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It is well known that the representation theory of the finite group
of unipotent upper-triangular matrices U, over a finite field is
a wild problem. By instead considering approximately irreducible
representations (supercharacters), one obtains a rich combinatorial
theory analogous to that of the symmetric group, where we replace
partition combinatorics with set-partitions. This paper studies
Diaconis-Isaacs’ concept of superinduction in pattern groups.
While superinduction shares many desirable properties with usual
induction, it no longer takes characters to characters. We begin
by finding sufficient conditions guaranteeing that superinduction is
in fact induction. It turns out for two natural embeddings of Up,
in Up, superinduction is induction. We conclude with an explicit
combinatorial algorithm for computing this induction analogous to
the Pieri-formulas for the symmetric group.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Understanding the representation theory of the finite group of upper-triangular matrices Uy is
a well-known wild problem. Therefore, it came as somewhat of a surprise when C. André was able
to show that by merely “clumping” together some of the conjugacy classes (creating superclasses)
and some of the irreducible representations (creating supercharacters) one attains a workable approx-
imation to the representation theory of U, [1-4]. In his PhD thesis [13], N. Yan showed how the
algebraic geometry of the original construction could be replaced by more elementary constructions.
E. Arias-Castro, P. Diaconis, and R. Stanley [7] then demonstrated that this theory can in fact be used
to study random walks on Up using techniques that traditionally required the knowledge of the full
character theory [10]. Thus, the approximation is fine enough to be useful, but coarse enough to be
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computable. Furthermore, this approximation has a remarkable combinatorial structure analogous to
that of the symmetric group, where we replace partitions with set-partitions,

Supercharacters Labeled set partitions
{ of Uy } { of {1,2,...,n} }
One of the main results of this paper is to extend the analogy with the symmetric group by giving a
combinatorial Pieri-like formula for set-partitions that corresponds to induction in Up,.

In [9], P. Diaconis and M. Isaacs generalized this approximating approach to develop the concept
of a supercharacter theory for all finite groups, where irreducible characters are replaced by super-
characters and conjugacy classes are replaced by superclasses. In particular, their paper generalized
André’s original construction by giving an example of a supercharacter theory for a family of groups
called algebra groups. For this family of groups, they show that supercharacters restrict to Zx¢-linear
combination of supercharacters, tensor products of supercharacters are Zxo-linear combinations of
supercharacters, and they develop a notion of superinduction that is the adjoint functor to restric-
tion for supercharacters. Unfortunately, a superinduced supercharacter is not necessarily a Zx¢-linear
combination of supercharacters; in fact, it need not be a character at all. This paper examines su-
perinduction more closely, giving sufficient conditions for when superinduction is induction (in which
case they are guaranteed to be characters).

Section 2 reviews the notion of a supercharacter theory, and defines the fundamental combinatorial
and algebraic objects needed for the main results. Section 3 proceeds to compare superinduction to
induction, where the main results - Theorems 3.2, 3.3, and 3.4 - give sufficient conditions for when
superinduction is induction. As a consequence, we prove that superinduction between U, C U is
induction. Section 4 decomposes induced supercharacters from Uy, to U, as combinatorial “products”
on set-partitions p of the form

IndJ () = a1 x D g 2Dy g 0,

This paper is a companion paper to [12]. Some of the main results of these papers, such as
Theorem 4.2 and [12, Corollary 5.1] are related by Frobenius reciprocity, but the methods used to ar-
rive at these results are significantly different. This paper studies the relationship between induction
and superinduction and how to compute induced supercharacters directly, while [12] instead studies
the supercharacter theory of a family of pattern groups that interpolate between U,_1 and Uj. By
understanding the restrictions between these interpolating subgroups, the authors deduce the corre-
sponding restriction from Uy to Up_1.

Other work related to supercharacter theory of unipotent groups include C. André and A. Neto’s
exploration of supercharacter theories for unipotent groups of Lie types B, C, and D [5], C. André
and A. Nicolas’ analysis of supertheories over other rings [6], and an intriguing possible connection
between supercharacter theories and Boyarchenko and Drinfeld’s work on L-packets [8].

2. Preliminaries

This section reviews the concept of a supercharacter theory, defines a family of groups called
pattern groups, and establishes the combinatorial notation for labeled set-partitions.

2.1. Supercharacter theory

Let G be a group. A supercharacter theory for G is a partition S of the elements of G and a set of
characters S, such that

(@) ISI=15"I.
(b) Each S € S8V is a union of conjugacy classes.
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(c) For each irreducible character y of G, there exists a unique x € S such that

(v.x)>0,

where (,) is the usual inner-product on class functions.
(d) Every x € S is constant on the elements of SV.
(e) The conjugacy class {1} € SV.

We call S8 the set of superclasses and S the set of supercharacters. Note that every group has two
trivial supercharacter theories - the usual character theory and the supercharacter theory with S¥ =
{{1}, G\ {1}} and S = {1, y¢ — 1}, where 1 is the trivial character of G and y( is the regular character.

There are many ways to construct supercharacter theories, but this paper will study a particular
version developed in [9] to generalize André’s original construction to a larger family of groups called
algebra groups.

2.2. Pattern groups

Let n be a finite-dimensional nilpotent Fg-algebra, where Fy is the finite field with g elements.
The corresponding algebra group U, is the group

Uy,={14+X| X en},

where (1+X)(1+Y)=14+X+Y + XY, for X,Y en.

While many results can be stated in the generality of algebra groups, many statements become
simpler if we restrict our attention to a subfamily called pattern groups. Let U, denote the set of
n x n unipotent upper-triangular matrices with entries in Fy. Let P be a poset on the set {1,2,...,n}.
The pattern group Up is given by

Up ={ueUy|u;#0 implies i < j in P},

where the underlying nilpotent algebra is Up —Id, (making pattern groups algebra groups). Examples
of groups in this family include all the unipotent radicals of rational parabolic subgroups of the finite
general linear groups GL,(Fg), of which U, is the pattern group corresponding to the total order
1<2<3<---<n.

An obvious advantage to pattern groups is the associated poset structure, which can be used to de-
scribe a variety of group theoretic structures, such as the center, the Frattini subgroups, etc. (see [11]
for explicit examples). We can also describe coset representatives using the poset structure as follows.

Let Up € Ui be pattern groups with corresponding posets P and R. Let R/P be the set of
relations given by

i<jin R/P, ifi<jinRandi«jinP.
Note that R/P is not necessarily a poset.
Lemma 2.1. Let Up C UR be pattern groups. Then
I'={ueUr |ujj#0impliesi < jin R/P}

is a set of left coset representatives for U /Up and a set of right coset representatives for Up\UR.
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Proof. For i < j, let

ejj = the n x n matrix with 1 in position (i, j) and zeroes elsewhere.

Given any total order 7 on {(i, j) | 1 <i < j <n} and u € Uy, there exist unique coefficients t;; € g
such that

u= 1_[(1 + tijeij),

i<j

where the product is ordered from smallest to largest according to the total order 7.
Fix the total order 7p on {(i, j) | 1 <i < j <n} given by

k,D)<(,j), ifi<k or ifi=kandj<lL

For example, the ordering on {(i, j) | 1<i < j<4}is

3,4 <2,49<2,3)<(1,4<(1,3)<(1,2).

If ue Ug, then

u= 1_[ (1 +tjjeij) l_[ (1 +tjjeij), (2.1)
i<jin P i<jin R/P

where t;j € Fq and each product individually is ordered from smallest to largest according to 7p (that
is, we are additionally taking all pairs in R /P to be greater than those in P). Thus,

l_[ (1 +tijesj) el
i<jin R/P

is in the same right coset as u. Furthermore, since (2.1) is unique, two elements of I cannot be in the
same right coset. The argument for left coset representatives is similar. O

2.3. Superclasses

The group Up has a two-sided action on the [Fg-algebra

np={u—1|uelUp},

by both left and right multiplication. Two elements u, v € Up are in the same superclass if u — 1 and
v — 1 are in the same two-sided orbit in np.

Superclass row and column reducing. Note that since every element of Up can be decomposed as a
product of elementary matrices, every element in the orbit containing v — 1 € np can be obtained by
applying a sequence of the following row and column operations.

(a) A scalar multiple of row j may be added to row i if j > i in P.
(b) A scalar multiple of column k may be added to column [ if k <l in P.
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Example. Let

Then the matrices

a,b,ceFgp CUp

OO OO -
(e NeNel ]
[N o N
O = O = =
—_ =0 T Q

form a superclass of Up.
2.4. Supercharacters

The group Up has a two-sided action on the dual space

n} = Hom(n, Fy)
given by
@wW)x—1D=au"'(x—1v™"), where re nh, u,v,xeUp.
Fix a nontrivial group homomorphism 6 : IE‘(‘; — C*. The supercharacter x* corresponding to

A €nj is given by

Uph
xhy = 9P S bouw-1). forueUp. (2.3)
[UpAUp| ~
HeUp (—nUp

The corresponding modules V~* are given by

V™ =C-span{v, | ueUp(-1)},

with the Up-action on V" given by

uvy =0(u(u™' —1))vyu, where ueUp, ueUp(—1).
Remarks.

(a) Diaconis and Isaacs [9] first defined these modules as a generalization of André’s and Yan’'s work,
and they computed their characters [9, Theorem 5.6]. In fact, they defined supercharacters and
superclasses for arbitrary algebra groups, which one can obtain by replacing np by the underlying
nilpotent algebra n in the definitions above.

(b) Given A € np, there are two natural choices for the supercharacters y* - whether to sum over
UpAUp or Up(—A)Up. We use the convention of [9] rather than the one in [11]. With this
choice, the character formulas are slightly simpler.
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Supercharacter row and column reducing. We identify the functions A € n3, with matrices by the vector
space isomorphism,

w5 — Mn(Fq)/np,

A= A= Z A,’j(e,-j+nl75), (24)
i<jeP

where e;; e np has (i, j) entry 1 and zeroes elsewhere, 1;; = A(e;j;), and
Mu(Fg) = {n x n matrices with entries in Fg},
np ={y € Ma(Fy) | yij =0 for all i < j in P}.

We will typically choose the quotient representative to be in np. In fact, for u,v € Up and A € n%,

(u‘lkv_l)(eij) = A(uejjv) = Z Uki MV ji = (Tr(u)ATr(v))ij,
1<kI<n

where Tr(u) is the transpose of the matrix u. Thus, we can compute the function (uiv) directly by
computing the matrix Tr(u~")ATr(v~!) and setting all entries to zero that cannot be nonzero in np.
Alternatively, we can apply a sequence of column operations:

(a) A scalar multiple of row i may be added to row j if i < j in P.
(b) A scalar multiple of column [ may be added to column k if [ > k in P.

Note that since we are in the quotient space M,«,(Iﬁ‘q)/né, we quotient by all nonzero entries that
might occur through these operations that are not allowable in np.

Example. Let P be as in (2.2). Then the set of matrices

000 a1
0 0b a1
0 0 0 ac ¢ a,b,c,delFg ¢ Cup,
000 0 d
000 0O

all give rise to the same supercharacter of Up, since we can apply row and column operations to get

00001 0000 1 000 a 1
00001 0000 1 000 a 1
0000 0]2322%" 10000 c|22",]00 0 ac ¢
00000 0000d 000 0 d
00000 00000 00000
000 a 1
00b a1
MOOO(M;C
000 0 d
000 0O

Remark. In general finding a set of superclass and supercharacter representatives is an open and pos-
sibly intractable problem. The paper [12] finds several sets of representatives for a family of pattern
groups, but even in that case it is not clear that there is a “best” choice.
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2.5. Fy-labeled set-partitions

A fundamental example is the group of unipotent upper-triangular matrices Uy, corresponding to
the total order P = {1 <2 < --- < n}. By row and column reducing as in Section 2.2, Yan showed
[13, Theorems 3.1 and 3.2] that we may choose superclass representatives for U, such that

Superclasses u — 1 has at most one nonzero
«~— {uely . , (2.5)
of Uy element in every and column
and supercharacter representatives of U, such that
Supercharacters A has at most one nonzero
«~— {rEN, . (2.6)
of Uy element in every and column

The character result was proved earlier by André from a more geometric point of view [1, Theo-
rem 1].

These representatives have a combinatorial description as labeled set partitions. A set partition
A={A|A2]|...|A¢} of {1,2,...,n} is a collection of pairwise disjoint, increasing subsequences such
that {1,2,...,n} =A;UAU-.-Uly; the subsequences A; are called the parts of the set partition. We
will order the subsequences by their smallest elements.

Example. The set partitions of {1, 2, 3} are

{1~2~3}, {1~2|3}, {1—~3]|2}, {1|2~3}, {1|2]3}.

If =2, then

:ueUn

u — 1 has at most one nonzero Set partitions
element in every and column of {1,2,...,n} [’

where given a representative u, we construct a set partition by the rule
i~j ifand only if u;=1.

For example,

U—1= > {1~2~4]3)}.

O O oo
o OO =
o O oo
o O~ O

Labeled set partitions are the combinatorial generalization that arise when q > 2. An FF4-labeled set
partition is a set partition A where we label each pair of adjacent elements i ~ j with some nonzero
element s € IFy°.

Example. The F;-labeled set partitions of {1, 2, 3} are

(142453, 14213, (14312, {(112453), {11213}, where s, t € F).
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With this notation, for all q,

iu e Un(Fy)

u — 1 has at most one nonzero Fq-labeled set partitions
element in every and column of {1,2,...,n} ’

where if A is an Fg-labeled set partition, then the corresponding u € U, (Fg) is given by u;; =t #0 if
and only if i ~j is labeled by t in A.

Let

Sn(q) = {Fy-labeled set partitions of {1,2,...,n}}. (2.7)
3. Superinduction

In [9], Diaconis and Isaacs introduce a notion of superinduction, as a dual functor to restriction.
Specifically, if H C G are algebra groups and yx is a superclass function of H, then for g € G,

1
IGIIH|

if H,
S i (g -y +1), wmaexa>={X“” e (31)

SIndf; (g) = .
xyeC 0, ifz¢ H.

This formula generalizes induction by averaging over a superclass instead of averaging over a conju-
gacy class.
As a functor, superinduction exhibits several desirable qualities, including

(a) It is adjoint to restriction on the space of superclass functions, so

(SInd§; (). x) = (v Res§ ().

(b) It takes superclass functions of H to superclass functions of G.
(c) The degree of Slndg(y) is y(1|G|/|H]|.

However, if x is a supercharacter of a subgroup H of a group G, then Slndg(x) is not necessarily a
character of G (although it is a positive rational linear combination of characters).

Example. Let Fy = ;. Then by direct computation,

u
Slnduzxuz (X1\2\3|4\5) — X1\2\3|4\5 + X14\2\3|5 + X1|24|3|5 + X1|2\34|5 + X15|2|3\4 + X1\25|3\4 + X1|2\35\4

4 %X14|25|3 4 %Xmmas 45243 %X”MBS 4151234 1125034,

The degree x12435(1) =2, and since the coefficient in the superinduction is rational, the character
x 1124135 is necessarily (by Frobenius reciprocity) reducible. Since

1
5 124135 - 3 xx

x irreducible

for some ¢ € Zx1 [9], we have that x 435 must be the sum of two linear characters of Us. Thus,
the superinduced superclass function is not a character.
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The character x'?43> is a small example of a non-irreducible supercharacter, and there is

a well-known characterization of the irreducibility of supercharacters of U, (see, for example,
[11, Corollary 5.2]), which is corollary of a more general result for algebra groups in [9].

Theorem 3.1. Let ) € S;(q) be identified with A € n*. Then x* is an irreducible character of Uy, if and only if
there existi < j < k < such that Ay, Aj € IFqX

3.1. A left-right symmetry in supercharacter theory

In Section 2.4 we defined supercharacters x” in terms of left modules V—*. However, from the
character formula (2.3) we obtain the same character by viewing the trace of the right module

=C-span{v, | n e (-M)Up},
with action given by

vuu=0(u(u™" —1))v, whereueUp, ue(—1)Up.

Thus, the supercharacter arising from the left module V" indexed by —A “*7? is the same as the
supercharacter arising from the right module M~*. In particular, if Up € UR, then for A € ng,

Resgz (V’\) = @ (V“)eam‘k‘ if and only if ResUR (MA) @ (M“)Gam‘l‘,
penk, peni
and if Indgz is a superclass function for either left or right modules, then for € n},
Indgg v =6 (V)‘)@m}‘ if and only if Res) R(MH*) = P (MA)GBm;ﬁ
reny, renp

These observations will be used below to translate sufficiency conditions that are obvious for either
right or left modules to the other side.

3.2. Superinduction and induction
This section explores some of the cases where superinduction turns out to be induction. The most
basic result of this nature is a consequence of the following lemma. We state it in its more general

form for algebra groups.

Lemma 3.1. Let H C G be algebra groups, and let x be a superclass function of H. Then for g € G

SIndf; (x)(8) = lGlZlnd OO -1 +1).
xeG

Proof. For g € G,

SInd¢, Dy +1
nd§; (0)(g) = IHIIGIx%:GXX(g )y +1)=

D (ke -y +1),

|H||G| .
yeG

where the second equality is a substitution. Since y~ly =1,
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SIndf; (x)(g) = |G|Z|H|ZX '(xg—1+1)y Zlnd GOX@E -1 +1),

xeG

as desired. O

Since superinduction takes superclass functions to superclass functions, we have the following
corollary.

Corollary 3.1. Let H C G be algebra groups. Then Ind¢ 1 (x) is a superclass function of G for every superclass
function x of H if and only ifSInd%, = Indg.

The following theorem applies to arbitrary algebra groups, rather than just pattern groups.

Theorem 3.2. Let H be a subalgebra group of an algebra group G, and suppose

(1) No two superclasses of H are in the same superclass of G.
(2) xt(h—1)+1€Hforallxe G, heH.

Then for any superclass function x of H,

SInd$; () = Ind$ (x).

Proof. Let x be a superclass function of H, and let Sq, S»,...,S; be the superclasses of H. By (1),
there exist distinct superclasses T1, T, ..., T, of G such that S; C T;. Note that by (3.1),

SInd§; (x)(g) =0=1Indf;(x)(g), for g¢ T1UTaU---UT.
WLOG suppose g € Ty. Since SInd¢, 1 (x) is constant on superclasses, we may assume g € S1 € G. If

(g—1)y+1€H for y €G, then by (2 ) x(g—1)y+1€H for all x€ G. By (1), this implies (g—1)y+1
and x(g — 1)y + 1 are in the same superclass of H and

X(xEg—-Dy+1)=x(Eg-Dy+1).
If (g—1)y+1¢H,then x(g—1)y+1¢H. Else, x(g — 1)y +1=h € H implies
x'(h—1)+1=(g—1)y+1¢H, contradicting (1).

Thus,

X(x@Eg—-1Dy+1)=0=x(g—-Dy+1).

By definition,

SInd$ (x)(g) = Z X(x@Eg—-Dy+1)=

|G||H| Z x(@=1y+1)

IGIIHI

Zx (y"'(g— Dy +1) =Ind§;()(2).

T H
yeG

as desired. O
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Remarks.
(a) The theorem still holds if we replace condition (2) with
2y (h—1)y+1eHforal yeG, heH.
(b) For two pattern groups Up C U, we may translate condition (2) into the condition that if i < j

in R and j <k in P, then i <k in P. Condition (1) is more complicated, but as we will see in
Theorem 3.3 below, Uy, C U, satisfy these conditions.

Example. If one embeds H = Uy, into Uy in either the top left-hand corner or in the bottom right-
hand corner, then Theorem 3.2 applies to any group G such that H € G C Up,.

Theorem 3.3, below, is a variant of Theorem 3.2 specific to semi-direct products of pattern groups.

Theorem 3.3. Suppose G = H x K where G, H, and K are pattern groups. If (k — 1)(h — 1) =0 forallh € H
and k € K, then

Slndg(x) = lndg(x) for all superclass functions x of H.
Remarks.
(a) The condition in Theorem 3.3 is equivalent to the condition i < j in P implies j £ k in Py for
all k> j>iin Pg.
(b) Using the arguments in Section 3.1, we can replace the condition in Theorem 3.3 by, “If
(h—1)(k—1)=0 for all h € H, k € K” if we switch from left modules to right modules.

We first prove a useful lemma stating that normal pattern subgroups are “super”-normal.

Lemma 3.2. Suppose Up C Up are pattern groups with Up < Up. Then

xth—1)y+1eUp, forallx,yecUgr,heUp.

Proof. Note that for x, y e Ug and he Up,

T+x(h—1Dy=1+xy(y 'hy —1).

Since Up is normal in Ug, it suffices to show that 1 +x(h—1)eUp forall xeUg, he Up.
For xe Ug and he Up,

X= l_[ (1 +rjje;j), for some rij € Fy,
i<jin R

h=1+ Z twey, for some ty € Fy,
k<l in P

so it suffices to show that 14 (1 +rejj)tey e Up forr,teFg, i< jin R, and k <[ in P.
Suppose i < j in R and k <l in P. If j #k, then for r,t € Fg,

1+ (1 +rejjte =1+ tey +rejje =1+ tey € Up.

If j =k, then



3692 E. Marberg, N. Thiem / Journal of Algebra 321 (2009) 3681-3703

1+ (1 +rejjtej =1+ tej +rtey
=1+tej +rtey —rteje;j — rztei,eij

=1+ (1 +rejptei(1 —rejj).
Since Up is normal in U, we have 1+ (1 +rejj)te;(1 —rej;j) eUp. O

Proof of Theorem 3.3. We will show that G and H satisfy (1) and (2) of Theorem 3.2.

(1) Suppose x,y € G and z € H such that 1+ x(z — 1)y € H. It suffices to show that there exist
h,h" € H such that 1 +x(z— 1)y =1+ h(z— 1)I’. Since G = HK, we may write x=kh and y = h'kK/,
where h,h’ € H, and k, k" € K, so

1+x(z—1)y=1+kh(z— 1)K

=1+ (k—1h(z—- 1K' K —1)+hz—1)h'K —1)+ (k—Dh(z— Dh +h(z— Dh'.
Note that by Lemma 3.2,
(k=Dhz—DR K —=1),hz=DRH K = 1), (k— Dh(z—1Dh e K —1.
Since 1+ x(z— 1)y € H, we have
kh(z— Dh'K =k — Dh(z— DK —1) +h(z—1DH' K —1)+ (k—1h(z—1)h'=0

and 1+x(z—1)y=1+h(z—1h.
(2) Suppose k € K and h € H. It suffices to show 1+ k(h — 1) € H (since h'(h —1) € H — 1 for all
h’ € H). By our assumption,

1+kth—-1)=1+k—-1th-1)+th—-1)=14+th—-1)€H,
as desired. O

Examples. The assumption of Theorem 3.3 is easily satisfied for the semi-direct product

Up=Upnx Up

1

T
i

:{(”m Idf_m)lw{(lc(l)’" U;ﬂ)}, where P = |

o) Slndg” = Indg" in this case.
m m
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Another variant is the semi-direct product

Untn=Umn x Up) x Up

)] () -

m+1 m+2 -+ _m+n
1

|

3693

is the poset given by i < j if 1 <i<m < j <m+ n. However, for m or n greater than 1, this semi-
direct product does not satisfy the hypothesis of Theorem 3.3, and superinduction does not, in general,

give characters for these cases (see the example preceding Lemma 3.1).

The following theorem uses Lemma 2.1 to obtain a different set of groups for which superinduction

is induction.
Theorem 3.4. Let Up € UR be pattern groups, and let
I'={ueUg |ujj #0impliesi < jin R/P}.
Ifd—1@m—-1)=0foralllel,uecUg, then
Slndgg (x)= lndgg (x) for all superclass functions x of Up.
Proof. First note that if [, r € I, then by our assumption
r=1+d-D+0c-1D+(-Dr-1)=14+1-1)+T-1el.

Thus, I is a subgroup and abelian (l‘1 =1+0-Del).
By assumption, for [,r €I and u € Ug,
1+lu—Dr=r"Yr+r - r :r‘l[(u — D+ @l =Du—-1]r

=1+r'u—Dr=r"lur.

If x a superclass function of Up, then

SIndyj ™ (x)(u) = > X(xw—1)y+1), by definition,

x,yeUr

1
[Up|IURI

= W:T Z Z x(hl(u — Drh’ +1), by Lemma 2.1,
PlIUR

L,rel h,keUp

1 .

l,rel h,keUp

X (@ —1r+1)

Lrel

=Y x(r'@w—1r), by(32),

rel

=Indy® ()(w),

Il

as desired. O

(3.2)
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Remark. Using the arguments in Section 3.1, we can replace the condition in Theorem 3.4 by, “If
u—1@r—-1)=0forallrel, ueUpg” if we switch from left modules to right modules.

Example. Fix n > 1. For 0 < m <n, let

Um ={ueUnlu1j=0, for j<m}=Up, , where Pm = 1 m

Note that

U,—,,] = U(n) < U(n,1) <---dq U(]) < U(o) = Un,
and that all of these groups satisfy the hypotheses of Theorem 3.4 within one-another.

4. Superinduction for U,

This section computes the superinduced characters from Uy, C U, where U, is the group of n x n
unipotent upper-triangular matrices over Fy. For this case, superinduction is the same as induction,
and the theory gives rise to beautiful combinatorial algorithms for adding elements to labeled set-
partitions. It should be noted that there are many embeddings of U, in Uy; in fact, if m > 1, then U,
has (,’;) different pattern subgroups that are isomorphic to Up,. Unlike in the case of the symmetric
group, the decomposition of the induced character strongly depends on which embedding is chosen.
We therefore begin by choosing an embedding for the remainder of this paper by placing U,_1 in the
first n — 1 rows and columns of Uj.

4.1. An embedding of Up_1 in Up,.

Let
Up—1={u € Up | ujj # 0 implies i < j <n},
n:_1 =Up_1—1,
n'=Up,—1.
Note that

n

Up=Up_1 xUp, where P= // \

1 2 n—1
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The pattern group Up is abelian, so its supercharacters are in bijection with n;.
IfkeUp and u € Uy—1 and g =ku € U, then

It follows that (k —1)(g —1) =0 for all ke Up and g € U,. Thus, by Theorem 3.4,
Indy" (V*)=SIndg" (V#), forall wen’ .
where V# is the supermodule corresponding to u € n’_;.

4.2. Induction from Uy_1 to Uy

Recall that Sp(q) is given in (2.7). The following theorem gives a basis for the induced modules
from U,_q to Uj.

Theorem 4.1. Suppose ( € Sy—1(q) with corresponding Up_1-supermodule V. Then
lndg:_1 (VH)=C-span{v, | A eny, Aly,_, € Un—1n}.
Proof. We have an alternate basis of the group algebra CUp given by

CUp = C-span{e,, | y en}},

where for y € n3,
1 -1
ey =—— Z Ooy (k™' —1)k.
a keUp
The induced module is
Indy"  (V*)=CU, ®cu,_, V"

=C-span{e, @ v, |y enlp, veUn_1pu}.

Define

¢ :CU, ®cu,_, V* — C-span{v, |1 en:, Ay, , € Un—1pn}
ey ®Vy > VCpav,

where y € “*79 and v € Up_1, and

y®ving=np®n,_1 — Iy,
k-D+@w—-1) 4 yk-1D+v@u-—-1).

The map ¢ is well defined since (—y @vu)(u—1) =vu(u—1) for all u, v € Up_1. It therefore suffices
to show that ¢ is a Up-module isomorphism.
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For ke Up,

kp(ey ® vy) =kv_ypon =0((=y @ V) (k™" = 1)) vy =0(y k= D)V e,

since ky =y and kv(u —1)=v(k '(u—1)) =v(u —1) for all u € U,_1. On the other hand,

plke, @ vy) =@ (0(yk—1D)e, @ vy) =0(yk— D)V

Suppose u € Up_1. It follows from (k — 1)u = (k — 1) for all k € Up that

-1 _
ueyu” =eyy.

Thus,

Puey, ® vy) = @leuy ®uvy) =0(v(u" —1))peuy @ vu) =0(v(u™" = 1))vup)@ur-

On the other hand,

up(ey @ vy) =UV(—y)py = 9(11(U_1 - 1))Vu(—y63v) = G(V(u_l - 1))V(—uy)®uv,
as desired. O

The following corollary gives a character theoretic version of Theorem 4.1. Let e n_; and A € nj.
Then A is left minimal over p if

(1) Ay,_; =m, and
(2) Xin,Ajn € IFqX with i < j implies A, # 0 for some k > j.

Corollary 4.1. Suppose (1 € Sp—1(q) with corresponding Uy_1-supercharacter . Then

Un nY A
Ind;" (x") = E x*,
A left minimal
over [

where the supercharacters x* are not necessarily distinct.

Proof. By Theorem 4.1, V* is a submodule of lndg:q (VH) if and only if

)L|U,,_1 € Un—1l'l"

For each such A,

V* =C-span{v,, | A € UyA}.

Note that each module V* has at least one basis vector Vo such that Ag|y,_, = . Furthermore, there
is a unique Ao that has a minimal number of nonzero entries in the nth column. This uniquely defined
representative of V* is left minimal over L.

Conversely, every A that is left minimal over p satisfies Aly, , € Up—1u and XA has the minimal
number of nonzero entries in the nth column among all A9 € Uy such that Agly, , =u. O



E. Marberg, N. Thiem / Journal of Algebra 321 (2009) 3681-3703 3697

Define two products on labeled set partitions by the following rule. For a labeled set partition ©
and i,k € Z>1, let

U fkt, if i =k,
A *igr (k). if there is | > k with s 0,

i (k) = Mli’ﬂ‘km\k *it1 (k) if i #0, 1)
ot K+ Team lmy o i ) there is j <k with w0,
Wi (k) + thgqx M'umik’ otherwise,

and for j,leZy1, let
p UL, if j=1,
q({j} *i—1 ), if there is i < j with puy #0,
-t g if 051 0,
{iYxp= e mj‘i’lmu if pj # (42)

(Y s e+ Zteﬂ;qx {k} *1_1 M|/<’i’i‘l.—>jil’ if there is k > j with py #0,

otherwise,

{J} #1-1 0+ ZteF; wl

Jl=i AT

where the notation | M indicates replacing ]/i'l in w with j|I, and leaving everything else in
J A=

M the same. For example,

(1432657 2i5|4}|3£693‘6 1431245416 57).

Examples. For example,
(153125 4) 51 {5) = (14312 24} 52 (5) + 3 _ (155|224} %2 (3)
telFg

—(1431254) 43 {5) + 3 (1431255) %3 {4) +¢ 3 (155(224) %3 (3)

X X
telFy teFy

—(15312 54 % (5)+ Y (1535512241 + 3 (14312.55) x4 (4)

X X
telfg telg

+ 3 14354125544 Z{1A5\2ﬁ4|3}

X X
t,t’e]Fq te]Fq

—(14312245)+ Y (143122455 + Y (14355122

X X
telyg telq

+ 34328514+ 3 14354128549y (1 5512543y,

X X X
teF; t.t' ey telq

Inserting on the other side gives,
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(1) %5 (25413250 = (1) 4 224325 + 3 (3} x4 (155]224)

X
teFyq

— (325413250 + Y 23 (1541325 4¢3 B} {1-55(244)

X X
telFy telF,

= (25413250 + Y (15325512841 + 3 (2} %2 {1543 25)

X X
telFq telFq

+ 3 (1 ha253 5493 (15512543

X X
t,t'efy telq

—(112%41325+ Y 1 L2443 854 Y (14385124

X X
telF, telFy

+3 1 h412385 4+ 3 1 ha253 0549 3 (1551294 3).

teFy t,t'eFy teFy
We will extend these product to supercharacters by the conventions
k .
xH *iX”=ZC,Au<XAs if {k}:Zc;kk,
A A
XU =" )t if =Y ¢,
A A

Theorem 4.2. Let 1 be an [Fg-labeled set partition of {1, 2, ...,n — 1}. Then

Indgl1 (x")=x" x

Proof. We induct on n, where the base case is clear. For u e n;_,, let

Ly ={x eny | A is left minimal over u}.

By Corollary 4.1,

Indgl1 (x") = Z x*.

A€Ly

We will show that

W {n} + Ztqux wl owj . *2{j}, ifthereis j <n with u1;#0,
IndU" 1~ j=>1~n

Un1 (x")=

W kg (n} + Zteﬂqu Ul otherwise.

1150
Suppose u has no nonzero entry in the first row. Then A € L, either satisfies
(a) A1np #0 and A has no other nonzero entry in the nth column.

(b) 21, =0 and A is left minimal over © when we restrict to the pattern groups not including the
first row.
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Thus, in this case,

lndg:q(x”): Z x*+ Z x*

Arelpy relp
Mn=0 Mn€Fq
U 14 t
—Ind 7—1 1% fl>1~n
Un—z (X ) + 2; X
teFyq
where
Upy={uelnluj=0, 1<j<n},
Uy ,={ueU,_;lux=0, k=n}.
However, by induction on the size of {1, 2,...,n}, we have that
lndU’:H (x")=x"*2n,
Un—z
as desired.

Suppose that wj # 0 for some 1 < j <n. Then

Y=Y i T (43
rely, rely rely
An=0 A]nEF;

Consider the first sum, and let i’ be the same as w except with ,u_’lj =0. Then

)= T = e

A/ left minimal
over

by induction. Since A1, =0, any row and column reducing will not affect the first row, it follows that

X ™=yt

Arely
An=0

Consider the second sum on the RHS in (4.3), and let A € L, such that A1, # 0. Since Aqn, A1j € IFqX,
we can reduce

0 A
M1j| A oy (1)"
Aon H1jAqn A2n
to = 0 (4.4)

An— - :
e —M1jhig -z |

0 0

0

Let A’ denote this reduction applied to A, so
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A A
2. 1= )«
A€Ly, A€Ly
)qne]F; Mne]FqX

Note that this has the effect of replacing 1’ j by 1&1\"n, and no further row or column operations
will affect the first row or last column.
If wor # 0 for some k > j, then we can reduce

0 M 0 M
— 0 0
—Mj)»]nl?»zn Mok O — Hok
—MU1jAi, A3n 0
A= : 0 to A/ = : 0
— AT A : _
M1j 161 n—2.n o _Hlj)\m])‘n—Z,n :
0 0 0
0

That is, in this case, every possible value of A, leads to the same reduced matrix. In particular,

A,/ )\'//
2oxt=a X 1
A€Ly reLy
)Llne]F; Mn EF;J\ZH:O

and any further reductions will not affect the second row.

If o =0 for all j <k <n, then we proceed reducing as before, replacing 1 by 2 and n by j.
Combining these steps we obtain that

A .
E X :E Wlowj ¢ %2 ],
i~ j>i~k
rely teFy
)»1,—,6F;

as desired. O
Examples.
1. The induction of the trivial character is
n—1 ¢
Un (12-In=1}\ _ o {1]2]-|n—=1|n} (- j=11j ~n|j+1]-|n—1}
mdU,H(X )—X | | +ZZX |j=11j J+11 .
J=1teFg

2. If the labeled set partition has exactly one part of size two, with all other parts having size 1,
then

j—1
Indfy" (1211113 A K-In=1}) — o (1121--1j=11j Akl 33T Al A Klein=1)

i=1 ey

4y (11l A ledn=1)
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k—1

St gt o
+ Z Z XU\'“UA"\“'U k|- ln—1}

J=i+1ttefy

n—1
.a .t
+ Z Z X{1|...|] ~ k|--|i ’\nl"'l"_l}A

i=j+1teFy

3. If Fg =, then we obtain a Pieri-type product on set partitions using Theorem 4.2 as follows.
Let {1,2,...,n—1}=AUB with ANB=@and B={by <by <---<bp}. For A={A1 | X2 |- | Ax}
of A, define recursively

A ki {b1ﬁb2/\'-‘/\bm}

= I~k <b1<KI 3 | by~ by~ ~ by} + Z Malisa~by ~ by~ ~ by

alex
i<a<bq

. i<i
+ 2 olli~kerli<j<a <b1<k”)»| *g41 {02~ —~ar}.
ay ~ag ~--~ar|er

i<ay<ay<bq

t
a) ~ay ~ ~0r|>aq ~by ~-- ~bpy|

For example,

[1~4~6213~5} % {7} ={1~4~6[2]3~5|7} + ({1 ~4~6~7]2|3 ~5}
+{1~4~612~7]3~5}+{1~4~62]3~5~7})
+{1~71213~5} %, {4~6} + {1 ~4~7|2|3 ~5} 5 {6}

+{1~4~6[213~7} x4 {5},

where

{1~71213~5} %, {4~6} =2{1~7]2]3~5[4~6} + {1 ~7]2~4~6|3~5},
{1~4~71213~5} %5 {6} = {1 ~4~7]2]3~5|6} + {1 ~4~7|2]3~5~6},
{1 ~4~62]3~7} %4 {5} =2{1 ~4~6|2|3~7|5}.
Thus,
U ~4~ —~ ~4~ —~ ~4~6~ —~ ~4~62~7]3~
lndué(x{l 4~6[2|3 5}):X{1 4~6|23 5\7}+X{1 4~6~72|3 5}+X{l 4~6|2~7|3~5}
+X{1A4A6|2|3A5A7}+2X{1A7|2\3A5|4A6}+X{1A7|2A4A6\3A5}

4y (1m4mTRBASI6) | (1~4~TRB~5-6) 4 5, (1~4~623~715)

. . . . . t
There is a similar formula for arbitrary q obtained by summing over all Z[E]qu a~b whenever
we add an arc.

The following corollary gives a nice alternate characterization of when supercharacters of U, are
irreducible.
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Corollary 4.2. The supercharacter Indg:q (x*) is multiplicity free (as a linear combination of supercharacters)
if and only if x* is an irreducible character.

Proof. If x* is reducible, then by Theorem 3.1 there exist 1 <i< j <k <I<n—1 such that
Aik, kji € Fy. We may embed A in nj by adding a column of zeroes. Let A €n} be the same as A
except with replacements of the (i, k)th entry with O and the (i,n)th entry by 1. It follows from
Theorem 4.2 that x*' is a constituent of lndg:q (x*) with coefficient q.

Conversely, if x* is irreducible, then i < j < k <[ implies either Aj =0 or Aji = 0. The only way
we obtain a coefficient greater than 1 in our algorithm is to apply the second condition. For this
to occur, we must have replaced i ~k with i ~r for some r > k, and then for some i < j <k we
must find | > k such that Aj # 0. However, these steps imply that Ay, Aj € IF‘qX and i < j <k <],
contradicting our assumption. O

By iterating Theorem 4.2, we obtain the following corollary, which should be relatively easy to im-
plement. Unfortunately, while it is clear that the coefficients will be polynomial in g, a combinatorial
formula for the coefficients remains an open problem.

Corollary 4.3. Let 4 € S (q). Then

A () = X"y M g M2y g 0,
The paper [12] proves the following theorem.

Theorem 4.3. For 1 € S;,(q),

X{i} *a X%, ifAin £0,

U Py
Res; ;" =
Un-1 (x*) K MUn-1 | otherwise.

By applying Frobenius reciprocity, we obtain the following corollary.

Corollary 4.4. Suppose (L € Sp—1(q) and A € Sp(q).

(@) If Ain #0 forsome 1 <i<n—1,then

(ts xH s x ™) = (s %, xH).

(b) If \in =0forall1 <i<n—1,then

1, ifru,, =u
A Koy {n}y _ n—1
O xw x ™) {0, otherwise.

4.3. An alternate embedding of U1

The paper [12] uses a different embedding of U,_; into U, (obtained by removing the first row
rather than the last column). This embedding no longer satisfies the conditions of Theorem 3.3 for
its left modules. However, by Section 3.1, we may instead consider right modules. In this case, Theo-
rem 3.3 applies and we get the same sequence of results with left and right reversed. In fact, we have
the following corollary.
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Corollary 4.5. Let U,_1 C Uy, be the embedding obtained by setting the first row of U, equal to zero. Then for
w an Fy-labeled set-partition of {2, 3, ..., n},

Indﬁzi1 (x") = x M

In particular, unlike in the symmetric group representation theory, the decomposition of induced
characters depends on the embedding of U,_1 into U, (unlike in the case of the symmetric group,
not all embeddings are related by inner automorphisms).
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