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Section 27

Laws of the Iterated Logarithm.

For convenience of notations let us denote ¢(t) = loglogt.

Theorem 65 (LIL) Let W, be the Brownian motion and u(t) = /2tl(t). Then

. Wi
limsup — =1
t—oo u(t)

Let us briefly describe the main idea that gives origin to the function u(t). For a > 1, consider a geometric
sequence t = a¥ and take a look at the probabilities of the following events

1 1 1 L2
V21 Ly/20(aF) (kloga) ' (27.0.1)

This series will converge or diverge depending on whether L > 1 or L < 1. Even though these events are not
independent in some sense they are ”almost independent” and the Borel-Cantelli lemma would imply that
the upper limit of W« behaves like u(a*). Some technical work will complete this main idea. Let us start
with the following.

Lemma 49 For any e > 0,

lim sup sup{vvt(_;/vs cs<t<(1 +E)S} <4ve a.s.
u(s

§— 00

Proof. Let ¢,a > 0, t}, = (14 ¢)* and M}, = au(t;,). By symmetry, (25.0.1) and the Gaussian tail estimate
in Lemma 46

IP’( sup |Wy — W | > Mk) < 2]1”( sup W > Mk>

U <t<tp41 0<t<tpt1—tr

1 M?
= WOtk = (M 00) < dexp (-5 s )

4exp(—a 2;;2(%)) - 4(klog(11 +€)) '

If o > ¢, the sum of these probabilities converges and by the Borel-Cantelli lemma, for large enough &,

IN

sup |We — Wy | < aul(ty).
te <t<tr+1
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It is easy to see that for small enough e, u(tgp41)/u(ty) < 1+¢e < 2. If k is such that ¢t < s < 41 then,
clearly, ty, < s <t < tx42 and, therefore, for large enough k,

(Wi — Ws| < 2au(ty) + au(trr1) < 2a+ a(l 4 2))u(s) < dau(s).
Letting o« — 4/ over some sequence finishes the proof.
Proof of Theorem 65. For L =1+~ > 1, (27.0.1) and the Borel-Cantelli lemma imply that
Wi, < (L+7)ulty)

for large enough k. If ¢, = (1 4 ¢)* then Lemma 49 implies that with probability one for large enough ¢ (if
ty <t <tps1)
Wt Wtk U(tk) Wt — Wtk U(tk)

W@ " u) w) T )y ST TAVE

Letting €,7 — 0 over some sequences proves that with probability one

W,
lim sup _t <1
t—00 u(t)

To prove that upper limit is equal to one we will use the Borel-Cantelli lemma for independent increments
Wi — War—1 for large values of the parameter @ > 1. If 0 < v < 1 then, similarly to (27.0.1),

1 1 1 (1-?
P k — k-1 > (1 — k_ gk ~ .
(Wa Wu, = ( ’Y)u(a a )) /271_ (1 _ "}/) 2[(&"3 — ak.,l) (log(ak _ ak*l))

The series diverges and, since these events are independent, they occur infinitely often with probability one.
We already proved (by (27.0.1)) that for ¢ > 0 for large enough k, Wyr /u(a®) < 1 + & and, therefore, by
symmetry Wor /u(a®) > —(1 +¢). This gives

W 3 u(a® —aF=1) Wik
u(ak) = (-7 u(ak) u(ak)
wlak — k=1 w(ab—1
2 (1 7) ( u(ak) ) _(1+5) l(l,(ak))
ak — ak—1)(ak — ak—1 ak—1¢(gk—1
= (1_7)\/( akZ(((zk) ) —(1+¢) akégak))

and
W, Wk 1 1
lim sup — > lim sup —2 > (1 — (1—7)—1 \/>
imsup o = limsup et >(1—-9) o) (Aten/-

Letting v — 0 and a — oo over some sequences proves that the upper limit is equal to one.

m|
The LIL for Brownian motion will imply the LIL for sums of independent random variables via Skorohod’s
imbedding.

Theorem 66 Suppose that Yy,...,Y, are i.i.d. and EY; = O,IEYf =11IfS,=Y1+...4Y, then

limsup —————= =1 a.s.

nooo \/2nloglogn

Proof. Let us define a stopping time 7(1) such that W, £ Y:. By Markov property, the increment of
the process after stopping time is independent of the process before stopping time and has the law of the

Brownian motion. Therefore, we can define 7(2) such that W (1)1 r2) — Wy £ Y5 and, by independence,

119



Wry++(2) £ Y1 + Y2 and 7(1),7(2) are i.i.d. By induction, we can define i.i.d. 7(1),...,7(n) such that
S, £ Wiy where T'(n) = 7(1) + ... 4+ 7(n). We have

u(n)  u(n)  u(n) u(n)
By the LIL for the Brownian motion,

W
limsup —— = 1.

By the strong law of large numbers, T'(n)/n — E7(1) = EY = 1 a.s. For any € > 0, Lemma 49 implies that

for large n
W) — Wal <

4v/e
and letting € — 0 finishes the proof.

LIL for Brownian motion also implies a local LIL:

. Wi
lim su

0" \/200(1/0)

It is easy to check that if W; is a Brownian motion then tW; ; is also the Brownian motion and the result
follows by a change of variable ¢t — 1/t. To check that W, /, is a Brownian motion notice that for ¢ < s,

1,1
]Eth/t(sWUS —th/t) st~ =t —1=0

and )
]E(th/t —sz/s) =t+s—2t=s—1t.
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