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ABSTRACT

Imaging of inter-stellar objects at angular resolutions that are beyond the capability of single aper-
ture systems is made possible with the advent of the interferometer. Since the angular resolution
of an interferometer is inversely proportional to the separation of its apertures, angularly fine
objects can only be detected using a separated spacecraft interfercmeter (SSI). In order to maxi-
mize the return from such a system, this study addresses the optimal trajectories for a SSI operat-
ing both outside and within a gravity-well. In the case of imaging from outside the gravity-well,
the sequence of physical locations, where measurements are made to best mimic the point spread
function of an equivalent filled aperture system, is determined by optimizing an image quality
metric, known as the Mean Square Error. Then, the minimum effort trajectory for maneuvering
these apertures to these locations is found. While sub-optimal, since the optimization problem is
broken into two independent parts, it is shown that substantial efficiencies are realized over other
proposed methods. Furthermore, the military and intelligence community is seriously considering
the use of a SSI for Earth imaging purposes. Since the size of the apertures contribute towards the
total mass of the system, the minimum aperture size required for a Fizeau interferometer which
allows instantaneous imaging of a terrestrial target is determined. The orbits in which these space-
craft should be placed, to minimize the propellant required to maintain their positions in the clus-
ter, are then determined. In particular, an innovative orbit design is presented which employs all
four conic sections to meet the interferometric requirements while minimizing propellant expendi-
ture.
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Prof. David W. Miller
Dept. of Aeronautics and Astronautics






ACKNOWLEDGMENTS

At last, two years and two months! That is how long it took me to obtain my S.M. degree from this
place. I must say that this would not be possible if not for the support that I have received from the
different individuals and this is as good as any other place that I shall begin to acknowledge them.

The first person on the list is no other than my thesis supervisor, Prof. David Miller. Dave has
been instrumental in this research in that he has spent a LOT of time critically reviewing this piece
of work. He is definitely one of the smartest person that I have met and his ability provide just the
right advice and guidance is definitely second to none. But what intrigue me most about Dave is
the genuine interest that he has in his students. There may be other more well known professors,
but Dave, it is an honor and thank you for giving me the opportunity to learn from you.

If this thesis should have a second advisor, there is no doubt in my mind that this person should be
Dr. Raymond Sedwick. At times when I needed quick advice in the early hours of the morning (3
am), there’s no question as to who I can depend on. I just cannot thank Ray enough for the numer-
ous hours that we have spent discussing the different issues that arose from this work. Ray, thank
you for giving me so much of vour time to either discuss problems or proof read this thesis.

I like to thank the new "Dr.” Graeme B. Shaw, who should be credited as the "Father of Distributed
Satellite Systems", for his never ending technical support and friendship. His ability to understand
and rationalize the most abstract concepts and then explain them in the way that only he can, has
never ever failed to amaze me. Dr. G Barrington Shaw, you are no doubt the best at what you do.

If ever I needed a big brother, I do not think I would have chosen anyone else other than Cyrus
Jilla. His friendship especially in helping me to settle in when I "first got off the boat" is what I
will cherish most from knowing him. His advice and words of encouragements have definitely
made it easier for me to face my first year at MIT. Cyrus, thank you for your friendship.

The other part of the S.M. degree involves taking classes at MIT. I have to admit that without
Gregory "The Lab King" Mallory for helping me with some of the problem sets, things could have
turned out quite differently. Greg’s understanding of how things fit together has never stopped to
amaze me. Greg, thank you for your patience in entertaining the different questions that I have,
ranging from research topics to problem sets and of course, the qualifiers.

In conjunction with this thesis, I must also thank Dr. Alan Levine of MIT’s Center for Space
Research for taking his time to read Chapter 2 to ensure that our understanding of interferometry is
indeed correct.

I would also like to thank SharonLeah Brown who is our fiscal officer, Homero Gutierrez for his
generosity in Hawaii, and everyone in the laboratory for your friendship and making my stay at
MIT so much more enjoyable.



Of course, I cannot forget to thank Amanda Cheng, my girlfriend for being there for me when I
needed her most. Amanda, thank you for tolerating with the long hours that I have been putting
into my work and more importantly, your love.

I like to thank my parents for giving me the opportunity to he who I am today. I would also like to
thank my sister, Munyee, for coming here all the way from Brisbane to keep me company, espe-
cially in the last few days of this thesis being written. Mum, dad and sis, thank you for your never
ending love and support - I love you all too.

BIOGRAPHICAL NOTES

Edmund Mun Choong Kong was born on October 14™, 1973, to Yoke Thiam Kong and Choon
Keun Ng in Kvala Lumpur, Malaysia. His father, a mechanical engineer, is currently the Technical
Director of YTL Industries in Malaysia and his mother, a manager with Westpac Barking Corpo-
ration in Australia. Edmund attended both primary and secondary schools in Malaysia. His for-
mal education in Malaysia ended when he left his secondary school, Seri Garing Secondary
Schocl, to attend Ipswich Grammar School in Australia at the age of 16. In 1991, he graduated as
one of the top 1% students in the state of Queensland upon entering the Unriversity of Queensland
for his tertiary education. There, he received honors as the top student in the Department of
Mechanical Engineering and was also named in the inaugural Dean’s list in 1995. In that same
year, he graduated from the university with Bachelors of Engineering in Mechanical and Space
Engineering with Honors Class 1. In conjunction with his degree, he was also awarded a Univer-
sity Medal for his outstanding academic achievements. In September 1996, he joined Massachu-
setts Institute of Technology under the supervision of Prof. David W. Miller. During his two years
with the Space Systems Laboratory, he has published a number of papers based on the work pre-
sented in this study. In fact, his work in the development of innovative techniques for u-v plane
coverage in support of space-based interferometry won him the 1998 Allan Barrett Prize for excel-
lence in Astrophysics at MIT. He is currently a student member of the American Institute of Aero-
nautics and Astronautics (AIAA). Following the completion of his S.M. degree from MIT in
November of 1998, Edmund will continue his studies in pursuit of his Ph.D. degree at MIT.

Publications:

Kong, E. M., and Miiler, D. W., Optimization of Separated Spacecraft Interferometer Trajectories
in the Absence of A Gravity-Well, SPIE's International Symposium on Astronumical Telescopes
and Instrumentations, Paper no. 3350-13, March 1998.

Sedwick, R. J., Kong, E. M. C., and Miller, D. W., Exploiting Orbital Dynamics and Micropropul-
sion for Aperture Synthesis using Distributed Satellite Systems: Applications to Techsat2l, AIAA
Defense & Civil Space Programs Conference, AIAA-98-5289, October 1998.



TABLE OF CONTENTS

Abstract . . . . .. L
Acknowledgments . . . . . . .. ...
Biographicalnotes . . . . . . . .. ... ... ...
Tableof Contents . . . . . . . . . . ... ... ...
Listof Figures . . . . . . . . . . . . . e
Listof Tables . . . . . . . . . . . . .. e

Chapter 1. Introduction . . . . ... ... ... .. . ... ... ... .. .. ...
LT Motivation . . . . . . . e e e e e e e
i.2 Overview of Interferometry . . . . . . ... ... ... ... ... o L.
1.3 Study Objectives . . . . . . . .. ... ...
1.4 ApproachandOutline . . . ... ... ... .. ... ... ... ...

Chapter 2. Imaging Configurations . . . . . .. ... ... ... ............

2.1 Proposed Imaging Configurations . . . . .. ... ... ...............
2.1.1 Golay Arrays . . . . . . . .. . e e e e
2.1.2 ComwellPoints . . . . . . . .. .. ... ..
2.1.3 Proposed DS3 Configuration . . . . . ... ... .. ... ..........

2.2 Optimized MSE . . . . . . ...
221 ImageQuality . . . . . . . . . . .. e
222 SimulationGrid . . . .. . ... ...

2.3 Optimization Strategy . . . . . . . . . e e e

2.4 Radiolnterferometry . . . . . . . ... ...
2.4.1 Nominal Result (101x101 Pixels) . . ... ... ... ... ... ......
2.42 Comparison with other Imaging Configurations . . . . ... ... ... ...
2.4.3 Reducing MSE over a Square Partitionof the PSF . . . . .. .. . ... ..
2.44 Reducing MSE over a Rectangular Partitionof the PSF . . . . . . . .. . ..

2.5 Visible Interferometry . . . . . . ... Lo
2.5.1 Optimized MSE (High ResolutionMode) . . . . ... ... ... ... ...
2.5.2 Comparison with Other Imaging Configurations . . . .. . ... ... ...

2.6 Fizeau Interferometer (Snap-ShotMode) . . . . . . .. ... ... .. ... ....
2.6.1 Calculating u-v Coverage for Simple Systems . . . . . ... ... ... ...
2.6.2 TheFill Factor (FF)Metric . . . . .. ... ... .. ... ... .......
2.6.3 Minimum Aperture Size - Single Frequency Results . . . . . .. ... ...

25

27
28
29
30

31
32
36

37

39
40

46
49
52
53
56

58
61
63



8 TABLE OF CONTENTS
2.6.4 Aperture Size - Visible Spectrum . . . . . ... .. oo 67
2.7 Summary ... L e e e e e 70
Chapter 3.  Imaging Outside of a Gravity-Well . . . . . . ... ... ......... 73
3.1 Trajectory Optimization - ‘Stop and Stare” . . . . . .. ... ... .. ....... 74
311 MassMetric . ... ... 75
31.2 TimeMetric . . . . . . . .. e 76
3.1.3 Optimization Strategy - Travelling Salesman Algorithm . . . . . . . . . .. 77
3.1.4 Mission Parameters . . . . . . ... ... L 78
3.2 Two Collector Interferometer . . . . . . . . . .. ... ... ... ......... 79
3.2.1 Comwell Imaging Configurations . . .. ... ... ... ......... 81
3.2.2 DS3Imaging Trajectory . . . . . . .. . . . . . .. ... ... 85
323 Optimized MSE . . . . . ... 88
3.24 Comparisons . . . . . ... L. 91
3.3 Multiple Collector Interferometer . . . . . ... ... ... ... ......... 93
3.3.1 Comwelil Imaging Configuration . . . .. ... ... ............ 94
3.4 OtherConsiderations . . . . .. . .. ... ... .. 97
35 Summary .. .. L e e 99
Chapter 4.  Earth Imaging from within Earth’s Gravity-Well . . . . .. ... ... 101
4.1 Hill's Equations and AV Derivation . . .. ... ... ... . ........... 102
4.2 OrbitPerturbations . . . . . . . .. .. ... . 105
4.2.1 Non-Spherical Effect . . ... ... ... ... ... ... ... ..., 105
4.2.2 Third body perturbations . . . . .. .. .. ... L 106
4.2.3 SolarRadiationPressure . . . . .. ... ... ... . L. 107
424 AtmosphericDrag . .. ... ... ... ... . ... ... ... 107
425 Comparisons . . . ... ... ... e 108
4.3 Circular Trajectories . . . . . . . . . . . . i e e e 109
4.3.1 Combiner Spacecraft Maintaining a Fixed Position . . . . ... ... ... 109
4.3.2 Zero Zenith-Nadir Motion . . . . . ... ... ............... 110
4.3.3 Change of Line of Sight (LOS) . . . . ... ... ... .. ......... 113
4.4 ParaboloidOrbits . . . . . ... ... 116
4.4.1 Free Elliptical Trajectories . . . . . ... .................. 117
4.4.2 CircularParaboloid . . ... ......... ... ... . ... ... 119
4.4.3 Paraboloid Foci - The Hyperbola . . . . . ... ... ... ... ...... 125
4.44 Change of LOS - Rotating the Configuration . . . . . ... ... ...... 127
4.4.5 Change of LOS - Relocating the Combiner . . . . . ... ... ...... 130
4.5 Case Study: GeosynchronousOrbit . . . . . . . ... ... .. ........... 134
4.5.1 MissionParameters . . . . . . ... ... L Lo 134
452 Mass Comparisons . . . . . . . .. ... e 135
4.6 Other Considerations . . . . . . . .. ... . ... ... .. 138
4.7 Summary . .. ... e e e e e 143



TABLE OF CONTENTS 9

Chapter5. Conclusions . . . . . ... ... ... ... ... .. .. 147
S.1 Summary . ... .. e e 147
5.1.1 Imaging Configurations . . . . ... ... ... ... ... ........ 147

5.1.2 Imaging Outside the Gravity-Well . . . .. ... ... .. ......... 148

5.1.3 Imagingin Earth’s Gravity-Well . . . ... ... .. ... ......... 149

5.2 Conclusion . . . . . . .. e e 150
53 FutureIssues . . . . . . . . . . . e e e e e e 151
References . . . . . . . . . . . . e e e 153
Appendix A. PointSpreadfunctions . . . . . ... ... ... 0L 157

Appendix B. Optimal Imaging Trajectories . . . . . . ... ... ... ........ 171



10 TABLE OF CONTENTS




1.1

2.1
2.2
23
24
25

2.6

2.7

2.8

2.9

2.10
2.11
2.12
2.13
2.14
2.15
2.16
2.17
2.18
2.19
2.20
2.21

222
223
2.24
2.25
2.26
227
2.28
2.29
2.30

2.31

LIST OF FIGURES

Schematic for a two collector interferometer operating in the visible regime

[Jilla, 1998]. . . . . . . . e 20
Three-fold symmetry Golay Arrays [Golay, 1971]. . . . . ... ... ... ... ... 28
Exampies of Cornwell imaging configurations [Comwell, 1988]. . . . .. . ... ... 30
Proposed DS3 collector spacecraft imaging configuration [Linfield, 1997]. . . . . . .. 31
Two methods of determining the power response of an interferometric system. . . . . . 33
Nominal intensity pattern of a point source for an interferometer where science light

from more than two apertures can be combined simultaneously. . .. ... ... ... 35
Illustration of the hexagonal grid used in the optimization. . . . ... ... ... ... 37
Simulatecd annealing flowchart. . . . . . ... ... oo oo 39
Determination of best MSE statistical measure for N = 7 imaging configuration. . . . . 41
Optimized MSE aperture configurations with their corresponding PSF (101x101 pixels) 42
Decrease in MSE as the number of apertures is increased (101x101 pixels). . . . . .. 42
Pixel-by-pixel comparison of the Error? (101x101 pixels). . ... .. ... ... 43
Golay imaging locations and their corresponding PSE. . . . .. ... ... ... ... 44
Comnwell imaging locations and their corresponding PSE. . . . . . . . ... ... ... 45
Optimized MSE imaging configurations with their corresponding PSF (75x75 pixels). 47
Decrease in MSE as the number of apertures is increased (75x75 pixels). . . . . . . .. 47
Optimized MSE imaging configurations with their corresponding PSF (51x51 pixels). 48
Decrease in MSE as the number of apertures is increased (51x51 pixels). . . . . . . .. 49
Optimized MSE imaging configurations with their corresponding PSF (101x51 pixels). 50
Decrease in MSE as the number of apertures is increased (101x51 pixels). . . . .. .. 50
MSE comparisons for the four different optimizations. . . . .. ... ... ... ... 51
Nominal intensity pattem of a point source for a two collector and one combiner
spacecraft interferometer. . . . . . ... Lo 54
Optimized MSE imaging configurations for a two collector spacecraft interferometer. . 55
Decreasing MSE as the number of u-v points is increased. . . . . .. ... ... ... 55
Discretized DS3 imaging locations and its corresponding PSE. . . . . . .. ... ... 57
MSE comparison for the different imaging configurations. . . . ... ... ... ... 58
The u-v coverage distribution using the Golay-6 imaging configurations. . . . . . . . . 60
The u-v coverage for a single and two aperture systems. . . . . ... ... ...... 62
Minimum aperture size required to provide full u-v coverage for the Golay arrays. . . . 65
Fill factor comparison for the two imaging configurations. . . . ... ... ... ... 67
Fill factor comparisons between single frequency and multiple frequency

imaing configurations. . . . . . . . ... .. L e e 69
Single and multiply frequency u-v coverage comparisons. . . . . . . ... . ... .. 69

11



12 LIST OF FIGURES
3.1  Three spacecraft interferometer imaging configuration. . . .. ... ... ... ... 78
3.2 Imaging constraint due to combinerollector-senangle. . . . . ... ... ... ... 80
3.3 Coliector spacecraft thruster firing at 42.5° due to the difference in the propulsive
acceleration produced on the spacecraft. . . . ... ... ... ... ......... 81
3.4 Examples of optimal propellant trajectories for a two collector interferometer using the
equivalent Comwell imaging locations. . . . . .. ... ... ... ......... 82
3.5  Total propeliant mass required for the spacecraft to traverse through the equivalent
Comwell imaging locations. . . . . .. ... ... ... .. ... .......... 83
3.6  Examples of optimal time trajectories for a two collector interferometer using the
equivalent Comwell imaging locations. . . . . . . ... ... ... ... ...... 84
3.7 Imaging time per image for a two collector spacecraft interferometer using the equivalent
Comwell iinaging locations. . . . . . . ... ... . ... ... ... ... ... .. 85
3.8 DS3 imaging trajectory proposed in Linfield, 1997. . . . . .. ... ... ... ... 86
3.9 Optimal mass trajectory using the DS3 imaging locations. . . . . . . ... ... ... 87
3.10 Optimal time trajectory using the DS3 imaging locations. . . . . .. ... ... ... 87
3.11 Examples of minimum propellant trajectories for a two collector interferometer using the
optimized MSE imaging locations. . . . . .. ... ... . ... ... .. ... ... 88
3.12  Total propellant mass required for the spacecraft to traverse through the optimized MSE
imaging locations. . . . . .. .. ... 89
3.13 Examples of minimum time trajectories for a two collector interferometer using the opti-
mized MSE imaging locations. . . . . . ... ... ... .. L L. 90
3.14 Imaging time per image for a two collector spacecraft interferometer using the optimized
MSE imaging locations. . . . . . .. ... ... L 90
3.15 Propellant required to obtain the corresponding optimized image MSE. . . . . . . . . 91
3.16 Minimum imaging time required to obtain the corresponding optimized image MSE. 92
3.17 Propellant required for a two collector and one combiner interferometer to image 498
objectsover 15years. . . . . ... ... ... .. 93
3.18 System mass required to image inter stellar objects using the different Cornwell
imaging configurations. . . . . . . ... ... . ... 96
3.19 Average propellant to spacecraft mass ratio required to image 498 objects using the
different Comwell imaging configurations. . . . . . ... ... ... ...... ... 96
3.20 Image quality versus propellant requirement trade-off. . . . . . . ... ... ... .. 98
4.1  Hill’s coordinate frame shown with respecttoEarth. . . . . . .. . ... ... .. . 103
4.2  Collector Spacecraft in forced circular trajectory about a combiner spacecraft . . . . 109
4.3  Spacecraft rotating about a circle of radius Ro at an angular velocity of . . . . . . . 111
4.4  Varying LOS by rotating array through angles¢andy. . . .. ... ... ... ... 113
4.5 Variation in AV/anonc as array LOS1 vectorisvaried. . . . ... ... ... ... 116
4.6 Two possible trajectories for a spacecraft to traverse in free orbits. . . . . . .. . .. 118
4.7 Tllustration of the intersection between an inclined circular paraboloid and the
y-zplane. . ... 122
4.8  Intersection between a circular paraboloid and a plane resulting in an ellipse. . . . . . 124
49 AV/nZRoT“fc required for combiner spacecraft as various puraboloids are fitted onto
the freeorbitellipse. . . . . ... ... ... ... 126
4.10 Exploitation of conic section properties in free collector orbits . . . . . . . ... .. 127



LIST OF FIGURES 13

4.11

4.12

4.14

4.15
4.16
4.17
4.18

AV/anonc required to maintain a collector spacecraft in the rotated free elliptical orbit
duetovaryingthearray’s LOS. . . . . .. ... ... ... ... ... L. 128

Elliptical orbit traversed by a collector spacecraft that results in a maximum AV/®R Ty,
valuein Figure 4.11. . . . . . . . . . .. ... 1

Minimum AV/anon-c required to maintain the combiner s/c position at the optimum
foci at the various array LOSlvector. . . . .. ... ... ... ... ... .. 130

Maximum delay line required to combine light from spacecraft in the elliptical orbit
and the AV/n“R,Tj;¢ required to maintain the combiner spacecraft for the different

imaging configurations . . . . . . . . ... ... e e e 133
Comparisor of total spacecraft propellant required for nadir pointing Earth imager. . 136
Comparison of total spacecraft propellant required for off-nadir pointing Earth imager. 136
Relocating the combiner spacecraft for off-nadir imaging. . . . . . .. ... .. ... 137

Difference angles between the incoming light ray and the reflected light ray at the collector
and the angles at which the combiner spacecraft see the collector spacecraft. . . . . . 140



14 LIST OF FIGURES




2.1
2.2
2.3
2.4

2.5
2.6
4.1
4.2
4.3

LIST OF TABLES

Three-fold symmetry Golay arrays [Golay, 1971]. . . . .. ... .. ..... .. ... 29
Performance measure of the Cornwell Points using equation2.3 . . . ... ... ... 30
Image quality results fora 101 x 101 pixel PSF. . . . ... ... ... ... ...... 40
Comparison of the different imaging configurations using the Cornweil and
MSE metrics. . . . . . . . . . e e e 46
Results for Golay and Cornwell configurations for monochromatic imaging. . . . . . . 66
Results for Golay and Comwell configurations for broad band imaging. . . . .. ... 68
Comparisons of the various orbit perturbations. . . . . .. ... ........... 108
Extrema LOS1 vector orientations as shown in Figure 4.5. . .. ... ... ..... 116
Extrema LOS orientations as shown in Figure 4.11. . . . . ... ... ... ... .. 129
i5

R O T |~ SO

]

-

M oM oFm T a3 v omc

TS T eI D EE W T

RN T T e



16 LIST OF TABLES

[ S B

R PR B

]
i

-'!-



Chapter 1

INTRODUCTION

1.1 Motivation

The National Aeronautics and Space Administration (NASA) and the scientific community have
recently initiated the Origins Program to roadmap future space astronomy and astrophysics for the
next 20 years [Naderi, 1998]. The purpose of the Origins Program is to help answer fundamental

questions regarding the origins of life and the universe such as:

° How did the first galaxies form?

e How do stars and planetary systems form?

e Are there any planets outside our solar system that are capable of sustaining life?
» How did life originate on Earth?

¢ Is there life (however primitive or evolved) outside our solar system?

Even though it is not possible to go back in time to determine how the galaxy was formed, one can
observe how new interstellar objects are formed through the use of telescopes. Similarly, the exist-
ence of life sustaining planets outside this solar system can also be determined by direct observa-
tion. In short, the Origins Program attempts to answer the above fundamental questions through

the collection of direct observational evidence.

Even before the initiation of the Origins Program, terrestrial telescopes have been used to look at
distant astronomical objects. Unfortunately, due to atmospheric disturbances and physical con-
straints, there exists a limit at which these astronomical objects can be resolved. To overcome the
atmospheric disturbances, the Hubble Space Telescope was then developed, and has been in oper-
ation in Low Earth Orbit (LEO) since 1990. This telescope, which operates in the visible to infra-

red regime, can provide resolutions up to ten times better than any ground-based telescope with its

17



18 INTRODUCTION

2.4 m reflecting aperture [STScl, 1998]. There is, however, a limitation to the size that these teie-
scopes can be launched as they have to fit within the shroud of a launch vehicle. Currently, the
largest fairing diameter that can be supported by a launch vehicle is 4.57 m flown on the Arianne 5
[Isakowitz, 1991].

The physical limitation, however, is overcome through the use of deployable structures. A filled
aperture system, such as the Next Generation Space Telescope [Stockman ed., 1997], requires the
precision deployment of an eight meter diameter, thin facesheet primary mirror. The Space Inter-
ferometer Mission [Yu et al, 1998}, on the other hand, requires the precision deplovment of much
smaller optics in the form of an interferometer. Since the separation of the apertures can be made
much larger than the size of the apertures, more distant objects can be detected with comparabie
angular resolution. The largest array is the Very-Long-Baseline Array (VLBA), which consists of
ten apertures spread across the United States [Thompson et al, 1986]. This array, like many others,
operates in the radio regime due to the far more developed imaging technology. The ability to
sample the radio signals such that they can be correlated at a later time is the main contributor to

this technology advancement.

In general, the capability of an interferometer to produce high quality images is dependent upon
the locations of the apertures. Terrestrial arrays can be placed in any pattern conceivable, and in
this pattern they will remain. Hence, given a certain number of apertures, only interferometric
measurements at the baseline separations defined by the locations of the apertures can be obtained.
These terrestrial arrays do not allow additional baseline measurements to be taken as the apertures
have very limited maneuverability. However, the array rotates on the sky due to Earth’s rotation.

This provides additional baselines.

Arrays that are placed in space, however, can be maneuvered through the use of propulsion units.
Due to the flexibility in changing the aperture scparations in free space, there are in fact two sepa-
rated spacecraft interferometer missions that are being planned in the Origins Program. The two
missions are the Terrestrial Planet Finder (TPF) [Beichman et al, 1996], to detect the existence of
other planetary systems and the Planet Imager (PI) [JPL, 1998], to directly image these planets. In
fact, for the TPF mission, trade studies between using a separated spacecraft interferometer (SSI)
and a structurally connected interferometer (SCI) were conducted by Surka et al, 1996 and

Stephenson et al, 1998 which resulted in SSI being strongly considered for the mission.
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Given that a certain number of different baseline measurements are made using a specified number
of apertures, there cxists a trade between adding more apertures into the system or using more pro-
pellant to maneuver the fewer number of apertures such that measurements at all the required base-
line separations are obtained. This trade can be carried out only if the propellant resources
required for the limited number of apertures are determined. In order to maximize the returns, one
purpose of this study is to determine the optimal imaging trajectories for a separated spacecraft

interferometer operating in free space.

Other than imaging astronomical objects, NASA has also exhibited interest in Earth imaging
through its Mission to Planet Earth Enterprise. Besides NASA, the military and intelligence com-
munity are also interested in tcrrestrial imaging for security reasons. Rather than using a large
monclithic aperture, systems consisting of a number of smaller apertures have been proposed to
improve overa!l systems reliability [Jilla, 1998]. An example of such system is the proposed Air
Force Techsat21 program [AFRL, 1998].

Exploring the use of an interferometer to image terrestrial objects is not new. In fact the Air Force
Ultralite system [Powers et al, 1997] proposed a six aperture interferometer located on a single
spacecraft to obtain high resolution terrestrial images. However, the separation between the aper-
tures within a spacecraft is limited. A higher resolution system created by placing apertures on
different spacecraft has since been proposed. Since these spacecraft are located in Earth’s orbit, it
only makes sense to take advantage of Earth’s gravity to move these spacecraft relative to each
other and thereby sweep out an image plane. Therefore, the second purpose of this study is to
design the orbits in which these spacecraft should be placed to obtain terrestrial images using the

least amount of on-board propellant.

As the cost of launching spacecraft into space is dependent upon the mass of the payload, deter-
mining the optimal imaging configuration for an interferometer system which minimizes propel-
lant consumption is therefore critical. The first objective of this study is to determine the
minimum resources required for an interferometer located outside the gravity-well to image astro-
nomical objects. For an interferometer located in Earth’s orbit, different orbit designs are explored
for Earth imaging. Hence, the second objective of this study is to determine the optimal combina-
tion of orbital parameters and micro-propulsion for a separated spacecraft interferometer operating

in Earth orbit.
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1.2 Overview of Interferometry

Incoming Wavefront
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Figure 1.1 Schematic for a two collector interferometer operating in the visible regime [Jilla, 1998].

Due to the improved angular resolution obtainable using an interferometer, many astronomical
missions are turning towards the use of multiple aperture systems. The signals received at the
interferometer’s apertures are combined to provide the angular resolution that is equivalent to that
of a single aperture that has a diametey roughly equal to the separation distance between the inter-
ferometer’s apertures. In this subsection, a brief overview of the two interferometers that are com-
monly being used to image astronomical objects is presented. These two interferometers are the

Michelson and Fizeau interferometers.

The Michelson interferometer is the more commonly used interferometer among the two. Some of
the missions that have been proposed to operate in this interferonieter mode are the Space Interfer-
ometer Mission [Yu et al, 1998]. Irrespective of whether the interferometer is operating in the
radio or visible regime, signals collected at the collector apertures must be combined at a single
location to provide a singlc data point. In radio interferometry, signals from the different apertures
are normally recorded and correlated at a later time. The output of the correlation is a single com-
plex value, which gives the magnitude and phase of the image’s spatial Fourier component associ-
ated with the separation between the apertures projected normal to the line-of-sight (LOS) to the
target. However, in the visible regime, the science light collected at the apertures must be com-
bined in real time since its phase cannot be recorded. This combined light is then focused onto a

single-pixel, photon counting detector to detect its intensity. Shown in Figure 1.1 is the schematic
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of an interferometer operating in the visible regime. The optical delay line is required to allow the
combiner to combine the same wavefront originating from the target and thereby create a coherent

fringe.

The interferometric measurement described in the previous paragraph is only for one baseline sep-
aration. In Fourier space, this baseline separation is normally known as the u-v point, given by:
27X
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where (x;,y;) are the coordinates of the i-th aperture. The variables 4 and v correspond to spatial

wave numbers (frequencies) of intensity variations across the image.

In order to obtain good interferometric images, more measurements must be taken at different u-v
points to obtain other Fourier terms in the image. This can be done by either moving the collector
spacecraft or for ground-based apertures, the a-v coverage of the system can be swept out through
the Earth’s rotation [Thompson et al, 1986]. Once all the necessary measurements are made, the
visibility map, which consists of all the interferometric measurements at the different baseline sep-
arations, is inverted to give the brightness image of the source. This inversion is performed by tak-

ing the inverse Fourier transform of the visibility map.

The angular extent of an object which an interferometer can resolve from its neighbor is known as

the angular resolution. For a Michelson interferometer, the angular resolution is given by:

, A
6 ~ BcosH

(1.2)

where Bcos8 is separation between the apertures the projected normal to the LOS and A is the tar-
get’s wavelength of interest, also measured in units of iength. Since angular resolution improves
with the separation of the apertures, most of the astronomical missions have proposed to adopt the
Michelson interferometer. In general, the separation between the apertures is much larger than the

size of the apertures themselves.

An underlying assumption that is made in using an interferometer that makes sequential baseline
measurements is that the states of the target remain constant throughout the imaging process. This

is usually a reasonable assumption for imaging astronomical objects. However, in order to image
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a rapidly changing target, such as a terrestrial target, instantaneous imaging is required. Instanta-

neous imaging of a target is possible if a Fizeau interferometer is used.

Designed to operate in the visible spectrum, the Fizeau interferometer is essentially like a conven-
tional telescope where small segments of apertures make up parts of a virtual primary mirror such
that they have u-v coverage that is equivalent to that of a filled aperture. As in the Michelson
interferometer, the science light path lengths from the target to the combiner through the collector
apertures must remain the same. However, the combined light is brought to focus onto a multi-
channel detector to obtain the image [JPL, 1998]. The Fizeau interferometer is used for wide ficld
astrometry as it offers a very much wider field-of-view than a Michelson interferometer [Loiseau
etal, 1996]. For Earth imaging purposes, this interferometer can be designed to give full instanta-
neous u-v coverage. In general, the separation between the apertures is comparable to the size of

the apertures.

1.3 Study Objectives

The primary objective of this study is to determine the optimal amount of resources required for a
separated spacecraft interferometer to successfully carry out a synthetic imaging mission. This
objective can be achieved by determining the optimal spacecraft imaging trajectories, where the
sequence of maneuvers or orbital parameters which allow a given number of apertures to sequen-
tially move to all of the locations defined in the imaging configuration and thereby synthesize an
image is determined. However, in order to determine the optimal trajectories, the optimal imaging
configurations for these spacecraft must first be determined. In the case of imaging an astronomi-
cal object with a Michelson interferometer, the optimal configuration is in fact the optimal imaging
locations for the spacecraft. The term ‘imaging locations’ is defined as the ensemble of aperture
locations which allow the interferometric measurements to be made in order to synthesize an

image. From these imaging locations, the optimal trajectories can then be determined.

In the case where a rapidly changing target is being imaged, the u-v coverage of the system
depends upon both the separation and the size of the apertures. In order to obtain the optimal
imaging configuration, not only the locations of the spacecraft must be determined, but the size of
the apertures must also be determined. Hence, in this case, the optimal imaging configuration
includes determining both the aperture locations as well as the individual aperture dimensions.
Since such a system can be used for Earth imaging, the optimal imaging trajectories for this system

will then be in terms of the orbits in which the spacecraft should be placed.
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Hence, there are two prirnary objectives of this study. The first objective is to determine the opti-
mal imaging configurations for an interferometer. These results serve as the input to achieve the
second objective, where the optimal trajectories of the spacecraft are determined. In summary, the
primary objectives of this study are:
* to determine the optimal imaging locations for a separated spacecraft interferometer
operating outside the gravity-well for imaging of astronomical objects,

 to use these optimal locations to determine the optimal imaging trajectories for the
spacecraft such that the returns from the limited resources are maximized,

e to determine the imaging configurations for a separated spacecraft interferometer
designed for Earth imaging,

 to design the orbits at which the spacecraft should be placed and calculate the pro-
pellant expenditure to allow images of terrestrial targets to be taken.

1.4 Approach and Outline

From the list of the primary objectives, this study can be broken down into three major sections,
the determination of the optimal imaging configurations, the optimal trajectories for an interferom-
eter operating outside a gravity-well and finally the orbits and propulsion needs for an Earth imag-
ing interferometer. Each of these major sections are treated separately and presented in the three

major chapters in this study.

In Chapter 2, the optimal imaging configurations for an interferometer operating either in the radio
or visible regime are determined. Even though there exist imaging configurations that were opti-
mized based upon their u-v coverages, these configurations do not necessarily give the best inter-
ferometer response. A metric based upon the point source response of a Michelson interferometer
is determined. This metric, known as the Mean Square Error (MSE), is a measure of how well the
interferometer mimics a nominal point spread function (PSF). Using this metric, the optimal aper-
ture locations for a radio interferometer, such as that proposed for the Techsat21 program, are
determined. Similarly in the visible regime, the optimal imaging locations for a Deep Space 3

(DS3) like mission are determined.

The determination of the optimal imaging locations for a Michelson interferometer assumes that
the object remains unchanged throughout the iraging sequence. In the case where the target is
changing rapidly, an assumption usually made for terrestrial targets, images can be obtained using
a Fizeau interferometer. Such an interferometer, however, requires full instantaneous u-v coverage

which can only be obtained by considering both the aperture locations and their size. Rather than
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determining the aperture locations for such an interferometer, two configurations that are opti-
mized for instantaneous u-v coverage are used to determine the optimum aperture size that can
provide full instantaneous u-v coverage. This optimum aperture size is determined based on the
total collecting area of the interferometer and the extent of its u-v coverage. Since the u-v cover-
age of the interferometer is also dependent upon the opcrating central frequency and bandwidth,
the optimum aperture size is also determined for an interferometer operating over the entire visible

regime.

Using the optimal imaging locations for the two collector and one combiner spacecraft determined
in Chapter 2, the optimal trajectories for these spacecraft operating outside a gravity-well are
determined in Chapter 3. These imaging trajectories are obtained based upon the two metrics that
are presented. The first metric is the mass metric, specifically, the propellant required to maneuver
these spacecraft through their imaging locations. The second metric is the time required to maneu-
ver through these imaging locations. In the second optimization, it is assumed that the propellant
mass required to maneuver the spacecraft is very small compared to the mass of the spacecraft.
The chapter is concluded by comparing the different configurations using both the image quality

metric and the trajectory metrics.

Since the optima! imaging trajectories for an interferometer outside the gravity-well are deter-
mined in Chapter 3, the orbits for an interferometer operating within the gravity-well are deter-
mined in Chapter 4. Primarily, three different orbit designs are presented, of which one is an
innovative use of the four basic conic sections to allow the system to image a terrestrial target.
Comparison of the different designs for an Earth imager operating in a geosynchronous orbit is
presented to conclude the chapter. Even though these orbits are developed for an Earth imager
operating in the visible wavelength, the results can easily be adapted to image inter-stellar objects

or extended to Earth surveillance in the radio regime.

Finally, the key results obtained in the three different chapters are summarized in Chapter 5. The
issues that arise as a result of this study are also presented in this chapter. In the end, the objective
is to present the different ways in which a separated spacecraft interferometer can be most effi-

ciently utilized.



Chapter 2

IMAGING CONFIGURATIONS

Designing an efficient methodology for synthesizing an image from a sequence of coherent mea-
surements acquired by a sparse aperture array requires a careful balance between quality of the
image acquired and the effort consumed to achieve this quality. This work strikes this balance by
dividing the design into two steps. First, the sequence of physical locations to which the apertures
must be maneuvered (imaging locations) to make these measurements is found by optimizing an
image quality metric (Chapter 2). Then, the minimum effort trajectory for maneuvering these
apertures to these locations is found (Chapter 3). While sub-optimal, since the optimization prob-
lem is broken into two independent parts, it is shown that substantial efficiencies are realized over

other proposed methods.

Due to the advantage of using interferometers in astronomy, a number of authors have proposed
optimal instantaneous u-v coverage imaging configurations for stationary interferometer arrays
[Comwell, 1988, Golay, 1971]. This is extremely useful for Earth based arrays, as most apertures
are either stationary or have very limited maneuvering space. This limitation, however, does not
apply to a separated spacecraft interferometer (SSI), as the objective of designing such a system is
to allow better u-v coverage by relocating the collector spacecraft to take interferometric measure-

ments at various aperture baselines.

Previous work in determining the optimal imaging configurations is based upon the u-v coverage
of the interferometer. The underlying assumpticn made by these authors is that the response of the
interfercineter is related by its u-v coverage. No doubt this is true. The method developed in this
study determines the optimal aperture locations for the interferometer by looking at its point

response directly, and thus eliminating the need to look at its u-v coverage. Though computation-
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ally intensive, this methcd takes full advantage of the superior computing power which has only

became available in the last few years.

Imaging in the radio regime allows recorded time domain data from the different apertures to be
correlated at a later time. As an example, the recorded data from the different telescopes that form
the Very Long Baseline Array (VLBA), are simultaneously correlated at the Haystack Observatory
in Massachusetts. In the visible regime, however, light rays from the different collector apertures
must be interfered in real-time since it is not possible to digitize these signals and thereby retain
their phase information. This, together with the interferometric requirement that the same wave-
front from the target must be interfered, requires that a combiner spacecraft must be included in

the interferometer design and placed at the equal optical pathlength location.

In a Michelson interferometer, the separation between the apertures is much larger than the dimen-
sions of the apertures themselves. In what is known as the interferometer’s u-v coverage, the cov-
erage of the Michelson interferometer is dominated only by the separation of the apertures.
Because of this, the optimal imaging configurations for a Michelson interferometer are found by
determining the optimal imaging locations. The Michelson interferometer operating in the visible
regime is very much like its radio counter-part, with the additional constraint that light rays from

the different collectors must be interfered in real-time.

There exists, however, another type of visible interferometer where rapidly changing targets, such
as terrestrial targets, are allowed to be imaged. Such an interferometer is known as the Fizeau
interferometer. The Fizeau interferometer, however, requires full instantaneous u-v coverage to be
provided before images of terrestrial targets can be obtained. This full instantaneous coverage can
only be provided if both the baselines between apertures and the size of the apertures contribute
towards the interferometer’s u-v coverage. As such, the optimal imaging configurations for a
Fizeau interferometer are found by determining both the imaging locations and the size of the
apertures. Fortunately, the optimal imaging locations for instantaneous imaging have been deter-
mined [Golay, 1971, Cornwell, 1988]. Hence, using thcse imaging locations, the determination of
the optimal imaging configurations for a Fizeau interferometer is then reduced to just finding the

smallest aperture that can provide the required full instantaneous u-v coverage.

Therefore, the method for finding the optimal imaging configurations for a SSI is slightly different
depending on whether it is operating as a Michelson (Section 2.2) or a Fizeau (Section 2.6) inter-

ferometer. In Section 2.2, the notion of the Point Spread Function (PSF) and the metric by which
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the optimal aperture locations are determined for a SSI operating as a Michelson interferometer are
developed. The results for the Michelson interferometer operating in the radio regime are pre-
sented in Section 2.4. To demonstrate the capability of applying the technique developed in this
study to the Air Force Techsat21 program, the mission parameters for this particular program are
used. Following this, the results for a visible interferometer are presented and compared to the
results with other designs. NASA's Deep Space 3 (DS3) design parameters are used. The DS3
mission is a two collector and one combiner spacecraft interferometer proposed in NASA’s New
Millennium Program [Blackwood et al, 1998). The optimal aperture sizes for a separated space-
craft Earth imager operating as a Fizeau interferometer are determined in Section 2.6. However, to
begin this chapter, several imaging configurations that have already been proposed are presented

to provide a basis for comparison.

2.1 Proposed Imaging Configurations

Imaging of astrornomical objects using an interferometer requires that the separation between the
apertures be known exactly. This separation, normalized by the electromagnetic wavelength of
interest, is known as a u-v point. Since it is generally believed that a good u-v coverage (a set of u-
v points) will allow one to obtain good interferometric images, previous work in determining the
optimal aperture imaging locations has been focused toward maximizing the interferometer’s u-v
coverage. The relationships between the absolute positions of the apertures and their correspond-
ing components in the u-v domain are given by:
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where (x;,y;) are the coordinates of the i-th aperture and A is the wavelength of interest [Thompson
et al, 1986). In the optical regime, the u-v coverage is also known as the auto-correlation function

of the interferometer [Golay, 1971].

In this section, the imaging configurations that have been proposed are presented. The metrics that
were used to arrive at these published results are also presented to give the reader an insight as to

how these results are determined.
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2.1.1 Golay Arrays

An optimal imaging configuration designed for small stationary arrays was first proposed by
Golay [Golay, 1971]). These arrays are all non-redundant and optimized for compactness in the

arrays’ auto-correlation function.

The imaging configurations that are of interest are the threefold symmetry arrays that were pre-
sented in Golay, 1971. These imaging configurations, with their respective auto-correlation func-
tions are shown in Figure 2.1. Golay defined a hexagonal grid in which the apertures can be
placed. The apertures are then rotated by 120° and 240° to give the threefold symmetry imaging
configuration. For each of the imaging configurations, the most compact auto-correlation function
(u-v points) array is determined. This is done by first assigning a maximum core number, N,,
defined as the number of points within a circle completely filled with auto-correlation points and
passing through the unoccupied points of the field closest to the center. The circles in which these

points lie are shown in Figure 2.1.

The metric that determines the most compact imaging configuration is given by the core factor

number, defined as:
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Figure 2.1 Three-fold symmetry Golay Arrays [Golay, 1971].
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TABLE 2.1 Three-fold symmetry Golay arrays [Golay, 1971].

No. of apertures (N) Cop Number (N,) Core factor (O)
B T 6 160 |
6 30 1.00
9 60 0.83
12 96 0.73

where N is the number of apertures in the array. The closer the core factor is to unity, the more
compact is the imaging configuration. The core numbers and the core factor numbers for different

numbers of imaging locations (N) are presented in Table 2.1.

The advantage of having compact arrays is that apertures of the smailest size can be used to obtain
full u-v coverage when the array is used in a snap-shot or Fizeau interferometric mode. This appli-
cation will be further discussed in Section 2.6. The Golay-6 imaging configuration has been pro-

posed by the US Air Force Research Laboratory for its UltraLite program [Powers et al, 1997].

2.1.2 Cornwell Points

The Comwell points were originally developed for instantanecus snap-shot imaging of a target in
the radio regime {Cornwell, 1988]. The imaging locations were determined based on the separa-
tion of the imaging points in the Fourier plane (u-v points). Imaging configurations with evenly
distributed u-v points were preferred and were chosen by maximizing the uniformity of the u-v

point distribution given by:

My T Th) = Zk lnogqu,-_ i~ ) (2.3)
".” »

where N is the number of points in the physical domain (x-y plane), u;; is the separation vector
between the points i and j in the physical domain and the self-terms in the summation are ignored.
Rather than taking the square of the distances in the Fourier plane, the logarithm of the distance is
taken so that points that are farther apart are weighted less heavily. Examples of the Cornwell
imaging configurations are shown in Figure 2.2, while their performance measures are listed in

Table 2.2.

Note that the Cornwell points were all constrained to lie on a circle in the physical plane (x-y

plane) as the imaging elements were found to migrate to the boundary of the optimization space.
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Figure 2.2 Examples of Cornwell imaging configurations [Cornwell, 1988].

TABLE 2.2 Performance measure of the Cornwell Points using equation 2.3

Number of Apertures (N) Performance measure (1)
—3 268
6 127
9 301
12 544

Hencc in his optimization, Comwell only considered imaging elements that were placed on the cir-
cle to reduce the time required to carry out the optimization. Incidentally, the pathlengths between
all these imaging elements and a combiner element located at the center are the same, which is

advantageous for imaging in the visible regime.

2.1.3 Proposed DS3 Configuration

Recently, NASA announced a new program called the New Millennium Program. The objective
of this program is to demonstrate advanced technology, in a mission setting, for reducing cost and
risk. The third mission in the series, called Deep Space 3 (DS3), is a three spacecraft interferome-
ter system. The currently proposed imaging configuration for the two collector and one combiner
spacecraft interferometer is given in Linfield, 1997. Two types of imaging modes were considered

for these three spacecraft: the ‘Stop and Stare’ mode; and the ‘Observe on the Fly’ mode. The dif-
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Figure 2.3 Proposed DS3 collector spacecraft imaging configuration [Linfield, 1997].

ference between these imaging modes has direct impact on both the propellant requirement and
imaging time, but not on the quality of the interferometric image obtained. These imaging modes
are further discussed in Chapter 3.

The DS3 trajectory proposed in Linfield, 1997 is shown in Figure 2.3. The two different symbols
(x and o) in the figure correspond to the imaging locations for the two collector spacecraft. The
lines joining these locations are the trajectories of the two collector spacecraft. Since equal sci-
ence light pathlength from the target to the combiner spacecraft via the collector spacecraft must
be preserved, the two collector spacecraft must then travel in opposing directions from the origin
of the imaging plane. By counting the symbols in Figure 2.3, tlie total number of vnique x-y imag-
ing locations for each collector spacecraft is found to be 131. This corresponds to 261 unique u-v

points.

2.2 Optimized MSE

Except for the DS3 imaging configuration, the configurations in the previous section were mainly
optimized for snap-shot imaging based upon their u-v coverages. These u-v coverages, however,
give little indication as to what the response of the interferometer. Hence, in this study, rather than

optimizing in terms of u-v coverage, the optimal aperture locations are found based upon the
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response of the interferometer. The metric by which these locations are determined is presented in

this section.

2.2.1 Image Quality

In order to determine the optimal aperture locations for a Michelson interferometer, one possible
solution is to look at the point source response of the interferometer. Ideally, the point scurce
response of the interferometer should approach that of an ideal filled aperiure. When a point
source is imaged, this ideal filled aperture should produce an intensity map with a single intensity
peak, indicating the point source, and zero intensity level elsewhere. However, due to diffraction,
the central peak is spread and a number of low intensity rings are observed in the intensity map,
hence the term point spread function (PSF). When this intensity map is produced from a circular
aperture, it is known as the Airy disk [Hecht, 1987). The point source response of a uniformly illu-
minated circular aperture, obtained by applying Huygen's superposition integral [Staelin et al,

1994], is given by:

(nDsinG) 2

+ _ |{®( + cosB)D ! A

b*= ( A ) nDsin® (24)
A

where D’ is the response of the antenna, 8 corresponds to the angle from the bore-sight of the
antenna, D is the diameter of the aperture, J,(.) is the Bessel Function of the first kind and A is the

wavelength of the science light.

In the case of an interferometer, with each aperture having the same antenna, the directivity of the
interferometer is obtained by convolving the directivity of a single aperture with impulse functions
corresponding to the aperture positions in the physical domain. In the image domain, which is the
inverse Fourier transform of the system, the contribution to the directivity of the interferometer
due to the separation of the apertures is known as the array factor. The array factor of the interfer-

ometer is given by:
N
2T )
ARy, w) = | 3 exp(-FE v, v, (2.5)

n=1
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where y;, y; are the image angular coordinates and x,, y, are the coordinates of the n-th aperture in
the array. The intensity map of a point scurce, or the directivity of an N element interferometer, is
then obtained by multiplying the directivity of a single aperture with the square of the array factor

given in equation 2.5. The intensity map of an interferometer is therefore:

Jl(nD;inB) N 2
I(W," \l’j) - (1‘!(] + ;'OSB)D) T Z exp(—%(\v‘.xn + \pjyn)) (2.6)
A n=1

Rather than squaring the inverse Fourier transform of the antennas in the physical domain to obtain
the intensity response of the interferometer, equation 2.6 can also be derived by first taking the
auto-correlation of the antennas in the physical domain, and inverse Fourier transforming the
resulting auto-correlation function. These two methods for obtaining equation 2.6 are made possi-
ble by the fact that convolution in the physical domain is equivalent to multiplication in the Fourier
domain, and auto-correlating a system is in effect convolving the system with itself. The two
methods of determining the response of an interferometer are shown in Figure 2.4. Starting from
the top left box in Figure 2.4, the result of the inverse Fourier transform of the antennas is given by

the top right box. Squaring the antenna response then gives the response of the interferometer
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Figure 2.4 Two methods of determining the power response of an interferometric system.
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shown in the bottom right box. The path through the bottem left box shows the alternate method
to obtain the response of the interferometer.

For observing a source that is located in the far-field, such as observing a distant star, equation 2.6
can be simplified by approximating 0 as zero. This approximation can be made since the contribu-
tions from the individual apertures to the point source response remain constant for small values of
8. The contribution from the array factor, however, changes rapidly with y; and ¥, and therefore.

cannot be simplified. Hence, equation 2.6 is reduced to the form:

N 2
1, v) = |(B2)| 3 exe(-F vz + ) @.7)

n=1

For a two-element interferometer, where the apertures are located at x, y and -x, -y, equation 2.7

reduces to the form shown by equation (3) in Kong et al, 1998 and is given as:
2nD 2n 2
I, v)) = [(‘T)(ROST(\V,J + \v,-y))] (2.8)
However, when it is not possible to approximate 8 as zero, the relationship between 6, y, and vy,

2
6 = '/Wx"'wi (2.9)

Equation 2.6 gives the intensity map of the target as seen by the N apertures at one instant in time.

is given by:

In order to obtain a high resolution intensity map of the sky, the images of the apertures obtained at
different instants in time and at different sets of aperture baselines are added together. Therefore,

the built-up intensity map is given by:
M 2

N
o = (Z2) 3 || S exp(-Ewinn+ wpap) 2.10)
k=1tn=1

where x,,; and y,, are the n-th aperture coordinates at the k-th measurement and M is the total num-
ber of observation sets (i.e., the number of imaging locations divided by the number of apertures
which equals the number of array re-configurations). In order to make the appropriate comparison

between interferometers with different numbers of apertures and different sets of baselines, the
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Figure 2.5 Nominal intensity patiern of a point source for an interferometer where science light
from more than two apertures can be combined simultaneously.

intensity measure in equation 2.10 is normalized by N2, where the square is due to the power mea-
surement of the array factor, and M. The normalized intensity is therefore:

— I'(y; v))

In(y ) = : > (2.11)

MN

The metric to compare the different intensity maps is given in terms of the Mean-Square-Error
(MSE) of the maps relative to the nominal intensity shown in Figure 2.5. The nominal PSF shown
in Figure 2.5 is specifically for interferometers operating in the radio regime, where data from all

apertures can be simultaneously combined. The MSE of a particular map is given by:
m m
— = 2
Z z (W ‘Vj) -1,(¥;, ‘l’j))

MSE = i=1li=1 > (2.12)
m

where l—o is the nominal intensity map and m? is the total number of pixeis in the image.

In the following discussion, both the instantaneous (equation 2.6) and the high resolution intensity
(equation 2.10) responses of a Michelson interferometer are optimized. In order to determine the

optimal aperture locations, these responses are compared to some nominal PSFs using the MSE
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metric given by equation 2.12. However, to determine these aperture locations, a grid containing
all the possible aperture locations must first be defined. This simulation grid is discussed in the

next subsection.

2.2.2 Simulatien Grid

In simulating the performance of an interferometer, the candidate aperture locations are often dis-
cretized. This is because the Inverse Fast Fourier Transform (IFFT) algorithms that have been
used to obtain interferometric images require measurements to be taken at equally spaced points.

Hence, one can define grids which are regularly coordinatized, such as cartesian or polar.

However, the disadvantage in using both these grids is that the grid points generated are not evenly
distributed on a circular disk. The reason that these points should be distributed on a circular disk
is to ensure that equal angular resolution in any direction can be achieved since thc resolution in a
particular direction is directly related to the largest baseline separation in that same direction.
Even though a circular grid distributes the possible aperture locations in both the angular and
radial directions, the separations between neighboring imaging locations near the origin are much

smaller than near the becundary of the grid.

Therefore, in this study, a hexagonal grid is chosen as the points are more evenly distributed within
a circular imaging area. In the radio regime, the entire hexagonal grid is bounded with a circle of
size 100 m, which is about the size of the clusters in the Techsat21 program, and the points are sep-
arated by a distance of @ = 2.5 m. This corresponds to 367 unique x-y imaging locations in the
hexagonal grid. In the optical regime, however, the grid is bounded by a 500 m circle with a mini-
mum separation of a = 20 such that comparisons with the DS3 imaging configuration can be made.
The minimum separation, a, between possible aperture locations in a hexagonal grid is depicted in
Figure 2.6.

There exists, however, another grid that needs to be defined, namely the PSF intensity map. To
allow comparison between the different intensity maps, the maps produced by the interferometric
measurements are usually discretized depending upon the number of baseline measurements that
were obtained. For example, the proposed New Millennium interferometric mission, DS3, is
likely to produce images of 10 x 10 pixels with minimum baseline separations of 1¢0 m [Linfield,
1997]. However, to compare the images obtained using different numbers of baseline measure-

ments, and to ensure that the PSF against which different array geometries are judged does not



Optimization Strategy 37

(-] -] [-]
° ~——— o
/NN
4 \*1/ > -
() R——_ —_
\\. ,/I \-‘/.
W/ \
° | " °

Figure 2.6 Illustration of the hexagonal grid used in the optimization.

introduce discretization errors, the intensity map is discretized to a 101x101 pixel image.

Figure 2.5 is in fact plotted on such a grid.

Using either equation 2.6 or 2.10, the intensity maps generated by an N aperture interferometer
chosen from the defined grid, can be compared using the MSE metric given in equation 2.12. In
order to determine the optimal imaging configurations, one has to consider all the possible config-
urations. This, however, is not possible due to the large optimization space and one must resort to
a heuristic optimization strategy. The optimization strategy used in this study is the subject of dis-

cussion in the next section.

2.3 Optimization Strategy

In an optimization problem, the global minimum can only be determined if all the possible solu-
tions are considered, or if the optirnization space is proven to be convex. Working in the radio, we
see that there are 367 possible locations at which an aperture can be placed. Hence, for a given

number of apertures, N, the number of possible combinations to place these apertures is
367!

(367 -N)!’
computational time to consider each possible configuration, the time required to consider all the

which can be approximated as 367". Assuming that it takes approximately 1 ms of

possible combinations for N = 4 is 210 days! Hence, it is impossible to obtain optimal configura-

tions for an anay with four or more apertures.
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There exist, however, heuristic optimization methods to obtain the optimal imaging configurations
in very short periods of time. The results obtained using these methods, however, are not guaran-
teed to be the global optimum of the problem. Because of this, the optimization was carried out at
least three times for each individual case. More often than not, these heuristic methods gave solu-
tions that are very close to the global optimum in a relatively short period of time. As will be
shown later, plots of MSE versus the number of apertures, give rather smooth curves indicating

that the random optimization errors are probably smali.

In this study, the minimization of the MSE metric in equation 2.12 is found through the use of the
simulated annealing optimization technique [Kirkpatrick et al, 1983], which was also used to
determine the Comwell Points [Comnwell, 1988]). The optimization method uses a statistical
approach by starting with a randomly selected configuration of aperture locations. A new config-
uration is then chosen randomly by swapping a point that is already in the set of imaging points
with a new point chosen randomly from the total available x-y imaging locations. This configura-
tion is then compared with the current best configuration and is accepted as the new current best
configuration if its MSE is the lower of the two. However, the current best configuration can still
be replaced by a higher MSE configuration if this configuration has an exp(-MSE/T) value that is
greater than a number drawn randomly between 0 and 1. This exponential is in fact similar to the
potential energy of an atom given by the Boltzmann law [Feynman et al, 1989]. The variable T is
called the "temperature” of the system and is decreased each time a new configuration is accepted.
This ensures that for a system that is at a low temperature, the probability of accepting a configura-
tion with a higher MSE is low. The key feature in this optimization technique is that it reduces the

chance of the system arriving at a local minimum solution.

The starting temperature chosen in this optimization is T = 10 and is decreased by a factor of g =
0.99 each time 2 new configuration is accepted. The temperature multiplication factor must be set
such that the temperature is reduced in small steps, else a non-optimal or "quenched" solution is

obtained instead.

The solution to the optimization is achieved when the system is considered "frozen" and no further
changes can occur. This is analogous to the atoms in a material being in a frozen siate at extremely
low temperature. In this optimization, the temperature of the system is also reduced after a certain
number of trials, if no new solution is accepted. The optimization is then stopped after three suc-

cessive system temperature reductions are made with no new solution accepted. The maximum
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Figure 2.7 Simulated annealing flow chart.

number of trials at each temperature used in this optimization is limited to 20,000 trials. A flow

chart out-lining this optimization strategy is shown in Figure 2.7.

In this section, the simulated annealing optimization strategy used in this study to find the optimal
aperture locations has been presented. Together with the MSE metric derivation from the previous
section, we are now ready to determine these optimal locations. The results for the N aperture
interferometer operating in the radio regime are given in the next section, while the results for an

interferometer operating in the visible regime are given in Section 2.5.

2.4 Radio Interferometry

In this section, the optimal imaging locations for an interferometer operating in the radio regime
are presented. To demonstrate the capability of applying the technique developed in this study to a
program like the Air Force Techsat21, the mission parameters for this program are used. There-
fore, the aperture size is set at 1 m diameter while an operating radio frequency of 4 GHz is used
[Shaw, 1998]. The nominal PSF for this analysis, generated by simultaneously combining the sig-

nals from all 367 unique imaging locations in the hexagonal grid, is shown in Figure 2.5.
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2.4.1 Nominal Result (101x191 Pixels)

In this subsection, the results for the optimal aperture locations optimized over the entire PSF
intensity map are presenied. The mean, standard deviation and the best MSE performance
obtained for various numbers of apertures, as a result of performing the optimization several times,
are calculated and presented in Table 2.3. Also shown in Table 2.3 is a statistical measure of the
best MSE performance. This statistical measure is a metric by which one can quantify the confi-
dence level that the best MSE configuration is in fact the global minimum. This measure assumes
a normal distribution for the MSE obtained for the diiferent optimization runs. Adopting this
assumption, the statistical measure of the best MSE obtained is therefore the area under the proba-
bility density function. The area under the curve integrated from the best MSE performance
obtained to + <o can be calculated by:

1 2,
Conf = mojmsexp{-(1/2)[(x—p)/c] Ydx (2.13)

where | is the mean and ¢ is the standard deviation of the MSEs obtained for the different optimi-

zation runs. This statistical measure for N = 7 apertures is shown in Figure 2.8.

TABLE 2.3 TImage quality results for a 101 x 101 pixel PSF.

No. of Mean (W2 m™) Std. Dev. (W2 m™) Best MSE (W2 m™) % Con.
Apertures (x 1073 (x 107 (x 1673 (MSE)
3 98.4 0.00 98.4 96
4 533 3.10 53.1 66
5 318 1.80 31.7 74
6 20.6 1.95 20.3 92
7 143 2.45 14.0 93
8 10.1 1.96 9.84 87
9 7.42 2.31 7.05 95
10 5.46 2.21 5.06 97
1 423 1.51 4.09 82
12 3.17 0.91 3.08 86
13 2.59 0.82 2.49 89
14 2.01 051 1.97 78
15 1.61 0.54 1.55 85
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Flgure 2.8 Determination of best MSE statistical measure for N = 7 imaging configuration.

Examples of aperture locations on the hexagonal grid and their corresponding PSFs are shown in
Figure 2.9. For each case, the apertures are shown as black dots superimposed onto the hexagonal
grid. Note that it is the relative distance between the apertures that shouid be considered and not
their absolute locations on the grid. This is because the construction of the PSFs of these configu-
rations is dependent upon the baseline combinations that exist between these apertures and not on
the absolute position of a fixed geometry array. Since there are more baseline combinations for
higher numbers of apertures, the minimum MSE obtained decreases (improves) with the number
of apertures. This increase in performance is also evident from the fact that the sidelobes of the
system decrease and the mainlobe narrows as more apertures are used in the imaging configura-

tion.

A plot of the best MSE obtained against the number of apertures in the system is shown in
Figure 2.10. The MSE in the figure is seen to be inversely proportional with the number of aper-
tures. This suggests that it is more advantageous to increase the number of apertures for low num-
bers of N compared to configurations that already have high numbers of apertures (diminishing
return). A second order inversely proportional curve can be fitted to the data using the least square

method and is given by:

MSE = 0 0049 1035 2.14)
N T2
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Figure 2.9 Optimized MSE aperture configurations with their corresponding PSF (101x101 pixels).
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Figure 2.10 Decrease in MSE as the number of apertures is increased (101x101 pixels).

This curve fitting has a least square error of 1.05 x 10° W* m®,

The MSE metric is in fact a measure of the average square-error over all the pixels in the PSF

intensity map. The variation of the pixels that give this MSE value can also be compared. One
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method to do this is to plot the pixel square-errors, in descending order, for the different imaging
configurations as shown in Figure 2.11. Due to the large difference in the square-error range, the
plot is divided inte two with the figure on the left showing the comparisons for apertures ranging
from NV = 3 to 9 while the right figure corresponds to N = 9 to 15. Notice that in the right figure,
there are a number of locations where the curves for different numbers of apertures cross each
other. For example, there are approximately 200 pixels in the N = 15 apertures that have higher
square error when compared with the N = 14 apertures. However, there are many more pixels in
the N = 15 aperture case that have lower square-error. This is the reason why the N =15 configu-
ration has a lower MSE when compared to the N = 14 configuration. Using such a plot, one can
therefore conclude that a particular N aperture configuration does in fact mimic the nominal PSF
better when both its MSE and pixel-by-pixel comparison are lower than another imaging configu-
ration. This is because the MSE measure provides the average while the pixel-by-pixel reveals
worst case. However, one can only conclude that a particular imaging configuration has a better

PSF on average when only its MSE is lower than another configuration.

It is clear that as the number of apertures is increased in an imaging system, better MSE perfor-
mance can be obtained. However, the benefits in increasing the number of apertures decreases as

more apertures are added to the system.
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2.4.2 Comparison with other Imaging Configurations
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Figure 2.12 Golay imaging locations and their corresponding PSF.

In this subsection, the nominal results obtained using the optimized MSE metric are compared
with the configurations that were discussed in Section 2.1. This comparison is made to ensure that
the optimized MSE results make sense when other metrics are used instead. Since the results are
obtained for a radio interferometer, the optimized MSE configurations are compared with both the

Golay and Cornwell imaging configurations.

Examples of the PSFs generated using the Golay imaging locations are shown in Figure 2.12.
Since the width of the mainlobe is inversely proportional to the maximum baseline in the configu-
ration, the large mainlobes observed in the PSF maps are due to the compactness of the Golay

imaging configurations.

The PSFs generated using the Cornwell imaging configurations are shown in Figure 2.13. Com-
paring these PSFs with the ones generated using the Golay imaging configurations, tighter main-
lobes are observed. There also exist higher and more sidelobes in these PSF images. Hence, even
though the Comwell imaging configurations produce narrower mainlobe PSFs, higher sidelobe

levels are also clearly evident.
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Figure 2.13 Cornwell imaging locations and their corresponding PSF.

These two imaging configurations are compared with the optimized MSE results using both the
Comnwell and the PSF MSE metrics. These are tabulated in Table 2.4. Note that lower values of
MSE indicate better MSE performance whereas larger Comwell metric values indicate better per-
formance. The metric used to determine the Golay imaging configurations was not used because
the emphasis in the Golay imaging configurations is compactness of the u-v points. However, the
u-v points generated using the Comwell and PSF optimized imaging configurations are not closely
packed and hence will not provide any meaningful result using the Golay metric. In Table 2.4,
using the Cornwell metric, which favors large u-v values, we see that the optimized MSE aperture
locations perform better than the Golay locations. This suggests that the u-v points generated by
optimized MSE imaging configuraticns are more distributed compared to the Golay imaging con-
figurations. This makes sense as the Golay imaging configurations are optimized for compactness

of the u-v sampling.

Comparison of the PSF generated by the different imaging configurations indicates that the Corn-
well imaging configurations can better mimic the nominal PSF when compared with the Golay
imaging locations. This is attributed to the fact that the aperture locations in the Golay configura-

tions are more closely packed compared to the Comwell imaging configurations.
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TABLE 24 Comparison of the different imaging configurations using the Cornwell and MSE metrics.

No. of Cornwell Metric PSF Comparison (W2 m*%) (x103)

Points Golry Cornwell MSE Goiay Cornwell MSE
3 9.66 26.8 I 16.7 542 172 98.4
4 - 52.1 374 - 105 53.1
5 - 86.3 65.4 - 64.8 31.7
6 67.4 127 102 129 442 20.3
7 - 178 145 - 347 14.0
8 - 235 i91 - 270 9.84
9 194 301 258 414 19.9 7.05
10 - 374 300 - 16.9 5.06
11 - 456 391 - 134 4.09
12 396 544 455 190 11.1 3.08

Using either of these metrics, as the number of apertures in each of the imaging ccnfigurations is
increased, better performance is achieved. This is very promising and is a good indication that the
optimized MSE technique developed in this study should seriously be considered as an alternative
method to determine the optimal aperture locations. Remember that both the Cornweli and Golay
imaging configurations were optimized by considering only the distribution of the u-v points over
the entire array. There arc, however, applications in which the target is known to exist only within
a small region of the PSE. In these cases, the optimized MSE technique can be used to determine
the optimal aperture locations for mimicking the PSF region in only a portion of its region. This

possibility is explored further in the next subsection.

2.4.3 Reducing MSE over a Square Partition of the PSF

Rather than penalizing the MSE over the entire 101x101 pixel PSF, one can penalize the MSE over
only a portion of the field-of-view. Certain applications may require that sidelobes be suppressed
more in a particular region of the PSF. For example, if the objective is extra-solar planet detection,
sidelobes adjacent to the mainlobe can overpower the faint signature of a planet within the habit-
able region of its parent star. Therefore, it may be desirable to suppress sidelobes adjacent to the
mainlobe more than at the outer edges of the PSE. It is important to remember, however, that the
total amount of ambiguity in the PSF is fixed. Therefore, requiring a narrow central lobe and low
adjacent sidelobes will cause sidelobes near the outer edges of the PSF to rise higher than normal.
Running the same optimization procedure, the results for minimizing the MSE over a square

75x75 pixel and 51x51 pixel region centered about the central lobe of the PSF are presented.
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Figure 2.14 Optimized MSE imaging configurations with their corresponding PSF (75x75 pixels)

MSE as @ funciion of number of sperturce
0.00 —T T T T
L]
'
0.08 \
\
\
oort ' MSE = 0.002 - 0.088N"" + 1.041N"?
v Ledst Square = 3.4913e-008
o.08} “ 4
\
A
Te oo \
go.u - \
\
\
0.3} 1
LY
N
0.02f . J
N
[N
~
0.01 e -
“e -
o 1 n " 1- - - 8 v b-a
2 4 ] [ ] 10 12 14 16
Number of Apertures KN)

Figure 2.15 Decrease in MSE as the number of apertures is increased (75x75 pixels)

Examples of the aperture locations with their corresponding PSFs, optimized for the 75x75 pixel
region, are shown in Figure 2.14. The black square boxes shown in the PSF maps are the regions
in which the MSE was penalized. In each of the PSF plots, the amount that the sidelobes within
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the penalized region are being suppressed becomes more obvious as the number of apertures is
increased. However, the sidelobes that exist outside the penalized region are not suppressed and
are clearly seen in the plots. Again, the plots for various numbers of apertures are shown in

Appendix A.

The relationship between the number of apertures in the interferometer and the corresponding
MSE is shown in Figure 2.15. Similar ?0 the results determined for the 101x101 pixel PSF, the
MSE produced by these apertures as a function of the number of apertures can be fitted with a sec-

ond order inversely proportional curve.

Similarly, the PSF plots optimized over a 51x51 pixel region is shown in Figure 2.16. When com-
pared to minimizing the MSE cver the entire 101x101 pixel region, optimization over the 51x51
pixel region resulted in higher sidelobes. However, these sidelobes exist outside of the region that
is being penalized. The plot of MSE as a function of the number of apertures in the system is
shown in Figure 2.17. Again, the decreasing relat‘onship between MSE and the number of aper-

tures is evident from the figure.
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Figure 2.16 Optimized MSE imaging configurations with their corresponding PSF (51x51 pixels).
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Figure 2.17 Decrease in MSE as the number of apertures is increased (51x51 pixels).

From these results, the optimal aperture locations tailored for suppressing MSE over a reduced
PSF map can be determined using the optimized MSE technique developed in this study. There
exist, however, applications in which optimization over a differently shaped region of the PSF map
is more desirable. In the next subsection, the aperture locations optimized for a rectangular region
in the image plane are determined. The results obtained in this subsection and in Section 2.4.1 will
be compared with configurations obtained in the next section. Though not considered in this
study, non-uniform weightings across the 101x101 pixel grid can also be assigned. In fact, the pix-
els in the examples shown in this study have a weighting of one when they are penalized in the
MSE calculation, and zero when they are not. In some applications, it may be more important to

reduce the sidelobes in a particular direction more than in other directions.

2.4.4 Reducing MSE over a Rectangular Partition of the PSF

In this subsection, the capability of the optimized MSE technique to determine the optimal aper-
ture locations for a program such as the Techsat21 space based radar system is demonstrat:d. A
multi-static radar system created by a cluster of spacecraft at an altitude of 800 km will have a 7
km/sec velocity relative to the ground. This will cause the radar returns from ground clutter for-
ward and aft of the cluster to exhibit doppler shifts wiiich could be miss-interpreted as moving tar-
gets. Therefore, there is a desire to suppress sidelobes fore and aft of the cluster. In the side-

looking direction, this doppler spread is not of concern. Sidelobes in this direction can therefore
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Figure 2.18 Optimized MSE imaging configurations with their corresponding PSF (101x51 pixels).
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Figure 2.19 Decrease in MSE as the number of apertures is increased (101x51 pixels).

be higher. To avoid false detections from these sidelobes, range-binning is exploited. Hence, it

makes more sense to penalize MSE over a rectangular region as opposed to the square regions
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studied in the previous subsections. In doing so, the emphasis of the optimization is shifted from

weighting all the pixels equally to suppressing the sidelobes in one direction more than the other.

Examples of different numbers of apertures and their respective PSFs optimized over a 101x51
rectangular region are shown in Figure 2.18. The region in which the MSE was penalized is
bounded by a rectangular box. In all these cases, the sidelobes in the PSF can be clearly seen
located beyond the penalized rectangular region. The co'nplete set of PSF images are shown in
Appendix A.

A plot of the MSE as a function of the number of apertures is shown in Figure 2.19. As expected,

the MSE measure improves with the number of apertures.

A comparison of the MSE as a function of the number of apertures for all the cases studied is
shown in Figure 2.20. The figure shows that the 101x51 pixel imaging configuration has a MSE
curve approximately the same as the 75x75 pixel configuration. This probably occurs since the
number of pixels penalized in the MSE calculation are approximately the same. The figure also
suggests that by reducing the number of pixels considered in the optimization, configurations with
better MSE performance can be obtained. This suggests that the nominal PSF can best be repli-
cated when smaller regions in the PSF image are used. Unfortunately, reducing the optimization

region is equivalent to reducing the field-of-view (FOV) of the interferometer system. For a sys-
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Figure 2.20 MSE comparisons for the four different optimizations.
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tem like Techsat21, the reduced FOV will extend the time it takes for the array to scan the entire

area of interest.

Hence, in this section, the optimal aperture locations for a Michelson interferometer operating in
the radio regime are determined. Comparisons with other imaging configurations show that the
optimized MSE technique developed in this study should seriously be considered as a viable alter-
native to determining the optimal aperture locations. The flexibility with which this technique can

accommodate different applications and PSF weightings is also demonstrated.

2.5 Visible Interferometry

As mentioned earlier in the chapter, the difference between imaging in the visible regime as
opposed to the radio regime lies in the fact that it is not possible to record the visible science light.
Since it cannot be recorded, the science light reflected off the collector apertures must be corre-
lated in real time. This can only be achieved by ensuring that the science light pathlengths from
the target to the combiner via the two collector spacecraft are equal. At the combiner, the com-
bined light is focused to a single-pixel, photon counting detector [Blackwood et al, 1998] as it

would be for a Michelson interferometer.

In this section, the optimal imaging locations using the MSE metric are determined for a two col-
lector and one combiner interferometer. This two collector interferometer is presumed to operate
as an adding interferometer system where interferometric images obtained at each baseline separa-
tion are added progressively to produce the final image. To determine how the PSF is affected by
the number of interferometric measurements, the number of imaging locations in the optimization
is varied. The comparison of these imaging configurations with others is presented in

Section 2.5.1.

In this section, the optimal imaging locations for a two collector and one combiner spacecraft
interferometer are determined using the optimized MSE technique. Since the interferometric mea-
surements at different baselines are obtained at different times, the final image is obtained by add-
ing images obtained at the different baseline separations. To allow comparison with other imaging

configurations the DS3 mission parameters are assumed [Linfield, 1997].
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2.5.1 Optimized MSE (High Resolution Mode)

Since the interferometer is assumed to operate as a Michelson interferometer, the u-v coverage of
the interferometer is dominated only by the separation of the apertures, as the apertures are very
much smaller than their separation. In DS3, the collector mirrors are currently set at 12 cm diame-
ter, while interferomeuic measurements are made at a minimum separation of 100 m apart [Black-
wood et al, 1998). The frequency chosen in this optimization is 5 x 10" Hz (0.6 micron).

Since the science light must be interfered in real-time, the distance between the combiner and each
of the two collectors must be kept the same. This can be accomplished by placing a collector
spacecraft at (x,y), and another at (-x,-y), and thus requiring the combiner spacecraft to be placed
anywhere along the z-axis (line-of-sight). The three spacecraft located at these points will form
the vertices of an isosceles triangle. In DS3, however, the three spacecraft are designed to form the

vertices of an equilateral triangle, which is a special case of an isosceles triangle.

The hexagonal grid specified for this optimization is bounded by a 500 m radius circle with a min-
imum separation of 20 m between the grid points. Since the collector spacecraft are located
directly opposite to each other, the number of imaging locations available to choose from is 1157
points. Using equation 2.10, where the array factor expression is replaced with equation 2.8, the
nominal PSF for this optimization using these 1157 points is shown in Figure 2.21. However, to
reduce the computation time required to determine the optimal imaging locations, the number of
locations available to choose from can be further reduced. Since the results obtained here are to be
compared with other imaging configurations, namely the DS3 configuration, the optimal imaging
locations for the two collector spacecraft interferometer can be found by determining the optimal
imaging locations for one of the two collector spacecraft within a quadrant of the imaging plane.
This reduction can be made because it has been identified that a collector spacecraft in the DS3
interferometer can only image within a quadrant at a time due to the sun-source angle limitation
which will be discussed in Chapter 3. To allow imaging of the source from the other two quad-
rants, the optimal imaging locations found in one particular quadrant are mirrored onto the others.
Hence, the number of imaging locations available to choose from for the collector spacecraft
within a quadrant is now 586. This number is slightly more than half the number of points quoted

above since all the points that are located on the boundary between the two quadrants are included.

Note that an intensity floor of 0.5 is seen in Figure 2.21 as opposed to zero as seen in Figure 2.5.
This is because in the radic regime, both the phase and magnitude of the received signal can be

recorded and therefore a multiplying interferometer can be used to interfere the signal. However,
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Figure 2.21 Nominal intensity pattern of a point source for a two collector and one combiner
spacecraft interferometer.

in the visible regime, an adding interferometer is used as it is not possible to record the waveform

of the science light. This 0.5 intensity floor is also seen in Kong et al, 1998.

The image size chosen to compare the different PSF images is 75x75 pixels. This is chosen over
the 101x101 pixel grid mainly because of the lack of computer memory available to perform the
optimization. However, to demonstrate the capability of the optimization technique, it is sufficient
to use only a 75x75 pixel image. Also, rather than penalizing over the entire square image, the
MSE is calculated over a circular sub-region. In doing so, the effect of penalizing more along the
diagonals of a square region due to the higher number of pixels is reduced. Hence, by penalizing
over circular region, there should be no preferential direction in which the imaging locations
should be placed. The circular boundary within which the MSE is calculated, is shown in the
respective PSF images.

In this optimization, the number of u-v points for a collector spacecraft is varied from 5 to 321.
The reason for this wide variation is that these results will be compared with the PSFs generated
using the Golay, Comwell and DS3 imaging configurations. Comparisons between the different
imaging configurations can only be made when these imaging configurations have similar num-
bers of imaging locations or equivalently, the numbers of u-v points. Since the results for the
Golay and Cornwell configurations are quoted in terms of the number of apertures, N, the number

of unique u-v points for each particular case is then (M (N-1) + 1). Hence, the first 10 optimal
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Figure 2.22 Optimized MSE imaging configurations for a two collector spacecraft interferometer.
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Figure 2.23 Decreasing MSE as the number of u-v points is increased.

imaging configurations determined using the optimized MSE technique correspoad to the NV = 3 to
12 Golay or Comnwell configurations.



56 IMAGING CONFIGURATIONS

Examples of the optimal imaging locations for a two collector spacecraft interferometer and their
corresponding PSFs are shown in Figure 2.22. The number of u-v points shown in the figure are
comparable to the rumber of unigue u-v points generated by the 3, 6, 9 and 12 aperture Cornwell
imaging configurations. Note the higher sidelobes in these PSF images when compared to the PSF
generated in a multiplicative interferometer as shown in Figure 2.9. Hence, to produce good inter-
ferometric images, more u-v points must be used such that the sidelobes in the PSF images are fur-
ther reduced. The PSF images for numbers of u-v points that are greater than 133 are shown in
Appendix A.

The effect on the MSE as the number of u-v points is increased is shown in Figure 2.23. As was
seen in the radio interferometer section, the obtainable MSE decreases as the number of imaging

locations is increased.

Similar to the results shown in the radio interferometry section, as the number of imaging locations
is increased, the interferometer can better mimic the nominal PSE. The PSFs generated from using
these imaging locations are compared with those generated from the imaging configurations that

have been discussed earlier.

2.5.2 Comparison with Other Imaging Configurations

In this subsection, the optimized MSE results for the two collector and one combiner spacecraft
interferometer are compared with those generated using the Golay, Comwell and the proposed

DS3 imaging configurations. The Golay and Cornwell configurations will be discussed first.

Since the Golay and Cornwell configurations are specified in terms of the aperture locations, the
equivalent aperture locations for the two coilector spacecraft must be determined. Using these
configurations, we first scale the size of the interferometer such that the distance between the cen-
ter of configurations and the farthest imaging locations is 500 m. The u-v points generated by
these scaled configurations are then used to deterinine the equivalent x-y imaging locations given
by:
u = :l:gg
A

(2.15)
2y,

V= I——

A
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Figure 2.24 Discrctized DS3 imaging locations and its corresponding PSF.

where x, and y, are equal to -x; and -y; since the two collector spacecraft are located diagonally
opposite to each other. Since the resulting imaging locations do not lie exactly on the pre-defined
hexagonal grid, the closest grid point is used instead. The PSFs generated using these imaging

configurations are shown in Appendix A.

Shown in Figure 2.24 are the discretized DS3 imaging locations and the corresponding PSF gener-
ated using these locations. Note that the imaging locations in the left figure tend to lie on straight
lines, which is desirable if the collector spacecraft are allowed to ‘Observe on the Fly’. This will
be further discussed in Chapter 3. In the PSF map, a relatively narrow mainlobe is generated using

these imaging locations. There exist, however, sidelobes across the PSF map.

Comparisons between the PSFs generated using the different imaging configurations are shown in
Figure 2.25. The figure on the left shows the comparisons between the Goiay, Cornwell and the
optimized MSE imaging configurations while the figure on right compares the results from the
optimized MSE and the DS3 configurations. Clearly indicated in the figure is the better perfor-
mance of the optimized MSE imaging configurations. As the number of u-v points is increased,
the configurations obtained using the optimized MSE continues to mimic the nominal PSF better
than others. Hence, it is clear from Figure 2.25 that the optimized MSE imaging configurations
are better at mimicking the nominal PSF when compared with the PSFs generated by the other

imaging configurations.
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Figure 2.25 MSE comparison for the different imaging configurations.

The results obtained thus far assume that the collector apertures are much smaller than the baseline
separation between apertures. The technique used to interfere the science light is based upon the
Michelson interferometer. An interferometer operating in this mode usually assumes that the tar-
get remains the same throughout the imaging process, which is true for most astronomical sources.
Terrestrial targets, however, tend to vary on short time scales. This then makes imaging temrestrial
targets using a Michelson interferometer impossible. There exists, however, another type of inter-
ferometer, where imaging of these rapidly changing targets is made possible. Such an interferom-

eter is known as the Fizeau interferometer and is discussed in the next section.

2.6 Fizeau Interferometer (Snap-Shot Mode)

In the Michelson interferometer, an image is obtained by taking measurements from only a subset
of u-v points generated by a single monolithic aperture. In most circumstances, measurements at
these u-v points are obtained over a period of time. It is assumed that the target remains
unchanged during this period. There exist, however, targets that change rapidly over time. These
targets can only be imaged with an interferometer that can provide full instantaneous u-v coverage.
Such coverage can be obtained through the use of a single monolithic aperture or alternatively, a
number of smaller apertures. Providing full instantaneous u-v coverage using multiple apertures is

made possible through the use of a Fizeau interferometer.
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As opposed to the Michelson interferometer, the Fizeau interferometer takes the combined science
light from all the apertures and focuses it onto a mulii-element detector, such as a multi-pixei
Charge Coupled Device (CCD). Rather than just counting the number of photons hitting the
detector, spatial information across the combined light beam is extracted through the multi-pixel
detector. The Fizeau interferometer requires that all u-v measurements be made simultaneously
and that there exist no gaps across the spectrum of the u-v measurements: full instantaneous u-v

coverage.

A separated spacecraft Fizeau interferometer is currently being considered as a design option to
image terrestrial targets for the NASA’s New Millennium Program: DS3. Since the mass of a
spacecraft is dependent upon the size of the apertures, among other components, the objective of
this section is determine the minimum aperture size required for the collector spacecraft such that
full instantaneous u-v coverage is still obtained. This minimum is determined based on the fill fac-
tor, which defines the ratio between the total collecting area of the interferometer and the area of a
filled aperture of equivalent full u-v coverage. Full u-v coverage is defined as a radius in the u-v
plane within which the imaging system acquires at least one measurement for all possible values of
u and v. This is shown by the white circles in Figure 2.28 where the black regions indicate u-v
points at which at least one measurement is taken. A filled aperture with equivalent u-v coverage

corresponds to a filled circular aperture whose coverage in the u-v plane has this same radius.

In Fourier optics, the u-v distribution of an interferometer can be determined by correlating the
apertures in the interferometer with themselves [Gorham, 1998]. This auto-correlation can easily
be determined using a digital computer if the apertures are initially discretized into sub-elements.
An example of the u-v point distribution using the Golay-6 imaging configuration is shown in
Figure 2.26. The left plot shows the six discretized apertures while the plot on the right shows the
distribution of the u-v points generated by these apertures. Since there are more short sub-element
separations within these apertures, redundant u-v measurements are made for small values of u and
v. This is clearly seen in the right plot as high occurrences of the small u-v components when
compared to the large u-v components. The occurrence in this context refers to the number of
times that a particular u-v separation exists in the system. Hence, by taking the auto-correlation
function of the interferometer, not only the u-v coverage of the interferometer can be determined

but the level of redundancy in the measurements acquired at different u-v points is also found.

In this application, however, we are only interested in finding the minimum sized apertures for

which at least one measurement is made for all values u and v throughout the range of u-v cover-
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Figure 2.26 The u-v coverage distribution using the Golay-6 imaging configurations.

age. Even though the auto-correlation technique can be used, a bounding technique is developed
instead. The advantage in using this bounding technique is due to its simpler computation in deter-
mining the interferometer’s u-v coverage, especially when operates over a range of electromag-
netic frequencies. This bounding method, however, does not give any indicaticn about the
redundancy in u-v point measurements. If this redundancy is needed, for signal-to-noise purposes,

we will have to resort to the auto-correlation function method discussed in the above paragraph.

Hence, in this section, a bounding technique to determine the u-v coverage for a Fizeau interfer-
ometer is developed. This is done by first determining the coverage of a single and a two aperture
system. In order to determine the performance for different numbers of apertures interferometers,
a fill factor metric is introduced in Section 2.6.2. Then, using the Golay and Comwell imaging
configurations, which are optimized for snap-shot imaging, the minimum aperture size (minimurn
fill factor) required to provide a full instantaneous u-v coverage is determined. Even though there
does not exist a single location for the combiner which is equidistant from all the collectors in the
Golay configurations, it is assumed that optical delay lines can be implemented to ensure that the
same wavefront from the target can be interfered. Finally, in Section 2.6.4, the aperture size
required to obtain full instantaneous u-v coverage when a range of electromagnetic frequencies are

interfered is determined.
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2.6.1 Calcuiating u-v Coverage for Simple Systems

In the Michelson interferometer, the u-v coverage of the interferometer is dependent solely on the
separation of the apertures. In the Fizeau interferometer, however, it is dependent on both the sep-
aration and the size of the apertures in order to provide the required full instantaneous u-v cover-
age. This couples minimum baseline to aperture diameter since measurements made at smaller u-
v values than allowed by aperture separation must be made within individual apertures in order to
ensure full u-v coverage. As a result, the size of the apertures is of the same order as the minimum

separation between the apertures.

Since aperture diameter and minimum baseline separation are coupled, and the apertures are
assumed to be equal, this analysis can be simplified by considering only the boundary which the
aperture covers in the u-v plane since all smaller u-v values will be provided. Any circular aper-
ture can be thought of as a compilation of contiguous sub-apertures. Each possible pairing of sub-
apertures results in a measurement at a particular u-v value. The pairing of sub-apertures that are
diametrically opposed provides a measurement at the largest u-v value. All other pairings provide
measurements at smaller u-v separations. Therefore, to account for all u-v point measurements
enabled by a single circular aperture, only the diametrically opposed sub-aperture pairings (bound-
ary) need to be considered since all smaller u-v values are provided. As will be discussed, this
simplification also applies to the u-v coverage of a multi-aperture system. First, determine the
locus of all u-v points provided by pairing (within and between apertures) sub-apertures that lie on

each aperture’s boundary. Then, the regions within this closed locus will also be filled.

The determination of the u-v coverage due to a single aperture can be explained with reference to
the single aperture plot in Figure 2.27. The single aperture is shown as a dashed circle with radius
r centered about the origin. To determine the u-v coverage of this single circular aperture, the
aperture must be auto-correlated with itself. Furthermore, since we are only concerned with the
boundary of the aperture’s u-v coverage, the u-v coverage of the single aperture can be determined
by centering this same aperture of radius r, on the boundary of the original aperture and sliding its
center around the circumference. As these imaginary apertures, shown as dotted circles in the fig-
ure, sweep out a region of full u-v coverage, one can clearly see that a circle of radius 2r centered
about the origin will encompass this region. If this 2r radius circle is normalized by the wave-
length of interest, then this circle will be the u-v coverage boundary of the single aperture. Hence,

one can then conclude that a circular aperture of radius r has a u-v coverage of 2r/A which corre-
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Figure 2.27 The u-v coverage for a single and two aperture systems.

sponds to the value of u and v that results from the pairing of sub-apertures on the aperture’s

boundary that are diametrically opposed across the apertures.

Applying this bounding technique to a two aperture system, the u-v coverage of an interferometer
with two different apertures of radii r; and r, centered about (x,,y;) and {x,,y,) is also shown in
Figure 2.27. Clearly seen in the figure is the u-v coverage of the interferometer bounded by three
distinct circles. The first circle, denoted by L, is the u-v coverage of the larger aperture. The sec-
ond and the third circles, denoted by L, and L,,, are the u-v coverage provided by the intra-aper-

ture separations. These boundaries have a radius of (r)+r;)/ A centered about
X275 yz‘yl) d(xl‘xz Y1772

( AL VY Bl U W)

associated with the aperture baseline, denoted by B in the figure. Even though only three circles in

. Notice that these centers correspond to the u-v values

the u-v plane are seen in Figure 2.27, the u-v coverage is actually bounded by four circles with two
located at the origin. However, due to the greater u-v coverage obtained from the larger of the two
apertures, the u-v coverage from the smaller aperture, denoted by L,, in the figure, is located
within the larger coverage. Since we are only interested in the boundary of the u-v coverage, the
corresponding interferometer’s coverage centered about the origin is given by -)2:max( ry, rp). The
regions denoted as L;; and L,, result from the auto-correlations of the two apertures and L;, and
L,, result from cross-correlation. Even though an interferometer with two different aperture diam-
eters is considered here, in the subsequent analysis, we will only consider apertures of the same

size.
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Extending this analysis further, we can now determine the u-v coverage for an N aperture interfer-
ometer. However, looking at Figure 2.27, how do we decide which of the two systems is better?
In the next subsection, a metric based upon the total collecting area of the system and its u-v cov-

erage is presented. This metric is known as the fill factor (FF) metric.

2.6.2 The Fill Factor (FF) Metric

In this section, we want to determine the minimum aperture size for a Fizeau interferometer such
that its full instantaneous u-v coverage is equivalent to that of a filled aperture telescope with the
same angular resolution. In this case, interferometers with small apertures are desirable since they
require less mass and cost. In addition, high angular resolution (small values) in two directions is
also desirable. Since we are only considering circular apertures in this study, the metric to be min-
imized can be given as a product of the two-axis angular resolution of the interferometer and its

total collecting area subject to the constraint that full instantaneous u-v coverage is achieved. This

(ar,)ar,
\zr_ 2R _ T

is given by:

0,0Ar

: 2.16

_@_2(_"7_) @10
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where 8, and 6, are the angular resolutions in the x- and y- directions, Ay is the total coilecting
area, A is the operating wavelength and R, is the radius of the equivalent filled aperture that pro-
vides the same u-v coverage and therefore angular resclution. In the equation, 8, and 6, are set to
be equal because we are only considering circular apertures. Since the size of the apertures can be
changed, which in turn affects the size of the equivalent aperture, and the operating wavelength is
fixed, the only variables that exist in the equation are the ones grouped together within the paren-
thesis. Denoting n as the total number of apertures, each with radius r, the terms in the parenthesis

can be rewritten as:

r\2
FF = n(—-) (2.17)
Resr

This relationship is known as the fill factor (FF) of the interferometer. This FF is 2 measure of the
interferometer’s total collecting area over the area of a filled aperture that can provide the same u-

v coverage. This means that an interferometer with a small FF requires a small fraction of the col-
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lecting area of a filled aperture, of equivalent angular resolution, ir order to provide full instanta-
neous u-v coverage. This is desirable since such a system would also have a small fraction of the

filled aperture’s mass and therefore cost.

As an example, we compare the two systems shown in Figure 2.27. The single aperture system
shown in the figure has a FF of 1 since r is equal to R, Assuming r; is the larger of the two aper-
tures, the FF of the two aperture system is 1 + (r,/ rl)2 » where R g is again equal to r;. Using the
FF metric, we see that the addition of a second aperture did not increase R,g which therefore
resulted in a higher FF. While measurements are made at additional u-v points, these points do not
increase the circular area within which u-v coverage is full. From this, we can then conclude that
it does not make any sense to include only a second aperture to reduce the FF of the interferome-

ter.

Even though we saw that the FF performance of a single aperture is better than a two aperture sys-
tem, there is no indication that an interferometer with more apertures will perform worse. As we
will see in the next subsection, when more apertures are added to the interferometer, better FF per-

formance is achieved.

2.6.3 Minimum Aperture Size - Singie Frequency Results

As was mentioned before, in order to obtain full instantaneous u-v coverage, we must consider
both the separation and the size of the apertures. However, rather than trying to determine the
optimal aperture separations, the Golay and Cornwell imaging locations (Section 2.1.1 and
Section 2.1.2), which are optimized for snap-shot imaging, are used instead. Using these imaging
locations, the problem can then be reduced to just determining the minimum aperture size that

gives the minimum FF performance.

The apertures that give the minimum FF for four Golay imaging configurations are shown in
Figure 2.28. The size of the apertures (r), given in terms of the radius of the array (R), are shown
in the left figures. The radius of the array, R, is defined as the distance from the center of the array
to the center of the farthest aperture. The corresponding u-v coverages provided by these arrays
are also shown in the figure. In each of these figures, the largest circle in which no u-v ‘holes’
exist, is shown in white. The non-dimensional radii of these circles, R, are determined by visual
inspection. Notice that for a fixed array dimension (R), increasing the number of apertures dramat-

ically reduced physical aperture area. However, it also reduces the extent of full u-v coverage



Fizeau Interferometer (Snap-Shot Mode) 65

3 spacecraft uv coverage 6 spacecraft uv coverage
15 1.5 3
(= g
!
& (P €0
@ :o_m o
= 15 0 3 s
- xﬂ’l ) ulR o
9 spacecraft uv coverage 12 spacecraft
15 3 15
AT N °
l/ . o\ ® ? > o
L ]
ATEE IE
Ne . / o,
r= 0.081R Hwtt
55 15 33 0 3 s
% o 2

Figure 2.28 Minimum aperture size required to provide full u-v coverage for the Golay arrays.

(R,,). Nonetheless, fill factor decreases as the number of apertures increases because the rate at

which aperture area decrease outpaces reductions in u-v performance.

Also seen in the figure is the smallest separation between two apertures in the array is no more
than two aperture diameters apart. Since both the intra- and inter- sub-aperture element separa-
tions contribute towards the u-v coverage of the interferometer, separations of greater than twice
the diameter of apertures must be provided by the intra-aperture elements. To ensure a full instan-
taneous u-v coverage, the minimum separation between the elements on the two apertures must
not exceed the diameter of the apertures, which means that the separation between the apertures
must be at most two aperture diameters apart. Hence, in order to obtain a full instantaneous u-v
coverage, the minimum separation between two apertures in the array must not exceed twice the

diameter of the apertures.

The results using both the Golay and Cornwell imaging configurations are tabulated in Table 2.5.
In terms of the non-dimensionalized parameters given in the table, the fill factor (equation 2.17) of

the n aperture Fizeau interferometer can re-written as:
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TABLE 2.5 Results for Golay and Cornwell configurations for monochromatic imaging.

No. of Golay Configurations Cornwell Configurations
Points | Aperture:Array | u-v radius EF Aperture:Array | u-v radius EF
(n) (+/R) (R,/R) (%) (~/R) (Ry/R) (%)
3 0.50 2.00 75 0.50 2.00 75
4 - - - 040 1.95 67
5 - - - 0.31 2.02 47
6 0.19 1.66 31 032 227 48
7 - - - 0.26 2.03 46
8 - - - 0.24 221 38
9 0.08 1.08 20 0.21 2.12 35
10 - - - 0.21 (0.18) 2.24 (1.14) | 35(100)
11 - - - 0.18 2.07 33
12 0.05 0.90 15 0.18 (0.15) 2.23 (1.27) 31(67)
FF = n(RL)?
o (2.18)
S 1
(. 72)(R,,/R)

since R,z is equal to half of R, for a single filled aperture. The general trend seen in the table
indicates that FF decreases as the number of apertures is increased. For the Cornwell-10 and
Cormnwell-12 configurations, the minimum aperture size required to provide a full u-v coverage
causes the apertures to overlap. Since this is physically impossible, the maximum aperture size is

determined based upon the minimum separation between the spacecraft (values in parenthesis).

The FF results in Table 2.5 are also plotted in Figure 2.29. Comparison between the two indicates
that smaller apertures can be used in the Golay imaging configurations. This is due to the com-
pactness of the u-v points optimized using the Golay metric. On other hand, the Cornwell config-
urations are optimized for distributing the u-v points evenly and, therefore are not as compact and
therefore efficient at providing full instantaneous u-v coverage. Even though the Cornwell config-
urations generate larger u-v coverages, larger apertures are required, which in turn increases the
FF.

Operating a Fizeau interferometer using the Golay configurations requires smaller apertures when

compared to an interferometer using the Comwell locations. In the Golay configuration, however,
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Figure 2.29 Fill factor comparison for the two imaging configurations.

there does not exist a location at which a combiner can be placed such that the same wavefront
from the target can be combined. To overcome this problem, we can either introduce optical delay
lines, or place the inner collectors farther away from the target, while the entire array still proicts
the same configuration as before. This, however, is not an issue if the Comwell configurations are
used since all the apertures are located on a circle. Therefore, selecting the best array configura-
tion depends upon the efficiency with which differential pathlength is accommodated in the Golay

configuration.

In this subsection, the interferometers were assumed to be operating at a single frequency. Hence,
the u-v coverage of these interferometers varied with the size of the apertures only. From the defi-
nition of u and v in equation 2.1, the interferometer’s coverage can also be varied by changing the

operating frequency of the interferometer. This possibility is examined in the next subsection.

2.6.4 Aperture Size - Visible Spectrum

From equation 2.1, we see that the u-v coverage of 2 Fizeau interferometer can be affected by the
separation and size of the apertures and also its operating frequency. In the previous subsection,
the former is considered with the frequency being held constant. In this section, however, we will
determine the aperture diameter that correspond to the minimum FF for an interferometer operat-

ing over a spectrum of frequencies.
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TABLE 2.6 Results for Golay and Cornwell configurations for broad band imaging.

No. of Golay Configuraticns Cornwell Configurations
Points | Aperturc:Array | u-v radius EF Aperture:Array | u-v radius F.F
(n) (r/R) (R/R) | (%) (/R) ®R/R) | (%)
3 0.50 200 | 75 0.50 2.00 75
4 - - - 0.38 1.89 65
5 - - - 0.29 1.90 47
6 0.16 1.52 27 0.20 1.98 24
7 - - - 0.18 1.80 28
8 - - - 0.15 1.91 20
9 0.07 1.09 15 0.15 1.97 21
10 - - - 0.12 1.85 17
11 - - - 0.11 1.78 17
12 0.04 0.85 11 0.10 1.98 12

In the previous section, the u-v coverage of the interferometer is normalized by its operating wave-
length. Assuming that the Fizeau interferometer is operating over the entire visible spectrum, we
can normalize the wavelengths of interest such that the normalized wavelength is bounded by 1
and 1.75. Separating these normalized wavelengths into ten distinct wavelengths, the total u-v
coverage of the interferometer can then be determined by overlaying the individual u-v coverages.
Note that changing the wavelength does not change the size of the aperture that corresponds to the
minimum FF. This is because changing the wavelength only scales the size of the u-v coverage by

the ratio that the wavelength is changed.

The results using both the Golay and Comwell configurations are tabulated in Table 2.6. The fill
factor in the table is calculated with respect to the single monolithic aperture required to provide
the equivalent u-v coverage at the normalized wavelength of 1.0. In doing so, the size (R of the
single filled aperture required to provide the equivalent full instantaneous coverage is the smallest
since larger apertures are required only if longer wavelengths are used. As expected, the trend in
the table indicates that as the number of apertures is increased, smaller apertures can be used to

obtain full instantaneous u-v coverage.

Overlaying these results with those from the previous subsection, the two configurations can be
compared (Figure 2.30). Clearly, the FF performance obtained with broadband light is better, par-
ticularly for the Comwell configuration. This is to be expected as coverage of the interferometer is

due to the contributions from a range of single frequency coverages. Also seen in the figure is the
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Figure 2.30 Fill factor comparisons between single frequency and multiple frequency imaging
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significant improvement in FF for the Cornwell configurations. Since the u-v coverage of the

Golay configurations are optimized to be as compact as possible, superimposing the coverages

from different frequencies does not significantly improve the performance. With the Cornwell

configurations, where the u-v points are more distributed, superimposing the coverages allows the

low frequency coverages to cover the ‘holes’ that exist in the high frequency u-v coverages. The

combination of these high and low frequency coverages therefore allows larger u-v coverage

which reduces the fill factor of the system. To illustrate this, the u-v coverage of the Cornwell-10

configuration for both the single frequency and multiple frequency system are shown in

Figure 2.31. Using the aperture size determined in the multiple frequency coverage, ‘holes’ in the
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Figure 2.31 Single and multiply frequency u-v coverage comparisons.
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u-v coverage of a singie frequency system are observed. In the multiple frequency coverage, these

holes are filled in by superimposing the coverage from different frequencies.

From equation 2.17, we see that the FF of a given number of aperture can be decreased by either
decreasing the size of the apertures (r) or increasing the size of the u-v coverage (R, = ZReﬁ)- It
was observed that it is more advantageous to try to reduce the size of the apertures than to enlarge
the outer boundary of the u-v coverage in order to get a lower FF. This is especially true for con-
figurations with higher numbers of apertures. In these high number of aperture configurations, the
increase in the total aperture area is more significant than the u-v coverage increase when the size
of the apertures is increased. The more significant increase is due to the fact that the total aperture
area is the sum of all thu aperture areas. Hence, in these circumstances, it is better not to increase

the size of the apertures.

For simplification, the apertures in this analysis are constrained to have the same size. Careful
inspection of the aperture locations with respect to each other will reveal that the smallest separa-
tion between two apertures in the physical plane is no more than two aperture diameters apart,
especially for the single frequency analysis case. These small aperture separations are required to
provide the small u-v components in the u-v coverage. Since it is not safe to formation fly these
apertures at such close proximities, the analysis may have to be performed such that varying aper-
ture sizes is allowed. For example, rather than formation flying two small apertures close to each
other, it may be better to replace these two small apertures with a larger aperture to provide the
small u-v components of the coverage while smaller apertures are used to provide the larger u-v
components. Another possible solution is to structurally connect these aper.ures while the large u-
v components are provided by apertures on different platforms. This hybrid design, using structur-
ally connected and separated spacecraft in the same system, is proposed as a design alternative to

the DS3 Earth Imager by the Space Systems Laboratory at MIT [Miller et al, 1998].

2.7 Summary

In this chapter, the optimal apertures locations for a separated spacecraft interferometer were
determined. Imaging configurations that have been proposed for both radio and optical interfer-
ometry were discussed and used to compare with the results obtained. The Golay and DS3 imag-
ing configurations were developed for visible interferometry while the Cornwell points were

initially developed for instantaneous imaging in the radio regime.
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The notion of Point Spread Function (PSF) was introduced and a metric based on how well the
interferometer can mimic a nominal PSF was developed. This metric is known as the image Mean

Square Error (MSE) metric.

Using the simulated annealing optimization technique, the optimal MSE aperture locations, given
a limited number of aperture locations, for both radio and optical interferometers were determined.
As the number of aperture locations is increased, better MSE performance is obtained. In fact, the
relationship between the MSE metric and the number of imaging locations can best be described
by a second order inversely proportional curve. Comparing the results with the already proposed
configurations, the opimized MSE configurations are much better at mimicking the nominal PSFE.
Rather than trying to mimic the entire nominal PSF image, the analysis developed in this chapter
also allows one to penalize within a selected region of the PSF. This optimization is one the

advantages that the methodology developed in this study has over other methods.

The optimal imaging locations for a two collector and one combiner spacecraft operating in the
visible regime were also determined. The results obtained were found to perform much better than

proposed configurations such as the DS3 configuration.

Array characteristics for a Fizeau interferometer were also determined in this chapter. Using the
Golay and Comwell configurations, the aperture size required to provide full instantaneous u-v
coverage is determined for an interferometer operating in the visible regime. A metric to compare
the coverage from the different configurations is defined. This metric, the fill factor ratio, is
defined as the ratio of the total aperture area of the interferometer to the largest single aperture area
that can provide the same u-v coverage. The lower this number, the better the interferometer’s

mass efficiency in providing u-v coverage.

The results for single frequency coverage favor the Golay configurations. However, when the
entire visible spectrum is considered in the interferometer’s u-v coverage, significant reductions in
fill factor occur for the Cornwell configurations. This is attributed mainly to the fact that the
‘holes’ in the high frequency coverage are filled by the low frequency coverage of the interferom-
eter. This improvement is not evident in the Golay imaging configurations since these points are

optimized for compactness.

Hence, in this chapter, the optimal imaging locations for interferometer operating as a Michelson
interferometer are determined. These imaging locations are used in the next chapter to determine

the optimal spacecraft trajectories to image the target. Also in this chapter, the minimum aperture
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size for a Fizeau interferometer required for imaging rapidly changing targets is also determined.
These results can be used to design an Earth Imager system, which is a design option for the New

Millennium DS3 program.

B | V" O ¥SA mem

- o

o e B

= RT E PEORSROED RN e e .



Chapter 3

IMAGING OUTSIDE OF A GRAVITY-
WELL

In Chapter 2, the optimal imaging locations for a two collector and one combiner spacecraft oper-
ating in the visible regime were determined using the Mean Square Error (MSE) metric. In that
optimization, we constrained the imaging locations to lie on the plane that is perpendicular to the
interferometer’s line of sight (LOS). If the interferometer is placed outside of a gravity-well, the it
is assumed that the motion of the spacecraft depends only on the firing of their thrusters. In this
chapter, the optimal trajectories for an interferometer located outside of a gravity-well are deter-

mined. The spacecraft trajectories within the Earth’s gravity-well are examined in Chapter 4.

Solving optimal trajectory problems is not new. An excellent text by Kirk entitled ‘Optimal Con-
trol Theory’ presents solutions to time and fuel optimal problems. However, due to the large and
discrete nature of the optimization space presented to us, a different method is used. This large tra-
jectory optimization problem is also known as the Travelling Salesman Problem (TSP). The opti-
mal trajectories determined in this study were found using some of the algorithms [Lin, 1965]

developed to solve the TSP.

Since the Earth’s atmosphere usually attenuates or scatters electromagnetic waves, the perfor-
mance of a ground-based imaging system is usually degraded. This is especially true for a system
operating in the visible regime. By going to space, the performance of the system can be much
improved. In fact, the Hubble Space Telescope is reported to an have angular resolution which is
ten times better any ground-based telescopes. Hence, to improve the performance of a visible tele-
scope, one obvious choice is to place it in space. The ultimate choice, however, is to use a space-

based multiple aperture interferometer, such as a separated spacecraft interferometer (SSI).

73
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Outside of a gravity-well, a SSI interferometer can operate in two modes: the ‘Stop and Stare’
mode; and the ‘Observe on the Fly’ mode. Imaging in the ‘Stop and Stare’ mode requires the
spacecraft to be held stationary relative to each other when interferometric measurements are
made. This mode, though easier to implement, usually requires more resources. The second
mode, however, allows the spacecraft to move relative to each other during the entire imaging
sequcnce. Since the ralative locations of the spacecraft must be known precisely, this presents a
major technological challenge to ensure the same wavefront from the target is interfered at the
combiner spacecraft. Even though this second method requires less resources, we only consider

the ‘Stop and Stare’ imaging mode in this study.

In the next section, we develop the two metrics that are used to determine the spacecraft’s optimal
trajectories. To compare the different imaging trajectories, the mass estimates for the NASA’s
DS3 mission are used in this study. The travelling salesman algorithm, an heuristic algorithm used
to determine these optimal trajectories, is presented in Section 3.1.3. In Section 3.2, we determine
the optimal trajectories for a two collector and one combiner spacecraft visible interferometer.
The interferometer is assumed to be operating in the ‘Stop and Stare’ imaging mode. Allowing the
number of collectors in the interferometer to be a free variable, the optimum interferometer archi-
tecture is determined in Section 3.3. The issues that were not considered in this analysis are dis-

cussed in Section 3.4. Finally, the findings in this chapter are summarized in Section 3.5.

3.1 Trajectory Optimization - ‘Stop and Stare’

In this section, we present two different performance measures by which the optimal trajectories
for a two collector and one combiner interferometer are determined. The two performance mea-
sures are propellant mass and imaging time. In the case of a three spacecraft interferometer, the
total mass of the interferometer consists of its dry and propellant masses. Since the dry mass of the
interferometer is fixed, the total system mass can be minimized by determining the propellant

required to move these spacecraft to their pre-determined imaging locations.

Due to the emergence of highly efficient space propulsive units, the propellant requirement for
spacecraft to carry out a mission can be significantly reduced. In cases where the total propellant
requirement is very small compared to the spacecraft dry mass, it does not make sense to deter-
mine the interferometer’s optimal propellant trajectories. Rather, the time in which the interferom-

eter can acquire an image is used.
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Throughout this analysis, two important assumptions are made. The first is the acceleration of the
spacecraft is assumed constant throughout the entire mission. This is not entirely true since the
mass of the spacecraft changes as propellant is consumed throughout the maneuvering sequence.
However, it does seem more reasonable to assume that the acceleration is constant during a single

image sequence.

The second assumption made is that the total imaging time is only affected by the time required to
maneuver these spacecraft. Integration time for the collector spacecraft at each imaging location is
assumed to be in the order of minutes while the spacecraft maneuvering time between two consec-

utive imaging locations is in the order of hours [Linfield, 1997].

In the following subsections, we present the two metrics that are used to determine the optimal tra-
jectories for 2 DS3 like interferometer. The travelling salesman algorithm used to determine these
trajectories is also presented. Before presenting the results in the next section, the DS3 mission

parameters are also presented.

3.1.1 Mass Metric

The objective in this optimization is to determine the trajectory that the spacecraft should take such
that minimum propellant is expended. Given the locations that spacecraft must traverse to, the
minimum propellant trajectory is obtained by determining the minimum time that the spacecraft
should fire its thrusters between x-y imaging locations throughout the imaging sequence or alterna-
tively, the spacecraft coasting time should be maximized. Such a trajectory can be achieved by
using a trapezoidal velocity profile where the spacecraft accelerates and decelerates with an accel-
eration of a, for a period of time ¢, in each case, and coasts for a time of t,. Therefore, the coasting
time for a spacecraft traversing the distance s; between two consecutive imaging locations, i and
i+1, is determined to be:
S - at?'.
i ail

by = et 3.1)

atai

However, if the spacecraft are allowed to take an infinite amount of time to carry out the imaging
sequence, the propellant expended will be infinitesimally small. Hence, to obtain the minimum
mass trajectory, a maximum imaging time must be specified. The total imaging time constraint

equation is then given by:
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N
2 (2tai+ 'bi) = Timage (3-2)

i=1

Substituting equation 3.1 into equation 3.2, and making the assumption that #,; is the same for all i

to simplify the problem, the total firing time, 7. (= N1,) is therefore:

N
N
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image

Toee = > b= (3.3)
where the acceleration of the spacecraft is simply the thrust produced by the propulsion system
divided by the mass of the spacecraft and, the summation of s; is a function of the spacecraft trajec-
tory. Even though there are two possible solutions, orly the solution with a smaller T, value is
accepted since the solution with the larger T, gives a negative coasting time. The smaller T,
value corresponds to the solution with the minus (-) sign in equation 3.3 as the value in the square-

root is always less than T, if a feasible solution does indeed exist.

Finally, given the specific impulse of the propulsion unit, /,,, and the acceleration of the space-
craft, a, the propellant to spacecraft mass ratio required by a collector spacecraft to traverse

through the x-y imaging trajectory is:

m AV
~prop _
(7,

sc sp

)- i (3.4)

where g is Earth’s gravity and AV is equal to a7,.

3.1.2 Time Metric

In cases where the propellant requirement is very small compared to the spacecraft mass, rather
than considering the propellant mass, the minimum time required for the spacecraft to complete
the imaging process is more desirable. This is especiaily true when high specific impulse thrusters
such as Pulse Plasma Thrusters (PPTs) are used. PPTs have a specific impulse in the order of 10600
s with a maximum thrust of only 5 mN when operated at full power [Linfield, 1997]. The amount
of teflon required for the PPTs is small compared to the total spacecraft mass, hence a better metric

is to compare the time required to obtain an image. The thrust produced by PPTs is dependent
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upon the power available to the propulsion unit. Generally, a linear relationship between space-
craft power and the PPT thrust is assumed and hence, the limitation in the time optimized trajec-

tory lies in the spacecraft power.

As opposed to the mass metric described in the previous subsection, this second form of trajectory
optimization calls for the minimization of the total spacecraft maneuvering time required to com-
plete the trajectory given a fixed acceleration. In this case, the coasting time is set to zero such that
the thruster firing time is maximized. The shortest time required for a spacecraft to travel between
imaging locations, given that the spacecraft velocities at those locations are zero, is to follow a tri-
angular velocity profile. That is, the spacecraft accelerates to the mid-point of the two imaging
locations and decelerates until the spacecraft comes to a stop at the destination. Therefore, the

time required for the spacecraft to traverse a given trajectory is:

N
2
T = :/ZZJ’—" (3.5)

i=1

Hence, optimizing the time trajectory involves minimizing the sum of the square-rooted distance

between all the imaging locations.

3.1.3 Optimization Strategy - Travelling Salesman Algorithm

The two optimization problems discussed above are equivalent to the more commonly known
problem, the Traveling Salesman Problem (TSP) [Lin, 1965]. There is a considerable amount of
literature published regarding methods to solve the TSP. Due to the large optimization space, it is
impossible to determine the global minimum to these problems within a reasonable computation
time. In these problems, the number of states that must be considered grows prohibitively large
with the number of locations. However, highly efficient heuristic algorithms are available to solve
the TSP with large numbers of states. Even though the sclution obtained cannot be guaranteed to
be the global minimum, a solution close to the global minimum is achieved within a short compu-

tation time.

A simple TSP algorithm is adopted for the two trajectory optimizations. The algorithm allows a
randomly chosen point on the trajectory to be either swapped with another randomly chosen point
on the trajectory or inserted at a randomly chosen location on the trajectory. The cost of the tour is

then calculated and accepted only if the cost achieved with the new trajectory is less than the cur-
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rently accepted trajectory. This algorithm is found to be quite efficient and the solution to the opti-
mization is determined when no new solution is accepted for more than 15000 consecutive trials.
Similar to the optimization procedure in Chapter 2, the optimization was carried out three times in

each case with only the best resuit being presented.

3.1.4 Mission Parameters

To allow comparison of the different imaging configurations, estimates for the spacecraft mass and
propulsion characteristics must be made. The spacecraft masses adopted in this study are consis-
tent with those proposed for the DS3 mission [Blackwood et al, 1998], where the collector space-

craft mass is set at 150 kg and the combiner is set at 250 kg.

To ensure that light from the target reflected from each of the collector spacecraft to the combiner
spacecraft is combined at the same wavefront, the distances from the collector spacecraft to the
combiner spacecraft must be kept the same. For a two collector and one combiner spacecraft inter-
ferometer system, this can be achieved by placing the spacecraft at the vertices of an isosceles tri-
angle. Even though the equal path length requirement is met with an isosceles triangle
configuration, the angle that the reflected light makes with the collector spacecraft plane is fixed at

60°. This angle is fixed because it is assumed that the combiner spacecraft design does not allow

Line of
Star Sight Star
Light Combiner Light
7 \60° 609"\
¥ Y
Collector Collector

Figure 3.1 Three spacecraft interferometer imaging configuration.
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reflected light to be received at varying angles. Hence, the three spacecraft will form an equilat-

eral triangle as shown in Figure 3.1.

In this analysis, we consider two types of propulsion systems. The first one is a cold gas, GN5,
propulsion system, which produces 4.5 mN of thrust with I;; between 50 s and 75 s [Larson et al,
1992]. Each of the spacecraft is assumed to be equipped with 12 such thrusters with 2 thrusters
available in any one direction. Hence, the total thrust available for each spacecraft is 9 mN in any

one direction. In this analysis, an I, of 62.5 s is assumed for the propulsion system.

Work by Linfield suggests that the DS3 system requires approximately 264 hours to image a
source [Linfield, 1997]. Due to the rather low levels of thrust produced by the cold gas propulsion
system, the 264 hours imaging time is chosen as the time constraint to ensure that the spacecraft
can complete the imaging sequence within the specified time. Using this value, the number of tar-
gets that the interferometer can image in 6 months is approximately 16. From equation 3.4, the

propellant to spacecraft mass ratio required to obtain Ny, ,,. images is therefore:

. |4
meroe = exp NlmageA -1 (36)
mge lspg

The second propulsion system that is considered in this work are PPTs. PPTs are highly efficient
propulsion systems with high specific impulse (1000 s). PPTs, however, produce very low levels
of thrust. A system with 40 W of power allocated to the PPTs will have only a maximum thrust of
0.7 mN [Linfield, 1997]. Due to the low levels of thrust and the high specific impulse, the
required propellant mass is very small compared to the overall spacecraft mass. Hence, it makes
more sense to compare the total imaging time between the different imaging configurations when
PPTs are used. Both the cold gas and the PPTs are currently being considered for the DS3 mission
[Gallagher et al, 1998].

3.2 Two Collector Interferometer

Using the metrics, the optimization strategy and the mission parameters presented in the previous
section, we are now ready to determine the optimal trajectories for the two collector and one com-
biner spacecraft interferometer. We assume that the interferometer operates in the ‘Stop and Stare’

imaging mode.
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Figure 3.2 Imaging constraint due to combiner-collector-sun angle.

Since we are considering only a two collector interferometer, the origin of the interferometer can
be set at the mid-point between the two collector spacecraft. In doing so, when we place the first
collector at (x,y), the second is then automatically located at (-x,-y). Due to this constraint, we can
then reduce the optimization to just determining the optimal trajectories for one of the two collec-

tor spacecraft.

In DS3, the proposed imaging configuration is divided into four quadrants with each spacecraft
traversing through the locations in two of the four quadrants. To image a target, it was determined
that each spacecraft will take interferometric measurements in their first quadrant and then traverse
their second quadrant three months later. The reason for this is due to angle at which the three
spacecraft are oriented with respect to the Sun. Assuming that the interferometer is imaging a tar-
get that is located normal to the ecliptic, depending upon the location of the interferometer in its
orbit around the Sun, it is only possible to image the target by placing the collector spacecraft in
two of the four quadrants. Since the science light is reflected off the collector to the combiner, the
orientation of the collector spacecraft to the combiner in one of the quadrants wili allow the com-
biner to see the light from the Sun as well, which would overwhelm if not damage the system.
However, by placing the two collectors in the two allowable quadrants to image the target, the res-
olution in the orthogonal direction can therefore be obtained three months later by moving the
spacecraft to the other two quadrants. Both the allowable and not allowable spacecraft locations as

viewed from the above the ecliptic are shown in Figure 3.2.

In the DS3 mission, establishing metrology lock between spacecraft separated by at least 100 m is
not a trivial exercise. Rather than expending resources to re-establish the metrology lock after a

maneuver, the three spacecraft are to remain in an equilateral triangle even when they are moving
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Figure 3.3 Collector spacecraft thruster firing at 42.5° due to the difference in the propulsive
acceleration produced on the spacecraft.

relative to each other. In order to do so, the collector spacecraft must be thrusted at 42.5° to the
imaging plane if the combiner spacecraft is restricted to be along the interferometer’s line of sight
(LOS) [Linfield, 1997]. Thrusting the collector spacecraft at this angle is required because the col-
lector and combiner spacecraft have different mass but use the same propuisive system. To sim-
plify the analysis, the z component of the collector’s location is determined by multiplying the
distance from the center in the x-y plane by the tangent of 42.5°. Hence, at the location (x,y), a col-
lector spacecraft will be at the coordinates (x,y,-z) with the second collector at (-x,-y,-z). The com-
biner spacecraft is then located on the z-axis forming the third vertex of the equilateral triangle.

Figure 3.3 illustrates the above discussion.

In this section, the results for the minimum propellant and the minimum time trajectories are pre-
sented. Comparisons of the results obtained using the different imaging configurations are made
in Section 3.2.4. Following this section, we discuss the impact that a multiple spacecraft interfer-
ometer has on the total interferometer mass. We begin by determining the optimal trajectories

using the equivalent Comwell imaging locations.

3.2.1 Cornwell Imaging Configurations

In Chapter 2, the PSF for a visible interferometer using the Cornwell configuration was obtained

using the equivalent collector spacecraft locations that provide the same u-v separations. Using
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Figure 3.4 Examples of optimal propellant trajectories for a two collector interferometer using the
equivalent Cornwell imaging locations.

these same imaging locations, the trajectories optimized using both the mass and time metrics are

determined in this subsection.

Mass Metric

A sample of the optimal propellant trajectories obtained for a two collector interferometer using
the equivalent Cornwell imaging locations are shown in Figure 3.4. Since the combiner spacecraft
is required to form an equilateral triangle with the two collector spacecraft, one can see that the
optimization tends to connect locations that are on same radial distance from the center. This can
be attributed to the fact that propellant is required to move the combiner spacecraft when the col-
lector spacecraft are moved in the radial direction. However, when the collector spacecraft
traverses in the angular direction, the combirer spacecraft is not required to move at all. This is
the reason why the collector spacecraft tend to sequentially take measurements at imaging loca-
tions that are at the same radial distance. The optimal collector spacecraft trajectories for all the

equivaient Comwell imaging configurations considered here can be found in Appendix B.

Comparison of the propellant usage using the different numbers of the equivalent Cornwell imag-

ing locations is shown in Figure 3.5. In the plot, the y-axis is the total propellant mass required for
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Figure 3.5 Total propellant mass required for the spacecraft to traverse through the equivalent
Comwell imaging locations.

the three spacecraft to obtain an image while maintaining the equilateral triangle configuration as
required. Plotted on the x-axis is the equivalent number cf unique u-v points generated using the
Cormnwell imaging locations. The results show that as the number of u-v points is increased, more
propellant is required to maneuver these spacecraft. This makes sense because as the number of
imaging locations is increased, the distance that the spacecraft travels must also increase, which in
turn requires more propellant for the spacecraft to complete their trajectories. Also as the number

of imaging locations is increased, the spacecraft need to stop and start more often.

In determining the propellant required to maneuver the spacecraft, the Cornwell imaging locations
are divided into four quadrants due to the limitation imposed by the Sun (Section 3.2). The divi-
sion of the imaging locations into quadrants is done arbitrarily without resorting to any optimiza-
tion in order to obtain lower propellant mass results. Since the equivalent Cornwell imaging
locations are quite evenly distributed, assigning an imaging location in one quadrant and not the
other does not affect the results in a major way. The savings of spacecraft propellant in one quad-
rant will result in expenditure of propellant in the other quadrant and on average, will result in the
same amount of propellant usage. Also, since more total propellant is expended when the collector
spacecraft traverses in the radial direction as opposed to the angular direction, dividing the imag-
ing locations in four quadrants radially from the center has little effect on the results. Hence, based

on these two arguments, the optimal division cf the imaging locations was not performed.



84 IMAGING OUTSIDE OF A GRAVITY-WELL

Time Metric

Using the same equivalent Cornwell imaging locations, the minimum time imaging trajectories for
a two collector spacecraft interferometer are also determined. Examples of these optimal trajecto-
rnies are shown ir Figure 3.6. From equation 3.5, the minimum time trajectory can be determined
by finding the trajectory with the smallest total square-root distance between imaging locations on
the trajectory. In Figure 3.6, we see that the optimization tends to join imaging locations that are
close to each other rather than locations that are located on the same radial distance from the center
as seen in the optimal propellant trajectory case. Again, it is possible to obtain more optimal tra-

Jectories if the imaging locations are optimally divided into the appropriate quadrants.

The imaging time required for the two collector interferometer to obtain an interferometric image
as a function of the equivalent number of Comwell u-v points is plotted in Figure 3.7. The plot
indicates that as more interferometric measurements are made, the time required to move the
spacecraft through the trajectory is increased. This relationship is expected as the number of loca-
tions is increased, the distance that the spacecraft have to traverse increases as well. This then

increases the total time required for the spacecraft to complete the trajectory.
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Figure 3.6 Examples of optimal time trajectories for a two collector interferometer using the
equivalent Cornwell imaging locations.
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Figure 3.7 Imaging time per image for a two collector spacecraft interferometer using the equiva-
lent Cormwell imaging locations.

Hence, in this subsection, we have determined both the optimal propellant and time trajectories for
a two collector and one combiner interferometer using the equivalent Comwell imaging locations.
In the next subsection, we present the proposed DS3 imaging trajectory, which is neither propel-
lant or time optimized. The optimal trajectories using the DS3 imaging locations are therefore

determined.

3.2.2 DS3 Imaging Trajectory

The imaging trajectory for the DS3 mission that is proposed by Linfield is shown in Figure 3.8.
This pattern was selected as a ‘strawinan’ maneuver profile for estimating other mission parame-
ters. This trajectory has measurements being taken at approximaiely every 50 m for each of the
collector spacecraft. This equates to 131 unique imaging locations for each collector spacecraft

and therefore generates the 261 unique u-v points.

The imaging time quoted for the two collector spacecraft to complete the imaging trajectory using
PPTs is 264 hours in the ‘Stop and Stare’ imaging mode [Linfield, 1997]. However, using the
algorithm developed in this study, the time required for the collector spacecraft to complete the tra-
jectory shown in Figure 3.8 is 328 hours. This difference occurs because of the simplifying
assumptions made in Linfield, 1997. It is assumed that all the spacecraft imaging locations are 50

m apart. This, however, is not possible if the imaging trajectory in Figure 3.8 is uscd as not ali the
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Proposed DS3 Trajectory

y (m)

Figure 3.8 D33 imaging trajectory proposed in Linfield, 1997.

distances between the points where the spacecraft are required to change direction are multiples of
fifty. In this work, the imaging locations between the points at which the collector spacecraft are
required to change direction, are distributed as evenly as possible and as closely as possible to the
50 m division. Due to this re-distribution of locations, the time required to traverse through the
entire trajectory in a ‘Stop and Stare’ mode is therefore longer than the value quoted in Linfield,
1997. For comparison purposes, we use the re-distributed imaging time calculated using the met-

ric developed in this study.

The treatment in Linfield, 1997, did not include other propulsion systems. Using the trajectory
shown in Figure 3.8 and the mass estimates presented in Section 3.1.4, the total propellant mass
required for the three spacecraft to complete their respective trajectories is 0.83 kg. This calcula-

tion assumes that all three spacecraft use the cold gas propulsion system.

Minimum Mass DS3 Trajectory

There exist, however, more optimal ways to maneuver the spacecraft through the DS3 imaging
locations. Using the DS3 imaging locations, the minimum mass trajectory for the collector space-
craft is determined using the travelling salesman algorithm and is shown in Figure 3.9. Using this
minimum mass trajectory, the total propellant mass required to obtain an image is 0.75 kg. This

represents a savings of 9.64% over the DS3 trajectory proposed in Figure 3.8.

™ B TEET T OET KOs

o oEmmm




Two Collector Interferometer 87
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Figure 3.9 Optimal mass trajectory using the DS3 imaging locations.

Ontimized DS3 Trajactory - 305 hrs

y(m)

Figure 3.10 Optimal time trajectory using the DS3 imaging locations.

Minimum Time DS3 Trajectory

Equivalently, the minimum time trajectory using the re-distributed DS3 imaging locations is also
determined and is shown in Figure 3.10. The time required to maneuver the spacecraft through

these re-distributed imaging locations is 305 hours, which is approximately a 7.01% improvement
over the trajectory shown in Figure 3.8. ‘
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3.2.3 Optimized MSE

The third imaging configuration that is considered in thic chapter is the optimized MSE configura-
tion developed in Chapter 2. Using those locations, both the minimum propellant and imaging

time trajectories are determined. The following subsections present the results.

Mass Metric

Examples of minimum propellant trajectories using the optimized MSE imaging locations are
shown in Figure 3.11. Similar to the results shown using the equivalent Cornwell imaging loca-
tions, the optimization tends to link imaging locations that are located at the same radial distance
from the center. This observation is observed in the MSE-133 case and is even more clearly
emphasized by the trajectories with higher numbers of imaging locations. The number shown in
the title on top of each trajectory corresponds to the total number of u-v points in the trajectories.
The minimum propellant trajectories using the optimized MSE imaging locations are shown in

Appendix B.
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-500 0 500
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Figure 3.11 Examples of minimum propellant trajectories for a two collector interferometer using
the optimized MSE imaging locations.
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Figure 3.12 Total propellant mass required for the spacecraft to traverse through the optimized
MSE imaging locations.

The propellant required for the spacecraft to complete the trajectories, piotted against the corre-
sponding number of u-v points, is shown in Figure 3.12. Similar to the equivalent Cornwell imag-

ing location results, the propellant requirement increases with the number of imaging locations.

Time Metric

Examples of minimum time trajectories using the optimized MSE imaging locations are shown in
Figure 3.13. Similar to the trajectories shown using the equivalent Cornwell imaging locations,
the optimization tends to link imaging locations that are closer to each other rather than linking
imaging locations that are at the same radial distance from the center. This is mainly attributed to
the cost involved in moving the combiner spacecraft in the mass optimization problem, which does

not exist when using the time metric.

Plotting the time the that spacecraft require to complete the trajectories against the number of u-v
points (Figure 3.14) shows that the maneuvering time increases with the number of u-v points, as

expected.

Thus far, we have determined the resources required to obtain an image using three different con-
figurations. In the next subsection, together with the resuits obtained in the previous chapter, we

compare the interferometer performance using the different imaging configurations.
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Figure 3.13 Examples of minimum tiine trajectories for a two collector interferometer using the
optimized MSE imaging locations.
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Figure 3.14 Imaging time per image for a two collector spacecraft interferometer using the opti-
mized MSE imaging lccations.
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3.2.4 Comparisons

The performance of the different imaging configurations is compared in this subsection. However,
rather than just comparing either the propellant usage or the time against the number of u-v points
for the different imaging configurations, these performance metrics are plotied against their corre-
sponding image quality obtained in Chapter 2. Using these plots, one can therefore clearly iden-

tify the best imaging configuration.

Mass Metric

The minimum propellant results, for the different imaging configurations obtained in this section,
are plotted against the corresponding MSE results obtained in Chapter 2. This is shown in
Figure 3.15 with the numbers attached to some data points indicating their corresponding number
of unique u-v points. Since there exists only one datum point for the proposed DS3 imaging con-
figuration, this configuration is defined as the nominal. The propeliant requirement for the DS3
design is obtained from the optimal trajectory analysis . >cussed in Section 3.2.2. Imaging ~onfig-
urations that are located in the hatched region are the configurations that produce better image
quality while requiring less propellant when compared to the DS3 imaging configuration. Hence,
from the figure, even though the equivalent Cormwell imaging configurations require less propel-
lant to image a particular object, the image quality obtained using this configuration is also worse

than the image quality obtained using the DS3 imaging configuration. In fact, using the same
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Figure 3.15 Propellant required to obtain the corresponding optimized image MSE.
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number of imaging locations, the optimized MSE imaging configurations out perform the equiva-

lent Cornwell imaging configurations in both prope liant usage and also the obtainable image qual-

ity.

Comparing the optimized MSE configurations with the proposed DS3 configuration, the configu-
rations that are located outside the hatched region perform better in either propellant usage or
image quality but not both. Configurations that are located in the hatched region, however, per-
form better both in terms of propellant usage and image quality. Hence from Figure 3.15, one
clearly sees that configurations which are located at the bottom left hand corner are in a ‘win-win’

situation. Some of the optimized MSE configurations are located in this comer.

Time Metric

Similarly, the imaging time per image for the different configurations can be plotted against the
corresponding op.imal imnage quality and is shown in Figure 3.16. Unlike Figure 3.15, there exist
two imaging times for the proposed DS3 configuration: the imaging time obtained in Linfield,
1997, and the best imaging time using the re-distributed DS3 imaging locations. Hence, to show
that the analysis made here is not biased, both values are included in the figure. Again, configura-
tions that are located in the bottom left comer of the figure are configurations that produce better

interferometric images in shorter periods of time. Since the optimized MSE configurations are
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Figure 3.16 Minimum imaging time required to obtain the corresponding optimized image MSE.
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clearly seen to be located in this comer, we can conclude that higher quality images can be

obtained in shorter periods of time if these configurations are used.

Hence, in this section, we have determined the optimal imaging trajectories for a two collector and
one combiner spacecraft using the different configurations. Even though sub-optimal, the opti-
mized MSE configuration developed in this siudy was found to perform better in both the MSE
and the trajectory metrics when compared with other configurations. This indicates that there are
more optimal methods to image astronomical objects and the technique developed in this study

brings us one step close to these optimai configurations.

3.3 Multiple Collector Interferometer

In the previous section, we determined the optimal trajectories based on the either the mass or time
metric for a two collector and one combiner spacecraft. The basic trend is the increase in propel-
lant usage as the number of imaging locations is increased. The results were based on the propel-
lant required to image one object. If the number of objects is increased, the propellant requirement
may eventually exceed the dry mass of the system. As an example, the propellant requirernent for
the two collector and one combiner spacecraft interferometer to image 498 images using the opti-

mized imaging locations is shown in Figure 3.17.
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Figure 3.17 Propellant required for a two collector and one combiner interferometer to image 498
objects over 15 ycars.
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The total dry mass of the three spacecraft system is 550 kg. Even though the propellant mass
ex. :eds this 550 kg value for only the most detailed images, it is clear that a large amount of pro-
pellant is required to maneuver these spacecraft over 15 years. In almost any space mission, this

type of propellant requirement is not feasible. Therefore, one must resort to alternative designs.

Rather than increasing the propeliant mass of these spacecraff, it is also possible to increase the
number of spacecraft in the system to fulfill the mission requirements. Hopefully, the addition of
the extra spacecraft in the system will offset some of the propellant consumption since fewer
maneuvers will be required to attain the same number of u-v point. In this section, the optimum
number of collector spacecraft required to image 498 inter-stellar objects in 15 years using the

Comwell imaging locations is presented.

3.3.1 Cornwell Imaging Configuration

To illustrate the motivation behind adding more collector spacecraft to an interferometer, the Corn-
well imaging locations are used, though other configurations could also be used. Using the mass
metric in Section 3.1.1 to determine the propellant required to move the N spacecraft in the array,

the total mass required to carry out the mission is detcrmined.

The time metric is not considered as it does not present any interesting results. This is because
increasing the number of collector spacecraft in the system will only reduce the total maneuvering
time. The reduction in maneuvering time will eventually go down to zero when the number of col-

lector spacecraft is either equal to or exceeds the number of imaging locations.

Mass Metric

Since the Comwell imaging locations are located on a circle, the equal path length constraint from
the collector spacecraft to the combiner spacecraft is met by placing the combiner spacecraft
somewhere along the LOS of the array. Even though it is not possible to maintain an isosoles con-
figuration during maneuvers, the spacecraft still preserve the isosoles configuration when they are

located on the Cornwell imaging locations.

In order to obtain all the possible baseline separations that exist in a Cornwell imaging configura-
tion, some of the N collector spacecraft must be re-oriented since the number of collector space-
craft is less than the number of imaging locations. The best maneuvering strategy for this N
spacecraft int:rferometer is when only one collector spacecraft is allowed to re-orient at a time.

Each time a spacecraft is re-oriented to a new imaging location, a maximum of 2(N-1) new u-v
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points is obtained. These u-v points are obtained at a cost of only two propellant burns (accelera-
tion and dec~leration) of a single spacecraft. However, if two spacecraft are allowed to re-orient
instead, the maximum number of new u-v points that can be obtained is 2(N-1) + 2(N-2). This
strategy, however, requires four propellant burns. Hence, when we compute the ratio between the
number of new u-v points and the number of propellant burms, we see that the configuration which
allows only one spacecraft to move at a time has a larger ratio of (N-1) points per unit propellant
bum as opposed to the (N-3/2) ratio for the two spacecraft. Similarly, it can be shown that when M
(1 £ M < N) spacecraft are re-oriented, the number of u-v points per unit propeliant burn ratio that
is achievable is (V-(M+1)/2). Hence, for a given aumber of collector spacecraft (), the best num-
ber of u-v points per unit propellant burn ratio is obtained when only one collector spacecraft (M =

1) is allowed to re-orient at a time.

The optimal imaging sequence for an N collector spacecraft in a particular Comwell configuration
is determined using a Monte Carlo simulation. A total of 20,000 trials is used to determine the
minimum propellant configuration given the constraint that an image must be obtained within 264
hours. The total propellant required is then muitiplied by 498 (number of images in 15 years) and
is added to the dry mass of the system. The dry mass of the system consists of the total mass of the
collector spacecraft and the combiner spacecraft mass. Note that there is no propellant associated
with the combiner spacecraft since a combiner spacecraft placed along the LOS of the array is
already at an equal path length location from all the Cornwell imaging locations. The propellant

required to reorient the entire array to image different parts of the sky is neglected in this study.

The total mass required to perform interferometric imaging using the different number of Cornwell
locations is shown in Figure 3.18. For configurations that have greater than ten Comwell points,
there exist minimum total mass designs consisting of more than two collectors. To image the
Comwell-11 configuration, the optimal system mass occurs when three collector spacecraft are
used. In the case of imaging the Comwell-12 configuration, the optimal number of collector
spacecraft is four. These minima represent the points at which increases in the dry mass of the sys-
tem are equal to Gecreases in the propellant required to maneuver the collector spacecraft. In all
other cases, the minimum system mass configuration occurs when only two collector spacecraft

are used.

Hence, using the Comwell imaging locations, we show that there exists an optimal number of col-
lector spacecraft that should be used to image a particular Cornwell configuration over the lifetime

of the mission. This feature is, however, not limited to only using the Cornwell imaging configu-
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Figure 3.18 System mass required to image inter stellar objects using the different Cornweil
imaging configurations.
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Figure 3.19 Average propellant to spacecraft mass ratio required to image 498 objects using the
different Comwell imaging configurations.

ration. Similar trades can be found whenever two competing options exist. The two competing
options in this particular case are either adding more collector spacecraft to sample more u-v

points per maneuver or increasing the propellant required to maneuver fewer collector spacecraft.
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The existence of these minima is most pronounced when the propellant requirement exceeds the

dry mass of a collector spacecraft.

Another issue that must be considered is tte amount of on-board propellan. that a spacecraft can
carry. A plot of the propellant to total mass fraction per spacecraft is shown in Figure 3.19.
Assuming that the maximum propellant to spacecraft mass ratio is set at 25%, the two collector
spacecraft interferometer can only image up to the Comwell-9 imaging configuration while the
three collector system can be used for any configuration less than Comnwell-12. This would then
change the optimum number of collector spacecraft that interferometer should use. Therefore,
even though the optimum number of collector spacecraft can be determined based upon the total
mass metric, issues such as the maximum propellant mass fraction must be considered. When a
25% constraint is imposed, the number of collector spacecraft required to image inter-stellar
objects using the Cornwell-12 and Cornwell-10 configurations are four and three respectively,

while other results remain the same as before.

3.4 Other Considerations

The analysis that was presented in this chapter considered only the ‘Stop and Stare’ imaging mode.
The spacecraft are held stationary with respect to each other when the interferometric measure-
ments are taken. There are, however, a number of issues that were not considered in this analysis

that could be further investigated. The following presents some of these issues.

The two imaging modes that were considered in Linfield, 1997 are the ‘Stop and Stare’ mode and
the ‘Observe on the Fly’ mode. In the latter mode, the three spacecraft are allowed to move rela-
tive to each other when the interferometric measurements are made, so long as the equilateral tri-
angle configuration is maintained. As long as the spacecraft are travelling in a straight line
(Figure 3.8), interferometric measurements can be taken on the fly. When the spacecraft reach the
end of the line, they must then stop before accelerating again along a new direction. The space-

craft continue to do this until the image is completed.

In the case when the spacecraft are imaging in the ‘Stop and Stare’ mode, Linfield determined that
the time required for the spacecraft to complete the trajectory is 264 hours. However, if the space-
craft are allowed to operate in the ‘Observe on the Fly’ mode, the amount of time required is only

104 hours. This represents a time savings of 60%!
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Figure 3.20 Image quality versus propellant requirement trade-off.

The advantage in allowing the spacecraft to ‘Observe on the Fly’ is not only limited to the space-
craft maneuvering time. In the case of the ‘Stop and Stare’ mode, the amount of total propellant
required to maneuver the spacecraft using the trajectory shown in Figure 3.8 is 0.83 kg. In the
‘Observe on the Fly’ mode, only 0.14 kg is required, which represents a savings of 83%. Compar-
ison with the optimal ‘Stop and Stare’ trajectory, which requires 0.75 kg, clearly shows the amount

of propellant savings that the ‘Observe on the Fly’ mode provides.

Due to the significant savings using both the mass and time metrics, allowing the spacecraft to
‘Observe on the Fly’ must be investigated further. This can be done by changing the imaging tra-
jectories for the collector spacecraft such that more imaging locatiors are located on the same line.
However, since the imaging locations determined in Chapter 2 are optimal in terms of image qual-
ity, changing the imaging locations to save either the propellant or time will have a negative effect
on the image quality. Hence, there exists a trade-off between the quality of image obtainable and
the optimal trajectories obtainable. Figure 3.20 shows the trade-off between the image quality and

the propellant required for the spacecraft to complete the trajectory.

The optimal trajectory determined in this chapter is based on the optimal imaging Jocations pre-
determined in Chapter 2. Depending upon the object that the interferometer is imaging, there exist
different optimum imaging configurations. For example, if the object to be imaged happens to be

an extended source, an interferometer with a small mainlobe is desirable. However, if the source
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turns out to be a collection of point sources, an interferometer with highly suppressed sidelobes is
required. Unfortunately, since the concept behind the interferometer is to image objects that can-
not be resolved by a single aperture, one cannot plan the imaging configurations apriori. It is pos-
sible, however, to allow the system to decide upon the interferometer’s next imaging locations
based upon the system’s current state. The state of the system may be a function of time, the loca-
tions of the spacecraft, and also the interferometric measurements that have been taken. This pos-
sibility should be further investigated and could possibly be solved using what is known as the

Partially Observable Markov Decision Processes [Cassandra et al, 1994].

3.5 Summary

In this chapter, the optimal trajectories for a two collector and one combiner spacecraft interferom-
eter were determined. These optimal trajectories minimize the mass and time metrics introduced

at the beginning of the chapter.

Based upon the mass estimates assumed for the DS3 mission, three different imaging configura-
tions were compared. In each case, the resources required to obtain an image were found to
increase with the number of imaging locations. Together with Chapter 2, imaging using the opti-

mized MSE imaging configuration gives better images while requiring less resources.

Unfortunately, there exist cases where the propellant requirement is too prohibitively large for the
individual spacecraft. In these cases, the propellant requirement can be reduced by introducing
more spacecraft to reduce the amount of maneuvering required. This possibility is explored for a
multiple collector spacecraft interferometer covering different numbers of Cornwell imaging con-
figurations. In most cases, the optimum number of collector spacecraft required was found to be
only two. However, in the case of using the Cornweli-12, Cornwell-11 and Cornwell-10 configu-
rations, the optimum number of collector spacecraft required are four, three and three respectively.
These results were based upon the total system mass and the constraint on the amount of on-board

propellant that an individual spacecraft can carry.

The results obtained in this chapter are specifically for an interferometer that operates in a ‘Stop
and Stare’ imaging mode. Even though not examined in this chapter, the advantages of ailowing
the spacecraft to operate in an ‘Observe on the Fly’ mode is discussed based on previous work. Up
to 83% savings in propellant mass can be achieved if the spacecraft are allowed to image on the

fly. In order to determine the optimal ‘Observe on the Fly’ trajectories using the optimized MSE
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imaging locations, a trade-off between better image quality and the two trajectory metrics should
be made as reducing either the propellant or maneuvering time for the spacecraft by choosing a
different set of the imaging locations, will reduce the quality of the interferometric image. This
trade-off, even though not explored in this analysis, is briefly discussed and is a subject for future

consideration.

Hence, in this chapter, we determined the optimal trajectories for a two collector and one combiner
interferometer operating outside a gravity-well. The optimal configuration for a multiple space-
craft interferometer was also determined. In the next section, the orbit design for a separated

spacecraft Earth imager operating within the Earth’s gravity-well is discussed.



Chapter 4

EARTH IMAGING FROM WITHIN
EARTH’S GRAVITY- WELL

Besides imaging interstellar objects, an interferometer can be used to obtain high resolution
images of Earth. Programs such as the Air Force Ultralite system [Powers et al, 1997} and
Techsat21 program [Sedwick et al, 1998], which consist of multiple apertures, have been proposed
for Earth imaging or target detection using interferometric techniques. The dynamics of these
spacecraft, however, are directly influenced by the Earth’s gravitational tidal forces. Taking full
advantage of this, the optimal orbit design for a separated spacecraft Earth imager using interfero-

metric techniques is determined in tk.:s chapter.

Space interferometers can be divided into two main architectures depending on the distribution of
the apertures. The first architecture is known as a structurally connected interferometer (SCI),
where all the apertures are placed on the same platform. Studies by Surka et al, 1996 and Stephen-
son et al, 1998 indicate that a SCI architecture should be used if the resolution of the interferome-
ter can be adequately satisfied with short aperture separations. However, when large aperture
separations are required, these apertures must be placed on separate platforms. These spacecraft
are grouped under the separated spacecraft interferometer (SSI) architecturc. In general, the aper-
tures in a SCI always remain fixed relative each other, even if the structure is in constant motion.

This, however, is not true for a SSI.

In order to take interferometric measurements, the apertures must be placed in some formation.
For an interferometer located in Earth orbit, this can be done by expending propellant to hold the
spacecraft in a fixed formation to overcome the Earth’s gravitational tidal forces [ Yashko, 1998].
Alternatively, these tidal forces can be exploited to naturally allow the spacecraft to move such

that the apertures remain fixed relative to each other. In doing so, the propellant expenditure for

101
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the spacecraft can be reduced, which in turn reduces the possibility of contaminating the interfer-

ometer optics.

As orposed to imaging astronomical objects, terrestrial targets tend to change more rapidly. The
imaging of these rapidly changing targets is made possible with a Fizeau interferometer. The
Fizeau interferometer, however, requires a full instantaneous u-v coverage, as was discussed in
Chapter 2. Since it is not possible to obtain any advance information about the target, it does not
make sense to tailor the interferometer’s u-v coverage to anything but equal coverage in all angular
directions. In the case of imaging in the visible range, a stricter requirement that must be met by
the system is to interfere the science light in real time. This translates to having equal science light
pathlength from the target to the combiner via each collector. Therefore, the requirements that

must be met by an optical interferometer system are:

¢ Equal coverage in both u and v directions (Fourier Plane);
¢ Equal science light pathlength for real time imaging (required for visible wave-
length).

Keeping these requirements in mind, is it then possible to obtain minimum propellant imaging
configurations for these spacecraft and still meet the interferometric requirements? The objective
of this chapter is to determine these optimum imaging configurations. The framework in which
the analysis is performed is presented in the next section. This is followed by a validation of the
assumptions by comparing the different perturbations that effect a spacecraft in an Earth orbit.
The two sections which follow look at two different imaging configurations, one which involves
an innovative exploitation of the properties of a circular paraboloid to meet the interferometric
requirements. A case study using the two imaging configurations in a geosynchronous orbit to
image terrestrial targets is presented in Section 4.5. The findings in this chapter are finally sum-
marized in Section 4.7. The orbit design for a radio interferometer is not determined as it has been
addressed in Mallory et al, 1998.

4.1 Hill’s Equations and AV Derivation

In this section, we present the framework in which the analysis is being carried out. Once the
framework is presented, the metric by which we compare the different imaging configurations is
derived. This metric, known as AV, is a measure of how much velocity change is required and can

be used to determine the propellant requirements.
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Figure 4.1 Hill’s coordinate frame shown with respect to Earth.

Since the size of the array is relatively small compared to the size of its orbit, the dynamics of the
spacecraft can be adequately captured by assuming a perfectly spherical Earth and iinearizing the
dynamics about the motion of the center of the array. This linearization is often referred as Hill’s
frame [Hill, 1978]. The Hill’s equations govern the relative motion between two spacecraft for
which one is travelling in a circular Keplerian orbit while the second is perturbed from this orbit.

These equations with their three dimensional accelerations are given by:

a =£—3n2x—2nj’
a, = y+2nx “4.1)

2
24+nz

N
Il

where n is the orbital frequency, which is related to the orbital period (P) as 2n/P, and ay, a, and a,
are the accelerations of the spacecraft in the respective directions. The x-variable in the equation is
the displacement along the zenith-nadir line, the y-variable corresponds to the displacement along
the orbital velocity vector, and the z-variable corresponds to the cross axis displacement left and
right of the local velocity vector. However, the orbit need not be equatorial and notice that this is

an accelerating frame (Figure 4.1).

The different imaging configurations can be compared in terms of the total system mass required

for each system. To do so, the change in velocity (AV) required to keep the spacecraft in certain
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configurations is calculated. Using the acceleration terms from equation 4.1, the total AV for the

spacecraft over a lifetime of Ty, is

Th'fr
AV = _[ Ja? + a+ s (4.2)
0

Given the dry mass of the spacecraft and equation 4.2, the propellant mass to spacecraft dry mass

ratio can be calculated using the rocket equation:

m
"p _ cxp( AV
m, prg

)_ I 4.3)

where [, is the propulsion system’s specific impulse measured in seconds and g is Earth’s gravity
measured in ms™. Only the propellant required to maneuver the spacecraft is of interest in this
analysis. This is because the propellant associated with rotating the spacecraft is assumed to be
small in comparison. Orbital insertion and de-orbit propellant consumption can be large but is

well known and therefore outside of this analysis.

In this analysis, the propellant requirement for an interferometer to image any terrestrial targets
located within its horizon’s limit is presented. There are four different configurations in which
these targets can be imaged, of which only three are studied in this work. The four different con-

figurations are:

Forced Circular [Section 4.3]

In this configuration, all the collector spacecraft are forced to follow a circular tra-
jectory about the combiner spacecraft. Spacecraft in this trajectory do not require
any optical delay lines such that the same wavefront from the target can be inter-
fered at the combiner spacecraft. Terrestrial targets that are located at different
locations on the Earth’s surface are imaged by slewing the entire array.

Forced Elliptical Trajectories {Section 4.4.4)

In this imaging configuration, all the collector spacecraft follows an elliptical tra-
jectory which projects a circle onto the plane perpendicular to the array’s line of
sight (LOS). The elliptical trajectory is chosen such that when the LOS is pointed
at nadir, no propellant is expended by the collector spacecraft. The combiner space-
craft, however, requires propellant to hold its position such tliat no delay lines are
required te combine light reflected off the collector spacecraft. Off-nadir targets are
imaged by slewing the entire array as in the forced circular configuration.

Combiner Reiocation with Optical Delay Lines [Section 4.4.5]
This imaging configuration is essentially the same as the previous configuration.
However, when off-nadir targets are to be imaged, only the combiner spacecraft is
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required to be reoriented. Optical delay lines are required to allow the same wave-
front to be combined at the combiner spacecraft.

Free Elliptical Trajectories

Later in this chapter, it is determined that no propellant expenditure is necessary

when a spacecraft follows trajectories which project two-by-one ellipses onto the x-

y plane in the Hill's frame. The free elliptical orbit in the last two configurations do

in fact project a two-by-one ellipse onto the x-y plane, when an on-nadir target is

imaged. There exist a number of these trajectories where propellant is not required

to hold the spacecraft in their orbits. However, these free trajectories only exist for

imaging terrestrial targets that are located on the x-z plane only. Since it is not pos-

sible to image all possible terrestrial targets within the interferometer’s horizon-to-

horizon limit, this option is not considered in this study. This particular option is

discussed in more detail in Section 4.6.
The first three different configurations are studied in more detail in the next few sections. In order
to get some numerical feel of the propellant requirements for these configurations, a case study
involving these configurations located in a geosynchronous orbit is presented in Section 4.5. In
the next section, other perturbations that affect the dynamics of a spacecraft in an Earth orbit are
discussed. These effects are compared with the perfectly spherical Earth assumption made in the

derivation of the Hill’s equations.

4.2 Orbit Perturbations

The derivation of the linearized Hill’s equations assumes a perfectly spherical Earth. Howeve-, the
Earth is not spherical and there exist other disturbances in Earth orbit that must be considered. The
orbit perturbations that are considered in this analysis are the Earth’s non-spherical effect, third
body perturbations from either the Moon or the Sun, solar radiation pressure and aimospheric drag.
The emphasis in this section is to categorize the effects of these disturbances with respect to the
linearized dynamics given by the Hill’s equations. While perturbations which move the array are
of little concern, pertubations which cause the array to deform, drift apart or compress are of criti-

cal concemn.

4.2.1 Non-Spherical Effect

The first disturbance discussed is the effect on the dynamics of spacecraft due to the non-unifor-
mity of the Earth’s mass. The largest perturbation due to this effect is the J, component in the

Earth’s geo-potential function [Larson et al, 1992] given by:
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2 .
o = (%)[1 ~J5(Rg/R)P,(sin0)] (4.4)

where [t is the Earth’s gravitational constant, Rg is the Earth’s equatorial radius, P, is the second
Legendre polynomial, R is the radius of the orbit of interest, 8 is the geocentric latitude of the orbit
and J, is a dimensionless geo-potential of 0.00108263. Since the Legendre polynomial P,(x) can
be rewritten as :1!(3x2 — 1) [Kreyszig,1988], the acceleration experienced by a spacecraft in an

orbit R is therefore:

d

|
9% = Ro6
3uJ2R,2,~ 4.5)
) -sin26
2R

1l

Substituting the respective values into equation 4.5 (R = 6,378 km, 0 = 45°, 1=3.99 x ]Ol4 m3s”
2), the maximum possible acceleration imposed on a spacecraft in Low Earth Orbit (LEO) (R =
7,378 km) is 8.9x 10 ms? and 83 x 10°° ms?2 in Geostationary Earth Orbit (GEO) (R =
42,164 km). Even though the latitude at GEO is 0° the maximum acceleration is quoted for com-

parison purposes.

The differential acceleration experienced by two spacecraft that are separated by a distance of Az
is given by

| 9a,
R de
3uJ,R >

RS

Aa_ = Az

(4.6)

cos20Az

Evaluating the expression, the maximum differential acceleration experienced by two spacecraft in
LEO separated by a distance of 1000 m is 24x107° ms2, Similarly, these two spacecraft will

experience a differential acceleration of 4.0 x 10 '° ms? if they are located in GEO.

4.2.2 Third body perturbations

Two major sources of third body perturbations on a spacecraft in an Earth orbit are the Moon and

the Sun [Abell et al, 1987). Given that the mass oi the Moon is approximately 7.4 x 10" tons and
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approximately 384,404 km away from Earth’s center, the gravitation experienced by a spacecraft
in LEO is a,,,,, =3.6 X107 ms?, while in GEO, it is a,,,, ~4.3x 107 . The differential
accelerations, however, are Aa,,, =1.9x 107" ms2 and Aay,,, = 1.8 % 107 ms2, respec-

tively.

Repeating these calculations for perturbations due to the Sun, the gravitational puli experienced by
. , - -3 - . . . .
a spacecraft in Earth’s orbit is ag, =5.9x 10 ~ ms 2. The differential acceleration, however, is

calculated to be Aag, =7.9 x 107" ms2.

Note that these values are valid for both LEO and
GEO because of the insignificant orbit difference compared with the Sun-Earth distance. The

Can’s mass is 1.689 x ]027 tons with a mean distance of 1.496 x 108 km away from Earth.

4.2.3 Solar Radiation Pressure

The effect of solar radiation pressure on a spacecraft in Earth orbit is dependent upon the cross-
sectional area that is exposed to the sun. The magnitude of acceleration due to solar radiation pres-
sure as a function of the cross sectional area (A) and the mass of the spacecraft (m) is [Larson et al,

1992]:

~8A
a,=45x10"~ (4.7)

Assuming a collector spacecraft mass of 150 kg with a solar array panel of 1.4 m?, the effect of

-2

. . . -10 .
solar radiation on the spacecraft acceleration is approximately a, =4.2 x 10 =~ ms™. Assuming

that the mass of the combiner spacecraft is 250 kg with the same solar array size, the differential

. . . -10 -
acceleration experienced by these two spacecraftis Aa, = 1.7% 10~ ms 2

4.2.4 Atmospheric Drag

Atmospheric drag is the principal non-gravitational force acting on satellites in low-Earth orbit
(LEO). The equation for acceleration due to atmospheric drag cn a spacecraft is given by [Larson
et al, 1992]:

1 CDA 2
ap = ip———V (4.8)

m
where p (kgm'3) is the atmospheric density, Cp, is the coefficient of drag which is approximately
2.2 [Larson et al, 1992], A (mz) is the spacecraft cross-sectional area, m (kg) is the mass of the

spacecraft and V (ms™!) is the relative velocity between the spacecraft and the atmosphere. The
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densities of the atmosphere at LEO (~ 1000 km) and at GEO are 1.43 x e kgm'3 and
5.12x 10_l9 kgm'3, while the velocities of a spacecraft in circular orbits at these altitudes are 7.35
kms ! and 3.075 kms™!. Hence, using these values, the atinospheric accelerations experienced by a
spacecraft in these orbits are ap = 7.9 x 10_9 ms and ap = 5.0x 107" ms2, respectively.
However, the differential accelerations experienced by a collector spacecraft with respect to a

combiner spacecraft are Aap = 3.2 X ]0_9 msZ and Aap = 2.0x 10" ms?2, respectively.

4.2.5 Comparisons

The gravity acting on a spacecraft in Earth’s orbit at a distance R from the Earth’s center is given
by:
GM
ay = —2r (4.9)
R
Hence, the Earth’s gravitational pull for a spacecraft in LEO is 7.32 ms2 and 0.22 ms™? at GEO.
The differential gravitational pull experienced by spacecraft that are separated by a distance of

1000m in altitude are Aay = 2.0 x 10~ ms2 and Aagp = 1.6 x 10~ ms2, respectively.

The magnitude of the different orbital effects are summarized in Table 4.1. Comparisons of the
different sources of orbit perturbations show that the two largest perturbations that are experienced
by a spacecraft in LEO are the J, and atmospheric drag. However, these values are three orders of

magnitude smaller than the gravitational pull exerted by a perfect Earth. In GEO, the solar radia-

TABLE 4.1 Comparisons of the various orbit perturbations.

LEO ( 1000 km) (ms'z) GEO (35786 km) (ms™2)

Perturbations Absolute Differential Absolute Differential
Non-spherical effect

89x107° | 24x10°% | 83x107® | 40x107"°

Moon’s gravity 36x10° | 19x107'° | 43x107 | 26x107"°

Sun’s gravity 50%10"° 79%x 107" 59%x10° | 7.9x107"

Solar Pressure 0

42x107% | 17x107"% | 42x107"° | 1.7x107"°

Atmospheric Drag | 59,10 | 32x10° | 50x10™ | 20x 107

Earth’s gravity 732 2.0 x ]0‘3 2.2 % 10'1 1.6 x ]O_5
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Figure 4.2 Collector Spacecraft in forced circular trajectory about a combiner spacecraft

tion has a larger percentage effect on the spacecraft but is still small compared with the Earth’s
gravitational pull. These results then indicate that the dynamics of a spacecraft in Earth orbit can

be adequately captured by assuming a perfectly sphencal Earth.

4.3 Circular Trajectories

First consider a system that is imaging a target in the nadir direction. In order to meet both inter-
ferometric requirements, one possible solution is to constrain the trajectory of the collector space-
craft to a circle that lies in the Hill's y-z plane (notice that this local horizontal plane rotates 360° in
one orbit) with the combiner spacecraft located at the center of the circle in a natural Keplerian
orbit. Collector spacecraft rotating about a central combiner provide equal coverage in both u and
v directions while maintaining equal pathlength from the ground through each collector to the
combiner. This design is essentially the Forced Circular configuration described in Section 4.1

and is shown in Figure 4.2.

4.3.1 Combiner Spacecraft Maintaining a Fixed Position

The AV required to maintain a spacecraft at a fixed location is determined in this subsection. For a

spacecraft fixed in the Hill coordinate frame, both the velocity and acceleration terms in equation
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4.1 are equal to zero. This then leaves the applied acceleration required to m2:intain a spacecraft in

a fixed position:

N
i
|

w

B

=

N
Il
o

(4.10)
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)
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~

The AV required for this spacecraft, calculated using equation 4.2 is then
AV = n*\ox* + 2T, (4.11)

Equation 4.11 indicates that more propellant is required to maintain a spacecraft in the x-direction
as opposed to holding it in the z-direction. This makes sense, as holding a spacecraft in the x-
direction is essentially putting a spacecraft at a higher altitude orbit but requiring it to have an
orbital period of a lower altitude orbit. In the case of holding the spacecraft in the z-direction, the
spacecraft is essentially in the same altitude orbit but is inclined. Spacecraft held in the y-direction
require no propellant at all, since they are on the same circular orbit as the one located at the origin
of the Hill coordinate frame. Also, AV increases as orbital altitude increases or orbital altitude

decreases.

Therefore, in the case of forcing the collector spacecraft to rotate in a circular trajectory, the obvi-
ous location to put the combiner spacecraft is somewhere along the y-axis. However, to simplify
later analysis, the combiner spacecraft is placed at the origin, wir‘ch requires no velocity change at

all to maintain its position.

4.3.2 Zero Zenith-Nadir Motion

In the previous subsection, we determined that placing a combiner spacecraft at the Hill’s origin
requires no velocity change. How about the collector spacecraft? In this subsection, we determine
the AV for the collectors following a circular trajectory about the combiner. First, an imaging con-
figuration with a line of sight (LOS) that is parallel to the x-axis is determined. In the next subsec-

tion, this LOS is varied so that different areas of the Earth can be imaged.

In the case of the circular imaging configuration, the LOS of the array is perpendicular to the plan:
in which the collector spacecraft trace out circular trajectories. Therefore, for an imaging configu-

ration with an LOS that is parallel to the x-axis, the collector spacecraft are then constrained to be
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Figure 4.3 Spacecraft rotatii.c xhout a circle of radius R, at an angular velocity of ®.

in the y-z plane. Specifying ® as the rotaticnal speed of the collector spacecraft about a circle of

radius R, the motion of a spacecraft is therefore

x=0
= R, sin(0f + ) (4.12)
z = R cos(wr+ o)

The positive sign of ® in equation 4.12 corresponds to a spacccraft traveling in a clockwise direc-
tion when seen from the positive x-axis direction. This is more clearly depicted in Figure 4.3. The
variable o corresponds to the phase of the spacecraft in the orbit and for simplicity, a value of zero

is assigned to it.

In this analysis, we let o to be equal to n, the orbital frequency. This is done because the minimum
propellant rotational frequency for a spacecraft can be shown to be equal to the rotational fre-
quency of the orbit of interest and is shown in Section 4.4. Therefore, to compare the results from
the different imaging configurations, the orbital frequency in this section is taken to be its natural
orbital frequency. Using ® = n, the acceleratioi required to keep a spacecraft in its circular trajec-

tery is therefore
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a, = —2n2Rocosnt
a, = —anosinnt (4.13)
a, =0

Substituting equation 4.13 into equation 4.2, the AV required to keep a spacecraft in a circular tra-

jectory for a lifetime of Tj;g, is

Tlifz
AV = ano_[ J(=2cosnt)? + (—sinnt)?de (4.14)
0

Rewriting equation 4.14 in terms of sines and evaluating the integral over a period of 21, the AV in

equation 4.14 can be rewritten as

21

R T, ("
AV = —20_11:“&“‘ J(Zcosnt)z + (sinnt)zdt
0

T
3 x
4n"R T). n

= —:hﬁr ’1 —g(sinnt)zdt
0

Recognizing that equation 4.15 is in the form of an elliptical integral, replacing the variable nt with

(4.15)

@ and performing the integration over a qua:ier of the ellipse, equation 4.15 becomes

9
) T
4n"R T,.
AV = L:—"Er fl —%(sine)zde (4.16)
0

which is in the form of a complete elliptic integral of the second kind with argument parameter of

m [Abramowitz et al, 1972]. The elliptic integral with an argument parameter of m = 3/4 is

n
3
E(m = Z) = _ro Wde (4.17)

1.211056

Finally, the AV required to maintain a spacecraft in a circular trajectory over a lifetime of Tiife 1s

” ——— -

= —

e r— g
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n2R T
AV = —2 He 1011
- (4.18)

2
1.542n°R, T,

which is considered to be a relatively high AV as will be shown in later comparisons.

4.3.3 Change of Line of Sight (LOS)

Thus far, only an on-nadir target has been considered. In this subsection, the AV required to main-
tain a spacecraft in a circular orbit which has an LOS that is not parallel to the x-axis in the Hill’s
frame is determined. This allows the calculation of how much propellant is required to image an

object that is located at different Earth longitudes.

The LOS vector of a circular array is a vector that is perpendicular to the plane which contains the
spacecraft. Hence, for each plane array, there exist two possible LOS vectors, directly opposite in
direction to each other. To distinguish between these LOS, two vectors in opposing directions,
LOS1 and LOS2, are introduced. The LOS1 vector is defined as the LOS which corresponds to
the positive direction in which the spacecraft are rotating using the left hand convention. These

vectors are shown in Figure 4.4.

Figure 4.4 Varying LOS by rotating array through angles ¢ and .
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To change the LOS of the array, a 3-dimensional (ijk) coordinate frame is specified and attached to
the LOS1 vector such that the positive direction of the LOS1 vector is in the same direction as the
positive i-axis. The coordinate system is spherical, with the positive x-axis pointing at the north
pole. The angle ¢ is the longitude measured from the positive y-axis, and ¥ is the co-latitude, mea-
sured from the positive x-axis. The new ijk coordinate frame can be rotated by an angle ¢ about
the x-axis (azimuth) and then rotated by an angle y about the new j-axis (declination) so that the
direction of the LOS1 vector can be specified in terms of these two rotational angles. These rota-
tion angles and the new coordinate frame (ijk) with respect to the Hill coordinate frame (xyz) are

shown in Figure 4.4.

Specifying x’, y’, z’ as the new coordinate frame after a rotation of ¢ about the x-axis, the relation-

ship between this new coordinate frame and the Hill coordinate frame is

X 1 0 0 x’
y| = [0 cosd —sind| |y’ (4.19)

Z 0 sind cosd ||z’
Rotating this new x’, y’, z’ coordinate frame about the z*-axis through an angle y gives a rotation

matrix between i, j, kand x’, y’, 2’

cosy —siny 0| |i
= |siny cosy O}]j (4.20)
’ 0 0 1[4

Therefore, combining equations 4.19 and 4.20, the relationship between the new coordinate frame
i, j, k and the Hill coordinate frame can be obtained. Since a collector spacecraft follows a circular
trajectory in the plane that is perpendicular to the LOS1 vector, the collector spacecraft motion can

be written as:
i=0
Jj = R,sinnt 4.21)

k = Rocosnt

The circular frequency of the spacecraft is taken to be n such that comparison with later results can
be made. Therefore, in the Hill coordinate frame, the circular motion of a spacecraft in the i, j, k

frame is:
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x cosy ~siny 0 0
y| =R, cosdsiny cosdcosy —sind| | sinnt (4.22)
4 singsiny sindpcosy cosd ||cosnt

Taking the first and second derivative of equation 4.22 and substituting these expressions into
equations 4.1 and 4.2, the AV required to maintain a spacecraft in a circular trajectory with the
LOS1 vector pointed in the (¢,y) direction can be determined. Replacing nt with 6, the AV

expression as a function of 6 can be rewritten:

2 21
R RoTi e
AV = TILIO Jff(e) +ji(6)+jf(9)d6 (4.23)

where f,.(8) = ax).z(e)/R,,nz which is a dimensionless quantity. Since the analytic expression of
equation 4.23 cannot be easily found, a numerical solution is determined instead. Even in the case
of setting both ¢ and y to zero, as shown in the previous subsection, the integral reduces to an

elliptical integral which was determined numerically.

Using the expression in equation 4.23, a plot of AV/anoTlife as a function of the LOSI1 angles ¢
and ¥ is shown in Figure 4.5. Rather than plotting over all possible ¢ and vy, the different LOS can
be obtained by only varying the angle ¢ from -180° to 180° and y from 0° to 180°. This reduction
is made possible due to the existence of pointing redundancies when the entire range of ¢ and y
are plotted. For example, the LOS1 angles of ¢ =—-90° and y = 30° are as ¢ = 90° and y = -30°.
A list of the extrema LOS|1 vectors is shown in Table 4.2.

Since there exist two LOS vectors for each imaging array, by flipping the collector spacecraft over,
the reverse is also true. Hence, to image a particular object, the direction in which the spacecraft
should traverse in the array is determined by comparing the two LOS1 vectors. To illustrate this,
the LOS1 vector configuration of ¢ = 90° and y = 90° is compared with its opposite LOS! vector
of ¢ = -90° and y = 90°. The latter case requires a normalized AV/anOTm-e of only 1.54 units,
while the former requires a AV/anOTme of 4.63 units. This represents a savings of 66.7% when a

collector spacecraft traverses in the opposite direction.

In this section, we have determined the AV/anoTlife required for a collector spacecraft in the
Forced Circular configuration to image any terrestrial targets. In the next section, we present the

concept behind the other two configurations that are considered in this study.
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AVIanon. required to maintain LOS1 vector
180

y (degrees)
&

Collector aVI’R T,

Figure 4.5 Variation in AV/anone as array LOS1 vector is varied.

TABLE 4.2 Extrema LOS! vector orientations as shown in Figure 4.5.

Extrema ¢ (degrees) W (degrees) AVIanone
Minimum -90 30 0
Minimum -90 150 0
Maximum 90 90 4.63

4.4 Paraboloid Orbits

Rather than restricting the coliector spacecraft to travel in a circular trajectory, it is possible to
allow a spacecraft to follow a closed trajectory that is not circular, but projects a circular trajectory
onto a plane normal to the interferometer’s LOS. One such closed trajectory is elliptical. In this
section, we wili show that a spacecraft traversing in a propellant free orbit that projects a circle
onto a plane, maps out an elliptical trajectory. The next issue is then, how does ore satisfy the
equal science light pathlength requirement of the interferometer? This issue is addressed in
Section 4.4.2 by usiny the properties of a circular paraboloid. The AV required to maintain a con-
figuration having different LOS is presented in Section 4.4.4. The AV associated with the third

imaging configuration discussed in Section 4.1 is determined in Section 4.4.5.
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4.4.1 Free Elliptical Trajectories

Given that a spacecraft must project a circular trajectory onto a plane normal to the interferome-
ter’s LOS, what is the trajectory that it must traverse such that minimum propellant is expended?
The propellant required by a spacecraft to traverse a particular trajectory is given by equation 4.2.
Since the AV is an integral of the instantaneous acceleration of the spacecraft over time, a global
minimum is obtained when AV equals zero, which occurs if the integrand is also zero. In order to
obtain zero instantanecus acceleration, the spacecraft acceleration in the three orthogonal direc-
tions must therefore be zero as well. Therefore, the equations of motion for a spacecraft in a pro-

pellant free orbit are given by:

0= x—3n2x—2ny
0 =9+2nx (4.24)

0= 2+n2z

In order to obtain equal coverage in both u and v directions, the collector spacecraft must traverse
a trajectory such that a circle is projected onto the plane that is perpendicular to the array’s LOS.
As analyzed in Section 4.3.2 for the case with a LOS that is along the x-axis of the Hill coordinate
frame, the spacecraft trajectory is chosen such that a circle is projected onto the y-z plane. The

spacecraft motion projected onto the y-z plane is then:

y

z = R cos(or + o)

R, sin(wf + o) 425)
“.

In order to determine @, the relationship for z in equation 4.25 is substituted into the third line in

equation 4.24, the relationship between ® and n is then given by:
o = tn (4.26)
The existence of two answers is due to the fact that the spacecraft can rotate in either direction.

Replacing the variable ® with tn, o = 0, and taking the respective derivatives of y, the spacecraft

motion in all three directions, obtained from equations 4.24 and 4.25 is therefore

R()
X = ;-Ecosnt
_ . 4.27)
y = IR sinnt

z = Rocosnt
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Spacecrafl irapsctories in [ree orbits

yR , (velocity vedior)

2R (cross axis)

Figure 4.6 Two possible trajectories for a spacecraft to traverse in free orbits.

Equation 4.27 indicates that there are two propellant free trajectories that a spacecraft can traverse
while projecting circles onto the y-z plane. In the case when @ = n, a collector spacccraft will
traverse in a clockwise direction when viewed from the positive x direction. This is shown as the
trajectory labeled as ‘1’ in Figure 4.6. The trajectory of a spacecraft traveling in the opposite
direction is also shown in Figure 4.6 represented by the trajectory labeled ‘2’. Notice that both

solution project a two-by-one ellipse onto the x-y as required by Hill’s equations.

Given equation 4.27 and Figure 4.6, can these trajectories be represented by a simple closed form
object such as a circle or ellipse? The answer to this question is yes and the trajectories defined by
equation 4.27 are actually ellipses. To prove this claim, the trajectory defined in equation 4.27 is
transformed such that its trajectory lies only in a principal plane in an orthogonal coordinate frame.
The trajectory shown in Figure 4.6 projects a line onto the x-z plane which indicates that by rotat-
ing this trajectory by an angle 7 about the y-axis, this transforrned trajectory will lie in the y-z
plane. The angle 1 is found by determining the angle that the projected line makes with the z-axis.

This angle is therefore

X
n= m"(z) (4.28)
726.57°
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Since the ellipse in equation 4.27 is to be rotated by an angle 1} about the y-axis, thc transformation
matrix from the xyz frame to the xy’z’ frame through an angle n about the y-axis is given in equa-

tion 4.20, with its inverse transformation given by:

X cos? 0 —sinmy| |x
y[=10 1 0 ||y (4.29)
2 sin 0 cosm|(z

Therefore, substituting 1 = ¥26.57° into equation 4.29 and replacing the x, y and z variables with
equation 4.27, this trajectory in the new coordinate frame will then be

x =0

4

y" = R sinnt

;A5

= —2—Rocosnt

(4.30)

Substituting equation 4.30 into the equation which defines the general form of an ellipse, one will

immediately recognize that the y’and z’ of equation 4.30 are the parametric equations of an ellipse

’

with a semi-major axis of a = TR" in the z’ direction and a semi-minor axis of b = R, in the y

direction, centered on the origin. The general form of an ellipse centered about (h,k) is given by:

2 2
' -h)  (Z-k)
——+ 5 =1 4.31)
a b

where h and k are the coordinates of the center which in the current example, are zero.

4.4.2 Circular Parabeloid

In the previous subsection, it was shown that a spacecraft traversing in a propellant free orbit that
projects a circle onto the y-z plane, actually traverses in an elliptical motion about the origin of the
Hill’s frame. Hence to fulfill the equal science light pathlength requirement, is it then possible to
determine a point such that the same wavefront originating from the target, passes through any
point on the ellipse and arrives at this point at the same instant in time? To determine the answer to

this question, the properties of a circular paraboloid are first investigated.

A circular paraboloid, as opposed to an elliptical paraboloid, is a surface that is obtained by revolv-

ing a parabola about its axis. A parabola is defined as a set of points in a plane that are equidistant
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from both a given fixed point and fixed line in the plane [Thomas et al, 1988]. The fixed point is
called the focus of the parabola and the fixed line the directrix. However, in this application, it is
the reflecting properties of the parabola that are of interest. From the definition of the parabola,
one finds that the distance measured from any point on a line that is parallel to the directrix to the
focus, reflected off the surface of the parabola, is the same. Hence, the equal science light path-
length requirement can be satisfied by a circular paraboloid if the science light wavefront is per-
pendicular to the axis of the paraboloid and also planar, which is the case if the target is in the far-
field.

The geometries that we have encountered thus far (circle, ellipse and parabola), together with the
hyperbola, are commonly known as conic sections [Thomas et al, 1988]. These geometries are
obtained by intersecting a cone with a plane. However, does the intersection between a plane and
a paraboloid define an ellipse in which a spacecraft would traverse without expending any propel-
lant? To begin this analysis, a new coordinate frame which coincides with the Hill coordinate
frame is first defined as ij’k". The general form of a paraboloid opening in the negative i’ direction

with an apex at (h,k,/) is given by:

G-k +(k=D* = —p(i'=h) (4.32)

4
nate system (x’y’z’) such that the axis of the parabola lies on the x’ axis, equation 4.32 can be

The focus of this parabola is therefore located at (h - B, k, l). Attaching the parabola to a coordi-

rewritten as:

y2+2% = —p(x’'~h) (4.33)
with its focus located at (h - E, 0, 0). Intersecting an inclined plane to this right circular parabo-
loid is equivalent to transforming this paraboloid such that it intersects the j*-k’ plane at an inclined
angle. Since a circular paraboloid is rotationally symmetric, the analysis can be simplified by
rotating the paraboloid about either the j’ or k’ axis. Also, to simplify later comparisons between
the free orbit ellipse and loci obtained from the intersection of the paraboloid and the j-k’ plane,
the paraboloid is chosen to rotate about the ;' axis by an angle y. Using the transformation matrix

in equation 4.29, a paraboloid rotated by an angle y written in the i’, j’and k’ frame is therefore:

j’2 + ($’sinm + k’cos1‘|)2 = —p(i’cosm —k’sinm — h) (4.34)
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The focus of this paraboloid is located at ((h —g)cosn, 0, —(h —E)sinn) obtained by using the
transformation matrix in equation 4.20. The intersection between the paraboloid and the j-k’plane

is obtained by setting i’= 0. This is given by the following equation:
L2 . 2 i
JU+ (Kcosm)” = —p(-k'sinn ~h) (4.35)

By expanding the terms in equation 4.35 and completing the squares with respect to the z-variable,

the equation can be rewritten as:

w2 2
J +[kv_1"3m'| 2 - (ptann) + ph (4.36)
(cosn)2 2cosm.] 4(cos1])2 (cosT])2

Dividing equation 4.36 by the term on the right hand side, equation 4.36 takes the form of an
ellipse centered about (O, 0, g%%) when compared with equation 4.31. The inclined circular
paraboloid and the ellipse that is formed from its intersection with the j-k’ plane is shown in

Figure 4.7.

Depending on the angle that 7 is inclined at, different conic sections can be obtained. In the case

where 1 = 0°, equation 4.36 reduces to
it +k* = ph (4.37)

which represents a circle with radius J[J_iz centered about (0,0,0). However, when m = 190°,

equation 4.35 reduces to

.2 .

JU = -p(Fk-h) (4.38)
which represents a parabola opening in cither the positive or negative &’ direction with its focus
either at (0, 0,—h - g) or (0,0,h - E). Therefore, the intersection between a circular paraboloid
and a plane represerts a circle for the case when the plane is perpendicular to the paraboloid’s axis
(m = 0°), a parabola when the plane is paralle! to the paraboloid axis (1 = £90°) and an ellipse

when the plane is inclined to the paraboloid’s axis.

The ellipse in equation 4.35 is centered about a point that is not at the origin of the Hill frame,
which is different from the free orbit ellipse obtained in Section 4.4.1. Hence to match these two

ellipses, the ellipse in equation 4.36 is translated such that it is centered about the origin of the Hill
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25+

Paraboloid

-o.i-l

Figure 4.7 Illustration of the intersection between an inclined circular paraboioid and the y-z plane.

frame. Denoting x”, y” and z” as this new coordinate frame, both the paraboloid and ellipse

defined in equations 4.34 and 4.36 are translated by:

i

7=y (4.39)
K = _,,+gtan'ﬂ
“ " 2cosm

The result of the translation imposed on equations 4.34 and 4.36 is given by the following two

equations:
"2 "n_: " P 2 " " E 2
y +(x sinT + z"cosm +§tann) = —p|x"cosn -z smn—z(tann) —h) (4.40)
v 2 (pt )2 h
Yyt lptanm) | p (4.41)
2 2 2
(cosm) 4(cosm)” (cosm)

The paraboloid will now have a focus at ((h —E)cosn, 0, —(h —B)sinn _&ta_nn)' while the
4 4 2cosm

ellipse’s center is located at the origin of the x", y", z" frame. Comparing equation 4.41 with the

parametric form of the free orbit ellipse, the following two equations are obtained:
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(cosm)? = 2
: 5 (4.42)
n = 26.57°
2,V 2
(ztann) +ph-R> =0 (4.43)

Equation 4.42 indicates that a circular paraboloid which is rotated by 11 = F26.57° will project
the ellipses that were defined by equation 4.30. The negative value of y corresponds to the ellipse
labeled ‘1’ in Appendix 4.6. The apex of the paraboloid in the x-axis is found by rewriting equa-
tion 4.43:

2 2
16R —-p
- —29°2
= 16p (4.44)
while the focus of the paraboloid, obtained in terms of p is:
2 2
o 16R - 5p
8./5p
¥y =0 (4.45)
16R 4 5p?
Z e

16./5p

The equations that have been developed thus far are in a frame in which the ellipse lies in the y”
and z” plane. Finally, equations 4.40, and 4.45 must be rotated by & = -1 such that the ellipse in
equation 4.41 is written in its equivalent form in the Hill coordinate frame. The paraboloid, writ-
ten in terms of the Hill coordinate frame, obtained by rotating equation 4.40 using the transforma-

tion matrix in equation 4.29 with & = $£26.57° and substitution of p in equation 4.44 is therctore

2 2
2 16R  +p
y2 + (z F 5) = —p(x -— lz}p J (4.46)

The focus of this paraboloid, obtained using equation 4.20 with & = +26.57°, is therefore,
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2 .2
168, -3p"
16p
y =0 (4.47)
= +£
t= 3

The parameter p defined in equation 4.32 assumes a positive value such that the paraboloid opens
in the negative x direction. The parameter p cannot assume a value of zero because it represents a
point on the origin of the coordinate frame. Therefore, p must be greater than 0. The upper bound
of p is determined by analyzing the ordinate of th%paraboloid’s apex in the x direction. Given that
the ellipse can only assume a maximum value of -;)2 (from equation 4.27), the apex of the parabo-

loid must at least be greater than this value. Therefore, the upper bound condition for p is:

2 2
16R +p

Ro 4.48
> <
16p ~ 2 (4.48)

Solving the above =quation for p and together with the lower bound of p, one can show that the
value of p is bounded between 0 and 4R,. A plot of a circular paraboloid in equation 4.46 inter-
secting with a plane to give the free orbit ellipse labelled as ‘1’ in Figure 4.6 is shown in

Figure 4.8.

Circular Paraboloid

0.5
3 -
1
E 04 Focus
u° (PR -2)
-0.5+

-05
0 05

Z/R_ (Cross axis) y/R_(velocity vector)

05

Figure 4.8 Intersection between a circular paraboloid and a plane resulting in an ellipse.
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4.4.3 Pacaboloid Foci - The Hyperbola

The intersection between a plane and paraboloid has been shown to produce an ellipse. Also
shown in the previous subsection is that there is a family of paraboloids that will fit the free orbit
ellipse by varying the parameter p. Given this family of paraboloids, which one should then be
chosen? The answer lies in the location of the focus of the paraboloid that requires minimal pro-

pellant burn to maintain the combiner spacecraft location.

Before determining the optimal paraboloid that shouid be fitted to the free orbit ellipse, the locus
of the foci of these paraboloids is first determined. Interestingly enough, as will be shown next,
the foci of these paraboloids map out an hyperbola. Since the location of the focus of the parabo-

loids is given by equation 4.47, one can eliminate the variable P in that equation to obtain:

2 2
R, -3z
14z

(4.49)

X =

Equation 4.49 is in fact an hyperbola! However, to prove it more conclusively, the x and z vari-
ables are rotated such that only terms containing x an" 72 are present. Using the rotational matrix

in equation 4.29, equation 4.49 can be rewritten as:

3(xsinm + zcosn)2i4(xcos1‘| —zsinn)(xsinn + zcos) — R¢2; =0 4.50)
The cross terms are eliminated by setting 1| = ¥26.57° and the resulting equation is:

=1 @.51)

Equation 4.51 shows that the loci of the foci of the paraboloids, that fit onto the ellipses defined in
equation 4.27, actually map out an hyperbola that is rotated by n = 126.57°.

The paraboloid that should be chosen to fit the free orbit ellipse is the paraboloid with a focus that
minimizes equation 4.11. Substituting the x and 7 variables of equation 4.47 into equation 4.11 and
minimizing the resulting equation with respect to p between 0 and 4R, the optimai paraboloid is

the paraboloid with p = 2.2076R , that has a focus at:
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x = 0.0390R,
y=0 (4.52)
z = $0.5519R,

This optimal focus corresponds to a of 0.5642 units as is shown in Figure 4.9 when p is

varied from O to 4R,,. anDT“fe

In this subsection, together with the previous two subsections, it was determined that in order to
project a circle onto the y-z plane, collector spacecraft will have to traverse in one of two free ellip-
tical orbits in the F"' frame. In order to meet the interferometric equal pathlength requirement, the
intersection between a right circular paraboloid and a plane was found to be an ellipse, as is shown
in Figure 4.8. This means that any spacecraft located on this ellipse will meet the equal science
light pathlength requirement by reflecting light from the target to the paraboloid’s focus and dos so
without consuming propellant. Then, it was also determined that there is a family of right circular
paraboloids that could fit onto the free orbit ellipse in equation 4.27. The locus of the foci of these
paraboloids trace out an hyperbola. The optimal paraboloid (focus position) was found by deter-
mining the minimum AV required to hold a combiner spacecraft at that position. Note that these

four geometrical shapes, the circle, ellipse, parabola and hyperbola, are in fact the four conic sec-

Figure 4.9 AV/MR T}, required for combiner spacecraft as various paraboloids are fitted onto
the free orbit ellipse.
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Exploliting Propartias of Conic Sectiona in Orbital Dynamics

2R (Cross axis) s y/R (velocty vector)

Figure 4.10 Exploitation of conic section properties in free collector orbits

tions! The exploitation of these conic sections in this orbital dynamics problem is clearly depicted

in Figure 4.10.

4.4.4 Change of LOS - Rotating the Configuration

Similar to Section 4.3.3, the AV required to maintain the configuration for different LOS is deter-
mined for the elliptical orbit case. The free eilipiical orbit given by equation 4.27 is rotated by
using the rotation matrix in equation 4.22, which means that the collector spacecraft are no longer

in a free orbit ellipse. The rotation of the free ellipse by the angles ¢ and v is given by:

X cosy —siny 0 IF%cosm‘

=R ; g 4.53
y olcosdsiny cosdpcosy —sind tsinnt ( )
Z singsiny sindcosy cosd

cosnt

Differentiating equation 4.53 with respect to time and substituting these expressions into equations
4.1 and 4.2, an expression similar to equation 4.23 is derived and is used to obtain the plot in
Figure 4.11. Figure 4.11 shows the AV/nZR(,T“fe required to maintain a collector spacecraft in the

rotated elliptical orbit.

As expected, a minimum in propellant usage is observed when ¢ = 0° and y = 0° as this is the

same free elliptical orbit labelled as ‘1’ in Figure 4.6 and corresponds to imaging in the nadir
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aVI?R T, requirad to mairtain LOS1 vector
{1 P —
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-180 180

Collector aVI’R T,

Figure 4.11 AV/anone required to maintain a collector spacecraft in the rotated free elliptical
orbit due to varying the array’s LOS.

direction. Interestingly, a second minima occurs when the ellipse is rotated by ¢ = 0° and y =
180°. This second minima corresponds to the free orbit ellipse labelled as ‘2’ in Figure 4.6 which
confirms the occurrence of two possible free elliptical orbits that project the same circle onto the y-
z plane. The maximum Av,ﬂ2RoT|ife occurs when the ellipse is rotated such that a collector space-
craft traverses only in the x-y plane (i.e. z = 0) as shown in Figure 4.12. This make sense as in the
case of free orbit, when a collector traverses through the highest altitude in its orbit (highest x ordi-
nate), it has a minimum velocity and tends to slow down with respect to a geo-stationary point.
Therefore, a spacecraft will naturally tend to rotate in the clockwise direction, opposite to the orbit
shown Figure 4.12. This is the reason for the high propellant usage required to maintain a collec-
tor spacecraft in the orbit shown in Figure 4.12. The alternative to this orbit is therefore to choose
the orbit with a LOS pointed at ¢ = 180° to the maximum AV/n’R Ty, orbit (eg. ¢ = 90° , y =
116.57°). The extrema points in Figure 4.11 are listed in Table 4.3.

As opposed to the analysis done in Section 4.3.3, the combiner of these imaging arrays (focus
point of the paraboloid) is no longer at the center of the Hill coordinate frame. This will therefore
result in propellant burn to maintain the combiner spacecraft at the focus of the chosen paraboloid.
As determined in Section 4.4.3, there are a number of paraboloid foci at which one can place the
combiner spacecraft for each particular LOSI vector. The locus of feasible foci for the different
LOS1 vectors is obtained by transforming the equation of the foci in equation 4.27 with the trans-

formation matrix in equation 4.53. Substituting the resultant equation into equation 4.11 and tak-



Paraboloid Orbits 170
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Fjgure 4.12 Elliptical orbit traversed by a collector spacecraft that results in a maximum AV/
n“R,T};ee value in Figure 4.11.

TABLE 4.3 Extrema LOS orientations as shown in Figure 4.11.

Extrema ¢ (degrees) Y (degrees) AV/an,,Tme
Minimum 0 0 0
Minimum 0 180 0
Maximum 0 116.57 4.99

ing the first derivative of the resulting equation, the optimal value of p for each LOS1 vector can
therefore be determined. Substituting this value back into equation 4.11, the minimum AV/
anone required for the combiner spacecraft at the various LOS1 vectors is obtained and shown

in Figure 4.13.

The plot in Figure 4.13 shows the result at any point is repeated at 180° in the angle ¢. Unlike in
Figure 4.11, it is not possible to choose another point to place the combiner such that better propel-
fant usage configuration is obtained. To check that the result obtained in Figure 4.13 is appropri-
ate, at ¢ = 0° and y = 0°, the minimum AV/n’R_T};;, obtained is 0.5642, which is the result
obtained in Section 4.4.3.

The LOS in this section is varied by rotating the entire array such that the LOS is pointing at the
desired target. However, if certain constraints are allowed to be relaxed, it is possible to change

the LOS of the array by just relocating the combiner spacecraft and not the entire array. This may
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AVM’R.TM required for a combliner gic at various LOS1 vector

v (degrees)
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01 02 03 04 05
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Figure 4.13 Minimum AV/nZR‘,Tme required to maintain the combiner s/c position at the opti-
mum foci at the various array LOS1 vector.

prove to give better propellant performance at the expense of placing delay lines in either the com-
biner or collector spacecraft. The concept, which is the third imaging configuration considered in

this study, is exploited in the next subsection.

4.4.5 Change of LOS - Relocating the Combiner

In the previous sections, it was determined that when a circular paraboloid is fitted onto the free
orbit cllipse, the same wave front originating from the target at nadir and arriving at the focus of
the circular paraboloid can be interfered when light from the target is reflected from any spacecraft
located on the free orbit ellipse. However, it is only possible to fit the free orbit ellipse to circular
paraboloids that have either axes that are parallel to the x-axis or parallel to the z-axis. All other
paraboloids are elliptical in form and therefore have no common focus. Therefore, it is not possi-
ble to determine a single location such that the same wave front from an off-nadir target reflected

off a spacecraft on an free orbit ellipse can be interfered as there exists no common focus.

However, if one were to consider using delay lines in the system to ensure that the same wave front
of science light is interfered, it is then possible to determine a location for the combiner spacecraft.
Hence, the objective of this section is to determine the optimal location to place the combiner

spacecraft and the maximum delay length required to image an off-nadir target.



Paraboloid Orbits 131

For an LOS pointing in the angles of ¢ and v, the task is therefore to fit parabolas with axes that
are parallel to the LOS specified. However, in this analysis, the ellipse will first be rotated by -y
and then -¢ such that parabolas with axes that are parallel to the x-axis are fitted to the rotated

ellipse. The transformation matrix for the ellipse, taking into account the signs of the angles, is

therefore
, . . . 1
x cosy sinycosd sinysind =F§cosnt
y’| = R,|-siny cosycos¢ cosysind . (4.54)
, . tsinnt
z 0 ~sin¢ cos¢ cosnt

The different parabolas are determined by fitting them onto the different pairs of opposing points
on the rotated ellipse (nf and nt + ®). Associated with these parabolas are their foci which are the
equal pathlength locations‘ from the target via the two opposite points on the ellipse. The general
form of the parabola that is to be fitted onto the two points on the ellipse is given by equation 4.32
while the focus of the paraboloid is given by (h - E’ k, I). However, rather than dealing with the
four variables of the paraboloid, it is possible to simplify the paraboloid equation by rotating the
ellipse about the x-axis such that the two opposite points on the ellipse lie on y = 0. Using the
transformation matrix in equation 4.19, the angle in which the ellipse has to be rotated is given by

¢ = atan )L, and the equation of the parabola to be fitted onto these two points is therefore
Z q P
N P
(Z-0)" = -p(x"-h) (4.55)

Substituting the ellipse in equation 4.54 into equation 4.55, and manipulating the equations, it is
possible to determine the focus of the parabola as a function of p only. The focus of the fitted
parabola is then rotated back by the angle ¢ = -atan ()L,’) , again using the transformation matrix
in equation 4.19 to give the location of the focus in the xz "y’z’ frame. Hence, for each opposite pair
of points on the ellipse, the different values of p will therefore determine the equal pathlength loca-
tion from the target via these two points. The idea is then to determine the values of p for the dif-
ferent opposite pairs of points on the ellipse such that the distances between the foci are being
minimized. The location of the combiner spacecraft is then the mid point between the two foci

that are furthest apart.

The determination of the combiner spacecraft location as described in the above paragraph is only
valid for combining light from the collector spacecraft that arc located at the opposite points on the

ellipse. In order to combine light from points that are not located at the opposite points on the
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ellipse, the difference in pathlength from the target to the respective foci via any collector on the
ellipse must also be minimized. Hence the metric to determine the maximum pathlength required
in the system is the maximum between half the length of the two foci that are furthest apart and the

maximum difference in pathlength from the target to the respective foci.

Once the location of the combiner is determined in the x’y’ z’ frame, the entire array is then rotated
by the angles ¢ and w, using equation 4.22 such that the collector spacecraft trajectory is the free
elliptical orbit. This step is required to determine the location of the combiner spacecraft in the
Hill coordinate frame but is not required to determine the maximum difference in pathlength from

the target to this location.

Since the maximum of the delay lines required in the system is of interest, one can then simplify
the probiem by setting one of the two rotation angles to zero, while the other is set to the maxi-
mum. For comparison with the Section 4.5 and to simplify the mathematics, the values chosen for
¢ and y are 0° and 5°, where the latter value is the maximum extent at which the LOS for a system
in a geo-stationary orbit can still point to a location on the Earth’s surface. The imaging points on
the ellipse chosen for this optimization are equally spaced at 10° apart. Therefore, for each case,

there are 18 parameters (p) to be optimized.

The optimization technique used to determine the eighteen parameters is the same as the one used
in Chapter 2, simulated annealing. However, in this optimization, in each trial, one of the 18
parameters is chosen randomly and substituted with a random value. Unfortunately, it was not
possible to determine the global optimum set of p due to the large number of variables and possi-
bilities for p. Hence, optimal locations for the combiner spacecraft were optimized for bounded
values of the parabola sizes (p). A plot of the maximum delay required to combine light from the
different collector spacecraft against the average value of p,,, is shown in Figure 4.14. The aver-
age parabola size, p,,, is determined by taking the average of the 18 values of p fitted onto the

ellipse.

Figure 4.14 shows that as the size of parabola is decreased (small p,,,), less delay is required to
combine light from the different collector spacecraft. This makes sense as smaller parabola sizes
correspond to the focus of the parabola being further away from the ellipse along the axis of the
parabola. Hence, as p,,, approaches zero, the foci of the parabolas approach infinity which means
that the differential distance between the collector spacecraft and the combiner approaches zero.

As the size of the parabolas increases, larger delay is required to combine light from the different
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Figure 4.14 Maximum delay line required to combine light from spacecraft in the elliptical orbit
and the AV/n“R,T;¢, required to maintain the combiner spacecraft for the different irnaging config-
urations

collector spacecraft when an off-nadir target is imaged. Hence, the imaging configuration which

required the least optical delay will therefore be one with a small value of p,,,.

However, the disadvantage in choosing small values of p,,, is that the focus is located at a very
large distance away from the center of the Hill coordinate frame and according to equation 4.11,
this corresponds to high propellant usage. Included in Figure 4.14 is also the AV/anOT“fc
required to maintain the combiner spacecraft for the different values of p. As in the case of fitting
a circular paraboloid onto the free orbit ellipse in Section 4.4.3, there exists an optimal location in
terms of AV to place the combiner spacecraft. The value of p,,, that corresponds to this minimum
AV location is approximately 2.015R,,. The increase in AV beyond this point is due to the increase
in the z ordinate of the combiner spacecraft as p,,, is increased. The corresponding maximum
optical delay required to combine light from the different collector spacecraft at the minimum AV
location is 0.2856R,,.

Hence, given that the array projects a circle of radius 50 m onto a plane that is perpendicular to the
LOS and say that only a maximum delay of 1 m is allowable, what is then the minimum AV
required to maintain the location of the combiner spacecraft? According to Figure 4.14, the mini-
mum AV/anone required to maintain the spacecraft is approximately 20 units which is high

compared to the value required to hold a combiner spacecraft by re-orientating the entire array as
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shown in Figure 4.13. However, if a maximum delay of 10 m is introduced, the AV/nZROTmc
required is only 1.36 units! This represents a savings of at least 93% in the AV requirement and
may prove to be the more efficient design for off-nadir imaging especially when the total AV/
n2R0T|i;.c requirement for each design is considered. This comparison is made and discussed in
Section 4.5.

4.5 Case Study: Geosynchronous Orbit

The propellant requirements that have been determined thus far are in terms of a normalized AV
with respect to the frequency of the orbit, the size of array and the lifetime of the missior. In order
to get some numerical sense of the amount of propellant required, a case study involving the dif-
ferent orbit designs for an Earth imager operating at a geosynchronous altitude is presented. Note
that even though a geosynchronous orbit case study is presented, the analysis thus far is valid for
any Earth orbit. The propellant requirements for the different orbits can be determined by chang-

ing the value for the orbital frequency, n.

For a separated spacecraft interferometer centered about a geostationary orbit, the different space-
craft appear to be hovering about a point on the equator. At this altitude, the horizon-to-horizon
field-of-view for the spacecraft is approximately £8°. However, since it is not possible for the
spacecraft to image a target that is located at the horizon, in this comparison, the LOS of the array

is limited to £5° from the nadir axis which is consistent with the value used in Section 4.4.5.

4.5.1 Mission Parameters

In order to compare the performance of the different orbit designs, the propellant requirement of
the system can be obtained from equation 4.3. However, since the results obtained thus far are in
terms of AV/ n2R oTlife , one must therefore specify the orbit of the system, the size of the constel-
lation and the lifetime of the mission. As this case study is performed for a system in the Earth’s
geosynchronous orbit, the value of n is therefore 7.27 x 1()—5 rad/s. For comparison purposes, the

size of the array is set at R, = 100 m and the mission lifetime is arbitrarily chosen to be 10 years.

In order to complete the propellant calculation using equation 4.3, the mass estimates for the
spacecraft must be assumed. The mass estimate for a collector spacecraft is set to 150 kg, while

the combiner is set to 250 kg as these values are obtained from the proposed DS3 mission and are
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also consistent with the values used in Chapter 3. A cold gas propulsion system with a specific

impulse of 62.5 sec. is assumed for all the spacecraft.

Also, to simplify the calculation, all the collector spacecraft are assumed to travel on the same tra-
jectory in the Hill coordinate frame. Hence, the total collector spacecraft propellant requirement is
then just simple multiplication of the propellant required by a single collector spacecraft by the

number of collector spacecraft in the system.

4.5.2 Mass Comparisons

Using the mass estimates presented in the previous subsection, plots of the total propellant
required in the system as a function of the number of collector spacecraft for both the forced circu-
lar and the free elliptical designs are presented in Figure 4.15. The interferometer is assumed to
image a target that is directly below the constellation. For the Forced Circular case, the figure
shows that as the number of collector spacecraft is increased, the propellant requirement in the sys-
tem increases linearly. However, no propellant is required for the combiner spacecraft as it is
located on the center of the Hill coordinate frame. In the case of the free elliptical design, propel-
lant is only required for the combiner spacecraft to hold its position at the focus of the imaginary
circular paraboloid. No propellant is required for the collector spacecraft as they are in the free
elliptical trajectory, which is a propellant free orbii around the Earth. Hence, the propellant
requirement for an interferometer using the free orbit design remains the same even if more collec-
tor spacecraft are added into the system. From the figure, one can clearly see the significant
advantage in propellant usage in using the free elliptical design. This significant advantage leads
to the conclusion that it is more favorable to choose the free orbit design to image a target directly

below the constellation.

Extending the comparison further, the propellant required to maintain the spacecraft in configura-
tions such that targets that are located off the nadir axis can be imaged is also determined. The
maximum and minimum propellant requirement for the two different designs determined by vary-
ing the LOS within the +5° horizon-to-horizon limit, are presented in Figure 4.16. The LOS of
the system is varied by slewing the entire array. As in Figure 4.15, the propellant requirement for
the Forced Circular design varies linearly with the number of collectors. However, in the case of
the Free Elliptical design, the maximum propellant requirement for the system is dependent upon
the number of collector spacecraft and also the location of the combiner spacecraft. This maxi-

mum propellant requirement is determined by adding the total propellant required for the collector
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Figure 4.16 Comparison of total spacecraft propellant required for off-nadir pointing Earth imager.

spacecraft to maintain their position in their elliptical trajectory, which is not a free orbit for an off-
nadir LOS configuration, and the propellant required to hold the combiner spacecraft at the focus
of the imaginary circular paraboloid. It is clear from Figure 4.16 that the propellant requirement
for the free ellipticai design is significantly lower than that required by the forced circular design.

This point is greatly emphasized as the number of collector spacecraft is increased in the system.
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Figure 4.17 Relocating the combiner spacecraft for off-nadir imaging.

Even though in the AV/ "2R0Tlife plots for both of these designs (Figure 4.5 and Figure 4.11)
tend to indicate that relatively similar amounts of propellant are required for the two designs when
the LOS of the systems are varied, the plots in Figure 4.16 do not support such observation. This
is because only imaging configurations with LOS that are within the 5 region are considered in
Figure 4.16 for Earth imaging purposes. Due to this small change in the pointing of the LOS for
imaging off-nadir targets, the propellant requirement for the two designs do not change apprecia-
bly from the amount of propellant required for nadir pointing. Note that in Figure 4.16, the mini-
mum propellant for both the designs correspond to the propellant requirement for nadir pointing,

as expected for the free elliptical design.

As was discussed earlier, another possible design for off-nadir LOS imaging is to move the com-
biner spacecraft only in the free elliptical trajectory design. In such a design, depending upon the
location of the combiner spacecraft, delay lines must be included in the system such that the same
wavefront originating from the target through the collector spacecraft can be interfered at the com-
biner. Figure 4.17 shows the propellant requirement to maintain the position of the combiner
spacecraft and the minimum delay lengths required in the system as a function of the average
paraboloid size for imaging a target that is located at 5° off nadir. The propellant and delay line

requirements can be assumed to be smaller for targets that are located at less than 5° off nadir.
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From the figure, it is clear that as the size of the paraboloid is increased, less propeilant is required
to maintain the combiner spacecraft. However, the downside is that longer delay length is required
in the system. Therefore, if one can design 2 system with long delay lines, it is then possible to
reduce the total propellant requirement for the combiner spacecraft. Note that increasing the delay
line length beyond 28 m will in fact increase the propellant required to maintain the combiner

spacccraft location for reasons that are discussed in Section 4.4.5.

Since the only propellant required in this design is used to maintain the combiner spacecraft loca-
tion, increasing the number of coliector spacecraft in the system does not change the propellant
requirement. In fact, more propellant savings can be achieved when systems with high numbers of
collector spacecraft are compared. For example, in the case of the twelve collector spacecraft fol-
lowing an elliptical trajectory, the maximum propellant requirement for the system is determined
to be 290 kg from Figure 4.16. If only the combiner is moved, this amount of propellant will z'low
the system to image a 5° off nadir target with only a delay length of 12.5 m. However, if the max-
imum amount of propellant required for the two collector spacecraft in the elliptical orbit is used,
the minimum length of delay lines requin:d for the combiner steering systern is then 21 m. Hence,
if one were to come up with a design that allows for 21 m delay lines, there is no advantage in
going with the combiner steering system for a two collector system. However, the twelve collector
spacecraft array with save at least 200 kg worth of propellant. Both the maximum propellant
requirements for the two and twelve collector spacecraft in the elliptical trajectory are shown in
Figure 4.17.

Depending upon the length of the delay lines that are available in the system, significant amounts
of propellant can be saved. At present, a reasonable length of a delay line is in the order of meters,
which is the typical dimensions of a spacecraft. However, a recent design proposal for the DS3
interferometer is to use only two spacecraft. On one of the collector spacecraft, delay lines are
being placed so that the same wavefront can be combined at this spacecraft. Should this design be

chosen, the limit at which these delay lines can be built may be pushed further.

4.6 Other Considerations

It is clear from the previous section that the best trajectory design for an Earth iinager is tc use the
elliptical trajectory design. Taking this another step further, the most ideal orbit design for an
Earth imager is the ability to change the LOS of the system by changing the location of the com-

biner spacecraft only. This, of course, depends upon the length of the delay lines available. How-
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ever, there are a number of issues that arise from this analysis. The following are the discussions

of the issues that came out from this analysis and the issues that warrant future considerations.

Circular versus Elliptical Trajectories

In the previous section, it was determined that there exists a significant propellant advantage in
using the elliptical trajectory design. There are, however, two disadvantages in nsing such a
design. In the circular trajectory design. since all the spacecraft are designed to follow a trajectory
that is perpendicular to the LOS of the interferometer, the angle between the light from the target
and the light rcflected to the collector is the same (90°) for all the collector spacecraft irrespective
of their location in the circular trajectory. This, however, is not true for the elliptical trajectory
design. Since the elliptical trajectory projects a circle which is perpendicular to the LOS of the
interferometer, the elliptical trajectory itself is rot perpendicular to the LOS. This will then
change the angle between the incident light from the target and the reflected light to the combiner
as the collector spacecraft travels in its elliptical trajectory. For example, the angle between the
two light rays for a collector spacecraft that is at the highest point of the elliptical trajectory will
always be smaller than the angle for a spacecraft located at the lowest point of the trajectory.
Therefore, some form of control at the collector must ensure that reflected light is constantly re-

directed towards the combiner spacecraft.

The second disadvantage that the elliptical design inherited is the different angles at which the sci-
ence light must be reflected (to the combiner spacecraft) by the collector spacecraft as it traverses
along in its elliptical trajectory. Corsider the case in which the combiner spacecraft is not in the
elliptical trajectory plane as shown in Figure 4.18. To ensure that the science light is reflected to
the combiner spacecraft, the angle at which a collector spacecraft must reflect the light when it is
at the top of the elliptical trajectory (ot;) is smaller when compared to a collector spacecraft that is
at the lowest point of the trajectory (0;). Not only do the collectors need to ensure that the
reflected light is directed at the combiner spacecraft, the combiner spacecraft must also ensure that
the instruments that receive the reflected light are also pointed at the collector spacecraft
(B, #B,). This second issue, however, does not appear for the case when the combiner spacecraft

is in the plane of the elliptical trajectory.

Note that even though the distance between the collector spacecraft and the combiner spacecraft
changes as the spacecraft traverses the elliptical trajectory, this however is not an issue. In fact, the
difference of these distances is the key to allow the same wavefront to be combined at the collec-

tor.
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Figure 4.18 Difference angles between the incoming light ray and the reflected light ray at the
collectcr and the angles at which the combiner spacecraft see the collector spacecraft.

Free Elliptical and Combiner Relocation

In Section 4.4.5, the maximum delay length required for the system as a function of the location of
the combiner spacecraft was determined. In this design, there does exist a point at which the
reflected light rays from the collector spacecraft can be brought together such that the same wave-
front is interfered at the combiner. Hence, the determination of the maximum delay line required.
However, as the collector spacecraft rotates about its elliptical trajectory, the distance between the
combiner and the collector spacecraft changes and hence, the distance from the target to the com-
biner spacecraft via the collector spacecraft changes as well. Therefore, depending upon the loca-
tion of the collector spacecraft, some form of control must be used to change the length of the
delay lines. This issue, however, does not exist for both the forced circular and the free elliptical

designs, where the LOS of the array is varied by slewing the entire array.

The delay lines required in the array can either be placed in the combiner or on the collector space-
craft. Assuming that for each collector spacecraft, a delay line is required, then one can either
place all these delay lines in the combiner spacecraft or place a delay line on each collector. By
placing all the delay lines on the combiner, the array reliability may be significantly reduced since
it is a single point failure that now has additional mechanisms. Hence, it makes more sense to
place the delay lines in the collector as the failure of a collector spacecraft will not render the entire

array useless. It also makes more sense to distribute the mass of the optics among the collector
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spacecraft to reduce the amount of propellant required in the system due to the higher combiner

spacecraft mass.

Varying the Array’s LOS

In this chapter, the pointing of the array’s LLOS has been considered only for cases where the entire
array is slewed or only the location of the combiner spacecraft is changed. In all these cases, the
shape of the collector trajectories remain the same. There exist, however, possibilities of imaging
an image located off-nadir requiring only propellant to maintain the location of the combiner

spacecraft and not requiring any delay lines. The following discusses such a design.

In the case of the free elliptical orbit design, it was determined that a circular trajectory is projected
onto a plane that is perpendicular to the array’s LOS. It was shown that this free elliptical trajec-
tory makes a 26.57° angle with the Hill’s y-z plane. The spacecraft that travels in this elliptical tra-
jectory does not require any propellant. Projecting this free elliptical trajectory onto the x-y plane,
an ellipse with a dimension of two units in the y direction and one unit in the x direction is seen.
Using equations 4.1 and 4.2, it can be shown that this projected two-by-one ellipse is the reason
why no propellant is required for the collector spacecraft. Hence, any spacecraft trajectory that has

a two by one ellipse projected onto the Hill’s x-y plane, is in fact a free orbit.

Surely, there must exist more than one trajectory that can project a two by one ellipse onto the x-y
plane. To show this, a circular trajectory in the y-z plane is considered. In order for the circular
orbit to project a two-by-one ellipse, the circular trajectory must be rotated by either £30° along
y-axis, depending upon the direction the collector spacecraft is travelling. From Figure 4.5, rotat-
ing the trajectory by 30° corresponds to an LOS pointing at ¢ = -90° and y = 30° which requires no
propellant expenditure. Therefore, between the angles 26.57° and 30° about the y-axis, there must

exist elliptical trajectories that project a two-by-one ellipse onto the x-y plane.

Depending upon the projection angle, all ellipses do project a circle onto a plane. Since it is possi-
ble to fit a circular paraboloid onto a projected circle, as shown in the free elliptical design, it is
then possible to fit different circular paraboloids onto the different free trajectory ellipses. The
LOS of arrays in these free orbit ellipses are perpendicular to the plane in which the circular trajec-
tory is projected. And, if circular paraboloids can be fitted onto these elliptical trajectories, then
there exist foci at which the combiner can be placed such that the same wavefront originating from
the target can be interfered. Hence, there exist a number of free elliptical trajectories such that tar-

gets located off-nadir can be imaged.
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it was shown that the free elliptical trajectory that is rotated by an angle of 26.57° about the y-axis
has an LOS of 0° with respect to the nadir direction. The free circular trajectory, however, has an
LOS of 30° with respect to the nadir direction in the x-z plane. Hence, this suggests that changing
the free trajectory plane by only 3.43° changes the LOS of the array by 30°.

The free elliptical trajectories that exist between the angles 26.57° and 30° about the y-axis are
limited to imaging targets that are in the x-z plane (side-looking imager). At the angle 30°, the ori-
entations of the semi-major and the semi-minor axes of the elliptical trajectory swap and causes
the direction of the projected circle to bifurcate beyond 30° of side-lookiug elevation. This limit-
ing case for these free elliptical trajectories is the two-by-one ellipse in the x-y plane itself. Since
the ellipse is of dimension two in the y direction, the LOS of the array must lie in y-z plane in order
to obtain a circular projection. In fact, there exist four directions at which the ellipse can be
viewed to get a circular projection. Therefore, between the free circular trajectory and the two-by-
one ellipse, the LOS of the array must change from being in the x-z plane to the x-y plane. Consid-
ering only the viewing angies from the positive z direction, the LOS of the array splits into two
directions to approach the two positive z direction LOS of the two by one ellipse as the free trajec-

tories are rotated beyond the 30° mark.

Hence, there exist other free propellant trajectories that allow imaging of off-nadir targets and
require no delay lines. Even though the horizon-to-horizon limit for a geosynchronous system is
only 7°, this analysis can be applied to a system in low earth orbit, which has a horizon-to-horizon
limit of approximately +40°. These free propellant trajectories are currently being investigated

and are the subject of on-going research.

Spacecraft Reorientation

The propellant requirements that were determined in this chapter were obtained for maintaining
the spacecraft in their corresponding trajectories. The propellant required to re-orient the array
was not considered. The array can be re-criented in several ways. The first is to expand the size of
the array, that is to change the size of the projected circle. The entire array can also be relocated to
another point on the y-axis so that different parts of the Earth can be imaged. The optimal trajecto-
ries to re-orient the spacecraft can be determined using principles of optimal control theory [Kirk,
1970].
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Incrensing the Number of Collectors

Both the mass of the collector and combiner spacecraft in this analysis are assumed to be indepen-
dent of the makeup of the array. However, if there are more collector spacecraft in the array and
all of the reflected light is to be combined simultaneously, more optics and therefore complexity
would be required of the combiner spacecraft. Therefore, the mass of the combiner spacecraft
should be dependent upon the number of collectors in the array. If this adjustment is made to the
combiner spacecraft, the propellant required to maintain the position of the combiner spacecraft in
the array will increase and hence increase the total propellant requirement. This may possibly
make the forced circular design more favorable especially for an array with a high number of col-

lector spacecraft.

Imaging Inter-Stellar Objects

Even though the focus of this chapter was the design of orbits geared towards Earth imaging, it is
possible to use these orbits to image inter-steilar objects. Unlike an Earth imaging system, the
interferometer does not have continuous view of the target, except for objects that are located per-
pendicular to ecliptic. Hence, the trajectories of the spacecraft must be designed such that the LOS
of the array is pointed at the object long enough to obtain inierferometric measurements. Of
course, the maximum attainable baseline of such a system will be smaller than an interferometer

located outside the Farth’s gravity-well.

4.7 Summary

In this chapter, different orbit designs for a multiple spacecraft interferometer system for an Earth
imager are presented. The framework in which the analysis is carried out is presented together

with the general form of the AV calculation.

Since it is assumed that the system is to be used for Earth imaging in the visible regime, three dif-
ferent orbit designs that satisfy the interferometric requirements are presented. The first is a forced
circular design, in which the collector spacecraft are forced te follow a circular trajectory with the
combiner located at the center of the trajectory. The propellant requirement for the spacecraft are

determined as a finction of the array’s LOS pointing.

The second orbit design that is presented is the free elliptical trajectory. This innovative orbit

design has all the elements of the conic sections. From the interferometric requirements, it was
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determined that the optimum coverage is provided by a circular u-v coverage. Requiring that the
projection of the spacecraft trajectory be that of a circle, the free orbit trajectory for these collector
are found to be an ellipse. It was then shown that the ellipse is in fact the result of intersecting a
plane and a circular paraboloid. From the property of a circular paraboloid, the combiner space-
craft is then placed at the focus of this paraboloid such that the distance from the target through
any of the collectors on the free elliptical trajectory to the combiner spacecratt is the same. How-
ever, it was then determined that there exist more than circuiar paraboleid that can fitted onto the
elliptical trajectory, which means that there exists more than one location at which the combiner
can be placed. In fact, the locus of the focus traces out an hyperbola. Hencez, it was determined
that collector spacecraft that traverse along a free propellant ellipticai trajectory met the circular u-
v coverage requirement. It was then determined that to provide equal pathlength from the target to
the combiner via the collectors, the combiner spacecraft should be placed at the focus of the imag-
inary circular paraboloid fitted onto the elliptical trajectory. The locations at which the combiner
spacecraft can be located was then determined to be an hyperbola. Since the collector spacecraft
do not require any propellant, the only propellant expenditure comes from maintaining the com-
biner spacecraft at one of these foci. In order to image off-nadir targets, the entire array is slewed
such that the array’s LOS is directed at the target, which means that the collector spacecraft is no

longer in a free propellant elliptical trajectory.

There is, however, another alternative for imaging off-nadir targets: relocating the combiner space-
craft only. This option, however, requires the introduction of delay lines to ensure that the same
wavefront from the target is interfered at the combiner. This option is most advantageous for an
array with a large number of collector spacecraft. In reality, one is actually substituting delay lines
for the propellant required by the array for off-nadir imaging. This is the third design option con-

sidered in this study.

Comparison of the first two orbit designs for a geosynchronous Earth imager clearly indicates the
significant propellant savings realized in using the free elliptical design. This savings is most pro-
nounced when the array consists of a high number of collector spacecraft. The downside in choos-
ing the free elliptical design, however, is the more complex instrumentation required to ensure that
the reflected light from the collector spacecraft is directed towards the combiner spacecraft and
that the combiner optics are pointed correctly. Depending upon the length of delay lines are avail-

able, the third design option warrants further consideration.
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Issues that arise from using the different orbit designs are discussed. Another innovative concept
to allow off-nadir targets to be imaged is briefly discussed. This concept involves that the size of
the free elliptical trajectory be changed such that different free elliptical trajectories can be formed.
Spacecraft in these free elliptical trajectories do not require any propellant to maintain their posi-
tion in the trajectory. Finally, the need for determining the optimal trajectories to relocate the

spacecraft is also discussed briefly.
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Chapter 5

CONCLUSIONS

5.1 Summary

The main objective of this study was to determine the optimal imaging trajectories for a separated
spacecraft interferometer operating either within or outside a gravity-well. The approach taken in
this study was to first determine the optimal imaging configurations and then the appropriate opti-
mal trajectories of the spacecraft through these configurations. In the case wliere the interferome-
ter is placed outside a gravity-well, the optimal imaging locations are identified so that the optimal
trajectories can be derived. For an Earth imager, the minimum aperture size is found such that
images of a terrestrial target can be obtained using a minimum mass array. The orbits in which

these apertures should be placed are also derived.

5.1.1 Imaging Configurations

In this study, the derivation of the optimal imaging configurations for a separated spacecraft inter-
ferometer was separated into two major sections. In the first section, where a Michelson interfer-
ometer was used, the optimal imaging locations for different numbers of apertures operating in the
radio regime was found. The mean square error (MSE) metric was used to find these locations.
This measure determines how well an interferometer with a limited number of apertures mimics
the nominal point spread function (PSF). Comparison with proposed imaging configurations such
as Comwell and Golay clearly indicates that the optimized MSE imaging configurations are better

at mimicking the nominal PSF.

Furthermore, this methodology allows different weightings to be placed across the nominal PSF in

order to tailor the distribution of ambiguity in the point response. This is to say that imaging loca-
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tions that best mimic the weighied nominal PSF can be determined, a feature which is not possible
using the metrics that have been proposed elsewhere. For example, the imaging locations that will

suppress sidelobes in a preferential portion of the PSF map were presented.

The optimal imaging locations for an interferometer operating in the visible regime were also stud-
ied. Specifically, a two collector and one combiner interferometer was considered. The results
obtained from the study clearly indicate that more imaging locations allow the ideal PSF to be bet-
ter replicated. However, the incremental improvement in point response quality (rate of rcturn)

diminishes as the number of imaging locations is increased.

The second section deals with a Fizeau interferometer used for Earth imaging. Rather than deter-
mining the optimal imaging locations, Golay and Commwell configurations are used as they are
optimized for instantaneous u-v coverage. With these imaging locations, the minimum aperture
size required for full instantaneous u-v coverage is found as a function of the number of apertures.
In the case where the interfzrometer is only operating at a single electromagnetic frequency,
smaller apertures are required when the Golay imaging locations are used. The fill factor, the ratio
of the interferometer’s total aperture area to the area of a filled aperture area that provides equiva-
lent u-v coverage, decreases as the number of apertures is increased. However, if the interferome-
ter has the capability to operate over the entire visible spectrum, significant improvement in fill
factor is observed when the Comwell imaging locations are used. Again, the fill factor for the two

imaging configurations improve as the number of apertures is increased.

5.1.2 Imaging Outside the Gravity-Well

Using the optimal imaging locations for the two collector and one combiner interferometer operat-
ing in the visible regime, the optimal trajectories to move the collector spacecraft to these locations
were found. The two performance measures that were considered in determining the optimal tra-
jectories were the propellant mass and maneuvering time metrics. In the time optimized trajecto-
ries, it was assumed that the required propellant mass is very small compared with the spacecraft
dry mass. It was found that by increasing the number of imaging locations, more resources were

required for the spacecraft to compiete their trajectories.

Combining the optimal trajectory results with the image quality results, it is clear that the opti-
mized MSE imaging locations provide better image quality while requiring fewer propellant and
time resources. In general, when the image quality of the interferometer is increased by increasing

the number of imaging locations, the resources required for the spacecraft to complete the trajecto-
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ries increases as well. Similarly, as the image quality of the system is decreased, fewer resources

are required.

Rather than just increasing the propellant required for the spacecraft to complete trajectories with
more imaging locaticns, it is also possible to add more collector spacecraft to the interferometer.
In cases where the propellant mass approaches the dry mass of a spacecraft, there exist an opti-
mum number of spacecraft that should be used in the interferometer to minimize lifetime mass of

the total array.

5.1.3 Imaging in Earth’s Gravity-Well

In Chapter 4, the orbit designs for a separated spacecraft Earth imager operating in the visible
regime are presented. The spacecraft must be placed in orbits that bound the relative motion
between spacecraft and provide axisymmetric angular resolution while allowing the same wave-
front to be interfered. In this study, two orbit designs were discussed. Of the two, the simpler
design has the collector spacecraft following a circular trajectory in the plane normal to the line-of-

sight with the combiner placed at the center of this trajectory.

The second orbit design involves an innovative use of all four conic sections. In order to provide
equal resolution in all directions, the trajectory of the collector spacecraft projected onto the image
plane must be circular. Spacecraft traversing in a free elliptical trajectory in the Hill’s frame can
provide this circular projection. By placing a combiner spacecraft at the focus of an imaginary cir-
cular paraboloid fitted onto the free elliptical trajectory, a common wavefront of light reflected
from the various collector spacecraft can be interfered in real time. Depending on the size of the
circular paraboloid, there exist a number of locations at which the ccmbiner spacecraft can be
placed. This locus of foci actually traces out a hyperbola. Since this hyperbola does not pass
through the Hill’s origin, the location at which the combiner consumes the least propellant was

found.

Comparison of the two orbit designs for an interferometer operating in a geosynchronous orbit
clearly shows the significant savings of the free elliptical orbit over the circular trajectory. This is
true even when off-nadir terrestrial targets are imaged. Rather than slewing the entire array to
image an off-nadir target, targets located at a small angle off-nadir can be imaged by moving only
the combiner spacecraft. However, optical delay lines are required to compensate for differential
pathlength between collector pairs. As the combiner spacecraft is brought closer to the ellipticai

trajectory, less propellant but longer delay lines are required. In essence, the delay lines are used
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to offset the propellant required to image off-nadir targets. Hence, depending upon the complexity
of the additional optics and the propellant required to slew the entire array, it may prove to be more
beneficial to introduce delay lines into the interferometer.

5.2 Conclusion

The conclusions derived as a result of this study are listed in this section. From the determination

of the optimal imaging configurations in Chapter 2, the following are concluded:

(i) Irrespective of whether the interferometer is operating in either the radio or visible
spectrum, increasing the number of imaging locations increases the ability of the
interferometer to mimic the ideal point spread function. However, the incremental
increases in point response quality per incremental increase in the number of
imaging locations (rate of return) diminishes as the number of locations increases.

(ii) The methodology developed in this study allows one to determine the optimal
imaging locations that best mimic a weighted PSF map. This feature is not
offered using other methodologies for placing the imaging locations.

(iii) When full instantaneous u-v coverage is desired, interferomcters with collector
spacecraft located at the Golay imaging Iccations offer the best fill factor perfor-
mance. However, when the entire visible spectrum is considered, significant
improvement in fill factor performance is observed when the collectors are
located at the Cornwell imaging locations. This performance is comparable to
that of the Golay configurations.

In Chapter 3, the imaging trajectories for a two collector and one combiner spacecraft were deter-
mined. Also studied in this chapter was the trade-off between improved image quality and propel-
lant consumption as the number of collector spacecraft is increased. The foliowing are the

conclusions derived in Chapter 3:

(i) As more imaging locations are added, more resources are required for the space-
craft to complete their trajectories.

(ii) Interferometers that follow the optimized MSE imaging trajectories can provide
images with better image quality while requiring fewer resources when compared
with other candidate imaging configurations.
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(iii) In cases where the propellant required io maneuver the spacecraft is large, lower
system mass can be achieved by increasing the number of collector spacecraft.
The optimal number of spacecraft corresponds to a balance between the total dry
mass of the system and the propellant required to maneuver the spacecraft.

In Chapter 4, two orbit designs for a separated spacecraft Earth imager were presented. One
design is an innovative concept involving the four conic sections. The following are concluded

from Chapter 4:

(i) The dynamics of a spacecraft located in Earth’s orbit can be sufficiently captured
by considering a perfectly spherical Earth. Even when the largest perturbation is
considered, the dynamics of a spacecraft located in LEO changes by only 0.1%.

(ii) There exists an orbit design where the interferometric requirements are met only
the combiner spacecraft requires propeliant and the collector spacecraft are in free
orbits. The properties of the conic sections are fully exploited in this orbit design.
This design gives the best propellant performance among the designs that were
considered.

(iii) The propellant required for the interferometer to image an off-nadir target can be
offset by introducing delay lines. In fact, there is no need to change any of the
spacecraft trajectories, including the combiner spacecraft, to enable any terrestrial
target to be imaged by an Earth imager in a geosynchronous orbit. All these can
be done by just introducing delay lines into the interferometer.

Fundamentally, synthetic imaging using separated spacecraft interferometers involves a trade
between the quality of the image and the amount of maneuvering resources (propellant and time)
expended to achieve this quality. When the interferometer is placed within a planetary gravity-
well, the natural motion between collector spacecraft, induced by gravitational tidal forces, can be
exploited to dramatically reduce propellant consumption. Optimizing maneuver trajectories and
exploiting orbital dynamics is essential to realizing the revolutionary improvements in imaging

performance enabled by separated spacecraft interferometers.

5.3 Future Issues

This study only addresses a small fraction of design considerations for SSI. There exist a number
of issues that warrant further investigation. The issues listed here are in fact a summary of the

issues that were presented in the respective chapters.
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(i)  ‘Observe on the Fly’ Imaging Mode - In Chapter 3, the optimal irajectories for an
interferometer operating in the ‘Stop and Stare’ mode were determined. There exists,
however, the possibility of ailowing these spacecraft to take interferometric measure-
ments while they move relative to each other. This avenue should be explored in
more depth as significant savings in resources have been shown to occur when the
interferometer is allowed to observe on the fly.

(i)  Optimal Array Re-orientation - In Chapter 4, the propellant requirements for imaging
nadir and off-nadir terrestrial targets was found. In these formulations, the propellant
required to re-orient the array from imaging one terget to another was not determined.
These propellant requirements should be included in the total propellant requirement
when different architectures are compared. These optimal trajectories can possibly
be determined using principles of Optimal Control Theory. Not only minimuimn pro-
pellant trajectories should be determined, minimum time trajectories should also be
determined for time critical cases.

(ii1) Imaging of Inter-stellar Objects from Within Earth’s Gravity-Well - The orbits
designed in Chapter 4 are intended for an Earth imaging interferometer. It is possible
to design orbits such that astronomical objects can be imaged while exploiting orbitai
dynamics. This option should definitely be explored as there are a number of advar-
tages in placing such as system in Earth’s orbit rather than outside its gravity-well.

(iv) Off-Nadir Imaging - One option that was presented for off-nadir imaging is to slew
the entire array such that the spacecraft follow new trajectories. In most circum-
stances, this requires propellant. Since a free elliptical trajectory was found for a
nadir looking array, there must exist other free elliptical trajectories that allow off-
nadir targets to be imaged. In fact, an argument was presented in Chapter 4 as to why
these free elliptical trajectories should exist and therefore warrant further investiga-
tion.

The number of imaging missions requiring the services of separated spacecraft is increasing more
5o than ever. Gbtaining the optimum imaging architecture is therefore becoming critical. The
issues discussed here will definitely play an important role in determining the best architecture for

these missions.
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Appendix A

POINT SPREAD FUNCTIONS

The imaging locations and their corresponding Point Spread Functions (PSFs) generated for the

different imaging configurations in Chapter 2 are shown in this appendix. The following is a list

of the figures contained in this appendix.

Nominal PSFs (10ix101 Pixels) . . . . . . . . ... .. ... .. .....
Comwell PSFs . . . . . . . . . . . e
Square Parition (75x75Pixels) . . ... ... ... ... .o 0oL,
Square Partition (51x51 Pixels) . . . .. ... ... ... ... ......
Rectangular Partition (101x51 Pixels) . . . . . ... ... ... ... ...
Two Collector Interferometer (75x75Pixels) . . . . . .. ... ... ...
Golay PSF - Two Collector Intefermeter. . . . . . . .. . ... ... . ..
Cornwell PSF - Two collector Interferometer . . . . . .. .. ... ....
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Nominal PSFs (101x101 Pixels)
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Cornwell PSFs
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Square Parition (75x75 Pixels)
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Square Partition (51x51 Pixels)
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Rectangular Partition (101x51 Pixels)
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Two Coliector Interferometer (75x75 Pixels)
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Golay PSF - Two Collector Intefermeter
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Cornwel! PSF - Two collector Interferometer
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Appendix B

OPTIMAL IMAGING TRAJECTORIES

The optimal imaging trajectories for the different iiaging configurations obtained in Chapter 3 are

shown in this appendix. The following is a list of the optimal imaging trajectories presented here:

Equivalent Cornwell Imaging Locations - Optimal Propellant Trajectories. . . . . . 172
Equivalent Cornwell Imaging Locations - Optimal Time Trajectories . . . . . . . .. 173
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Equivalent Cornwell Imaging Locations - Optimal Propellant Trajectories
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Equivalent Cornwell Imaging Locations - Optimal Time Trajectories
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Optimized MSE Locations - Optimal Mass Trajectories
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Optimized MSE Locations - Optimal Time Trajectories
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