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set of n-blocks over {0, 1}, and foo (x) = Yyoy1¥2... where for alli € N, y; =
f(XiXit1 . . . Xiyn—1). Define D : Z; — Z, to be the endomorphism of S induced by the map
{(00,0), (01,1),(10,1),(11,0)}and V : Z, — Z, by V (x) = —1 — x. We prove that D,
VoD,S,and VoS are conjugate to S and are the only continuous endomorphisms of S whose
3%+ 1 conjecture parity vector function is solenoidal. We investigate the properties of D as a dynamical
Symbolic dynamics system, and use D to construct a conjugacy from the 3x + 1 function T : Z; — Z; toa
Shift map parity-neutral dynamical system. We also construct a conjugacy R from D to T. We apply
these results to establish that, in order to prove the 3x 4+ 1 conjecture, it suffices to show
that for any m € Z*, there exists some n € N such that R~! (m) has binary representation
of the form XoX7 .. . Xon_1 OF XgX1X3 . .. Xan.

Keywords:
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1. Introduction

A discrete dynamical system is a function from a set or metric space to itself [5]. Given two dynamical systems f : X — X
andg : Y — Y,afunctionh : X — Y is a morphism from f to g if h o f = g o h. A morphism from a dynamical system
to itself is called an endomeorphism. A bijective morphism is called a conjugacy, and a bijective endomorphism is called an
autoconjugacy. Note that conjugacies on metric spaces are not assumed to be continuous.

Let Z, be the ring of 2-adic integers. Each element of Z; is a formal sum Zgo 2ix;wherex; € {0, 1} foralli € N.The binary
representation ofx = Zz 0 2ix; is the infinite sequence of zeroes and ones xoX1X . . ..(Throughout this paper x;_; will denote
the ith digit of the binary representation of a 2-adic integer x.) Note that Z C Z,. For example, 13 = 1-2°4-0-2"+1.22+1.23,
so the 2-adic binary representation of 13 is 10110, where the overbar represents repeating digits as in decimal notation. The
binary representation of —1is 1,since1+1=11+10=0=0.

By interpreting Z, as the set of all binary sequences, there is a natural topology on Z,, namely the product topology
induced by the discrete topology on {0, 1}. This topology is also induced by the metric § on Z, defined by 8(x, y) = 2%
where k is the smallest natural number such that x; # yj.

The shift dynamical system, S : Z, — Z,, is a well-known map, continuous with respect to the 2-adic topology,
defined by S (xox1X2...) = X1XpX3.... This map can be extended to the shift map o on binary bi-infinite sequences
...X_3X_1XgX1X3 . .. by defining o (x) = y where y; = x;,1 for all integers i.

In [3], Hedlund classified all continuous endomorphisms of the shift dynamical system o on bi-infinite sequence space
({0, 1}% with the product topology). Lind and Marcus [5] also stated this result, referring to the continuous endomorphisms
of o as sliding block codes.
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In Section 2, we will show that the continuous endomorphisms of S on Z; can be classified as follows. For eachn € Z™,
let B, be the set of all binary sequences (or blocks) of length n. Then every continuous endomorphism of S is induced by
a function f : 8, — {0, 1} for some n. The endomorphism induced by such an f is the map f,, : Z, — Z, defined by
foo X) = ZyoJ’ﬂ’z ...where y; = f(XiXj11 . . .Xitn—1) foralli € N. These results are analogous to those already obtained for o
on {0, 1}~.

These endomorphisms have applications to the famous 3x-1 conjecture. This conjecture states that the T-orbit {T(x) 120
of any positive integer x contains 1, where T : Z, — Z, is defined by

_)x/2 if x is even
T = {(Bx +1)/2 ifxisodd.

In [4], Lagarias proved that there exists a continuous conjugacy @ from S to T, whose inverse is also continuous. Since
conjugacies preserve dynamics (fixed points, cycles, divergent orbits, etc.), the dynamics of S are the same as those of
T. Furthermore, we can combine these results to classify all continuous endomorphisms of T. A map H is a continuous
endomorphism of T if and only if H = & o f,, o @ ! for some continuous endomorphism f., of S.

Hedlund also showed that exactly two of the continuous endomorphisms of o are autoconjugacies. It can be shown that
this is true for Z, as well (cf. [3,6]). The two continuous autoconjugacies of S are the bit complement map V = f,, where f
is the map sending the block 0 to 1 and the block 1 to 0, and the identity map 4 = 1, (induced by the map sending 0 to 0
and 1 to 1). Monks and Yazinski [6] investigated the corresponding autoconjugacies of T, namely 2 = ® oV o @~ ! and the
identity map, respectively.

Continuing the line of research of Monks and Yazinski, it is natural to investigate the continuous endomorphisms of S
which are not autoconjugacies. Note that each of these maps, in addition to being an endomorphism of S, is a dynamical
system in its own right. As such, it is natural to ask which of these dynamical systems are conjugate to S (and hence to T).

Letf : B, — {0, 1} be defined by f(00) = f(11) = 0 and f(01) = f(10) = 1, and define the discrete derivative
D : Zy, — 7Z; byD = f.In Section 5, we find that D is in fact conjugate to T. Furthermore, the dynamical systems D, S,
and their “duals” (formed by interchanging the symbols 0 and 1) are the only endomorphisms of the shift dynamical system
having a certain property (see Section 3, Theorem 3.3). In Section 4, we thoroughly investigate the dynamics of D : Z, — Z,,
and apply these results to the 3x + 1 conjecture in Section 5.

2. Continuous endomorphisms of the shift map

We begin by classifying all continuous endomorphisms of the shift dynamical system S : Z, — Z,. Asin the classification
of the continuous endomorphisms of the shift map on bi-infinite sequence space, each such endomorphism is characterized
by a “block code” as follows.

Definition 1. Let B, denote the set of all length-n sequences xox; ...x,_; where each x; € {0, 1}. For any function
f 8, — {0, 1}, we define f, : Zy — Z, by foo(x) = y where y; = f(XiXit1 - - - Xizn—1)-

Theorem 2.1. Amap F : Z, — Z, is a continuous endomorphism of the shift map S if and only if there is a positive integer n
such that F = f, for some f : 8, — {0, 1}.

Proof. First note that Z, is homeomorphic to the (middle thirds) Cantor set. (See [2].) The Cantor set is a closed and bounded
subset of R, so it is compact by the Heine-Borel theorem. Hence, Z, is a compact metric space.

Let n be a positive integer, and let f : 8, — {0, 1} be arbitrary. We show f, is a continuous endomorphism of S.

To show f,, is continuous, we show that the inverse image of every open ball is open. Let B(x, €) be an arbitrary open
ball in the metric space Z,. Let k be the smallest nonnegative integer such that 27% < €. Then B(x, €) is the set of all 2-adic
integers y such that the first k digits of y are the same as the first k digits of x.

Leta € f'(B(x, €)) be arbitrary, and let b € B(a, 2~**"=2)), Note that the first k +n — 1 digits of b are ag . . . Gg4n_2-
Then for any nonnegative integer m < k — 1, we have (foo(b))m = f(bmbm+1 - - -bmin—1) = f(@mGms1 - .. Anin—1) = Xm.
Hence the first k digits of f, (b) are the same as those of x, so it follows that fo,(b) € B(x, €). Since b was arbitrary, it follows
that any member of B(a, 2~**"~2) maps to an element of B(x, €) under f.. Hence, B(a, 2=**"=2) C f-1(B(x, €)). Since a
was arbitrary, it follows thatfog] (B(x, €)) is open, as desired.

To show f,, is an endomorphism of S, let x € Z, be arbitrary. Then for any positive integer i,

(oo (SC)))i = F(SK)iSX)it1 - - . S(X)itn—1)
= f(Xip1Xig2 - - Xign)
= (foo®))it1
= (S (®)))i-
Hence, f is a continuous endomorphism of S.

It now remains to show that such maps are the only continuous endomorphisms of S. Let F : Z, — Z; be a continuous
endomorphism of S. Since Z, is a compact metric space and F is continuous, it follows by the Heine-Cantor theorem that F
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is uniformly continuous. Hence, choosing € = 1, there is a positive real number § > 0 such that any two elements x and y of
Z; which are separated by at most § have the property that the distance between F(x) and F(y) is less than € = 1, i.e. they
match in the first digit.

Let n be the smallest positive integer such that 27" < §. Then any two elements x and y having Xg . . . X,—1 = Yo ... ¥n_1
satisfy (F(x))o = (F(y))o. We can now define the map f : 8, — {0, 1} by f(apa; ...a,—1) = (F(apa;...a,_1000...))s. We
show that F = f.

Since F is an endomorphism of S, we have F o S = S o F. We have that F(x)g = f(XoX1 ...Xn—1) = foo(X)o for any x. We
use this as the base case to show by induction that F (x); = fo (x); for any nonnegative integeriand x € Z,. Let i be a positive
integer and assume F (x);_; = fo(X);—1 for any x € Z,. Then since f,, commutes with S by the above argument, we have

F))i = (SFX)))i-1
= (F5()))i-1
= (foo(S(¥)))i1
= (8o (¥)))i1
= (fo )i

This completes the induction. ®

3. Conjugacies to the shift dynamical system

For any x,y € Z,, we write x=y if x is congruent to y mod 2", i.e. if the binary representations of x and y match in
n
the first n digits. We extend this notation to include finite sequences, for example, 1011 = 100. Lagarias defined @~ by

@~ 1(x) = apa;a; . . . where g; = Ti(x). We call @~ the T-parity vector function and generalize this definition as follows.

Definition 2. Let F : Z, — Z,. The F -parity vector function is the map Pr : Z; — Z; given by Pr(x) = apa;ay ... where
a; € {0, 1} and q; ?Fl(x) foralli e N.

It is easily shown that the parity vector function Pr of every dynamical system F : Z, — Z, is a morphism from F
to S. To see this, let x € Z, and let a = Pr(x). Then S(Pr(X)) = aia,a3 ... by the definition of S. By the definition of
Pr, Pr(F(x)) = bobib, ... where b; ?Fi(F(x)). Thus b; ?F”l(x) =it foralli € N, so Pr(F(x)) = S(Pr(x)). Therefore

P[: oF=So PF.

Note that F is not assumed to be continuous in the definition above. In the case that F is continuous with respect to the
2-adic topology, the composition of continuous functions F' is also continuous for each i. Thus, if F is continuous then its
parity vector function Pr is continuous as well.

Since every parity vector function is a morphism, it is natural to ask which of these are bijections and therefore
conjugacies. The following theorem classifies all functions that are conjugate to S by their parity vector functions.

Theorem 3.1. Let F : Z, — 7, not necessarily continuous. Then Py is a conjugacy from F to S ifand only if F = P~ ' oS o P for
some parity-preserving bijection P : Z, — Z, (and in this situation P = P).

Proof. Assume Py is a conjugacy from F to S. Then F = P 16 S o P by the definition of conjugacy. By definition, P is
parity-preserving, since Pr(x) ? X.

Now assume that there exists a parity-preserving bijection P : Z, — Z, such that F = P~' oS oP. It follows by induction
onnthat F* =P 'oS"oPforalln € Z*.

Let x € Z,. Then foralln € Z*, F'(x) ?P”(S"(P(x))) ?S”(P(x)) since P is parity-preserving. Let a = P(x). Then
ST(P(x)) ? ap, S0 F™(x) ? ay for all n, and thus P (x) = Pr (x). Since x was arbitrary, P = Pr. Also, we know P is a conjugacy
from F to S, so Pr is a conjugacy from FtoSaswell. ®

Lagarias [4] showed that @' = P; is bijective by showing it has a property later named in [1]. Bernstein and Lagarias
called a function h : Z, — Z, solenoidal if for all k € ZT, x%y < h(x) ’z h(y). Such a map induces a permutation of
K

Z,/2%7, forall k € Z+.
Bernstein and Lagarias [1] also showed that any solenoidal map h : Z, — Z, is an isometry (bijective and continuous
with continuous inverse). Since Pr is a morphism from F to S, we obtain the following corollary.

Corollary 3.2. Let F : Zy, — 7Z;. If Pr is solenoidal, then F is continuous and Pr is a conjugacy from F to S.

Hence, we can prove that a function is conjugate to the shift map by showing that its parity vector function is solenoidal.
In particular, it is of interest to determine which continuous endomorphisms of S have a solenoidal parity vector function. In
order to classify these, we define a specific endomorphism D as follows.
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Definition 3. Let f : B, — {0, 1} be the map {(00, 0), (01, 1), (10, 1), (11, 0)}. We define the discrete derivative
DZz—>ZzbyD:foo

Note that D (x) is obtained by replacing each subsequence x;x;, 1 of the 2-adic binary representation of x with
X = 1% — Xiy1l

so Dresembles a discrete derivative, explaining our nomenclature. (The natural extension of this map to bi-infinite sequences
has been discussed in [5], pp. 4, 16.)

LetV : Z, — 7Z, be the map V(x) = —1 — x. Note that V(x) is obtained by interchanging the symbols 0 and 1 in the
binary representation of x. The “dual” V o D of D is induced by {(00, 1), (01, 0), (10, 0), (11, 1)} and is essentially the same
as D if one were to interchange the symbols 0 and 1. For simplicity of notation we let = Pp,.

Theorem 3.3. The functions D, V o D, S, and V o S are the only continuous endomorphisms of S with solenoidal parity vector
functions.

Combining this theorem with Corollary 3.2, we obtain the following result.

Corollary 3.4. D is conjugate to S by its parity vector function P.

Before we present the proof of Theorem 3.3 we first prove two technical lemmas.

Definition 4. For every positive integer n > 2, defined : B, — B,_1 by d(XoX1...X,_1) = YoY¥1...Yn_2 Where
i =% — Xjp1|for0 <i<n-—2.

Note that d is essentially D defined on finite sequences.

Lemma 3.5. Let x € Zy,n € Z*,andy = D"(x). Foralli € N, y; = d"(XiXi11 . . . Xi1n)-

Proof. We proceed by induction on n. For the base case, n = 1, we see that for all i, y; = |x; — x;11| = d(x;ix;11) by the
definition of D and d.
Assume the assertion is true for n, and let i € N. Then d"'(XiXi11...Xi4np1) = d*(dXiXir1 ... Xignp1)) =

d" (zizit1 . . . Zin) Where z; = ]xj — xj+1‘ for all j. Note that D(x) = Zzpz1z ... by the definition of D. Let y = D"(D(x)).
By the inductive hypothesis, we have y; = d"(ziziy1 . . . Ziyn). Thus D" 1 (x) = D"(D(x)) = y and d"" ' (x;Xiy1 . . . Xipns1) =
d"(ziziy1 - - - Zizn) = ¥i, SO our induction is complete. M

Lemma 3.6. Let n € Z*, XoX1 ... Xy—1Xn € Byyq, and v = 1 — x,. Then d" (xoX1 . . . Xn—1X) # d"(XoX1 . . . Xq_qV).

Proof. Again, we show this by induction on n. The base case, n = 1, is clearly true since d(01) # d(00) and d(11) # d(10).

Let n € ZT and assume the assertion is true for n. Let Xox1...XpX,41 € Buyp and define v = 1 — x,,4. Let
d(XoX1 . . . XnXnt+1) = YoY1---Yn—1¥n- Then d(xoXq ...Xa0) = YoY1...Yn—1w where w = d(x,v). We know w = d(x,v) #
d(XnXn+1) = yn, and since w, y, € {0, 1}, we conclude that w = 1 — y,,. By the inductive hypothesis, we have

d" (Xox1 - - XnXni1) = d"(d(XoX1 - - . XnXn11))
=d"(Voy1 - .- Yn—1Yn)
# d"(Yoy1 .. Yn1w)
= d"(d(Xox1 . ..XnV))
= d""(xox1 ... Xpv)
and the induction is complete. ®
We are now ready to prove Theorem 3.3.

Proof. We first show that & is solenoidal. Let k € Zt and x € Z,. For alli < k — 1, we have by Lemma 3.5 that
D'(x) ? d'(xpX1 .. .x;). Thus the finite sequence qaq . ..a,_; where g; ?D’ (x) is entirely determined by the first k digits of

X, i.e.x lzy = P(x) = P ).
K K
Letx, y € Z, be such that # (x) ’z P (y) and let ag . . . ax_1 be the first k digits of # (x) and & (y). We will show that x ’zy.
K K
Assume to the contrary that x % y. Then xoX1 . . . Xk—1 7 YoY1 - - - Yk—1. Letj be the smallest nonnegative integer such thatx; #
k

yj(note thatj < k),sothatypy: ...¥j—1 = XoX1 ...Xj—1andy; = 1—x;. Then by Lemma 3.5, we have g; ? Di(x) ? & (xox1 . . . X;)
and g ?Di(x) ?dj(yoyl ...¥)) = d(xoX1...xi_1y;). But by Lemma 3.6, @/(Xox1 ... X)) # d(XoX1...X_1Y}), SO Gj # a;, a
contradiction. We conclude that x = y, and hence £ is solenoidal.

K

Observe that V o D is induced by {(00, 1), (01, 0), (10, 0), (11, 1)}, which is exactly the same map as that which induces
D except with 0 and 1 interchanged. With this in mind, we see that since & is solenoidal, Py,p must be solenoidal as well.
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For Ps, let x € Z,. By the definition of S, for all k € N, S¥(x) = Xk. Thus Ps(X) = xgX1X> . .. = x and therefore Ps = {. Since

1 is clearly solenoidal, Ps is as well.

let vy = 1 — x; for all i € N. Note that the “dual” shift map V o S is induced by the function
{(00, 1), (01, 0), (10, 1), (11,0)}, 50 V 0 S (X) = vqvV3.... Similarly, (V 0 S)? (X) = X,x3x4 . . .. Continuing this pattern,
it follows by induction that

XnXn+1Xn42 ... ifniseven
UnUnt1Untz - .. ifnisodd.

(VoS (x) = {

Taking the V o S-orbit of x mod 2, we obtain Py,s(X) = Xqu1X2U3X4Vs . ... This implies that the first k digits of Py.s(x) are
entirely determined by the first k digits of x and vice versa, and thus Py s is solenoidal.

We now know that the parity vector functions of D,V o D, S, and V o S are solenoidal. To show that these are the only
ones, we first eliminate all endomorphisms induced by a map f : B — {0, 1}. Clearly Py and P, are not solenoidal, since
Py (x) is either 10 or 01 for all x by the definition of V, and P, (x) is either 1 or O for all x by the definition of . The trivial maps
induced by {(0, 0), (1, 0)} and {(0, 1), (1, 1)} map everything to 0 and 1 respectively, and thus their parity vector functions
are not solenoidal.

We now examine endomorphisms induced by f : B, — {0, 1}. There are sixteen such maps, four of which are equivalent
to the endomorphisms induced by a map f : By — {0, 1}. For example, if s = {(00, 0), (01, 0), (10, 1), (11, 1)}, then
foo = 4 since the second digit is irrelevant. Another four are D,V o D, S, and V o S. The remaining eight maps are induced
by a function which sends three of 00, 01, 10, 11 to 0 and the other to 1 or vice versa. Consider as an illustrative case
s = {(00, 1), (01, 1), (10, 1), (11, 0)}. In this case, f,, never maps an even 2-adic integer to an even 2-adic integer, since
whether xox; is 00 or 01, fo (x) begins with 1. Thus Py (x) cannot have 00 as its first two digits, and it is not solenoidal. The
other seven cases are similar.

Finally, we show by induction that foranyn > 1and any f : B, — {0, 1}, either fooc € {D,V oD, S,V o S} or P is not
solenoidal. The base cases n = 1 and n = 2 are done above.

Let n > 2, assume the assertion is true for n, and let f : B,.1 — {0, 1}. We consider two cases.

Case 1: Suppose that for all b = bgby...b, and ¢ = cocy ... ¢y € By, S(b) = s(c) whenever b=c. Then f,, = t,, where
n

t : B, — {0, 1} is defined by t(bgb1 ...b,_1) = s(bgb...b,_10) = s(bgb ...b,_11). By the inductive hypothesis, either

t isamember of {D,V oD, S,V o S} or P, is not solenoidal, and we are done.

Case 2: Suppose that for some bgb, ...b,_1 € By, the digits s(bob; . ..b,_10) and s(bgb; . .. b,_11) are distinct. Letx, y € Z,
be such that x El boby...by,_10and y 51 boby ...bn_11. Then fy (X) # foo (¥), and thus Py (x) # Py (¥). Also, sincen > 2,
n+ n+ 1 2

we have x ? y. Hence, Py does not induce a permutation on Z;/ 2275, 50 Py, is not solenoidal.

This completes the induction, and we conclude that D,V oD, S, and V oS are the only endomorphisms of S with solenoidal
parity vector functions. W

4. Dynamics of D

Let us consider the implications of Theorem 3.3 and Corollary 3.4. The map D, although defined as a specific
endomorphism of S, is actually conjugate to S when viewed as a dynamical system on its own. In addition, D is special
in that only D, S itself, and their duals V o D and V o S have solenoidal parity vector functions. This provides incentive to
further investigate the dynamical system D : Z;, — Z,.

To begin our investigation of the dynamics of D, we observe some properties of the function itself.

Lemma 4.1. Let x € Z; andy = D(x). Then forany i € N, y; = |x; — Xi11l, Xir1 = |%i — yil, and x; = |Xi1 — Yil.
Proof. Leti € N. There are four cases to consider: x;x;;1 = 00, 01, 10, or 11.
Case 1: Suppose x;x; 1 = 01. By the definition of D, y; = |x; — x;41] = 1. Also, x;y; = 1 = |0—1| = |x; —y;| and
Xi=0=1[1-1] = |x1 —yil.
The remaining three cases are similar.

The symmetry of D revealed by Lemma 4.1 implies a surprising and beautiful symmetry of the function &, the D-parity
vector function.

Theorem 4.2. % = J. Equivalently, # = £~ .

Proof. Let x € Z,, and let A be the infinite matrix defined as follows. For all i, j € N, A[i, j] is a; where a = Di(x), i.e. the
i + 1st row of A consists of the digits of D'(x). Note that the leftmost column of A (with j = 0) consists of the digits of £ ().

By Lemma 4.1, we see that for all i,j € N, A[i,j + 1] = |A[i,j] —A[i+ 1,j]|. Letj € N. Define d; = A[i,j] and
e; = A[i,j + 1]for all i. Then for alli € N, e; = |d; — di41], so by the definition of D, D (dod1d, ...) = egeje; . ... Thus
the 2-adic integer formed by the entries of the j+ 1st column in A is D of the 2-adic integer formed by the jth column for any
j. This implies that for all j € N, the digits of D/ (& (x)) are the entries of the j + 1st column of A, so DI(£(x)) ?A [0,j] = x;.

By the definition of P, 2 (£ (X)) = XoX1X5 ... = x. We conclude that 2 = 4. =
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Theorem 4.2 shows, remarkably, that the D-parity vector of the D-parity vector of a 2-adic integer is itself. In other words,
& is an involution.

It is well-known that any function h : X — Y induces an equivalence relation &~ on X defined by x = y if and only if
h(x) = h(y). This equivalence relation in turn induces a quotient set Q, of equivalence classes mod ~. Consider the quotient
set Qp induced by D. Due to the symmetry of D shown in Lemma 4.1, we have the following:

Theorem 4.3. Qp = {{x, V(x)} | x € Z;}.
Proof. Letx,y € Z; and v = V (x). Assume y = D (x). By Lemma 4.1,
Xip1 = |xi — yil (4.1)

foralli > 0.If xp = 0, Eq. (4.1) is a recursion for the sequence xg, X1, X2, ... and thus there is exactly one even x
such that D(x) = y. Similarly, there is exactly one odd x such that D(x) = y. Therefore, each class in the quotient
set induced by D has two elements, one even and one odd. By the definition of V, v; = 1 — x; for all i. Thus for all i,
[vi — vip1|l = (1 — %) — (1 — xi41)| = |x; — Xi11] = yi and so D(V(x)) = y = D(x). We conclude that each equivalence
class mod = consists of two elements,xand V(x). ®

4.1. Periodic points

It is desirable to classify the fixed points and periodic points of any dynamical system. There are exactly two fixed points
of S, namely 0 and 1. Since D is conjugate to S there are exactly two fixed points of D, namely 0 and 10. To classify the
remaining periodic points of D, we introduce some new notation.

Definition 5. Let x be a 2-adic integer with an eventually repeating binary representation XoXy . . .X¢—1X¢X¢+1 - - - Xetm—1-
Then x is in reduced form if and only if X, 1 # X;1,—1 and m is the least integer such that x can be expressed in this form.
For any x having reduced form xox1 . .. X¢—1X¢X¢11 - - - Xe+m—1, We define the S-period length ||x|| = m and the S-preperiod
length x = t.

Note that x is cyclic for S if and only if x = 0.
Definition 6. An eventually repeating 2-adic integer that has reduced form

XoX1 -« - Xp—1XeXe 41 - - - Xegm—1

is half-flipped if and only if m is even and for alli > t,X; = 1 — Xiym/2-

For instance, the 2-adic integers 1100 and 010110100 are half-flipped.

In order to avoid confusion between 2-adic integers which are periodic (or eventually periodic) points of D and those
having repeating (or eventually repeating) binary representation, we will refer to the former as D -periodic (or eventually
D-periodic) and the latter as repeating or eventually repeating. Note that x has an eventually periodic S-orbit if and only
if x is eventually repeating. It is much less obvious which 2-adic integers have an eventually periodic D-orbit, so we prove
several lemmas about D-orbits to answer this question.

Lemma 4.4. Let x be an eventually repeating 2-adic integer. Then

B4 if x is not half-flipped

D) =41 o .
5 x|l if xis half-flipped.

Proof. Let m = ||x|| and t = X, with X = xoX{ ... X _1XX¢11...Xcy1m_1 in reduced form. Let X' = S* (x) = XXe11 .. - Xerm_1»
sothatforalli € N,x{ = x,,,i.e.||x'|| = llx| = m. Note that since D is an endomorphism of S, S'(D(x)) = D(S(x)) = D(x'),

m-i’
so [D)|| = ||S“(D())|| = | D(x)]|. We proceed to find | D(x)||.

Lety = D(x) and n = |D(X')||. Foralli € N, ymyi = |Xjp; — Xy iy | = i = Xi..1] = yi. Thus n divides m.

Ifx’ is half-flipped, then for alli, x; = 1—Xi+m/2, and yitm/2 = Xiy 0 —Xiimpal = [1—x— (=X, )| = X —xi, 1| = yi.
Therefore
/. . m
X' is half-flipped = n < 7 (4.2)
Consider the case x; = 0. We have two cases: either x,_; = yp_1 Or X,_; # ¥n_1.
Case 1: Suppose x,_; = yp_1. Then by Lemma 4.1, x;, = |x_, — yn_1] = 0 = x;. This being our base case, we show by
induction that for alli € N, x;,; = x;. Letj € Nand assume x,; = x. Then X .., = |x,; — yn+j| = !X]' — yj| = X1
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completing the induction. We now have m | nand n | m, son = m. Thus ||D(x)|| = ||x||. It follows from (4.2) that x is not
half-flipped, and the theorem holds in this case.

"1 — Yn—1| = 1 =1— x;,. This being our base case, we show by

— 1 _ : / 1y /
=1—x;.Lletj e Nandassumex; ; = 1—x;.Thenx,;

Case 2: Suppose X, _; # Yn—1. Then by Lemma 4.1, x, = ]x

induction that foralli € N, x;,;

/

= Xy = Ynai| = [1 =% — | #

|xj - yj| = Xj,,, and therefore x; ;. ; = 1 — x;,,, completing the induction. This implies that m # n, and since n | m, we
conclude thatn < Im.Also, foralli € N,x,, ; = 1—x],,; = 1— (1—x)) = x[. Therefore m < 2n.Sincen < imand m <n,
we haven = %m.Thus HD(x’) || = % ||x||. Finally, making the substitution n = %m we have that foralli € N, X;n/2+i =1-x]

so x is half-flipped as well.
Hence the theorem holds for x; = 0. The proof for the case x; = 1is analogous. ®

Lemma 4.5. Let x be an eventually repeating 2-adic integer. Then for all k € N, D¥(x) = x.
Proof. Lety = D(x), m = ||x||, and t = x, so that
X = XoX1 ... .Xt—1XtXt4+1 - - - Xt+m—1

in reduced form. Then D(x) = yoY1 . ..Ye—1YVe+1 - - - Yerm—1, but not necessarily in reduced form. We consider two cases:
either x is half-flipped or x is not half-flipped.

Case 1: Suppose x is not half-flipped. By Lemma 4.4, |D(x)|| = m. Also, by the definition of t, X;_1 7 X;+m—1. Thus
Vi1 = 1Xe—1 — X¢e| # [Xegm—1 — Xepm| = Yeqm—1
SO VoY1 - -Ye—1Yt¥e+1 - - - Yerm—1 is in reduced form. We conclude that D(x) =t = x.

Case 2: Suppose x is half-flipped. By Lemma 4.4, |D(x)|| = %m. It follows that D(X) = yoy1 - - . Ye—1YeYet1 - - - Yetm/2—1- By the
definition of half-flipped and t, X,y m/2—1 = 1 — Xr4m—1 = X;—1 and X;ym/2 = 1 — X;. Therefore
Yeo1 = X1 — X

= |X[+m/2—l -(1- Xt+m/2)|

#* |Xt+m/271 - Xr+m/2|

= Yt+m/2—1
SO YoY1 -+ -Ye—1¥tYe+1 - - - Yerm/2—1 1s in reduced form. We conclude that D(x) = ¢ = x.

Therefore, D(x) = x for all x € Z,. It follows by induction that for all k € N, Dx)=x. =

We are now ready to classify all 2-adic integers which are eventually D-periodic.

Theorem 4.6. Let x € Z,. Then x is eventually D-periodic if and only if it is eventually S-periodic, i.e. its 2-adic binary
representation is eventually repeating.

Proof. Assume that the 2-adic binary representation of x is eventually repeating (so that x is eventually S-periodic), with
X = XoX1...Xe—1XX1+1 - - -Xe+m—1 Where t = x and m = ||x||. Let a be the greatest odd divisor of m, withm = a - 2b,
Lemma 4.4 implies that for any k,n € Nwithk < n, [D*(x)| = a- 2" and |D"(x)|| = a - 2" for some b', b’ € N with
b > b > b”. Hence the sequence {log2 (% ||D"(x) ||)}:i0 is a non-increasing sequence of nonnegative integers, and thus is
eventually constant. Let 8 be the minimum value of log, (% ||D" x) ”) over all k, so that there exists an N € N such that for

alln > N, |D"(x)|| = a- 2. Definec = a- 2%. For alln > N, there are at most 2¢ possibilities for the repeating digits of
D"(x), and by Lemma 4.5, there are at most 2* possibilities for the first x digits of D" (x). Thus there are at most 2¢ - 2% = 2¢*%
possibilities for the values of D"(x) for all n > N. By the pigeonhole principle, two of D¥ (x), DN*1(x), ..., DNt2"™(x) are
equal, and thus the D-orbit of x is eventually periodic. So if x is eventually repeating then x is eventually D-periodic.

Now assume that the 2-adic representation of x is not eventually repeating, and assume to the contrary that x is eventually
D-periodic. Then & (x) is eventually repeating. So the D-orbit of # (x) is eventually periodic, and thus & (£ (x)) is eventually
repeating as well. But Theorem 4.2 implies & (# (x)) = x, and x is not eventually repeating by assumption. This contradiction
completes the proof. M

Note that Theorem 4.6 is not a consequence of D being conjugate to S, for D = PSP !

periodic for D if and only if & (x) is eventually periodic for S.

In the proof of Theorem 4.6, we found that the S-period length of elements in the D-orbit of x is either divided
by 2 or remains constant with each iteration, until the orbit becomes periodic and the S-period length ||x| stabilizes.
However, the value of ||x|| at which it stabilizes may be even. For example, x = 100111 has the periodic D-orbit
100111, 101000, 111001, 001010, 011110, 100010, ... ..

= PSP implies that x is eventually
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4.2. Eventually fixed points

We now classify those 2-adic integers whose D-orbit contains a fixed point (0 or 1).

Lemma4.7. Let n € Nand a = apaa; . ..dx;n_q € Bon. Then

21
d*'~(a) = (Z a,-) mod 2
i=0

. oon_q 0 if a contains an even number of 1's among its digits
Le.d” @ =11 Geherwise

Proof. We proceed by induction on n. The base case, n = 0, is trivial since d°~1(1) = d°(1) = 1and d?°~1(0) = d°(0) = 0.
Let n € N and assume the assertion is true for n. Let apaia; ... dm+1_y € Bynt1, and let b = agaqa;...a;n—; and
C = ayndyny - .. Gynt1_q be the first and second halves of a. We now consider two cases.

n+1_ . . ..
Case 1: Suppose Ziz—o ! a; =0, i.e. a has an even number of 1's among its digits. We have
= 1

n_q on+1_4 on+1_4
a; a | = a;=0
(Ze)+(Za) =T o
i=0 i=2n i=0
- +1_ . . . n n ..
and therefore Zio Y= Z,—z;n ! a;. By the inductive hypothesis, d*'~1(b) = d?"~!(c). Let zoz . . .z be the digits of
1

d?"~1(a). Note that zy = d*"~1(b) and z;n = d?"~1(c), s0 zg = zn. Now, consider all subsequences of zyz; . . . zyn of length
2. Such a subsequence z;z;, 1 is a switch if z; # z;,¢. Clearly, the first and last digit will match if and only if there are an
even number of switches, so in this case there are an even number of switches in zyz; . . . zon. Since each 1in d(zpz; . . . zon)
corresponds to a switch in zgz; . . . zon, there are an even number of 1’s among the digits of d(zpz; . . . zon). By the definition
of d, d(zozy . . . zon) € Bon. Using the inductive hypothesis a second time, we have

"' V(@) = &' d(@d @) = & T d(zoz1 ... 2)) =0
and the induction is complete.
Case 2: Suppose Zigl*] a; = 1. By an argument similar to that of Case 1, we have d2"+1‘1(a) = 1 and the induction is
complete. H

Theorem 4.8. Let n € Nand a = apa:a; . .. ayn € Bynyq. Then d?" (a) = d(agaxn).

Proof. Suppose d(a) has an even number of 1's among its crlligits. As in the proof of Lemma 4.7, we know there are an even
number of switches in a, so ag = ayn. But b¥ Lemma 4.7, d> ~'(d(a)) = 0 = d(aga). Sir)gilarly, if d(a) has an odd number
of 1's among its digits then ag # an, and d* ~'(d(a)) = 1 = d(apayn). Thus in all cases d* (a) = d(agay:). M

Theorem 4.8 gives us an easy method for computing large iterations of D without computing each individual iteration.
For example, if we wish to compute D8 (xgx1x, . ..), we merely compute d(xoXg), d(X1Xg), etc., which yields the digits of
D8(xox1x, ...) in one step rather than eight. This technique is also of use in the proof of the following theorem, which
classifies the 2-adic integers whose D-orbit is eventually fixed.

Theorem 4.9. The D-orbit of x is eventually fixed if and only if the reduced form of x is either XoX1 .. .Xon_; (in which case it
eventually maps to 0) or XoX1X3 . . . Xon (Which eventually maps to 1) for somen € N.

Proof. We first show that the D-orbit of x contains 0 if and only if the reduced form of x is Xox7 ... X;n_; for some n € N.
Assume the D-orbit of x eventually contains 0. Since ||0|| = 1, we know by Lemma 4.4 that ||x|| = 1 - 2" for some n € N.

Now, assume to the contrary that x # 0. Then by Lemma 4.5, for all k € N, D¥(x) = x > 0. However, 0 = 0, so the
D-orbit of x cannot eventually contain 0. We conclude that our assumption was false and x = 0. Thus the reduced form of x
iSXpX7...X;n_1 forsomen € N.

Assume X = XgXj...Xon_1 in reduced form. Lety = D*" (x). By Theorem 4.8 and Lemma 3.5, we have for all i € N,
¥;i = d(x;x;1on). Since x; = X;1on, y; = 0 for all i and thus p* x)=0=0.

We now show that the D-orbit of x contains 1 if and only if the reduced form of x is xgX1x; ... Xon for some n € N.
Since D is an endomorphism of S, we have S(D/(x)) = DI(S(x)) for all j € N. Assume D¥ (x) = 1 for some k € N. Then
D¥(S(x)) = S(D¥(x)) = S(1) = 0. By the above argument, S (x) = X;xz ...z in reduced form for some n € N. By
the definition of S, x either has reduced form XoX1Xz ... Xan_7 OF XgX1X2 ... Xn. By Lemma 4.5, x = D¥(x) = 1 = 1, so
X = XoX1X3 . .. Xpn in reduced form.

Assume X = XpX1X; ...Xpn in reduced form. By the above argument, p*' Sx) = p*"' (X1X3 ... Xon) = 0. Therefore
S(D?" (x)) = 0 as well, so D?" (x) is either 0 or 1 by the definition of S. By Lemma 4.5, D*' (x) = x = 1,50 D' (x) = 1. ™
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4.3. The D-Orbit of an Integer

Any nonnegative integer is eventually repeating (ending in 0), so all nonnegative integers are eventually D-periodic by
Theorem 4.6. Surprisingly, they all are purely periodic points of D with minimum period 2" for some n € N, as we now show.

Theorem 4.10. Let x be a nonnegative integer. Then x is a purely periodic point of D with minimum period 2" being the smallest
power of 2 that is at least as large as the S-preperiod length of x, i.e. 2" > x.

Proof. Let t = x. By Lemma 4.5, forany i € N, D' (x) = t as well. Thus foralli € N, 2=! < D' (x) < 2! by the definition of
2-adic integer. B B
Let XoXx1X; . . . X;_10 be the 2-adic expansion of x, and ygy . . . y:_10 the 2-adic expansion of p* (x). Then by Theorem 4.8,
we have that for alli € N, y; = d?" (XiXi+1 . . . Xizan) = d(XiXigon) = d(x,0) = x;. Thus D?" (x) = x, and x is D-periodic with
minimum period dividing 2". Note that if x is 0 or 1, 2" = 1, so 2" must be the minimum period of x in both of these cases.
Assume that x > 1 and the minimum D-period of x is less than 2". Since it divides 2" it must be 2¥ for some k < n — 1.
Also, since n is the smallest natural number such that 2" > t, we have 2"~! < ¢, and thus 2% < t as well. Let zyz; . .. z.—10

be the 2-adic expansion of D* (x). Since t — 28 — 1 > 0, we have z,_yc_; = d% (X,_yk_1X;_gk - . . Xe—1) = d(X,_ok_1Xi—1) =

d(x,_ok_11) # X,_,k_;. Therefore p* (x) # x, and x is not D-periodic with minimum period 2. We conclude that the
assumption was incorrect and thus 2" is the minimum period of x. ®

Negative integers have a 2-adic expansion ending in 1. This is because for any x € Z,, —1—x = V(x) by binary arithmetic,
so —x = V(x) + 1. Therefore, if x is a positive integer, —x is one more than V (x), which ends in 1. Notice that D of a negative
integer is a positive integer, so by Theorem 4.10, the D-orbit of a negative integer enters a cycle of positive integers after one
iteration.

These facts are consistent with the duality of & seen in Theorem 4.2. Given a 2-adic integer x whose reduced form is
X0X1...Xan_1 OT XgX1X3 . . . Xon, we have by Theorem 4.9 that £ (x) is an integer. Also, given a 2-adic integer x which is also
an integer, we have by Theorem 4.10 that & (x) has reduced form Xgx7 ... Xon_1 OF XoX1X3 . . . Xon.

5. Applications to the 3x + 1 conjecture

Recall that the 3x + 1 conjecture states that the T-orbit of any positive integer contains 1, or equivalently, eventually
enters the 1, 2 cycle.

Corollary 3.4 states that & is a conjugacy from D to S. Also, as stated in the introduction, @ is a conjugacy from S to
T. Since the composition of conjugacies is a conjugacy, this implies that D, the endomorphism of S resembling a discrete
derivative, is conjugate to T, the famous 3x 4 1 function.

Theorem 5.1. The map R = & o P is a conjugacy fromD to T.

Thus T and D have the same dynamics, and hence to solve the 3x 4+ 1 conjecture it suffices to have an understanding of
the dynamics of D and the correspondence R between the orbits of D and those of T. L

Having studied the dynamics of D in Section 4, we turn our attention to understanding the correspondence R. Since 1, 2
and 2, 1 are the unique 2-cycles of the dynamical system T : Z; — Z; and 3, 2 and 2, 3 are 2-cycles of D : Z, — Zj,, these
2-cycles of D must be unique. Thus, since R preserves parity, R(3) = 1and R(2) = 2. Similarly, R(0) = 0 and R(1) = —1
since they are fixed points of corresponding parity of the two dynamical systems.

By an argument similar to the proof of Theorem 4.9, the D-orbit of a 2-adic integer x eventually enters the 3, 2 cycle (or,
equivalently, the 2, 3 cycle) if and only if x has reduced form xox1X2x3 . . . Xon 1 for some n € N. However, since an element
x in the dynamical system T : Z, — Z, eventually enters the 1, 2 cycle if and only if the D-orbit of R~!(x) eventually enters
the 3, 2 cycle, we have the following equivalence theorem.

Theorem 5.2. The following statements are equivalent:
(1) The 3x 4+ 1 conjecture is true.
(2) For all positive integers m, R~'(m) has reduced form xox1X2X3 . . . X111 for somen € N.

Thus it suffices to determine R~ ! on positive integers in order to solve the 3x 4 1 conjecture. In particular, it would suffice
to find a tractable formula for R~'(m) for positive integers m.

There is yet another way that D can be of use in solving the 3x 4+ 1 conjecture, and that is in its role as an endomorphism
of the shift map.

Recall that Monks and Yazinski [6] defined 2 = & o V o @™, and showed that £2 is the unique nontrivial continuous
autoconjugacy of T and that £2? = 4. They also defined an equivalence relation ~onZ, byx ~y < (x = yorx = 2(¥)).
This induces a set of equivalence classes Z,/ ~= {{x, 2(x)} | x € Z,}, and note that each equivalence class in Z;/ ~
consists of two elements of opposite parity. This enables one to define a parity-neutral map ¥ as follows.

Definition 7. The parity-neutral 3x + 1map ¥ : Z,/ ~ — Z,/ ~ is the map given by ¥ ({x, 2 (x)}) = {T(x), 2(T(x))}.
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Monks and Yazinski also showed that the 3x 4+ 1 conjecture is equivalent to the claim that the ¥-orbit of any X € Z,/ ~
contains {1, 2}.
Making use of the endomorphism D, the following theorem improves upon this result.

Theorem 5.3. The dynamical system T : Z, — Z, is conjugate to W : Zy/ ~— Zy/ ~.

Proof. Define H = & o D o @ . Since D is an endomorphism of S and & is a conjugacy from S to T, H is an endomorphism
of T. Recall that H induces the quotient set Qy discussed in Section 4. We now show that Qq = Z,/ ~. By Theorem 4.3,
DoV =D,so

Ho 2

(®oDo@ Ho(@oVod™
®oDoVod!

®oDod!

=H.

Thus for all x € Z,, H(x) = H(£2(x)), so {x, £2(x)} is a subset of the equivalence class of x in Q.

To see that these are the only elements in the equivalence class of x, lety € Z, and assume y # x and H(y) = H(x). Then
@ (D(®7'(x))) = @(D(®~'(y))), and since ® and &~ are bijections, ®~'(x) # ®~'(y) and D(¢~'(x)) = D(® ' (¥)).
Therefore @ ~!(x) = V(®~'(y)) by Theorem 4.3. Thus x = & o V o ®~!(y) = 2(y). Therefore, Qq = Z,/ ~.

Now define G : Z,/ ~— Z, by G({x, £2(x)}) = H(x) = H(§2(x)). By the definition of Qy, G is injective. Also, since D is
surjective and @ and @~ are bijective, H is surjective as well, and therefore G is surjective. Thus G is a bijection. Finally, for
any x € Z,

G ({x, 2(0}) = GHTX), T(2(x)})
= G({T (), 2(Tx)}H
= H(T(x))
=TH®X)
= T(G({x, 2(x)}D)
and therefore Go ¥ =T o G.0 So G is a conjugacy from¥ toT. H

This theorem is fascinating, for it proves that the parity-neutral function ¥ is conjugate to, and thus has the same
dynamical structure as, the function T defined piecewise on even and odd 2-adic integers.

6. Conclusion

We have discovered an interesting finite subset of the set of all continuous endomorphisms of S in that D, V o D, S, and
V oS are the only such maps whose parity vector functions are solenoidal. In addition, each of these four maps are conjugate
to S when viewed as dynamical systems on Z,, and we have seen that the “discrete derivative” D has fascinating dynamics.
In particular, we have proven that x is eventually D-periodic if and only if it is eventually repeating, and have classified all
eventually fixed points (Theorem 4.9) and the D-orbits of integers (Theorem 4.10) as well. We have observed that D exhibits
remarkable symmetry in that Qp = {{x, V(x)} | x € Z,} and that & is an involution. Given that D has such rich structure,
it would be of interest to study the dynamics of other continuous endomorphisms of S and their applications as an area of
future research.

We have also seen that the map D has applications to other branches of mathematics. Using Lagarias’s result that S is
conjugate to T, we have demonstrated that D is conjugate to T via R, and thus that to prove the 3x 4+ 1 conjecture, it suffices
to show that for all positive integers m, R~!(m) has reduced form xox,X;%3 . . . Xzn41 for some n € N. Using D, we have also
constructed a conjugacy G between T and the parity-neutral function ¥. Hence, our results open the door to future research
on the conjugacies R and G, motivated by the possibility of making progress on the 3x + 1 conjecture.
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