satisfy:

T St =Et (M ' 1)) Trt - T ) (1) Et (Mt',) (2.23)
Mt R ) R (I - t)

Applying this corollary to a static model or to time t = T shows why Bovenberg and Jacobs

(2005) find that education subsidies and income taxes are "Siamese Twins," and that the opti-

mal (linear) subsidy on education is equal to the optimal (linear) tax rate. In a lifecycle setting

with uncertainty, additional considerations, namely the dynamic nature of the investment cost,

the intertemporal wedge, and the insurance factor, complicate this simple contemporaneous

deductibility. Section 2.6 maps this result into a deferred deductibility scheme with explicit tax

instruments.

The Capital Wedge with Observable Human Capital

The presence of observable human capital does not change a standard result in dynamic moral

hazard models with observable savings and separable utility, namely the Inverse Euler Equation.

3 (As in the direct proofs of the Atkinson-Stiglitz result by Kaplow (2006) and Laroque (2005).
31 See the general formula for po, $ 1, as well as an alternative formulation in the Appendix.

107



Proposition 21 At the optimum, the inverse Euler Equation holds:

RO '0 1R = / ( ft+ (0t+1Ot) dOt+ 1  (2.24)
't (C (0t)) t_+u1 (C (01+))

Equation (2.24), combined with Jensen's inequality, implies that the savings wedge in (2.16)

is positive, i.e., savings are discouraged. Indeed, saving and shirking in the future are comple-

ments. Human capital is an alternative way to transfer resources to the future, and a substitute

to savings through physical capital (Heckman, 1976). Hence, in the absence of additional re-

distributive or insurance effects from human capital (po, = 1), formula (2.23) shows that the

human capital subsidy and the savings wedge co-move inversely.

2.4.3 The Optimal Labor Wedge with Observable Human Capital

The optimal labor wedge is very similar to the one in dynamic taxation models without human

capital, except for the novel wage function.

Proposition 22 i) At the optimum, the labor wedge is equal to:

7rt (0t) _ (0t) u't (c (0t)) Ewo,t 1 + E(
t (2.25)

1 *(0') ft (ot|0t-1) 81 t

with p (0t) = q (0') + r, (0 t) as in (2.21), where 7 (0 ') can be rewritten recursively as a function

of the past labor wedge, T,t1:

_(0 t) T~t1 (0t_1,) Ra o1 ot_1 Of (Os|t 1 ) d
1 - T* i (&t-) L'_1 (c (ot-1)) 1 + e_1 Ewo,,t-1 .ot 0t_1 S

ii) *t (0t- 1 ,) =* (t-1, 0 ) = 0, Vt.

Unlike in the standard taxation model, the wage elasticity with respect to ability EwO,t is not

constant at 1; a higher elasticity amplifies the labor wedge as it increases the value of insurance

and redistribution.3 2 However, the standard zero distortion at the bottom and the top results

3 2 E.g.: with a CES wage as in (2.3), eo = (ot'st ; human capital indirectly enters the optimal tax

formula.

108



from the static Mirrlees model continue to apply in the presence of observable human capital.

The labor wedge at any age is inversely related to the elasticity of labor supply that prevails at

that time.

In this setting, both the labor wedge and the net human capital wedge are tools for redis-

tribution and insurance. The following relation shows that they are set according to a type of

inverse elasticity rule, i.e., inversely proportional to their efficiency costs:

Corollary 2 At the optimum, the labor wedge and human capital wedge need to satisfy the

following relation after each history:

(t * = (1 - ) (2.26)
1T* ) + EU

While the labor wedge always has a positive redistributive or insurance value, 33 the net

human capital wedge only has a positive redistributive value if and only if (1 - pos) > 0. The

optimal policies must be consistent with each other: if the labor wedge is higher so as to provide

more insurance, the net human capital wedge must also be higher if and only if (1 - po,) > 0.

In the special case of a CES wage function as in (2.3) and a separable isoelastic disutility:

1 1
S(l, i)-l' + -P (7 > 1, 1 > 1) (2.27)

the ratio of the net human capital wedge and labor wedge is constant over time and across all

agents, and equal to:

t* rc (-P)

2.4.4 Age-dependency

This section focuses on the lifetime evolution of the optimal wedges. In formulas (2.20) and

(2.25), the optimal wedges after each history were expressed recursively as a function of the

previous period's wedges. Instead of these point-wise expressions, one can also rewrite the

formulas in terms of a weighted expectation across types at time t, using some weighting

function -r (0). Different weighting functions rr (0) lead to different recursive relations, which

:
3 As long as rLt > 0, i.e., p (0 ') > 0, which is true under assumption (4).
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must hold at the optimum, and some weighting functions draw out particularly enlightening

effects.34

For the exposition only, ability is assumed to follow a log autoregressive process:

log (0t) = P log (Ot_ 1) + V$t (2.28)

where 4
't has density f(p10t_1), with E (OIOt-1) = 0. The general formula without this

assumption is in the Appendix (formula (2.56)):

Corollary 3 The labor wedge evolves over time according to:

Et_1 (T t 6 w0,t-1 1+ -_ 1 ( 't-I

(1-rt) EwO,t 1+e E'tE'-1 RO u't )

EWO,t-1 C c_ CoyU ( l(Ot) + P (229)
Et_1 \R t (1- Lt-1)

Dynamic incentive compatibility constraints cause a positive covariance between consump-

tion growth and productivity: by promising them higher consumption growth, the government

induces higher ability agents to truthfully reveal their types. This however makes insurance

valuable and is captured by the drift term. The insurance motive is scaled down by the efficiency

cost of the labor wedge, Ec/ (1 + s4"), which makes provision of insurance more expensive, and

magnified by the sensitivity of the wage to stochastic ability eso,t, which increases the value

of insurance. The persistence of the shock p translates into a persistence for the labor wedge.

But the relation is not one-for-one: the autocorrelation of the labor wedge is modulated by

the growth in efficiency costs and changes in the sensitivity of the wage to ability over time.

Age-varying labor supply elasticities are a commonly stated argument in favor of age-dependent

taxation. A time-varying elasticity of the wage to ability can provide a further rationale for

age-contingent taxes.

A similar recursive formulation can be derived for the lifetime evolution of the net human

capital wedge. Because of its tight link with the labor wedge (as explained in formula (2.26)),

many of the same forces driving the evolution of the labor wedge are also important for the net

"Such a reformulation for the optimal labor wedge formula was proposed by Farhi and Werning (2013) for a
convenient weighting function 7r (0) = 1.
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subsidy.

Corollary 4 The optimal net subsidy evolves over time according to:

Et1 st6O't-1 (1-POS,t-1) 1 U's_1

swo,t (1-pos,t) RO Ut

= sw0,t-1 (1 - post-1) Coy t ,log (t) + ptst-1 (2.30)EW0t_ (I Pot-1 Cv RO u/

Formula (2.30) again exhibits a drift term capturing insurance concerns, magnified by the

sensitivity of the wage to ability Ew0j,, and the redistributive or insurance factor of human capital

(1 - po0). The drift term inherits the sign of the latter; when p08 < 1, human capital has a

positive insurance effect, which caters well to the rising need for insurance. The simulations in

section 2.5 show that, indeed, the net subsidy rises with age when human capital has a positive

insurance value (po < 1), and falls when it has a negative insurance value (po, ;> 1). They also

highlight a "subsidy smoothing" result: the net subsidy becomes more strongly correlated over

time as age increases, because the variance of consumption growth falls to zero, which makes

the drift term in the formula above vanish.

The Hicksian complementarity p08 might vary over life, as suggested by the empirical liter-

ature in section 2.5.1. If it is decreasing faster, the net subsidy will rise faster or fall slower over

the lifecycle. The sensitivity of the wage amplifies the effect of the Hicksian complementarity

coefficient in either direction.

Finally, note that all results from Propositions 20, 21, and 22, and Corollaries 1, 2, 3, and 4

still apply with a moving support [Ot (Ot-1) , Ot (Ot-1)] _ E, except the zero distortions at the

top and bottom results for TL and t'. 5

2.4.5 Optimal Bonus for Training Time

The foregoing results described the optimal subsidy for human capital expenses. Should train-

ing time be treated differently than expenses? This section analyzes the optimal bonus for

training time, and focuses on the peculiarities of training relative to expenses, namely its direct

"See Farhi and Werning (2013) for the analysis of the optimal tax with moving support, which can easily be

extended here to the model with human capital.
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interaction with labor supply.

As in subsection 2.4.2, a net wedge, the "net bonus," is defined. It measures the deviation

away from a tax system that is neutral with respect to training time. However, the cost

being deducted is agents' disutility cost, converted into a monetary cost (#z,t/u'), and again

accounting for the dynamic nature of investment.

Definition 4 The net wedge or net bonus on training time tzt is defined as:

T Zt - T Lt -+ PZt
tzt Tza t ( ffT ) Pz (2.31)

Tz(C 1 )-- TDt)

(Z~t) d _ I~ 1 -- ',+) E, ( zt1 ) is the dynamic risk-adjusted disu-

tility cost, converted into monetary units.

PZt = (1-TK 1 1 (1 - rLt) E is the risk-adjusted savings distor-

tion.

The following proposition characterizes the net bonus at the optimum.

Proposition 23 At the optimum, the net bonus is given by:

t* ( 0 t) TLt (0t) Ezt z 1 t t+1 (Ot+1) E+ wz,t+i lt+1 EOz,t+1 P( 1 - t (0t) 1 + E" POZ't - Ewz,t P +Z~E E - t (0t) 1+ E WZt it Ewz,t+1 P1z t+1

(2.32)

with Ezt= d log (0) Id log (zt) the elasticity of disutility with respect to training time. po is

the Hicksian coefficient of complementarity between i and z in the disutility $t. T* (0 t) and

Ttu+1 (Ot+1) are at their optimal levels from (2.25).

First, the Labor Supply Effect and the Inequality Effect are again present, with exactly the

same interpretation as in subsection 2.4.2. But the bonus on training time has an additional

direct interaction effect with current and future labor supply through the disutility function.

A first natural conjecture is that contemporaneous training and labor supply are substitutes:

time spent acquiring human capital cannot be spent working. In addition, "fatigue" effects can

set in. In this case, the Hicksian complementarity between training and labor in the disutility
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function is positive (po > 0), a case labeled "Learning-or-Doing." However, because 4 (1, i) is

a disutility cost - not purely an opportunity cost of time - it might also be that labor supply

and training are complements at least over some range (pot < 0). For example, the guarantee

of regular training, which gives workers a prospective for progress, might boost motivation and

make labor effort seem less painful, a situation called "Learning-and-Doing."

In the formula, (I - Effpot) is the total effect of the bonus on labor, i.e., the sum of the

Labor Supply Effect, which simulates labor because of the higher wage, and either one of the

Learning-and-Doing or Learning-or-Doing effects, which can increase or decrease work. The

total effect of a training subsidy on contemporaneous labor is positive if and only if

'wz > E4,z with EO,z = 0 log (#1) /0 log (z)

i.e., if and only if the wage is more sensitive to training than the marginal disutility of work

is.3

Even if training diverts time away from contemporaneous labor supply, the effects on future

labor supply can motivate a positive net subsidy. Whatever the pattern of complementarity

or substitutability between contemporaneous labor supply and training, the relation between

current training and future labor supply is its mirror image. If the former are complements, the

latter are substitutes, and vice versa, because investing in human capital today means having

to invest less tomorrow to reach any given level.37

If there is Learning-or-Doing, the net bonus co-moves positively with the future income

tax rate TLt±1, but negatively with the current tax rate TLt. Intuitively, if there is a higher

contemporaneous wedge on labor, there already is an indirect stimulus to training because

training is a substitute for labor; hence the need for an additional stimulus through a net bonus

is reduced. However, a higher future labor wedge is a stimulus for training in the future, which

is a substitute for training today. Hence, to stimulate training today, there is a need for a higher

net bonus.

Corollary 5 illustrates two cases, among other possible ones.

"'Note that: (-zt / ,t) Pz E,,t/E z,t.
3 7 This is because only the flow it = zt - zt1, and not the stock zt.1 enters the disutility. This reasoning is

also only valid at interior solutions for training.
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Corollary 5 Under assumption 4:

i) The net bonus is positive if (1 - p. P > poz,t and pot > 0.

ii) The net bonus is negative if (I - p z P Poz,t and po' < 0.

The sufficient conditions in i) guarantee that, although training diverts time away from

contemporaneous labor effort, it stimulates labor supply in the future and has a sufficiently

large positive redistributive or insurance effect (1 - poz)- On the other hand, the sufficient con-

ditions in ii) imply that despite stimulating contemporaneous labor supply through Learning-

and-Doing, training disproportionately benefits high productivity workers, and has a negative

redistributive or insurance effect.

What this analysis also highlights is that time and money costs are not equivalent in the

presence of asymmetric information and incentive problems on unobservable labor. Unlike in

the full information case, disutility costs cannot simply be converted into monetary units and

treated as equivalent to expenses. An exception case is when the disutility function is separable

in labor and human capital (L = 0). Then, as corollary (6) shows, the forces governing the

net bonus on training are the same as those driving the net subsidy on human capital expenses.

Corollary 6 i) If = 0 and assumption 4 holds:

t* (0 t) > 0 - Poz, < 1

ii) The following relations between the wedges hold at the optimum at every history 01:

t* + (1 - Pzt) (2.33)

(2.34)
St (1 - Pot)

ii) If in addition the wage function is CES with parameter p as in (2.3):

t* = t*t (2.35)

First, when there no longer is a direct interaction with labor supply, the net stimulus to
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training, i.e., the net bonus, is positive if and only if training has a positive insurance effect

(poz < 1). Formula (2.33) shows that in this case, the training wedge and the labor tax evolve

simply according to a type of inverse elasticity rule. Formula (2.34) highlights that both types

of human capital need to be encouraged proportionally to their redistributive and insurance

effects (1 - poz) and (1 - po,). With a CES wage function, these redistributive effects are the

same: there is then no reason to stimulate one type of human capital more than the other. At

the optimum, the net wedges in (2.35) fully equate the incentives to invest in both types of

human capital.

2.5 Numerical Analysis

In the numerical analysis in this Section, I take a middle stand between a simple illustration of

the qualitative features of the optimal mechanism and a more careful calibration with quanti-

tative implications for the optimal wedges and their lifecycle patterns. The focus is on human

capital expenses. Additional details of the computational procedure and the calibration, as

well as results for alternative calibrations, are in the online Computational Appendix. Before

presenting simulation results, the empirical evidence on the crucial parameter of the model,

namely the complementarity between human capital and ability in the wage is discussed.

2.5.1 Empirical Evidence on the Complementarity between Human Capital

and Ability

The formulas for the optimal net wedge and its evolution (see (2.19) and (2.30)) highlighted

the importance of the complementarity between ability and human capital. The benchmark

Mincer model of returns to schooling yields a log-linear relation between the wage and schooling,

with homogeneous returns across ability levels. The Becker (1964) model, reformulated and

developed by Card (1995a), allows for returns to education to vary with ability. When put to

work empirically though, the goal is frequently to circumvent the problem of unobserved ability.

Instrumental variables related to institutional changes for schooling (Angrist and Krueger,

1991, Card, 1995b), or matching between siblings or twins (see Ashenfelter and Krueger, 1994,

Ashenfelter and Rouse, 1998) have been exploited. Ashenfelter and Rouse (1998) suggest that
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lower ability children benefit more from schooling, a finding also in line with Cunha et al. (2006)

for early childhood interventions. This is consistent with po, < 1 for childhood investments. 38

Importantly, however, the Hicksian complementarity can change over life, as suggested by

the structural literature on human capital formation (see among others Cunha et al., 2005,

Cunha and Heckman, 2007, 2008), so that estimates for primary and secondary schooling could

be of limited use for the analysis of higher education or job training. Several studies show that

college education might mostly benefit already able students, implying that po, > 0, and that

po, > 1 is possible. Cunha et al. (2006) (hereafter, CHLM, 2006) estimate that the return to

one year of college is around 16% at the 5 th percentile of the math test scores distribution, as

opposed to 26% at the 9 5th percentile. There is only scarce evidence on the complementarity

between on-the-job training and ability, but the same authors show that on-the-job training is

mostly taken up by those with higher AFQT scores, which might, all else equal, signal that

they have a higher marginal return from it.3 9 The OECD (2004) reports that training mostly

benefits skilled workers in terms of higher wages, but benefits low-skilled workers in terms of

job security. Huggett et al. (2011) use a multiplicatively separable functional form for the

wage in their structural model of time investments in human capital (implying po, = 1), which

generates a lifecycle path of earnings that matches the data well.

2.5.2 Calibration

Calibration to US data: To calibrate the model, I construct a "baseline economy." The

baseline economy has the same primitives as in Section 2.2, but no social planner and, hence, no

optimal tax system. Instead, the linear labor taxes, capital taxes, and human capital subsidies

are set to their current averages in the US. Public and private subsidies in the US cover around

50% of total resource costs of formal higher education. However, in the model, human capital

expenses are a comprehensive measure, including all types of formal and informal investments,

and some mostly unsubsidized expenses (e.g.: textbooks, computers). In addition, there are

practically no subsidies beyond the initial 4 years of higher education. Hence, the linear subsidy

3 8However, since schooling - as well as college and job training - builds the two stocks of human capital z and
s, this finding could be explained by several configurations of the parameters p,, and poz-

3"It is also not evident that the test scores used as measures of "ability" are themselves exogenous, especially
at later ages.
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in the baseline model, applicable to all expenses, is reduced to 35% for the first 2 periods and to

0 thereafter.4 0 The linear labor tax rate is set to 13%, and the savings tax to 25%.41 Agents can

borrow and save at a constant interest rate, subject to a debt limit. In this baseline economy,

some parameters are set exogenously based on the existing literature, while others are set to

endogenously match two key moments from the data, namely, a wage premium and a ratio of

human capital expenses to lifetime income, as explained in more detail next.

Functional Forms: Agents live for T = 30 periods, each representing roughly 2 years of

life. They work for 20 periods and spend 10 years in retirement. Preferences during working

life are given by:

ii (Ct, yt, st, Ot) = log (ct) - - , > 0, -Y > I
'Y Wt (0, s))

During retirement, utility is simply jtR (ct) = log (ct). The aforementioned literature seemed to

indicate that po, > 0. Given the uncertainty about the magnitude of this parameter though,

one of the goals in the simulations will be to explore different values, and, in particular, how

the results depend on whether it is above or below its critical threshold of 1. To this end, the

wage is assumed to be CES

wt (0, s) = (01-P + css1 p) sI (2.36)

with a constant parameter po, = p, where c, is a scaling factor. Two values of p are studied in the

main text, namely, p = 0.2 and p = 1.2, with additional values considered in the Computational

Appendix. 4 2

The cost function of human capital contains an adjustment term and takes the form:

Mt (st_1, et) = clet + ca e
(st_12

with cl and ca the linear and the adjustment components of cost. Consistent with the high

4
0 See indicators B, in OECD "Education At A Glance, 2013."

41 Only interest income and short term capital gains are taxed at ordinary income rates. Taxes on a lot of

dividends and long term capital gains stop at 20% (plus possibly 2.9% for the new Medicare tax above $250K of

total income, and various state taxes).
4 2 Parameter p affects the scale of the wage. To make the two values of p most comparable, for p > 1, the CES

form used is instead: wt (0, s) = (P-i + cssP-1 ) with p = 1.45, which implies p, =( = 1.2.
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persistence in earnings documented in Storesletten et al. (2004), ability is assumed to follow a

geometric random walk:

log Ot = log Ot-I + Ot

with ?t ~ N H , o .

Exogenously calibrated parameters: The baseline model has y 3 and V = 1, which implies

a Frisch elasticity of 0.5 (Chetty, 2012). The discount factor is set to / = 0.95, and the net

interest rate to 5%. The adjustment cost is normalized to ca = 2. There is large variation

across empirical estimates of the variance of productivity o2. A medium-range value of 0.0095

(Heathcote et al., 2005, hereafter HSV 2005) is adopted. Although the qualitative features

of the solution are unaffected for a wide range of parameters, the quantitative results are.

Therefore, several alternative calibrations are explored in the online Computational Appendix.

Endogenously matched parameters: The scaling factor for human capital c, and the linear

cost parameter cl are set to match two statistics in the data: a wage premium and a ratio of

human capital expenses to income. One complication which arises is that the model does not

a priori restrict investments to occur only during the traditional "college" years. Indeed, one

of the motivations for this study is the lifelong nature of human capital investments. How-

ever, most available estimates for wage premiums in the literature are for college education,

with scarce evidence on job training. This difficulty can be overcome by redefining "college"

appropriately for the model. Following Autor et al. (hereafter AKK, 1998) who find 42.7%

full-time college equivalents, the top 42.7% in the population of the baseline economy, ranked

by educational expenses, are assumed to represent the real-life college-goers. Their average

wage relative to the bottom 42.7% is set to match the wage premium for college estimated in

the literature.4 3 These estimates range from 1.58 in Murphy and Welch (1992), to between 1.66

and 1.73 for AKK (1998), and above 1.80 in Heathcote et al. (2010). The calibration targets a

mid-range value of 1.7.

Turning to the second target, the net present value of higher education expenses over the

net present value of lifetime income in the data is 13%.44 However, since agents invest beyond

4 3 The middle 14.6% are omitted to clearly delineate between college-goers and others. Indeed, because of the
continuous investments in the model, there is no sharp distinction between "college" and "no-college," and in
particular, no notion of "a degree."

""Computed using data on attendance at different types of colleges and costs (Chang Wei, 2010 US Department
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traditional college years in the model, there needs to be an allowance for later-in-life investments.

It is assumed that college costs represent 2/3 of all lifetime investments in human capital, so

that the target ratio of the net present value of lifetime human capital expenses and the net

present value of lifetime income is 19%. Table 1 summarize the resulting parameters.

Using the computed policy functions, a Monte Carlo simulation with 100,000 draws is per-

formed for each value of po, The initial states are set to yield a zero present value resource cost

for the allocation. This ensures comparability across simulations, and gives a sense of outcomes

achievable without outside government revenue.

Definition Sim 1 Sim 2 Source/Target

Exogenously calibrated or normalized

p Hicksian complementarity 0.2 1.2 CHLM (2006)

K Disutility of work scale 1 1

-y Disutility elasticity 3 3 Chetty (2012)

01 Variance of productivity 0.0095 0.0095 HSV (2005)

T Working periods 20 20

T, Retirement periods 10 10

/ Discount factor 0.95 0.95

R Gross interest rate 1.053 1.053

Endogenously calibrated in baseline economy

c, Scale of HC in wage 0.09 0.1 Wage premium

(AKK, 1998)

c1  Linear cost 0.5 0.5 (OECD, 2013,

US Dept. Educ, 2010)

TABLE 1

2.5.3 Results

A brief note on the presentation of the wedges is required. When agents are at the corner

solution of no investment, which occurs in the baseline calibration for most simulated paths

of Education, OECD, 2013). See the detailed calculations in the online Computational Appendix. For an earlier

period, Caucutt and Kumar (2003) find a slightly lower number of 12%.
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approximately after period 13 (after 26 years), the subsidy is indeterminate, as long as it remains

below an upper bound that does not induce agents to invest. Hence, the policy function for the

gross wedge is set to zero for agents after they stop investing. 4 5 To make it most comparable

to an explicit subsidy, it is presented as a fraction of the marginal cost, i.e., rSt/Cl (et)

The optimal gross and net wedges as functions of po, : Figure 2-1 presents the human

capital wedges. For this figure only, the focus should be on periods t < 13, as many agents

no longer invest in human capital later in life, and wedges are normalized thereafter, as just

explained. The theoretical results from Section 2.4 are illustrated here: First, panel (a) shows

that the optimal wedge on human capital is higher and grows faster when human capital has

a positive insurance or redistributive effect (po, < 1). When P08 = 0.2, the wedge starts from

1% and grows to 19%; for po, = 1.2, it instead starts at -2% and grows to only 13%. Panel

(b) illustrates that with po, = 1.2, the net subsidy is negative, so that human capital expenses

are made less than fully deductible. Conversely, when po, = 0.2, human capital expenses are

subsidized on net beyond pure deductibility. The comparison between panels (a) and (b) once

more highlights that the true incentive effect is different from the gross wedge when there

are several wedges present. Finally, the net subsidy is growing when po, < 1 and declining

otherwise, as seen in the drift term of formula (2.30).

However, the net wedges are very small. Hence the overall system remains very close to

neutrality with respect to human capital expenses. Put differently, full dynamic risk-adjusted

deductibility is very close to optimal. 46 This is akin to a "production efficiency" result: human

capital is an intertemporal decision, with persistent effects, and distorting it for redistributive

or insurance reasons is relatively costly (see also Diamond and Mirrlees, 1971, Chamley, 1986,

and Judd, 1985) unless the redistributive or insurance effects are very strong.

Because of this, the values chosen for the complementarity between human capital and abil-

ity and for the volatility of ability clearly matter. Moving further away from a multiplicatively

separable wage, i.e., increasing the complementarity coefficient further away from 1 in either

"5 The net wedge cannot be innocuously normalized to zero; hence, when agents no longer invest, it is set to

the right hand side in (2.19), a level that will not artificially induce agents to invest.
4 6 The gross wedge is correspondingly smaller than 50% real world subsidy. Bear in mind, however, that the

gross wedge here is more comprehensive, as it covers all human capital expenses, even those unsubsidized in the
real world, and is available throughout life, not exclusively for college years.
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direction, leads to larger net wedges in absolute value. Similarly, a higher volatility increases

the value of insurance and yields a higher optimal net wedge if human capital has a positive

insurance value (po, < 1) and a lower optimal net wedge if not. Unfortunately, the estimates of

these parameters from the literature are surrounded by large uncertainty. Therefore, the online

Computational Appendix provides alternative calibrations.

The production efficiency result also stems from the fact that the government jointly opti-

mizes the full system, and insurance can also be achieved through the labor wedge. In partic-

ular, the planner is able through transfers to endogenously relieve "credit constraints," which

might be motivating high subsidies in the real world, without having to distort human capital

acquisition at the margin.47

In addition, absent from this model are positive spillovers from human capital on growth,

political stability, or social cohesion, often studied in the literature, and pointed to by policy

makers as reasons to subsidize education. Finally, the belief about po, held by policy makers,

and ultimately, society, could be very different from the current estimates of po, in the literature.

In particular, one way to rationalize the higher subsidies in the real world is that human capital

is believed to have very strong redistributive and insurance values, and strongly benefit lower

ability people. If the model is taken literally, a very negative po, would be needed. Related to

this, education is often perceived as a basic human right.

Optimal labor wedges: Figure 2 - 2 panel (a) explains why the gross and net human

capital wedges differ so starkly: the optimal labor wedge rises over time to provide insurance

against widening income dispersion, and a large part of the growing human capital wedge

merely goes towards compensating for this growing disincentive to accumulate human capital.

The labor wedge is compared to the one in a standard dynamic taxation model without human

capital, in which the wage is equal to exogenous ability, wt = Ot. As is intuitive, the wedge

grows slower in the presence of human capital, particularly when po, < 1. The labor wedge has

a disincentive effect on human capital acquisition, which is undesirable, and the more so when

human capital itself has positive insurance and redistributive effects (p0, < 1).

47 A related reason is that, although it is optimal to invest more in human capital early in life in the model,

there is no sharp exogenous constraint which forces investments to occur exclusively during college years. In

practice, it seems that the signaling value of a college degree makes it critical to acquire human capital in a very
concentrated manner at the beginning of working life.
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Figure 2-1: Average human capital wedges over time
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Dashed lines mark the time after which most agents no longer invest in human capital. (a) The gross wedge is

higher and grows faster when human capital has positive redistributive and insurance effects (p, < 1). The

wedge is normalized to zero for zero investment (a corner solution). (b) The provision of dynamic incentives

also creates a value for insurance. If po, < 1, human capital has positive redistributive and insurance values,

and expenses are subsidized on net at a rising rate. Conversely, if po, > 1, expenses are only partially

deductible, and deductibility decreases over time.

Figure 2-2: Average labor and capital wedges over time
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"No HC" denotes the case without human capital. (a) The labor wedge - which represents a disincentive for

human capital investments but also insures agents against risky human capital returns - grows slower over time

in the presence of human capital, the more so if human capital has positive redistributive and insurance effects

(po, < 1). (b) The capital wedge is still positive, but lower in the presence of human capital.
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Optimal capital wedges: Figure 2-2 panel (b) plots the capital wedge over time. It starts

at 0.5% of the gross interest on savings, which corresponds to a 10% tax on net interest, and

declines to zero. 48 The capital wedge arises at the optimum from the inverse Euler equation

in (2.24), and is a standard feature in dynamic moral hazard models, in which savings are

complementary to future shirking. However, savings are less distorted in the presence of human

capital. One possible intuition for this is that human capital investments improve productivity

in the future, which to some extent counters incentives to shirk. The capital wedge without

human capital is 0.7% of gross interest, equivalent to 14% of net interest.

Subsidy Smoothing: Figure 2-3 plots the net subsidy in period t against the net subsidy

at t -I, for young adults (t = 5 in panel (a)), and for middle-aged workers (t = 13 in panel (b)).

Earlier in life, the net wedge is more volatile from one period to the next, but becomes more

deterministic over time, leading to a "subsidy smoothing" result. The dynamic taxation liter-

ature has highlighted a similar "tax smoothing" result for the labor wedge, which also applies

in the presence of human capital (see the online Computational Appendix). The intuitions for

these results are the same. A persistent productivity shock early in life has repercussions over

many periods, leading to a larger present value change in the income flow than a later shock.

Consumption in early years will react strongly to unexpected changes in ability, as the agent

attempts to smooth out the shock. Accordingly, the variance of consumption growth is initially

large, but decreases to zero over time. The drift term in the net subsidy formula (see (2.30)),

which is proportional to the covariance between ability and consumption growth, tends to zero

towards retirement. Then, only the autoregressive term of the random walk remains.

Allocations and Insurance: Figure 2-6 plots the average allocations over time. Average

human capital investments are almost flat and highest early in life, before declining with age.

Mean consumption is constant, a result due to the Inverse Euler equation in (2.24), and log

utility with # = 1, which imply that consumption is a martingale: Et_1 (ct) = ct_1. Mean

output is increasing, despite the rising labor wedge, because of the growing productivity of

agents driven by their endogenous human capital investments.

Figure 2-4 panel (a) shows that lifetime spending on human capital is more tightly linked

4
8The equivalent tax on net interest, iKt solves (1 + (R - 1) (1 - i Kt)) = R (1 - TKt).
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Figure 2-3: Subsidy smoothing over life
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The net human capital wedge becomes more correlated from one period to the next as age increases, because

the variance of consumption growth, which drives changes in the subsidy over time, vanishes. Figures are for

po8 = 0.2.

Figure 2-4: Human Capital and insurance over the life cycle

(a) Human capital expenses and lifetime in-

come (b) Consumption and education expenses
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(a) Lifetime income is positively correlated with lifetime human capital expenses, the more so when po, > 1.

There is a two-way causality: Higher ability people both acquire more human capital and have higher earnings

potential. At the same time, human capital increases earnings.

(b) The figure shows the present value of consumption and human capital expenses against the present value of

lifetime income. The laissez-faire outcome is represented by the 45 degree line. Clockwise pivots of the line

represent more insurance.
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Figure 2-5: Variance and Risk
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The figure shows cross-sectional variances over time. Output is more volatile than consumption. Its volatility

grows at an increasing rate, driven both by ability shocks and differential investments in human capital. But

pre-tax income inequality does not fully translate into consumption inequality. All outcomes are more volatile

when human capital has a negative insurance value (p,, > 1).

Figure 2-6: Allocations
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Agents optimally invest in human capital early in life. Consumption is a martingale; hence, average

consumption is perfectly flat. Output and consumption are higher when human capital disproportionately

benefits higher ability agents.
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to lifetime income when human capital disproportionately benefits high ability agents. The

causality goes both ways: higher ability agents both acquire more human capital and earn

more. In turn, human capital increases earnings even further. When po, > 1, both effects are

amplified. However, the fact that higher ability people also acquire more human capital does

not mean that there is no insurance. Panel (b) highlights the extent of lifecycle insurance at

the optimum by plotting the net present value of lifetime spending (consumption plus human

capital expenses) against the net present value of lifetime income. Clockwise pivots of the line

represent higher insurance.

Finally, figure 2-5 describes the cross-sectional variances of output, human capital, con-

sumption, and ability over time. The variance of output is driven not only by stochastic ability,

but also by differential investments in human capital at different ability levels. Output is much

more volatile than consumption. Hence, pre-tax income inequality grows at an increasing rate,

but the provision of insurance prevents this from translating fully into consumption inequality.

In addition, while consumption variance grows, it does so at a decreasing rate, echoing the tax

and subsidy smoothing results described above.

Progressivity: Figure 2-7 show the implicit progressivity of the labor wedge, by plotting

'rLt against the contemporaneous productivity shock, Ot, at t = 19. When po, > 1, the labor

wedge is regressive in the short run, which is true for a similar parameterization of the problem

without human capital. On the other hand, when po, < 1, the labor wedge exhibits a short-run

progressivity.

The reason for this reverse pattern is that both the labor wedge and the net subsidy are

tools to insure against earnings risk. Along the optimal path, they need to evolve consistently,

according to the "modified inverse elasticity rule" in (2.26). The labor wedge always has positive

insurance and redistributive effects. The same is true for the net subsidy only if po, < 1.

Accordingly, the two instruments co-move positively when po, < 1 and negatively when pe, > 1.

The net subsidy is always regressive when po, > 0 because higher ability people benefit more

from human capital (see figure 2-8 for t = 13). The labor wedge will hence exhibit the inverse

relation when po, < 1 (which is equivalent to a progressive labor wedge). Despite any short-run

regressivity, the system is progressive overall and does provide insurance, as was shown in figure

2-4.
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Figure 2-7: Progressivity and regressivity of the labor wedge
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The labor wedge exhibits short-run progressivity when po, < 1, but short-run regressivity when po, > 1.

Figure 2-8: Regressivity of the net human capital wedge
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The net wedge is always regressive in the short run, but more so when po, > 1.
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2.6 Implementation

The wedges, as functions of histories of types, do not immediately translate into explicit taxes

and subsidies on income, human capital or savings. This section considers the implementation

of the optimal allocations using decentralized instruments. For clarity, the focus is on educa-

tional expenses only, but observable training time can be added as an additional conditioning

variable. The first implementation is through income contingent loans (hereafter, ICLs), which

are compared and contrasted to certain types of ICLs currently used in several countries. The

second is through a Deferred Deductibility scheme, which can be applied in the special case

when shocks are independently and identically distributed.

2.6.1 Income Contingent Loans

Before presenting the ICLs, the decentralized economy is described and some notation intro-

duced. In the decentralized economy, agents choose their human capital expenses et, income yt,

and savings bt in a risk-free account at a gross rate R. Initial wealth is zero and initial human

capital is so.49 The government can observe and keep record of the histories of consumption,

output, human capital, and wealth.

Denote by m* (0t) the optimal allocation of the social planner's problem after history Ot

for any choice variable m E {c, y, b, e} (the Appendix shows how to construct them from the

recursive allocations derived above). For any history Ot and subset of variables m C {c, y, b, e},

let Qtm(Qt) be the set of values for these variables at time t, which could arise in the planner's

problem after history Ot-1, i.e., such that for some 0 E 8, mt = m* ( 0 t-1, 0). For a history of

observed choices mt, denote by et (mt) the set of all histories Ot consistent with these choices,

i.e., all Ot such that m, = m* (0') for all s < t. Assumption 5 guarantees that in the planner's

problem, the histories (yt, et) can be uniquely inverted to identify the history of abilities, Ot.

Assumption 5 et (yt, et) is either the empty set or a singleton for all histories (yt, et).

In the proposed ICL scheme, loans are combined with a standard income tax based on con-

temporaneous income Ty (yt), and a history-independent savings tax TK (bt). In each period,

4 9 Initial wealth and human capital can be heterogeneous as long as they are observable, and will enter the
proposed repayment schedule as additional conditioning variables.
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the agent is offered a government loan Lt (et) as a function of his human capital expenses, and

is required to make a history contingent repayment Dt (Lt-i, yt-1, et, yt), as a function of the

full history of past loans and earnings, as well as current income, and human capital expenses.

The agent's problem is then to select the supremum over {ct (0 t) , yt (0t) , b (at) , et (0t) }t in:

o~o)T (t)-q (Yt (at) ~ ( t ~O,00) =sup ft Et Wt ( Ip P (Wt) d('
t=1 L \Wt (yt, St- ( )) + et (t ))

s.t: ct (at) + I bt (0t) + Mt (et (0t)) - bt_ 1 (at-1) - Lt (et (0t))

< yt (0t) -Dt (Lt-1 ( at-1 ) , give, e Yt (0t) - Ty (yt (0 )) -

st (0t) =st _1 (Ot-1) + et (0t) , so given, et (0t) > 0, bo = 0, bT > 0

The construction of the ICL schedule, explained formally in the Appendix,

follows. First, the loan is set to exactly cover the cost of human capital:

Lt (et) = Mt (et) Vt, Vet

is

(2.37)

TK (bt (0t))

intuitively as

(2.38)

The savings tax TK (bt) is constructed to guarantee zero private wealth holdings.5 0 The repay-

ment schedule D and income tax Ty are such that, along the equilibrium path, the optimal

allocations from the social planner's problem are affordable for each agent after all histories,

given zero asset holdings:

Dt (LP-1, yt-, et 6-,6 yt 6 ) + Ty (yt* (0", 0)) = yt (01 A) -ct (Ot 6

for all (L-1 yt-1) such that Ot-1 E 6 i ({M-1 (Li), ...,Mj~I (Lt i)} ,"yti) 0, and all

0 E E, where the history of education et-1 is inverted from Li-1 using (2.38). The repayment

schedule on off-equilibrium allocations - those allocations which are not optimally assigned to

any type in the social planner's program - is set to be sufficiently unattractive, to ensure that

agents do not select them. Intuitively then, conditional on entering a period with no savings,

5 (The construction in the Appendix builds on Werning (2007), who shows also that the savings tax can be rede-

fined to implement non zero savings, at the expense of modifying the repayment schedule. The repayment scheme

could also allow for private savings, and directly condition on their history (bt-1). See the next implementation

proposed, with non-zero private wealth holdings.
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and with a given history of loans and output, agents only face the choice of allocations available

in the planner's problem after ability histories which, up to this period, are consistent with the

observed choices. By the temporal incentive compatibility of the constrained efficient allocation,

they will choose the allocation designed for them.

This set of instruments defines a decentralized allocation rule, which, to an agent with past

history (Lt-l, yt-) , assigns an allocation:

{8t (L-1 , yt-1, O) , t (L'-1 7 y-1, Ot) , bt (LV-1, yt-1, Ot) ,1dt (Lt-1,I yt-1,I Ot)

The equilibrium allocation as a function of ability histories {B (0t), Qt (0 t) ,b (0 t) , (0) } can

be deduced from the decentralization rule using the recursive relation:

r^nt (0 t) = 7nt (Lt-1 ( 0 t-1) , yt-1 (Qt-1) , Ot) for m E {c, y, b, e}

where 0 -1 E E ({M71~ (L 1 ), ... ,M-1 (Lt_1)}, ytl-1) is unique by assumption 5. The decen-

tralization rule is said to implement the optimum from the planner's problem for a given set of

promised utilities (U (0))9 if, for all t and 0 , the decentralized allocations under this rule coin-

cide with the social planner's optimal allocations, i.e., ^nrt (0') = m* (0t) for m E {c, y, b, e}. 51

Proposition 24 The optimum can be implemented through human capital loans Lt (et) , with

repayments Dt (Lt-1, yt- 1 ,et, yt) , contingent on the history of loans and earnings, current in-

come, and human capital expenses, together with a history-independent savings tax TK (bt), and

an income tax on contemporaneous income Ty (yt).

Income Contingent Loans: Figure 2-9 illustrates the implementation through ICLs, by

plotting the average loan received and average consolidated payment made as a fraction of

contemporaneous income. The loan received naturally declines over life, as less human capital

investments are needed. The repayment rises as a fraction of income until late in life, illustrating

the insurance provided by the contingent repayment schedule and the increasing ability to pay

over life, driven by human capital investments.

LIn the planner's problem, savings are indeterminate when consumption is controlled, and without loss of
generality, agents could be saving zero.
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Figure 2-9: Income history contingent loans
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Loans are high early in life, while repayments increase to provide insurance.

Figure 2-10 further highlights the insurance role of the repayment schedule, by showing

a snapshot of repayment, as a fraction of income, against the contemporaneous realization

of the productivity shock, at an arbitrarily chosen time (t = 15). Repayments increase on

average in higher productivity states and decrease in lower productivity ones. The income-

history contingent nature of repayments is clearly seen in their large dispersion at a given

Ot: repayments depend on the full past, not only on current productivity. Indeed, a positive

productivity shock is correlated with higher repayments over several future periods.

Comparison of the Proposed Implementation to Existing ICLs

Certain types of ICLs for college education are used in several countries, including the US,

New Zealand, Australia, the UK, Chile, South Africa, Sweden, and Thailand, and have been

growing in popularity as a tool to reduce public spending on education, while guaranteeing

equality of access, and providing partial insurance in economic hardship (see Chapman, 2005,

for an empirical overview).52 The loans sometimes depend on the level of education acquired,

5 2 In the US, an important rationale seems to have been the fear that fixed repayment loans would discourage

students from careers in the lower-paying public sector (Brody, 1994). The first schemes introduced in 1994

were Income Contingent Repayments (ICRs) for public sector jobs. In 1997, the College Cost Reducation and

Access Act (CCRAA), introduced Income Based Repayment (IBR) beyond public sector jobs. Australia is one

of the success stories since 1989 with its nationwide scheme ("Higher Education Contribution Scheme") that
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Figure 2-10: Insurance through contingent repayments
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The repayment schedule provides insurance: repayments are higher when productivity realizations are higher.
The history-contingent nature is seen in the dispersion of the repayment at a given contemporaneous ability

realization.

the type of degree or field, and are indexed to the costs of education, which mirrors the proposed

loan above. In several countries, such as Australia or New Zealand, repayments are directly

collected through the tax system, as in the optimal integrated system suggested. The coercive

tax power of the government is required, together with full-commitment to announced policies,

to prevent agents from dropping out ex post after the realization of their incomes. This is made

clear by the prominent failure of the so-called "Yale Plan," an attempt at risk-pooling within

cohorts of students by Yale University in the 1970s. Because more successful earners would ex

post face higher repayments, and hence cross-subsidize less successful ones, the plan suffered

from a typical adverse selection problem: students with the best earnings prospects did not join

or dropped out (Palacios, 2004).

There are four main differences between the ICL proposed here and existing ones. First, in

the real world, the total present value of repayments is closely linked to the amount borrowed,

except for subsidized interest rates or exceptional loan forgiveness. In the model, repayments

are consolidated repayments for all past loans and need not, in any way, be equal to the total

loan amount for a given agent; there is an implicit subsidy or tax fully integrated into the

optimal system. Second, in ICL schemes observed in practice, the focus is almost exclusively

automatically enrolls students in an ICL, with repayments collected directly through the tax system.
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on the downside, so that repayments can be deferred or forgiven in times of economic hardship.

The optimal scheme is also focused on the upside, with repayments potentially increasing after

a good history of earnings. Third, loans are optimally made available throughout life - not only

for young adults in University - for instance, for expenses related to job training or continuing

education. Fourth, the optimal repayment schedules depend not only on current income and the

outstanding loan balance, but rather on the full history of earnings and past loans.13 There is

very little history-dependence in real-world ICLs, possibly with the exception of Sweden, which

uses a two-year averaging of earnings to determine repayments. Interestingly, there are other

real-world policies which exhibit exactly the kind of history dependence which is required, for

instance, social security and some types of tax-free savings accounts. However, the numerical

analysis below shows that the gain from history-dependent policies, relative to simpler history-

independent (but age-dependent) policies is not very large for the calibration chosen, implying

that history-independent ICLs might be close to optimal.

2.6.2 Implementation with iid Shocks and Wealth Dependence

A natural question is when the history dependence of the optimal policies proposed above

can be reduced. In the special case of independently and identically distributed (iid) shocks,

wealth and the starting stock of human capital each period can serve as sufficient statistics for

the full past. This yields history-independent policies, explored in this subsection. A similar

implementation for physical capital, in the absence of human capital, is studied in Albanesi and

Sleet (2006).

The recursive problem with iid shocks is nested in the formulation in section 2.2, if the states

Ot-1 and At- 1 , which account for persistence, are omitted and the distribution of shocks is f (0)

each period. Allocations can be expressed as functions of the reduced state space (Vt_1, st_1)

for each Ot, and the government's continuation cost is K (vt_1, st1, t).

The decentralization rule with iid shocks and taxes: For this implementation, inter-

pret the initial ability 01 as uncertainty, like all other shocks Ot, rather than intrinsic hetero-

geneity.54 The government selects an initial promised utility U1 . All agents again start with

53 In particular, the sum of past loans is not a sufficient statistic for the full sequence of loans Lt-1.
5 4This incidentally makes the model directly comparable to Albanesi and Sleet (2006). Unlike Atkeson and
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the same human capital so, and receive an initial wealth level bo assigned by the government.55

The government also sets borrowing limits bt, and wealth is constrained by bt E Bt - [k, oo)-

The proposed decentralization rule allocates (at, yt, bt, 6 to each agent type, following some

mappings from observed initial wealth bt_ 1 and human capital st1:

at tjdt : Bt_1 x R+ x 0 -+ R+ and bt : Bti-1 x R+ x 0 -* Bt

Starting from an initial wealth level bo, the recursive decentralization rule can be mapped into

a sequential allocation for all Qt.

Let V (b, s) denote the value of an agent with beginning-of-period wealth b and human

capital s. A decentralization rule (at, b, 6t , an initial assignment of wealth bo, a sequence

of borrowing limits {bt}= , and initial human capital level so form a decentralized equilibrium

if, in all periods, at, I & , t) attains the supremum in the agent's problem in (2.39) :

V (b, s) = sup f (ut (c (0)) - e,(w j -) + Vt+1 (b' (0) , s + e (0)) f (0) dO (2.39)
c,y,b',e \ (0, s + e (0))

1
s.t: c (0) + Mt (e (0)) + -b'(O) =y(O) -Tt (b,s,y(O) ,e(O)) +-b VO

c,y,e : -+R+ and b' : - Bt [bt, o ) with V+ =_ 0, bT 0.

A constrained efficient allocation from the planner's problem is implemented as a decen-

tralized equilibrium if it arises as an equilibrium choice of agents in the above problem, and

delivers expected lifetime utility V (bo, so) = U1.

Proposition 25 If 0 is iid, the optimum can be implemented in an economy with borrowing

constraints, an initial assignment of wealth, and an income tax schedule T (bt 1 , st-1, yt, et)

that depends on the beginning-of-period wealth and human capital stocks, as well as on contem-

poraneous income and human capital investment.

The intuition for this result is that, conditional on human capital st-1, there is a di-

Lucas (1995) and Albanesi and Sleet (2006), the analysis is in partial equilibrium analysis, with agents, as well
as the government facing a constant gross rate R.

5 5 This distribution of initial wealth need not be degenerate if there is a non-degenerate distribution of initial
utility promises, from which we abstract here.
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rect mapping between the social planner's cost of providing the optimal allocation to an

agent with promised utility vt_1 and the beginning-of-period wealth bt_1 of the agent in the

decentralized equilibrium. That is, for all (vt1, st-1) , there is an associated wealth level

bt-1 = K (t_1, st, t). Taxes are designed such that the problem of an agent starting with

wealth level bt_1 = K (vti1, st-1, t) and human capital st-I is the dual of the planner's problem

with promised utility vt_1, facing an agent with human capital st_1.

This recursive implementation allows a relatively simple map between the derivatives of the

proposed tax function T and the optimal wedges. Let TLt (Vt1, st-i, Ot) and TSt (ti1, st-1, Ot)

stand for the labor wedge and the gross human capital wedge (as defined in (2.15) and (2.17),

respectively) evaluated at the optimal allocation for (t-i, st-1, Ot). The labor wedge is imme-

diately linked to the marginal income tax through:

OTt (K (vt-1, st _1, t) , St-1, Yt, I *)
Tit (Vt _1, st _1, 00) =y

with y* = yt* (vti1, st-1, Ot), and e* = e* (t-i, st-1, Ot) the optimal allocations from the plan-

ner's problem. The human capital wedge is linked to the marginal subsidy more indirectly:

-OTt (K (ov -1, st-1, t) , St-1, Y*, et*) t+1 (c*+1) OTt+1 OT+1)
Tst (Vt-1I, st_1, Ot) = Ot+ #Et ( t (C*) (Bet+ 1 9st))

where c* = c* (vt_1, st-1, Ot) , c*+1  c*+1 (v*, st-i + e*, Ot+1), and Tt+1 = Tt+l (bt, st, yt+1, et+i)

is evaluated at:

v*= V (vti , st-1, Ot) , bt = K (v*, st-1 + e*, t + 1) st = st-1 + e*

Yt+i = Yt*+1 (vt*, st I + et*, t+1) et+ = et*+1 (Vt*, st + e*, Ot+1)

The wedge is not in general equal to the marginal subsidy, that is, the expected reduction in tax

from an incremental investment in human capital. A positive wedge does also not necessarily

imply a positive marginal subsidy. This can be made clear by rewriting the wedge as:

T8 T t( u't+1 ) E (O1+1 _OTt+1 ) o, " 't+1 , Ot+1 _ 0t+1
act) + t E\et+i ast Ut Oet+1 09st
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A positive wedge on human capital can be engineered either directly through expected

positive marginal subsidies, or, instead, more indirectly through the risk properties of the

optimal tax schedule. If the marginal tax reduction from human capital (Tt+i - is
\ aet+i ast)

high when marginal utility of consumption is high, human capital is a good hedge, and the

covariance term is positive. It is then possible in theory that the overall wedge is positive even

if expected marginal subsidies are zero. 56

Means-tested Human Capital Grants with iid shocks: As an immediate corollary of

Proposition 25, the tax system can instead be reformulated as a means-tested grant. In period

t, the agent's assets and stock of human capital are verified, and he receives a grant such that:

Gt (yt, etlbt-1, st-1) = -T (bt-1, st-1, yt, et)

Means-testing based only on contemporaneous assets and income is hence optimal if shocks are

iid. It is interesting that, although formally just a reformulation of the tax from Proposition

25, means-tested grants for higher education are very common in many countries, while wealth

contingent income taxes are not. In the US for instance, Pell grants take assets as well as

contemporaneous income into account.

ICLs with iid shocks: The implementation through ICLs from subsection 2.6.1 can

be modified to use wealth instead of the full history of earnings and loans to determine the

repayments (hence abandoning the savings tax proposed above). In particular, the loans are

again equal to the cost of human capital acquisition in each period, Lt (et) = Mt (et), and the

wealth and income contingent repayment schedules Dt (bt_1 , St-1, yt, et), are such that:

Ty (yt) - Lt (et) + Dt (bt-1, st-1, yt, et) = Tt (bt_1 , st_1, yt, et)

56 See Kocherlakota (2005) for the case of savings. In Kocherlakota (2005), the income tax depends on the full

history of incomes, and wealth carries no additional information about the past. However, in general, expected

marginal subsidies are not zero. Human capital, like wealth in Albanesi and Sleet (2006), carries information

value about the past, which restricts the marginal subsidies at the optimum.
5 7Again, these grants are typically limited to tertiary education only. Grants for job training exist for the

unemployed (hence, somewhat means-tested), for youth at risk ("YouthBuild" in the US), or for difficult to

employ seniors (the "Senior Aide Program"). They are most often in the form of a direct provision of training.

Some programs do provide funds for training based on need, such as the "Adult and Dislocated Worker Program"

or the "Trade Adjustment Assistance."
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This implementation is closer in spirit to the means-tested college loans, where the amount of

funds provided is conditional on the contemporaneous resources of the child or her parents, and

potentially on the highest education already attained, rather than on the history of earnings.

This subsection highlights that, while the optimal allocation derived in the direct revelation

mechanism in section 2.4 is generally unique, there are many possible combinations of subsidies,

loans, grants, and income taxes that can implement it. 58 If grants, repayments and subsidies

were set at the appropriate levels, the difference between a grant-intensive and heavily subsidized

education system such as in Continental Europe, and a loan-intensive, high-tuition system as

in the US might be more apparent than real. 59 The real focus should be on the parameters

entering the optimal formulas, such as the Hicksian complementarity po,, which determines to

what extent human capital should be subsidized on net. The exact mix of instruments used

is more a matter of administrative capabilities and infrastructure, which might very well be

country-specific.

2.6.3 A Deferred, Risk-adjusted Human Capital Expense Deductibility Scheme

This implementation directly addresses the debate about whether education expenses should

be tax deductible (Boskin, 1977, Blomquist, 1982, Bovenberg and Jacobs, 2005). It has been

argued that a true economic depreciation of educational expenses, for which the net present

value of the deduction is equal to the expense, would recover neutrality of the tax system with

respect to human capital. Even starker is the argument by Bovenberg and Jacobs (2005) that

a purely contemporaneous deduction of education expenses from taxable income is sufficient.

Assume first that po, = 1 so that the optimal net wedge is zero, and the focus is on the

human capital subsidy that aims to neutralize the distortionary effects of income and savings

wedges, which is the case most analogous to full deductibility. In this case, equation (2.23)

must hold at the optimum. Accordingly, if the proposed tax system Tt (bt_ 1 , st_1, yt, et) is

differentiable in all its arguments (at least over the range of equilibrium path values), then it

"On the tax incentives for higher education in the US, see for instance Hoxby (1998).

" Given the discrepancies in the net cost of education in Continental Europe and the US, it is clear that the

financing systems are far from equivalent at their current levels. The argument proposed here is that they could

be made equivalent while still preserving their general structure (loans-based vs. subsidy and grants-based).
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must satisfy:60

Tt ± /Et 't+i ,Tt+ 1 _ &Tt+1
&et \Ut 4et+1 Ost

(t t/ 1 (19 ~ 1Tt+1\ E(M (240

Mt' -M E, (Mtl') - (1 - 'M',t+1) Et R E/ ('+1) (2.40)

On the other hand, the pure contemporaneous deductibility scheme proposed by Bovenberg

and Jacobs (2005) would imply that at all dates 9 = Mt (et) a, Vt." In this dynamic model,

this is only true for the last period of investment, T, in which agents face a static problem. In

all earlier periods, first, the true cost is not simply the static cost Mt, but instead the dynamic

expected cost Mt - 1Et (Mt+). Second, there is uncertainty and risk aversion; as already

mentioned above, a positive wedge can arise if the tax burden on human capital is lower in

states with high marginal utility of consumption. Third, there is also a (stochastic) distortion

to physical capital accumulation, which needs to be taken into account. The (risk-adjusted)

human capital subsidy and the (risk-adjusted) intertemporal wedge need to co-move inversely.

This is because, if the tax on physical capital increases, there is a substitution towards human

capital, and a lower subsidy is needed to stimulate it. Finally, adding back po, # 1 would push

the optimum even further away from pure contemporaneous deductibility, as an additional net

encouragement or discouragement of human capital would be desirable.

The right way to implement full risk-adjusted dynamic deductibility, which is the optimal

policy when po, = 1, is a risk-adjusted deferred deductibility scheme. For the sake of the

exposition, assume that 3 = 1 and MJ (et) = 1. Start from period T, in which a simpleR

deductibility of expenses is sufficient with -TT- TT, and work backwards in order to rewrite
aeT - YT'

the total change in the tax burden from an incremental investment at t as:

t (Obtained by applying formula (2.23) to this tax system. See Appendix formula (2.58) for a rewriting.

" The discrepancy in this recommendation to the one in Bovenberg and Jacobs (2005) does not come from the

restrictive wage function assumed there, because the argument made in this subsection is for the case in which

Po, = 1. It arises instead from the dynamics and risk.
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The optimal subsidy is hence equivalent to a deferred deductibility scheme, in which a fraction

(1 - 3) of the human capital expense of time t are deducted from taxable income in each sub-

sequent period. Intuitively, with changing income tax rates Q, a non-dynamic deductibility

scheme would mean that the expense of time t would be deducted at time t's marginal tax

rate, but the returns to this investment would accrue in the future when the agent faces po-

tentially different marginal tax rates. If income is growing over time and marginal tax rates

are increasing, as in a progressive tax system, there would be insufficient incentives to invest

in human capital. A poor student would see little benefit from deducting his tuition fees from

his low income, only to pay high marginal tax rates in the future. In addition, there is a "no

arbitrage" term, (the last term in (2.41)), which takes into account the relative shift in the

future tax schedule from more physical capital stock versus more human capital stock. Since

physical and human capital are two ways to transfer resources intertemporally, there should at

the optimum be no incentive to substitute from one to the other because of a tax advantage. If

full deductibility is not the target, (i.e., po, $ 1), implementing the optimal allocation requires

adding back the optimal net subsidy each period, on top of this scheme.6 2

Tax incentives in the form of deduction schemes for higher education expenses are common,

but are usually contemporaneous to the expense. In the US, the American Opportunity Credit

and the Lifetime Learning Credit allow families to claim a deduction up to a certain level per

student per year for college, as well as for books, supplies, and required equipment.

The deferred deductibility scheme sets the right incentives in expected, discounted utility

terms. Figure 2-11 illustrates that the scheme is naturally progressive and provides insurance,

by plotting the fraction of the net present value of human capital expenses that the agent cannot

deduct against the net present value of lifetime income. Lower income agents hence end up

6
2 The linear cost is for exposition only, since we want interior solutions in general. See Appendix formula

(2.57) for the general case.
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Figure 2-11: Progressivity of the deferred deductibility scheme
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Lower income people can deduct more than they spend on human capital, while higher income people deduct

less.

deducting more than they actually spent on human capital, while higher income agents end up

deducting less and hence implicitly cross-subsidizing lower income agents.

2.6.4 Welfare Gains and Simple Age-dependent Policies

What are the welfare gains from the optimal mechanism, and how do they compare to the

welfare gains from simpler, linear, but age-dependent policies? The first line of table 2 shows

the welfare gains from the second best relative to the laissez-faire economy, with no taxes or

subsidies, in which agents are unconstrained to borrow and save at the gross interest rate R.

Four cases are distinguished, according to the value of the complementarity coefficient between

human capital and ability po,, and the volatility of the productivity shock o .63 Welfare gains

are expressed as the percentage increase in consumption which, if received every year after all

histories, would yield the same gain in lifetime utility.

Although comparable, welfare gains are higher when human capital has negative insur-

ance and redistributive effects (po, > 1). In this case, the laissez-faire economy features both

more cross-sectional consumption inequality and higher consumption volatility over time, which

makes the insurance from the constrained efficient mechanism more valuable. Naturally, welfare

6 3 The high volatility (0.0161) is from Storesletten et al. (2004).
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gains are higher when productivity is more volatile.

TABLE 2: WELFARE GAINS

po,= 0.2 po, = 1.2

Volatility Medium High Medium High

Welfare gain from second best 0.85% 1.60% 0.98% 1.76%

Welfare gain from linear age-dependent policies 0.79% 1.53% 0.94% 1.74%

as % of second best 93% 95.6% 95.5% 98.5%

Medium volatility is 0.0095, high volatility is 0.0161. Line 1 expresses the gain from the second best, relative

to the laissez-faire economy, in terms of the equivalent increase in consumption after all histories. Welfare gains

are higher when human capital has negative redistributive and insurance values (p,, > 1). Line 2 shows the gain

from linear age-dependent policies relative to the laissez-faire, while line 3 expresses this gain as a fraction of the

gain from the second best.

Age-dependent linear policies achieve a very large fraction of the welfare gain from the second best.

Given the clear age trends in the above figures and in the optimal formulas, it is natural

to compare the full optimum to simple age-dependent policies. The policy under consideration

sets the linear human capital subsidy, the linear income tax rate, and the linear capital tax rate

at each age equal to their cross-sectional averages at that age. It is numerically challenging to

precisely optimize over age-dependent tax rates, given the number of periods and the presence

of three instruments; hence, this procedure delivers a lower bound for the welfare gains. It turns

out, however, that even this lower bound is very tight. Indeed, the third line in table 2 shows

that welfare gains as a fraction of the second best gains range from 93% for a low-volatility and

low po, case to a surprising 98.5% for a high volatility and high po, scenario. This suggests that

- for these particular calibrations - the history-dependent policies can be informative about

simpler, history-independent policies, and that the bulk of the gain comes from the age-trend

of optimal policies. 64

6 4 A word of caution is needed. Given the order of magnitude of 10e-5, it is actually very challenging to estimate

these welfare comparisons between the second best and age-dependent policies precisely, especially over longer

horizons. The numbers should only be taken as evidence for small welfare gains, not precise welfare calculations.

The author is currently studying which other factors are most important for the welfare gains. For instance,
stepping away from log utility and from a log-normal process for 0 can increase welfare gains.
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These findings are reminiscent of Mirrlees' (1971) conclusion that static optimal income

tax schedules appear close to linear. They also echo closely recent findings from the dynamic

taxation literature (Farhi and Werning, 2013), suggesting that the addition of human capital

per se does not change this result.

2.7 Extension: Unobservable Human Capital

Until now, human capital was observable to the government, which might be a strong assump-

tion under some circumstances. This section considers unobservable human capital investments,

and focuses on how optimal policies are adjusted relative to the observable case. It starts with

a simplified version of the model without training, but with unobservable human capital ex-

penses. An augmented program is set up, in which the agent's human capital choice needs to be

incentive compatible, in addition to his labor effort and type revelation. This combines dynamic

moral hazard models with hidden savings and models with hidden persistent types, 6 both of

which unobservably modify the agent's future response to incentives. Then, the complete model

is analyzed, assuming that training time is not observable, but human capital expenses are. In

this case, consumption is again controlled by the planner, and hidden training is akin to an

unobservable effort with persistent effects over time.

2.7.1 Unobservable Monetary Investments in Human Capital

Planning Problem

When monetary investments in human capital are unobservable, the planner can no longer

directly control consumption ct. However, savings or physical capital investments remain ob-

servable, and hence the planner controls total financial resources transferred to an agent each

period. The agent can both misreport his type and spend a different amount on human capi-

tal than the planner would choose. As in subsection 2.3.1, a reporting strategy r {rt (0 ')}

specifies a report after each history. In addition, a human capital strategy -= {St ( 0 t) }

6 5 On hidden savings, see for instance Cole and Kocherlakota (2001), Werning (2002), Kocherlakota (2004),
Abraham and Pavoni (2008). On hidden persistent types, see Farhi and Werning (2013), Kapicka (2013) among

others.
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specifies human capital choices. The planner allocates output y (ri) and resources, denoted

by c (r), as functions of the history of reports by the agent. The agent then unobserv-

ably chooses his human capital investment s (0t). Hours of work are determined residually by

I (r') = y (r') /w (of, s (ot)) . The continuation value after history 0 t from reporting and human

capital strategies r and - can be written as:

Wr,a (0t) = ut (c (rt (0t) , st (0 t) , st_1 (Ot-1-))) 4 y (+ () Wra (ot+1) ft+1 (ot+1 lot) dot+1
\Wt (or, S 0

where actual consumption is equal to

c (rt (ot) , st (ot) , st-1 (ot~1)) = Ca (rt (ot)) - Mt (st (0t) - st-1 (62--1))

Similarly, let w (0t) be the continuation value after history 0 t from reporting truthfully and

following the planner's recommended human capital strategy. Incentive compatibility requires

that, after any history 0 , for all reporting and human capital strategies r and -:

(IC) : ' (ot) ;> C, ()ot Vr, c-, Ot (2.42)

The first-order approach replaces incentive constraint (2.42) by two local necessary condi-

tions along the equilibrium path. Again, the agent's envelope condition must hold:

OW (ot) _ WOt (ot, St (ot)) y (0t y ( (ot) + W (ot+1) Of (ot+1 lot)
Oot Wt ( Ot, St (0t))2 t(Wt (ot, St (o2)) Oot

(2.43)

(since there is no training in this subsection, 0'$ (It) denotes the derivative with respect to labor).

Second, since human capital is now unobservable, the agent's first order condition with respect

to st, i.e., the "Euler Equation for human capital," must also hold, which is equivalent to a zero

gross wedge TSt in every period:
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Mt' (St (ot) - st_1 ( 9 t-1)) u' (c (ot)) WS't (ot, st (0t)) y () 01 ( (01) " (2.44)
t ~Wt (ot, St (0,))2 t t (0t, st (0t ) )

+J Mt+1 (st+i (Ot+1) _ t (OT) s/t+1 (C (0t) f +1(ot+1 lot)

The focus is again on interior solutions (see the discussion on this in subsection 2.3.2).

Unobservable human capital raises the challenge of guaranteeing that the first-order ap-

proach is valid. In standard hidden savings problems, a sufficiently strong complementarity

between shirking and savings can invalidate it (Kocherlakota, 2004). But there are still many

cases in which it remains valid (see Abraham and Pavoni, 2008), and the gain in tractability

from it is even larger relative to direct approaches, as the number of potential deviations grows.

The goal of this section is to highlight analytically how optimal policies need to be adjusted

relative to the observable human capital case, in circumstances under which the first-order

approach can be applied. Studying general conditions for the validity of this approach with

hidden human capital is left for future work.

The notation is as in subsection 2.3.3. In addition, a new endogenous state variable is

introduced. Let AS (0 t) be the negative of the expected marginal cost of education in utility

units:

A8 (ot) = J M +1 (St+1 (Ot+1) _ , (0t)) U+1 (c (Ot+1)) f t+1 (Ot+ilot) (2.45)

AS (0t) captures the expected future cost reduction from an investment at time t, or, equiva-

lently, at interior solutions, the future stream of benefits from investment. The Euler Equation

from (2.44) can be rewritten as:

M (St (Ot) - st-1 (Qt~1)) U/ (c (st)) = S't (Ot) g' ( (st) -t3S (ot) (2.46)t ( ( WtW)0(1o) -A

An additional "promise-keeping" constraint with respect to the future benefit of human capital

needs to be added to the program

AS (Ot-1) - J (st (ot) - st- 1 (t~1)) U' (c (OT)) ft (OtlOt-1) dot
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The full recursive formulation of the program is in the Appendix.

The Optimal Labor Wedge with Unobservable Human Capital

With unobservable human capital, both the income tax and the savings tax will be adjusted

to indirectly provide incentives for HC accumulation. A lower labor tax and a higher capital

tax can stimulate human capital investments and mimic a positive net subsidy to, which is the

optimal policy when po, < 1.

The optimal formula for the labor wedge is very complicated, because distorting labor

downwards has several indirect feedback effects on unobservable human capital. First, with

lower hours of work, there is less incentive for the agent to acquire (hidden) human capital.

The wage is lower, which tends to reduce labor further. While this effect is also present with

observable human capital, the planner can no longer directly counter it by controlling human

capital incentives: the realized net incentive tot will be different than the optimal t* with

observable human capital in (2.20). The effective labor distortion is hence larger than TLt as

defined in (2.15) if tot < 0. Second, the income effect from a change in the labor distortion

modifies the agent's incentive to invest through his Euler equation for human capital (in (2.46)).

Finally, changing labor in one period has repercussions on future human capital choices, through

the change in the contemporaneous human capital stock, because of the nonlinear cost of human

capital Mt. All these additional feedback effects of the labor distortion are summed up for

notational purposes in an adjusted labor wedge, ~TD: 6 6

Definition 5 Define the adjusted labor wedge TLt:

TLt TLt 1 i+ Et ) ' _ (A Et (t Mt'u't1 ) -+Mu') 1+ ±
=t -st+ tf (01) mt'ut C

1 - t 1 - TLt (1 - pst) s,tlt (t) (1 - TLt) (1 - Ps,t) Et

(2.47)

where tst is as defined in (2.19) evaluated at TSt = 0; p ( wt < 0; ~E (ot)

~t (0t) / ft (Ot|I1_1) is the normalized multiplier on the Euler for human capital (2.46).

6("The term in brackets in the definition in (2.47) measures how the cost side of the Euler for human capital

is relaxed or tightened. If the planner wants to stimulate human capital beyond what agents would themselves

chose, then it can be shown that ~Y (0) < 0. The adjusted labor wedge is just a re-definition of a distortion that

conveniently captures several terms. But the formulas can of course be re-stated in terms of the rLt wedge, with

the additional terms from ~rt appearing explicitly on the right hand side.
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The following proposition shows how the adjusted labor wedge is set at the optimum.

Proposition 26 i) The optimal adjusted labor wedge rLt satisfies:

~r Lt 0 (0 () ts -U ((G) + I - POt,) (2.48)T~~~t' (tt (C (o0t) )__ C __

I - TLt (0t) ft (OtIt-1) E 1 - ps,t)

where the multiplier p (0t) can be written recursively as:

p(0t) = r-U (0t) +q W"(0)

/( (1 - 1E (0.3) M' (e (Ot-, Os)) U/' (c (t-, OS))

KU (0t) = t (I - gs) ut - it _t1 10) f (081ot-1) dO

. g 't (( ((Ot ,)) A
withg = (1 - jE (Os) Mii (e (Ot-1, 0s)) ul' (c (Ot- I1)))

A-(1 - ,E (Om) M' (Ot-1, Os)) u'/ (c (Ot-1 Om)))
J,\ u= (c (Ot-1 m ) f (Om Iot-i) dOm

o nt ((",M))

y( (0 t-1) F Of ((0 ,1t1) o
f (Ot_110t-2) (./Ot 001

ii) Distortions at the bottom and the top are not zero: TLt (Ot-' 10) 540, Lt ( Ot- 1 0o) | 0.

Formula (2.48) highlights the two roles that the income tax needs to fulfill with unobservable

human capital, namely to insure and redistribute income through the standard channel, but

also to partially substitute for the missing human capital subsidy. Because of the latter role,

the factors which were previously entering the optimal net human capital wedge now affect

the labor wedge formula. Among others, a new scaling factor appears, (I - OjPS:'O ), which

can be greater than 1 when human capital has negative redistributive and insurance effects

(po5 > 1).67 The scaling factor is dampened by the labor elasticity, since by manipulating the

labor wedge to indirectly provide human capital incentives, the labor choice is also distorted,

which is costlier if labor is more elastic. It is not always the case that the optimal labor wedge

"Because all terms in this formula are endogenous, it is not evident whether, after any given history, TLt is
higher or lower than in an equivalent world with observable human capital (i.e., a world with the same primitives,
but not the same allocations).
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should be lower when human capital is unobservable. Intuitively, this is more likely to occur

when po, is small, in which case the planner would favor a larger net subsidy on human capital

if it were observable, but agents do not factor in the full effect of their investment on social

welfare.

The (unadjusted) labor wedge Lt will no longer be zero at the bottom and at the top with

unobservable human capital. Instead, it is the adjusted wedge ~TLt which is zero.

The adjusted wedge can be rewritten recursively to study its life cycle evolution, again under

the assumption that log (0t) follows the auto-regressive process given by (2.28), as in subsection

2.4.4.68

E L 1 Ewo,t-i ( E (1+ '_ (Post-1 - Pss,t-1) (1- PSS,t) u't-1 (ct_1)
Et_1 ( 1 + ) ( s,ti - + Et (u_ 1  (tt-)1) N ' (ct)

(i -1 lo(O) 1 -C Et1EW t 1 + tiC o~-1-Pst1 Cov -' (t1 (1 t t/'u,) , log (0t) )+PR/ 6  t (i - pS,t1) 0 ' (ct) 1 -it1

In addition to the familiar factors, the labor wedge evolution is now also loaded with the

factors which would determine the evolution of the net human capital wedge tt, were human

capital observable (formula (2.30)). Notably, if the insurance and redistributive effects of hidden

human capital grow over time (po,,t decreases), the income tax will rise more slowly (or fall

more quickly) to provide the needed stimulus for human capital. Unobservable human capital,

with potentially varying redistributive implications throughout life, is another element to take

into account when thinking about age-dependent taxation.

The Optimal Capital Wedge with Unobservable Human Capital Expenses

Unobservable human capital expenses are a hidden channel of intertemporal resource transfer,

invalidating the standard Inverse Euler equation (in (2.24)). This is consistent with previous

work with hidden consumption (e.g., Townsend, 1982, Cole and Kocherlakota, 2001), or hidden

preferences (Atkeson and Lucas, 1992). The setup here is a hybrid of the observable and

unobservable consumption cases, because the planner does control total financial resources

6"The proof is the same as for Corollary 3, except that rLt is replaced by iTLt, and the point-wise formula is

(2.48).
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allocated per period, but does not control how these resources get split by the agent between

consumption and human capital expenses. Therefore, the agent's standard Euler for savings

or physical capital does not need to hold, but the agent's Euler equation for human capital (in

(2.44)) does. This imposes a restriction on the marginal utilities across periods. Attempting to

manipulate assigned consumption in different periods carries an additional cost for satisfying

the agent's Euler equation for human capital, because of an income effect. In this case, a

modified Inverse Euler equation applies at the optimum:6 9

,BR(1 - E (0t) Mt' (et) 1'1 (Ct)) _ 0 (1 - iEI (Ot+1) Mt'+1 (et+i) U/1 (ct+i))OR~l t t j + U/t+1 Ct+)) irtf (ot+1|lot)
U (ct) Jt+1 (ct+t)

(2.49)

2.7.2 Unobservable Training Time

This subsection reintroduces training time. Suppose that training time is unobservable to

the government, but human capital expenses are observable. This is most consistent with the

standard taxation framework, as training is another type of effort, such as labor, potentially

difficult to keep track of. Expenses on tuition fees or formal education costs on the other hand

are tangible, recordable transactions - similar to income. Under this scenario, the net subsidy

on human capital expenses is another tool available to the government, in addition to the labor

wedge and the savings wedge, to indirectly encourage or discourage training. The following

assumption simplifies the analysis in this subsection. 70

Assumption 6 #1zt = 0 Vt.

Despite this assumption, training still affects labor supply through the wage. Recall that

Land t* are the optimal labor and human capital wedges when training is observable, as

given in (2.25) and (2.20) respectively.7 1 The relation between the optimal labor tax and the

"9The capital wedge must satisfy a "no-arbitrage" condition:

(1 - TKt) 13REt (u'±1 ) = t M' ( + t '+

7 "The setup of the program and the general derivations are in the Appendix.
7 1These are endogenous functions of the allocations, hence their values here might not coincide with the optimal

ones from the previous section.
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net wedge on observable expenses is given by the following proposition.

Proposition 27 At the optimum, the deviations of the labor wedge and net human capital

wedge from their optimal levels when training is observable must satisfy the following relation:

TLt T * I 1+ E

Lt L(tst - ts*t) (2.50)
1 -TLt 1 -T*t ( -Pzs,t) Et

where s =wz' is the Hicksian coefficient of complementarity between human capital and

training in the wage function.

Hence, the labor wedge and the net subsidy will both be adjusted away from their optimal

levels which would apply if training were observable. They will be modified in proportion to

their effectiveness in affecting training time, that is, respectively, 1/ 1+1' and (1 - pzst) . This

leads to a variation on the inverse elasticity rule, in which the sharpest instrument needs to be

used to indirectly provide incentives for an unobservable choice.

Should human capital expenses be distorted additionally to take into account hidden train-

ing? According to the above relation, in general, they should be, unless the elasticity of the

wage to training does not depend on expenses (pzst = 1). Note once more that this is different

from training and expenses being separable in the wage (pz,, = 0). The labor and human

capital wedges will co-move if pzt < 1, and move inversely otherwise. With a CES wage as in

(2.3) with pzs = pos = p and isoelastic disutility as in (2.27):

1 -Lt T-* (1-p

With unobservable training, the standard Inverse Euler equation from (2.24) holds again,

since consumption is controlled by the planner.

2.8 Conclusion

This chapter studies optimal dynamic taxation and human capital policies over the life cycle in

a dynamic Mirrlees model with heterogeneous, stochastic, and persistent ability. Agents invest

in human capital throughout life, by either spending money or time. The government aims
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to provide redistribution and insurance against adverse draws from the ability distribution.

However, the government faces asymmetric information about agents' ability - both its initial

level and its stochastic evolution over life - and about labor supply. The constrained efficient

allocations were obtained using a dynamic first order approach, and are characterized by wedges

or implicit taxes and subsidies. Formulas for the optimal labor and human capital wedges, as

well as for their evolution over time are derived.

A crucial consideration for the design of optimal policies is whether human capital has overall

positive redistributive and insurance effects. If human capital subsidies stimulate labor supply,

and hence generate additional resources more than they amplify existing pre-tax inequality, they

reduce after-tax income inequality on balance. This occurs when the elasticity of the wage with

respect to ability is decreasing in human capital. In this case, the optimal net subsidy on human

capital expenses is positive and increasing over time. When considering the optimal subsidies

on training time, the additional interactions of training with both contemporaneous and future

labor supply need to be taken into account. The optimal allocations can be implemented

with income contingent loans, the repayment schedules of which depend on the full history of

human capital investments and earnings. If shocks to ability are independently and identically

distributed, a Deferred Deductibility scheme, in which part of current human capital expenses

can be deducted from future years' incomes, can also implement the optimum.

The simulations reveal that the optimal net human capital wedges are small, which implies

that neutrality of the tax system relative to human capital expenses is close to optimal for the

proposed calibrations. In addition, simple age-dependent linear taxes and subsidies can achieve

almost the entire welfare gain from the full second-best relative to the laissez-faire outcome.

Further numerical work could shed light on whether this result remains true with different

preferences, in particular with higher risk aversion.

There are three alternative questions for which this analysis can provide some answers.

First, should the tax system preserve neutrality with respect to the choice between bequests

and human capital spending, two important ways in which parents can transfer resources to

their children? The life cycle can be reinterpreted as a dynastic household, in which parents

finance their children's human capital, with persistence in stochastic ability, and partial or full

depreciation of human capital across generations. A reinterpretation of the optimal formulas
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derived here shows that the optimal subsidy on parents' investments in children's human capi-

tal increases with their children's expected labor taxes, and decreases with the bequest tax. If

the elasticity of the children's wage with respect to ability is decreasing in human capital, the

positive redistributive and insurance effects of human capital transfers on the next generation

push the optimal subsidy higher.72 Second, should productivity-enhancing investments by en-

trepreneurs or the self-employed be made tax-deductible? Workers in the model can instead

be viewed as entrepreneurs or self-employed, who can invest in their businesses' productivity

through expenses for research, knowledge acquisition, or training of the workforce, generat-

ing risky and persistent profits.7 3 If innovation and productivity expenses disproportionately

increase risk, they should be made less than fully deductible. 74 Finally, the analysis could

inform the study of optimal policies towards people's investments in health - another type of

human capital - which also involves both time and monetary costs, as well as heterogeneity

and uncertainty over life.

This theoretical research points to two important empirical explorations that could shed light

on the mechanisms behind, and the magnitudes of, the optimal policies. First, how does the

complementarity between ability and human capital change over life? In contrast to schooling

or higher education, there is little evidence on this for human capital investments later in life,

such as job training. This creates a fruitful link between optimal taxation and the long-standing

empirical labor literature on this issue. Secondly, it has not been documented entirely yet how

strongly people react to current and future expected taxes when making their human capital

investment decisions. While challenging, estimating the long-term effects of taxation on human

capital accumulation appears very important.

7 2 Higher than the subsidy needed to simply guarantee tax neutrality with respect to the choice between

bequests and human capital transfers.
7 3These productivity investments, embodied in people, are distinct from investment in physical machines or

financial assets.
7In the sense that the elasticity of business earnings to risk is increasing in innovative activity. In prac-

tice, many expenses for the self-employed can be deducted, but there is no special category for innovation or

productivity-enhancing expenses.
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2.A Appendix with Proofs

2.A.1 Observable Human Capital

Notation:

wo,t, ws,t, wz,t are the partials of the wage with respect to ability, human capital s and

z respectively. wos,t, woz,t, wss,t, wzs,t, t are the second order derivatives. 01, and #2,t are

the partials of the disutility with respect to labor and training respectively, and zz't, #Izt, 0i1,t

the corresponding second order derivatives. e,t is the elasticity of variable x with respect to

variable y, exyt = dlog (xt) /dlog (yt), hence for instance, ewo,t is the elasticity of the wage

with respect to ability 0. When clear, the history dependence of allocations is omitted, e.g., ct

denotes c (0t).
Link to the Ben-Porath model in discrete time.

In the Ben-Porath model, the general accumulation process for human capital is zt+1

H (zt, at) + (1 - 6) zt with at the fraction of human capital reinvested into human capital

acquisition and 3 the depreciation rate of human capital. Labor supply is equal to it i I-at, the

residual time from human capital acquisition. The rental rate of human capital wt is constant

and earnings are yt = wtztlt. The most general functional form used is zt+1 = 30 at (atzt)2 +

(1 - 6) zt, so that wtatzt is the opportunity cost of human capital acquisition.

In this chapter, a variation of this model is used, which is better adapted to a Mirrleesian

analysis. The accumulation process is simplified along some dimensions and made more com-

plex along others. First, instead of at, the input into human capital is effort or time it. it

plays the same role of at but has a disutility cost, potentially nonseparable from the disutility

cost of labor it (1, i), and not just an opportunity cost of time. This is because, first, disutility

costs from learning are empirically relevant (see Heckman et al. 2005) and second, with ob-

servable human capital, labor would also be observable if we only had: lit 1 - it. Second, the

parameters are fixed so that only time, but not the previous stock of human capital matters

for the accumulation, and there is no depreciation: #, = 1 = #3 and 02 = 6 0. This leads

to a linear accumulation process zt+1 = zt + it. The diminishing returns to human capital are

instead captured in the more complex rental rate for human capital, i.e., the wage, which is
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heterogeneous, nonlinear, and stochastic wt = wt (0t, zt, st) (and also depends on human capital

expenses).

Generalized model a la Ben-Porath: It is possible to generalize the model to feature

an accumulation process close to the one in Ben-Porath. The key change is to make the

accumulation process depend on the human capital stock. Hence, let zt = Zt (zt-1, it) =

zi-1+Ht (zt_1, it) be a more general production function without depreciation (which is without

loss of generality). Define the inverse function with respect to i, It (zt, zt_1) = Zj 1' (zt_, zt).

The accumulation process can be time-dependent. Note now that with 2 = t 9 D't - t D t
a DZ Mt iZt -53 D z-t'

the definition for the net bonus tzt is unchanged. The same formula for the optimal bonus on

training time as in (2.32) applies.

Derivations and proofs for Propositions (20) and (22):

The expenditure function: E (1, w - v, i, 0) defines consumption indirectly as a function of

labor 1, current period utility (ft = w - v), training, and the current realization of the type

(note that conditional on these variables, consumption does not depend on human capital s).

Then, w (0) = ut (c (0)) - #t (1 (0) , z (0) - z_) + (v (0) becomes redundant as a constraint, and

the choice variables are (1 (0) , s (0) , z (0) , w (0) , v (0) , A (0)). Let the multipliers in program

(2.14) be (in the order of the constraints there) ft (0), A_, and -y-. The problem is solved using

the optimal control approach where the "types" play the role of the running variable, w (0) is

the state (and c (0) its law of motion), and the controls are 1 (0), v (0) , s (0) and A (0). The

Hamiltonian is:

(a (1 (0), W (0) - fv (0), z (0) - z, 0) + Mt (s (0) - s_) - Wt (0, s (0), z (0)) 1 (0)) f t (010-)

1
+ IK (v (0) , A (0), 0, s (0), z (0), t + 1) f t (60_)

R

+A_ [v - w (0) f t (010-)] + A - W (0) Of t  (00) + (0) [WOt 1(0) g (1 (0), z (0) - z-) +OA (0)

with boundary conditions:

lim p (0) = lim p (0) = 0

Part i) Taking the first order conditions (hereafter, FOC) of the recursive planning problem

yields (the variable with respect to which the FOC is taken appears in brackets):

T*_ (0) y (0) WOj / (0) llt (1 (0) , (0 ))

V- ()] - _t (C (0)) 1 +
] 1 - T* (0) f t (010) Wt ))1t ( () (0i())

153



using the definitions of C, eU and e in the text:

T* (0) _ 1 (0) EOt (c(0))

1 - i* (0) f1 (010-) 0 E

[s (0)] : -M' (s (0) - S-) + 1 (0) wst + - (v (0)
R

1 (0) #lt (1 (0), i (0)) wo,tWs,t (Pf t (010-)t

where: (letting 0' and s' be the next period's type and human capital respectively):

8K

&s (0) MAI+ 1 (S/ (0') - S (0)) ft+1 (0O0) dO'

so that:

-M' (s (0) - s_) + (0) wet + MI'+1 (s (0')

A(0) 1(0) i,,t (1 (0) , i (0)) -iwo,tws,t (Pos,t -f t (010-) T

- S (0)) f t+1 (o'0) dO'

1)

Use the expression for w,,tlt from the definition of the human capital wedge Fst in (2.17) to

write the first order condition as as a function of the modified wedge tst:

t* (0t) (t) (ct (ot)) Cw't (1 - Pt)
ft (Ot IOt_1) U

From this, we can immediately deduce the relation between the modified wedge and the tax

rate in the text:

tt Lt (1 - poCt)(1 - TLt) ' 1 CEt

The law of motion for the co-state M (0) comes from the first-order condition with respect to

the state variable w (0):

[w(0)] : ( 0) + (A ) +
af t (0I0-) 1

ao_ f t (010_) f
f t (O 1 ) = 4 (0)
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Integrating this and using the boundary condition p (0) = 0, yields:

(0) j (' Ofy - A - ~ Qt (010-)
nern ad ui n 't (C (0)) c-

Integrating and using both boundary conditions yields:

0 U' (c (0))
f t (010-) d0

f t (010-))
f t (010-) (2.52)

(2.53)

Using the envelope conditions K(v(0),A(0), ,s(0),z(0),t+ 1) = A (0) and aK(v(),A(),,s(),z(),t+1) _

-y (0), the first-order conditions with respect to v (0) and A (0) respectively lead to:

[v (0)] 1 = A () (2.54)
U' (c) RO

and

(2.55)

Using (2.53) and (2.55) in the expression for p (0) from (2.52) yields: [ (0 t) = , (W) + 7 (Wt)
where

( t ) =/
. Ot.6

1

,' (c (0))
I

1
u f (mKO_) dm f t (010-)

U, (C (m))

q (0t ) = - (-_) .It
Of t (010_) dO

90 -
- (Ot-1) Rf

f (Ot-110t-2)

f t 0 10-) d
t D

where the last equality uses the lag of (2.55). The multiplier is replaced by the last period's

t* (respectively, Trt- 1) using the optimal formulas to obtain the expressions in proposition

(20) (respectively, (22)).

Part ii) The proof is immediate by inspection as long as p (0t) > 0 Vt, VOt, which is now

proved.

Lemma 5 Under assumption (4), p (0t) > 0 Vt, VOt.

Proof of Lemma 5:

The proof is close to the one in Golosov, Tsyvinski and Troshkin (2011), for a separable

utility function and with human capital. From the envelope condition and the FOC for v (0) in
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(2.54):
OK R/3

K A (0) = (0OV U't (C (0))

Since by assumption v (0) is increasing in 0 and K () is increasing and convex in v, it must be

that 'A is increasing in 0, so that as well is increasing in 0.

Start in period t = 1. In this case, since 0o has a degenerate distribution, ' (01100) = 0

and

p (01) J ( c& - A) f (1) d5,

01 ('i (C (51)

Choose the 0' such that 1 . Since is increasing in 0, for 0 ', p (0 ) > 0WNWc()) U7-

(integrating over non-negative numbers only). Using the boundary condition A (0) = 0, [t (01)

can also be rewritten as:

P (01) = * 0 (c( I + A- fP (51) dO1

Since for 01 < 0' 1 < A-, we again have p (01) > 0. Thus, for all 01, [ (01) > 0.

By the first-order condition for A in (2.55):

-Y (01) -P (01)
R3 f(01)

so that y(01) < 0, for all 01. Note that y (0 2) is equal to:

A (02) 1 (A-) - Of (52 101) f (5201)
02 (2 (C (52) 0 f (52101)

g (52101) _____

Since by assumption (4) iii), is increasing in 02, and we already showed that

is increasing in 52, there is a 0' such that

1 8f (0'201) _A

'2 (C (02)) 001 f (0'2101)

and such that for 02 0'2, P (02) > 0 (since integrating over non-negative numbers only).

Rewriting [t (02) as an integral from 0 to 02 and using the boundary condition 0 = 0, we can
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again show that p (02) > 0 also for 02 < 0'- Proceeding in the same way for all periods up to

T shows the result.

Proof that tst = 0 when po, = 1 without using the first-order approach:

Consider a separable wage w = Os, a history Qt and a perturbation of the allocation for all

in a neighborhood of 0', 0t-O I < r such thats ( = s ( t ) +6 andya (6 = y ( t ) +dy (

such that ) = s() ,i.e., dy ( = . This perturbation leaves utilities and incentive
Y6(61) - Y t )S( )

compatibility constraints unaffected. The change in the resource cost must hence be zero in this

neighborhood, and letting r] -+ 0, we obtain: - + (Mt (e (0)) - Et (Mt+1 (e (0')))) = 0,

which is equivalent to tst = 0 for the multiplicative wage.

Part iii) If 0 is iid, -y_ 0 and r/ (0 t) = 0 for all t. In addition, if u' (ct) = 1 Vt, then

, (0t) = 0 as well.

Part iv) is immediate from the boundary conditions p (0) =p ()= 0.

Proof of Corollary (1) :

The general formula for po, / 1 is obtained from the FOC for st, together with the definition

of the gross wedge in(2.17), and replacing the multiplier p (0t) by the expression from the

optimal tax formula:

TSt (0t) = + (1 - pos (M't - Tst (0t) [1 (0t)

- (i -(') Et (Mt±+ (st+1 (0t, Ot+i) - st (0 t))) TKt(0)

When po,,t =1 Vt, the expression becomes -r* = -T (1 - Tr t) (1 - ',) Et (M ')

t R(1-T * L Mt-(-i t+1

equivalent to the one in the corollary.

Proof of Proposition (21):

Taking integral of t (0) in equation (2.51) between the two boundaries, 0 and 0, and using

the boundary conditions p (0) = p (0) = 0, as well as the expression for A- from (2.54), lagged

by one period, yields the inverse Euler equation in (2.24).
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Proof of Proposition (23) :

Taking the first order condition of the Hamiltonian in the proof of proposition (20) with

respect to zt yields:

+ Wzt + +zt1 ft+1 (Ot+1 lot)u$ (ct) (I R -t z J 1)Ru()

/-t (0t) Ilt J (It, Zt - Zt-1) - woz't -

+ 1 E (f A (Ot+i) W't+1 It+17izt+ )

LtO/ltWO,tWz't

Using the definition of the training time bonus, TZI to replace for wztlt yields:

+ _ + 1 z

+ Ru' (ct±1) . t1(tfo)=-(1 -TLt) Tz TLt ( 0' )d

with Pzt and as defined in the text. The FOC then becomes:

( T zt
- TLt ( + PZt

(1 - TL)

z, Nd ft (0

- 'TztlI

(o) EOIt
tlot_1) O

-'(0t) 
/ (c

ft (otlotl)U t) + (Ot POzt)

[p (Ot+1) EWO't+1 t olti
f t+1 (ot+1 lot) Wt+1 +1 zt+

[ (CO) -
TztI

We can again replace the multipliers by the labor wedges, and note that

wzvtiot (It)
E42,t 4
8

9 z,t P z't

to obtain formula (2.32).

Proof of Corollary (3)

The derivation of the time evolution of the labor wedge follows Farhi and Werning (2013).

Take any weighting function 7r (0) > 0 and let Il (0) denote a primitive of ir (0) /0. Starting

from the expression of the optimal labor wedge in (2.25), multiply both sides of the expression
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by 7r (0) > 0. Integrating by parts, yields:

f r 1t (0') ft(a oa) at E 1 Ir (0t)d -

(1 - TLt (at)) E6Ot 1 + E, u' (c (at)) at i( t) 7 dotJ ( ot

(-t) Ja (t) dot

1 Rf3

-I U' (c (at )) U'-1 (c ( t-1))
+ R/p ( 1)

f (Ot 110t-2)

Of t (A I O-1) 1
Oot-1 f t (Otlot _1)

ft (OtIOt_1) H (0t) dat

J + R3 R 3 t-1 1 E6_I Oft (atljt- 1 ) 1 t ( a AA)- 1't ' (1- TLt-1) U'-, wO,t- 1 + u 0t-1 ft (AtAt)}

where the third line uses the expression for A- and y_ from respectively (2.54) and (2.55)

evaluated at t - 1. The 4th line uses the optimal wedge from (2.25) at time t - 1 to substitute

for the multiplier [t (Ot-1). Using the inverse Euler Equation, yields a general formula for any

stochastic process and weighting function:

Et-i t (at) Ot ei 't _1 (c (atl)) 7r (at)

-1 (1 - TLt (t)) EwO,t 1+ r U't (c (at)) at )

t_1( ) , H (at))
C v 'I t (Ct (ot ))

+ Rf3TLtI Ot-i Etc

-TLt-1) EmO,t-1 1 + EI_ 1

(2.56)

Oft (atit1)H()d t
J lo t_,

For the particular weighting function 7r (at) = 1 (with H (0t) = log (0t)), and with the AR(1)

process assumed for log(at), the formula becomes as in (2.29).

Proof of Corollary (4):

The net wedge on human capital can be rewritten similarly as in the proof of Proposition

3, using the same weighting function wr (0) = 1:

f tt 1 ft (t| it_1)
t u' (ct (at)) e6 Ot (1 - Post)

(a 1)))f 
t (atI t 1) log (0t) dat + R! P (o-) ) I

t'-_I (C (o - )) f (Ot-1|6t-2-) J
Of t (AA 1) log (t) dt

aot-1It (Ct(a t))

where the second line uses the expression for A_ and y_ from respectively (2.54) and (2.55)

evaluated at t - 1. Using the optimal wedge from (2.20) at time t - 1 to substitute for the

multiplier p (ti1) , the boundary conditions for p (and the resulting Inverse Euler Equation),

and the log AR(1) process for Ot, formula (2.30) in the text is obtained.
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2.A.2 Implementation

A sequential reformulation of the recursive allocations:

Any solution to the recursive social planner's problem can be mapped into a solution which

depends on the full past history, using a recursive construction. To see this, denote the solutions

to the recursive problem at time t, for each realized type Ot, as a function of all state variables

by:

v* (VtIa, AtI, st_1, Gt_1, B0 , At* (Vt-1, At_1, st-1, 0t-1, Ot) ,uot* (Vt_1, At_1, st_1, t-l, Ot) ,

y* (Vt_1, At_1, st_1, OtI, Ot) , s* (Vt-1, At-,, st_1, 0,_1, Ot) , c* (Vt-1, At-1, sti 1 Ot_1, Ot)

and the solutions to the planner's sequential problem by {x* (Ot )} {y (at), s* (Ot) , c* (Ot )}

The dependence on initial promised utilities in period 1, due to initial heterogeneity, is dropped

for notational convenience; they can be just carried as an additional conditioning variable. This

allocation gives rise to a sequence of utilities for the agent, generated recursively by:

w* (0t) U (c* (ot)) - # + Jwt+1 (0t O±t+) ft+1 (O+1 Ot) dOt+
W (t, s* (t))

V * (0t) = Wt+1 (0t O t+1) f t+1 (Ot+I10Ot) d~t+1

Ai* (2) = (A*+ (O t+1 f t+1 (Ot+I1|0t) d~t+1

To initialize the allocations, set w* (01) = w* (vo, A0 , so, 00, 01) U (01) (if there is initial

heterogeneity in 01, with vo arbitrary in that case, Ao = 0), y* (01) = y* (vo, A0 , so, 00, 01),

s* (01) = s* (vo, Ao, so, 00, 01), and construct iteratively the full, history dependent allocation

for all histories 0 using the difference equations:

w* (0t) = wt* (V*_s (Ot~) , A* -1) , s*_1 (ie).,

whr t and I are written as functions of uot_1, i.e.,

ot_1 (0'1 Wt_1 (0'1 - 1 (ce*_1 (Ot-1)) + #t-1 ( _1_ )O-,Swe_1(Be 1, t_1( )
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At1 -*_ ((0-t - opt - (yt*_, (0'-') /Wt- ( (s* 1 ( -1 , t _1)) * 0t 120 t3 aot- Wt-I (s _ -I ) t-1) -

Construct also:

y * (0t) = y* (V ot*_ 8-1) , A*_ t9 ) ,* s t*_ I8-),

st* (0t) = c* (v* 1 (ot-1) A* 1 (t1) S t1 (-), 1)
e* (t) = e (t (tl , It_ (0t ) st_ (0 ), 1 1

Using these sequential optimal policies in the planner's problem we can rewrite the costs

as a function of the history, i.e., Kt (ot-1) = Kt (v*1 (ot- 1) , s*_ ( 1--1) , O,_). or, if agents

also have heterogeneous initial wealth levels, Kt (bo, Ot-1). Note that in the planner's problem

(i.e., in the direct revelation mechanism) initial wealth holdings are irrelevant since the planner

can fully observe and allocate consumption. Since agents can borrow at the same rate as the

government, without loss of generality, agents can do all the borrowing and saving on their own.

The implicit wealth levels are then defined recursively as: I* (bo, t) y* (bo, Ot) - c* (bo, Ot) -

M(e* (bo, Ot)) + b* 1(bo, Ot)

General Deductibility Scheme

With nonlinear cost, the general expression for the deferred deductibility scheme is:

-~ U E t+ - -1 - Me'+ + ET- (2T7
____ 13jEt U 9t-1 (uEt ( (2.57)

1t 'I~ (I/'j OTt±, _ Tt±i
E ( - 'M',t+j) E+- 1 (M'+,) &b - st- I

j=1 (

The first set of terms capture the deferred deductibility from the income tax base. Because

the marginal cost is no longer constant, the deduction in period t + j occurs at the dynamic

marginal cost effective in that period (Mt+j - iM+J+1), not at the "historic" marginal cost

faced by the agent at the time of the purchase Mt, i.e., a purchase of Ae at time t is deducted

as (Mt', - !Mt+j+1 )Ae from yt+j at t +j. Otherwise, there would be arbitrage possibilities.7 5

Similarly to the text, the "no-arbitrage" term takes into account the differential tax increases

7Note that with linear cost, as in the main text, this is just (1 - 3) with 0 = - for all t < T, and 1 for t = T.

161



from physical capital versus human capital, except that now the nonlinear, risk adjusted cost

(1 - e'f',t~j) Et±j- (M±+ enters the picture. The deduction is risk adjusted, as witnessed by

the insurance factors, '' -CoV -1, AM+ 1) / (Et (!,+1 - 1) Et (M+ 1 )), defined

in the text.

As stated in the text, formula (2.40) can be rewritten in terms of the risk-adjusted, dynamic

cost:

_ (U't~i (&T,,±1 _ T~± _ T T 1 '' t+

-e +E + +eti = ' t -a (1- 'Mt+1) Et ORU Et (M'+1)

(2.58)

Solving this relation forward, yields the analogous to (2.57) with Mtd.

Proof of Proposition (24)

In the first step, we construct the history-independent savings tax, in the spirit of Werning

(2011), with added human capital. Consider an incentive compatible allocation expressed as a

function of the full history ct (0t), yt (0t) et (0t),st (0t) , and its associated continuation utility

wt (0t) , and suppose it is implemented as the outcome of a direct revelation mechanism with no

savings. Allow agents to save any desired amount, with the restriction bT > 0 (end of period T

asset level). Consider a general tax function T Kt (bt, rt) as a function of savings and the history

of reports up to period t. Given the report of the agent up to period t - 1, and the report of the

current shock, the planner assigns ct (r t - 1, ) , Yt (r t -1 , rt), et (rt- 1 , rt) and the agent chooses

savings bt. Let V (bt_ 1 , rt-1 , Ot) be the continuation value of an agent with beginning of period

savings bt_ 1 , a history of reports r-1, and a realized shock Ot. The agent's problem is:

V (b, 1 , rt-1 Ot) = max Vt (bt_ 1 , bt, r t - 1, rt, Ot)
rt bt

with V7t (bt- 1, bt, r 1 - 1, rt, Ot) defined as the value from saving an amount bt and reporting rt:

ut (r- 1 ,rt) + bT._1 -(btT (bt, rt, rt))) - #t(,(r rt)
Vt (bt_-1, bt, r , rt, Ot) = \1O

+ E (Vt+1 (bt, rt , Ot+1) 100

In period T - 1, define for each type realization 0T-1, current asset level bT-2, history of

reports rT-1, and savings levels bT-1 a fictitious tax To1 which makes an agent just indifferent
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between saving bT- and saving zero.

WT- I - UT- ICT-1 (r) + bT-2 - RbT-1 - TbTrT- )

Y 1(r - )T-1
T-k T1 T ( T - 1 ) +OE (VT (bT_1,rT-,OT) OT-1)

T_(OT_1,ST_1(r -)

Taking the sup over all types 0 T_1 yields a history-dependent, but type-independent savings

tax Tk (bT1, r T ) supoTl TKT_ (bT1, rT -, 1 )

By induction, suppose that in period t the agent is faced with a continuation value function

Vt+i (bt, rt, Ot+1). Define the tax function for period t as TKt (bt, rt) supo, TKO, (bt, rt, Ot) with

T t (bt, r', Ot) to equate:

Wt (Ot) Ut ct (r') + bt- 1 - bt - Tt (bt, rt, O) - WYt (rt) ) + OE (Vt+1 (be, rt, Ot+1) IOt)

Work backwards to define the tax functions in this fashion for all periods. The sequence of tax

functions {TKt (bt, rt) }- thus defined implement zero savings each period for all sequences of

reports. Next, take the supremum over all histories of reports rt to obtain a history independent

tax which implements zero savings.

TK (b) = sup TK (b, rt)
Tt

In the second step, we construct the loan and repayment schedule that mimics the direct

mechanism above. Note that Lt can directly be mapped into a history of human capital and

education levels et (recall that so = 0), using that et = MJ-1 (Lt) Hence, (Lt-, yt-) and

(et-1 IY-) will be used interchangeably. First, set implicit finite (but potentially very large)

upper and lower limits on asset holdings, b > 0 and b < 0. This can be done either by extending

the proposed savings tax so that for bt > b and bt < b, Vt, it is confiscatory (e.g., tax away all

wealth and imposes a large penalty on borrowing) or by directly setting borrowing and saving

limits. Let B = [b, b].

In each period, all allocations which can arise as outcomes in the optimum are made afford-
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able:

D (L-t-1, e* (Ot-1, 0) , y* (Ot-1, 0) + TY*y (ot~1 0) = * (0t-1, 0) - c,* (O1() 5 9 )

Li (e't (o"1)) =Mt (et* (Ot-1, o)) (2.60)

for all (Lt-l, yt) such that 0-1 E t- ({M 1 (L 1) ,..., Mgi- (Lt 1 )} yt-l) # 0 and all

0 G R.

To mimic the direct revelation mechanism, we need to exclude pairs (et, yt) which would not

be assigned to any type Ot in the social planner's problem after a history 0 -1, and, consequently,

exclude histories (yt-l, et-1), which do not correspond to any history -*1. Call "non-allowed"

a choice which is not assigned in the social planner's problem for any type Ot after history t-1,

i.e., such that (et, yt) V QtJ- (0 t-1). The repayments at non-allowed levels have to be sufficiently

dissuasive to make them strictly dominated by allowed choices. Then the history of reports

would exactly be tracked by rt = ~ E Qe- (Y1, etl) , and the agent's problem becomes

equivalent to making a report rt E E in each period, by choosing a pair (et, yt) designed for

some Ot after t-~1. We know that in this case, the previously constructed history-independent

savings tax would enforce zero savings.

There are several ways to rule out non-allowed allocations, and the goal here is just to provide

a possible one, which is to simply set the repayment prohibitively high, so that irrespective of

savings, it is never optimal to chose such allocations. For instance, after a history 0 t-1 E

eT-1 (eT-1, yT-1) and for any choice (et, yt) ( Qty (0O-'), set

Dt (L'-', y'-1, et, yt) + Ty (yt) > [I> - b + yt]

i.e., the repayment plus income tax at least confiscate income and impose an additional penalty

such that all wealth is confiscated and agents can never borrow sufficiently to retain positive

consumption.7 6 This leaves the agent with zero consumption, and will never be chosen. More

generally, arbitrarily large repayments can be set. The second and less draconian way is to take

7 To extend the repayment scheme's domain to histories Lt-l,y'~l for which aT-1 (eT-1, yT-1) = 0, set for

all et, yt after such histories:

Dt (Lt-,y y-1, et, YO) + Ty (yt) > I>-b + yt
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the envelope of the repayment schedules which, after each history, for any possible beginning of

period wealth and optimal savings choice, would make the agent just indifferent between any

non-allowed allocation and his optimal allocation. 77 Whatever the method chosen, once the

non-allowed choices are ruled out, each period, after every history, the agent faces a problem

equivalent in outcomes to the direct revelation mechanism, i.e., he faces only allocations which

are also available to him in the social planner's problem after that history. Accordingly, the

savings tax ensures that he will find it optimal not to save. By temporal incentive compatibility,

he will chose the allocation designed for him.

Proof of Proposition (25) :

The proof is an extended and modified version of the proof of Proposition in Albanesi and

Slect (2006), adding human capital. With iid shocks, the recursive formulation of the relaxed

program no longer requires the states A and Ot-1:

K (v, s_, t) min c (0) + Mt (s (0) - s_) - w (0, s (0)) 1(0) + -K (v (0), s (0), t +1) f (0) dO
(c(O),I(O),W(O),s(O),V(O)) .

subject to:

W (0) = Ut (C (0)) - Ot (1 (0)) + OV (0)

W (0) = 2'' 1 (0) 01, (1 (0))

V= w (0) f t (010_) d0

Denote by K-1 ,s and K-1 ,v the partial inverse functions of K (v, s, t) with respect to its

arguments s and v respectively. Define the set

Qe, (b-, s_) {e, y : e = e* (v, s_, Ot) , y = y* (v, s-, Ot) for some Ot E e, with v = K- 1 ,v (b_, s)}

to be the set of output levels yt and education levels et which are available to an agent with

promised utility v and previous human capital level s- in the social planner's problem. The

7 7 A more sophisticated implementation, which smooths the repayment schedule to make it differentiable is

currently explored by the author. That implementation involves adding wealth as a conditioning variable in the

repayment function. See as well the next implementation below.
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value function of the agent who starts a period with wealth bt_ 1 and human capital st_1 is

denoted by V (bt_1 , st-1), as in the main text.

In each period t, the agent's problem can be split into two stages, because of the separability

between consumption and labor. In stage 1, he chooses labor supply lit (equivalently, output

yt) and human capital expenses et. He pays a tax Tt (bt- 1 , st-1, yt, et) and is left with a total

resource amount b' = yt - Tt (bt- 1 , st-i1, yt, et) - M (et)+ bt-1. In stage 2, he chooses consump-

tion and next-period bond holdings, bt to maximize V"' (bm, sti-1 + et), the intermediate value

function from resource level b', defined as:

V"' (b", st) max (ut (ct) + /Vt+ 1 (bt, st))
t ct,bt

1
s.t. :b' = ct + Ibtt R

with VP"' (b', ST) = UT (bm). Denote the market outcomes by bt (b", st) and 3 t (b', st). In stage

1, the problem of the agent is:

V (bt_, st_1) = y max d(-/t (yt (0) /wt (0, st-1 + et (0))) + Vt (b " (0) , st (0))) f (0) dO
{yt(O),et(O),bt"(O)} e

s.t. : b = yt - T (bt- 1 , st-1, yt, et) - M (et) + bt_ 1

Let the market outcomes be denoted by Qt (bt_1 , st_1, Ot), 6t (bt_1, st-1, Ot), and b' (bt_1, st-1, Ot)

for each type Ot.

In each period, the planner solves a two-stage problem as well. In the first stage, he allocates

human capital expenses et, output yt, and an intermediate promised utility v'. In the second

stage, he allocates consumption ct, and continuation utility vt. In stage 2, given an intermediate

promised utility v", and an acquired human capital level st-1 + et = st, the planner solves the

program with intermediate continuation cost function K' (v', st, t):

1

K m (v7",st,t) - min ct +-IK(vt,st,t + 1)
Ct,Vt R

s.t. : Ut (Ct) + Vt = v"

with K (VT, ST, T + 1) -- 0. Denote the solutions to this problem by c* (v', st) and vt (v"'m, st).

166



In stage 1, the problem of the planner is hence:

K (Vt1, st-, t)

s.t.

S mmin (M (et (0)) - yt (0) + K m (v't (0), sti + et (0), t)) f (0) dO
{v(O),et(O),yt(O)}. .e
v:, (0) - Ot (yt (0) /Wt (0, Sti + et (0)))

> v7 (0') - $t (Yt (0') /Wt (0, st-1 + et (0'))) V0, 0'

/ (vtm (0) - it (yt (0) /wt (0, st-1 + et (0)))) f (0) dO = vt_1
- e

Denote the solutions to the planner problem by v* (vt_1,st, Ot) , e* (t-i, st-1, Ot), and

yt* (Vt_1 , St_1 , ot).

In stage 2, the problem of an agent who has acquired human capital st and who starts with

intermediate wealth b' = Km (v', st, t) is exactly the dual of the planner's problem who has

promised utility vm =- (Km)-iv (bm, st, t) for an agent with human capital st (where (Km)-v

is the partial inverse of Km with respect to its first argument), so that the consumption choice

of the agent and planner will coincide if mapped appropriately, i.e., t (K m (vt, st, t) , st)

c* (rvm, st). Furthermore, bt (Km (vs, st, t) , st) K (Vt (vm, st) , st, t + 1). To see this, suppose

instead that there was another pair (a, b) , (c*, K) such that a + A-b = bt , but which yields

higher utility: ut (a) + Nt+1 (b, st) > V7* = (Km)- (b', st, t) Note that the choice of

st, already made in the previous stage is now fixed. Under the assumption that Vt+1 (., st) is

increasing and continuous in its first argument, and given that ut (c) is increasing and continuous

in c, there is also a pair (a', a') such that a < c*, b < K with one or both of these inequalities

strict and such that ut (a) + Vt+1 (b, st) = Von*. But then (a', 6') is better than (c*, K) in the

planner's problem and hence, (c*, K) could not have been optimal, a contradiction.

For the first stage, consider an agent with initial wealth and human capital levels bt-1 and

st-1. First, map the allocations from the social planner's problem to allocations defined on the

state space (bt- 1 , st-1, Ot):

y* (bt_1, st_1, Ot)

e * (bt_1, st_1, Ot)

b *' (bt _1, st_1, Ot)

=Y y* (K-l" (bt _1, st_1,7 t) , st-1, Ot)

= et* (K-l'v (bt_1, st-1, t) , st-1, Ot)

=Ktm (VtM* (Vt-1, st_1, ot) , st-1 + eC* (oV _1, st 1, ot) , 0)
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Then, set the tax level such that for all y, e G QieY (bt1 , st1),

Tt (bt- 1, st-_I, y* (bt-_1, st-_1, Ot) , et* (bt-_1, st-_1, Ot))

yt* (bt_ 1 , st_1, Ot) - b*"' (bt_1, st_1, Ot) + bt_ 1 - Mt (e* (bt1, st-1, Ot))

(that is, make all allocations consistent with an allocation in the planner's problem just afford-

able).

To extend the definition of the tax function to the full domain of allocations, even those

which would not arise in the social planner's problem, three steps are taken. First, to rule out

wealth levels bt_ 1 not observed along the equilibrium path, i.e., such that

bt- 7 f K (Vt_1 (91 t_1 (0 - ) , 0)

for any t-1, set the borrowing limits to be bt-1 = min,, K (v, s, t) where the min is taken

over the possible values of v and s at time t in the planner's program. Second, if bt 1 =

K (v* 1 (s ,s*i (5t,1t) for some 5t1 but st_1 # st*_1 (5t-1) (that is, the levels of

wealth and human capital from the past period are not mutually consistent), set the tax T

such that, for all et, yt:

T (bt_ 1, st1, et, yt) = yt + max {bt_1, 0} - min {bt, 0}

Finally, if the agent is on the equilibrium path with bt_ 1 and st 1 , and letting vt_ 1 = K-'1 , (bt- 1, st 1, t),

set Tt such that for all pairs yt, et 0 Qte (bt- 1 , st-1), and all Ot

- t (t e +OV' (bt_ 1 + yt - T (bti, st_ 1, y, et) - Mt (et), st-i + et)
(Wt (0t, St-1 + Ce0)f

< -#t-i*(t 1,S -,0 + V "' (Vt_1, st_1, Ot)
Wt (0t, st-I + e* (ot_1, S±v(1, O())

In the first stage, given the dissuasive taxes on choices which never arise in the planner's

problem, the agent can either choose the full allocation (yt and et) destined for some type Ot

(that could be his own true type), which will then lead him to choose also the continuation

wealth optimal for that same type, or he could choose yt optimal for some type 01 but et
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optimal for some type Ot. This will however leave him with lower value given the taxes on

the off-equilibrium paths. Hence, if a type deviates, he must deviate to the full allocation of

another type. By the temporal incentive compatibility constraint, he will choose not to do so.

2.A.3 Unobservable Human Capital

Proof of Proposition (26) :

A recursive formulation of the problem with unobservable human capital is:

/ =miC () - W (0, s (0)) 1 (0)

+R'K (v (0) , A (0) , As (0) , 0, s (0) , t + 1)

6. (0) ='' (0) ' (1 (0)) + 3A (0)

WWt

W (0) =Ut (C" (0) -A (S (0) - S) - -$t (0 (0)) + V (0)

v w (0) f t(010-) dO

A = (0) O 1 00 )(010_-) dO

Mt (S (0) - S_) U' (C' (0) - Mt (S (0) - S_)) =S 1 (0) #', (1 (0)) -0A, (0)

as =""' (0) Ot (1 (0)) - O'As (0)) f t (010_ ) dO

where the maximization is over (ca (0) , l (0) , s (0) , w (0) , v (0) , A (0) , As (0)), with As (0) as

defined in (2.45).

Let # (1) be the disutility of labor, #' (1) and #" (1) its first and second order partials.

The function & (1, w - fv, s, s, 0) defines assigned resources as a function of labor 1, cur-

rent period utility (rewritten again as: a = w - /v), current and beginning of period human

capital levels s and s_, and the current realization of the type. Then, with the definition

c (0) =ca (0) - Mt (s (0) - s_), the constraint w (0) = ut (c (0)) - Ot (l (0) , z (0) - z-) + fv (0)

becomes redundant, and the choice variables are (l (0) , s (0) , w (0) , v (0) , A (0) ,As (0)). Let

the multipliers on the constraints in program (2.61) be (in the order of the constraints): it (0),
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A, y_, E (0) , . The corresponding Hamiltonian is:

(aa (1 (0), W (0) - Ov (0), s (0), s-, 0)

+A_ [v - w (0) f t (010-)] + y_ EA
- As (0)

Wt () (1()

- Wt (0, s (0)) (0) +- (v (0), A (0), A8 (0) ,0,s (0), t ± 1) ft (00-)

O f(0) (00)
- 0) 0

f t (010-) + AsI

with the boundary conditions:

linm p (0) = lim p (0) = 0
0-+0 0->0

From the FOC of the agents, along the optimum, and all other choice variables of the planner

held constant:

daa 0'(l)

dl i' (c)
W (1 - TL),

dsa = Mt' (st - st-1)'
dst

daa 1
dw tu (c)

Using the three envelope conditions: DK(v(),A(0),A s (),,s(0),t+1) _A (0), K(v(),A(0),A 8(),0,s(),t+1) _
av(o) OA(9)

y (0), and aK(v(0),A(0),A"(0),0,s(0),t+1) _ S (0), the FOCs for w (0), v (0), A (0) , and As (0) can

be rewritten respectively as:

[w (0)] : 1 ( f t (00 )+ (0 M (e) ftit' (C)f (00-)+Af t (010,

[V (0)] : it1 c)

[A (0)] 'y(0) / (0)
R f t (00)

ft[(00_)

Let ~yE (0) and 0-2

p (0) solves:

again denote the shock two periods back. Hence, the multiplier
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+ [ (0) [wot1 (0) 0' (1 (0)) + OA (0)

(0)

+ _f t (00)
ao_ - it (0)

SIA (0) + Y (0)
f t (010-) Mt (et) (2.62)

= IRjy (0)

lys W-S't 1 (0) 0/ (1 (0))
Wt

E (0) [Mt' (S (0) - S-)



( _ E (0,) M;' (e (0,)) 1'' (c)) - X(' u(C) U Rf Oft (0,l0 -)
+ 00- I(f ( , l0_) d8

Using the boundary conditions:

M' (e (Om)) u' (ci)) f (0m0 -) dOm

This equation, together withequation (2.62), lagged by one period, shows that the standard

Inverse Euler no longer holds and is instead as in formula (2.49). The FOCs for labor and

human capital are (with 0' and s' being the next period's type and human capital).

S) 1 <U - 7 E (0) Mt u /
ly EC ft ( 1 -[1 (0)]: TL(0) _ it(0)

1 - L (0) f t (010)

(-M' (s (0) - s_) + wutl (0)) f t (010_) + I j (M+/l1 (S' (0')

+L (0) #' (1 (0)) wotw (1 - po,91 ) + (-E (0) ft (010Wt Wt

+-Y (0) Mt" (S (0) - S-) u ,- YE (0') Mt'1 (S' (0') - S

- (0))) f t+' (0'10) dOf t (010-)

S 2
1yS) 1 (0) 0;' (1 (0)) (ws S 2 '

where ps Wtwt . Using the definition of the net wedge in (2.19) with TSt set identically to
Ws t

0 (because of the agent's Euler equation), the FOG for s (0) allows to derive:

( E (0)

f t (0 _)

___________ _ /-(0) 'wOt (1 - Powt) wt (-LE (-E j1 t +i 1Ui~1 ) - 'AtE lz)

' (ct) W t (1 - p, ) f t (010) wt (1 - p ,t (1 - p ) w,,tlt (1 T t)

Using this expression into the FOC for 1 (0) yields the optimal tax formula.

Proof of Proposition (27):

If training time is unobservable, but expenses are observable, another endogenous state

variable is introduced, analogous to A' in the unobservable st case:

AZ (0) = -Et (Ozt+)
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0
it (0) = I

[s (0)]

A - J'O ( ) (1 _ ~E (0.)

W't U' (Ct) I + E'"+U' (ct St ) ( ,E (0
w wt 7) ft 0|0_)

Lut

0)) u'+, (c (0')) f t+1 (0/10) dOlf t (010-)t
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As human capital expenses are observable, the agent's consumption is again directly con-

trolled by the planner. Define the expenditure function indirectly as a function of the other

choice variables: at (1 (0) , w (0) - fv (0) , z (0) , z-, 0). The recursive program is (with multipliers

in brackets after each corresponding constraint):

K(v, A, Az 0, s_,z_,t) (2.63)

= min It (,s (0), W(0) - Ov (0), z (0), z-,0)+ M(s (0) - s_) f t (010_) dO
E"''''''nAS W (0, s (0), z (0)) 1 (0) + 1 K (v (0), A (0) , Az (0) , 0, s (0) , z (0) ,t + 1)

Ci (0) =Ut (C (0)) - $t (1 (0) , z (0) - Z-) + 3o (0)

o(0)= "' (0)$O't (1 (0), z(0)- Z_) + A (0) [(0)]
Wt

v Jw(O)ft (010)d [A_]

A w(0) Of t 0 1d0 [K_]

Az - wt -Az (0)) f t (010-) dO [-yz]

$z, =wz,tl (0) 1 t - Az (0) ...... [,E (0)]

With the Hamiltonian:

(a(l (0), (0) - /v (0), z (0) ,z,0) - Wt (0, s (0), z (0)) (0)) f t (010_)

R
+A KV ( (0) , (01), +z (), As(8 (0) ,t 1) + (8|8 )
+A- [v -w (0) f t ( _)] +m [ Aw- (0) +) ±p(0) 1 (0) ,, + OA (0)

Tkg 0t) (0) w i t - eAZ (0) -zt and s (wth0) yet - 3Az (t) ft (010) + AzI

Taking the FOG with respect to Zt, It and st (without yet making assumption 6) so as to
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have the general formulas: (recall that 0' and s', z' denote the subsequent period's choices):

[z (0)] U (C (0)) + wZt (0)utc()
-Y (0)

ft (00) ,

#l' woz,- (0) q,# W,t ,t-T-Wtwt

ft+1 (0/10) +
R

+ 't(0) #

- 1 (0) I (+/(0R~ I (,Z (0) + f t+1 (o'/ 0) ) (\Wzt±1l (0') W;t+I Oit1 t+ (0~)

(wzt)2 1 (0) 1 2bt + w ,tlwt (0) #Oizt

't (C (0))

[s (0)] : M' (s (0) - s-) - 1 (0) W

P (0) 1(0)
f t (010-)

S(w) WO 1+ Et

S ft (01\-_ Wt e \

I
0I,t ;j2wo,twsj (I - PO,) +

±+~E(Q) w ,t 1+ Etq YE () OZ5,t 0
ft(010- ) Wt E, ft (0\0_)

s (0)) f (0'10) dO =

1
wt

(z-

The FOC with respect to Az yields:

[AZ (0)] : - yz (0)
OR

(2.64)- + E(0)
f t (0|0-)

Suppose now that assumption 6 holds. From the definition of the wedge Tzt and the net wedge

tzt, as well as the formula for the optimal t*t in (2.32), and the relation in (2.64), the FOC for

zt allows to write:

+ f (0t) )+ 7 [-tzt + t*t]
U (ct) Wzt - 1) +

[ ) - zz,t -7 + -Y1E I (0t+I) Ozz,t+1

- TLt) Wz, - 1)
(2.65)
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- (0)
fP (010-) (1(0)

zt+1

U'41 (C (0/)) J E(0 ') $Zt+1

Wz,tltu' (CO)(I

it W WOt+1

z
Wzztl (0) Oijf t (010-) ) ( Wt

I ' (I (M')

(0_) + ft00-) (0)#qi,t (pro,t - 1)

(0') iz~tl ) t+1 (0'10)



Combining the FOCs for I and s yields:

[it] : (~I L1 - t = - -+- t ( (tst - t ) 'W
1 -Tlt) wzt 1 + E ' \ ft (jlv1) + ( '0 U' (ct) (Pzt -1) Wz,t

or, canceling terms, we obtain the expression in proposition 27. For completeness, the full

expressions for T
Lt and tot are:

(tt - t*) =
(Pzst - 1) ,
Pzzjt~ )

(Pz ,t - 1) )'y 1- ( t+ ) (zz,t+1
(Pzz,t ~ 1) Wz'tlt (1 - TLt)

TLt - T _

[(I - 7LO (I .'TL)

Wt 1±+ t  
1 (t* - tz)

Wz,t Et (pzzt - zt

E (Pzzt - 1)
F ~(~ ) - 'y+1 (Ot+1) Ozz,t+1

Lztl (1 - ) Lt)
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Chapter 3

Optimal Income, Education

and Bequest Taxes in an

Intergenerational Model

3.1 Introduction

Investing in the education of their children is a key concern for many parents. Parents often

make it a priority to ensure that their offspring can attend the best schools that they can afford,

and to save for college. From primary school to college, education expenses can be a major

financial burden on families. Yet, parents can also transfer resources to their children through

financial bequests. There is a three-way interaction between education subsidies, bequest taxes,

and income taxes. Income taxes confiscate some of the returns to education for children, but also

redistribute resources towards low income parents, which facilitates their investments in their

offspring's education. Bequest taxes affect the choice between transferring resources through

education purchases or through financial bequests. Investments in education in turn directly

impact the available income and bequest tax bases and are major determinants of the pre-tax

income distribution. Finally, bequests affect the incentives to work and, hence, the revenues

from income taxes.

These interactions naturally lead to thinking about the optimal balance between income
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taxes, education subsidies, and bequest taxes. Yet, the vast majority of optimal tax research

assumes that education choices are exogenous to tax policy and that bequest and education

decisions are delinked. Therefore, this chapter addresses the following questions. First and

foremost, can we express the optimal formulas for education subsidies in terms of estimable

statistics? These statistics should ideally be robust to heterogeneity in preferences and primi-

tives. It is known that income tax formulas can typically be reformulated in terms of behavioral

elasticities that capture the efficiency costs of taxation and distributional parameters that cap-

ture the redistributive value of taxation (Piketty and Saez 2013a). It would be valuable to be

able to do the same for education subsidies without having to resort to strong assumptions

about the underlying primitives and heterogeneities of agents. Second, how should the income

tax account for education investments and bequests? Should parents' education expenses for

their children be tax deductible? A strong result by Bovenberg and Jacobs (2005) states that

income taxes and education subsidies are "Siamese Twins," i.e., they should be set equal to

each other. In a static model, this corresponds to full deductibility of education expenses. Does

this still hold in a generalized dynamic model with risk? At the very least, do income taxes

and education subsidies comove? Finally, once we step into the realm of dynamic intergenera-

tional models, the burden of estimating the relevant elasticities to tax policy increases. Hence,

are there alternative specifications of the optimal formulas that can specifically be targeted

to estimates that are easier to obtain? This leads us to reformulate optimal policies using

"reform-specific" elasticities, as already introduced by Piketty and Saez (2013b).

Specifically, this chapter jointly determines the optimal linear income tax, bequest tax, and

education subsidy in a dynamic intergenerational model. People live for one period during

which they have children, supply labor, and then die. The setup is as in the standard dynastic

Barro-Becker model: each generation cares about the expected discounted utility of all future

generations. Parents can choose to purchase education for their children and also to leave them

financial bequests. Education investments are risky and are subject to idiosyncratic shocks. The

wage of each individual is a function of the endogenous education investment and a stochastic

"ability." As in the standard Mirrlees (1971) income taxation model, ability is a comprehensive

measure of the exogenous component of productivity and can capture, for instance, labor market

or health shocks. People can also have idiosyncratic preference shocks that affect their tastes
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for work and consumption. The government's goal is to maximize the expected utility of all

dynasties as of the first generation. I briefly consider a simplified one generation model before

moving to the intergenerational model.

The rationale to limit the set of tools to linear taxes and subsidies is to obtain clear for-

mulas despite heterogeneous productivity shocks and preferences. In Chapter 2, I focused on

the unrestricted optimal dynamic mechanism, the implementation of which requires history

dependent, nonlinear tools.

The dynamic intergenerational model in this chapter highlights the different forces at play.

First, even in a static version of the model, the Siamese Twins result for income taxes and

education subsidies does not always hold and it is not optimal to make education expenses

fully tax deductible,.unless a very special condition is satisfied. Namely the relative marginal

revenue effect and the relative distributional effect of education subsidies and income taxes

should be equal. Even more, because of the fully general wage and utility functions, it is not

even the case that the education subsidy and the income tax should comove. In the dynamic

model, bequest taxes can comove positively or negatively with education subsidies depending on

whether bequests and education transfers are substitutes or complements for parents overall. A

crucial determinant of education subsidies and bequest taxes are their distributional incidences,

i.e., how concentrated education expenses and bequests are among high marginal utility agents.

The optimal formulas can equivalently be derived in terms of reform-specific elasticities that

capture the same trade-off between the efficiency and distributional impact of each instrument.

3.1.1 Related Literature

This chapter is related to the large literature on human capital, starting with Becker (1964),

Ben-Porath (1967), and Heckman (1976a,b). A growing number of papers document the im-

portance of human capital as a determinant of earnings (Card, 1995, Goldin and Katz, 2008,

Acemoglu and Autor, 2011), and the financial and other factors shaping individuals' decisions to

acquire education (Lochner and Monge-Naranjo, 2011, Altonji, Blom and Meghir, 2012, Avery

et al., 2013).

It is also related to the optimal income taxation literature since Mirrlees (1971), its linear

counterpart (Sheshinski, 1972), and most of all to the elasticities approach proposed by Saez
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(2001) and explained in Piketty and Saez (2013a).

A long-standing question has been the optimal trade-off between labor and physical capi-

tal taxation in dynamic models (Atkinson and Sandmo, 1980). A stark finding has been that

capital taxation is infinitely distortive in the long-run and, hence, steady-state capital taxes

are optimally zero (Chamley, 1986, Judd, 1985). Piketty and Saez (2013b) shift the focus from

physical capital to bequest taxation in an intergenerational model, and highlight that with un-

certainty and distributional concerns, the optimal bequest tax is not zero. Farhi and Werning

(2010) study nonlinear bequest and income taxation in a dynamic Mirrleesian framework, and

find that a progressive bequest subsidy is optimal. Instead, with more general altruistic prefer-

ences, both taxes and subsidies could be optimal (Farhi and Werning, 2013). In this chapter,

I shift the focus to an additional way of transferring resources to the next generation, namely

education investments by parents for their children.

Several studies have considered the optimal treatment of physical versus human capital

in dynamic macro models with representative agents (Jones, Manuelli and Rossi, 1993, Judd,

1999). The difference to the current chapter is that I allow for stochastic heterogeneity in both

preferences and earnings ability.

A series of papers have considered optimal taxation jointly with education policies. The

benchmark result that will be one of the focuses of this chapter is by Bovenberg and Jacobs

(2005). Using a static taxation model, the authors find that education subsidies and income

taxes are "Siamese Twins," and should always be set equal to each other, which is equivalent

to making education expenses fully tax deductible. Benabou (2002) jointly analyses taxes

and education in a dynastic Ramsey model. Krueger and Ludwig (2013) build an overlapping

generations general equilibrium model, in which "education" is a binary decision that occurs

exclusively before entry into the labor market. The main difference to these papers is, again,

that I do not need to impose restrictions on the underlying heterogeneity or preferences in order

to obtain estimable formulas for the optimal policies.

Several recent dynamic optimal tax papers look at the impact of taxation on human capital

in the spirit of the New Dynamic Public Finance approach that considers general, unrestricted

mechanisms (Bohacek and Kapicka, 2008, Kapicka, 2013a, Anderberg, 2009, Grochulski and

Piskorski, 2010, Findeisen and Sachs, 2013, Kapicka and Neira, 2013, and Chapter 2 of this
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Thesis). By contrast, this chapter tries to analyze restricted, linear instruments, that are

functions of estimable elasticities and distributional characteristics.

The rest of the chapter is organized as follows. Section 3.2 presents the dynamic intergen-

erational model and the government's tools. Section 3.3 first solves for the optimal policies in

a benchmark one generation model with no bequests. Section 3.4 solves for the optimal linear

policies in the full dynastic model, using both standard and reform-specific elasticities. Section

3.5 concludes.

3.2 Intergenerational Model of Human Capital Investment

3.2.1 Preferences and Dynastic Utility

This section starts with the setup of an intergenerational model of human capital investment.

The economy consists of agents who live for one period. Agents are born, have one single child

each, and then die. Total population is hence constant and normalized to 1, so that average

per capita and aggregate variables are the same. Denote a generic agent from generation t and

dynasty i by ti.

Parents are the ones who purchase education for their children. Parents in generation t can

buy education st+1 for their child of generation t + 1 at a linear cost st+1 . In turn, generation t

also receives the human capital that their own parents from generation t - 1 purchased for them.

Human capital completely depreciates between generations. The first generation of dynasty i

at time 1 has an exogenously given distribution of human capital si. This setup mirrors the

fact that most investments in human capital occur before and during college and that parents

account for a large share of these expenses. Indeed, parents typically bear the full burden of

the bill for primary and secondary schooling. Beyond this, parents covered around 40% of total

college expenses in 2012 - down from 50% before the financial crisis (Sallie Mae, 2012). Around

60% of students receive some help from their parents for college (Haider and McGarry, 2012).

In their study of education choices in the kibbutzim, Abramitzky and Lavy (2013) show that

investments in schooling by parents are quite responsive to redistributive policies.

Agents receive their human capital from their parents before they start working and con-

suming. The wage rate wt. of any agent is determined by his stock of human capital and his
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stochastic ability Oti:

wti (s) =_ W (s, Oi)

w is strictly increasing in education and ability and concave in education. Ability 0 ti is

drawn from a stationary, ergodic distribution that allows for correlation between generations.

There are several possible interpretations for 0. For example, with a separable wage form

wti (s) = Otj + h (s), for some function h, 0 resembles a stochastic version of productivity from

the static Mirrlees (1971) model. With a wage such as wti (s) = Otih (s), 0 is perhaps more

naturally interpreted as the stochastic return to human capital. To keep with the tradition in

the literature, 0 will be called "ability" throughout. Ability to earn income can be stochastic

for several reasons, among which are health shocks, individual labor market idiosyncrasies or

luck.

If an agent works Iti > 0 hours at a wage rate wti, he earns gross income yti = wtIlti. His

utility is given by:

Uti (c, y, S) =_ U c, tis
(W (s, oti)

where 77ti is an idiosyncratic preference shock. u is increasing in consumption c, decreasing in

output y, and increasing in human capital s.

In addition to financing their education, parents can also leave financial bequests to their

children. Bequests left by generation t are denoted by bt+i and earn a generational gross rate

of interest R. Thus, generation t inherits a pre-tax bequest of Rbti from their parents. The

initial generation 1 has an exogenously given distribution of bequests bi.

The expected utility of a dynasty i, U12 as perceived from period 1 and discounted by a

generational discount factor /, is given by:

Upi = E1 ( - uti (cti, Yti, StO) (3.1)

where Et is the expectation with respect to the realizations of 0 and rj for all i as of time t. Or,

recursively:

UtI = uti + 4Ut+1i
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3.2.2 Taxes and Budget Constraints

Government policies consist of a linear labor income tax TLt, a linear human capital subsidy

rst, a linear tax on the capitalized bequests TBt, and a lump-sum demogrant G. Hence, the

budget constraint of person ti is:

cti + bt+1i + (1 - rst) st+ 1j = Rbt2 (1 - Tat) + wtj (sti) l1t (1 - TLt) + Gt

One important simplification here is that, because each generation only lives for one period,

the parental bequests and education investments deliver their income at the same moment in

life of the beneficiaries (their children). In a more realistic overlapping generations model with

multiple periods of life, this would not be the case; bequests will in general be received later

in the beneficiary's life than education. This would not matter if there were perfect certainty

and no credit constraints. Parents have consistent preferences with their children and can make

the optimal trade-off between education and bequests without delay. However, when there is

uncertainty in the child's ability and earning potential, being able to decide on bequests later

in life, when the earning potential has been revealed, might make a difference. Indeed, parents

may then try to target bequests to children who have received low ability and low income shocks

so as to smooth consumption and provide insurance across generations.

3.2.3 Equilibrium

Aggregate consumption, human capital investments, bequests received, and output are denoted

respectively by ct, st+1, bt and yt for generation t. I assume that the stochastic processes for 0

and 17 are ergodic, so that, at constant policies (i.e., constant linear tax rates and demogrant),

there is a unique ergodic steady-state equilibrium which is independent of the initial distribution

of bequests and human capital (see also Piketty and Saez, 2013b). Hence, if tax policies

(TLt, TSt, TBt, Gt) converge to constant levels (TL, TS, TB, G) in the long run, then human capital

st+1, output yt, and bequests bt also converge to their steady state levels and depend on the

steady state tax policies.

It is assumed that the government sets the policies so as to satisfy a period-by-period budget
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constraint:1

Gt = 'tYt + TBRbi - 7stst+1 (3.2)

3.3 Optimal Static Taxes and Subsidies

Suppose first that there are no intergenerational considerations, that each person invests in

their own human capital, and that the distribution of shocks ?7 and 0 is iid over time. This

leads to a sequence of identical static problems. In this case, preferences are simply given by

Uj = ui (ci, yi, si) and the budget constraint is:

ci + (1 - rs) si = wi (si) 1i (1 - TL) + G

Social welfare is a weighted sum of individual utilities, with gi the weight on individual i:

SWF gn, (ci, y?, s.) di

The government needs to satisfy his single period budget constraint:

G =Ly - TSS

where y and s are aggregate output and aggregate human capital.

The optimal labor tax in the presence of human capital: Suppose that the gov-

ernment sets the optimal income tax rate TL, taking the education subsidy as given. Denote

the individual elasticity of output by s - dlog (yi) /dlog (1 - TL), the individual elasticity

of education to the income tax by ey = d log (si) /d log (1 - TL) and the aggregate weighted

elasticities of, respectively, output and human capital by:

dlog y I y 2 .
d log (1- TL) . Y

'Piketty and Saez (2013b) show that, if debt were allowed and the government was optimizing the economy-
wide capital accumulation, then a modified golden rule would hold, with 13R = 1 and the optimal formulas
would be unaffected. Despite the fact that their model does not contain human capital, their result carries over
unchanged.
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y dlogs '

dlog (1- TL) i sT

Using the individuals' optimization and the envelope condition, a straightforward maximization

implies that the change in welfare from a change in the linear tax rate dTL is given by:

(ju,di y + L eyiy - e sz) dTL - giuc,iyididTL = 0
-TL. 1- TL i,

Define the distributional characteristic of income to be

giuc,iyidi

J . i iu,,i di

Hence, y is higher if income is correlated positively with the marginal utility of income.

Proposition 28 The optimal static income tax at any given human capital subsidy is:

Y

1 - Y - T EY

The expression for T* captures the typical trade-off between redistribution as measured by

(1 - y) and efficiency as measured by Ey. In addition, there is a term involving the education

subsidy in the numerator. Indeed, if education choices respond to the income tax, there is

a type of fiscal externality to the education subsidy base. Suppose that education choices

respond negatively to the income tax (E4 > 0) and that there is a positive education subsidy

in place. Then, the income tax is naturally lower than if education choices were insensitive

to income taxes and the more so the higher the subsidy to education is. This is because a

higher education subsidy is a measure of how much incentives are provided for education and

it is costly to counteract them with the distortive income tax. If the education subsidy was

zero, there would be no such fiscal externality, and the income tax would be set according to

the standard formula. Note however, in the presence of human capital, the elasticity of income

ey is a composite of the elasticity of labor supply and the elasticity of the wage (driven by

the elasticity of human capital) to the income tax. Nevertheless, all that matters is the full

elasticity of taxable income, observed in the data.

The optimal education subsidy at any given income tax: We can symmetrically

183



derive the optimal education subsidy. Denote the individual elasticity of human capital by

,i= d log (si) /d log (Ts - 1), the individual elasticity of income to the education subsidy by

ES d log (yi) /d log (rs - 1) and the aggregate weighted elasticities by:

d log s si .es = i lg( -1)= e8i-di

dlog(y -1) s

ES = d log y _ s Ye".di
dlog(Ts -1) y

Note that for a subsidy rs < 1, esi < 0 since dst/d-r, > 0. Similarly to the definition of g

above, define the distributional characteristic of education to be:

_ . iuc,isidi

s f, giuc,idi

The higher § and the more education is concentrated among high social welfare weight agents.

In the standard utilitarian framework, giuc, = uc, is just the marginal utility of income, so

that higher consumption agents have lower social marginal welfare weights. Hence, if education

is concentrated among high income agents, then 9 is small. However, as Saez and Stantcheva

(2013) show for the optimal income tax rate, the same formula derived below will hold if one

replaces giuc,i by generalized social welfare weights.

Again, the change in welfare from a change in the linear education subsidy drS is given by:

giuc,idi -s - 1 si + TL 6 yi S drs + giuc,isididrs = 0

Proposition 29 The static optimal human capital subsidy for a given labor tax rL is given by:

1-s + EYrL
1S = _ (3.3)

This formula looks very similar to a standard income tax formula, despite education being a

productive input and not a final consumption good. Hence, there is no "production efficiency"

result a la Diamond and Mirrlees (1971). In general, the optimal subsidy will not be zero

because of the redistributive effect of education 1 - § and a finite elasticity es. The income

tax appears in the numerator because of the fiscal spillover: if output responds positively to
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education subsidies, then a higher education subsidy has an additional positive effect on revenues

raised, which is stronger the higher the income tax rate is. 2

Full Optimum: optimizing jointly the income tax and education subsidy. At the

full optimum, with both TL and TS optimally set, the labor and human capital taxes are given

by:
(1 - s) (1 - - ey) + le (1 - 9

Ts = (- + ES) ( 6-# y) + FSy6 ]

- (1 - g) (1- s +- es) - - E? (1-
TL - + ES) (1 - E - ) + ]

The full optimum is discussed next in relation to Bas and Bovenberg's "Siamese Twins" result,

stating that the linear income tax and the linear education subsidies should be set equal to

each other.

3.3.1 Should Education Expenses be Fully Tax Deductible?

A natural benchmark is the full deductibility of education expenses, i.e., T* = T*. Bas and

Bovenberg find that full deductibility of human capital expenses is optimal with a special

form of the earnings function that guarantees that all agents benefit equally at the margin, in

proportional terms, from human capital investments. In this generalized setup, where both the

wage and the utility function are unrestricted, we can infer a similar result but based on the

observed elasticities and redistributive effects:

Corollary 7 The education subsidy should optimally be set equal to the income tax rate if and

only if:
(YES - ES) (I sS Y ((3.4)

for 1 - 9# 0 and 1 - 03

The left hand side in expression (3.4) is the ratio of the efficiency cost of the education

subsidy and the efficiency cost of the income tax. The right hand side, is the ratio of their

2 Note that because -rs is defined as a subsidy and because the elasticity is defined with respect to rs - 1,
which is negative for rs < 1, the denominator 1 - 9 + Es is typically negative. If output responds positively to

education subsidies, then el < 0.
3If 1 = 9 and 1 =, then T* = -r* = 0, a degenerate case.
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redistributive effects. The optimal human capital subsidy should be set equal to the optimal

income tax if and only if the relative efficiency cost is equal to the relative redistributive effect

of human capital versus output. On the other hand, if the redistributive effect of human capital

is disproportionately large relative to its efficiency cost, then it will be optimal to set r* > T*

and to subsidize education expenses beyond just making them tax deductible.

It is easy to check that the Bovenberg and Jacobs (2005) setting with a multiplicatively

separable wage w = Os, isoelastic, separable, and quasilinear utility ui (c, y, s) = c -

implies that for any welfare weights, s, =j =, 6y =1 - , = -y, es = y - 1, so that

the equality (3.4) indeed holds.

In Chapter 2, it was shown that the relative redistributive effects of education and output

are determined by how complementary ability 0 and human capital are in the wage function. If

the marginal wage benefit of human capital is proportionately higher for higher ability agents,

then (1 - 9) will be large relative to (1 - 9) and T* < T*, so that education expenses are

only partially tax deductible. In addition, the redistributive effects can also be driven by the

idiosyncratic preference shock q.

It is not true more generally that even a relaxed version of the Siamese Twins result must

hold. I.e., it is not necessarily the case that the labor tax and the education subsidy should

comove positively. From expression (3.3), we see that if output is increasing in human capital

(so that e. < 0 for any rs < 1), the human capital subsidy is increasing in the labor tax

rate rL. Indeed, a higher subsidy stimulates output and allows to raise more revenues from

the income tax base the higher TL is. However, the effect of human capital on output is the

result of two effects, namely, the effect of human capital on the wage and the effect of the wage

on labor supply. Because the utility function is fully general, substitution and income effects

of the wage rate on labor supply can occur in many different configurations. It is hence not

guaranteed that Ts and TL will always comove.

3.3.2 Unobservable Human Capital

It might be that at least part of education expenses are not perfectly observable by the gov-

ernment, or that their reporting can be manipulated by parents, or that there are political

constraints on education subsidies. In either of these cases, human capital investments should
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formally be treated as not observable and hence, TS= 0. The optimal income tax will have

to be adjusted differently, so as to compensate for the lack of a tool to directly control human

capital investments. The optimal linear tax T*j with unobservable human capital is given by:

L

The difference to the observable human capital case in formula (3.3) is the lack of term -TS S

in the numerator. If the substitution effect dominates and education responds negatively to

income taxes (e? < 0), then if T* would have been positive were education observable, the

optimal income tax needs to be set lower when human capital is not observable. This is intuitive:

with observable human capital, the government would like to subsidize human capital. Yet, if

the subsidy on human capital is constrained to be zero, incentives for human capital can only

be indirectly provided through a lower income tax.

3.4 Optimal Linear Policies in a Dynastic Model

We now turn back to the intergenerational model presented in Section 3.2. With different

generations, there are at least two possible criteria for a government setting optimal policies.

The first is to maximize the expected welfare of today's generation. The second criterion would

be to maximize the steady state utility of dynasties and is not pursued here. We are more

interested in reforms that will be evaluated by agents living today, rather than in the steady

state, and which take into account the transition to the new steady state.

3.4.1 A Dynamic Reform Approach

Social welfare is equal to the expected discounted utility of a dynasty at time 0 (i.e., before

today's generation's uncertainty is realized).

SWF0 = max E0 1 -l [Uti ((1 - TLt) Yti - st+1Z (1 - TSt) + R (1 - TBt) bt - bt+1i + Gt, ytz, st )]

t=1
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subject to

Gt = TLtYt +TBtRbi - T stst+1

Consider a small reform dTst = dTS that affects subsidy rates for all generations after some

T. There is perfect foresight about the time and magnitude of the reform, and, hence, the

dynasty will have anticipatory effects even before time T. At the optimal TS, the change in

social welfare from the reform must be zero. From the envelope theorem linked to the agents'

first-order conditions dSWFO is:

dSWFo = tE (st+jju,,tj) dTs - Z tlE (uc,ti) st+1dTs
t>T t>T

+ E '-E (u,t) (-Tstdst+1 + TrLtdyt + TBtRdbt)
t<T

+ E 0-Eli ) (-T stdst+1 + TLtdyt + TBtRdbt)
t>T

The first term is the direct welfare effect of the reform. By the envelope theorem, it is equal

to the weighted reduction in consumption from the subsidy change. This is true even if parents

make the choices instead of their children, as the dynastic setup ensures that the preferences

of the next generation are perfectly internalized by the current generation. If parents did not

put the same weight on the utility impact of education for their children as children themselves

did, there would then be an additional welfare effect on the children from the parents' change

in investment decisions. This would occur for instance if children's education directly entered

parental utility: uti (cti, yti, sti,st+i). There would then be double counting of the effect of any

education increase, both on parents and on children.

The second term is the mechanical revenue effect driven by the loss in tax revenue from the

higher subsidy, at constant individual choices. These two effects only take place after the reform.

The last two terms are the behavioral responses, before and after the reform respectively. The

third term is the anticipatory effect.

Define the elasticities of aggregate human capital st+j, output yt, and bequests bt to a small
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change in the education subsidy dTS (for all t > T) to be:

dst+1 (TSt - 1) s dyt (TSt - 1) s dbt (TSt - 1)
Est+1 = d(TS - 1) St+1 d (TS - 1) Yt ' t d(TS -1) bt

Because of the ergodic stationary steady state, for t > T after the reform, each of these elas-

ticities converges to the corresponding long-run elasticity when t -+ oc. Before the reform, the

elasticities correspond to anticipatory elasticities. Even though generations can in principle

start reacting a long time before the reform, the responses are attenuated the further away in

the future the reform is. It is convenient, hence, to a first approximation, to assume that the

anticipatory effects of the reform only start once the steady state paths of all variables have

been reached (i.e., T is large enough, so that aggregate variables have converged even before

then).

On the steady state path, human capital, output, and bequests are constant. Hence, we can

divide through by E (uc,ti) st+1, constant in the steady state, where the expectation is taken

over all i:

dSWFO = I st+1 + Yt + sBt Rbt

s (Tt+1 Ts - 1 Yt (TS - 1) (TS -1)

+ t B (st~iiuc,tj)-

t>T E (u,ti) st+ t>T

Let the elasticities e6', es' and Es' be the long-run elasticities of the present discounted value of

each corresponding tax base, i.e.:

1 - 3) Z/3tl TESt+ I S -s (1- I3 TE t ~ (1 -/ 3) Z/3t-l-TES

t>1 t>1 t>1

(3.5)

For instance, e's is the elasticity of the present discounted value of the education subsidy base

with respect to a distant subsidy change. It is the sum of the discounted average of the standard

post-reform elasticities and of the discounted average of the anticipatory elasticities. The same

is true for the cross-elasticities of output and bequests to a distant subsidy change, es' and E'.
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As before, define the redistributive values of output, human capital and bequests to be:

E (uc,tiyti) _ E (uc,tist+1i) - E (uc,tibti) (3.6)

E (uc,ti) yt ' E (uc,ti) st+1 E (uc,ti) b(

To reiterate, each of these factors measures the strength of the covariance between the corre-

sponding variable and the marginal utility. The larger , s, or 6 are, the more output, human

capital, and bequests are concentrated among those with high marginal utilities of consumption.

If TS is optimally set, then it has to be that at TS, the change in welfare dSWFO is zero.

Suppose that T L and TB are just kept at their constant levels throughout. Then, we can

rearrange the expression to obtain the optimal education subsidy T*S.

Proposition 30 The optimal human capital subsidy, for any TL and TB, is given by:

S 1-s t+ T + e'TBR'
T S = - +' (3.7)

1 - s + es(.7

with 9 the distributional characteristic of education as defined in (3.6), and s's, ES', and E',

respectively, the long-run elasticities of the discounted human capital, income, and bequest tax

bases as defined in (3.5).

Several features of optimal formula (3.7) are worth noting. First, the typical inverse elasticity

effect is apparent: the subsidy is smaller when E' , which is negative for any TS < 1, is larger.

It is also possible that the optimal subsidy is actually a tax. This is most likely to occur if

the distributional value of education § is small, i.e., mostly high consumption agents acquire

education.

Tax deductibility of education expenses: In the dynamic model, full tax deductibility

of education expenses from both the taxable income and the bequest tax bases would require

that TS = TL + TB. This would be akin to a dynamic version of the Siamese Twin result

that also includes the bequest tax. It is clear that full deductibility is in general not optimal.

A weaker result would be that education subsidies, income taxes, and bequest taxes comove

positively with each other.

As in the static formula above, the revenue effect from the income tax appears in the

numerator: if income is increasing in the human capital subsidy, the subsidy comoves with the
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income tax rate and the more so if output is more elastic to the human capital subsidy, i.e., if

Es' is larger in absolute value. However, the effect can go in the other direction. Because of

income effects and the non-separable utility function, a higher human capital subsidy can also

reduce the need for parents - and the children who receive a larger human capital stock from

them - to work.

In the dynamic model, the same sort of effect also occurs with the bequest tax, again

with an ambiguous direction. When bequest taxes are higher, the human capital subsidy

should be reduced if a lower human capital subsidy encourages more bequests through a strong

substitution effect (E' > 0). However, a higher education subsidy also has an income effect

that might increase bequests, which are a normal good. Depending on which effect dominates,

both the income tax and the education subsidy on the one hand, and the bequest tax and the

education subsidy on the other hand could be comoving or not.

Evaluating reforms to education subsidies: The aggregate elasticities and the distri-

butional parameters are of course endogenous to the taxes and subsidies, and the formula is

merely an implicit formula. However, it is especially useful for evaluating reforms around the

current status quo. Indeed, the formula holds for any bequest and income taxes TB and TL, so

that the right-hand side could be evaluated at the current tax and subsidy levels. If the implied

r* is above the current rs, a reform that decreases TS would improve social welfare.

The distributional characteristic of education matters: The optimal subsidy is

higher when those with high social welfare weights, that is, those with low consumption, also

have high education expenses. The redistributive value of education is closely linked to how

complementary education and ability are in the wage function, as explained in subsection 3.3.1.

In addition, it can also be driven by idiosyncratic preferences for human capital and work, as

captured by r. However, it will not only depend on the technological and preference primi-

tives, but also on the institutional setup of the education system. Suppose that the government

provides basic education for all children through a public school system, which is free, and,

by extension, through public universities. If parents choose to acquire additional education for

their children, they can do so at their own expense, for example in private schools or univer-

sities, or through private tutoring lessons. If the marginal subsidy applies to those additional
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education expenses, it is likely that only high income agents incur them, so the approximation

, = 0 might be reasonable. On the other hand, if there is no free-of-charge public education

system, subsidies on marginal education expenses would have to be larger, as even low income

agents would need to purchase education.

Generalized Social Welfare Weights: Saez and Stantcheva (2013) show that it is possible

to replace the standard social welfare weights, equal to uc,t,/E (uc,ti) here, by generalized social

welfare weights gti that directly place a social marginal value on an additional dollar transferred

to person i. 4 At one extreme, it could be that children who receive no education from their

parents should be compensated. In the limit, 9 = 0 and TS is set to the revenue-maximizing,

Rawlsian subsidy rate:

Rawls GY"TL$ -r0BR'RTwS e B e-
1+ E's

On the other hand, it could be that society places a lot of value on parents who invest in

their children's human capital. This would lead to a very large subsidy if 9 >> 1. Again,

the reasonable social weight to place on people at different education levels depends on the

institutional setting and on who exactly acquires education. If everyone expects to have a fair

shot at receiving education from their parents and/or leaving education to their kids, then

social preferences would naturally be such that 9 = 1 and the optimal subsidy is only driven by

efficiency considerations, trading off the differential revenue impacts of the education subsidy,

income tax, and bequest tax:

Efficiency _ Sy TL + E TBR
TS - 6

SS

Heterogeneous Altruism for Parents: In this model, parents are the key agents that

invest in children's education. But some parents might care more than others about their

children and the future generations of their dynasty. This can be captured by heterogeneous

generational discount rates, /ti,. In this case, formula (3.7) nevertheless applies, but replacing

4 The small difficulty here is that one may weight differently parents who purchase a lot of education for their
children and children who simply inherit a lot of education from their parents (akin to bequests).
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by: 
Et>T E (1... ttuc,tist2)

s =- hm-
T ZL>T E (01i .. tiuc,t.) st

More altruistic parents have higher discount factors and, all else equal, invest more in the edu-

cation of their children. Hence, social welfare becomes automatically concentrated on altruistic

dynasties, which care about their children, and simultaneously invest more in education. This

implies that § > 1. This is quite unappealing as, eventually, society puts no weight on de-

scendants from selfish parents. An alternative social criterion that does not suffer from this

shortcoming would be the steady state welfare of the dynasty, instead of the welfare as of the

first generation.

The Optimal Income Tax: The optimal linear income tax r* can be similarly derived

for given human capital subsidy and bequest tax:

1- + Ey"9TS - E Y/ TBR (.8
-4 - T + E y

with Eil', Ej', and e' the long-run elasticities of the discounted present value of, respectively s,

b, and y to a reform in TL taking place after time T. These elasticities are again the composites

of the anticipatory elasticities and the post-reform elasticities. The typical trade-off between

the redistributive and insurance benefit of taxation (in 9) and the efficiency cost of taxation

(in e'y) is present. The fiscal spillovers to the education subsidy base and the bequest tax base

enter as well.

The Optimal Bequest Tax: Finally, the optimal bequest tax is, at given TS and TL:

I - b+ E B1 s B- EBy
TB 

- I>+ E'-

The bequest tax is generically not zero. There are two different sets of reasons for this. First, if

education subsidies and income taxes are already set, and the government needs to maximize the

bequest tax holding the former fixed, there are spillover effects on revenue through the education

subsidy and the income tax bases. Bequest taxes indirectly influence education purchase and
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work decisions. Second, even in the absence of income taxes and education subsidies, the

bequest tax is not zero as long as b ? 1. We would have b 1 if either utility were linear, or if

everyone left the same bequest amount due to homogeneous, quasilinear preferences.

This result fits well with Piketty and Saez (2013b), except that they do not consider educa-

tion as an alternative way for parents to transfer resources to their children. Farhi and Werning

(2013) find that a wide range of positive or negative bequest taxes can be optimal depending

on the social objective.

3.4.2 Reform Elasticities

There is another way to determine optimal tax and subsidy rates, which might prove to be

more convenient in some situations. Indeed, the shortcoming of (3.7) is that it relies on the

(endogenous) cross-elasticity of output or wealth to education subsidies, Ey and Es,t at a given

TL and TB. Sometimes, all that is observed in the data is the total response of any given

variable to a reform. A full reform, however, is rarely just an isolated shift in one tax or

subsidy rate, and often a combination of changes in several tax tools, with revenue-neutrality

or not. In any country, there might have been specific reforms already implemented, which

can serve as natural experiments to estimate elasticities. For each reform, one can derive

the implied optimal education subsidy as a function of the "reform elasticities," i.e., the full

responses observed during that reform. It is then not crucial to know what the cross-elasticities

were. The analysis can be performed for different types of reforms, and is illustrated below for

a change in education subsidies financed by an increase in income taxes.

Suppose again that the government maximizes the full dynasty's expected welfare subject

to its per period budget constraint. Consider a small revenue-neutral reform dTst = dTS for

t > T, and a corresponding series of income tax reforms dTLt to maintain budget balance,

around constant Ts and TL. The bequest tax TB is left unchanged. T is again large enough for

all variables to have converged to their steady state paths. At an optimum, the change in social

welfare from this reform must be zero. Using the envelope theorem from the agents' first-order

conditions:

dSWFo = !3tlE (st+1iuc,ti) dTs - Z 3t-lE (ytiuc,ti) dTLt = 0
t>T t>1
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Define the elasticities in each period to be:

dbt TSt - I dst+1 Tt - 1  dyt I - TLt
Est - | IG, ESt+1 = G, EYt ~~ G

d (TS - 1) bt d(TS - 1) st+1 d(1 - TL) Yt

where dbt, dst+1, and dyt are the responses of, respectively, aggregate savings, aggregate human

capital, and aggregate output to the full reform (dTS, dTLt) at constant revenue G. Note that

these elasticities capture the joint total effects of the simultaneous changes in Ts and TL on bt,

st+1 and yt. Hence, they are composites, for each variable, of own-tax and cross-tax effects. 5

By contrast, the formula in (3.7) isolated the pure effect of the education subsidy on all other

variables.

Exactly as above, due to anticipatory effects with forward-looking life-cycle agents, the

reaction of these variables to the reform may start even before the reform period T. Assuming

that T is large enough, the anticipatory reactions only start once all three choice variables have

reached their steady state paths.

For the budget to remain balanced in all periods, we need the income tax to adjust such

that, for t > T:

Est+1 + R---Est - 1 st+1dTS - - SYt L ytdTLt
TS 1 IBt+ TS-1 ) - TL)

and for t < T:

TS bt TB __TL-e st+1 -+R-- B st+id ety TL
TS - 1 St+1 TS - 1)( 1 )

Substituting for these tax changes in dSWFO, dividing by st+1 E (uc,t,) (constant in the steady

state) yields:

T-1 -Est+1 "1 + R " EBt T Est+1 r1) + R -tEBt
dSWFo0= + T ) + ( )

Let E' and e's be the total long-run response of the discounted human capital, bequest and

5In particular, the normalization by -rst -1 of eot is arbitrary. We could have normalized by (1 - TL) instead.
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output bases to the reform, as in subsection 3.4.1. Define e'y as the composite elasticity of

output that ensures that the following equality holds:

(- / TS +RtE'BI -r 1 )

= (1r - e B r(, T#)i

Rearranging the expression for dSWF0  0 at constant TS and TL, yields the optimal human

capital subsidy, formulated according to this specific reform.

Proposition 31 The optimal human capital subsidy that maximizes the expected welfare of the

dynasty, for any TL and T B, is given by:

r - (i - ' E 1 + R bt'BrB

-E~~t ~1 -tE 71 -r - St'y + e'

where the long-run elasticities <'s, e'y and g'§ are estimated from a revenue neutral reform that

changes s and adjusts iL to maintain budget balance and and y are the distributional factors

of human capital and income, as defined in (3.6).

The elasticities in formula (3.9) are reform-specific, i.e., they measure the total impact

on the aggregate variables be, st+1, and yt of changing rs while adjusting 'rL to maintain

revenue-neutrality. Hence, this formulation is most useful when there have been past reforms

resembling exactly this one, so that the elasticities can be estimated in the data. Conversely,

an analog of formula (3.9) can easily be derived again for other reforms, with suitably redefined

elasticities. The advantages of formulation (3.9) are that, if such suitable reforms already exist,

the elasticities are readily available without having to separately estimate all cross-tax effects.

Again, it is not necessary to assume that either L or TB are optimally set in the economy.

The difference between formulas (3.7) and (3.9) is that, in the latter, the income tax is

adjusted in step with the education subsidy to ensure budget balance. Hence, there is no

direct revenue effect, but any change in the education subsidy is mirrored by a change in the
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income tax. This leads to two changes. First, the redistributive effect 9 is replaced by the

comprehensive redistributive effect I - St 7L that takes into account that although a

human capital subsidy may mostly benefit high social value agents, it will also lead to a rise

in the income tax that will partially offset this benefit. The relevant parameter is the relative

distributional value §/g. Second, as both TL and Ts are adjusted to maintain budget balance,

there is no additional revenue effect Est'TLV from the income tax base in the numerator as in

(3.7).

It bears repeating that, with perfect estimation tools that would allow us to uncover all

cross elasticities and all reform-specific elasticities, at any tax levels, in a world where reforms

were cleanly isolated with no concurrent changes in other policies, (3.7) and (3.9) would yield

the same answer. They are merely two ways to approach the same question, taking into account

the empirical burden of estimating different elasticities.

3.4.3 Unobservable Human Capital

As in subsection 3.3.2, if human capital is unobservable, the optimal income tax will adjust, so

as to compensate for the lack of a tool to directly control human capital investments. Supposing

that bequests remain observable, the optimal linear tax is now:

7*,unobs y B
TL + E1 - g~ '

Exactly as in the static case, the difference to the observable human capital case in formula (3.7)

is the lack of term-TSEg in the numerator, with E' the long-run elasticity of the discounted

education base to the retention rate. If the substitution effect dominates, so that the present

discounted value of the education base responds negatively to income taxes (E4' < 0), and if

Ts would have been positive were education observable, the optimal income tax needs to be set

lower when human capital is not observable.

3.5 Conclusion

This chapter studies optimal dynamic linear income and bequest taxes and education subsidies

in a dynastic intergenerational model. Parents invest in the education of their children and can
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also leave financial bequests. Each generation is subject to idiosyncratic ability and preference

shocks. The government aims to provide redistribution and insurance to maximize the expected

discounted welfare of the dynasties, from the point of view of today's generation. I derive

formulas for the optimal taxes and subsidies as functions of estimable behavioral elasticities

and redistributive factors.

In a generalized model with risk, non-separable utility, and a general interaction between

education and ability in the wage function, it is in general not optimal to make education

expenses fully tax deductible. Instead, education subsidies, bequest taxes and income taxes

can comove positively or negatively. Because of the distributional value of education and its

finite elasticity to education subsidies, the optimal subsidy on education is generically non-zero,

even if education is a production input.

The same model can be used to study more general investments by parents in the human

capital of their children, notably health expenses. Finally, with non-complete depreciation of

human capital between generations, the model can be reformulated as a lifecycle model of a

single agent and address the issue of optimal linear lifecycle taxation and subsidies for human

capital.

This theoretical research points to two important empirical explorations. First, how do

parents value the educational achievements of their children? The dynastic setup is very strin-

gent in the sense that all generations are in perfect agreement with each other. Yet, there may

be imperfectly altruistic preferences in reality. Second, it has not yet been convincingly docu-

mented how strongly parents react to bequest taxation and education subsidies when choosing

between alternative ways of transferring resources to their children.
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