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ABSTRACT

Equilibrium and stability properties of an intense electron ring
located at the midplane of an externally applied mirror field are inves-
tigated within the framework of the linearized Vlasov-Maxwell equations,
including the important influence of equilibrium self fields and an ap-
plied field Bgzt in the toroidal direction. It is assumed that the ring
is thin and that v/Yb << 1, where v is Budker's parameter and ybmc2 is
the characteristic electron energy. Equilibrium and stability properties
are calculated for the choice of equilibrium distribution function in
which all electrons have the same value of energy in a frame of reference ro-
tating with angular velocity mb in the minor cross section of the ring, and a
Lorentzian distribution in canonical angular momentum Pe. Negative-mass

and resistive-wall stability properties are calculated, and a closed dis-

persion relation is obtained for the case where the ring is located inside

a toroidal conductor with finite ?esistivity and minor radius a, much less
than the major radius Ro. One of the most important features of the stabi-
lity analysis is that the negative-mass instability in a high-current ring
can be stabilized by equlibrium self-field effects in circumstances where
the self fields are sufficiently intense. Moreover, a modest spread A

in canonical angular momentum can stabilize the resistive-wall instability.




I. INTRODUCTION

There is considerable recent interest in the equilibrium and sta-
bility properties of intense relativistic electron rings with applications
that include high-current betatron accelerators.l_4 In a conventional
betatron accelerator, a toroidal electron ring is confined in a mirror
or betatron magnetic field. Moreover, the beam density and current is
limited by the strength of the Betatron magnetic field. In the modified
betatron accelerator,l’2 however, an additional confining magnetic field
ngt is applied in the toroidal direction, thereby considerably increasing
the limiting beam current and density. 1In the present article, we make
use of the Vlasov-Maxwell equations to investigate the equlibrium and sta-
bility properties """ of an intense relativistic electron ring confined in
a modified betatron field configu.ration,l’2 including the important influ-~
ence of equilibrium self-field effects and the toroidal magnetic field ngt;
The analysis is carried out for an electron ring located at the midplane of
an externally applied mirror field. The positive ions form an immobile
(mi + ®) background that provides partial charge neutralization. In addi-
tion, it is assumed that the electron ring has minor dimensions much smaller
than the major radius RO (Fig. 1). It is also assumed that v/yb << 1,
where v is Budker's parameter and ybmc2 is the characteristic electron
energy associated with the toroidal motion.

Equilibriumand stability properties are calculated for the specific

choice of the equilibrium electron distribution function [Eq. (13)]
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where H is the energy, P, is the canonical angular momentum in the azimuthal

6
direction, PQ = pp¢ - eﬁep2/2c is the canonical angular momentum in the
small cross section of the torus, R0 is the major radius of the ring, and
ﬁb’ A, PO’ Wy and Yy are constants. Although H and Pe are exact single-par-
tical invariants for the equilibrium configuration illustrated in Fig. 1,
P¢ is an approximate invariant whenever the toroidal field is sufficiently

strong [Eq. (8)] and the electron ring has circular cross section (Appendix

A) with
n= %-and a=>5b .

Here n = —[r(a/ar)ﬁnBeXt(r,z)] is the external field index. Equili--
Oz (RO,O)

brium properties ’

of the electron ring are calculated in Section II. One
of the most important features of the equilibrium analysis is that the max-
imum electron density trapped in the ring can be greatly enhancéd by the
toroidal magnetic field [Egqs. (43) and (44)]. Moreover, the rotation fre-
quency w, in the minor cross section of the ring plays an important role in
determining detailed equilibrium properties.

The formal electromagnetic stability analysis is carried out in Section
IIT within the framework of the linearized Vlasov-Maxwell equations. Neg-
ative-mass and resistive-wall stability propertiess~7’10 are calculated
ext

eBOz (BO,O)

for eigenfrequency w near harmonics of the cyclotron frequency W,

/Y

bmc associated with the axial magnetic field, i.e., w = ch +« The

z

resulting dispersion relation in Eq. (77) is obtained analytically for a
relativistic electron ring located inside a toroidal conductor with finite
resistivity and minor radius a_. Equation (77) is one of the main results

of this paper and can be used to investigate stability properties for a

broad range of physical parameters.
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Negative-mass stability properties are investigated in Section

IV, assuming a perfectly conducting wall but including the important influ-

ence of equilibrium self fields. Introducing the parameter [Eq. (64)]
2,2 2
u = mcz/w6 - 1/yb .
we find that [Eq. (88)]

: 2
v mRoc
0 <ypy<-— A g

b

is a necessary and sufficient condition for instability. Here, g is a geo-=
metric factor with g = (1 + 22naC/a) for a >> a and g = 4/k§n for a = a

2
where JO(AOn) = 0. Moreover, W

radial betatron frequency-squared for a circular beam with a = b and n = 1/2,

wib = éwﬁbez/ybm is the relativistic plasma frequency-squared, and f is the

- wiz/z + (wib/z)[eé - (1 - £)] is the

fractional charge neutralization. Evidently, from Eqs. (64) and (88),
equilibrium self fields can have a large influence on stability behavior.
Moreover, the negative-mass instability can be completely stabilized by a
sufficiently large épread A in canonical angular momentum PG'
It is also important to note that u < 0 is a sufficient condition for sta-
bility (Section IV) even with zero spread in canonical angular momentum

(A = 0). The condition p < O can be satisfied provided the equilibrium
self fields are sufficiently strong in absolute intensity. For example, if
f = 0, then the sufficient condition for stability (u <0) and existence of
a confined equilibrium [Eq. (44)] can be expressed as 1 <:u%b&;w2 <14+

b ez
2 2
w 2w .
c cz
Althougha perfect conducting wall is a reasonable assumption in many
experiments, we expect a significant modification of stability behavior

when a small amount of resistivity is introduced into the wall, e.g., to

stabilize the transverse precession in the minor cross section of the ring,




In this regard, in Section V, we investigate the resistive-wall instability5
assuming that u < 0 and the negative-mass instability is absent. It is
shown that the resistive-wall instability can also be stabilized by a modest

spread A in the canonical angular momentum.
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II. EQUILIBRIUM CONFIGURATION AND BASIC ASSUMPTIONS

A, Basic Assumptions

The equilibrium configuration is illustrated in Fig. 1. It consists

of a relativistic electron ring located at the midplane of an applied

. . . ext o ext ~ .,
focussing (mirror) field BOr (r,z),%r + BOz (r,z)gz. In addition,

the electron ring is located inside a toroidal conductor with minor

ext.,

radius a.-. The applied toroidal magnetic field BOe £q° where
R
ext _ 0

together with the mirror field act to confine the ring bothkaxially
and radially. Here, %r, %e, and %z are unit vectors in the r-, 6-,
and z-directions, respectively. The equilibrium radius of the ring is
denoted by RO’ and the minor dimensions of the ring are denoted

by 2a (radial dimension) and 2b (axial dimension). In addition to the
cylindrical polar ¢oordinates (r,8,2z), we also introduce the toroidal

polar coordinate system (p,%,8) illustrated in Fig. 1 and defined by

r - Ry = r' = pcosd ,

(2)

N
[

psind ,

where p is measured from the equilibrium radius RO. The electrons
composing the ring undergo a large orbit gyration in the external
mirror field with characteristic mean azimuthal velocity Vg = Bbc in
the positive 6-direction. The associated ring current, which is in the
negative 8-direction, produces a self-magnetic field %8(&) that

\

threads the ring in the sense indicated in Fig. 1. This self-magnetic

field acts as a focussing field which tends to cunfine the ring electrons




both axially and radially. The electron ring is assumed to be
partially charge neutralized by a positive ion background. The excess
electrons form a potential well for the ions. For the electrons,
however , the self-electric field is defocussing, i.e., in the direction
of increasing the minor dimensions of the ring.

To make the theoretical analysis tractable, we make the following
simplifying assumptions in describing the electron ring equilibrium by
the steady-state Vlasov-Maxwell equations.s’9

(a) The positive ions form an immobile (mi + ©) partially neutralizing
background. The equilibrium ion density ng(r,z) and electron density

ng(r,z) are assumed to be related by
0 0
n;(r,2z) = fn_(r,2) , (3)

where f = const. is the fractional charge neutralization.
(b) The minor dimensions of the ring are much smaller than its

major radius, i.e.,
a,b << RO . 4)

To further simplify the analysis we also assume that the minor cross

section of the ring is circular with
a=b, (5)

which is consistent (strictly speaking) provided the external field

index n satisfies
n=1/2, (6)

where n = -[rSRntzt(r,z)/Br](RO’O).




(d) Consistent with Eq. (4), it is also assumed that the

transverse (r,z) kinetic energy of an electron is small in comparison

with the characteristic azimuthal energy ybmcz, i.e.,

1 2
sz (p +p, 2y < YpEC (7
where Py ~ ymebc is the characteristic azimuthal momentum.

(e) The maximum spread in canonical angular momentum 6Pe is
assumed to be small with |6P I << ymebcR and

IéPel Py

0
— e 2 |-} (8)
mB. cR
5™ %0 B |m
2 2.1/2 s .
Here, p; = (pr + pz) is the characteristic transverse (r,z)

momentum, pe ymebc is the characteristic azimuthal momentum,

_ ext - ext -
and Be = By (R ,0) and Bz Oz (R 0). Moreover, GPe = Pe - PO’ where
P6 is the canonical angular momentum, andPO = const. is the average

canonical angulartmomentum of the electrons composing the ring. As
shown in Appendix A, the inequality in Eq. (8) (which is satisfied
provided the spread in canonical angular momentum 6Pe is sufficiently
small and/or the toroidal field %6 is sufficiently strong), together
with Egqs. (5) and (6) are sufficient to assure that the canonical
angular momentum PQ = PPy - (eﬁe/Zc)p2 defined in the small cross-

section of the torus is a good approximate invariant.

(f) It is further assumed that

, (9)

where v = (Ne/ZWRO)(eZ/mcz) is Budker's parameter, Ne is the total
2
number of electrons in the ring, and e /mc2 is the classical electron

radius. While Eq. (9) assures that the equilibrium self fields

s S

s s , . . .
EOr’ EOz’ BOz’ and BOr are weak in absolute intensity (in comparison




with Bgzt), depending on the beam density we will find that the
self-field gradients can be large and have a correspondingly
large influence on particle orbits in the equilibrium field

configuration. ’

B. Self-Consistent Vlasov Equilibrium

For azimuthally symmetric equilibria (3/36 = 0) with both r and

z dependence, there are two exact single-particle constants of the motion.

These are the total energy H,

2 4 2.2.1/2

H= (@c +cp)™% - egy(r,2) , (10)
and the canonical angular momentum Pe,
P, = rlp, - & A)(r,2)] (11)
G 8 ¢ T’ i

where p = ymy is the mechanical momentum, ¢O(r,z) is the

equilibrium electrostatic potential, -e is the electron charge, c is
the speed of light in vacuo, m is the electron rest mass, and Ag(r,z) =
ext s . .

AOe (r,z) + AOe(r,z) is the 6-component of the vector potential

for the total (external plus self) equilibrium magnetic field. Without
loss of generality, we assume ¢0(RO,O) = Aze(RO,O) = 0 in Eqs. (10)

and (11). Within the context of Egqs. (3) - (9), it is shown in

Appendix A that the canonical angular momentum P¢

e - 2
Pq) = qu) - e Bep ’ (12)

‘ . . . . ext .,
in the plane perpendicular to the toroidal magnetic field BOe is an
approximate single-particle invariant for a thin circular beam with a = b
and n = 1/2. Here, p¢ is the mechanical momentum in the ®-direction

[Fig. 1], and p2 = (r - RO)2 + 22 is defined in Eq. (2). In obtaining
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Eq. (12), the toroidal magnetic field ngt = ﬁeRo/r has been

approximated as uniform over the minor cross section of the ring.

Any distribution function fg that is a function only of the single-
particle constants of the motion in the equilibrium field configuration
satisfies the steady-state (3/3t = 0) Vlasov equation. For present
purposes, we consider the electron distribution function specified by
A Rod 6(H - wP, - ymc’)

’ (13)
2n2ybm (p 2

0 ~
fb (H’PQ’PB) =

2
o~ PO) + A

where ﬁb = ng(RO,O) is the electron density at the equilibrium
radius (r,z) = (RO,O), W, = const. is the angular velocity of mean
rotation in the ¢-direction, A is the characteristic spread in the canonical
angular momentum Pe, and ¥ is a constant.
The equilibrium Poisson equation can be expressed as

2
13- .3 .3
T 3r T 3T + 322 ¢0(r,z)

(14)
= Ane(l-f)fd3p fg(H’P

¢’Pe) ’

Furthermore, the 6-component of the Z x Eg(g) Maxwell equation can be

expressed as

2
3 13 2 s
o T or © T AOe(r,z)
oz
(15)
_ brme [,3 0,..
alere Jd p vy £ (H,P,P) ,
2,2 2-1/2 . . .
where v, = (pe/m)(l +p /m“c™) is the azimuthal electron velocity.

Consistent with the thin ring approximation [Eq. (4)] is the
requirement that the r—z kinetic energy be small in comparison with

the effective azimuthal energy [Eq. (7)]
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P 211/2
2 2 4 21°0,e,0
ye(r,z)mc ={mec + ¢ ;—-+-E Ae(r,z) . (16)
, 2 2 2 : .
defined for p; = P pz = 0 and Pe = PO’ and that the spread in
canonical angular momentum be small with |6P6| = [Pe - POI <<y, mB, cRy.
Taylor expanding for small values of pi + pi and GPB = Pe - Py, we
find that the total energy H defined in Eq. (10) can be approximated by7_lo
2 2 .
Py + Py 2
H= 5;gf;:;;;4-ye(r,z)mc - e¢g(r,z)
17)
0 2 (
Ve(r,z) (GPe)
+——— (6P) + —/5 ,
T 3] 2
2ye(r,z)mr

where the mean azimuthal velocity of an electron fluid element Vg(r,z)

is defined by

0 3 0 3.0
Vo(r,2) = (fd7pv £)/([d7pEy)

(18)

1

[(By/x) + (e/e)Ay(x,2)]/[yy (x,2)m]

. s s . 2
For future reference, we define the characteristic azimuthal energy Ypme

of a beam electron by

2 2
Ypme = ye(RO,O)mc , (19)
and choose
P =_e_B_z 2
0 2c¢ 0’
(20)
0 12
AG(RO’O) =3 BzRO s
where ﬁz =z Bgzt(Ro,O).
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The mean equilibrium radius R0 of the ring is effectively

determined from the conditions’9

[mcz %}'Ye(r,Z) - e _g_r" ¢O(r’2)] (R O) = 0. (21)

Making use of Egqs. (16) and (21), we obtains’9
22, .0 0

where By = Vg(RO,O)/c, Eg(r,z) = -8¢0/8r is the radial self electric
field and Bg(r,z) = (1/r)(8/8r)(rAg) is the axial magnetic field.
Equation (22) is simply a statement of radial force balance on an
electron fluid element at (r,z) = (RO,O). Due to the symmetry of the
equilibrium configuration (Fig. 1), it is clear that at the midplane
(z = 0), the axial electric field and the radial magnetic field are

identically zero. We therefore note that

3 9
~a Y (I', Z)] =0= [— ¢ (r,z)] (23)
[32 8 (Ry,0) 82 70 (Ry,0)
2 2 ,
9 9
Y (r,Z)] =0-= [ ¢ (r,Z)) . (24)
[araz ] (RO’O) ordz 0 (RO’O)

Making use of Egs. (20) - (24), the expression for the total energy H
in Eq. (17) can be further simplified by Taylor expanding the expressions
for ye(r,z), ¢0(r,z), etc., about (r,z) = (RO,O). Introducing the
radial betatron frequency W defined by

2 1 32

2
w. = —— |—5 (yymc - ed,) , (25)
rooyym arZ 9 0 (RO’O)

and the axial betatron frequency W,

2 .
2 113 2
w == (yyme - ed,) , (26)
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we Taylor expand Eq. (17) about (r,z) = (RO,O) for a thin ring,
retaining terms to quadratic order in r' ='r - RO and z. This gives7_lo
2 2
P.tP, r'
H = Ypme + 2y. m + Yez (1 - if')spe
b 0
2 @7)
(sP)
2 =y m(wzr'2 + wzzz)
3.2 2'br z ’
2ymeO

where W, is the relativistic electron cyclotron frequency in the

axial magnetic field

A

eB
b4

ez Y me > (28)

and %z z Bgzt(RO,O). Making use of Eqs. (16), (25), and (26), and the

expressions for the equilibrium potentials given in Eqs. (A.6) and

(A.9), we find that wi and wi can be expressed as

2 2 2 b 2
wp =ug, (L= m) e 2 (8 - (D), (29)
and
2 _ 2 2 _a 2
w, = w_n+ “ob ot [Bb (1-£)] , (30)

.0 2 _ a2 . e s
where Bb = Ve(RO,O)/c, mpb 4nnb» /me ig the relativistic plasma

frequency-squared, ﬁb = ng(RO,O) is the beam density at (r,z) = (RO,O),

and

r 3 ext
n == ext 5t BOZ (r,z) Iy (31)

(Bg (¥22) (R,,0)

is the external field index.
In the remainder of this article, the equilibrium and stability
analysis is restricted to circumstances where the characteristic

spread A in canonical angular momentum Pe is sufficiently small that
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A << 2 -uiz— 2 aR
'mewra © s mewr 0 ° (32)
cz
Within the context of Eq. (32), the GPe contributions in Eq. (27)

are negligibly small in comparison with the final term, and the

total energy H can be approximated by

2 2
+
_ 2 PrTP 1 2, 22
H=ym + Zy.m + 3 ypmlw '+ w_2") (33)

Referring to Egqs. (12), (13), and (33), and making use of the toroidal
polar coordinate system (p,?¢,8) defined in Eq. (2) and Fig. 1, the

combination H - w P, can then be expressed as

b ¢
2
2 Py ,
H - wbPQ = y,me + Zme + y(x',z) , (34)

.2 2,
wnere p; = pp + (p@ - ybmwbp) is the transverse momentum-squared
in a frame of reference rotating with angular velocity w, = const.

about the toroidal axis, the envelope function y(r',z) is defined by

2 4 Qizz) : (35)

' -1 2_,
v(r',z) = 2 ybm(er

where r' = r - Rg, and ﬁ% and ﬁi are defined by

62 2 2

T Wp¥es T Y + “r 0
(36)
§2 = - w tow
z  “p%co b >
2 2 , .
where . and w, are defined in Eqs. (29) and (30), and
B
w o, = " ' (37)
cd  yyme ?

is the relativistic cyclotron frequency in the applied toroidal magnetic
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field B, = Bg:t(RO,O). Substituting Eqs. (34) and (35) into Eq. (13)

and evaluating the electron density profile ng(r,z) = Jd3pfg,
we find

0 r'2 22 ’
nb(r,z) = nbb 1 - —E—-+ = s (38)
a b .

~ 2 ~2.1/2 . ~
where a = [2(§ - Yb)c /ybﬂr] / and b = [2(} - yb)czlybﬂi]llz, and U(x)

is the Heaviside step function defined by

U(x) =

Note from Eq. (38) that the electron density is constant (ﬁb) inside
the beam cross section r'2/a2 + 22/b2 < 1, and identically zero outside.
As indicated earlier in this section and in Appendix A, P¢ is a

good invariant (strictly speaking) provided Eq. (8) is satisfied and

provided the beam is circular with a = b and n = 1/2. From Egs.

: 2 _ 2 2 22 a2 2
(29), (30), and (36), we therefore find W = W, = wg and Qr = Qz = QB
where
2 .1 2 i2 .2 ..
and
2 2 2
= o T g (40)
Moreover, the minor radius of the ring is given by
. 2, 2.1/2
a=Db=[20 - ype /YbQB] . (41)
For existence of the equilibrium, both y > Yy and Qz > 0 are required.
The condition Qé > 0 can be expressed in the equivalent form [Eqs. (39)
and (40)]
- +
Wy < Wy < Wy (42)
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+
where the frequencies mg are defined by
+ Yep Zwiz Zwéb 2 12
wb = T 1+ 11+ 5 - 3 (l"f"Bb) . (43)
w W
cB ch

The requirement that the radical in Eq. (43) be real determines the

maximum allowable equilibrium beam density for given values of f, Bi,

Wy and Weg For example, if £ = 0, then
2
2
b 2 2
2 < zwcz + Yeg * (44)
b
is required for existence of the equilibrium. For wie >> wiz,

Eq. (44) is identical to the result obtained by Sprangle and
Kapetanakosl within the context of a model that examines the stability
of single-particle orbits.

Finally, we conclude this section by noting that Eqs. (13), (32),
(34), and (35) can be used to evaluate a variety of equilibrium

’

properties for a circular beam with a = b and n = 1/2. For example,

, . 0
the mean rotational velocity V

> = ([d3pv®fg)/(fd3pfg) of an electron

fluid element about the toroidal axis is given by

= wbo b (45)

where the rotation frequency wy is restricted to the range in Eq. (42).
Moreover, it can be shown that the equilibrium pressure tensor in the
(p,%) plane perpendicular to the €-direction is isotropic with the

perpendicular pressure Pg(p) = ng(p)Tg(p) given by

[><]

2 2
2me b

0 o <]
n ()12 (p) = 27 J dpmj dp,

0
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where Tg(p) is the effective transverse temperature profile. Defining

1.2 2
& T2 Vp™eeL (47)

and substituting Eq. (13) into Eq. (46) gives
0 - 2,2
Ty(p) = T,(1 - p“/a%) , (48)

for 0 < p < a. In Eq. (47), r, is the characteristic thermal
Larmor radius of the ring electrons in the azimuthal magnetic field ﬁe.

Making use of Eq. (47) to eliminate Q, in Eq. (40) in favor of r_,

B L
we solve Eq. (40) for the rotation frequency Wy and obtain
+ _ “cp 2wiz zw;b 2 er 2)1/2
wp = Oy = o Al (LR e e - (F) ’
o “eo
(49)
which relates wy to the Larmor radius . The two signs (£) in Eq. (49)

represent fast (+) and slow (~) rotational equilibria. In order for
the equilibrium to exist, the ratio 2rL/a in Eq. (49) is restricted

to the range

2 2 2
(-z-r—L)<1——2f)ﬂ(1-f—sz)+2wcz. (50)
a - u)2 b 2
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ITI. LINEARIZED VLASOV-MAXWELL EQUATIONS

In this section, we make use of the lineadrized Vlasov-Maxwell
equations to investigate stability properties of the
equilibrium ring configuration discussed in Sec. II. In the stability
analysis, a normal-mode approach is adopted in which all perturbed

quantities are assumed to vary according to

6y (x,t) = sP(x)exp(-iwt)
= 8Q(p)exp[i(26 - wt)] ,
where Imy > 0, p = [(r - RO)2 + 22]1/2, and 3/99% = 0 is assumed

(Fig. 1). Here, w is the complex oscillation frequency and % is the
toroidal harmonic number. Integrating from t' = ~=» to t' = t and
neglecting initial perturbations, we find that the perturbed
distribution function can be expressed as Sfb(%,g,t) = Gfb(é,g)exp(—iwt),

where

0
St (5’8) = ef dt exp(-iwt)
(51)

- 3
v'ox 6B(X')} . ——T'fg(§',g‘)-

- '
X {6§(']\’E ) + oy a‘e

ol

In Eq. (51), T =¢t' - t, Gg(é) and 6%(%) are the perturbed electro-
magnetic field amplitudes, and the particle trajectories E'(t') and X'(t')
satisfy d%'/dt' = X' and dg'/dt' = —e[go + X' x %o/c] with "initial"
conditions 5'(t' =t)=x and x'(t' =t) = V. The Maxwell equations

for éi(g) and Gﬁ(%) are given by
E=— 6% s (52)

6B = AT 7 _ 1w
Vx8B=_"8] - 6E, (53)
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where V - = 0 and

?bd’

Ve SE = 4m6p . (54)

In Eqs. (53) and (54) the perturbed current and charge densities

are defined by

~ _ 3 ~
6%(%) = —eJd PV Gfb . (55)

A 3 P
Gp(%) —efd ) 6fb s (56)

where v o= R/Ym' Taking the curl of Eq. (52) and making use of Egs.
(53) and (54), we obtain

2+9-2— 6F = 4 (VG“-'-—i@-éE) (57)
VTR emiVee m )

which is the form of Maxwell's equations used in the present

stability analysis.

For present purposes, we consider 9/3¢ = 0 wave perturbations with

polarization
Gr\iE (%) = éEe(p’e)'%G + (SEp(pse),%p
= i E &+ § 5
exp (120)[s e(p)f,e GEp(p)sp] , (58)
mB (&c) = GBQ(p,e)sq, = exp (116)613@(0)3@,

where e, & and é_are unit vectors in the 8-,p~ and d-directions, res-
87 ap nd

pectively (Fig. 1). Approximating if/r = iz/R0 = ik, it is straightfor-

ward to show from the ¢-component of Eq. (52) and the p-component of Eq.

(53) that 6B¢(p) can be expressed as

lC

68, (p) 6Ee (0) +——-5E () | (59)

1 wz ic 4ri "
5E()-—-—6J()
wiretk? o1 [ Al v 30
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A ~

where the perturbed current 6Jp is related to GBQ and GEp by —ik§§¢ =
(An/c)ébp - (iw/c)éﬁﬁr We also assume that the toroidal conductor
(radiusp = ac) has large aspect ratio with

ac << RO- (60)

Taking the 6-component of Eq. (57), we obtain the eigenvalue equation

for GEG’

2
153 d w2 . aa _ dw o3
[p 30 ° op +(c2 k )]‘SEe = tm (185 2 “e) g (61)

" _
where k = l/RO, and we have approximated V2 =V, - ﬂz/r2 = p 1(a/ap) x

2, .
(p3/3p) - k* in Eq. (61). It is further assumed that Rew = 2. satisfies

Q
r

ce

chz, and that the waves are far removed from resonance with the

, .., 10
transverse (r,z) motion, with
2

+
W
w wcz

+
where w,_ are the characteristic (r',z') orbit oscillation frequencies

+
w

b
= >> i—o- , (62)

about (r,z) = (Ry,0) [Eq. (43) and Appendix B]. To lowest order,
consistent with Eq. (62), it is shown in Appendix B that the azimuthal

orbit is described by [Eq. (B.14)]

2
' = -
g' =6 + (wcz uéPe/ymeo)T R (63)
where T = t' - t,
w2
cz 1
L i S (64)
“s b
and wz = wz /2 + (w2 /2)[82 - (1-f)] for a circular beam with a = b and
B cz pb b
n=1/2.

From Eqs. (51), (58), and (59), we note that
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v' x Sﬁ(x')
6E(X') + i‘i_____.'\i_ﬁ'__.
[AVERL VS C

1
[ -~ Yo f(ics ¢ ke «
= . 1 ] + Pt } 1 —_— 1 -
exp (126 )-ﬁEe(p ) il o EB—,SES({J ) + " GEp(o ))] e, (65)

1
-~

v
¢ 8 fic 3 ke & -
+ 100" 1y s _C 1 ' .
exp (126") |6E (p') - 7 (m 5o OEg(p") + T SE (o )> ]ﬁp

Estimating the size of terms proportional to Sﬁp and 35%6/80' in Eq. (65),
and making use of the assumption that the wave perturbations are far re-
moved from resonance with the transverse (r', z') motion [Eq. (62) and
Appendix B], it is straightforward to show that the terms proportional to
Béie/ap' and éﬁp in Eq. (65) can be neglected in comparison with éﬁeée.
Moreover, making use of afg(H, PQ, Pe)/ape = veafg/aH + rafg/BPe, we find
that é}b(ﬁ’ R) in Eq. (51) can be approximated by

Bfo 0

5% (x,p) = e-;g exp (128) dt(R. + p'cos®")SE, (p') exp [i2(8' - 8) - iwrt]
b A BPG | 0 8

6
+ e =q eXP (1163/. dTvéGEe(p') exp [12(0' - 8) - iwT],

where 6'(1) is defined in Eq. (63), and use has been made of the

fact that afg/aPe and afg/aH are independent of t'. 1In Eq. (66),

. v ) ; _ 2
it follows f?om Eq. (63) that Ve (Ro + p'cosd )(wCz uéPe/ymeO).

To simplify Eq. (66), we approximate RO + p'cosd' = R0 to lowest

order, and Taylor expand éﬁe(p') = GEe(p) + [Bﬁﬁe(p)/ap](p' -0) + ...

locally about p' = p. For present purposes, we also approximate
éﬁe(p') = dﬁe(p), which is a good approximation provided r; << a
[Eqs. (49) and (50)]. Carrying out the t' integration in Eq. (66)

then gives
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Gfb(g,g) = ieexp(iQG)SEe(o)Ro

(67)
afg ) afg
35; + (wcz - 11(SPG/meRO) 3H ]

2
(w - Ewcz + ZuGPe/ymeO)

. 2
To complete the description, we evaluate 47(ikdp - iwéﬁe/c ) =
~4meik [ d3p5%b(l - wpe/czkym) on the right-hand side of Eq. (61). To
2 . . s
the required accuracy, (1 - wPe/c kym) can be approximated in the inte-~

2 ~ v £ 1 — .
grand by (1 - wBb/ck) - wGPe/c ky mR), where v = f = ko Ry = kac is

assumed. Making use of Egs. (56), (61) and (67) then gives the eigenvalue

equation
2 8P
10 3 W 2 & YRS 3 W w 6
=z, — 4+ -k SE (p) = 4me“28E (p{/ﬂd P (l - ——) -
[p 3p € %0 <c2 )] 8 8 ‘ %ack ck ymeoc
0 - fO
S YO T B} (68)
oP cz 2]3H
° ™0

2
W= e + QuéPe/ymeo

Paralleling the analysis in Ref. 10, the integral contribution

f .
proportional to JdBp e afg/BH gives surface-charge contributions on

the right-hand side of Eq. (68) proportional to ang(p)/ap = —abG(p—a)

[Eq. (38)]. Although this surface-charge contribution can be

retained in a self-consistent manner, for present purposes we neglect

the term proportional to afg/aH in Eq. (68) and retain only the negative-

mass and resistive wall effects associated with Bfg/aP This is a

8

valid approximation provided the beam density w2 satisfies Eq. (44).

pb
Integrating over 3fg/8Pe, Eq. (68) then reduces to
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2 Xy, (@)
l.& 9 w o _ 2)]6" = _ b _ ~
(p 5 © 35 +( 2 k Eg (p) 2 U (a PISE, (p) , (69)

where the susceptibility xb(w) is defined by
mz k2a2

wlw - 2w )
X, @) = - 2 7 [“(1 - Bbi%) +“’7—z“‘ci‘] ’
(w - o+ i[ukAl/ymeO) ¢’k

for the choice of equilibrium distribution function fg in Eq. (13). Since

w = lwcz = kac is assumed, the square-bracket factor in the preceding ex-

2
pression for xb(w) can be approximated by u(l - Bb) = U/YE and the suscep-

tibility reduces to the approximate expression

w2
pb

. 2
(w - W , * 1|ukAJ/ymeo)

kzaz/Yg

X (@) == u (70)
For the choice of fg in Eq. (13), we note from Eq. (38) that the density
profile ng(p) = ﬁbU(a -p) is constant in the beam interior. Here, U(a - p) =
+1 for p < a and U(a - p) = 0 for p > a, so that the contribution on the
right-hand side of Eq. (69) corresponds to a body-charge perturbation.

Of course, the eigenvalue equation (69) must be solved subject to the
appropriate boundary conditions. At the beam boundary o = a, these condi-
tions are that éfe(p) and aéﬁe(p)/ap be continuous. At the conducting wall

(p = aC > a), we assume that the wall has finite conductivity o. The boun-

dary condition at the wall can then be approximated byll
SE.(a) = -2 (1-1) 6B (a)
8 ¢ 2c e

. 8522 ) -2 s
= 58y, (1 + 1) [ap aEe(p)] p=a_ (71)
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In obtaining Eq. (71), use has been made of Eq. (59) on the vacuum side
(where 5ﬁp = 0) of the conducting wall, and we have approximated ( w2/c2k2)x

2, 2 2,~-1 2 2
A - w/ck™) — = Bbe for w = = kac. In Eq. (71)

§ = c/(2ﬂw0)1/2 (72)

is the skin depth in the wall.

Equation (69) can be further simplified for |xbl vland w = fw =
cz

kw R.. 1In this case,

cz 0
2 22
2 EL_ L a
‘ O Ty
th Eq

which is consistent wi

(62). . Equation (69) can then be approximated by

15 3 2] .2 _
tp 55 © oo + T } 5Ee(p) 0, 0O<p<a, (73)
and
13 ) . _
oappapaEe(p)—o’ a<0§3C’ (74)
where
2 2
T"a” = x () (75)

and xb(w) is defined in Eq. (70). The physically acceptable solutions
to Eqs. (73) and (74) with 6%6(9) and asﬁe/ap continuous at p = a

are given by

AJO(Tp) s 0<p<a
a%e(p) = (76)
J(')(Ta) 0
AJO(Ta)[l + Tas—o—(-,r—a—)' 2n ] s a<p< a,

where Jo(x) is the Bessel function of the first kind of order zero,
and Jb(x) = dJO(x)/dx. Enforcing Eq. (76) at the conducting wall

p=a, gives the required dispersion relation
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a
Jo(Ta) - (Ta)Jl(Ta) [%n-;g ~'% (1+1) é} £32 2] =0, (77)
o

b'b
where use has been made of Jl(x) = - Jé(x).

Equation (77) is a transcendental equation for the complex
eigenfrequency w and must be solved numerically in the general case.
There are two limiting regimes, however, where Eq. (77) can be
simplified analytically.

2 2
(a) a, > aor sbyba >> ac: There is a large temptation to Taylor

expand Eq. (77) for

Ileaz << 1. (78)
To lowest order this gives the approximate dispersion relation
1,22 2
1- 71 (l+22n-a——)———c(l+1)Bbe -0 . (79)

From Eq. (79), it is evident that Eq. (78) is a valid approximation
only if
L (1 + 2%n i5-)— — (1+1)B Y >>1 (80)
4 a a, b'b
is satisfied. Equation (80) typically requires a large conducting wall
radius a_ >> a, OT Bgyiﬁﬁﬂ>ac in order for the inequality to be satis-
c
fied. Making use of Egs. (70) and (75), the dispersion relation in Eq.

(79) reduces to

, 2
(w = 2w, + 1lukAI/meRo)

1 wzbkza2 ac o
=-7 p—R-‘——z [(l + 22n "a—) - *'—c':' (1+i) Bbe:]
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Equation (77) also supports solutions with |T|2a2 2 1 when the

inequality in Eq. (80) is satisfied. Making use of Eq. (80), we find

that the dispersion relation in Eq. (77) can be approximated by

Jl(Ta) =0, (82)

2

. . 2.2
which gives T'a" = Aln’

n=1,2,... where Jl(kln) = 0 and Aln is the
n'th zero of Jl(x) = 0. Making use of Egqs. (70), (75), and (82),

we obtain the 'dispersion relation

. 2
(w = o, + 1|ukA|/ymeO)

22,2 (83)
i 9 k“a /Yb .
= ML TR n=12,...
P A
1n

where Jl(kln) =0 .

Equation (83) is really an extension of the dispersion relation
(81) from the regime Ileaz << 1 to the regime lT]za2 3 1. What is most
important to note is that Eq. (83) is independent of wall resistivity,
whereas Eq. (81) is not. Moreover, ghe characteristic growth rate Qi =
Imw obtained from Eq. (81) is larger than that obtained from Eq. (83).
Indeed the mode is rapidly stabilized for increasing xin.

2 2 ' . 2 2
(b) a, = a and BbeG << a.. In circumstances where BbeB << a, and

the beam radius is approximately equal to the conducting wall radius a = a.

the coefficient of Jl(Ta) in Eq. (77) is algebraically small, and the dis-

persion relation (77) can be approximated by
JO(Ta) = 0 ’ (84)

which has solutions Tza2 = Agn’ n=12,..., where x0n is the n'th
zero of Jo(xon) = 0. Making use of Eqs. (70), (75), and (84), the

dispersion relation (84) gives
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. 2
(w - lmcz + 1|ukA|/yme0)
(85)
= —pw? i’ n=1,2
- uwpb ,2>\2 L] ’ e
p"0n

where JO(AOn) = 0. The most unstable solution associated with Eq.
(85) is the fundamental mode with mn = 1. As in Eq. (83), the growth
rate Imw decreases rapidly for increasing Agn. Comparing Eqs. (81)
and (85), we note that placing the conducting wall radius (ac) near

the beam radius (a) significantly reduces the growth rate.
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IV. NEGATIVE-MASS INSTABILITY

We now make use of the dispersion relations (81) and (85)
derived in Sec. III to determine negative-mass stability properties
for the case where the wall is perfectly conducting with § = 0.

Introducing the geometric factor

a

(i + 22n-g) s for a_>> a ,
a v c

g = (86)

4 =

kz ’ for ac = a,

On

22,2 2. 2. 2.2 2, 2 )
and approximating k w /et = k@1 w,,Ry/e”) = K" /y, for w = s

the dispersion relations (81) and (85) can be expressed as

. 2
(w - iwcz + 1[ukAl/ymeo)

) (87)
2
- _uwZ k"a" g
pb 2 4
Ty

Solving Eq. (87) for u, we find that the necessary and sufficient

condition for instability (Imy > 0) is that

.mRoc 2
0 <ypc< > g

where v = (ﬁbnaz)(ez/mcz) is Budker's parameter for the beam, and

g is defined in Eq. (86). When the inequalities in Eq. (88) are
satisfied, the real frequency Q. = Reyw and growth rate Qi = Imy

are given by

(89)

where k = 2/R..
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The stability results in Egs. (87) - (89) can be investigated
in various regimes of experimental interest. It is interesting to

note from Eq. (87) that a sufficient condition for stability (Imw < 0) is

wiz 1
L 50
wg Ty
where w2 = w2 /2 + (w2 /2)[82 - (1-f)]. For f = 0, the conditio <0
B cz pb b ’ ition u

[Eq. (90)] and condition for existence of confined equilibria [Eq. (44)]

can be expressed as

0)2 LOZ

8
1<—2P-g—<1+——§——. (91)

Ybwcz 2wcz

Evidently, for £ = 0, the inequality in Eq. (91) can be satisfied pro-
ided wib/wiz_is sufficiently large. That is, the negative-mass instabi-
lity can be completely stabilized for A& = 0 provided equilibrium self-
field effects aré sufficiently strong.

The regime where pu > 0 is perhaps of more practical interest.
In this case, making use of Egqs. (87) and (88), the instability

is completely stabilized whenever the inequality

2
A Vo g
> = s (92)
(meBbCRo) b (wiei )

is satisfied, It is evident from Eqs. (86) and (92) that the instability
is most difficult to stabilize when a, >> a and the geometric factor g
is large. Even in this case, however, only a modest spread A in

canonical angular momentum is required for stabilization. As a

numerical example, consider the case where wib/wiz << land y = 1 - l/yi =B

For v/yb = 1/20, g = 5, Yp = 5, and By = 1, Eq. (92) predicts stability

for (A/ybmsbcRo) > 1/10.

2
b*
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V. RESISTIVE VALL INSTABILITY

In this section, we consider the dispersion relation (77) and its
limicing versions [e.g., Eq. (81)] in circumstances where wall resistivity
effects (as measured by 6/ac) play an important role. In this regard,
since a spread A in canonical angular momentum has a stabilizing

influence, we first consider the most unstable case with

A=20, (93)
and wz kzaz
_ y b
T2a2 _ . r i (94)
2 (6 - )2
Yb ez

We further consider circumstances where

w<o, (95)

and therefore the negative-mass instability is absent (Sec. IV).
Assuming weak dissipation in Eq. (77) with BgyiS/ac<< 1, the real oscil-
lation frequency Qr = Rew is determined from
a
. c 16 ,22
JogTa) - Ta Jl(Ta) (Rn Pl i'a Bb > c , (96)

and the growth rate Qi = Imw is determined from

1° 8
. -3 2 TaJ (Ta)BbYb
Q, = - — 97)

1 ) .
[JO(Ta) - <JI(Ta) +J'1(Ta»(2 a—c - %Z—-Ei 12))]5-?2—1'— Ta

where Ta in Eq. (97) solves Eq. (96), and we have neglected the (slow)

variation of § with Qr. We now consider Eqs. (77), (96), and (97)

in various limiting regimes.
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(a) a, = a and A = O: For8§y§6<< a_s and beam radius equal to the

conducting wall radius (a = ac), Eq. (96) reduces approximately to
JO(Ta) = 0., Making use of Egs. (94) and (95), the real frequency Q.

is given by [Eq. (85)],

ka
_ 1/2 “pb _
Q. - tw_, = t|u] FoTb n=1,2,..., (98)
2.2

J = -l = ) ' =
where JO(AOn) 0. Moreover, making use of a, a,BbeG << a_ and Jo(x)

—Jl(x), Eq. (97) reduces to

9. = 16 Ta 82 2
17 2, 8Ta/on b'b
(99)
__ 13 - 2.2
B 2 a, (Qr leQBbe ?

and the slow-wave (lower) branch in Eq. (98) corresponds to instability

(Qi > 0) with growth rate

Iull/z —Bb__ n=1,2,... (100)

(b) a  >> a and A = 0: For Bgin << a, large conducting wall radius
2

(a >»> a), and [T|2a 2 1, Eq. (96) reduces approximately to Jl(Ta) = 0,
c
and the real oscillation frequency Qr is given by [Eq. (83)]
ka
g W
(, - ) = | VP SR—, (101)
'1n'b
where Jl(xln) = 0, and use has been made of A = 0 and y < 0. To the

accuracy of Eq. (97), we then find
Q. =0, (102)

for ITI?'a2 ;L
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On the other hand, for a, >> a, the dispersion relation (77)
also supports solutions with ]TI2 2 1. 1In this case Eq. (77)
reduces to Egqs. (79) and (81), which has solutions (for A = 0
2.2
and Byvpd << a ),
1/2 w ka a, 1/2
- = + — .
(@, - 2u_,) *|ul 2Yb 1+ 20n , (103)
and
Q. - fw_ )
168 ,22%x z
Qi = = '2_ —a—sbyb ac . (104)
c (l + 24—
a
As in Eq. (97), the lower branch in Eq. (102) is unstable with growth
rate
q, =3 22,2 |12 “pb® 1 (105)
. = U .
i 2a,p'b 2Yb a 1/2
1+ 2%n ==
a

Comparing Egs. (100) and (105), it is clear that the resistive-wall
instability exhibits the strongest growth when a, = a.

(c¢) a, >> a and A # 0: To illustrate the stabilizing influence of

a spread A in canonical angular momentum on the resistive wall instability,
we consider the regime where 'leaz << 1 and make use of Eqs. (79) and

(81) to investigate stability properties for y < 0 and A # O.

Expanding Eq. (81) for small BiYiﬁ/aC << 1, we determine Qr = Rew and

Qi = Imw to be given by

lull/zw bka a 1/2
- = = PP _<
Qr iwcz sz 1+ 22n S . (106)
1/2
ka
_ 1822 u] “ob Julka
c ac b0
2Yb 1+ 22&:;

for the unstable branch with Imy = Qi > 0. From Eq. (107),
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we find that the resistive wall instability is completely stabilized
by a small spread A in canonical angular momentum satisfying
2 2,22
A 2 1 42 “5p? By
T Rl 16 3 . (108)
Y8Ry a 2 3
c lulc 1+ 2%n P

Of course, Eq. (107) reduces to Eq. (105) in the limit A - O.
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VI. CONCLUSIONS

In this paper we have investigated the equilibrium and stability
properties of a relativistic electron ring within the framework of the
linearized Vlasov-Maxwell equations. The analysis was carried out for
perturbations about an electron ring located at the midplane of an ex-
ternally applied mirror field combined with an applied toroidal field
Bgzt. Equilibrium and stability properties were calculated in Sections
II - V for an equilibrium distribution function which incorporates a
spread in canonical angular momentum Pe [Eq. (13)]. Equilibrium proper-
ties were calculated in Section II, and one of the most important features
of the equilibrium analysis is that the maximum beam density confined in
the modified betatron field configuration can be greatly emhanced by the

toroidal magnetic field ngt

[Eqs. (43) and (44)]. Moreover, the rota-
tion frequency Wy in the minor cross section of the ring plays an impor-
tant role in determining detailed equilibrium properties.

The formal electromagnetic stability analysis was carried out in
Section III, and stability properties were calculated for eigenfrequency
w near harmonics of 0, A closed dispersion relation [Eq. (77)] was ob-
tained assuming that the electron ring is located inside a toroidal con-
ductor with finite resistivity and minor radius a, << RO'

stability properties were investigated in Section IV for zero resistivity,

Negative-mass

including the important influence of equilibrium self fields. For a low-
density ring, a modest spread A in canonical angular momentum stabilizes

the negative-mass instability. In a high-density ring with f = 0, however,
if the self fields are sufficiently strong, the negative-mass instability can

be be completely stabilized by equilibrium self-field effects [Eq. (21)].
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The stabilizing influence of equilibrium self fields on the negative~mass
instability is an important new feature for stable operation of high-current
modified betatron accelerators. The resistive-wall instability was exam-
ined in Section V. It was shown that resistive-wall instability can also

be stabilized by a modest spread A in canonical angular momentum
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APPENDIX A

DERIVATION OF APPROXTMATE INVARIANT P. = CONST. FOR A CIRCULAR
A4

BEAM WITH a = b AND n = 1/2

In this Appendix, we make use of the single-particle equations
of motion in the equilibrium field configuration and the assumptions

outlined in Sec. II to determine the conditions where

e
- 16 2
P¢ = OPQ 2 c p b (A-l)
is a good approximate invariant. Here, (p,?%,6) is the toroidal
polar coordinate system defined in Fig. 1 and Eq. (2).
In (r,8,z) coordinates, the radial and axial equations of

motion can be expressed as

V,D

. 878 _ _ (0,1 0_1 0

b, - =F,. = e(E + c VeBz c Vv Be) s (A.2)
and

. _ _ (<0 .1 0 _1 0

p,=F, = e(Ez S VrBG c VGBr) (a.3)

Here, ES = -8¢O(r,z)/8r and Eg = -3¢0(r,z)/az are the radial and

axial self electric field components determined from the equilibrium

0 _ _ext s _ _ ext s
r = Bgr T B " (a/az)(AOe + A
0 ext s

electrostatic potential ¢O(r,z), and B Oe)
_ -1 ext s .
and Bz = BOz + BOz = r (a/ar)[r(Aoe + AOe)] are the radial and

axial components of the total (applied plus self) equilibrium

magnetic field. The quantity Ag(r,z) = Aggt + Age is the g-component

of the equilibrium vector potential. Making use of the assumptions

enumerated in Eqs. (3), (4), (5), (7), and (9), and considering

b\ _2 2

0 r'2 22 & b

0 _ r'” 2 Voo o ,
Jeb(r,z) = Jeb az + bz , Wwhere r r Ro, it is straightforward to

2 2
density and current profiles of the form ng(r,z) = no-z—— + 22 ] and
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show to the accuracy required in the present analysis that the equilibrium

potentials and field components can be approximated in the ring interior

(Jlr - R l |r'] < aand |z < D) D 8,9
~ y
0 b
Er = -4re(l-£f)fy, Py ', ‘ (A. &)
0 A a
E, = —éne(l—f)nb peral P (A.5)
1 rAlb 2 2
99 = 3‘4ne(l—f) Ty (br'® + az%) , (A.6)
and
0. _ 3 2 - s 2 2
Br = nBz Ro AneROanb b Ro s (A.7)
0_3 _ .5 x' b r'
0 _ 0, P
rAe = ROAS(RO’O) + ROBZr
1, % 42,1 o 2
+ 2 (1 n)Bzr + 2 nBzz (A.9)
1 b 2
+ 7 4reR Sb v (br + az”)
Voo 3 = p&xt . .0 - 0
where r' = r RO’ B = By, (RO,O), z nb(RO,O), Bb = VG(RO’O)/C’
and n = —[raan (r z)/ar]( ,0) is the external field index. Moreover,

from Eq. (l), the applied tor01da1 field can be approximated by

B, = ﬁe (1 - r'/Ry) (A.10)

(a0

in the ring interior.
We make use of Eqs. (A.2) and (A.3) and Egs. (A.4) - (A.10) to

form the difference product
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eB
* ' = —. '
2p. - r'p, . (zvz + r vr)
2 _ ~ b‘_a'
+ 4re” (1 f)nb-;f;j; r'z
(A.11)
v
5 ~ b-a ,
< 4rme ROanb 75 ° 2
P e% : eB .
0 z
+ zve - c + 2 R R

where small terms of cubic and higher order (zr'vr, r'zvr, etc.) have

been neglected in Eq. (A.1ll). Note that the self-field contributions

in Eq. (A.11) vanish identically for a circular beam with a = b.

In the final term in Eq. (A.1l1), we express p, = Pe/r + (e/c)Ag(r,z) =
Po/r + (e/c)Ag(r,z) + 6Pe/r, where 6Pe = Pe - PO’ and make use

of PO = (l/2)(eﬁz/c)Rg and Ag(R0’0> = ﬁzRO/ZF Neglecting terms of

cubic order and higher, and assuming a circular beam with a2 = b, Eq. (A.11)

can be approximated by

eﬁe
]
< (zvz +r vr)

25 - ',

~

eBz r'z
+ Ve(Zn - 1) ~E~'E8— (A.12)
+ zv EEQ
] RZ '
0

Strictly speaking, a circular beam with a = b requires external field
‘index n = 1/2, so that Eq. (A.12) reduces to

eﬁ &P

. 6
- 'y = 2 ' -9 .
zp, - 1'p, s (zv, + 1 Vr) + 2v, R2 . (A.13)
0




Comparing the two terms on the right-hand side of Eq. (A.13), and
estimating z v r' v a, v, vV PL/me’ and YpIVe v eBzRO/c, we find
that the 6Pe contribution in Eq. (A.13) is negligibly small whenever

the inequality

A

6P| By |py
— L= (A.14
meBbCRO B Py ’ : ‘

is satisfied [Eq. (8)]. Within the context of Eq. (A.14), Eq. (A.13)

can be approximated by

e
a ., _4 16 2
dt To T At (ppq) 2 ¢ P )' 0, (4.15)

which is the required result. Here, p2 = r'2 + 22 = (r - RO)2 + 22, and

Pg is the ¢~ component of mechanical momentum in the toroidal polar

coordinate system -(p,%,6) illustrated in Fig. 1.
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APPENDIX B

ELECTRON TRAJECTORIES IN THE EQUILIBRIUM FIELD CONFIGURATION

In this Appendix, we determine the electron orbits in the
equilibrium configuration described self-consistently by Eq. (13)
in Sec. II and Appendix A. For a circular beam with a = b and n = 1/2,

we express the Hamiltonian H in Eq. (27) as

2 1 1 1 2
H=vm ¥ L= Frpmeggz)” + @pF Fryms ox)]
(B.1)
(6P )
+ P o (1= RO BR) + g vy ('2 + 2
2meR0

where (P;, P;) are the transverse canonical momenta in the toroidal Bg

field,

1

T | -
Pr = pr+ 2Vp™eg? 2
(B.2)

1
Y f =
P = P 2Yp ™t

wg = wiz/Z + (wib/Z)[Bi - (1-f)] is the betatron frequency defined in
Eq. (39), and Wy = e%e/ybmc and w,, = eﬁz/ybmc. The "primed" orbits
(r',z',e',p;,p;,pé) in Eq. (B.1l) pass through the phase space point
(r - Ry» z,e,pr,pz,pe) at time t' = t. Moreover, p; = mev{ and

1

P, = ybmv; for the nonrelativistic transverse motion described by Eq.

(B.1). From Eq. (B.1l), Hamilton's equations of motion (d/dt')(SH/BP;)

= -3H/3r’', (d/dt')(aH/aPz') = - 3H/3z' and d6'/dt' = BH/BPe, give
2 8P
dr' _ dz'
¥, ® dt'z =+ Y W e to, Ro -y m»B (B.3)
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o dzz' = oy m ar' mwz .
W2 p™eo ac’ - Yp™g?% (B.4)
8P
o' r' 6
ac' ez 1- RO + = 3 2 . (B.5)
wcszmRO

Simplifying Eqs. (B.3) and (B.4) gives the coupled oscillator equations

2 w
d ' dz' 2( , cz _
Yp™%s %0
2
d ' dr' 2., _
dt'Z 2 + wce dt' + sz = O " ‘ (Bo7)
Introducing
w
n' = {r' - ——6p | + iz, (B.8)
mewBRo

Eqs. (B.6) and (B.7) can be combined to give

. d 2
TR + wgn' = 0, (B.9)
which can be integrated to give
.+ , -
n' = n+exp(1wb1) + n_exp(lwbr) . (B.10)

where 1 = t' - t, n, are constant complex amplitudes, and the

4

frequencies w, are defined by Eq. (43)],

b
2 1/2
£ _Yeo J, (1.0 '
Wy = 3 + 5 . (B.11)
U)Ce

Note from Eqs. (B.8) and (B.10) that the (r',z') motion is biharmonic

\ +
in w and W s and that r' and z' can be expressed as
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o= ___SEE_ 5P + (i'cosw+T + #'cosw, 1)
2, 8 +b - b
Yp™g"0
(B.12)
- (%'sinw+1 + 2'sinw, 1)
+7 7% -5 T
z! = (;'cosw+1 + 2'cosw, 1)
+ b - b
(B.13)

The oscillation amplitudes % l of course can be determined

from the boundary condition that the particle trajectories (r',z',p;,p;)
pass through (r-Ro,z,pr,pz) at T = t' - t =0. For a thin ring with

0

Substituting Eq. (B.12) into Eq. (B.5) and integrating with respect

a << Ry, we note that I%;I, Iﬁil << R

to t', we obtain

2
LI -
8' =6 + (mcz U5P6/meRO)T

(B.14)
+ (small oscillations),
where ; is defined by
w2
cz 1
W T (B.15)
wg Yy

In Eq. (B.14), the small oscillatory terms (of order a/RO) are biharmonic
in wi and make negligibly small contributions in the frequency regime
considered in the stability analysis in Sec. III. Depending on the

, 2 .
sign of B, - (1-f) and the size of y, and wpb/wcz’ we note from

Eq. (B.15) that p can assume large positive or negative values.
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FIGURE CAPTIONS

Fig. 1 Equilibrium configuration and coordinate system.
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Fig. 1 Equilibrium configuration and coordinate

system.






