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Abstract

Time—of-Fight (ToF) cameras utilize a combination of phase and amplitude information to
return real-time, three dimensional information of a scene in form of depth images. Such
cameras have a number of scientific and consumer oriented applications.

In this work, we formalize a mathematical framework that leads to unifying perspective
on tackling inverse problems that arise in the ToF imaging context. Starting from first prin-
ciples, we discuss the implications of time and frequency domain sensing of a scene. From
a linear systems perspective, this amounts to an operator sampling problem where the op-
erator depends on the physical parameters of a scene or the bio-sample being investigated.
Having presented some examples of inverse problems, we discuss detailed solutions that
benefit from scene based priors such sparsity and rank constraints.

Our theory is corroborated by experiments performed using ToF/Kinect cameras. Ap-
plications of this work include multi-bounce light decomposition, ultrafast imaging and flu-
orophore lifetime estimation. ‘
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Preface

While time—resolved imaging was already being explored in the group, first formal steps
towards continuous wave time—of—flight (ToF) imaging were a consequence of the Time—of-
Flight Imaging: Algorithms, Sensors and Applications Seminar which was held from October 21 to
October 26 in 2012 at Dagstuhl.

Dr. Raskar was at the workshop. When he got back to Cambridge, he described the so
called mixed—pixel problem in ToF imaging. For a given scene of interest, the ToF cameras
provide an amplitude image (the usual photograph) and a depth image, that is, two images
for the same exposure. The depth image is unusual. It encodes the distance of the object
from the camera. Chapters 1 and 2 are dedicated to the ToF principle and how the ToF
cameras compute depth.

The ability to compute depthisa  gjngie Bounce of Light Multiple Bounces of Light
speciality of the ToF cameras. That Region of Mixed Pixels
said, the ToF cameras are unable to
discern the right depth/distance when
multiple bounces of light combine at
the sensor. To give an example, con-
sider the setting when you photograph
an object through a window. This is
shown in the figure on the right. In-

deed, one part of the photograph is

due to the actual scene (or what you
would have captured without the window) and the other part of the photograph is due to
the reflections from the window pane. Ideally what one wants is a photograph of the scene
without the window being there but in many cases of interest, for example, photographs
taken through a aircraft, this situation is inevitable. Even the usual consumer camera will
not be able to undo the effect of the window pane (unless you buy a polarizing filter). This
example motivates the mixed—pixel problem, that is, multiple light bounces adding on the

image as if two or more images were superimposed.



At the time when the problem was described to me, it was clear that this was a non—
linear problem. Let me present an intuitive explanation. The ToF cameras measure depth
by computing the the amount of time it takes for light to reflect from an object, just like the
traditional SONAR!. That is to say, if the camera sends a signal p to the object, what comes
back is a delayed version of p. Mathematically, let the camera system send flashes of light
which we model by p (t) where the variable ¢ denotes time. An object at some distance do
meters from the camera will reflect the light back after ty = dy/c where ¢ = 3 x 10®m/s is
the speed of light. Since this phenomenon happens only after the light has travelled a round
trip, the camera records the reflected signal r (¢) = p(t — 2t;). Here we have assumed
a perfect reflection. Ideally, one should observe [op (t — 2to) where I is the reflection

coefhicient of the scene. In summary, this interaction is modeled as,

p(t) — [Object| = r () = Top (£ — 2ts), with to = g,r0= 1.

This method of estimating depth or range is used across several disciplines of science and
engineering (such as SONAR, RADAR and OCT?). Some choices of the function p include
Dirac’s Delta function (femtosecond photography), sinusoids, Gaussian function and linear
frequency modulated function (or chirps). Clearly, estimating ¢y, and hence dy from p is

a non-linear problem. Consumer grade ToF cameras (such as the PMD and Microsoft

Kinect) use an astonishingly simple method to decode ¢ from r (t) with the choice of p(t) =
cos (wot).
Now if we consider the case when the camera records two reflections, one due to the

window and another due to the object, the reflected signal takes form of 3,

r(t) =Tw(t —2t1) + Tap (t — 2t3).

In this setting, given some form of p, if one can magically recover the quantities {I';, I'2} and

!Sound Navigation and Ranging.
20ptical Coherence Tomography.
3 Also, following the same arguments as above, it is some what reasonable to believe that for the general case

of K~bounces of light, one will end up observing, rx (t) = ,I;_Ol Txp (t — 2tk). In this case, the problem is
that of recovering the 2K quantities {T'x, tk}f;Ol.



{t1, t2}, then it is possible to completely characterize the scene! As will be shown later, this
model also mimics the physics of the fluorescence phenomenon. Using similar principles, we
will show that a variant of the same model can be used for fluorescence lifetime estimation.

This brings us back to the first ideas that were discussed in November 2012. The main
theme of the problem was the following: Let p (t) = e** = cos (wt) + jsin (wt). Given

that for two bounces of light, the camera measures,

T (t) = Ple]w(t_Ztl) + 1"26](-U(t—2t2)

A

m(w)

it is clear that for some fixed w = wy, by no means one can estimate {I'y, Iz} and {t1,%2}.
This is simply because the quantities of interest, that is {I';, I's} and {¢1, t2}, are a function
of w.

Hence if we at all seek to solve for {I";, ">} and {t1, t2}, we need to measure m (w),
m (w) = T1e77%1% 4 Tye 9%,

The physical significance of this fact is that the ToF camera needs to probe the scene at
multiple frequencies w.

Adrian Dorrington* and co-workers from University of Waikato made one of the first
attempts to solve this problem by using two frequency measurements. Their idea was simple.
Let m (wp) be the measurement at w = wp. Then, the solution for the unknowns may be

obtained by solving for,

arg min (|m (1)—m (1)|2 +|m(2)—m (2)|2) .
{I'1,I'2,41,¢2}

Unfortunately, with only two measurements, the problem is under—determined and the cost

function is non—convex. Therefore it is safe to assume that this method may not always

*Dorrington, Adrian A, et al. “Separating true range measurements from multi-path and scattering in-
terference in commercial range cameras.” IS&T/SPIE Electronic Imaging, International Society for Optics
and Photonics, 2011.



guarantee a robust, unique solution.

For any one who has spent time with Thierry Blu and Martin Vetterli, it is clear that
given 2K samples of m (w), at least in the noiseless setting, it is possible to compute all the
unknowns {Tk, tx} 1y .

This is the classic spectral estimation problem®. In fact, a more general version of the
problem that is linked with Fractional Fourier Transforms was dealt with in one my previous
work on sparse sampling®. At first it might look impossible to solve for the unknowns in the
non-linear mixture linked with m, but thanks to the age old result of de Prony’.

Assuming a modest background in complex anal-
ysis, let me denote a phasor by the complex num-
ber z = re’? which is nothing but a vector in polar
co—ordinates. This vector has length 7 and is ori-
ented at an angle . For the two bounce problem—

the simplest example of mixed—pixel problem—the

measurements m(w) amount to addition to two pha-
sors at some given frequency w = wy. If m (w) was known for all values of w, the question

we should be asking is: How can we recover phasors,

e % and e v,

Concretely, in Fig. 0-1 we describe the geometry of the problem. Note that when w =

kwy for integer values of £ and some fixed wy, that is to say,
m (kwg) = e 9%1kwo | Iye—302kwo,

the two phasors I'1e77#1% and ';¢ 792 rotate at proportional angles. This subtle fact can

be exploited as follows. Without loss of generality let wp = 1 and let,

my = FIE_‘W”C -+ F26_3¢2k.

>Petre Stoica and Randolph L. Moses. “Introduction to Spectral Analysis.” 1997.

® Ayush Bhandari and Pina Marziliano. “Sampling ?nd reconstruction of sparse signals in fractional Fourier
domain.” 2010.

"Baron Gaspard Riche de Prony, “Essai éxperimental et analytique: sur les lois de la dilatabilité de fluides
élastique et sur celles de la force expansive de la vapeur de 1?alkool,a différentes températures.” 1795.



m(w) = Fe %% = T'1e79%1% 4 e 793¢

=12
N3

o

Figure 0-1: Geometry of the mixed—pixel measurements m (w) = I'1e %1% + T',e 772, For the two bounce case, each depth dj, resulting
in the time delay ¢; parametrizes the angle of the phasor with ¢ = 2t;. The intensity of the pixel 'y, parametrizes the length of the
phasor. The two phasors add to produce the measurements m(w) = ['e™*. The inverse problem is to estimate {I';, [y} and {t,,t,}

given m.



Since K = 2 for the case of two bounces of light, we will show that algebraically, it is
possible to find the unknowns or the phasors by using 2K = 4 measurements.

Let us start with 4 measurements stacked in a vector—matrix form,

[ my ] [ 1 1] mo=I1+T,
m | | e e Iy o ™= 171 + Tye?%2
ma e 1291 I's my = ['1e7291 4 [ye?¢2
|ms || B i3 ] ms = T,eB% 4 el

Setting u; = €’ and uy = e allows one to write,

[ Mo ] [ 1 1 ] mo = Fl + Fg
my | | ur up r, R my = I'uy + Taus
Mo u'f ug I Mo = Fl’ll,% -+ qu%
mg ’U,:i} ’U,g ms = Flu? + qug

Now if we define a polynomial P (2) = (z — u;) (z — ug) = 2% + p12 + py, it is clear that,

u?+pr1ur+po u3+pruz+po

- o
Fl P (ul) +F2 P (’(L2) =0
S -’ el
=0 =0
and,

uf+prui+po uZ+p1uz+po

- ——
F1u1 P (Ul) +F2U2 P (UQ) = 0.

\G./ \,0-4

Combining the two equations, we have,

Po (F] + Fz) +m (I"lul =+ FgUg) —+ (Flu% -+ qu%) =0
Po (Flul + Fng) + P1 (I‘l’ll:% + FQU%) + (Flu‘;‘ -+ FQU%) =0

or simply,
my 1y Po | | M2
mp; ma P1 —mgs
| TSI L R R —
M r m



This simple computation shows that it is possible to calculate py, p1 from the measurements,

{mo m; M3 m3}~

Provided that momg # m%, the matrix M is invertible and we have,

m2 — myms _ mgmg — mimy

po=—2——— and p=
m?2 — moma m2 — momaz

Having computed p; and p,, solving for, 2% + p12z + po = 0 gives u; = €% and u, = 2.

With ¢ and m known, I' can be computed using least—squares problem,

mo 1 1

m 1 e.7¢'1 e.7¢2 F 1
mo 6.72¢1 6.724’1 F 2
m3 e]3¢1 e.73¢2

As has been established, a simple series of algebraic manipulations decouples the non—
linear estimation problem into a root—finding problem followed by a linear inverse problem.
This connection was known to me for a while and hence the extension to the case of K—
bounces was straightforward.

The idea that the delays ¢ can be decoupled from the non—linear mixture m has an
interesting link with systems identification theory. An overview of the idea is shown in Fig, 0-
2. For the case of K—bounces of light, we have,

K-1
m(w) = Z Ty, up = €%,

k=0

Given discrete measurements of form,

me =m (bwp), £>0and{ € Integers,

10



its Z—transform is defined as,

ZK—I | N (Z)

M(z) = mez~t = ,
(2) ,Ze e k=0 1 —upz~! D(2)

Z—transform

provided that the series converges. As can be seen, M (2) blows—up whenever z = uy. Also,
since M (2) can be factored into a polynomial ratio, the roots of denominator, that is, D (2)
encode the locations of uy. .

In this way, by the end of the year 2012, we were convinced that there are some inter-
esting directions linked with mixed—pixel problem. That led to investigation of this topic.
While a lot of the work is still in progress, one of the common themes in this thesis is linked
with the idea of converting inverse problems into a rational polynomial estimation problem.
In this context, there are three major directions.

The first direction solves the mixed—pixel problem in closed—form and for the general
setting of K—bounces. Our theory is corroborated by experiments on the customized PMD
sensor as well as the Kinect Xbox One. The second direction deals with super—resolution
ToF imaging where the sparse deconvolution problem is converted to a frequency estimation
problem. Finally, the last theme of this work is linked with fluorescence lifetime estimation.
In this case, the lifetime parameter as well as the distance of the bio—sample from the wall

are encoded in the depth image in form of a rational polynomial.

11
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Figure 0-2: Mixed—pixel measurements for K—bounce case. The non—linear problem of estimating {I';u, }f;ol from m can be decoupled
to first provide u. (a) The sequence m, = m (fwg) with m (w) = Zf;ol ['yuf is an additive composition of K—phasors, {Fkuk}sz_Ol
where u;, = €%, (b) The Z—transform of the discrete sequence my is given by M (z) = kK:_Ol ﬁfzﬁ = %8-. The poles of M encode
the locations {ug }. (c) Since m is a discrete sequence, |M (2)||,_,,. is defined on a unit disk. [M (z)| — oo at polar angles u; = e’%.

(d) Alternatively, on factorizing M = N/D, the roots of D encode the locations {uy}.
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quence, |M(z)||,_. is defined on a unit disk. [M(z)| — oo at polar
angles u; = e/, (d) Alternatively, on factorizing M = N/D, the roots of

D encode the locations {ug}s. . - -« o o o oo

Mixed pixel problem: Example of case where multiple bounce of light cor-
rupt the image and hence distort the depth information. Information below

the —line is corrupted with to multiple bounces of light. . . . . . ... ...
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2-1

2-2

2-3
2-4

2-6

3-1

3-2

3-4

Early pioneers of optical ime—of—flight principle. Image source: Wikimedia
Commons/CC-PD. (a) Galileo Galilei, portrait by Giusto Sustermans (b)
Ole Remer, portrait by Jacob Coning (1700) (c) Isaac Newton, portrait by

Godfrey Kneller (1689) (d) Hippolyte Fizeau. . . . ... ... ... .. .. 39
Example of 3D image. (a) 3D image of a mannequin. (b)~(d) 3D image of

a mannequin behind a transparent sheet with different viewpoints. . . . . . 41
Overview of 3D imaging techniques. . . . . .. ... .. ... ...... 42

Continuous wave and impulse based ToF imaging for single depth estimation. 43
Consumer and industrial grade ToF cameras. (a) PMD CamCube (photon-
ics mixer device) (b) Mesa (also known as the Swiss Ranger) (c) Microsoft
Kinect dyPMDNano. . ... .. .. ... ... .. .. .. ... ..... 46
Comparison of various industrial and consumer ToF cameras. Comparison
parameters (a) modulation frequency (b) wavelength (c) resolution (d) frame

rate (e) measurement accuracy (f) maximumrange. . . ... ... ... .. 48

(a) ToF principle: the phase delay of an emitted AMCW wave proportion-

ally encodes the distance of the reflecting object. (b) Mirror-like and (c) semi-
transparent reflections produce MPI at a given camera pixel and yields an
incorrect phase. (c) A complicated scene with severe MPL. . . . . . . . . .. 31
Left: experimental setup. Two transparencies block the left side of the
camera (for a three-component measurement), and one transparency blocks

the right (two-component measurement). Right: measured amplitude and
depth at w = 3wyp. Dashed line indicates edge of second transparency. . .. 55
Reconstructed amplitudes and depths via sparse regularization. Dashed

lines indicate edge of second transparency. . . . . .. ... ... .. ... 57
Phase histogram for reconstructed and measured depth maps. Reconstructed
phases cluster around the correct depths, whereas the measured depth map

has a wide variance across the entirerange. . . . . . ... ... ... ... 58
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4-1

(a) The ToF camera emits a reference signal. Time delay of arrival from
direct reflection encodes the depth d;. (b) Demonstration of mixed—pixel

problem (MPP): two or more paths contribute to the pixel. The inter—

reflections between sheets are assumed to be neghgible. . . . . ... .. .. 65

(a) Performance analysis of methods used for solving by, = EkK;Ol Bre1omtk
(4.13) with different oversampling factors N = 2nK + 1. We compare
Matrix Pencil Method [76] with Cadzow’s algorithm [75] for the case of
K = 3. The parameters are chosen from a uniform distribution. For
each SNR value, we average the result over 5000 realizations. (b) Start-
ing with M—sequence in (4.15) we obtain the calibrated function C, 5 in —-
and its {2 = 29-term Fourier Series approximation, ¢ € Bg in ——. The
inset shows the Fourier Series coefficients (4.9). (c) Mixed—Pixel Problem
for K = 3 mixing paths. The measurements y are marked in —-. Ground
truth and estimates using OMP in (4.7) and our method are also marked.
(d) We report the computation time involved with using LASSO, OMP and
our non—iterative method. OMP requires ~ 0.03 seconds per pixel while
our method (using Matrix Pencils) requires ~ 0.002 seconds. This result is
consistent over a set of 961 pixels. LASSO is computationally intensive. For
one pixel, the requirement is 689.40seconds. . . . . .. ... .. ... ..
(a) Measurements (—) of a scene where a translucent/diffusing sheet { 8o, to }
hides a placard {31, ¢; }. The mixed—pixels correspond to the case of K = 2.
Using our method, the mixed—pixels in (a) are decomposed into the diffus-
ing sheet in (b) and the placard that reads, “Time of Flight” in (c). (d) We
show measurements y for one of the pixel of 120 x 120 image. These mea-
surements are decomposed into shifted and amplitude scaled versions of

Cpp = ¢ markedin - - - - . Depths o {to,?1} are marked with —. . . . ..
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5-1

5-2

(a) The ToF camera emits a reference signal. Time delay of arrival from

- direct reflection encodes the depth d. (b) Specular or mirror like and, (c)

semi—transparent reflections cause multiple light paths to mix at the sensor
which leads to multipath interference or the mixed—pixel problem (MPP). (d)
Case of continuous multipath reflections. (¢) Time—of-flight imaging system
pipeline for solving inverse problems. . . . . . .. .. ... ... ...
Images (a) and (b) show one of the input amplitude and phase images while
(2) and (h) show the embedding of the intensity image onto the depth data.
The scene, depicted in (j) is constructed from a mannequin on a table with
a transparency between the camera and the scene. As can be seen, there is
a strong flashback from the transparency as well as corruption of the depth
image due to multi bounce. (c) and (d) show the intensity and depth re-
construction of the transparency while (e) and (f) show that of the scene. (i)
Shows the embedding of the intensity image onto the depth reconstruction.
Not only have the intensity and depth information been recovered correctly
for both the scene and transparency, we have also recovered both ampli-
tude and depth information that was completely occluded by the flashback
(highlighted). . . . . . ... ... .. ... e
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6-1

6-2

(a) Setup for fluorescence lifetime estimation using ToF cameras. Pixels at
(z, Y») measure depth by using time—of-flight principle in accordance with
(6.2). Pixels (z,yy) correspond to fluorescent sample. Impinging light
signal p undergoes two transformations: first, amplitude scaling and delay
((Tq © pZ) [p]) due to the depth d and second, due to its interaction with the
fluorophore sample which is in effect y = T o L' [p]. (b) Mathematical
notation for the physical set up described in part (a). The system response in
context of (6.1) is given by H = Tz 0 (uL;* + pZ) and the measurements
read, m(t) = H[¢],¢ = C,p. (c) Time—domain FLIM is modeled by
m (t) = H [¢] with ¢ = p = é and d = 0. (d) Frequency—domain FLIM is
modeled by m (t) = H [¢] with p = 6 and some calibrated d. (e) ToF-FLIM
uses m (t) = H [¢] where ¢ is some band-limited function with utmost M,
Fourier components. We show uL! — Tg0 uL;! — H—the sequence of
trandormatioNs ORI & ww ww 5 5 5 5 Ko E 5 5 5 W B & 8 F wEw ¥ ¥y &
Overview of forward model for coded FLIM imaging. . . . . . . ... . ..
(a) Measurements for a quantum dot with 7 = 32 ns acquired by a ToF
camera that uses a time code ¢ (in the inset). (b) Fourier Transform of ¢ and
its band-limited approximation via Fourier Series consisting of My = 51
components.(c) We estimate lifetime and depth from measurements using
/h = £D3'V*m ~ — (pr (mwo) + 4 (muwp)). Curves in — show

measurements and the expected phase function is marked with — ——.

6-4 Histogram of estimated lifetimes. . . . . . . . . ... ... ... ......
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A Unifying Framework for Solving Inverse

Problems in Time—of-Flight Imaging

The main goal of this chapter is to introduce the reader to the most general form of image
formation model for Time—of-Flight (ToF) sensors. What do we mean by “the most general
form of image formation model” and what are the advantages of this unifying perspective
will be clear once we outline how the problem is dealt with in literature. While consumer
ToF sensors are studied in detail in the preceding chapters, here, we will only consider the

abstract, mathematical model for such sensors.
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1.1 Generalized Image Formation Model for ToF Sen-
sors

Almost all ToF sensors are active devices. The ToF assembly has an emitter (LASER or LED
source) which emits a signal that probes the scene. Let us call it the probing function . The
probing function can be a time—localised pulse or a continuous wave (such as a sinusoid).
The probing function p interacts with the scene prescribed by a response kernel h. This
interaction results in the reflected signal 7. We model this process with a Fredholm integral

operator,

p—)—>r=/h(t,z)p(z)dz (L.1)

Q

where h is the continuously defined kernel and €2 is some measurable set which defines
the domain of integration. We are mainly interested in Lo—kernels that are measurable on

Q) x €2, that is to say,
/ / b (t, 2)Pdtdz < +00  (Ly—kernel).
QQ
An equivalent operator formulation that is representative of this setup takes form of,
r=Hp|.

For example, the operator that models our fluorescence lifetime estimation problem is given

in (6.3) and the corresponding kernel is given by (6.4),

h(t,z) = ho (t — z) where,

ha ) =5 (= 20) ¢ (050 + e 10 0) 12)
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The reflected signal 7 is then observed by the camera with response kernel 1 and measure-

ments at the sensor read,

- /w (t,2) 7 (2)dz & Gr] (1.3)

glr]

which is another Fredholm integral with kernel 1. The kernel ¥ can be used to model the
point spread function (PSF) of the camera or could also be a waveform which facilitates
demodulation. Concrete examples that follow later will make the context clear.

Finally, like all digital instruments, the camera samples the measurement to yield discrete
measurements,

min]=m({t)|,_pyy, n€Z, T>0.

The imaging pipeline then associates itself with the following chain that maps the prob-

ing function p to measurements m,

Q

~ vl

p—+—>'r=/h(t,z)p(2)dz —>—>/1/J(t,z)r(z)dz—>m.

o

v ~
Scene response kernel Camera response kernel

1.2 Shift-Invariant Kernels

An important class of Fredholm kernels & and 1) that model the scene response and camera

response, respectively, is the class of shift-invariant kernels which assume form of,
k5| (t, z) =k (t - Z) . (1.4)
For the class of shift-invariant kernels, the interaction,

p—)—>r=/h(t—z)p(z)dz®(h*p)(t)
0

Convolution
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boils down to filtering or convolution in context of Linear Time Invariant systems. As a

result, the image formation model assumes a simple structure that takes form of,

mn] = (¢ * h*p) (t)];enr-

For simplicity of exposition, we drop the subscript S| and assume kernels to be shift-invariant

unless pointed out explicitly.

1.2.1 Fourier Domain Description

Let us define the Fourier transform of a function by,

Fw)y={(f(t),e),

Thanks to the shift-invariant formulation, due to convolution—multiplication property, the

measurements have a simple Fourier domain description,
i (w) = ($hB) ().

In context of Coded—ToF imaging we will consider probing functions that are assumed to
be sufficiently smooth and time—localized. For such functions, we characterize the spectrum
using,

C

m+1+e?

Pl <

< C>0e>0meZ, (1.5)
14 |w]|

that is to say, the function p is bounded and m—times differentiable.

1.2.2 Connection with Sampling Theory for Shift-Invariant Spaces

In view of the sampling theory for shift-invariant subspaces [1, 2], the discrete measure-

ments of the ToF imaging pipeline can be modelled as,

m(nT) = (p(t),@*h) (t—nT)), pYER, (1.6)
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where we use the time—reverse operator f (-) = f (—-) and (¢ * h) is some pre—filter which

projects the probing function onto subspace of functions,

(@B ¢ —n1)}

neZ

This is because,

(p® TR = nT)) = [pOTB (¢ - nT)
~ [rOy@sn -t

= (p * d) * h) (T)|-r=nT
=m(nT).

In what follows, we give a brief over view of inverse problems and how the image formation

model developed so far can be used to solve problems of practical interest.

1.3 Specification of Inverse Problems

ToF imaging can be accomplished via impulse modulation where p = § or amplitude mod-
ulation (AMCW-TOoF) where p is some continuous function of time. We identify four exam-
ples of inverse problems. In the remainder of this work, we will focus on the details of these

problems.
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Single Bounce
of Light
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Mixed Pixels

Multiple Bounces
of Light

Figure 1-1: Mixed pixel problem: Example of case where multiple bounce of light corrupt
the image and hence distort the depth information. Information below the —line is cor-

rupted with to multiple bounces of light.

1.3.1 Single Depth Imaging

This is the default mode of operation of AMCW-ToF cameras. The camera modulates a
cosine wave at some modulation frequency. The reflected signal then arrives at the sensor
which demodulates the signal using the lock—in principle. The details of this configuration

are below. This problem is related with the problem of “Tone Estimation” [3, 4].

» Example I: Depth Imaging via ToF Principles

AMCW-ToF
B Probing Function: p(t) = cos (&ot). &o: modulation frequency.
B Scene Response: hg (t,2) = pé (t — z — 2
B Reflected Signal: r (t) = pcos (éot — @), 0 = Z%Ld ¢ € [0, 2x]
B Measurements: m (t) = & cos (éot + ¢) - Yer (t,2) =D(t— 2)

Inverse Problem: Estimate {d, p}.
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1.3.2 Multiple Depth Imaging

When light undergoes multiple reflections, the depth data gets corrupted. This leads to
an inverse problem linked with recovery of information linked with the bounces of light.
The problem is illustrated in Fig. 1-1. Ideally, we hope to demix bounces of light so that
we can separate the reflections from the direct bounce of light (linked with the shortest
path). Exemplary solutions are presented in sections that follow. The experimental setup
for AMCW-ToF imaging is shown in Fig. 3-2 and the demixed light paths that are used to
recover the image are shown in Fig. 3-3. Similarly, 3D images linked with this problem are
shown in Fig. 2-2 and Fig. 5-2.

Mathematical configuration [5, 6] of this problem shows that the associated inverse prob-
lem can be re—cast as a non—linear least squares problem. More specifically, a parameter
estimation problem that is linked with spectral estimation [7]. The details of the probing
function, the reflected signal and the camera measurements are below. The choice and
characteristics of the probing function depend on the electronics and the scene response

function models the physics of the problem.

» Example |I: Multi-path Problem/Multiple Depth Estimation
Coded-ToF

M Probing Function: p(t) = 3,1 az, Prm exp (Jwomt) P (w)] < W (from (1.5))

B Scene Response: hg;() (t,2) = ZkK:_Ol PO (t -z - 2—‘1&)

c

B Reflected Signal: r(t) = Ef;ol PrD (t —z— 2—dh)

c

B Measurements: m (t) = S r—' pi (p * B) (t —z— 2—':&) Ysi(t,2) =P (t— z)

Inverse Problem: Estimate {dx, px }}— -
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1.3.3 Fluorescence Lifetime Estimation

Another interesting inverse problem that is linked with ToF sensors deals with fluorescence
lifetime estimation [8]. When light interacts with a fluorescent object at some distance d
and with some lifetime 7, the reflected light is composition of light bounces. This results
in a non-linear, mixed—pixel problem. The specifics of the probing function and problem

setup are described in Example Il below.

» Example |ll: Fluorescence Lifetime Estimation
AMCW/Coded-ToF

B Probing Function: p(t) = 3, <ar, Pm exp (Jwomt)

B Scene Response: hs (t,z) =6 (t — 2 — 22) x (pé (t — 2) + pe~ (=21 _50 (t — 2))

B Reflected Signal: r (t) = (hs) * p) (1)

B Measurements: m (t) = T~ 3, 1<, |Brm| o exp (Jwomnt) s (8,2) =P (t — 2).

2d
—15fw

with i = h (mwyp) and h (w)] = (p+ me) e

Inverse Problem: Estimate {d, 7} (or the distance of fluorescent sample and its lifetime).
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1.3.4 Transient Imaging

Next, we outline our final inverse problem: Transient Imaging. Given that the speed of
light is finite ¢ = 3 x 10%, can we image transient phenomenon? Indeed this is possible with
ToF imaging. Only recently, progress has been made using both impulse—ToF [9, 10] and
AMCW-ToF sensors [11]. While this work is concerned with AMCW-ToF imaging, our

generic imaging pipeline very accurately models the transient imaging configuration.

» Example IV: Time-Resolved Imaging of Transient Phenomenon

Impulse Imaging/Ultrafast ToF

B Probing Function: p(t) =4 (t)
M Scene Response: hg (t,z) = hp(t—2) + m(t—2) +hs(t—2)
S G N, e’ N’

Direct Reflection  Inter—reflections Subsurface

—=< Direct Reflection hp (t) = apd (t — 2dp/c)
—<¢ Inter—reflections h (t) = Efz_ol aid (t — 2di/c)
—o Subsurface Scattering  hs (t) = § (t — 2ds/c) * (ase 5t (1))

B Reflected Signal: 7 (t) = hs (£,0)
B Measurements: m (t) = (r (2),vs (t,2)), Camera PSF: g (t, 2) = Cpexp (—-(tz;;ﬁﬁ)

Inverse Problem: Estimate Transient Image Parameters {a[), dp, {ak,dk}f____ol , a5, dg, Bs}

1.4 Summary

Our ToF imaging pipeline unifies inverse problems linked with ToF imaging. Instead of
dealing with inverse problems on case—by—cases basis, our pipeline encapsulates the essence
of both impulse as well as AMCW imaging modalities. Even more so, whenever the scene
response kernel has a shift-invariant structure, AMCW—ToF imaging amounts to com-
puting Fourier—modes of the scene response function. This insight leads to interesting and
efficient formulation of inverse problems where the scene response function is parametric
in nature. For example, multi-depth estimation problem amounts to parameter estimation
of K complex exponentials where K is the number of light bounces. In next chapters, we

discuss these problems in details.
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Inverse Problems in

Time—of-Flight Imaging
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Time—of—Flight Imaging

2.1 The Principle of Time—of-Flight

As the name suggests, in its most abstract form, the principle of Time—of-Flight deals with
the following idea: Consider an emitter that emits a signal. This signal interacts with its
physical environment and is received by the receiver. Having obtained time-resolved mea-
surements at the receiver, can we say anything about the environment from the nature of
measurements?

Nature is replete with evolved systems that rely on the Time—of-Flight or the ToF prin-
ciple. For example, bats [12, 13, 14] and dolphins use the ToF principle for echolocation.
This helps them navigate their environment and also serves the purpose of tracking and
hunting. The ToF principle is also used by visually impaired and blind human beings to

sense their environment [15]. This is known as acoustic wayfinding .

38



Galileo Galilei Ole Remer Issac Newton Hippolyte Fizeau

Figure 2-1: Early pioneers of optical time—of—flight principle. Image source: Wikimedia
Commons/CC-PD. (a) Galileo Galilei, portrait by Giusto Sustermans (b) Ole Remer, por-
trait by Jacob Coning (1700) (c) Isaac Newton, portrait by Godfrey Kneller (1689) (d) Hip-

polyte Fizeau.

Underlying both examples mentioned here, the common theme is that of using the ToF
principle with a co—located emitter and receiver.

Within the ToF context, acoustic signals have also been used for measuring depth of wells
by dropping stones and estimating the time—of-arrival of the echo. That said, humans have
explored the ToF principle beyond the purpose of self-navigation via acoustic wayfinding.
One of the main ideas here is to use ranging via ToF principle. While acoustic signals
work well for large—scale scenes, optical signals are definitely the natural way out for high
resolution sensing because of the wavelength of the electromagnetic waves.

This brings us to the topic of optical ranging—an idea that is at the heart of our discus-

sion in this thesis.

2.1.1 A Brief History of Optical ToF Principle

Earliest work on the optical ToF principle dates back to the experiments of Galileo Galilei
(cf. Fig. 2-1) who tried to measure the speed of light by ToF principle. Unfortunately, the
choice of distance in his experiment did not give a conclusive result. To this end, the first
break through came from the work of Danish astronomer Ole Romer [16, 17] who was

working at the Royal Observatory in Paris at the time. Romer’s experiment had over come
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the distance limitation—a bottleneck in Galileo’s setup—as it was based on arguments that
depended on distances at the scale of planetary separation. As is the case with most break
throughs, the idea was rejected. However, the idea was supported by contemporary sci-
entists such as Christiaan Huygens and Isaac Newton. Historically, French physicist, Hip-
polyte Fizeau [18] was the first to precisely measure the speed of light. To give an idea
about the time scale of science, Fizeau’s success was reported nearly two hundred years af-
ter Remer’s pioneering effort. At the turn of the century in early 1900’s, more interesting
observations were made regarding the physical nature of light and its constituent proper-
ties. One of the most celebrated results is due to Albert Einstein who was recognised for
the discovery of the law of the photoelectric effect [19]. What followed this revolution was
a series of contributions towards electronic image acquisition and sensing. Electron tubes
were replaced by solid state devices. As of now, the optoelectronic landscape has bene-
fitted extensively from the development of CMOS' technology. When compared with its
predecessor—the Charged Couple Device (CCD)—CMOS is not only cheaper but also

allows for on-chip digital functionality.

2.1.2 ToF Sensing Meets 3D Imaging

3D or three dimensional imaging [20] refers to any imaging technique that can acquire 3D
information about the scene of interest. For example, in Fig. 2-2, we show some exam-
ples of 3D images acquired by a ToF camera. Unlike the conventional cameras that pro-
duce photographs, 3D imaging systems provide an intensity image together with a depth
image. While the photograph provides the spatial information of an object/scene in x-
y co-ordinates, the depth information provides information about the object along the z—
dimension. The art of contact-less 3D imaging mainly relies on electromagnetic radiation
based interaction of a probing signal with 3D object. Such measurements mainly fall into

three categories [20].

» Microwave Imaging The wavelength of operation is in range of 3-30 mm. Equiva-

lently, the frequency ranges from 10-100 MHz. This is well suited for large scale 3D

! Complementary Metal Oxide Semiconductor.
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Figure 2-2: Example of 3D image. (a) 3D image of a mannequin. (b)—(d) 3D image of a

mannequin behind a transparent sheet with different viewpoints.

shape inference.

» Lightwave Imaging The wavelength of operation is in range of 0.5-1 pym. Equiva-
lently, the frequency ranges from 300600 THz. The wavelength being shorter, this

is well suited for depth measurements of objects where high lateral resolution is useful.

» Ultrasonic Imaging The wavelength of operation is in range of 0.1-1 mm. Equiv-
alently, the frequency ranges from 0.3-3 MHz. Due to the nature of such waves,
ultrasound based measurements (unlike lightwaves) tend to be sensitive to variations

in temperature and pressure.

In this work, we will consider measurements based on electromagnetic radiation. In partic-
ular, we will discuss lightwave based imaging. Broadly speaking, optical 3D imaging tech-
niques rely on three principles: Triangulation, Time—of-Flight and Interferometry.
A taxonomical overview of the methods is presented in Fig. 2-3. We will briefly discuss the

main principles before we start with our discussion on ToF imaging.
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O Shape from Shading
O Passive Triangulation

Confocal Micro-lens
Array
Auto-focus

O Defocus
Focus

Laser

Q Structured Light Triangulation

Light Volume
Triangulation

Holographic

=0 Multi-Wavelength

3D Imaging Interferometry
Techniques .

Speckle Based

White Light

Time-of-Flight
0 Continuous Wave

O Impulse Based

O Pseudo Noise/M-sequence

Figure 2-3: Overview of 3D imaging techniques.

Triangulation is essentially a trigonometric approach where by the distance to an un-
known point is computed by measuring the respective angles to the point from the either
side of a triangle [21].

Time—of-Flight methods as the name suggests, uses echoes of light to measure the
distance. With speed of light fixed at ¢ = 3 x 10® m/s, the object distance is computed by

using the relation,

where t is the Time—of-Flight and 2d is the round trip distance to the object. From an instru-
mental standpoint, the optical signal need not be coherent. In fact, for most known settings,
incoherent light is used for this modality of 3D imaging. ToF imaging [22] is accomplished
via continuous—wave signal modulation [23], impulse based methods and pseudo—random

sequence based modulation. In coming chapters, we will discuss ToF imaging in details.
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Time-of-Flight Principle: Distance of object is proportional to time traveled by light

Continuous Wave Tof | | Pulsed/impulse Based ToF |

2d
Time-of-Fli —
Pixel ot 26 c
@
@
Light source |
Distance \EI Distance

Figure 2-4: Continuous wave and impulse based ToF imaging for single depth estimation.

Interferometry uses ToF principle for depth imaging. The main difference being, the

waveforms are required to be coherent.

2.2 Depth Sensing with Time—of-Flight Principle

As seen in the previous subsection, ToF imaging can broadly be classified as amplitude
modulated continuous-wave (AMCW) ToF imaging and impulse based imaging. Before
characterizing the inverse problems linked with the topic, we will present a light overview

of the two methods. This will serve as a mathematical preliminary for the discussion.

2.2.1 Amplitude modulated continuous-wave (AMCW) ToF Imag-
ing
We show the experimental setup in Fig. 2-4(a). The ToF pixel emits a sinusoidal waveform,

p(t) = cos (wot),

with modulation frequency wy (usually in MHz). Upon reflection from an object at depth d

meters from the pixel/camera, the emitted waveform p undergoes a reflection and assumes

43



form of,

(=G acas (i (1~ 2))

= DC + a cos (wot — @),

where DC denotes the constant bias component and,

2d
¢ = wo—
c
is the phase shift due to depth d. The ToF camera pixel is a lock—in sensor [24] that cross—

correlates the reflected waveform r with the reference waveform p to compute measure-

ments of form,

m@t)= [ p(r)rt+7)dr

w|9\

cos (wot + ¢) + DC.

The TOF camera pixel samples the measurements at least four times per period to discretize

measurements,

km

Ignoring the constant bias, it now remains to compute intensity and phase o and ¢, respec-

tively from the measurements,

k=3
: o 2
{Qopt; Popt} = argmin Z (m [k] — (5 cos (wot + (,25))) )
ad k=0
Thankfully, there is a computationally efficient way to estimate the parameters of the sinu-

soid [25]. Now since,

[m[O] m 1] ] _1
2

m[2] m[3] —acos(¢) +asin (@)

+acos (@) —asin (@) ‘ ’
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Table 2.1: Comparison Between Impulse and AMCW Based ToF

AMCW Based Impulse Based
High signal-to-noise ratio. Direct computation of depth.
Advantages Relaxed peak light power requirements.

Eve safe (diffused illumination).

Distance ambiguity due to phase wrapping. High dynamic range.

Disadvant
ISaqVAntaBES  Indirect computation of depth (but real time). Limited frames per second.

High bandwidth requirements

it turns out that,

gt = 1/ (m [3) = m [1])* + (m [0] — m [2))?

Popt = tan" (%) _

As a result, the camera is able to compute the depth and intensity for each pixel which yields
the 3D information about the scene.

The “Four Bucket Trick” is what makes the ToF sensors real time devices [23, 24, 25].
This method is used by almost all the AMCW—ToF cameras.

2.2.2 Impulse Based ToF Imaging

The experimental setup for impulse based ToF imaging is shown in Fig. 2-4(b). The ToF
pixel emits a time localized pulse. At the same time, a high precision clock for each pixel
is initiated which keeps track of the time it takes for the impulse to return back. As soon
as the pixel reports backscattered signal, the clock is reset and hence, the camera is able to
compute the time—of—flight.

To give the reader an idea about the scale of time precision it takes for this modality to

work, it must be noted that for the light to travel one meter, it takes,
2 2
t===3X 108 ~ 6.667ns.

C
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Figure 2-5: Consumer and industrial grade ToF cameras. (a) PMD CamCube (photonics
mixer device) (b) Mesa (also known as the Swiss Ranger) (c) Microsoft Kinect (d) PMD Nano.

While the ToF computation is relatively simpler for this approach, the computational load
has to be compensated by the electronics in the hardware. Impulse based ToF systems
demand high precision clock for accurate timing of the returning signal. Also, physical
properties of the medium resulting in dispersion and attenuation smear the reflected signal
which results in timing uncertainty.

We compare and contrast the key differences between the two forms of ToF imaging modal-

ities in Table 2.1.

2.3 Industrial and Consumer ToF Cameras

As noted in the previous section, AMCW method has considerable advantages over the
impulse based ToF imagers. This has led to the rapid development of a number of consumer
and industrial grade ToF cameras. Almost all of them deploy the “4-Bucket Sampling
Trick” [24]. In figure Fig. 2-5 we show some of the ToF cameras. These cameras offer

competitive performances. The key deciding factors are,

* Maximum modulation frequency
* Wavelength of operation

* Resolution

* Frame rate

* Measurement accuracy

* Maximum range.
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Considering the above mentioned metrics, a comparison of various camera models is

presented in Fig. 2-6
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Figure 2-6: Comparison of various industrial and consumer ToF cameras. Comparison parameters (a) modulation frequency (b) wave-

length (c) resolution (d) frame rate () measurement accuracy (f) maximum range.



Resolving Multi-path Interference in

Time-of-Flight Imaging

3.1 Overview of Results

Time-of-flight (ToF) cameras calculate depth maps by reconstructing phase shifts of amplitude-
modulated signals. For broad illumination or transparent objects, reflections from multiple
scene points can illuminate a given pixel, giving rise to an erroneous depth map. We report
here a sparsity regularized solution that separates K interfering components using multi-
ple modulation frequency measurements. The method maps ToF imaging to the general
framework of spectral estimation theory and has applications in improving depth profiles

and exploiting multiple scattering.
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3.2 Motivation

Optical ranging and surface profiling have widespread applications in image-guided surgery
[26], gesture recognition [27], remote sensing [28], shape measurement [29], and novel
phase imaging [30]. Generally, the characteristic wavelength of the probe determines the
resolution of the image, making time-of-flight (ToF) methods suitable for macroscopic scenes[24,
31, 22]. Although ToF sensors can be implemented with impulsive sources, commercial
ToF cameras rely on the continuous wave approach: the source intensity is modulated at
radio frequencies (~10s of MHz), and the sensor reconstructs the phase shift between the
reflected and emitted signals. Distance is calculated by scaling the phase by the modula-
tion frequency (Fig. 3-1 (a)). This method, amplitude modulated continuous wave (AMCW)
ToF, offers high SNR in real time.

However, AMCW ToF suffers from multipath interference (MPI) [32, 33, 34, 35, 36, 37,
38, 39, 40]. Consider, for example, the scenes in Figs. 3-1 (b,c). Light rays from multiple
reflectors scatter to the observation point. Each path acquires a different phase shift, and the
measurement consists of the sum of these components. The recovered phase, therefore, will
be incorrect. Such “mixed” pixels contain depth errors and arise whenever global lighting
effects exist. In some cases (Fig. 3-1 (d)), the measurement comprises a continuum of
scattering paths. This can be improved with structured light or mechanical scanning [41,
42], but these are limited by the source resolution. Computational optimization [43, 44]
schemes rely on radiometric assumptions and have limited applicability.

Here, we resolve MPI via sparse regularization of multiple modulation frequency mea-
surements. The formulation allows us to recast this problem into the general framework
of spectral estimation theory [45]. This contribution generalizes the two-component, dual-
frequency approach [34, 38, 39], beyond which the two-component optimization methods
fail. Thus, our method here has two significant benefits. First, we separate MPI from direct
illumination to produce improved depth maps. Second, we resolve MPI into its components,
so that we can characterize and exploit multiple scattering phenomena. The procedure has
two steps: (1) record a scene with multiple modulation frequencies and (2) reconstruct the

MPI components using a sparsity constraint.
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Figure 3-1: (a) ToF principle: the phase delay of an emitted AMCW wave proportionally
encodes the distance of the reflecting object. (b) Mirror-like and (c) semi-transparent reflec-
tions produce MPI at a given camera pixel and yields an incorrect phase. (c) A complicated

scene with severe MPI.
3.3 Problem Formulation

Consider first the single-component case. Mathematically, the camera emits the normalized

time-modulated intensity s(t)! and detects a signal 7(t):

s(t)=1+spcos(wt),t € R (3.1a)

7 (t) = T'(1 + s cos (wt — ¢)). (3.1b)

Here, sp and I € [0, 1] are the signal modulation depth and the reflection amplitude, re-
spectively, w is the modulation frequency, and ¢ is the phase delay between the reference
waveform s (t) and the delayed version r (t). For a co-located source and detector, the dis-

tance to the object from the camera is given by the relation d = c¢ /2w, where ¢ is the speed

"Here, we consider continuous wave imaging and hence the sinusoidal model, but the discussion is generally
applicable to any periodic function.
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of light.
Electronically, each pixel acts as a homodyne detector, measuring the cross-correlation
between the reflected signal and the reference. Denoting the complex conjugate of f € C

by f*, the cross-correlation of two functions f and g is

1 +T

Cro ()= Jlim o= | gt (3.2

Note that infinite limits are approximately valid when the integration window 27T is such
that T >> w™'. A shorter time window produces residual errors, but this is easily avoidable

in practice. The pixel samples the cross-correlation at discrete times 7,:

1.9
m, [g ;ggoﬁ/w(tz )r(z)dz| . Qy=[-T7]
=30
2
def Cor (72) @2 (1 + 5> % cos(wr, + qﬁ)) (3.3)

where in view of 1.3, ¢ (¢, 2) = (¢t — 2).
Using the “4 Bucket Sampling” technique [24], we calculate the estimated reflection

amplitude and the phase, f, 5, using four samples 7, = mq/2w with ¢ =0, ..., 3:

F'= \/(mu [3] = m [1])* + (0 0] - my [2)%/3, 3.42)
~_ (mu[3] —my[1]
tan ¢ = ( o [2]) . (3.4b)

Therefore, we associate a complex value, 2, with a pixel measurement:
2o = Lel®@). (3.5)

Note that these results are formally equivalent to wavefront reconstruction via phase-shifting

digital holography [46]. Also, since we have,

Pet) _ FeaBersan).
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the computed distance is unambiguous provided,
¢ (w) € [0,2n],
failing which the distance that is estimated will be,
~ c —~
d= o (#+2rk) kez.
2w

The problem of phase ambiguity can be solved using multiple frequency based estimation
[47, 36].
When multiple reflections contribute to a single measurement, the return signal com-

prises a sum. In phasor notation, for K components,
= z : T, pwt=(w))
r(t)=Co+ o e , (3.6)

where Cj is a constant, ¢y, (w) = 2dyw/c, and {di };—, are K depths at which the corre-
sponding reflection takes place. The reflection amplitude of the & surface is I'x. Each pixel

records

2 K-1
mE[q] = C + 8—2067‘"" S Tier), (3.7)

Importantly, for a given modulation frequency wy (ignoring a constant DC term), mf; [Tq] x
€Xp JwoTg, 1.€., there is no variation with respect to individual depth components {I';(w), ¢>k}f=_01

[32], regardless of the sampling density. Equivalently, the camera measurement,

K-1

200 = f(w)e";(“’) = Z [ (w)e ) (3.8)

k=0
is now a complex sum of K reflections, which cannot be separated without independent
measurements. Thus, at a given frequency, the measured phase, and hence the depth, is a
nonlinear mixture of all interefering components.

Our method separates these components by recording the scene with equi-spaced fre-
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quencies w = nwp (n € N) and acquiring a set of measurements z:

.
K K
2= [zg,{p,zgwg,...,z,(vgo] . (3.9

The forward model can be written compactly in vector-matrix form as z = ®g + o, where

® € CV*K jsidentified as a Vandermonde matrix,

eltolwo)  eipr(wo) ... p1¢K-1(wo)
elPo(2wo)  p3d1(2wo) ... p1¢K—1(2w0)
P = ) ) . ) , (3.10)
eIPo(Nwo) o361 (Nwo) ... pi1¢K—1(Nuwo) ]
g = [lo,...,T K_I]T € RE*1 and o represents zero-mean Gaussian iid. noise, which

controls the error £¢ in our reconstruction algorithm. Our goal is to estimate the phases
¢ = [¢o,. .., ¢K-1]T € R¥*! and the reflection amplitude vector g.

To recover these quantities, first note the similarity between @ and an oversampled N x L
discrete Fourier transform (DFT) matrix ¥, with elements ¥,,; = exp(ynl/L). If L > K,
the discretization of ¥ is small enough to assume that the columns of ® are contained in
. We can also define a vector g’ € RX*!, whose elements are zero except for K reflection
amplitudes {Tx} 5, such that z = Wg’. We use the (K -)sparsity of g’ to regularize the

problem:

|z — ®g'[l;, <eo suchthat ||g'|l, = K, (3.11)
Nt R
Data-Fidelity Sparsity

where the £,-norm as [x|[j & > n |Zal". The case of p — 0 is used to define ||g’||,,

as the number of nonzero elements of g’. Eq. 3.11 demands a least-squares solution to the
data-fidelity problem ||z — ¥ g’ IIZ up to some error tolerance £¢, with the constraint that
we accommodate up to K nonzero values of g'.

"The sparsity of g’ arises from two underlying assumptions. First, we do not consider
the case of volumetric scattering, which would preclude discrete reflections and require a

different parametrization (e.g., through the diffusion coefficient). Second, we ignore the con-
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Depth Map
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Figure 3-2: Left: experimental setup. Two transparencies block the left side of the cam-
era (for a three-component measurement), and one transparency blocks the right (two-
component measurement). Right: measured amplitude and depth at w = 3wp. Dashed

line indicates edge of second transparency.

tributions of inter-reflections between scattering layers, as their amplitudes fall off quickly.
They could be incorporated, into our formulation, with the result of changing the sparsity
of g’ from K to K', where K’ — K is the number of inter-reflections considered.

We solve Eq. 3.11 via orthogonal matching pursuit (OMP), which is an iterative algo-
rithm that searches for the best-fit projections (in the least-squares sense) of the coefficients
onto an over-complete dictionary. We input ¥ and measurements z into the algorithm. The
outputs are the set of reflection coefficients I'y and their positions in g’. With the position
of each I'j, reconstructed, the corresponding phases ¢y are recovered through the elements

of ¥: ¢y, = (yn) ' log(¥n, ) = lr/L, where I}, is the location of I' in g’
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3.4 Experimental Verification

We verify this theory with the experimental setup shown in Fig, 3-2. A PMD19k-2 160 x 120
sensor array is controlled by a Stratix III FPGA. Analog pixel values are converted to 16-bit
unsigned values by an ADC during the pixel readout process. Eight 100 mW Sony SLD
1239JL-54 laser diodes illuminate the scene. The lasers are placed symmetrically around
the detector for a coaxial configuration. The base frequency modulation is fo = wp/(27) =
0.7937 MHz, and the integration time is 47 ms. The scene consists of three layers. Farthest,
at 8.1 m, is an opaque wall with gray-scale text (“MIT”) printed on it. Closest, at 0.3 misa
semi-transparent sheet. Between the two layers is another semi-transparent sheet that covers
only the left half of the field of view. Therefore, the left-hand side records three bounces and
the right only two. All three layers are within the depth of field of the camera to avoid mixed
pixels from blurring,

Depth and amplitude maps acquired at a ‘speciﬁc frequency are shown in Fig. 3-2.
Due to MPI, the measured depths do not correspond to any physical layer in the scene. All
depth and amplitude information from the three scene layers is mixed nonlinearly into a set
of composite measurements (pixels) and cannot be recovered.

We repeat the acquisition 77 times, with modulation frequencies spaced 0.7937 MHz
apart and input these data into the OMP algorithm with K = 3. The reconstruction,
shown in Fig. 3-3, shows each depth correctly recovered. The closest depth map (Fig. 3-
3 (a), first transparency) is constant. The second map (Fig. 3-3 (b)) contains two depths: the
second transparency on the LHS and the wall on the RHS. The third depth map contains
the wall depth on the LHS (Fig. 3-3 (c)). The third-bounce amplitude (Fig. 3-3 (f)) is zero
where there are only two layers (RHS). The depth here is therefore undefined, though we
set the distance to be 10 m to avoid random fluctuations. Further, the text is recovered
properly in the amplitude maps corresponding to the correct depths (Figs. 3-3 (e,f)). Note
that accurate depths are recovered even in the presence of strong specularity (Fig. 3-3 (e)).

A phase histogram is shown in Fig. 3-4. The histogram from the single frequency mea-
surement in Fig. 3-1 varies from 0.6 to 1.8 rad. Recovered phases are centered around the

ground truth values. The third-phase variance is wider because OMP computes the first
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Figure 3-3: Reconstructed amplitudes and depths via sparse regularization. Dashed lines

indicate edge of second transparency.

two components, leaving little residual energy, so that several columns in W can minimize

the least-squares error.
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Figure 3-4: Phase histogram for reconstructed and measured depth maps. Reconstructed
phases cluster around the correct depths, whereas the measured depth map has a wide

variance across the entire range.

In principle, the technique can be extended to any number of bounces, provided enough
modulation frequencies are used (though a first-principles derivation is beyond the scope of
this contribution). In practice, however, the reflected amplitudes decrease with increasing
component number, so that higher-order components diminish in importance. Further-
more, OMP need not assume a number of components that is the same as that of the phys-
ical implementation. If the assumed number is greater than the physical number, OMP
will reconstruct all the physical components, with higher-order ones having an amplitude
on order of the system noise. Conversely, if the assumed number is less than the physical
number, OMP will recover the strongest reflections.

Therefore, the method is a generalization of global/direct illumination separation and
can decompose different elements of global lighting. This is useful not only for improved
depth accuracy, but also imaging in the presence of multiple scatterers such as diffuse layers,
sediment, turbulence, and turbid media, as well as in places where third-component scatter-
ing must be extracted [48]. Furthermore, because it is based on phase measurements, this
technique can be mapped to multiple scattering in holography [49] by substituting optical

frequency for the modulation frequency.
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3.5 Concluding Remarks

In conclusion, we implemented a multi-frequency approach for decomposing multiple depths
for a ToF camera. The result is general and holds for any number of bounces, and it can be
extended to non-harmonic signals [33]. Future work includes calculating bounds on mea-
surements and resolution. The method can be incorporated with structured illumination
and pixel correlations and for edge detection, and refocusing. The result holds promise for

mitigating and exploiting multipath for a wide variety of scenes.
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Sparse Linear Operator Identification for

Time—of-Flight Imaging

4.1 Overview of Results

We consider the problem of Sparse Linear Operator identification which is also linked with
the topic of Sparse Deconvolution. In its abstract form, the problem can be stated as follows:
Given a well behaved probing function, is it possible to identify a Sparse Linear Operator
from its response to the function? We present a constructive solution to this problem. Fur-
thermore, our approach is devoid of any sparsity inducing penalty term and explores the
idea of parametric modeling. Consequently, our algorithm is non—iterative by design and
circumvents tuning of any regularization parameter. Our approach is computationally effi-

cient when compared the £y/¢;—norm regularized counterparts.
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Our work addresses a problem of industrial significance: decomposition of mixed—pixels
in Time—of-Flight/Range imaging. In this case, each pixel records range measurements
from multiple contributing depths and the goal is to isolate each depth. Practical experi-
ments corroborate our theoretical set—up and establish the efficiency of our approach, that
is, speed-up in processing with lesser mean squared error. We also derive Cramér—Rao

Bounds for performance characterization.

4.2 Introduction and Motivation

4.2.1 From Sampling Functions to Sensing Operators

Since Shannon’s introduction of the topic, sampling theory has been at the heart of sig-
nal processing [50]. The field was revitalized by advancements in wavelet/approximation
theory, and sampling spaces were extended to a much broader class of finite—energy sub-
spaces: the Shift-Invariant Space [51, 2], its extensions [52, 1] and non—subspace models
(cf. [53, 54, 55]). In crux, most of the approximation theoretic ideas in literature master
the art of approximation of functions from their equidistant or uniform samples.

Recent studies have raised an interesting question: What is the analog of sampling theory
for operators? In simple terms, the key idea is to identify an operator from its response to
a probing function or the identifier. In order to formulate the problem, some assumptions
are made on the nature of operator. Common examples include smoothness/bandlimited
and sparsity priors [56].

Within the framework of bandlimited hypothesis, Pfander discussed “Sampling of Op-
erators” in [57]. This result inherits the non—local flavor that is central to Shannon’s sam-
pling theorem—Ilocalized reconstruction requires knowledge of all the samples. Krahmer
and Pfander then take up the task of localized approximation in [58].

Departing from the bandlimited hypothesis [57], only recently, Heckel and Bélcskei dis-
cuss the problem of identification of Sparse Linear Operators (SLO) in [59, 60]. This work con-
siders identification of SLO. We begin the discussion with the problem of identifying sparse

operators in context of a practical application, that is, mixed—pixel problem in Time—of—
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Flight (or ToF) imaging.

4.2.2 Motivation: Mixed—Pixel Problem in ToF Imaging
Time—of-Flight (ToF) Imaging from first principles

Time—of-flight (ToF) imaging is a recent imaging industry development [23] which offers
an effective alternative to triangulation and stereo vision based methods for acquiring depth
maps. This modality has found a breadth of applications in several areas such as non line—
of—sight (NLOS) imaging [48], gesture recognition [27] and computer graphics [31, 61], to
name a few. A number of ToF camera manufacturers including Microsoft (Kinect), Mesa,
SoftKinetic and PMD provide competitive performance. To an entry level reader, we refer
to the book [22] or the survey article [24]. In this area, the mixed—pixel problem (MPP)
is critical to ToF cameras. There has been a surge of research to solve this problem [22, 62,
35, 63, 32, 33, 34, 36, 37]. We introduce the problem starting from first principles.
Extracting Single Depth: For a fixed frequency w, the ToF camera probes the scene
with illuminant p (t) = DC + « cos (wt)—an Amplitude Modulated Continuous Wave
(AMCW) where the DC term ensures that optical function p > 0. For simplicity, we will
ignore the DC term. After reflection from an object at depth d meters from the camera, the

probing function assumes form of;

7 (t) = Beos(w(t —2d/c)) = B cos (wt — $u)

) (4.1)
Reflecte:I Signal

where ¢ = 3 x 108 m/s is the speed of light and 3 is the reflection coefficient. The relative
delay (or phase ¢,, = 2%1) with respect to the reference signal encodes the depth information
of the scene. Fig. 4-1. (a) explains the physical setup.

Let (p,r); = [, p(t)r* (t) dt denote the standard L, inner‘product between functions
p, v € Ly where r* (¢) is the complex—conjugate of 7 (¢). Following this, cross—correlation

between functions p and r is defined as, G- (7) = (p (t +7), 7 (¢))_a ] The ToF lock-in
pixel [24] then decodes the depth information using the Four Bucket Principle which is
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as follows. Starting with,

. Coe(r) 1
m(r) = Al1_r)noo oA = Eaﬂ cos (w7 + ¢y,) , (4.2)
each lock—in pixel computes four discrete measurements, m [k] = m (k7 /2w), k=0, ...,3.
Let mi; = m[k] — m[l]. The reflection coefficient 3 and the corresponding phase ¢ are

estimated by using, 3 = (md; +md,) 2 /o and ¢ = arctan (mg; /mo ).

This methodology makes ToF camera a real-time sensing device because the depth es-
timation is computationally efficient. However, this is a fragile result which only holds for a
strong assumption. If two or more depths correspond to the same lock—in pixel, the mea-
surements are corrupted. For example, a transparent sheet between the scene and the cam-
era will disrupt the hypothesis much in the same way a photograph gets corrupted during
imaging through a reflective surface. Fig. 4-1. (b) shows an exemplary setting which results
in corrupted measurements. Assuming negligible inter—reflections, in case of K—depths the
reflected function is modeled as, 7 (£) = "1 B cos (wt — ¢y,) and the measurements
take form of,

42 .. (7 K-1
my (1) = lim 2D = a7 cos (T + drw). 4.3)

This is the mixed—pixel problem (MPP) in context of ToF imaging as it is impossible to
decode the K—depths from my (7) (cf. Fig. 4-1 and Fig. 4-3). This problem has received
a lot of attention in the recent past [62, 35, 63, 32, 33, 34, 36, 37] due to difficulty of ex-
tracting ¢y = %‘%ﬁ from mg (7). An inspection of (4.3) reveals an interesting operator

identification problem. Let ‘*’ denote convolution operation. Notice that,

(4.1

S Brcos (wt — gr) ) cos(wt) x 3 B (¢ — 2de/c).

Indeed this problem is associated with a sparse linear operator as,

K—
mg :p%p*zkﬂlﬂké (-— %), p=cos().

Sparse Linear Operator
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However, this is a special case that uses AMCW [36, 34] with p = cos (-). One need not

restrict to the class of cosine probing functions.

4.2.3 Contributions and Organization of this chapter

The MPP has been considered in number of papers (cf.[62, 35, 63, 32, 33, 34, 36, 37]
and references there in). Existing approaches can resolve up to two components and use
AMCW!/sinusoidal model. There is no mathematical framework that can explain solutions
in a general setting. In Section 4.3.1, we establish a concrete link between mixed pixel
problem (MPP) and the sparse linear operator identification (SLO) problem. In Section
4.3.3, we outline a closed—form solution to recover the SLO without using any sparsity
regularized technique. In Section 4.4.1, we discuss experimental results. We resolve multiple

components of mixed—pixels acquired using a ToF camera.

» Novelty: Our approach to identify the sparse linear operator is devoid of any sparsity
inducing penalty term. We solve the problem using parameter estimation method
for which we derive Cramér—Rao Bounds. The method is easily implementable (cf.

Section 4.4).

» Computational Efficiency: Our solution is closed—form/non—iterative by design.
It avoids the computation of regularization parameter which is central to optimization

based methods. The complexity of implementation is discussed in Section 4.3.4.

» Practicability: The approach is verified on practical experiments linked with ToF
imaging. We report speed—up over OMP and LASSO as well as lesser mean squared
errors (cf. Fig. 4-2, 4-3).

4.3 The Sparse Operator Identification Problem

We define the Fourier Transform of p as p (w) = F [p] = (p,e™*). Let Bg be the set of
bandlimited functions, Bq = {p : [|p||,, < 00, (w) = 0, |w| > Q}. In this chapter, we will

consider bandlimited probing functions, that is p € Bgq.
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Figure 4-1: (a) The ToF camera emits a reference signal. Time delay of arrival from direct
reflection encodes the depth d;. (b) Demonstration of mixed—pixel problem (MPP): two or
more paths contribute to the pixel. The inter—reflections between sheets are assumed to be

negligible.

4.3.1 Link with the Mixed-Pixel Problem in ToF Imaging

Let s = p € Bq. The link between (4.5) and the mixed pixel problem can be established by

developing my (7) = Alim Car(T)[2A OF;
—00

mi (1) = (Pt +7),7(t))er
=fp(t+’f“)zkiolﬁkp (t— %)dt
i i 2)s

= cpp*z ' 86 T—tk) t & — 2 (4.4)

2K Sparse Llnear Operator

where (al)is due to t + 7 — 2z and (a2) is due to 2dy/c — —ti. Next, we define the sparse
linear operator.

Sparse Linear Operator Let p € Bg, D (t) o p(—t) and C,5 = (p * D). We define a Sparse

Linear Operator of 2K parameters as:
K-1
Oxlpl:p = Copx Y, Bib(-—ti). (4.5)
Parameters { B, tx. } kK=_01 completely characterize the operator O k.
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From a signals and system perspective, the input/probing function and the output are related

as follows:

p— - Zke,c BrCop (- —tk), Cop=(pP*D).

Consequently, we conclude that mg (1) ) Ok [p] (7).

Inverse Problem: Given mg (7),7 € R, how can we characterize the 2K—Sparse Linear

Operator, or O in (4.5), with {8, t; }5! ?

Remark: We use (4.4) for notational simplicity and to introduce the problem. It is notewor-
thy to mention that more generally, the measurements can be written as inner—products

in sense of distributions,
mi (1) = Co+ (Cpp (t+7) ,woB (£) § (H (e7%)) ) ,wo = &,

where H (2) , z € Cis a proxy polynomial to be defined in (4.14). This formalism is backward
compatible with (4.4) and its special case (4.3). The equivalence is obtained by invoking the

function composition property of Dirac distributions (cf. pg. 184 [64]) which states:

(f1,6 (f2)) = Ek et (te),

with ty = {t : fo(t) =0}, and ;' = |6, f2 (t)|- In our case, ¢;’s are identically equal to

wy! and By = B (tx). With K distinct roots, other choices of H are possible.

The identification problem in (4.5) is central to the mixed pixel problem. For the case of
K depths, we have,
def K-1 2dy,
r@) €1+ ZH Brp (t - T) 4.6)
4.3.2 Related Work

In general, (4.5) is a multi-path/sparse deconvolution problem which has been a topic of
several papers starting [65]. Almost all papers use a sparsity inducing penalty term [66,

67]. From a modern perspective, Santosa and Symes [68] introduced the notion of £3/¢,—
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optimization of cost—function to solve the problem (P1),
Jx (x) = ||Tx — mlfp, + Allx]l,, (4.7)

where T is a convolution/Toeplitz matrix. The first row/column of T is the auto—correlation
of the probing signal and m are the measurements. Our problem can be cast as variant of P1
and solved using optimization methods such as Orthogonal Matching Pursuit (OMP) and
LASSO [56, 69]. For instance, in [33], we used LASSO and OMP. However, the technique
is computationally intensive which is inherent to the sparsity induced optimization recipe.
The problem scales with the number of pixels, size of the probing function and the sparsity
level. Depth—sensing with compressive sensing methods was used in [70]. Within super—
resolution framework, this problem was recently discussed in [71]. The solution is based on
optimization.

With the bandlimited hypotheses, our work comes close to the topic of sparse sampling
[53, 54, 55] with marked differences. The fact that we can design the function p, and hence
Cp5 (t) is a huge degree of freedom which is not the case in sampling theory. In fact, not
being able to design p is a restriction in context of sampling theory. All the more, we are not
sampling a stream of Dirac impulses. We are interested in system identification (4.3.1). A similar

idea was pursued in [72], however, the solution was based on ¢; penalty term.

4.3.3 Sparse Linear Operator Identification without Sparse Reg-
ularization: Forward Model and Solution to Inverse Prob-

lem

Consider a probing function p € Bg which is T—periodic. In practice, this periodization is
a standard trick. It goes by the name of cyclic prefixing in OFDM related literature [73].

We use an M—sequence for our practical set up (4.15). Consequently, p is defined as,

PO =D P wo=2/T 8
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where p,,, = (p, ™) are the Fourier series coefficients of p (t). Let am = DmDp, Itis not

difficult to show that C, 5 (t) = ¢ (¢),

(4.8) A
Cap(t) = D o fme™"" (4.9)

In this setting, we will show that it is possible to reframe problem P1 in (4.7) as a parameter
estimation problem. Observe that the response of the Sparse Linear Operator to the probing

function is modeled by,

Ok o] (1) 2 Copx >, Bd (- — ta)
=3 B{Cop (1) (T — 1),

Cp p(t—ti)=(t—tr)

(4_9) n K-1 —jwomty, omt
22 Zwsn b ZH Bre Je"" : (4.10)
bm(®)
Also, by, (t) is parameterized by the vector & = [to, . .., tx_1] . On discretization, the above
assumes a compact form of,
4.10 e
O p] (n) e ViperD; V.0 =y, (4.11)

or simply, V|DFTD$b =ywithn =0,..., N — 1 and where,
— B=1Bo,...,Bk-1]", B € REX i5 the coefficient vector.

— Ve CEHDX(K) j5 3 t—parameterized Vandermonde matrix with elements, Vel r =

exp (ymuwoty), m=-0Q,...,+0.

— D, € COMHDXEMD) i the diagonal matrixD; = diag (@ ), withd = [d_q, ..., dra]T =
¢ g é g
X e ~ 1T
[p—ﬂp_n, e aprQ] (4.9).
— Viper € CWxDx(29+1) {g the usual inverse DFT/Vandermonde matrix with matrix

elements, VibrT = [ejwonm]n m’
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We then define b = V;3. Next, we will outline the solution of the inverse problem of re-

trieving parameters 3 and ¢ from y.

Solving the Inverse Problem: Retrieving 3 and ¢
In practice, we have pixel-wise measurements, mg (7) = Ok [p] (7) (4.4). Given p, D is

fixed by design. Let the discrete measurement vector be defined as,
y=m= [mK (O),...,mK(N— 1)]T,

and let AT be the pseudo—inverse of matrix A. Under the conditions that N > 2Q + 1
and 2 > K [74], we have,

Having computed b, it remains to estimate parameters ¢ and 3 from,
b=ViB & b=  freromts (4.13)
t m k=0 k . .

This is the classic line spectrum estimation/Prony’s problem [7, 75, 76, 77, 74]. Starting
with a polynomial, Stoical997H (2),z € C, of form,

H(z) = Z,Kn;; Bz™™ = H:Ol (1 — e7dwnti~1), (4.14)

it is not difficult to show that h*b = 0 & 2;, = e 7“0 _that is, the roots of H (z) encode the
locations {e‘j“"’tk}kK:_O1 [7, 75, 76, 77, 74, 78, 53]. Since h is in the null-space of Toeplitz
matrix T constructed from b, the singular value decomposition of T leads to h which in
turn results in H (2). From the roots of H (z), that is z; = e™7“0%  we are able to compute
tr, = —jarg (zk) /wo and hence V; [78]. Given V; and b, we finally compute 8 = V;b.

This solves the problem.

69



4.3.4 Note on Enforcing Sparsity and Computational Complexity

As opposed to £y or ¢; penalty based methods, sparsity manifests as a rank—constraint on
Hankel/Topelitz matrix used for solving (4.13). This is an in—built feature of algorithms such
as Matrix Pencils [76] or [75], which solve (4.13). Note that £y/¢, based methods start with
a dictionary/matrix [T],,, = C,5 (m — n) in (4.7). Hence they are limited in resolution of
shifts t; upto the grid of T. Our method uses (4.13). In noiseless setting, it is not limited
by resolution and ¢;’s can be arbitrarily close upto machine precision in simulation. This is
a limitation for problem setup in (4.7). On the other hand, we must remark that (4.12) must
be stabilized in noisy setting. We use Matrix Pencils [76] for the case of noise and [75] for
model mismatch.

While the computational complexity of OMP [79] with TV*¥ (4.7) and for K—sparse
signal scales as, 2K N*4+2K2N+4K N+ K?, our method uses (2K + 1) 2V2°8K+H) o0 (2K + 1)
for diagonal matrix multiplication (pointwise multiplication) and N log N for DFT in (4.12).

What remains is due to Matrix Pencils [76] which is known to be efficient in implemention.

4.4 From Theory to Practice

4.4.1 Design of Practical Experiments with ToF camera

We demonstrate the efficiency of our method on two practical experiments. To set up the
experiment, we first calibrate the probing function to obtain C, 5. For this purpose, we use

cyclic—prefixing of a code based on M—sequence which is prescribed by,

M,eq = 0101110110001111100110100100001. (4.15)

seq

We omit the details of conversion of My into p (t) and eventually C,5 (¢). In Fig. 4-2. (b),
we plot C, 5 (t) with its Fourier Series approximation in (— ) as well as the Fourier Series
coefficients, gm in the inset. For this case {2 = 29, N = 59. Each camera pixel measures a
mixture of light paths from 3 objects (K = 3): a glass unicorn at depth 2z = 0, a plexiglass
sheet at depth z = 2.00 meters and a wall at depth 2 = 3.875 meters. To resolve the mixed

pixels (MPP), we use the SLO formulation in Section 4.3. Starting with measurements
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y € R*64x1 in Fig. 4-2. (b), we estimate B and ¢. Unfortunately, it is hard to obtain the
ground truth for B however, the ground truth for ¢ = [2.0139 2.1553 2.2813|" ps or
picoseconds. When we solve the problem using (P1) in (4.7) using OMP, we obtain tomp =
[2.020 2.156 2.257]7 ps. For our case, we first obtain b (4.12) and then use Matrix—
Pencils [76] for our problem. Our estimate is reported as £ = [2.014 2.159 2.2289]T
ps. The estimates are plotted in Fig. 4-2. (c). We denote the Mean Squared Error or MSE
between vectors x and y by MSE (x,y). Our estimation is better than OMP in MSE sense.
For our experiments, MSE(t, %) = 5.5 x 103 while, for OMP, MSE(t,ZoMp) =4.7x1072,
Our solution is non—iterative. For the same computing resources on Matlab, our solution
offers an average speed—up of 16.7x compared to OMP. This is tested across a patch of
31 x 31 = 961 mixed-pixels. The computational time is reported in Fig. 4-2. (d). In
Fig. 4-2. (a), we compare the result of using Matrix—Pencils [76] and Cadzow’s algorithm
[75] and plot MSE (in dB) versus Signal-to—Noise Ratio (SNR) for SNR range of —10 to 38
(dB) for different values of oversampling factor 7 such that N = 29K + 1. We consider
n = 1,...,5. Oversampling results in improvement of results. For experiments, we used
K = 3 with uniformly distributed ¢ € [0, 1] and the results are an average over 5000
trials/SNR value. In another experiment, we consider the case of K = 2, Q) = 28, N = 57.
A diffusive sheet covers a placard reading: “Time Of Flight,” which is 2 meters away. The
camera measurements are shown in Fig. 4-3. (a). Indeed it is impossible to read anything,
However, since each measurement corresponds to a mixed—pixel, we can use the sparse
operator identification method to decouple the measurements. Consequently, in Fig. 4-
3. (b), we show the strong reflection from the translucent sheet, that is {Bo, to}. Since we have
estimated {/3;,¢1}, it is possible to read through the translucent/diffusive sheet as shown in

~

Fig. 4-3. (c). In Fig. 4-3. (d), we show the measurements y and estimates 3, t.

4.4.2 Cramér-Rao Lower Bounds (CRB): Overview of Results

With zero-mean, Gaussian noise assumption on e,, and covariance matrix £ = Efee’] =
0?1 we model N noisy measurements (4.11) as, y, = Ok [p] (n) + €, & y = m + e. The
parameter vector of interest is @ = ft;;, .. ,?K—ll Bo,---,Bx-1]T. Within this framework,

the CRB of an unbiased estimator of the parameter vector 8 holds such that, V(8) < J~* (6)
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Figure 4-2: (a) Performance analysis of methods used for solving b, = 3 1, Bre ™% (4.13) with different oversampling factors
N = 2nK + 1. We compare Matrix Pencil Method [76] with Cadzow’s algorithm [75] for the case of K = 3. The parameters are chosen
from a uniform distribution. For each SNR value, we average the result over 5000 realizations. (b) Starting with M—sequence in (4.15)
we obtain the calibrated function C,5 in —- and its 2 = 29—term Fourier Series approximation, ¢ € Bg in — —. The inset shows the
Fourier Series coefficients (4.9). (c) Mixed—Pixel Problem for K = 3 mixing paths. The measurements y are marked in —-. Ground truth
and estimates using OMP in (4.7) and our method are also marked. (d) We report the computation time involved with using LASSO,
OMP and our non—iterative method. OMP requires ~ 0.03 seconds per pixel while our method (using Matrix Pencils) requires ~ 0.002

seconds. This result is consistent over a set of 961 pixels. LASSO is computationally intensive. For one pixel, the requirement is 689.40

seconds.
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Figure 4-3: (a) Measurements (—) of a scene where a translucent/diffusing sheet {3, to}
hides a placard {3,t;}. The mixed—pixels correspond to the case of K = 2. Using our
method, the mixed—pixels in (a) are decomposed into the diffusing sheet in (b) and the plac-
ard that reads, “Time of Flight” in (c). (d) We show measurements y for one of the pixel of
120 x 120 image. These measurements are decomposed into shifted and amplitude scaled

versions of C, = ¢ marked in - - - - . Depths o {to,t;} are marked with —.

where J is the Fisher Information Matrix and V is the variance operator. Following the CRB
simplification for Gaussian distribution (cf. Appendix 3C [80]), we have,J (8) = 02X Y.

For simplicity we consider K = 1, then,

r_ [ B (1=t0) - Bog (N —ta)

T
¢(l—t)) -+ &(N—to)

Since the anti—diagonal ofJ () is zero, the variance V(8) > o2diag (82 Nw2Sm, NS) with
S = Din mzé?n. Set SNR = ¢2//32, we obtain the spread in estimation of ¢, and [, as

follows:

Aty 1 L Ak 1
= e an = .
¢ ) 2w/ SmN - SNR 15| Vv SiN - SNR
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Derivation of Cramér—Rao Bounds for Sparse Estimation

Let e, be the zero-mean, Gaussian noise element with covariance matrix ¥ = Efee'] =

o?I. Given measurements,

Yn = Z ,Bkcp,ﬁ (n — tk) +en,

kex

o

Ok [p)(n)

where C, 5 (t) £ ¢ (t) is the probing function, we seek to establish the Cramér—Rao Bound

on the variance of parameter vector,

8=[k,....Ilao,...,dx] -

Within the Cramér—Rao framework, the CRB for an unbiased estimator 0 of the parameter

vector @ holds such that,
~ 1
v(8) <o
~J(6)
where J is the Fisher Information Matrix. Moreover, for the Gaussian distribution case, the

element wise Fisher Information matrix has a simpler expression which takes form of,

§@k =37 {5 0 205 (0) 2O 1 [2HO)] s ) [20)]

90, 06, 00,

where Tr{-} is the trace operator. Since gaoﬂ = 0, our problem is simplified and boils down

to computing,

_g[ay(e)r [ay(m] .

Ty
0 O)],, = [W Yo 2
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In vector-matrix notation, we have,

J@) = %TTT, (Fisher Information Matrix)
where,
[ —Bod’ (1 —to) - Br-1¢' (1 —tk_1) d(l—to) --- (1 —tk_1)
¥ — —Bo#' (2—to) -+ Brx19' (2—tk—1) | ¢(2-1) ¢(2—tk-1)
1 —Bod’ (N —to) -+ Br—1¢ (N—tx1) | ¢(N—to) --- ¢(N—tK—1)4
Nx2K
For K =1, ) -
—fBo¢’ (1 — to) ¢ (1 —to)
Y= —Bod’ (.2 — to) ¢ (2 - to)
| —Bod (N —to) | #(N —to) |
and consequently,
_ [ ot (1—to) | $(1—1to)
[t G-t o AV -1)] | Bt | Ct0)
¢ (1 = o) ¢(2—t) - S(N—to) : :
| —Bod’ (N —to) | ¢ (N —to)
B N-1 . N-1
B8 2 |9 (n—to)| — 2 Bod' (n —to) ¢ (n — to)
- _, e nso (4.16)
- gﬁmﬁ' (n—to) ¢ (n —to) B3 Z_JO |6 (n — to)[?
Given the choice of probing function,
m=+M
Crt)2o(t)= D dme™,
m=—M
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we will now show that,

Nwifs 3 m*émdr,

Y'Y= mi<M
N ¥ |gml’
Im|<M
* Derivation of [Y' Y],
m=+M m=+M
Since, ;¢ (t) = > mwodme™ 0 and 8y ()|,_p_y, = Y Jiopme™0nl0),
m=—M m=—M
it readily follows,
N-1 N-—1m=+M I=+M
Z ¢’ (n — to)|* = Z Z Mg ™0 (n—t0) Z — Jluioteo(n—to)
n=0 n=0 m=—-M I=—M
m=+M I=+M
S
m=—MIl=— n=0

N —
=Nby,—1,9L=Ng€Z

= Nw} Z M|’

[m|<M

e Derivation of [TTT] 01 = [TTT] 10 = 0.

Note that, [TTT] o1 = [TTT] 1o This follows from (4.4.2). It remains to show,

N—1m=+M
qu (n—to)p(n—1to) = Z Z PNy P20 00) Z ¢ etn(n—to)
n=0 n=0 m=—M |l|<M
= 3 Y mwopmpe I E R0 ZeJ Znl+m)
Imi<M |ll<M n=0
A Y
=Ném+1,9L=N,geZ
=0 Y mé},
Iml<M
~o( X mttr ¥ w0
\—M<m<0 0<msM g

=0,(t) ER | = ]

where the last step is due to the fact that ¢ is a real function and its Fourier Series
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coefficients have the property, |¢m| = |¢—m|-
« Derivation of [Y Y] L=N 2 |pum 2.
’ |m|<M

This is fairly simple to establish.

N-1 N-1
Z |6 (n — t0)|* = Z¢(n—to) ¢* (n — to)

n=0 n=0
N-1
= E E ¢m63mwo(n—to) E d,;e—ﬂwo(ﬂ—to)
n=0 [m|<M ltl<M
N-1
2r — 2% —
— § ' E ¢m¢76‘7Lt°(l m) § :eJL”("" D
|m|<M |l<M n=0
=Nép—1,9L=NqeZ
2
=N E : |¢m|
m|<M

Following the above simplifications, we are not set to bound the variance of the estimator.

The inverse of the 2 x 2, diagonal matrix is given by,

— -1
Nw2B2 2|, |2
( wpBy Imlstm | I) e l N_f;?ﬁg jl
(N ) |¢m|2)
i Im|<M J

where S, = 1 3 m2|¢m|°. Finally, we have,

Im|<M

(xT1) " =

2jn

%
Eﬂsca

v(6) > 2 (r71)™ = CRLB (8) =

o2

2
Let us define peak—signal—to—noise ratio by PSNR = 5 . As a result, the uncertainty in time

and amplitude is given by,




and,

ABo [S1 1 .
— 2 = ([ litude).
|ﬂ0| N JPeNR (for amplitude)

These results are in consensus with the bounds in [53]

4.5 Conclusions

As a follow—up on the recent investigations regarding identification of operators from its
response to a probing function [57, 58, 59, 60], we discuss a non—iterative method for the
prdblcm of sparse linear operator identification [60]. Our method is devoid of any spar-
sity inducing penalty term. Our work finds application in context of resolving mixed pixels
in Time—of—Flight imaging for which our theoretical set corroborates with practical exper-
iments. We report a speed up in computation time over previously used methods. Our

method leads to lesser mean squared error.
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Multi-bounce Decomposition of Light with
Microsoft Kinect Xbox One

5.1 Problem Statement

Multipath interference (MPI) is one of the major sources of both depth and amplitude mea-
surement errors in Time—of-Flight (ToF) cameras. This problem has seen a lot of attention
recently. In this work, we discuss the MPI problem within the framework spectral estima-
tion theory and multi-frequency measurements. As compared to previous approaches that
consider up to two interfering paths, our model considers the general case of K—interfering
paths. In the theoretical setting, we show that for the case of K—interfering paths of light,
2K + 1 frequency measurements suffice to recover the depth and amplitude values cor-

responding to each of the K optical paths. What singles out our method is the that our
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(oL il E';l~4 c;l i E':L..;

[ ronEna=ro
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Figure 5-1: (a) The ToF camera emits a reference signal. Time delay of arrival from di-
rect reflection encodes the depth d. (b) Specular or mirror like and, (c) semi—transparent
reflections cause multiple light paths to mix at the sensor which leads to multipath interfer-
ence or the mixed—pixel problem (MPP). (d) Case of continuous multipath reflections. (e)

Time—of-flight imaging system pipeline for solving inverse problems.

algorithm is non—iterative in implementation. This leads to a closed—form solution which is
computationally attractive. Also, for the first time, we demonstrate the effectiveness of our

model on an off-the—shelf Microsoft Kinect for the X—Box one.

5.2 Introduction

Amplitude modulated continuous wave (AMCW) Time—offlight (ToF) imaging cameras
[22] measure at each pixel both amplitude and optical travel time (depth), thus capturing
three dimensional scene information. Fig. 5-2(e) and 5-2(f) show an example of such intensity
and depth images as produced by a ToF camera.

These cameras work on the principle of emitting a coded light signal (generally a sine
wave) by amplitude modulating a light source and measuring the time delay between the
transmission and the reflection arriving back from the scene (Fig. 5-1(a)), similar in principle
to LIDAR.

With recent advances in solid state sensor design and on—chip computational capabil-
ities, the last decade has seen a tremendous growth in 3D sensor design with a number
of consumer grade ToF sensors are available in the market. Microsoft (Kinect), SoftKi-
netic, PMD and Mesa among others provide robust solutions for 3D imaging. Availability
of ToF cameras has catalyzed research effort in context of 3D sensing with applications

in human—computer—interaction (HCI) [27], computer graphics [31] and computational
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imaging [11, 81, 82]. In fact, in a recent paper we demonstrated the application of ToF

cameras in Fluorescence Lifetime Estimation [5].

5.2.1 Multipath Interference in ToF Cameras

All of the existing ToF cameras work under the hypothesis that each given pixel observes one
optical path. Another way to state this, the assumption is that the scene is only illuminated
directly with no inter reflections (known in the optic and geophysics domains as the Born
approximation). This however is not the case in many practical cases of interest such as inter
reflections in the scene due to multiple objects or corners, in the presence of transparencies
such as windows, or sub surface scattering. Some of these cases are presented in Fig, 5-1.
When multiple optical paths combine at a given pixel, the depth measurements are
corrupted. This is known as the multipath interference problem or the mixed pixel
problem (MPI). This is one of the major sources of errors in ToF sensors [5, 83, 6, 33,
34, 84, 39, 62, 36, 38, 63]. To that end, almost all existing solutions consider up to two
interfering paths of light [34, 84, 39]. The case of K—interfering paths was first discussed
in [5] and later in [83]. Both of these papers rely on a sparsity formulation which leads to

computationally intensive and iterative algorithms.

5.2.2 Contribution and Organization of this Chapter

In this work, we report a model for the case of K—path interference for which the solution is
non-iterative in implementation which makes it computationally attractive when compared
to the sparsity based, iterative schemes discussed in [5, 83].

In Section 5.3, we provide a general description of the ToF image formation model.
Within our inverse—problem framework, we set—up the mathematical model for the multi-
path interference problem. As will be seen, our reformulation of this problem shows that the
MPI is intrinsically linked with parametric spectral estimation theory [55, 45]. We leverage
on previous ideas [6, 55] to solve this problem in closed—form. In Section 5.4, we discuss
some first results linked with MPI cancellation in Microsoft Kinect One. Finally, we con-

clude with some future directions.
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5.3 ToF Image Formation Model

The ToF imaging pipeline is shown in Fig, 5-1(e). Pixelwise image formation model for ToF

cameras can be disseminated into 3 steps.

1. Probe the Scene: ToF cameras are active sensors. The ToF camera probes the
scene with some T—periodic function of form p(t) = p(t +T),t € R,T > 0. For
example, p (t) = 1 + cos (wot) ,wo = 27/T.

2. Scene Interaction Next, the probing function p interacts with the scene h and this

interaction results in the reflected signal,

r(t) = /Qp (2)h(t,z)dz  (Reflected Signal), (5.1

~

Fredholm Integral
where h is the continuously defined kernel or the scene response.

3. Cross—Correlation Let 7 (t) “p (t) and let * denote the convolution operation,
thatis, (f x g) (t) = [ f(2)g(t — 2)dz. For some sampling step A, the ToF lock—in
sensor filters the reflected signal r with p and then descritizes it. Quantitatively, we

have,

mt)|,pa =@x7r)(t) with ke€Z,A>0. (5.2)

Remark: Note that for a special class of scene response functions/kernels, namely, Shift—
invariant kernels, which satisfy the property, hg (¢, z) = h (t — 2), the measurements (5.2)

assume form of,

m(t) = @xpxh)(t) = (Copxh) (), (5-3)

where Cs, (t) = (" % g) (t) is the cross—correlation of complex functions f,g € C and

where f* is the complex conjugate of f.

5.3.1 Modelling Single Depth

Within the context of our imaging model, we first show how to recover amplitude and depth

from discrete measurements m. Most ToF cameras including the Kinect One probe the
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scene with,

p(t)=1+pocos(wt) and 0< pg< 1.

At some depth d, the probing function undergoes a reflection. The total time—of—flight is,

tqy = 2d/c where c¢ =3 x 108. The reflected signal is modelled as,
r(t)=T(s(t—ts)) where 0<T <1

An equivalent conclusion can be reached by setting, h (t,2) = ['d (t — 2 — t4) , where we
use Dirac’s Delta function, that is §, to model the time—delay or the time spent by the probing
function p as it arrives at the ToF sensor. In this case, a simple computation [5, 22] shows
that,

me (£) =T (1 + B cos (w (¢ + td))>

and it remains to estimate {[', d} from measurements m in (5.2). The ToF camera uses

sampling step A = 7/2w, k = 0- - - 3 to estimate,

T = p52y/ (mo (38) — my, (A))° + (my, (0) —m,, (24))°  and,

T € 1 (me(3A)-my(A
d= —an™! (ZAmd). (5.4

Note that for any given modulation frequency w, and estimated parameters {I', d}, we can

associate a complex number/phasor,
Z,=Texp (] (ZJw) /c) 2 Texp (jwty), Z,€C. (5.5)

An attentive reader must have noticed that that Z,, happens to be the Fourier Transform
of I'é (t — t4). Indeed, in view of the ToF pipeline in Fig. 5-1(¢), single-depth estimation
problem is linked with the estimation of scene response function, h (t) = ['d (¢ — t4), which
is a parametric function with 2 unknowns, reflection coeflicient I' and depth d which is
encoded in variable t4. This is one instantiation where h or the scene response function

is parametric. Another interesting parametric choice of h discussed in [8] is linked with
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Fluorescence—lifetime imaging microscopy (FLIM) where,
h(t)=0(t—tq) * (L6 (t) + pexp (—t/T)), t=>0. (5.6)
We now revert our attention to the case of multipath interference.

5.3.2 Multipath Interference Problem

Consider the case discussed in Fig. 5-1(b—c). When multiple bounces of light or optical paths
arrive at the sensor, the depth measurements are corrupted [6, 5, 32, 39]. As shown in [6],

the system response function is modelled as,

k=0

huc () = Z:Ol ) (t — 2—‘5'“) =5 s (6 — ). (5.7)

Let us denote the Fourier Transform of h(t) by hi (w) with,
Fourier 7> K-1 — 1wt
hi (t) =5 hg (W) = Zk_o [pe ™ (5.8)

Indeed, for the multipath case, the Fourier domain representation of the system response
function in (5.7) is a sum of K—complex exponential functions. Without loss of generality, if

we assume, p (t) = poe’”, then,
M (t) = Coe™*h% (w) where Cp = p/2. (5.9)

Note that the multipath component kY (w) appears in the measured signal and is purely an
argument of modulation frequency, w. For w = wy, the ToF camera uses (5.4) to record the

measurement, Z,, = R (wo). Now since, Iy = | Zu,| and ¢, = ZZ,,, or equivalently,

~ K-1
T, = 'Zk=o [y et

the camera is unable to resolve the interference corrupted measurements in (5.10).

and G, = £ (ZK“I Temt),  (5.10)

k=0
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5.3.3 Closed Form Solution for Retrieving {I';, d;,} 5

We start with measurements m,, (£). Since the multipath component is independent of
t, we will only consider measurements in w. Let us define the vector of measurements,
m = [mg,my,...,my_1] where (-)" is the matrix—transpose operation.
Problem Statement: Given a vector of measurements m for N modulation frequencies,
extract {T, dp } oy

This is a classic inverse problem in line spectrum estimation [45] and is a special case of
the solution discussed in context of Fractional Fourier transforms [55]. To solve this inverse
problem, we begin with N measurements, m, = ZkK;Ol Crul, n < N with ug = exp (jtk).

Let us define a Laurent polynomial such that its roots are uy,

K

Q) = Hj: (1-w2') = ZB:O @zt , 2€L. (5.11)
N e’

Factorized Polynomial

We leverage from an interesting factorization property of complex—exponentials which is

ge * mg = myQ (ug) =0,

K K—IF P K " _0
* My = Mp_p = U 1, ~ =1.
qe ¢ E n=0£1n f—n ; iy ’i; n=0q"' "J
mg Q(ug)=0

This is because Q (2)| = 0 (see (5.11)). Hence the sequence g that filters measurements

zZ=up,

my to zeros also encodes the information of uy, in form of the roots of the polynomial Q. In

vector—matrix, this is equivalent to,

Mg -+ My do 0
= < Mq =0,
mag ... Mgk dK 0
Toeplitz Matrix M(K+1)x(K+1)  gqK+1 0K+1

where M is identified as the convolution/ Toeplitz matrix and vector q € Null (M) is a vector
in the null-space of rank—deficit matrix M with rank = K. We need at least N = 2K + 1

measurements to construct M and hence, 2K + 1 modulated frequencies in m,, to recover
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K optically interfering paths. Once we compute g, we factorize it to compute the roots {uy }

in (5.11). This, in turn leads to,

dy, = (27) "clog (uz) where c=3x10%.

UNXK

Let us define a Vandermonde matrix with matrix elements,

v, ,=v;, k=0,....K—-1, n=0,...,N-—1.
n,k k

To compute {I'}, we solve the system of equations UI' = m = T' = Utm where U™ is

pseudo—inverse of U.

5.3.4 Remarks and Discussion

» Improvement over previous work. To begin with, our work generalizes the re-
sults in [39, 84] in that our theoretical results are applicable to general setting of K-
interfering paths. For example, setting K = 2 leads to N = 5 frequency measure-
ments which is the result discussed in [84]. Also, unlike [84] that requires measure-

ments both in frequency and phase, our formulation does not require phase sampling.

The idea of using multiple modulation frequencies to resolve multiple interfering paths
(K > 2)in context of TOF was first presented in [5] however, the choice greedy
algorithm for sparse optimization makes the solution inefficient. In this work, we show

that it is possible to retrieve {T', di } =g’ from m,, by using a closed—form solution.

* Reconstruction Guarantee. In absence of model mismatch and noise, we show
that N = 2K +1 frequency measurements are necessary for de—mixing K—interfering
paths. To the best of our knowledge, this result has not been reported in literature (in
context of ToF imaging). Also, for our setting, Cramér—Rao bounds [45] may be used

to provide reconstruction guarantees.

» Implementation Details. As is well known, the Vandermonde matrix U™ is highly

unstable in presence of noise and oversampling is an efficient counter—measure. Many
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variants have been proposed in literature to alleviate this problem. For implementa-

tion purposes, we use Matrix Pencils [76] to solve to problem.

5.4 Results

For experiments we use a single, off the shelf, Microsoft “Kinect One” ToF camera with
modified firmware that allows custom modulation frequencies. The Kinect is at a distance
of about 1.5 meters from a scene comprising of a mannequin on a table with a wall in the
background. We further place a transparent acrylic sheet about 15 cm in front of the camera.
The acrylic reflects part of the emitted infrared light directly back to the camera, resulting
in mixed measurements (also known as multipath effect). We proceed with recording of the
amplitude/phase measurements of the Kinect at varying modulation frequencies starting
from 50 MHz.

The experimental setup is shown in Fig. 5-2(j). In this example, we set K = 2. The
amplitude and phase measurements at 52 MHz are shown in Fig. 5-2(a) and Fig. 5-2(b),
respectively. We use 20 measurements from 52 — 72 MHz for our processing. The out
put of our algorithm provides 2K images, in form of amplitude and phase pair. For the
experiment in Fig. 5-2(j), our goal is to decompose the mixture of images into 2 components
corresponding to two optical paths, one due to the acrylic sheet and another due to the
what remains in the background. Fig. 5-2(c)—(d) shows the amplitude/depth (in meters) pair
corresponding to the contribution due to acrylic sheet. As can be seen in Fig. 5-2(c), we
observe a specular reflection due to the reflective acrylic sheet. In Fig. 5-2(e)~(f), we show
the remaining contribution due to all other optical paths. The depth of the table is estimate
to be 1.67 meters. The amplitude image in Fig. 5-2(e) is devoid of any multipath effects due
to the acrylic sheet.

To demonstrate the effectivity of our algorithm, we show the 3-dimensional or 3D re-
construction in Fig. 5-2(g),(h),{i). We show the 3D amplitude/depth map of measurements
at 52 MHz and 55MHz in Fig. 5-2(g) and Fig 5-2(h), respectively. Clearly, the measure-
ments are distorted. We are able to decompose the corrupted images in Fig. 5-2(g),(h). Our

processed 3D image is shown in Fig. 5-2(i).
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Figure 5-2: Images (a) and (b) show one of the input amplitude and phase images while (g)
and (h) show the embedding of the intensity image onto the depth data. The scene, depicted
in (j) is constructed from a mannequin on a table with a transparency between the camera
and the scene. As can be seen, there is a strong flashback from the transparency as well
as corruption of the depth image due to multi bounce. (c) and (d) show the intensity and
depth reconstruction of the transparency while () and (f) show that of the scene. (i) Shows the
embedding of the intensity image onto the depth reconstruction. Not only have the intensity
and depth information been recovered correctly for both the scene and transparency, we
have also recovered both amplitude and depth information that was completely occluded

by the flashback (highlighted).



5.5 Conclusion

Our theoretical development is general in that it considers the general case of K—optical
paths and is computationally efficient in that the algorithm is non-iterative (compared to
the recent work). Our first results demonstrate the practicability of our modelling with the

ease of computation.
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Fluorescence Lifetime Estimation via

Coded Time—of-Flight Cameras

We present a novel, single-shot, calibration-free, framework within which Time-of-Flight/depth
cameras can be used to estimate lifetimes of fluorescent samples. Our technique relaxes the
high time resolution or the multi-frequency measurement requirements in conventional sys-

tems.

6.1 Overview of Problem Statement and Contributions

Fluorescence lifetime imaging (FLI) is a well-known problem with the notable example of
Fluorescence lifetime imaging microscopy (FLIM). FLI methods rely on either time domain

(or pulsed) processing (Fig. 6-1.c ) or frequency domain processing which is a phase based
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method (Fig. 6-1.d). Each method has its advantages and disadvantages.

This work combines the merits of time and frequency based processing. We describe a
technique for FLI which is cost—effective in that it is based on consumer grade Time—of—
Flight (ToF) cameras. ToF cameras can not match up with the time resolution of de-facto
equipment used for time-domain FLIM. Also, multiple frequency measurements require
sweeping of frequencies over a given bandwidth. To overcome these limitations, we pre-
scribe a time coded illumination based technique which results in single-shot, multi—
frequency capture. Also, our technique is reference free. No prior information of the

depth of sample with respect to the camera is assumed.

6.2 Inverse Problem Framework for FLI-Time-of-Flight
Imaging

A Time-of-flight (ToF) camera, such as the Microsoft Kinect, is a low-cost, real-time in-
strument that acquires the three-dimensional scene structure by encoding simultaneously
the intensity and depth information of a scene. Such cameras have been very successful in
consumer applications.

We provide a general model of ToF sensing using the Fredholm formulation. First, gen-
eralizing conventional ToF cameras, which use (approximately) sinusoidal illumination, we
illuminate a scene with a time-periodic probing signal p (t) = p(t+T) (' € R*, t € R).
This signal interacts with a scene, described by a response kernel h (t, z), and generates a
return signal y (t), which is then cross-correlated with the illumination to yield measure-
ments m (t). Defining = p (—t) and letting C, ; () = (y * D) (t) be the cross-correlation

of two functions, we have

Fredholm Integral

I's ~

p— LY y (1) =]p(z)h(t, 2)dz L8 Pxy LY m(t) (ToF Pipeline).
S~~~ N Q | ——— S——

Measurements

Scene Sensor

~
Interaction of the scene and probing function

6.1)
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For a shift-invariant operators, 2 € R, h(t,2) — h(t — z), so that m(t) = C, ;5 (t) = (p *
P*h)(t). This assumption is not restrictive, as it applies to many systems, including FLI and
depth imaging. For example, for conventional depth sensing, p(t) = 1+cos(wot), and h(t—
z) = pod(t—2d/c—z), where po is the reflection coefficient, c is the speed of light, and d is the
distance to the scene. For multiple depths {dx}1y, ko (,2) = S0y pr0 (t ~ 2di/c — 2)

[5, 61].

6.3 Forward Model for FLI using ToF Sensors

For scenes containing fluorescent samples, the system kernel becomes more complex, as
fluorescence emmission decays exponentially for impulsive excitation. To describe this sys-
tem, we apply Eq. 6.1 to a scene containing fluorescent pixels (z, ys) and non-fluorescent
background (zs, ys). For the latter pixel type, the kernel is just the standard delta-function
depth kernel above. We can describe this using operator notation by defining the time
delay operator 73 [¢] = ¢ (t — 2d/c). Defining Z as the identity operator and denoting
P o Q=P (Q[]) for composition, we have

Mgy &) & (Tao pT) [p] P& (TaopI) (8],  Cpp= 6. 6.2)

Note here that we can write the depth kernel as
h(t,2) = (TaopL)[6 (t — 2)] & pb (t —2d/c — 2).

To model fluorescence (Fig. 6-1a), we recognize that the associated kernel is hs(t — 2) =
pexp (t — 2)/7 - Lg_nzo0 (t — 2), which we associate with a well-defined Green’s function
G(t,z) = hys(t — z). Therefore, we may model this interaction with a linear, constant-
coefficient, first order operator £, = 0; + 1/7 acting on the illumination function p(t) to

yield the fluorescence output u(t). We have

u(t) = pL; [p - 1eso] / Gt
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Figure 6-1: (a) Setup for fluorescence lifetime estimation using ToF cameras. Pixels at (2, ;) measure depth by using time—of—flight
principle in accordance with (6.2). Pixels (z,yy) correspond to fluorescent sample. Impinging light signal p undergoes two transforma-
tions: first, amplitude scaling and delay ((73 © pZ) [p]) due to the depth d and second, due to its interaction with the fluorophore sample
which is in effect y = T3 o uL7" [p]. (b) Mathematical notation for the physical set up described in part (a). The system response in
context of (6.1) is given by H = Ty o (uL;' + pI) and the measurements read, m (t) = H [¢],é = C,;. (c) Time—domain FLIM is
modeled by m () = H [¢] with ¢ = p = é and d = 0. (d) Frequency-domain FLIM is modeled by m (t) = H [¢] with p = & and some
calibrated d. (¢) ToF—FLIM uses m (t) = H [¢] where ¢ is some band-limited function with utmost M, Fourier components. We show

pL:t — Tqo pl:' — H—the sequence of transformations on ¢.
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Figure 6-2: Overview of forward model for coded FLIM imaging.

with,

G(t,2) = pexp (= (t = 2) /7) Lz (t — 2).

In the context of Eq. (6.1), the combined effect of scaling/delay from the depth and fluo-

rescence decay leads to,

y=Tao (pI + pL;") [p] = H[p]. (6.3)

In Fig. 6-1(b) we show the schematic for the forward model. Simulated signal and measure-
ments are shown in Fig. 6-2. With h (¢, z) = hs) (t — 2), the system response is identified

as,

hsi (t) = 0 (t - Z—d) * (06 (t) + pe™ DMy (1)) (6.4)

c

The measurement becomes m (t) = H [¢] ,¢ = C, 5. Our model is backward compatible
with the FLIM setup [85] in that time domain FLIM uses p(t) = 6(t) (Fig. 6-1.c). Its
frequency domain counterpart in Fig. 6-1d uses p(t) = sin(wt), and calibration is used for

d.
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6.4 Coded Illumination for FLI

Continuous-wave ToF cameras cannot attain the time resolution of standard pulse-based
methods. To overcome this, we engineer the T-periodic signal, p(t), within the window of

length T'. Because p is periodic, it is expressible as a Fourier Series,

p(t) = T-1 ZlmlsMo Dm exp (Jwomt),

where p,, are the Fourier Series coefficients, with woT = 27, and M is the bandwidth. We

thus write,

Cop®) = 0@ =T Gmesp (uomt),

with Vm, ¢, = pmpy,. It is well-known that for a given budget of My, a Maximal Length
Sequence (M-sequence) provides the best spectral response for ¢. Because complex expo-
nentials are eigenfunctions of time-invariant operators such as ‘H, the ToF measurements

for FLI are given by m = H [¢], which simplifies to,
_ -1 N omt
mt)=T"3 . nhme ™, (6.5)

where

o~

hm = ) e~ 0(%)m (Fourier Transform of ).

(p + 1/7+ jwom

For discrete camera measurements, we have, in vector-matrix notation, m = Vw where

CNX2M0+1

m € RY is the measurement vector, V € is the inverse DFT matrix and w €

C?Mot! js the vector such that w = D;h and D 5 € C2Mot1x2Motl 44 5 diagonal matrix
with entries ¢. Given measurements m and known ¢y, our task is to estimate parameters

7 and d. We first estimate h using h = D, -V*m where V* is the pseudo—inverse. From

1/¢
Eq. (6.5), we note that

/h (wbm) = — (¢r (wWom) + @4 (wom)) ,
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Figure 6-3: (a) Measurements for a quantum dot with 7 = 32 ns acquired by a ToF camera
that uses a time code ¢ (in the inset). (b) Fourier Transform of ¢ and its band-limited approx-
imation via Fourier Series consisting of M, = 51 components.(c) We estimate lifetime and
depth from measurements using Zh = éDdi)IV*m ~ — (@, (Mmwy) + wa (Mwp)). Curves

show measurements and the expected phase function is marked with ———.

in

where ¢, (w) = tan~! (Tﬂﬂ) is nonlinear in lifetime (7), and @q (w) = 2dw/c is
linear depth (d). Experimentally, we optically filter out the contribution due to p, so that
with p = 0, we are left to minimize the least-squares cost function J (w) that leads to the
depth and lifetime estimates d and 7, respectively, as (d,7) = arg ming, J(w), where

J(w) = ||£h + w2 + tan~! (w7)||7,- Being able to extract d without its prior knowledge

makes our approach calibration free.

6.5 Experimental Verification

The experimental setup is depicted in Fig. 6-1.a. The fluorescent pixels consist of a glass
slide that contains CdSe-CdS quantum dot material (7 = 32 ns) obtained by dissolving it in
hexane. The ToF camera is a PMD 19K-2 lock-in sensor with custom FPGA programming
to define and precompute p and hence ¢. The normalized measurements corresponding to
the quantum dot sample are shown in Fig. 6-3a. The data are acquired with sampling rate
T = 78.12 ps. We also plot the function ¢ in the inset. For data processing, we set My = 31

(see Fig. 6-3b). From data samples m, we compute
/h = LD;V‘*m ~ — (7 (mwo) + @a (Mmwp)) ,wo = 2m/T.
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Figure 6-4: Histogram of estimated lifetimes.

The phase measurements are shown in Fig. 6-3c. Note that measurements corresponding
to m > 50 are noisy. Having obtained Zh, we use a nonlinear fitting algorithm using the
least absolute residual criterion. A histogram of estimated lifetimes is plotted in Fig. 6-4.

The expected lifetime for our computation is 31.89 x 10~ sec.

In summary, we have implemented a calibration-free, single-shot FLI system using a
ToF camera. The method combines a low-cost implementation with a generalized model
of ToF sensing. Future work includes extending the technique for FLIM systems for, e.g,,

FRET analysis, multi-exponential decays, and diffusive quenching.
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Conclusion

In this work we formalize the ToF imaging model which unifies continuous wave and impulse
based ToF solutions. Within this framework, we tackle inverse problems linked with ToF
imaging. Unlike conventional cameras, the ToF cameras encode both amplitude and depth.
The main theme of this work is that the association of depth/phase with range is just a
specific case of modeling. In a general setting, more interesting phenomenon can be encoded
in the phase component of the ToF cameras.

The first direction attempts to solve the multi—path problem for the general case of K
light paths. For this purpose a closed—form solution is presented. The solution is linked with
the spectral estimation problem. In noiseless setting, 2K modulated frequency measure-
ments suffice to recover the parameters of the multi—path scene response function.

The second line of attack deals with super—resolution ToF imaging. It is shown that

coded ToF cameras facilitate multi-frequency measurements. Furthermore, we leverage
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from the fact that the broadband code has a finite Fourier series. This leads to a parametric
solution to the sparse deconvolution problem.

Finally, we investigate the problem of fluorescence lifetime estimation using ToF cam-
eras. In this context, we show that by using a broadband code, it is possible to recover both
the distance of the sample from the camera as well as its lifetime. Hence our solution leads

to a calibration-free, single-shot FLI system.
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